1 L)] FUNCTIONS AND MODELS 


1.1 Four Ways to Represent a Function 


1. The functions f(x) = «+ V2 — x and g(u) = u+ V2 — u give exactly the same output values for every input value, so f 


and g are equal. 


2 
= 7 
2. f(x) = —— = = ne i ) x for x — 140, so f and g [where g(x) = «] are not equal because f(1) is undefined and 


3. (a) The point (—2, 2) lies on the graph of g, so g(—2) = 2. Similarly, g (0) = —2, g (2) = 1, and g (3) & 2.5. 
(b) Only the point (—4, 3) on the graph has a y-value of 3, so the only value of x for which g(x) = 3 is —4. 


(c) The function outputs g(x) are never greater than 3, so g(x) < 3 for the entire domain of the function. Thus, g(a) < 3 for 
—4 <a < 4 (or, equivalently, on the interval [—4, 4]). 

(d) The domain consists of all x-values on the graph of g: {x | —4 < x < 4} = [—4, 4]. The range of g consists of all the 
y-values on the graph of g: {y | —2 < y < 3} = [-2,3]. 

(e) For any x1 < £2 in the interval [0, 2], we have g(#1) < g(x2). [The graph rises from (0, —2) to (2, 1).] Thus, g(x) is 


increasing on (0, 2]. 


4. (a) From the graph, we have f(—4) = —2 and g(3) = 4. 


(b) Since f(—3) = —1 and g(—3) = 2, or by observing that the graph of g is above the graph of f at x = —3, g(—3) is larger 
than f(—3). 

(c) The graphs of f and g intersect at x = —2 and x = 2,so f(x) = g(x) at these two values of x. 

(d) The graph of f lies below or on the graph of g for —4 < « < —2 and for 2 < x < 3. Thus, the intervals on which 
f(x) < g(x) are [—4, —2] and [2, 3). 


(e) f (x) = —1 is equivalent to y = —1, and the points on the graph of f with y-values of —1 are (—3, —1) and (4, —1), so 


the solution of the equation f(x) = —lisw = —30ra = 4. 
(f) For any x1 < 2 in the interval [—4, 0], we have g(x1) > g(x2). Thus, g(x) is decreasing on [—4, 0]. 
(g) The domain of f is {x | —4 < a < 4} = [—4, 4]. The range of f is {y | —2 < y < 3} = [-2,3]. 
(h) The domain of g is {x | —4 < « < 3} = [—4,3]. Estimating the lowest point of the graph of g as having coordinates 


(0, 0.5), the range of g is approximately {y | 0.5 < y < 4} = (0.5, 4]. 


5. From Figure | in the text, the lowest point occurs at about (t,a) = (12, —85). The highest point occurs at about (17, 115). 


Thus, the range of the vertical ground acceleration is —85 < a < 115. Written in interval notation, the range is [—85, 115]. 
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CHAPTER1 FUNCTIONS AND MODELS 
Example 1: A car is driven at 60 mi/h for 2 hours. The distance d miles 
traveled by the car is a function of the time t. The domain of the ee 
function is {t | 0 < t < 2}, where ¢ is measured in hours. The range 
of the function is {d | 0 < d < 120}, where d is measured in miles. 0 of anes 
hours 
Example 2: At a certain university, the number of students N on 
Numbe: 
campus at any time on a particular day is a function of the time ¢ after of Ais 
midnight. The domain of the function is {¢ | 0 < ¢ < 24}, where t is 
measured in hours. The range of the function is {N |0 < N < k}, 
: : ‘ 0 6 12 18 24 ‘time 
where JN is an integer and k is the largest number of students on (midnight) 
campus at once. 
Example 3: A certain employee is paid $8.00 per hour and works a paya 
maximum of 30 hours per week. The number of hours worked is 240 7 © 
238 7 oo 
rounded down to the nearest quarter of an hour. This employee’s 236+ o— 
gross weekly pay P is a function of the number of hours worked h. 
The domain of the function is [0, 30] and the range of the function is al eee 
{0, 2.00, 4.00, ... , 238.00, 240.00}. 0} 025 050 075” 29.502975 30 hours 
. We solve 3a — 5y = 7 for y: 3a — 5y = 7 Sy=-3t+7 & y= 3a - Z. Since the equation determines exactly 
one value of y for each value of x, the equation defines y as a function of x. 
. We solve 32” — 2y = 5 for y: 3a” — 2y = 5 Qy=-327 +5 S& y= 3a? - 3. Since the equation determines 
exactly one value of y for each value of x, the equation defines y as a function of x. 
. We solve x? + (y —3)? =5fory: «?+(y—3)? =5 (y— 3)? =5 —2? y—-3=4/5— 2? 
y = 3+ <5 — x?. Some input values x correspond to more than one output y. (For instance, « = 1 corresponds to y = 1 and 
to y = 5.) Thus, the equation does not define y as a function of x. 
We solve 2ry + 5y? =4fory: 2ay+5y2?=4 © 5y?+(2r7)y-4=-0 © 
2 
—2a + \/(2x)" —4(5)(-4) — 294+ VE? +80 —et V2? +20. . 
y= = = (using the quadratic formula). Some input 
2(5) 10 5 
values x correspond to more than one output y. (For instance, x = 4 corresponds to y = —2 and to y = 2/5.) Thus, the 
equation does not define y as a function of x. 
We solve (y+ 3)? +1=2efory: (y+3%+1=2e os (y+3)=2¢-1 8 y4+3=%r-I © 


y = —3+ ¥/2x — 1. Since the equation determines exactly one value of y for each value of x, the equation defines y as a 


function of x. 
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SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCTION 1 


We solve 2a — |y| = Ofory: 2a — |y| =0 |y| = 2a y = +22. Some input values x correspond to more than 
one output y. (For instance, x = 1 corresponds to y = —2 and to y = 2.) Thus, the equation does not define y as a function 
of x. 


The height 60 in (a = 60) corresponds to shoe sizes 7 and 8 (y = 7 and y = 8). Since an input value x corresponds to more 


than output value y, the table does not define y as a function of x. 
Each year x corresponds to exactly one tuition cost y. Thus, the table defines y as a function of x. 


No, the curve is not the graph of a function because a vertical line intersects the curve more than once. Hence, the curve fails 
the Vertical Line Test. 
Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—2, 2] and the range 


is [—1, 2]. 


Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the range 


is (=3; 2) [1 8}: 


No, the curve is not the graph of a function since for « = 0, +1, and +2, there are infinitely many points on the curve. 


(a) When ¢t = 1950, T’ = 13.8°C, so the global average temperature in 1950 was about 13.8°C. 

(b) When T = 14.2°C, t = 1990. 

(c) The global average temperature was smallest in 1910 (the year corresponding to the lowest point on the graph) and largest 
in 2000 (the year corresponding to the highest point on the graph). 


(d) When t = 1910, T = 13.5°C, and when t = 2000, T' ~ 14.4°C. Thus, the range of T’ is about [13.5, 14.4]. 
(a) The ring width varies from near 0 mm to about 1.6 mm, so the range of the ring width function is approximately [0, 1.6]. 


(b) According to the graph, the earth gradually cooled from 1550 to 1700, warmed into the late 1700s, cooled again into the 
late 1800s, and has been steadily warming since then. In the mid-19th century, there was variation that could have been 


associated with volcanic eruptions. 


The water will cool down almost to freezing as the ice melts. Then, when T 


the ice has melted, the water will slowly warm up to room temperature. 


av 


The temperature of the pie would increase rapidly, level off to oven T 


temperature, decrease rapidly, and then level off to room temperature. 


a 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


12 CHAPTER1 FUNCTIONS AND MODELS 


23. (a) The power consumption at 6 AM is 500 MW, which is obtained by reading the value of power P when t = 6 from the 


graph. At 6 PM we read the value of P when t = 18, obtaining approximately 730 MW. 


(b) The minimum power consumption is determined by finding the time for the lowest point on the graph, t = 4, or 4 AM. The 
maximum power consumption corresponds to the highest point on the graph, which occurs just before t = 12, or right 
before noon. These times are reasonable, considering the power consumption schedules of most individuals and 


businesses. 


24. Runner A won the race, reaching the finish line at 100 meters in about 15 seconds, followed by runner B with a time of about 
19 seconds, and then by runner C who finished in around 23 seconds. B initially led the race, followed by C, and then A. 
C then passed B to lead for a while. Then A passed first B, and then passed C to take the lead and finish first. Finally, 


B passed C to finish in second place. All three runners completed the race. 


25. Of course, this graph depends strongly on the 26. The summer solstice (the longest day of the year) is 
geographical location! around June 21, and the winter solstice (the shortest day) 
T 


is around December 22. (Exchange the dates for the 


southern hemisphere.) 


Hours of 


o~ 


midnight noon 


daylight 
June 21 Dec. 22 t 
27. As the price increases, the amount sold decreases. 28. The value of the car decreases fairly rapidly initially, then 
somewhat less rapidly. 
amounta 
value A 
> 

0 price : 

5 0 1 _t 
(in years) 


Height 
of grass a 
+—> 


Wed. Wed. Wed. Wed. Wed. ¢ 
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SECTION 1.1. FOUR WAYS TO REPRESENT A FUNCTION 13 


30. (a) x) (b) y(t) 
400 35,000 
feet 
oes 30 60 t 
(c) ground (d) vertical 4 
speed velocity 
500 
miles 
per hour 
60 ; 60 f 
31. (a) TACK) (b) 9:00 AM corresponds to t = 9. When t = 9, the 
temperature T is about 74°F. 
0 2 4 6 8 10 12 14 dione 
32. (a) (b) The blood alcohol concentration rises rapidly, then slowly 
decreases to near zero. 
* (hours) 
33. f(z) = 3a? x42 
f(2) = 382)? —-2+2=12-242=12. 
f(—2) = 3(-2)? — (-2) + 2=12+24+2=16. 
f(a) = 3a? -—a+2 
f(—a) = 3(—a)? — (-a) +. 2 = 3a? +a 42. 
f(a+1) =3(a+- 1)? —(a+1)4+2=3(a? +2a4+1)-a—-14+2=30a? +6a+3-—a+1=30?+5a4+4. 


2f(a) = 2- f(a) = 2(3a? —a + 2) = 6a? — 2a +4. 


f (2a) = 3(2a)? — (2a) + 2 = 3(4a”) — 2a + 2 = 12a? — 2a 4 2. 
[continued] 
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CHAPTER1 FUNCTIONS AND MODELS 


f(a?) = 3(a?)? — (a?) +. 2 = 3(a*) — a? +2 = 8a* — a? 4:2. 


2 


[Flay = [sa a+ 2|° = (3a? — a+ 2) (3a? —a+2) 
= 9a* — 3a? + 6a? — 3a? +. a? — 2a + 6a? — 2a + 4 = 9a* — Ga? + 13a? — 4a + 4. 


f(at+h) =3(a +h)? — (ath) +2 =3(a? + 2ah +h?) —a—h+2 = 3a? + 6ah 4 3h? —a—h42. 


g(x) = =. 

9(0) = man? 

a= aan 

5g(a) =5 HTS 


a? +1 a+ a+1 
dane (a+h) z= ath 
(at+h)+1 ath+l1 
ee ea ee 
(c—a)+1 x-at+l1 


. f(z) =44+32— 27,80 f(8+h) =44+3(13+h) — (3 +h)? =44+94 3h—-(9+6h+h?) =4-3h—h?, 


gi8+)- FR) _ © 3h—h?)—-4  h(-3 
oa h h h 


=-3-h. 


. f(x) = 23,80 flat+h) = (a +h)? = a? 4+ 3a7h + 3ah? + bh, 
f(ath)— f(a) — (a2 +3a?h + 3ah? +h?) — a? — h(3a? + 3ah + h?) 


SS SE ee at 
des a-x 
f(x) Lg Ea) Oa EO ee RE _r-iMe-a)_ 1 
x r—a r—a r—a xa(x — a) xa(x — a) ax 


—f JV 2— : : : F ; 
. f(x) = Vx + 2,80 La) 0) = as 2S Depending upon the context, this may be considered simplified. 


Note: We may also rationalize the numerator: 


Vet2—-V3_ Vet2-V3 Vat2t+v3_ (e+ 2)-3 
x—1 x—1 Ve+2+V3 (e€-1)(Ve—24+ V3) 
x—-l 1 


(@—-1(Je-2+V3) Ver2+v3 


. f(a) = (a + 4)/(2? — 9) is defined for all a except when 0 = x? — 9 0=(x+3)(a-—3) <= x = -—3o0r3,so the 
domain is {x € R| x 3, 3} = (—oo, —3) U (—3, 3) U (3, 0). 
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SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCTION 15 
e+ 2 
The function f(«) = —————— is defined for all values of x except those for which «* + 4% —-21=0 <= 
xu? + 44 — 21 
(a +7)(a —3) =0 x = —Torx = 3. Thus, the domain is {x € R | x 7,3} = (—oo, —7) U (—7,3) U (3, 0). 


f(t) = ¥/2t — 1 is defined for all real numbers. In fact ¥/p(t), where p(t) is a polynomial, is defined for all real numbers. 


Thus, the domain is R, or (—co, 00). 


g(t) = V3 —t — V2 + tis defined when 3 — t > 0 
—2 <t <3, or [—2, 3]. 


“© t<3and2+t>0 <= t> -—2. Thus, the domain is 


h(x) = 1/2? — 5a is defined when x? —5a >0 << a(x —5) > 0. Note that 2? — 5a 4 0 since that would result in 
division by zero. The expression x(x — 5) is positive if z < 0 or x > 5. (See Appendix A for methods for solving 


inequalities.) Thus, the domain is (—oo, 0) U (5, 00). 


1 ee 1 : 1 
f(u) = a is defined when u + 140 [wu A —1] and 1 + —— £0. Since 1 + —— = 
14 util util 
util 
4 1 1 u-1 uw = —2, the domain is {u | u 2, u 1} = (—o0, —2) U(-2, -1) U(-1, 00). 


F(p) = \/2 — \/pis defined when p > Oand2—./p>0.Sincee2—-\p>0 & 2> Vp & Vp<2 © 


0 < p< 4, the domain is [0, 4]. 


The function h(x) = Va? — 4a — 5 is defined when 2? — 42 —-5>0 © 


2 


(a + 1)(a — 5) > 0. The polynomial 
p(x) = «* — 4x — 5 may change signs only at its zeros, so we test values of x on the intervals separated by x = —1 and 
x =5: p(—2) =7 > 0, p(0) = —5 < 0, and p(6) = 7 > 0. Thus, the domain of h, equivalent to the solution intervals 
of p(x) > 0, is {a | # < —lLora > 5} = (—oo, —1] U [5, 00). 


2 


2 


h(a) = /4— 22. Nowy = V4 


the graph is the top half of a circle of radius 2 with center at the origin. The domain 


y~=4 x x? +y? =4,s0 


is{x|4—a27 >0}={x|4> 27} = {x | 2> |x|} = [2,2]. From the graph, 


the range is 0 < y < 2, or (0, 2]. 


2 


: 4, 
The function f(a) = z 5 is defined when « — 2 £0 = x ¥ 2, so the 


domain is {x | x 4 2} = (—oo, 2) U (2, 00). On its domain, 


_ (a — 2)(@ + 2) 
x—2 


x —A4 
xr—2 


f(x) = 


line y = x + 2 witha hole at (2, 4). 


= «+ 2. Thus, the graph of f is the 
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16 CHAPTER1 FUNCTIONS AND MODELS 


f(—3) = (3)? +2 = 11, f(0) = 0, and f(2) = 2. 


2 
0 5 x 
5 if «<2 
50. f(z) =4 , ; | 
5a—-3 ifx>2 — 2.5) 
f (-3) =5, f(0) =5, and f (2) = 4(2) -3 = 2. 
0 6 
(2, —2) 


za+1 ifa<-tl 
gi ae if 2>-1 


f(—3) =-—3+1= -—2, f(0) = 0? = 0, and f(2) = 2? = 4. 


52. f(x) —1 ifa<l 
. f(z) = 
7-2¢ ifa>1 


f(—3) = -1, f(0) = —1, and f(2) = 7 — 2(2) =3. 


x if «>0 
53. |a| = Mean i 
—x« if«<0 
f(x) * 2x ifx>0 aL 
so f(x) =x@+ |x| = 
0 ifa<0 
Graph the line y = 2x for x > 0 and graph y = 0 (the x-axis) for x < 0. ot * 
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SECTION 1.1 


r+2 if7+2>0 

Beret ~(e+2) if2+2<0 
xr+2 if x >—-—2 
or | eae Ae peta) 


55. g(t) = |1 —3¢| a = 
eee = SN SS BEV GE 
Lose Gf e< 

— | 3t-1 if t> 


56. f(x) — 2 


x 


P30 
PBF 20 
ll: 
3 
1 
3 


The domain of f is {x | « A 0} and |x| = xifa > 0, |x| = —xifa < 0. 


So we can write 


jc] if |x| <1 


57. To graph f(x) = ; 
eerie) "i if |2| >1 


ifx#<0 
if «>0 
graph y = |z| [Figure 16] 


for —1 < x < land graph y = 1 for x > 1 and for x < —1. 


1 ife<—l 
ie tidetaen eral if -1<2<0 
e could rewrite f as f(x) = 
ifO0<a¢<1 
1 ife>1 
|x| —1 if jz] —1>0 
88. 9(z) = |le| — 1] = 
—(|e]-—1) if jz] -—1<0 
|x| —1 if |z| >1 
l= |e2l41 if fal <1 
z—l if |x| > landx>0 x—1 
—x-1 if |x| > landa <0 -—xz-1 
— ) Ha +1 if |c|<landa>0 )-ax+1 
—(-a)+1 if |a|<landx <0 c+1 


FOUR WAYS TO REPRESENT A FUNCTION 


y 
2 

> [0 x 
yA 
1 
oft y 
ya 


yA 
= NK 
+ t > 
-_1 0 1 x 

y 


ay 


-1 0 1 


if¢@>1 
if«¢<-l 
if0<a<1 
if -l<a2<0 
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CHAPTER1 FUNCTIONS AND MODELS 


Recall that the slope m of a line between the two points (21, y1) and (x2, y2) ism = Ze and an equation of the line 
2-24 


connecting those two points is y — y1 = m(a — 21). The slope of the line segment joining the points (1, —3) and (5, 7) is 


rt) = 2, so an equation is y — (—3) = 3(a — 1). The function is f(x) = 3a— 4,1<a<5. 
—10-— 10 


5 os 
= —-, SO an equation 1s 


The slope of the line segment joining the points (—5, 10) and (7, —10) is 7—(-5) 3 


y — 10 = —3[x — (—5)]. The function is f(x) = —3a+3,-5 <a <7. 


We need to solve the given equation for y. a +(y—1)” =0 (y—1)? x y-l=+/-2 


y = 1++/—z2. The expression with the positive radical represents the top half of the parabola, and the one with the negative 


radical represents the bottom half. Hence, we want f(2) = 1 — /—«. Note that the domain is x < 0. 


x+y 2)? =4 (y 2)? =4 x y—-2=+4+V4- 2? y =2+~74-— 22. The top half is given by 


the function f(@) = 2+ V74—47,-2<a<2. 
For 0 < x < 3, the graph is the line with slope —1 and y-intercept 3, that is, y = —a + 3. For 3 < x < 5, the graph is the line 
with slope 2 passing through (3, 0); that is, y — 0 = 2(a — 3), or y = 2x — 6. So the function is 


—24+3 fO0<2<3 
f(x)= 
24-6 if3<a<5 


. For —4 < x < —2, the graph is the line with slope —3 passing through (—2, 0); that is, y — 0 = —3[a — (—2)], or 


2 


y= da — 3. For —2 < x < 2, the graph is the top half of the circle with center (0,0) and radius 2. An equation of the circle 


is x? + y = 4, so an equation of the top half is y = /4 — x?. For 2 < x < 4, the graph is the line with slope 3 passing 


through (2, 0); that is, y — 0 = 3(a — 2), or y = 3x — 3. So the function is 


—22-3 if -4<a<-2 
f(x) = 4—a”? if -2<4<2 


37-3 if 2<a<4 


Let the length and width of the rectangle be L and W. Then the perimeter is 20 + 2W = 20 and the area is A = LW. 


20 — 2L 
2 


Solving the first equation for W in terms of LZ gives W = = 10—L. Thus, A(L) = L(10— L) = 10L — L?. Since 


lengths are positive, the domain of A is 0 < L < 10. If we further restrict L to be larger than W, then 5 < L < 10 would be 
the domain. 

Let the length and width of the rectangle be L and W. Then the area is LW = 16, so that W = 16/L. The perimeter is 
P=2L+2W, so P(L) = 2L 4+ 2(16/L) = 2L + 32/L, and the domain of P is L > 0, since lengths must be positive 


quantities. If we further restrict L to be larger than W, then L > 4 would be the domain. 
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SECTION 1.1 FOUR WAYS TO REPRESENT A FUNCTION 


Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height y of the triangle satisfies 


2 _ 1g? — 37? and 


4 y= 2 


5c. Using the formula for the area A ofa triangle, 


LS) 
+ 


2 
$2) = x”, so that y* = x + 


y 


A = 4(base) (height), we obtain A(x) = 3 (a) ( Bx) = Bax 2 with domain x > 0. 


Let the length, width, and height of the closed rectangular box be denoted by L, W, and H, respectively. The length is twice 


the width, so L = 2W. The volume V of the box is given by V = LWH. Since V = 8, we have 8 = (2W)WH => 


8 4 4 


8 = 2W°H > H = saa = po andso H = f(W) = Fa. 


Let each side of the base of the box have length x, and let the height of the box be h. Since the volume is 2, we know that 
2 = hz?, so that h = 2/x?, and the surface area is S = 2? + 4xh. Thus, S(x) = x + 4a(2/a?) = x? + (8/2), with 


domain x > 0. 


Let r and h denote the radius and the height of the right circular cylinder, respectively. Then the volume V is given by 


2 . Salty’ : 
V = rh, and for this particular cylinder we have mr?h = 25 r? 2 Solving for r and rejecting the negative 
T 
solution gives r = 2 sor = f(h) = 2 in 
. Vrh Vth 


The height of the box is x and the length and width are L = 20 — 2x, W = 12 — 2a. Then V = LW and so 


V(x) = (20 — 2x)(12 — 2x)(x) = 4(10 — x)(6 — 2)(x) = 4a(60 — 16a + a?) = 4x? — 64x? + 2402. 
The sides L, W, and x must be positive. Thus, LD >0 <= 20-2%>0 Ss «< 10; 


W>0 S$ 12-24>0 S « <6;and2z > 0. Combining these restrictions gives us the domain 0 < x < 6. 


2 
The area of the window is A = rh + nr ($2) 7 = ah+ a where h is the height of the rectangular portion of the window. 


The perimeter is P = 2h + a + 4ra = 30 2h = 30-—a—- dna h = 4(60 — 2a — ra). Thus, 


— 24 — 1 4 4 
A(t) =e SSO, = 1ldx 5t 72" +50 = 15x gu qo’ = le (te ). 


Since the lengths x and h must be positive quantities, we have x > O and h > 0. Forh > 0, wehave 2h >0 = 


30-2 — ina >0 ©& 60>2%4+7% S fi eS Hence, ‘hedeniior Aeoe eS 
24+7 Q4n 


We can summarize the amount of the fine with a Fh 


600 (100, 525 
piecewise defined function. 
15(40—2) if0<a2<40 
F(x) =< 0 if 40<a2<65 
15(a@—65) if ¢ >65 
0 40 


100 x 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


20 CHAPTER1 FUNCTIONS AND MODELS 


74. For the first 1200 kWh, E(x) = 10 + 0.06z. Ex Cost ($) 
For usage over 1200 kWh, the cost is 138 7 
E(x) = 10 + 0.06(1200) + 0.07( — 1200) = 82 + 0.07(x — 1200). 
Thus, | 


(1200, 82) 


ce 10 + 0.06a if 0< a < 1200 
r)= 
82 +0.07(x — 1200) if « > 1200 
10 
0 1200 2000 * 
(kWh) 
75. (a) —R(%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400. 
15 —— On $26,000, tax is assessed on $16,000, and 
10 — 10% ($10,000) + 15%($6000) = $1000 + $900 = $1900. 
0] 10,000 20,000 ‘J Gn dollars) 
(c) As in part (b), there is $1000 tax assessed on $20,000 of income, so T (in dollars) 
the graph of T is a line segment from (10,000, 0) to (20,000, 1000). 2500 


The tax on $30,000 is $2500, so the graph of T for x > 20,000 is 


the ray with initial point (20,000, 1000) that passes through 


10,000 20,000 30,000 if (in dollars) 
(30,000, 2500). 


76. (a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this even function, 
the point (—5, 3) must also be on its graph. 


(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd function, 


the point (—5, —3) must also be on its graph. 


77. f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is symmetric with 


respect to the y-axis. 


78. f is not an even function since it is not symmetric with respect to the y-axis. f is not an odd function since it is not symmetric 


about the origin. Hence, f is neither even nor odd. g is an even function because its graph is symmetric with respect to the 


y-axis. 
79. (a) The graph of an even function is symmetric about the y-axis. We reflect the Z 
given portion of the graph of f about the y-axis in order to complete it. 
> 
0 x 
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(b) For an odd function, f(—2) = —f(x). The graph of an odd function is 


symmetric about the origin. We rotate the given portion of the graph of f 


through 180° about the origin in order to complete it. 


yA 
ma 

80. (a) The graph of an even function is symmetric about the y-axis. We reflect the v4 
given portion of the graph of f about the y-axis in order to complete it. ALL 
pv 


> 
Xx 
(b) The graph of an odd function is symmetric about the origin. We rotate the 
given portion of the graph of f through 180° about the origin in order to 
complete it. 
> 
Xx 
a. f(a) =—" w. f(e) = <= 
De rs w+) 
‘as —2 ee, (—2)? ge? 
f(-2) (—2)? +1 +l we +1 f(z). [C= ean ga 
Since f(—x) = —f(a), f is an odd function. Since f(—x) = f(x), f is an even function. 
L 1 
| | | aaa | 
x —2£ x 
83. f(x) ear of x) ae eae 84. f(x) = 2 |a|. 
Since this is neither f(a) nor — f(x), the function f is f(—2) = (—2#)|-2] = (—2) |a| = —(2|21) 
= —f(2) 


neither even nor odd. 
Since f(—x) = — f(x), f is an odd function. 


3 
4 
3 3 
2 2 
-4 
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85. f(x) = 14 32? — 2". 86. f(z) = 14322 — 2°, so 
f(-a) = 143(-2)®—(-2)! = 1430724 = f(e). Fee ee ar ee eee 
Since f(—x) = f(x), f is an even function. ee ee 
4 


Since this is neither f(a) nor — f(x), the function f is 


neither even nor odd. 


N 
—J 


87. (i) If f and g are both even functions, then f(—x) = f(a) and g(—x) = g(x). Now 
(f + 9)(—2) = f(-2) + g(-2) = f(x) + g(a) = (f + 9)(@), 80 f + g is an even function. 


(ii) If f and g are both odd functions, then f(—x) = —f(a) and g(—x) = —g(ax). Now 
(f +9)(—2) = f(-#) + g(-2) = —f(@) + [-9(@)] = -[f@) + 9(@)] = -(f + 9)(@), so f + g is an odd function. 


(iii) If f is an even function and g is an odd function, then (f + g)(—x) = f(—«) + g(—x) = f(x) + [-g9(2x)] = f(x) — g(2), 


which is not (f + g)(x) nor —(f + g)(x), so f +. is neither even nor odd. (Exception: if f is the zero function, then 
f + will be odd. If g is the zero function, then f + g will be even.) 
88. (i) If f and g are both even functions, then f(—x) = f(a) and g(—x) = g(x). Now 
(f9)(—«) = f(-«)g(-2) = f(x)g9(x) = (fg)(), so fg is an even function. 
(ii) If f and g are both odd functions, then f(—x) = — f(a) and g(—a) = —g(x). Now 
(f9)(—2) = f(-2#)9(-2) = [-f(2)][-9(2)] = f(w) g(x) = (F9)(2), 80 fg is an even function. 


(iii) If f is an even function and g is an odd function, then 


(f9)(—2) = f(-a)9(-2) = f(w)[-9()] = -[f(@)9(@)] = —(f9) (x), 80 fg is an odd function. 


1.2 Mathematical Models: A Catalog of Essential Functions 
1. (a) f(x) = x? + 32? is a polynomial function of degree 3. (This function is also an algebraic function.) 
(b) g(t) = cos? t — sint is a trigonometric function. 


(c) r(t) = tV isa power function. 


(d) v(t) = 8° is an exponential function. 
(y= Pal is an algebraic function. It is the quotient of a root of a polynomial and a polynomial of degree 2. 
(f) g(u) = log, wis a logarithmic function. 
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2 
2. (a) f(t) = ge = Z is a rational function. (This function is also an algebraic function.) 


(b) h(r) = 2.3” is an exponential function. 
(c) s(t) = Vt + 4 is an algebraic function. It is a root of a polynomial. 


(d) y = x* +5 is a polynomial function of degree 4. 


3 


(e) g(x) = Wz is a root function. Rewriting g(a) as ax'/3, we recognize the function also as a power function. 


(This function is, further, an algebraic function because it is a root of a polynomial.) 
1. : ‘ a % ; : ; 
(ff) y= zn is a rational function. Rewriting y as x“, we recognize the function also as a power function. 
(This function is, further, an algebraic function because it is the quotient of two polynomials.) 
3. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that f is an odd function 
(symmetric with respect to the origin). So (b) ly = a | must be f. Since g is flatter than h near the origin, we must have 
(c) ly = | matched with g and (a) ly — | matched with h. 
4. (a) The graph of y = 3z is a line (choice G). 
(b) y = 3” is an exponential function (choice f). 


3 


(c) y = x” is an odd polynomial function or power function (choice F’). 


(d) y= Vz = x'/? is a root function (choice g). 


5. The denominator cannot equal 0, so 1 — sinx £0 sing Al x # 5% + 2nm. Thus, the domain of 
f(x) = —- is {x |x # % + 2nm, nan integer}. 
6. The denominator cannot equal 0,sol—tanzx 40 ©& tanx Al x # 4+ nz. The tangent function is not defined 


if 2 A = +n. Thus, the domain of g(x) = is{x|aA#AFZ+nn,c 4  +nz, nan integer}. 


1—tanz 
. ; : ; : y,0=3 b=0 
7. (a) An equation for the family of linear functions with slope 2 i b=-1 
is y = f(x) = 2x + b, where b is the y-intercept. 
y=2x+b 


(b) f(2) = 1 means that the point (2, 1) is on the graph of f. We can use the 
point-slope form of a line to obtain an equation for the family of linear 
functions through the point (2,1). y— 1 = m(ax — 2), which is equivalent 


to y = mx + (1 — 2m) in slope-intercept form. 
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8. All members of the family of linear functions f(a) = 1+ m(a# + 3) have 


9. All members of the family of linear functions f(x) = c — x have graphs 


10. 


11. 


12. 


CHAPTER1 FUNCTIONS AND MODELS 


(c) To belong to both families, an equation must have slope m = 2, so the equation in part (b), y = ma + (1 — 2m), 


becomes y = 2x — 3. It is the only function that belongs to both families. 


graphs that are lines passing through the point (—3, 1). 


that are lines with slope —1. The y-intercept is c. 


We graph P (x) = x? — cx? for c = —2, 0, 1, and 3. For c £ 0, 


P(a) = x — ca? = x? (a — c) has two intercepts, 0 and c. The curve has 
one decreasing portion that begins or ends at the origin and increases in 


length as |c| increases; the decreasing portion is in quadrant II for c < 0 and 


in quadrant IV for c > 0. 


Because f is a quadratic function, we know it is of the form f(x) = ax? + ba + c. The y-intercept is 18, so f(0) =18 => 
c = 18 and f(x) = ax® + ba + 18. Since the points (3, 0) and (4, 2) lie on the graph of f, we have 


faya0 S So4hi8eo S Bc4pese 


f(4)=2 => 16a+4b+18=2 5 4a+b=-4 (2) 
This is a system of two equations in the unknowns a and 8, and subtracting (1) from (2) gives a = 2. From (1), 


3(2)+b=-6 = b=~—12,s0a formula for f is f(a”) = 2x? — 122 + 18. 


g is a quadratic function so g (x) = ax? + bx +c. The y-intercept is 1,s0 g(0) =1 = c=1landg(a«)=ax?+br+1. 


Since the points (—2, 2) and (1, —2.5) lie on the graph of g, we have 


g(—2) =2 4a —2b+1=2 4a —2b=1 (1) 


gl)=-25 + atb+1=-25 = a+b=-35 (2) 


Then (1) + 2 - (2) givesus6a = —6 = a= -—1and from (2), we have —1 +6 = —3.5 b = —2.5, so a formula for 
gis g(x) = —a? —2.5@ +1. 
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13. Since f(—1) = f(0) = f(2) = 0, f has zeros of —1, 0, and 2, so an equation for f is f(x) = ala — (—1)](a — 0)(x — 2), 


or f(a) = ax(a + 1)(x — 2). Because f(1) = 6, we’ll substitute 1 for and 6 for f(x). 


6 = a(1)(2)(—1) 2a =6 a 3, so an equation for f is f(a) = —3a(a + 1)(a# — 2). 


14. (a) For T’ = 0.02¢ + 8.50, the slope is 0.02, which means that the average surface temperature of the world is increasing at 


a rate of 0.02 °C per year. The T-intercept is 8.50, which represents the average surface temperature in °C in the 


year 1900. 


(b) ¢ = 2100 — 1900 = 200 T = 0.02(200) + 8.50 = 12.50°C 


15. (a) D = 200, so c = 0.0417D(a + 1) = 0.0417(200) (a + 1) = 8.34a + 8.34. The slope is 8.34, which represents the 


change in mg of the dosage for a child for each change of 1 year in age. 
(b) For a newborn, a = 0, so c = 8.34 mg. 


16. (a) yA (b) The slope of —4 means that for each increase of 1 dollar for a 


200 rental space, the number of spaces rented decreases by 4. The 
y-intercept of 200 is the number of spaces that would be occupied 


100+ , ‘ : 
if there were no charge for each space. The x-intercept of 50 is the 


smallest rental fee that results in no spaces rented. 


————— -+—> 
0} 10 20 30 40 50 60 * 


17. (a) Fk (b) The slope of 2 means that F’ increases 2 degrees for each increase 
(100, 212) 


of 1°C. (Equivalently, F' increases by 9 when C increases by 5 


F=3C+32 
5 and F' decreases by 9 when C decreases by 5.) The F’-intercept of 


32 is the Fahrenheit temperature corresponding to a Celsius 


QY 


temperature of 0. 


18. (a) Jari is traveling faster since the line representing her distance versus time is steeper than the corresponding line for Jade. 


(b) At t = 0, Jade has traveled 10 miles. At t = 6, Jade has traveled 16 miles. Thus, Jade’s speed is 


10. miles — 10 mes =i ana hie as 1 ile 60 minutes _ 60 mi/h 
6 minutes — 0 minutes 1 minute 1 hour 
At t = 0, Jari has traveled 0 miles. At t = 6, Jari has traveled 7 miles. Thus, Jari’s speed is 
7 miles — 0 miles T 0.x jos 7 miles 60 minutes ; 
a = = mi/min or — x ——— = 70 mi/h 
6 minutes — 0 minutes 6 6 minutes 1 hour 


(c) From part (b), we have a slope of 1 (mile/minute) for the linear function f modeling the distance traveled by Jade and 


from the graph the y-intercept is 10. Thus, f(¢) = 1+ 10 = t+ 10. Similarly, we have a slope of z miles/minute for 
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Jari and a y-intercept of 0. Thus, the distance traveled by Jari as a function of time ¢ (in minutes) is modeled by 
g(t) = Ft+0= 2. 
19. (a) Let x denote the number of chairs produced in one day and y the associated 


cost. Using the points (100, 2200) and (300, 4800), we get the slope 


on aoY = So = 13. So y — 2200 = 13(a — 100) 
y = 132 + 900. 


(b) The slope of the line in part (a) is 13 and it represents the cost (in dollars) 


of producing each additional chair. 


(c) The y-intercept is 900 and it represents the fixed daily costs of operating 


the factory. 


: : : Cz—C _ 460 — 380 80 1 
20. U din pl f x and C' in pl f y, we find the slope to be ————_ = ————___ = ~_ = -, 
(a) Using d in place of x and C in place of y, we find the slope to be B= soncdse Son a 


So a linear equation is C — 460 = $(d — 800) C — 460 = +d — 200 C = td + 260. 


(b) Letting d = 1500 we get C = 4(1500) + 260 = 635. (c) rt 


The cost of driving 1500 miles is $635. 


(d) The y-intercept represents the fixed cost, $260. 500 ae 


(e) A linear function gives a suitable model in this situation because you 


. -3=4+—+ + > 
have fixed monthly costs such as insurance and car payments, as well 0 500 1000 * 


as costs that increase as you drive, such as gasoline, oil, and tires, and The slope of the line represents the cost per 


the cost of these for each additional mile driven is a constant. mile, $0.25. 


21. (a) We are given Pal re = oon = 0.434. Using P for pressure and d for depth with the point 
10 feet change in depth 10 


(d, P) = (0, 15), we have the slope-intercept form of the line, P = 0.434d + 15. 


(b) When P = 100, then 100 = 0.434d + 15 0.434d = 85 d = 3] © 195.85 feet. Thus, the pressure is 


100 lb/in? at a depth of approximately 196 feet. 
22. (a) R(x) = ka~? and R (0.005) = 140, so 140 = k(0.005)-2. +k = 140(0.005)? = 0.0035. 
(b) R(x) = 0.0035x~?, so for a diameter of 0.008 m the resistance is R(0.008) = 0.0035(0.008)~? ~ 54.7 ohms. 


23. If x is the original distance from the source, then the illumination is f(2) = ka~? = k/a?. Moving halfway to the lamp gives 


an illumination of f ($2) = k($2) 7 = k(2/x)? = 4(k/a”), so the light is four times as bright. 
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24. (a) P=k/V and P = 39 kPa when V = 0.671 m®, so 39 = k/0.671 < k = 39(0.671) = 26.169. 


(b) When V = 0.916, P = 26.169/V = 26.169/0.916 = 28.6, so the pressure is reduced to approximately 28.6 kPa. 


25. (a) P = k Av? so doubling the windspeed v gives P = kA(2v)? = 8(kAv*). Thus, the power output is increased by a factor 


of eight. 


(b) The area swept out by the blades is given by A = zl”, where | is the blade length, so the power output is 


P=kAv? = krl?v?. Doubling the blade length gives P = kn(2l)?v* = 4(kml?v*). Thus, the power output is increased 


by a factor of four. 


(c) From part (b) we have P = krl?v?, and k = 0.214 kg/m, | = 30 m gives 


P=0.214 Xs 9007 m2 - v? = 192.6ru? KE 
m m 


For v = 10 m/s, we have 


3 20, 
P =192.6n(10 =) *8 — 199.6007 ™—*E ~ 605,000 W 
Ss m Ss 


Similarly, v = 15 m/s gives P = 650,0257 ~ 2,042,000 W and v = 25 m/s gives P = 3,009,3757 = 9,454,000 W. 


26. (a) We graph F(T) = (5.67 x 10~8)T* for 100 < T < 300: Et (W) 
500 + 
O00 «300. T(K) 


(b) From the graph, we see that as temperature increases, energy increases—slowly at first, but then at an increasing rate. 


27. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form 


f(x) = acos(bx) + c seems appropriate. 


(b) The data appear to be decreasing in a linear fashion. A model of the form f(x) = mz + b seems appropriate. 


28. (a) The data appear to be increasing exponentially. A model of the form f(a) = a- b” or f(a) = a- b” +cseems 


appropriate. 


(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the form f(x) = a/x 


seems appropriate. 
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Exercises 29— 33: Some values are given to many decimal places. The results may depend on the technology used—rounding is left to the reader. 
29. (a) 45 (b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain 


2-141 : 
y-141= aaa a (ax — 4000) or, equivalently, 


y © —0.000105357x + 14.521429. 


0 61,000 


A linear model does seem appropriate. 


61,000 


(c) Using a computing device, we obtain the regression line y = —0.0000997855a + 13.950764. 


The following commands and screens illustrate how to find the regression line on a TI-84 Plus calculator. 


Enter the data into list one (L1) and list two (L2). Press |STAT|/1| to enter the editor. 


xth 
“3.9 4667-5 
b=15.4 6463 


Note from the last figure that the regression line has been stored in Y; and that Plot! has been turned on (Plot! is 


highlighted). You can turn on Plot! from the Y= menu by placing the cursor on Plot! and pressing |ENTER| or by 


pressing |2nd||STAT PLOT)(1||ENTER| . 


Now press [ZOOM| |9| to produce a graph of the data and the regression 


line. Note that choice 9 of the ZOOM menu automatically selects a window 


that displays all of the data. 


(d) When x = 25,000, y + 11.456; or about 11.5 per 100 population. 
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(e) When x = 80,000, y ~ 5.968; or about a 6% chance. 
(f) When x = 200,000, y is negative, so the model does not apply. 


30. (a) Using a computing device, we obtain the regression line y = 0.01879a + 0.30480. 


(b) The regression line appears to be a suitable model for the data. 


Percentage 


(c) The y-intercept represents the percentage of laboratory rats that 


develop lung tumors when not exposed to asbestos fibers. 


3000 
Asbestos exposure 
(fibers /mL) 
31. (a) 180 ° (b) Using a computing device, we obtain the regression line 
7) y = 1.880742 + 82.64974. 
is) e 
z “e 180 
20 
se 
ee en 
§ 
150 rt 
35 55 = 
Femur length (cm) = 
150 


(c) When & = 53cm, y © 182.3 cm. 


Femur length (cm) 


32. (a) See the scatter plot in part (b). A linear model seems appropriate. 


(b) Using a computing device, we obtain the regression line 


y = 0.315672 + 8.15578. 


(c) For 2005, « = 5 and y © 9.73 cents/kWh. For 2017, « = 17 and 


Cents/kWh 


y & 13.52 cents/kWh. 


Years since 2000 
33. (a) See the scatter plot in part (b). A linear model seems appropriate. 


(b) Using a computing device, we obtain the regression line wa 22000 
y = 1124.86x + 60,119.86. oes 
os 
(c) For 2002, « = 17 and y © 79,242 thousands of barrels per day. E 
S 
For 2017, « = 32 and y © 96,115 thousands of barrels per day. & 


55,000 
0 


Years since 1985 


34, (a) T = 1.000 431 227d 1-499 928750 


(b) The power model in part (a) is approximately T = d'->. Squaring both sides gives us T? = d?, so the model matches 


Kepler’s Third Law, T? = kd?. 


35. (a) If A = 60, then S = 0.7A°? = 2.39, so you would expect to find 2 species of bats in that cave. 


(b)S=4 = 4=0.7A°? = 2 = A310 = A= ay = 333.6, so we estimate the surface area of the cave 


to be 334 m?. 
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36. (a) Using a computing device, we obtain a power function N = cA®, where c © 3.1046 and b = 0.308. 


(b) If A = 291, then N = cA? © 17.8, so you would expect to find 18 species of reptiles and amphibians on Dominica. 


a Weller oe = (2) (4) - fe = ees 


Arr? nr r2 pe r2 An 


1.3 New Functions from Old Functions 


1. (a) If the graph of f is shifted 3 units upward, its equation becomes y = f(x) + 3. 
(b) If the graph of f is shifted 3 units downward, its equation becomes y = f(a) — 3. 
(c) If the graph of f is shifted 3 units to the right, its equation becomes y = f(x — 3). 
(d) If the graph of f is shifted 3 units to the left, its equation becomes y = f(x + 3). 
(e) If the graph of f is reflected about the x-axis, its equation becomes y = — f(x). 
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—<). 
(g) If the graph of f is stretched vertically by a factor of 3, its equation becomes y = 3f (x). 


(h) If the graph of f is shrunk vertically by a factor of 3, its equation becomes y = 3 f(x). 


2. (a) To obtain the graph of y = f(x) + 8 from the graph of y = f(a), shift the graph 8 units upward. 
(b) To obtain the graph of y = f(x + 8) from the graph of y = f(x), shift the graph 8 units to the left. 
(c) To obtain the graph of y = 8f() from the graph of y = f(a), stretch the graph vertically by a factor of 8. 
(d) To obtain the graph of y = f (8x) from the graph of y = f(x), shrink the graph horizontally by a factor of 8. 


(e) To obtain the graph of y = — f(x) — 1 from the graph of y = f(z), first reflect the graph about the x-axis, and then shift it 


1 unit downward. 


(f) To obtain the graph of y = 8f (Z2) from the graph of y = f(x), stretch the graph horizontally and vertically by a factor 
of 8. 


3. (a) Graph 3: The graph of f is shifted 4 units to the right and has equation y = f(x — 4). 
(b) Graph 1: The graph of f is shifted 3 units upward and has equation y = f(a) + 3. 
(c) Graph 4: The graph of f is shrunk vertically by a factor of 3 and has equation y = $ f(x). 
(d) Graph 5: The graph of f is shifted 4 units to the left and reflected about the x-axis. Its equation is y = —f(a + 4). 


(e) Graph 2: The graph of f is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is 
y = 2f(a@+6). 


4. (a) y = f(x) — 3: Shift the graph of f 3 units down. (b) y = f(a + 1): Shift the graph of f 1 unit to the left. 


yA | ] T y 


3 


y 
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(c) y = $f (x): Shrink the graph of f vertically by a 


factor of 2. 


ay 


5. (a) To graph y = f (2x) we shrink the graph of f 
horizontally by a factor of 2. 


The point (4, —1) on the graph of f corresponds to the 
point (5 -4,—1) = (2,—1). 
(c) To graph y = f(—2) we reflect the graph of f about 


the y-axis. 


The point (4, —1) on the graph of f corresponds to the 
1) = (—4, -1). 


point (—1- 4, 


SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS 


(d) y = —f (zx): Reflect the graph of f about the x-axis. 


(b) To graph y = f ($2) we stretch the graph of f 
horizontally by a factor of 2. 


0 | 2 x 


The point (4, —1) on the graph of f corresponds to the 
point (2-4, —1) = (8,-—1). 


(d) To graph y = —f(—2) we reflect the graph of f about 


the y-axis, then about the x-axis. 


The point (4, —1) on the graph of f corresponds to the 
point (—1-4,—-1-—-—1) = (—4,1). 


6. The graph of y = f(x) = 3a — x? has been shifted 2 units to the right and stretched vertically by a factor of 2. 


Thus, a function describing the graph is 


y = 2f(@ — 2) =2/3(@ — 2) — (w 


2)? = 2,/3a —6 — (a? 


4x + 4) =2/-—2? + 7x — 10 


7. The graph of y = f(a) = 3a — x? has been shifted 4 units to the left, reflected about the x-axis, and shifted downward 


1 unit. Thus, a function describing the graph is 


y= -l- 
4 
reflect 


about x-axis 


This function can be written as 


4 units left 


f (a@+4) - 1 
——"’ —~> 
shift shift 


1 unit left 


y=—f(e@+4)-1=-./3(@ +4) —(@+4)?-1 


= —\/3a + 12— (a? + 8a 4 16) -1= a? —5e—4-1 
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8. (a) The graph of y = 1 + \/x can be obtained from the graph of y = ./x by y 


shifting it upward 1 unit. 


Oo 
ay 


(b) The graph of y = sin 7 can be obtained from the graph of y = sin x by compressing horizontally by a factor of 7, giving 
a period of 27 /a = 2. The graph of y = 5 sin vz is then obtained by stretching vertically by a factor of 5. 


y=sin 7x 


9. y=1+27. Start with the graph of y = x? and shift 1 unit upward 
y 


10. y = (x+1)?. Start with the graph of y = x” and shift 1 unit to the left. 


y y 
y=(x+1) 
yer? 
> 
0 x 1 0 


1. y = |x +2). Start with the graph of y = |x| and shift 2 units to the left. 


xy 


y= |x| y=|xt2| 


0| ; x “9 0| x 


12. y=1— 2%. Start with the graph of y = x°, reflect about the x-axis, and then shift 1 unit upward. 
y g 


YA 
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13. y= z +2. Start with the graph of y = - and shift 2 units upward. 
x 


14.y= —Vz—1. Start with the graph of y = Va, reflect about the x-axis, and then shift 1 unit downward. 


yA 


yave 


yA 


15. y=sin4z. Start with the graph of y = sin x and compress horizontally by a factor of 4. 


y=-ve 


YA 
s 

0 Xx 
Tice 
y=-vr-1 


17. y=2+~V2+1. Start with the graph of y = Va, shift 1 unit to the left, and then shift 2 units upward. 


yA yA 
yave y=yxt1 
| See 
+ > 
0 —1 3 x 


YA 
y=2+ ace 
2+ 
t t > 
-1 3 x 
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The period becomes 27/4 = 7/2. 


34 CHAPTER 1 FUNCTIONS AND MODELS 


18. y = —(« — 1)? +3. Start with the graph of y = x”, shift 1 unit to the right, reflect about the «x-axis, and then shift 3 units 


upward. 
y By YA 


—> 
ay 


ay 


YY 


RY 


y==@= IP 


2a +1)+4=(¢—1)?+4. Start with the graph of y = x”, shift 1 unit to the right, and then 


19. y= a? — 22 +5 = (2? 


shift 4 units upward. 


20. y= (x+1)? +2. 


YA YA 
yax? y=(x+)) 
> > 
0 x -) 0 x 


21. y=2- ||. Start with the graph of y = ||, reflect about the x-axis, and then shift 2 units upward. 
YA 


YA 
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22. y=2—2cosxz. Start with the graph of y = cos z, reflect about the x-axis, stretch vertically by a factor of 2, and then shift 2 


units upward. 


1 y =cos x y=—cos x 


y=2-—2cosx 


23. y = 3sin da +1. Start with the graph of y = sin z, stretch horizontally by a factor of 2, stretch vertically by a factor of 3, 


and then shift 1 unit upward. 


y=3sinzx+1 


T 


24. y= + tan (x - 4). Start with the graph of y = tan x, shift | units to the right, and then compress vertically by a 


factor of 4. 
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25. y = |cos7a|. Start with the graph of y = cos, shrink horizontally by a factor of 7, and reflect all the parts of the graph 


below the x-axis about the x-axis. 


26. y= ha = i. Start with the graph of y = V2, shift 1 unit downward, and then reflect the portion of the graph below the 


x-axis about the x-axis. 


27. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21) is 


14 — 12 = 2. So the function is L(t) = 12 + 2 sin[ 23 (t — 80)]. March 31 is the 90th day of the year, so the model gives 


L(90) + 12.34 h. The daylight time (5:51 AM to 6:18 PM) is 12 hours and 27 minutes, or 12.45 h. The model value differs 


from the actual value by “3734 ~ 0.009, less than 1%. 


28. Using a sine function to model the brightness of Delta Cephei as a function of time, we take its period to be 5.4 days, its 
amplitude to be 0.35 (on the scale of magnitude), and its average magnitude to be 4.0. If we take t = 0 at a time of 


average brightness, then the magnitude (brightness) as a function of time ¢ in days can be modeled by the formula 


M(t) = 4.0 + 0.35 sin( 242). 


12+2 


12 — 
29. The water depth D(t) can be modeled by a cosine function with amplitude =7m, 


= 5 m, average magnitude 


and period 12 hours. High tide occurred at time 6:45 AM (¢ = 6.75 h), so the curve begins a cycle at time t = 6.75 h (shift 


6.75 units to the right). Thus, D(t) = 5 cos [33 (t — 6.75)| + 7 = 5cos [7 (t — 6.75)| + 7, where D is in meters and t is the 


number of hours after midnight. 


2500 — 2 
30. The total volume of air V(t) in the lungs can be modeled by a sine function with amplitude “a = 250 mL, average 
2 : , 
volume ae = 2250 mL, and period 4 seconds. Thus, V(t) = 250 sin 2*¢ + 2250 = 250sin 3¢ + 2250, where 


V is in mL and t is in seconds. 
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32. 


33. 


34. 


SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS 37 


(a) To obtain y = f (||), the portion of the graph of y = f(x) to the right of the y-axis is reflected about the y-axis. 
(b) y = sin |ar| (y= ya 


y= sin |x| 


The most important features of the given graph are the x-intercepts and the maximum 


and minimum points. The graph of y = 1/ f(a) has vertical asymptotes at the x-values 


where there are x-intercepts on the graph of y = f(x). The maximum of 1 on the graph 
of y = f(x) corresponds to a minimum of 1/1 = 1 on y = 1/f(x). Similarly, the 
minimum on the graph of y = f(a) corresponds to a maximum on the graph of 

y = 1/f (a). As the values of y get large (positively or negatively) on the graph of 


y = f(a), the values of y get close to zero on the graph of y = 1/f(x). \ 


f(a) = 25 — 2? is defined only when 25-2? >0 & 2? <25 © -—5 <a <5,s0 the domainof f is [—5, 5]. 


For g(x) = /z+1,wemusthavexr+1>0 <= «x > ~—1,s0 the domain of g is [—1, 00). 

(a) (f + g)(x) = V25 — 2? + x +1. The domain of f + g is found by intersecting the domains of f and g: [—1, 5]. 

(b) (f — g)(x) = V25 — a? — x +1. The domain of f — g is found by intersecting the domains of f and g: [—1, 5]. 

(c) (fg)(a) = V25 — #? - /a +1 = V—a3 — a? + 25a + 25. The domain of fg is found by intersecting the domains of f 
and g: [—1, 5]. 


/35 — x2 [95 — x? 
(d) f (x) = Veo ae a Bee. Notice that we must have x + 1 ¥ 0 in addition to any previous restrictions. 
g vit z+ 


Thus, the domain of f /g is (—1, 5]. 


1 1 
For f(x) = aq musthavex—-140 © «£1. Forg(x) = a 2, we must have x # 0. 


_ - = 2 2 
) (f — 9)(«) 2 (2 2) © eae eee ear aeunt 


x —-x «-1 x 


© (rate) = + (3 2) ee eel 
a 


1 


f Gee eaten! Eee. - r 
@ (L)@ 1_, i=%~ 2-1 1-% (@-D0-2) @-N@r-1 


x 
=a to [Oye Tt 


[Note the additional domain restriction g(x) 40 => «F 5] 
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35. 


36. 


37. 


38. 


CHAPTER 1 FUNCTIONS AND MODELS 


f(v) = 2° +5 and g(x) = Vx. The domain of each function is (—0o, 00). 

(a) (f og) (x) = f(g(a)) = f(Vz) = (ve) +5 =2+5. The domain is (—00, 00). 
(b) (go f)(x) = g(f(#)) = g(a* + 5) = Vx3 + 5. The domain is (00, 00). 

(c) (fo f)(x) = f(f(x)) = f(x? +5) = (x? +5)? +5. The domain is (—00, 00). 


(@ (90 9)(@) = 9(g(a)) = 9( Va) = VVx = Ve. The domain is (—00, 00). 


f(x) = 1/a and g(x) = 2a + 1. The domain of f is (—co, 0) U (0, 00). The domain of g is (—00, 00). 
(a) (fF o.g)(w) = f(o(e)) = f2e +1) = 55. The domain is 


{a |2e+1A40}={x|a 3} = (—00, —§) U (—$, 00). 


(b) (go f)(x) = g(f(a)) = (=) = 2(2) +1= “ + 1. We must have x # 0, so the domain is (—oo, 0) U (0, 00). 


(c) (fo f)(x) = f(f(x)) = (3) = ™ = «x. Since f requires x # 0, the domain is (—0o, 0) U (0, oo). 


(d) (g° g)(x) = g(g(x)) = g(2a + 1) = 2(2a + 1) + 1 = 4a + 3. The domain is (—co, 00). 


f(x) = WE and g(x) = x + 1. The domain of f is (0,00). The domain of g is (—00, 00). 
x 
(a) (f og)(x) = f(g(x)) = f(@+)= == We must have x + 1 > 0, or > —1, so the domain is (—1, 00). 
(b) (go f)(x) = g(f(z)) o( =) = = + 1. We must have a > 0, so the domain is (0, 00). 
(c) (fo f)(x) = fUf(@)) =f =) ce : = u = VV = Vz. We must have x > 0, so the domain 


Vive WV Ve 

is (0, 00). 
(d) (g°g9)(x) = g(g(x)) = g(a +1) = (a +1) +1= 24 2. The domain is (—oo, 00). 
f(x) = 


(a) (fog) 
is (—oo, 0) U (0, co). 


and g(a) = 2x — 1. The domain of f is (—oo, —1) U (—1, 00). The domain of g is (—00, 00). 


= 
2x —1 22 —1 : 
) = f(g(x)) = f(e-1) = é == . We must have 2x #0 < « #0. Thus, the domain 


ot 
e (2a—1)+1 Qu 


0) (90 AN(e) = a(F(e)) =2(45) = 1 es ===. We must havew +140 S 


x # —1. Thus, the domain is (—oo, —1) U (—1, 00). 


x x 
z+1 z+1 ctl x & 
= = = = ————————_— = ——. We t have both 140 
© (F0.N(2) = F(1(e)) = Lo EEE = 8 = 2 o. Wemust have both. +1 4 
x+1 atl 
and 22 + 1 4 0, so the domain excludes both —1 and —. Thus, the domain is (—00, —1) U (—1,—4) U (—$, ov). 


(d) (g° g)(x) = g(g(x)) = g(2a — 1) = 2(2a — 1) — 1 = 4a — 3. The domain is (—o«, 00). 
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39. f(x) = and g(x) = sin x. The domain of f is (—oo, 0) U (0,00). The domain of g is (—00, 00). 


(a) (fo 9)(@) = f(g(w)) = flsina) = 


{x | « # kz, k an integer}. 


- = 2cscx. We must have sin x # 0, so the domain is 
sin x 


(b) (go f)(x) = g(f(x)) = (2) — sin( 2) . We must have x ¥ 0, so the domain is (—oo, 0) U (0, o«). 


= x. Since f requires x 4 0, the domain is (—0o, 0) U (0, 00). 


(d) (go g)(x) = g(g(x)) = g(sinx) = sin(sin x). The domain is (—o0o, 00). 
40. f(x) = V5 — «and g(x) = Vx — 1. The domain of f is (—0o, 5] and the domain of g is [1, 00). 
(a) (f 0 9)(x) = f(g(x)) = f(Ve@—1) = V5 — Ve —1. We must havex-1>0 < «x > land 
5-Vx—-1>0 Vxe-1<5 S&S O0<a2-1<25 Ss 1<2< 26. Thus, the domain is [1, 26]. 


(b) (go f)(x) = 9(f(z)) = 9(V5— 2) = VV5—2— 1. We musthave5-z>0 = x <5and 
Vb—-a“2-12>0 S&S VYd-a22>1 8 5-a22>1 S « <A. Intersecting the restrictions on x gives a domain 
of (—oo, 4]. 

(c) (fo f)(x) = f(f(z)) = f(VW5— 2) = V5— V5 —a. We musthave5-x>0 = a«<5and 
5-VYd-e#>0 & vV5b-ae#2<5 & 0<5-H<525 & -5<-%<20 S&S -20<a<5. 
Intersecting the restrictions on x gives a domain of [—20, 5]. 

(d) (g 0 9)(«) = g(9(@)) = 9 (Ve—T) = VVe—1-1. Wemusthaver-1>0 @& «> land 


Vv“x-1-1>0 S$ vVae-1>1 8 «-125>1 S$ «> 2. Intersecting the restrictons on x gives a domain 
of [2, 00). 


41. (fogoh)(x) = f(g(h(2))) = f(g(a?)) = f(sin(a?)) = 3sin(a?) — 2 
42. (fogoh)(x) = f(g(h(2))) = F(9(v@)) = £(2%*) = 2% - 4 


43. (fogoh)(x) = f(g(h(x))) = f(g(w? + 2)) = f[(w® +. 2)?] = f(a? + 4a? + 4) 
= (#8 +403 + 4) —3 = Vee + 403 +1 


44, (rege mye) = satate)) = 1(a(¥2)) = 4 se) = tal a 


45. Let g(a) = 2a + x? and f(x) = x*. Then (f 0 g)(x) = f(g(x)) = f(Qa +a?) = (22 +27)* = F(a). 
46. Let g(x) = cosa and f(x) = x”. Then (f 0 g)(x) = f(g(x)) = f(cosx) = (cosx)? = cos?a = F(a). 


47. Let g(x) = */x and f(x) = —"—. Then (f 0 g)(x) = f(g(z)) = t(¥a) = = F(z). 


1l+a2 
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50. 


51. 


5 


i) 


53. 


55. 


56. 


57. 


NI 


. Let g(x) = 


CHAPTER 1 FUNCTIONS AND MODELS 


x 
l+a 


and f(2) = Va. Then (fo 9\(2) = flate)) = t( 722) = = 6), 


. Let g(t) = t? and f(t) = sect tant. Then (f 0 g)(t) = f(g(t)) = f(t?) = sec(t?) tan(t?) = v(t). 


Let g(x) = Vaand f (x) = V1 +a. Then (f 0 g)(x) = f(g(x)) = I(vz) = V14+Vz=H(c). 


Let h(x) = Vx, g(x) = x — 1, and f(x) = Vx. Then 
(fogoh)(e) = f(g(h(w))) = f(9(V@)) = f(Ve-1) = VVe—1 = RQ). 


. Let h(x) = |x|, g(x) = 2+, and f(x) = Wz. Then 


(fogoh)(x) = f(g(h(x))) = F(g(l2l)) = f (2+ lel) = 9/2 + Ja] = A(2). 

Let A(t) = cost, g(t) = sint, and f(t) = ?. Then 

(fogoh)(t) = f(g(h(t))) = f(g(cost)) = f(sin(cos t)) = [sin(cost)]” = sin?(cost) = S(t). 
Let h(t) = tant, g(t) = Vt +1, and f(t) = cost. Then 

(fogoh)(t) = f (g(h(@)) = f (g(tant)) = f(Vtant + 1) = cos(Vvtant + 1) = H(2). 


(a) f(9(3)) = f(4) = 6. (b) g(f(2)) = 9) = 5. 
(c) (fo 9)(5) = F(g(5)) = F(3) = 5. (d) (90 f)(5) = g(F(5)) = g(2) = 3. 
(a) g(9(9(2))) = g(g(3)) = g(4) = 1. (b) (fo fo f)C) = FFF) = FF) = FS) = 2. 


(c) (fo fog)(Q) = (f(g) = F(F(5)) = F(2) = 1. @ (90 fo g9)(3) = 9(F(9(8))) = 9(F(4)) = (6) = 2. 

(a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g(2)) = f(5) = 4, because the point (5, 4) is on the 
graph of f. 

(b) 9(f(0)) = g(0) =3 

(c) (fo 9)(0) = f(g(0)) = F(3) =0 

(d) (go f)(6) = g(f(6)) = g(6). This value is not defined, because there is no point on the graph of g that has 


x-coordinate 6. 
(e) (g° 9)(—2) = g(9(—2)) = g(1) = 4 
(f) (fo f)(4) = f(F(4)) = f(2) = -2 


58. To find a particular value of f(g(«)), say for x = 0, we note from the graph that g(0) + 2.8 and f(2.8) = —0.5. Thus, 


f(g (0)) © f(2.8) = —0.5. The other values listed in the table were obtained in a similar fashion. 
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59. (a) Using the relationship distance = rate - time with the radius r as the distance, we have r(t) = 60¢. 


(b) A=ar? = (Aor)(t) = A(r(t)) = 1 (60t)? = 360077. This formula gives us the extent of the rippled area 
(in cm?) at any time t. 


60. (a) The radius r of the balloon is increasing at a rate of 2 cm/s, so r(t) = (2 cm/s)(t s) = 2¢ (in cm). 


(b) Using V = $ar°, we get (V or)(t) = V(r(t)) = V(2t) = $n(2t)? = Bret?, 


The result, V = Bat, gives the volume of the balloon (in cm?) as a function of time (in s). 


61. (a) From the figure, we have a right triangle with legs 6 andd, andhypotenuses. = = 7 Hp are a steht eet 2 
By the Pythagorean Theorem, d? + 6? = s? s= f(d) = Vd? +36. 6 


(b) Using d = rt, we get d = (30 km/h)(t hours) = 30¢ (in km). Thus, 
d = g(t) = 308. 


lighthouse shoreline 


(c) (fo g)(t) = f(g(t)) = f(30t) = \/(308)? + 36 = 9008 + 36. This function represents the distance between the 
lighthouse and the ship as a function of the time elapsed since noon. 
62. (a)d=rt => d(t) = 350t 
(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse with length s: 
d? +1? = s?. Thus, s(d) = Vd? +1. 


(c) (so d)(t) = s(d(t)) = s(350t) = \/(350t)? + 1 


63. (a) (b) V 
120 
0 t 
i 0 ift<0 
H(t) = O; SEG V(t) = so V(t) = 120H(t). 
1 ift>0 120 if t>0 
(c) Starting with the formula in part (b), we replace 120 with 240 to reflect the 
different voltage. Also, because we are starting 5 units to the right of t = 0, 
we replace t with t — 5. Thus, the formula is V(t) = 240H(t — 5). 
or R(t) = tH (4) 6) V(t) 0 if t<O0 v(t) ift<7 
. (a t) =tH(t t)= Cc t)= 
@) (*) ot if 0O<t<60 ©) A(t—7) if 7<t<32 
0 ift<0 
Phin deysg so V(t) = 2tH(t), t < 60. so V(t) = 4(t — 7) H(t — 7), t < 32. 
V Vv 
120 
100 
0 60 t O| 7 32.2 
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65. 


66. 


67. 


68. 


69. 


70. 


71, 
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If f(x) = mix + by and g(x) = mex + be, then 

(f og)(x) = f(g(x)) = f(mex + b2) = mi(meex + b2) + b1 = Mimex + mibe2 + b1. 

So f og isa linear function with slope mimz2. 

If A(x) = 1.042, then 

(Ao A)(x) = A(A(x)) = A(1.04x) = 1.04(1.042) = (1.04)? zr, 

(Ao Ao A)(x) = A((Aco A)(x)) = A((1.04)?r) = 1.04(1.04)?2 = (1.04)%x, and 

(Ao Ao Ao A)(x) = A((Ao Ao A)(x)) = A((1.04)? x) = 1.04(1.04)? x, = (1.04)42. 

These compositions represent the amount of the investment after 2, 3, and 4 years. 

Based on this pattern, when we compose n copies of A, we get the formula (Ao Ao---o A)(x) = (1.04). 

n A’s 

(a) By examining the variable terms in g and h, we deduce that we must square g to get the terms 4x” and 4 in h. If we let 
f(x) = x” +c, then (f og)(x) = f(g(a)) = f(2e +1) = (Qa + 1)? +e= 4a? +4r+ (1 +c). Since 
h(x) = 4a? + 4a + 7, we must have 1 + c = 7. Soc = Gand f(x) = 27 + 6. 

(b) We need a function g so that f(g(x)) = 3(g(x)) +5 = h(x). But 


h(x) = 8a? + 3a + 2 = 3(a? + x) +2 = 3(a? +a — 1) +5, so we see that g(x) = 2? +a—1. 


We need a function g so that g(f(x)) = g(a +4) = h(a) = 4a — 1 = 4(a@ + 4) — 17. So we see that the function g must be 


g(x) = 4a — 17. 


We need to examine h(—<). 


h(—«) = (fog)(—) = f(g(—«)) = f(glx)) [because g is even} = h(e) 


Because h(—«) = h(a), h is an even function. 


h(—x) = f(g(—2x)) = f(—g(a)). At this point, we can’t simplify the expression, so we might try to find a counterexample to 
show that h is not an odd function. Let g(a) = x, an odd function, and f(a) = a? + a. Then h(a) = x? + 2, which is neither 
even nor odd. 

Now suppose f is an odd function. Then f(—g(x)) = —f(g(x)) = —h(a). Hence, h(—x) = —h(a), and so h is odd if 
both f and g are odd. 

Now suppose f is an even function. Then f(—g(x)) = f(g(x)) = h(a). Hence, h(—x) = h(a), and so h is even if g is 


odd and f is even. 


(a) E(w) = f(e)+f(—2) + E(-2) = f(-2) + f(—(-2)) = f(—2) + f(@) = E(@). Since E(—2) = B(a), B isan 
even function. 

(b) O(a) = f(x) — f(-2) O(—2) = f(-£) — f(-(-2)) = f(-2) — f(x) = -[f(@) — f(-2)] = -O(2). 
Since O(—x) = —O(z), O is an odd function. 
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(c) For any function f with domain R, define functions & and O as in parts (a) and (b). Then iE is even, 40 is odd, and we 


show that f(a) = E(x) + O(a): 


= 2 


NIP NIF NI 


gE(2) + 3O0(x) = 3 [f(z) + f(—2)] + 3 [f(@) - f(-2)] 


[f(z) + f(—2) + fle) — F(-2)] 


wo 
Ss 
— 
8 
= 
II 
Ss 
— 
8 
YS 


as desired. 
(d) f(x) = 2” + (a — 3)” has domain R, so we know from part (c) that f (2) = 4E (x) + $0 (x), where 


E(e) = f(e) +f (-2) = 2? + (@— 3)? +27? + (-2 — 3)? 


= 27427" 4+ (a — 3)? 4 (2+ 3)? 


and Ole) = f(w) — f (-2) = 2" + (w— 3)? - [2-* + (-@- 3)?| 


1.4 Exponential Functions 


Lge atDB 28 (=3)8 a3)" INP 0 a 
OF GAB © Se =(G) = (Ca) -8 
1 1 1 eee” Pee ey oes] 2 
Oe Gane ae (@) DS =F = p-) < 
be -b? bP 
(e) b3(3b 1) 2 b33 2(b 1) 2 i ae 
(f) 2a*y = 2a?y = 2a?y = g2-(A)yl-2 2 6, —1 = 2a® 
(3a-2y)? 3?(a—2)2y2 9a—4y? 9 oy 


O27 FS OFF? = (ry se 9 


(c) 2a?(3a°)? = Qa? - 3?(a°)? = Qa? - 9x19 = 2-9a?t!9 = 182? 


6x3 6+(—3) 3 
2\-3,.-3 _ 5-3/,,-2)-3,-3 T° _ _& 
(d) (n> *) Sar 2 (eee 33 3 3 


3/2, 1/2 
B00? «aM? _ gg3/241/2. gl = 392 a = 30° 


(e) 


q7t 


(f) avo = (abr?) = all? (pl? )V? = ail? b/s — g)/2-1/3 pl/4-1/3 — 91/6 p-1/12 — ai/6 Va 
3/ab _ (ab)*/? “ql /3 1/3 ~ qi/3 1/3 = = 5/2 7p 


3. (a) f(z) =b”, b>0 (b) R (c) (0, co) (d) See Figures 4(c), 4(b), and 4(a), respectively. 


4. (a) The number e is the value of a such that the slope of the tangent line at x = 0 on the graph of y = a” is exactly 1. 
(b) e & 2.71828 (c) f(a) =e” 
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5. All of these graphs approach 0 as x — —oo, all of them pass through the point 5 y=20" y=S* ye" 


(0,1), and all of them are increasing and approach oo as x — oo. The larger the y=2* 
base, the faster the function increases for x > 0, and the faster it approaches 0 as 
Z— —o0. p 
Note: The notation “a — oo” can be thought of as “a becomes large” at this point. _, =o 
0 


More details on this notation are given in Chapter 2. 


N 


6. The graph of e ” is the reflection of the graph of e” about the y-axis, and the y= 8S ow : 
graph of 8~” is the reflection of that of 8” about the y-axis. The graph of 8” 
increases more quickly than that of e” for « > 0, and approaches 0 faster ie eae 
as © > —o0. 
TZ: 0 2 
7. The functions with base greater than 1 (3” and 10”) are increasing, while those y (4) y (5) 5 y=10" y=3* 


with base less than 1 [() ” and (4)"] are decreasing. The graph of (s)” is the 


reflection of that of 3° about the y-axis, and the graph of (35) ” is the reflection of 


that of 10” about the y-axis. The graph of 10” increases more quickly than that of i 
=2, 2 
3° for x > 0, and approaches 0 faster as 7 — —oo. 0 
8. Each of the graphs approaches oo as x — —oo, and each approaches 0 as y=0.3" y=0.1" 6 


x — oo. The smaller the base, the faster the function grows as x — —oo, and 


the faster it approaches 0 as 7 — oo. 


9. We start with the graph of y = 3” (Figure 15) and shift a 


1 unit upward to get the graph of g (x) = 37 +1. 


10. We start with the graph of y = (5) (Figure 3) and stretch vertically by a factor of 2 to obtain the graph of y = 2($)’- Then 


we shift the graph 3 units downward to get the graph of h(x) = 2(3)" — 3. 
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11. We start with the graph of y = e” (Figure 15) and reflect about the y-axis to get the graph of y = e*. Then we reflect the 


x 


graph about the x-axis to get the graph of y = —e~ 


YA 
yo 
| 
0 x 
12. We start with the graph of y = 4” (Figure 3) and shift vA vA 
y= 4* y= gxt 2 
2 units to the left to get the graph of y = 4°+?. 
41 
0 x -) (0 x 


13. We start with the graph of y = e* (Figure 15) and reflect about the y-axis to get the graph of y = e *. Then we compress 


the graph vertically by a factor of 2 to obtain the graph of y = te” and then reflect about the x-axis to get the graph 


2. 


of y = —4e~*. Finally, we shift the graph one unit upward to get the graph of y = 1— de 
2 Y: grap! p g grap. y 2 


yA YA yA 


14. We start with the graph of y = e” (Figure 15) and 


reflect the portion of the graph in the first quadrant 


about the y-axis to obtain the graph of y = eltl, 


15. (a) To find the equation of the graph that results from shifting the graph of y = e® two units downward, we subtract 2 from the 


original function to get y = e” — 2. 


(b) To find the equation of the graph that results from shifting the graph of y = e” two units to the right, we replace x with 
x — 2 in the original function to get y = e”~?. 


(c) To find the equation of the graph that results from reflecting the graph of y = e” about the x-axis, we multiply the original 


function by —1 to get y = —e”. 
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21. 
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(d) To find the equation of the graph that results from reflecting the graph of y = e” about the y-axis, we replace x with —a in 


x 


the original function to get y = e~”. 


(e) To find the equation of the graph that results from reflecting the graph of y = e” about the x-axis and then about the y-axis, 
we first multiply the original function by —1 (to get y = —e”) and then replace x with —z in this equation to 


x 


gety = —e_ 


(a) This reflection consists of first reflecting the graph about the x-axis (giving the graph with equation y = —e”) 


and then shifting this graph 2 - 4 = 8 units upward. So the equation is y = —e” + 8. 


(b) This reflection consists of first reflecting the graph about the y-axis (giving the graph with equation y = e~*) 


and then shifting this graph 2 - 2 = 4 units to the right. So the equation is y = ee: 
(a) The denominator is zero when 1 — ee =9 6 e241 1—2?=0 x = +1. Thus, 
ioe 
the function f(a) = —<— has domain {a | « A +1} = (—oo, -1) U (-1,1) U (1, ov). 
(b) The denominator is never equal to zero, so the function f(x) = iste has domain R, or (—oo, oo). 
Ecos & 
(a) The function g(t) = /10* — 100 has domain {¢ | 10‘ — 100 > 0} = {t | 10° > 10°} = {t | t > 2} = [2, 00). 


(b) The sine and exponential functions have domain R, so g(t) = sin(e’ — 1) also has domain R. 


Use y = Cb® with the points (1,6) and (3,24). 6=Cb' [C=8] and24=CB® = 24= (5) i 


4=b? = b=2 [sinceb>0] andC = § =3. The functionis f(x) = 3-2°. 


Use y = Cb* with the points (—1, 3) and (1, 4). From the point (—1,3), we have 3 = Cb~*, hence C' = 3. Using this and 


the point (1, $), we get $ = Cb’ $ = (3b)b =o b=2 [sinceb>0] and C = 3(2) = 2. The 


function is f(x) = 2(2)”. 


be ath px aph pax 5e 5R_Y a 
Ho) = sen LEN He) SE She Ra) (stat) 


Suppose the month is February. Your payment on the 28th day would be 22°! = 2?” = 134,217,728 cents, or 


$1,342,177.28. Clearly, the second method of payment results in a larger amount for any month. 


2 ft = 24 in, f(24) = 247 in = 576 in = 48 ft. g(24) = 274 in = 2*/(12 - 5280) mi & 265 mi 
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24. We see from the graphs that for « less than about 1.8, g(x) = 5” > f(x) = x°, and then near the point (1.8, 17.1) the curves 


intersect. Then f(x) > g(x) from x © 1.8 until e = 5. At (5, 3125) there is another point of intersection, and for > 5 we 


see that g(x) > f(a). In fact, g increases much more rapidly than f beyond that point. 


6 1x 10! 
=12 ee 12 Lee | 
0 324 37 
26. We graph y = e” and y = 1,000,000,000 and determine where 1,100,000,000 


e” = 1 x 10°. This seems to be true at x + 20.723, so e” > 1 x 10° 


for x > 20.723. 


0 25 


27. (a) ae : (b) Using a graphing calculator, we obtain the exponential 


curve f(t) = 36.89301(1.06614)*. 


Bacteria count 
(CFU/mL) 


t (hours) 


(c) Using the TRACE and zooming in, we find that the bacteria count 10 


doubles from 37 to 74 in about 10.87 hours. 


Bacteria count 
(CFU/mL) 


t (hours) 
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28. Let t = 0 correspond to 1900 to get the model P = ab’, where a © 80.8498 and b = 1.01269. To estimate the population in 


1925, let ¢ = 25 to obtain P = 111 million. To predict the population in 2020, let t = 120 to obtain P ¥ 367 million. 


29. (a) Three hours represents 6 doubling periods (one doubling period is 30 minutes). Thus, 500 - 2° = 32,000. 


(b) In ¢ hours, there will be 2¢ doubling periods. The initial population is 500, 


110,000 
so the population y at time t is y = 500 - 2”. — 
Qt 2=4 y = 500- 2?(?/3) = 1260 
(d) We graph y: = 500- 27 and y2 = 100,000. The two curves intersect at 
t & 3.82, so the population reaches 100,000 in about 3.82 hours. 0 : 
ere : : : : ; 3 600 se ay 
30. (a) Let a be the initial population. Since 18 years is 3 doubling periods, a - 2 600 a 3 75. The initial 


squirrel popluation was 75. 

(b) A period of ¢ years corresponds to t/6 doubling periods, so the expected squirrel population t years after introduction 
isP =]75+2'/%, 

(c) Ten years from now will be 18 + 10 = 28 years from introduction. The population is estimated to be 


P =75-278/6 ~ 1905 squirrels. 


31. Half of 76.0 RNA copies per mL, corresponding to t = 1, is 38.0 RNA copies per mL. Using the graph of V in Figure 11, we 
estimate that it takes about 3.5 additional days for the patient’s viral load to decrease to 38 RNA copies per mL. 


yare 


32. (a) The exponential decay model has the form C(t) = a( , where ¢ is the 0.15 


number of hours after midnight and C(t) is the BAC. We are given that 


C(0) = 0.14, so a = 0.14, and the model is C(t) = gad ye 0.08 


(b) From the graph, we estimate that the BAC is 0.08 g/dL when 


t = 1.2 hours. 7 
=~ 1.2 hours 
33. From the graph, it appears that f is an odd function (f is undefined for x = 0). 
To prove this, we must show that f(—x) = —f (a). 
1 
1—el/(-2) yee) 1 - Sue el/e glle 4 
f(-2) = 1+ e!/(-2) = 1+ e(-1/2) = T et/z ~ el/e +1 
de 
el/t 
1-— el/z 
v=: (eee — f(z) 


so f is an odd function. 
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: : 1 
34, We’ ll start with b = —1 and graph f(a) = T+ aes for a = 0.1, 1, and 5. 7 
From the graph, we see that there is a horizontal asymptote y = 0 as x — —oo 
and a horizontal asymptote y = 1 as x — oo. If a = 1, the y-intercept is (0, 3). =1 ty 
7 7 


As a gets smaller (close to 0), the graph of f moves left. As a gets larger, the graph 


of f moves right. -] 


As b changes from —1 to 0, the graph of f is stretched horizontally. As b 
changes through large negative values, the graph of f is compressed horizontally. 


(This takes care of negatives values of b.) 


If b is positive, the graph of f is reflected through the y-axis. 


Last, if b = 0, the graph of f is the horizontal line y = 1/(1 + a). 


35. We graph the function f(x) = = (e7/* +e-*/*) for a = 1, 2, and 5. Because 


f(0) = a, the y-intercept is a, so the y-intercept moves upward as a increases. 


Notice that the graph also widens, becoming flatter near the y-axis as a increases. 


1.5 Inverse Functions and Logarithms 


1. (a) See Definition 1. 
(b) It must pass the Horizontal Line Test. 

2. (a) f '(yy=2 © f(x) =y for any yin B. The domain of f~! is B and the range of f~ is A. 
(b) See the steps in Box 5. 
(c) Reflect the graph of f about the line y = x. 

3. f is not one-to-one because 2 ¥ 6, but f(2) = 2.0 = f(6). 

4. f is one-to-one because it never takes on the same value twice. 


5. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the 


function is not one-to-one. 


6. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one. 
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. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one. 

. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the 
function is not one-to-one. 

. The graph of f(a) = 2x — 3 is a line with slope 2. It passes the Horizontal Line Test, so f is one-to-one. 
Algebraic solution: If x1 # x2, then 271 4 2x2 221 —3 4 2x2 —-3 f(x1) # f (x2), so f is one-to-one. 
The graph of f(a) = x* — 16 is symmetric with respect to the y-axis. Pick any x-values equidistant from 0 to find two equal 
function values. For example, f(—1) = —15 and f(1) = —15, so f is not one-to-one. 
No horizontal line intersects the graph of r(t) = t? + 4 more than once. Thus, by the Horizontal Line Test, the function is 
one-to-one. 
Algebraic solution: If t; te, then t? 4 #3 t+44t34+4 = r(t:) £r(t2), sor is one-to-one. 
The graph of g(a) = Wz passes the Horizontal Line Test, so g is one-to-one. 
g(x) =1-—sinz. g(0) =1 and g(m) = 1, so g is not one-to-one. 
The graph of f(a) = 2* — 1 passes the Horizontal Line Test when z is restricted to the interval [0,10], so f is one-to-one. 
A football will attain every height h up to its maximum height twice: once on the way up, and again on the way down. 
Thus, even if t; does not equal te, f(t1) may equal f(t2), so f is not 1-1. 
f is not 1-1 because eventually we all stop growing and therefore, there are two times at which we have the same height. 
(a) Since f is 1-1, f(6)=17 © f-'(17)=6. 
(b) Since f is 1-1, f-1(3) =2 = f(2) =3. 
First, we must determine x such that f(a) = 3. By inspection, we see that if x = 1, then f(1) = 3. Since f is 1-1 (f is an 
increasing function), it has an inverse, and f—1(3) = 1. If f isa 1-1 function, then f(f~1(a)) = a, so f(f—1(2)) = 2. 
First, we must determine x such that g(a) = 4. By inspection, we see that if « = 0, then g(a) = 4. Since g is 1-1 (g is an 
increasing function), it has an inverse, and g~'(4) = 0. 
(a) f is 1-1 because it passes the Horizontal Line Test. 
(b) Domain of f = [—3, 3] = Range of f~!. Range of f = [—1,3] = Domain of f~'. 
(c) Since f(0) = 2, f~*(2) =0. 
(d) Since f(—1.7) © 0, f71(0) © —1.7. 
We solve C = 3(F — 32) for F: 2C = F — 32 F = 2C + 32. This gives us a formula for the inverse function, that 


is, the Fahrenheit temperature F' as a function of the Celsius temperature C. F > —459.67 => 2C +32 >-45967 => 


2C > —491.67 = C > —273.15, the domain of the inverse function. 
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mo v? me v? me 3 % me me 
= 1 1 v c{ 1 v=cy/1 ; 
Ty /e 2 m? re m2 m? m? 
This formula gives us the speed v of the particle in terms of its mass m, that is, v = f~*(m). 
First note that f(x) = 1 — x”, x > 0, is one-to-one. We first write y = 1 — x, x > 0, and solve for a: 
x=l—y x= V/1—y (since x > 0). Interchanging x and y gives y = /1 — 2, so the inverse function is 


fol(a) = VI=a. 


Completing the square, we have g(x) = 2? — 2a = (a? — 2a + 1) — 1 = (a — 1)? — 1 and, with the restriction x > 1, 
g is one-to-one. We write y = (x — 1)? —1,x2 > 1,and solve forz:x-1l=/j/y+1(sinceex >1 S&S x-120), 


sox =1+./y +1. Interchanging x and y gives y = 14+ /x+1,sog7'(x) =14+VeF1. 


First write y = g(x) = 2+ /x + Land note that y > 2. Solve fora: y—2= /a+4+1 (y—2)?=a41 


x = (y— 2)? —1(y > 2). Interchanging x and y gives y = (x — 2)? — 1, so g~'(x) = (a — 2)? — 1 with domain x > 2. 


We write y = h(x) = — and solve for x: y(5a +7) =6-—3¢ => 5ry+7y=6-34 > 
5ay+3x=6-Ty => x(5y+3)=6-—Ty CS 7 e Interchanging x and y gives y = a. 
6 — 7x 

h(a) = 
BS bat Te 
We solve y = e'~* for a: ny = Ine’~” Iny=1-2 x =1-—Iny. Interchanging x and y gives the inverse 
function y = 1 — Ing. 
We solve y = 3In(a — 2) for x: y/3 = In(a# — 2) e/3 ~ 7-2 x =2+e/%, Interchanging «x and y gives the 


inverse function y = 2 + e7/3, 


5 3 
We solve y = (2+ vo) fora: */y=24+ Vz Va = */y—2 C= (vy 2) . Interchanging x and y 


3 
gives the inverse function y = (ve = 2) ; 


—x 


1-— 
We solve y = -—— for «: yite*)=1l-e* => ytye7=1-e7* => e*4+ye7=1-y => 
e x 


ee) x ye 
Il+y 1l+y 1l+y 


or, equivalently, 


e"(1+y)=1-y e” 


r= in( aa 7 =In ; a an Interchanging x and y gives the inverse function y = Ing = = 
y -y 7a 


2 
y=f(ce)=J/@t3 (y>0) > yY=4rt+3 = oa 2 a 


2 a 
Z are ate ee ry > (@ > 0): From 


4 


Interchange x and y: y = 


the graph, we see that f and f~" are reflections about the line y = x. 


a 
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y=f(x~)=1+e” e”*=y-1 x = In(y — 1) 
x = —In(y — 1). Interchange x and y: y = — In(a# — 1). 
So f~*(x) = —In(a# — 1). From the graph, we see that f and f~ are 


reflections about the line y = x. 


Reflect the graph of f about the line y = x. The points (—1, —2), (1, —1), 
(2,2), and (3, 3) on f are reflected to (—2, —1), (—1, 1), (2, 2), and (3, 3) 


on f~?. 


. Reflect the graph of f about the line y = x. 


(a) y= f(a) =V1—a? (0<a2<1landnotethaty>0) => 


y =1-2? g=-l1-y* x= /1—y?.So 


f-\(a) = V1 —2?, O< a <1. Wesee that f~'and f are the same 


function. 


(b) The graph of f is the portion of the circle x? + y? = 1 withO < # < land 
0 < y < 1 (quarter-circle in the first quadrant). The graph of f is symmetric 


with respect to the line y = z, so its reflection about y = ~ is itself, that is, 


fl=f. 


(a) y = g(x) = V1-28 ye =1—25 e=1—y 
x= */1—y8. Sog™' (x) = Y1— 23. We see that g and g~' are the 


same function. 


(b) The graph of g is symmetric with respect to the line y = 2, so its reflection 


about y = < is itself, that is, g-' = g. 


yA 
1 
f, fi 
0 1 - 


2 


(a) It is defined as the inverse of the exponential function with base b, thatis,log,c=y = bY =a. 


(b) (0, 00) (c)R (d) See Figure 11. 
(a) The natural logarithm is the logarithm with base e, denoted In x. 


(b) The common logarithm is the logarithm with base 10, denoted log x. 


(c) See Figure 13. 
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SECTION 1.5 INVERSE FUNCTIONS AND LOGARITHMS 


. (a) logs 81 = logs 31=4 (b) logs (z) = log; 3°4=-4 (c) logy 3 = logy g/? — 4 


. (a) n= =Ine-? = -2 (b) n. fe = Ine’? = 3 (c) In(In eo) = In(e®°) = 50 


. (a) log, 30 — log, 15 = log, (3) =log,2=1 


2 1 
log; 18 toes (5) = toes (5) 


10+ = 
= los (53 : a) = log, 5-* = —4 


1 
(b) logs 10 — logs 5 — log; 18 = log, ( =) logs 18 = logs 2 


= log; 37S 9 


1 2 
(c) 2log; 100 — 4 log, 50 = log, 100? — log, 50* = log, (=r) 


. (a) e3in2 _ ein 2® —23_8 (b) eo 2in5 _ eins? a ES (c) eln(ine®) — m3) _ 3 
» (a) logy (a?y>z) = logig xe? + logy y? + logig z [Law 1] 
= 2log,) x + 3logyg y + logy z [Law 3] 
4 
(b) n( 5) = Inz* — In(2? — 4)'/2 [Law 2] 
Va? —4 
= Alnx — $In[(z + 2)(a — 2)] [Law 3] 
= 4Inz — $[In(ax + 2) + In(x — 2)] [Law 1] 
= 4Alnax — $In(x + 2) — $ n(x — 2) 
3a 3a \?_ 1 3a 
Neng o( 5) sn( =) ay 


= 4[In3 + Ing — In(ax — 3)| [Laws | and 2] 


=$mn3+4lnz—- 4In(a —- 3) 


(b) log, [(2° +1 YV(a- 3? | = log, (x? + 1) + log, #/(a — 3)? [Law 1] 
= log,(a* + 1) + log, (a — 3)?/° 
= log, (a? +1) + 2 logs (x — 3) [Law 3] 


. (a) logy 20 — 4 log, 1000 = log, 20 — logy, 1000'/* = log,, 20 — log,, ¥/1000 


= log, 20 — log,, 10 = logs (#3) = log,)2 


(b) na — 2Inb+ 3lnc = Ina— Ind? 4 Ine? =InS +Inc’ = In 
. (a) 3In(a — 2) — In(x? — 5a + 6) + 2In(w — 3) = In(x — 2)? — In [(a@ — 2)(a — 3)] + In(a — 3)? 


(b) clog,  — dlog, y + log, z = log, #° — log, y7 + log, z = log, (=) 


47. 


In 10 
=— 814 
(a) log, 10 m5 30677 


In 12 
] = —— 0.91 
(b) log,, 12 mibB 0.917600 
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In 12 In6 
48. log, 12 = —— ® 2.261 ] = — © 0.721 
(a) log, iad 61860 (b) log,,6 nis 0.721057 
: Ing Ing = 
49. To graph these functions, we use log, ; 7 = and logsy x = 3 y= logy 5x 


In 1.5 In50° 


y=Inx 
These graphs all approach —oo as « — 07, and they all pass through the eae y=logiox 


point (1,0). Also, they are all increasing, and all approach co as x — oo. 


The functions with larger bases increase extremely slowly, and the ones with 
smaller bases do so somewhat more quickly. The functions with large bases 


approach the y-axis more closely as 2 — 0*. 


50. We see that the graph of In z is the reflection of the graph of e” about the 3 y=8" ye 
line y = «, and that the graph of log, x is the reflection of the graph of 8” 


about the same line. The graph of 8” increases more quickly than that of e”. 


Also note that log, x — oo as x — oo more slowly than Ina. | ew we y = log, x 


nN 


=2 


51. 3 ft = 36 in, so we need x such that log, x = 36 x = 2°° = 68,719,476,736. In miles, this is 


1 ft 1 mi 


68,719,476,736 in - T2in | 5280 R = 1,084,587.7 mi. 


52. a0 


10 


1x 10 0 7x10" 


From the graphs, we see that f(a) = x°! > g(x) = In for approximately 0 < x < 3.06, and then g(x) > f(x) for 


3.06 < x < 3.43 x 10'° (approximately). At that point, the graph of f finally surpasses the graph of g for good. 


53. (a) Shift the graph of y = log, x five units to the left to (b) Reflect the graph of y = In x about the x-axis to obtain 
obtain the graph of y = log,,(a + 5). Note the vertical the graph of y = —Inqa. 
asymptote of x = —5. y yA 


y = logyy x y = log, (x + 5) y=lInz y=—lne 
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54. (a) Reflect the graph of y = In x about the y-axis to obtain 


the graph of y = In (—2). 


y = In(—2) 


55. (a) The domain of f(a) = Inz + 2is x > O and the range is R. 


—2 


(b)y=0 => Inz+2=0 Ina 2 x 


(c) We shift the graph of y = In x two units upward. 


56. (a) The domain of f(a) = In(a — 1) — lis x > 1 and the range is R. yA 


(b) y=0 In(a—1)-1=0 In(x 
ct=e+l1 


1l=1 


z—-l=el 


(c) We shift the graph of y = In z one unit to the right and one unit downward. 


SECTION 1.5 INVERSE FUNCTIONS AND LOGARITHMS 55 


(b) Reflect the portion of the graph of y = In to the right 
of the y-axis about the y-axis. The graph of y = In |z| 


is that reflection in addition to the original portion. 


o 
ay 
| 

— 

-_ 
roy 


y=Inax 


57. (a) In(4e+2)=3 => 


eet 68 eer Agate? 


4dr = 2 — 2 r= 


(e? — 2) © 4.521 


Ine?*-3 = In12 2x —3 


In 12 


(b) "3 =12 = 


Qe=3+In12 > x=3(34+In12) & 2.742 


58. (a) log,(a2? — a 
14 /(-1)? — 4(1)(-5) 14 V2 


v—r—-5=0 


rE 2) —=% 
Solutions are 71 = oy) x —1.791 and v2 = prt ~ 2.791. 
(b)1+e**'=20 = e**'=19 = Ine**t?=1n19 4e + 1 = 1n19 Ag: 1+inl9 = 
x = 4(—1+4 In 19) © 0.486 
59. (a) Ine+mn(x—1)=0 > Inf2(x-1)]=0 = eM -7—-° x —ae=1 x? —2—1=0. The 
14 /f/(-1?-4@)F1) 14Vv5 1-5 


quadratic formula gives x = 


, but we note that In is undefined because 


2(1) 2 
oN ep ahee Y a ge: 
2 2 
In9 1 In9 
1-20 _ 1-22 _ _ bs ~ 1 
(b) 5 9 => Ind In9 => (1-22)In5=I1n9 1— 2a mS 2 Bnd 0.183 
60. (a) In(Inz) =0 => em) — ¢° Ina =1 e © 2.718 
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61. 


62. 


63. 


65. 


66. 


CHAPTER1 FUNCTIONS AND MODELS 


(b) “ =4 60=4(1+e-*) => 15=1+e” 14=e% Inl4=Ine* => 
Inl4=—a z=—Inl4 —2.639 


(a)inzg <0 => a2<e® => «2 <1. Since the domain of f(x) = Inz is x > 0, the solution of the original inequality 


is0Q<a<l. 


(b)e* >5 => Ine*>In5 => ae>Ind5 


(ayl<e* <2 => Inl<3¢-1<ImM2 => 0<3¢-1<m2 = 1<3¢4<14ln2 = 
3 <a< 3(1+In2) 


(b)1-2lne<3 => -2lna<2 53 Inez>-1 |S «>e! 


(a) We must havee7 —-3>0 <& e* >3 & «> In3. Thus, the domain of f(x) = In(e” — 3) is (In3, co). 


(b) y = In(e” — 3) e4 =e” —3 e* =e +3 > x =In(e” +3),s0 f~'(x) = In(e” +3). 


Nowe” +3>0 =. e® > —3, whichis true for any real x, so the domain of f~' is R. 


. (a) By (9), e °° = 300 and In(e#°°) = 300. 


(b) A calculator gives e™°°° = 300 and an error message for In(e®°”) because e?°° is larger than most calculators can 
evaluate. 
We see that the graph of y = f(x) = Vx? + x? + x + 1is increasing, so f is 1-1. 5 


Enter x = \/y? + y? + y + 1 and use your CAS to solve the equation for y. You 
will likely get two (irrelevant) solutions involving imaginary expressions, as well 


as one which can be simplified to 


y = f(a) = 4 (YD — Wa? $20 — YD F 2a? — 20 + 2) 2 4 
1M?/3 3 —o9Mys = 


_ a= D) i epee Ne A 
where D = 33/272 40x? + 16 or, equivalently, F aM i 


where M = 108x? + 12/48 — 120z? + 8124 — 80. 


(a) Depending on the software used, solving « = y® + y* for y may give six solutions of the form y = +58 / B —1, where 


Be {—2sin $,28in( + +) 2008 ( $ + 5] \ and A = sin (7 — =), The inverse for y = «° + a* 


bo 


A : ae 
(x > O)isy = 8/B —1with B= 2sin( + + 5) , but because the domain of A is (0, =| , this expression is only 


valid for x € [0, =]. 


If we solve « = y® + y* for y using Maple, we get the two real solutions + 


V6 /Cl8 (C2 — 201 £D 
6 


C13 ? 
where C' = 1082 + 12 /3,/x (27x — 4), and the inverse for y = x° + x* (a > 0) is the positive solution, whose domain 


[continued] 
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67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 
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Mathematica also gives two real solutions, equivalent to those of Maple. (b) 
sys : v6 3 1/3 3 —1/3 
The positive one is e VAD'/3 4.28/2D — 2), where 


D=-24 272 +3V3,/2,/27x — 4. Although this expression also has domain 


[= co), Mathematica is mysteriously able to plot the solution for all x > 0. 


2 
t . 
(a) n = f(t) = 100- 2*/3 m0 o8 logs ( aa) op t = 3log, ( a): Using the Change of Base 
] 1 
Formula, we can write this as t = f~'(n) = 3- a This function tells us how long it will take to obtain 
n bacteria (given the number n). 
50,000 
; ] 
(b) n =50,000 = t= f~1(50,000) =3.- In(“o0") 5 ( oe 56s ious 
In2 In2 
(a) We write Q = Qo(1 — e~*/) and solve for t: a =1l-e ve = etHvony— a => 
Qo Qo 
“ =In (1 “ ) t aln (1 “ ) . This formula gives the time (in seconds) needed after a discharge to 
0 0 


obtain a given charge Q. 


Qo 


approximately 115 seconds—just shy of two minutes—to recharge the capacitors to 90% of capacity. 


(b) We set Q = 0.9Qo and a = 50 to get t = soln (1 — x) = —501n(0.1) = 115.1 seconds. It will take 


(a) cos ~!(—1) = m because cos 7 = —1 and 7 is in the interval (0, 71] (the range of cos~'). 

(b) sin~? (0.5) = % because sin F = 0.5 and ¢ is in the interval [-3, Z| (the range of sin~'), 

(a) tan7'V3 = 3 because tan 7 = V3 and 3 is in the interval (-§, 5) (the range of tan~'). 

(b) arctan(—1) = —4 because tan(—4) = —1 and —4 is in the interval (-, z) (the range of arctan). 


(a) csc 71/2 = + because csc | = /2 and f isin (0, 5] U (x, ar] (the range of csc). 


(b) arcsin 1 = $ because sin $ = 1 and ¢ is in [-4, z] (the range of arcsin). 
(a) sin~'(—1/V2) = —% because sin(—4) = —1/./2 and — is in [—4, 4]. 

(b) cos~' (3/2) = % because cos £ = 3/2 and is in [0, 7]. 

(a) cot~! (-v3) = 2e because cot 3* = —/3 and 35 is in (0, 7) (the range of cot~*). 
(b) sec7+ 2 = 3 because sec $ = 2 and = isin [0, =) U [x, ) (the range of sec). 


3 2 


(a) arcsin(sin(5a/4)) = arcsin(—1//2) = —4 because sin(—4) = —1//2 and —% is in [-3, 3]. 
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75. 


76. 


77. 


78. 


79. 


80. 


CHAPTER1 FUNCTIONS AND MODELS 


(b) Let @ =sin~'(4) _ [see the figure]. 
5 


cos(2 sin7! (3 ) = cos 20 = cos?6 — sin?6 


13 
5 
12 


Lety =sin-'x. Then—3 <y<% = cosy >0,socos(sin-' x) =cosy = V1—sin? y = V1— 2”. 


Let y = sin~' x. Then sin y = x, so from the triangle (which 


illustrates the case y > 0), we see that 


x 


JI — a2 


tan(sin7' 2) = tany = 


Let y = tan~’ 2. Then tan y = 2, so from the triangle (which 


illustrates the case y > 0), we see that 


x 


VI +22 


sin(tan~' x) = siny = 


Let y = arccos x. Then cos y = 2, so from the triangle (which 
illustrates the case y > 0), we see that 


sin(2 arccosz) = sin 2y = 2siny cosy 


= 2(V1— a? )(x) = 22 V1 — x? 


y=sinx 
eo T 
y=sin ly -2 
a 
9. y = tanx 
y =tan !x 
_T un 
2 2 
y = tan ly 


< 
ll 
5 
& 
| 
NIA 


i st 


is 


1 ; = 


1 
1-x? 
V1t x2 
1 
1 
x 


The graph of sin~‘z is the reflection of the graph of 


sin x about the line y = zx. 


The graph of tan” ‘a is the reflection of the graph of 


tan x about the line y = x. 
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81. g(x) = sin” *(3a +1). 


Domain (g) = {x | -1< 3a+1<1}={2|-2<3¢<0}={a2|-3<2 


IA 
(an) 
Ww 
II 
| 
wl 
2 


Range (9) = {y|-$ <y< $}=[-3, 4]. 
82. (a) f(x) = sin(sin™ ‘) 


Since one function undoes what the other one does, we get the 


identity function, y = «x, on the restricted domain —1 < x <1. 


(b) g(x) = sin~*(sin x) 


This is similar to part (a), but with domain R. 


Equations for g on intervals of the form 


(- 5 +an, 5+ mn) , for any integer n, can be 


found using g(#) = (—1)"x# + (—1)"t' nr. 


The sine function is monotonic on each of these intervals, and hence, so is g (but in a linear fashion). 


83. (a) If the point (x, y) is on the graph of y = f(x), then the point (a — c, y) is that point shifted c units to the left. Since f 
is 1-1, the point (y, x) is on the graph of y = f~1(«) and the point corresponding to (a — c, y) on the graph of f is 
(y, 2 — c) on the graph of f~'. Thus, the curve’s reflection is shifted down the same number of units as the curve itself is 
shifted to the left. So an expression for the inverse function is g~'(x) = f~1(x) —c. 
(b) If we compress (or stretch) a curve horizontally, the curve’s reflection in the line y = x is compressed (or stretched) 


vertically by the same factor. Using this geometric principle, we see that the inverse of h(a) = f(ca) can be expressed as 


h(a) = (1/c) f-*(@). 


1 Review 
TRUE-FALSE QUIZ 


1. False. Let f(x) = 2”, s = —1, andt = 1. Then f(s +t) = (-14 1)? = 0? =O, but 
f(s) + ft) = (-1)? +? =240= f(s +t). 


2. False. Let f(a) = a”. Then f(—2) = 4 = f (2), but —2 £ 2. 
3. False. Let f(x) = 2”. Then f(3x) = (3x)? = 9a? and 3f(x) = 3x”. So f(3x) 4 3f (2). 
4. True. The inverse function f—+ of a one-to-one function f is defined by f-1(y) =a © f(x) = y. 


5. True. See the Vertical Line Test. 
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10. 


11. 


12. 


13. 


14. 


. False. 


. False. 


. True. 


. True. 


False. 


False. 


False. 


False. 


False. 


. (a) When 


CHAPTER 1 FUNCTIONS AND MODELS 


Let f(a) = a? and g(a) = 2x. Then (f 0 g)(x) = f(g(x)) = f(2x) = (2x)? = 4a? and 
(g0 f(x) = g(f(2)) = g(a) = 2a”. So fog Ago f. 


Let f(a) = a3. Then f is one-to-one and f~'(x) = #/2. But 1/f(x) = 1/2", which is not equal to f~*(a). 
We can divide by e® since e* ¥ 0 for every x. 


The function In x is an increasing function on (0, 00). 


Let 2 = e. Then (Ina)® = (Ine)® = 1° = 1, but 6Inz = 6Ine =6-1=6 £1 = (Inz)®. What is true, however, 
is that In(x®) = 6 ln for x > 0. 


2 


l Ine? 21 ‘ 
el = == 2 and In 22 In ae Ine = 1, so in general the statement 
a e€ 


Let x = e? anda = e. Then —— = —— = —— 
Ina Ine Ine 


is false. What is true, however, is that In — = Ing — Ina. 
a 


It is true that tan 3= = —1, but since the range of tan~* is (—4, 5), we must have tan™'(—1) = — 


AIA 


For example, tan + 20 is defined; sin~! 20 and cos~+ 20 are not. 


For example, if 2 = —3, then ,/(—3)? = /9 = 3, not —3. 


EXERCISES 


x = 2,y © 2.7. Thus, f(2) = 2.7. 


(b) f(c)=3 > &2.3,5.6 


(c) The domain of f is —6 < x < 6, or [—6, 6]. 


(d) The range of f is —4 < y < 4, or [—4, 4]. 


(e) f is increasing on [—4, 4], that is, on -4 << a <4. 


(f) f is not one-to-one because it fails the Horizontal Line Test. 


(g) f is odd because its graph is symmetric about the origin. 


. (a) When 


(b) g is one-to-one because it passes the Horizontal Line Test. 


x = 2,y = 3. Thus, g(2) = 3. ya 


(c) When y = 2, « © 0.2. So g~ (2) & 0.2. 
1 
(d) The range of g is [—1, 3.5], which is the same as the domain of g~!. 
1 
(e) We reflect the graph of g through the line y = x to obtain the graph of g~*. /- 
f(a) =a? — 22 +3,s0 f(at+h) =(a+h)? —2(at+h) +3 =a? + 2ah+ h? — 2a — 2h +3, and 
f(ath)—f(a) — (a? +2ah+h? —2a—2h+3)—(a?—2a+3)  h(2a+h-—2) 


= =2a+h—2. 


h 


h h 
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. There will be some yield with no fertilizer, increasing yields with increasing yield 


fertilizer use, a leveling-off of yields at some point, and disaster with too 


much fertilizer use. 


o| fertilizer 
f(x) = 2/(3a — 1). Domain: 3x — 140 3a Al t#% D=(-oo,§)U(¥,0) 
Range: all reals except 0 (y = 0 is the horizontal asymptote for f.) 
R= (—co, 0) U (0, 00) 
. g(x) = V16 — a4. Domain: 16-a2*>0 > «*<16 => |al< YI6 = |2| <2. D=[-2,2] 
Ranges y>Oandy<vV16 => O<y<4. 
R= [0,4] 
h(x) = In(a + 6). Domain: ++6>0 z>-—6. D=(-6,o) 
Range: «+6 > 0,so In(x + 6) takes on all real numbers and, hence, the range is R. 
R= (—co, ov) 
y = F(t) = 3+ cos 2t. Domain: R. D = (—oo,00o) 


Range: -—l<cos2¢<1 => 2<3+cos2t<4 5 2<y<4. 
R= [2,4] 


. (a) To obtain the graph of y = f(a) +5, we shift the graph of y = f(x) 5 units upward. 


(b) To obtain the graph of y = f(a + 5), we shift the graph of y = f(x) 5 units to the left. 


(c) To obtain the graph of y = 1+ 2f(a), we stretch the graph of y = f(a) vertically by a factor of 2, and then shift the 


resulting graph 1 unit upward. 


(d) To obtain the graph of y = f(x — 2) — 2, we shift the graph of y = f(a) 2 units to the right (for the “—2” inside the 


parentheses), and then shift the resulting graph 2 units downward. 
(e) To obtain the graph of y = — f(x), we reflect the graph of y = f(x) about the z-axis. 


(f) To obtain the graph of y = f~'(x), we reflect the graph of y = f(x) about the line y = x (assuming f is one-to-one). 


(a) To obtain the graph of y = f(x — 8), we shift the (b) To obtain the graph of y = —f (x), we reflect the 
graph of y = f(x) right 8 units. graph of y = f(a) about the x-axis. 
y y 
1 
1 t 4 
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(c) To obtain the graph of y = 2 — f(x), we reflect the 
graph of y = f(a) about the x-axis, and then shift the 


resulting graph 2 units upward. 


(e) To obtain the graph of y = f~1(2), we reflect the 


graph of y = f(a) about the line y = x. 


11. f(x) = x? +2. Start with the graph of y = x? and 


shift 2 units upward. 


13. y= Vax 2. Start with the graph of y = Vz and shift 
2 units to the left. 


“y 


(d) To obtain the graph of y = 4 f(x) — 1, we shrink the 
graph of y = f(a) by a factor of 2, and then shift the 


resulting graph 1 unit downward. 


(f) To obtain the graph of y = f~1(a + 3), we reflect the 
graph of y = f(a) about the line y = « [see part (e)], 


and then shift the resulting graph left 3 units. 


12. f(x) = (# — 3)?. Start with the graph of y = x? and 
shift 3 units to the right. 


14. y = In(a + 5). Start with the graph of y = Inx and 
shift 5 units to the left. 


y 


y=Inx y=In(x+ 5) 
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15. g(x) = 1+ cos 2a. Start with the graph of y = cos x, compress horizontally by a factor of 2, and then shift 1 unit upward. 


y=1+cos 2x 


YA YA 


v 
BY 


y=-e* y=—e*+2 


17. s(x) = 1+ 0.5%. Start with the graph of y = 0.5" = (3)" and shift 1 unit upward. 


—2£ if2«#<0 
18. f(x) = 


e —1 ifx>0 


On (—oo, 0), graph y = —a (the line with slope —1 and y-intercept 0) 


with open endpoint (0, 0). 


On [0, co), graph y = e*” — 1 (the graph of y = e® shifted 1 unit downward) 


with closed endpoint (0, 0). 


19. (a) f(x) = 2a — 3a? +2 f(—2) = 2(—a)® — 3(—a)? + 2 = —2a° — 3x? + 2. Since f(—a) # f(x) and 


f(—«) # —f(x), f is neither even nor odd. 


(b) f(x) =a? — 2" f(—2) = (—2)? — (a)? = —2? +. 2" = —(2? — 2”) = —f (x), so f is odd. 


(c) f(x) = e* f(-—a2) = ee)? = ee = f(x), so f is even. 
(d) f(v) =1+sne = f(-av) =1+sin(—2) = 1-sinz. Now f(—a) & f(x) and f(—x) 4 — f(x), so f is neither 


even nor odd. 
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20. 


21. 


22. 


23. 


24. 


25. 


CHAPTER 1 FUNCTIONS AND MODELS 


(e) f(x) = 1— cos 2x f(—a) = 1 - cos [2(—2)] = 1 — cos(—2x) = 1— cos 2a = f(x), so f is even. 


(f) f(x) = (@ +1)? = 2? +22 +1. Now f(—x2) = (—2)? + 2(-2) +1 = x? — 22 + 1. Since f(—x) # f(x) and 
f(-—«) 4 —f(«), f is neither even nor odd. 


For the line segment from (—2, 2) to (—1, 0), the slope is ae ——_ = —2, and an equation is y — 0 = —2(a + 1) or, 


Mees 
142 
equivalently, y = —2a — 2. The circle has equation x? + y? = 1; the top half has equation y = \/1 — x? (we have solved for 
hy —24-—2 if -2<a<-l 
positive y). Thus, f(a) = ee ee en 
f(z) =Inz, D=(0,0); g(x) =2?-9, D=R. 


(a) (fo 9)(x) = f(g(x)) = f(a? — 9) = n(x” — 9). 


Domain: 2? -9>0 > 2?>9 => |al|>3 => «x € (—c,—3)U (3,00) 


(b) (go f)() = g(f(x)) = gMnx) = (Inx)? — 9. Domain: x > 0, or (0,00) 


(c) (fo f)(x) = f(f(2)) = f(nz) =InInz. Domain: Ing >0 => a >e° =1,or(1,0) 


(d) (go g)(x) = g(g(x)) = g(x? — 9) = (a? — 9)? — 9. Domain: x € R, or (—00, 00) 


1 
Let h(x) = x + V2, g(x) = Vz, and f(x) = 1/x. Then (f 0 go h)(x) = ——=———== = F(z). 
ot Jr 
80 More than one model appears to be plausible. Your choice of model depends 


on whether you think medical advances will keep increasing life expectancy, or 
if there is bound to be a natural leveling-off of life expectancy. A linear model, 
y = 0.24412 — 413.3960, gives us an estimate of 82.1 years for the 

year 2030. 


1890 2020 
4 


5 


(a) Let x denote the number of toaster ovens produced in one week and YA (cost) 


y the associated cost. Using the points (1000, 9000) and P0007 


9000 7 y = 6x + 3000 


(1500, 12,000), we get an equation of a line: 


6000 + 
12,000 — 9000 
— 9000 = ————- (x - 1 3000 
ad 1500-1000 **— 109). = 
y =6(x—1000)+9000 => y= 6x + 3000. 2D ONT Oe 


(toaster ovens) 


(b) The slope of 6 means that each additional toaster oven produced adds $6 to the weekly production cost. 


(c) The y-intercept of 3000 represents the overhead cost—the cost incurred without producing anything. 


The value of x for which f(x) = 2x + 4” equals 6 will be f~'(6). To solve 2a + 4” = 6, we either observe that letting x = 1 


gives us equality, or we graph y; = 22 + 4” and y2 = 6 to find the intersection at x = 1. Since f(1) = 6, f~1(6) = 1. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


CHAPTER1 REVIEW 


: 2 
We write y = as and solve for x: y(l1—52%)=27+3 => y-5ay=2r4+3 y—3=2x¢4 5ry 
y-3=a2(24+5y) > v= i. Interchanging x and y gives y = — so f(x) = —. 
(a) neVx+1=Ing+Invre4+l [Law 1] 


=Ine+In(x +1)? =Ine + 4 In(a + 1) [Law 3] 


1 e+1 
= joe, (=) [Law 3] 
= $ [log,(x? + 1) — log, (x — 1)] [Law 2] 
= 7 log,(x? + 1) — 5 log, (x — 1) 
i = 2 = 1/2 _ 2 2). Vax 
(a) sng — 2In(a* + 1) =Ine In(a? + 1)? =In CES 


(b) In(a — 3) + In(w + 3) — 2In(a? — 9) = In[(a — 3)(a + 3)] — In(a? — 9)? 


(a) e2ind _ eins? — 52 — 25 
(b) log, 4 + log, 54 = log, (4 - 54) = log, 216 = log, 68 = 3 


(c) Let 0 = arcsin Z, so sin = Z. Draw a right triangle with angle 0 as shown 


in the figure. By the Pythagorean Theorem, the adjacent side has length 3, opp = 4 
and tan (aresin 5) =tand = = = - adj = 3 
1 -3 
(a) Ing =Ine"’=-3 
(b) sin(tan™* 1) = sin i= v2 
4 2 
= 1 1 
1073 !es4 — ypleg 4 ~ 4-38 SL 
ce) 10 e 4 64 
e’* =3 => In(e?*)=In3 2 = 1n3 z= 41n3 0.549 
Ina? =5 ena” _ ¢5 x =e? a =tvVe® ~ +12.182 
e =10 => In(e**) In 10 e* = 1n10 Ine” =In(In10) => «a =In(In10) + 0.834 


cos-'a=2 = cos(cos')=cos2 => «x =cos2 % —0.416 


tan~' (3a?) = - => tan(tan~1(32?)) = tan 7 322 =1 x 3 e=t = +0.577 
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36. ne—1l=m(54+2)-4 => Ine—-In(54+2)=-4+41 n= =-3 eln(2/(b+2)) — e3 s 
f-=e3 x=5e%+ae% x—xe *=5e 3 x(1—e7*) =5e~8 x Set 
5+2 1 — e-3 
e 5 
or, multiplying by —, we have x = = = 0.262. 
e€ e—1 


37. (a) The half-life of the virus with this treatment is eight days and 24 days is 3 half-lives, so the viral load after 24 days is 
52.0(4) (4) (4) = 52.0 (4)° = 6.5 RNA copies/mL. 


(b) The viral load is halved every t/8 days, so V(t) = 52.0(4)' 


(c) V = V(t) = 52.0(2)** — (a) Sa ee toes (35) = log, (2-*/*) = - > 


t =t(V) — 8log, (ss) . This gives the number of days ¢ needed after treatment begins for the viral load to be reduced 


to V RNA copies/mL. 


2.0 nx 
(d) Using the function from part (c), we have (2.0) = —8 log, = —8-. —+° & 37.6 days. 


52.0 In2 
38. (a) i999 The population would reach 900 in about 4.4 years. 
. 10 
100,000 aq 7 
(b) P= 100 + 9006-7 => 100P+900Pe-* = 100,000 => 900Pe~* = 100,000-—100P = 
secre 100,000 — 100P pe 1000 — P t in 1000 — P ao 9P : 
900P 9P 9P i 1000 — P }’ 


this is the time required for the population to reach a given number P. 


9 - 900 


a thn. —— 
i as (ago o00 


) = In 81 ® 4.4 years, as in part (a). 
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1. By using the area formula for a triangle, $ (base) (height), in two ways, we see that 
Ay o. 
4(4)(y) = $(h)(a), s0a = a Since 47 + y? = h?, y = Vh? — 16, and 
4V/h? — 16 
a= ———_.. 
h 
P? — 100 
2. Refer to Example 1, where we obtained h = ar — The 100 came from 
4 times the area of the triangle. In this case, the area of the triangle is 
b 
2 —_ 
4(h)(12) = 6h. Thus, h = S seh) 2Ph = P? — 24h 
. 2 2 Pe 
3. [4a — |e +1| | =3 4x — |x + 1| = —3 (Equation 1) or 4a — |x + 1| = 3 (Equation 2). 


If~+1<0,ore < —1, then |x +1) = —(@+ 1) =-a2—-1.Ifa+1>0,ore > —1, then |e +1] =a2+1. 
We thus consider two cases, x < —1 (Case 1) and x > —1 (Case 2), for each of Equations 1 and 2. 


Equation 1,Case 1: 4a2—|a+1|=-3 4x — (—% —1) = -3 5Sa+1=-3 => 
ba = —4 L= 2 which is invalid since x < —1. 

Equation 1,Case2: 4a-—|a+1|=-3 4x — (a —1) =-3 3a —-1=-3 
3x2 = —2 r= 2, which is valid since x > —1. 

Equation 2,Casel: 4¢—|a+1/=3 4x — (—x% — 1) =3 5Sa+1=3 
5a =2 => a = 2, whichis invalid since « < —1. 

Equation 2,Case2: 4a—|a+1/=3 4x —(x +1) =3 3x -1=83 


38a =4 > £= $, which is valid since x > —1. 
Thus, the solution set is {2,4 : 
xa-1 ifa>1 a-3 ifa>3 
4. |c¢—1|= and |a— 3] = ; 
l-a ifa@<l1 3-a ifx<3 


Therefore, we consider the three cases x < 1,1 <a < 3,andx4>3. 

Ifa < 1, we must have l—x—(3-—2)>5 <& O02 7, which is false. 

Ifl < x < 3, we must havex—1-(3-2)>5 @& a> 2, which is false because x < 3. 
If x > 3, we must have x —1—(a—3)>5 < 2>5, whichis false. 


All three cases lead to falsehoods, so the inequality has no solution. 
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5. f(x) = |x? —4|2| + 3]. If x > 0, then f(x) = |x? — 4x + 3] = |(x — 1)(w — 3)]. 
Case (i): If0 <a <1, then f(x) = 2? — 4x +3. 
(a? 


Case (iii): If x > 3, then f(x) = x? — 4x + 3. 


Case (ii): If 1 < a < 3,then f(x) = Ax 4 a? + 4a — 3. 


This enables us to sketch the graph for x > 0. Then we use the fact that f is an even 


function to reflect this part of the graph about the y-axis to obtain the entire graph. Or, we 


could consider also the cases x < —3, -3 <a < —l,and-l<2<0. 


6. g(x) = be 1| |a? 4| yA 
at 
x? —1 if |r| >1 x? —4 if |r| >2 | 
|x? — 1 = and |x? — 4| = 
l—a2? if jal <1 4—a if |a| <2 
So for 0 < |2| < 1,g(x) = 1— a? — (4— 2?) = —3, for 
1< |a| < 2,9(a) = x? —1— (4-2?) = 2a? —5, and for 
|x| > 2,9() = 2? —1— (2? — 4) =3. 
7. Remember that |a| = a ifa > 0 and that |a| = —a if a < 0. Thus, 
2x ifx>0 2y if y>0 
«+ |z| = and oy +[yl = ; 
0 ifx#<0 0 ify<0O 


We will consider the equation x + |x| = y + |y| in four cases. 


QM ¢20y20 QQ) 2>0y<0 BxrK<0y>0 (4) 2<0,y<0 


eeu 2x = 0 0=2y 0=0 

L=Y z=0 O=y 

Case 1 gives us the line y = x with nonnegative x and y. 

Case 2 gives us the portion of the y-axis with y negative. 

Case 3 gives us the portion of the x-axis with x negative. 

Case 4 gives us the entire third quadrant. 

8. |x — y| + |a| —|y| <2 [call this inequality (x)] 

Case (i): zr>y=0. Then(4) & aw-ytau-y<2 8S “e-y<l S&S year-l 
Case (ii): y>u>0. Then(x) @& y-a+a-y<2 & OK< 2 (true). 
Case (iii): «>O0andy<0. Then(®) & we-ytaty<2 & AWw<2 S&S «<1 
Case (iv): «<Oandy>0. Then(®) & y-ax-a-y<2 & —-24<2 & «e£>-1 
Case (v): ys “<0. Then(x) @& aw-y-aty<2 & OK< 2 (true). 
Case (vi): x«<y<0. Then(x) @& y-a-a+y<2 8 y-a<l S&S ys<a«stl 
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Note: Instead of considering cases (iv), (v), and (vi), we could have noted that 
the region is unchanged if x and y are replaced by —x and —y, so the region is 


symmetric about the origin. Therefore, we need only draw cases (1), (ii), and 


iii), and rotate through 180° about the origin. 
g g 


yA 


9. (a) To sketch the graph of f(a) = max {x,1/z}, 
we first graph g(a) = x and h(x) = 1/z on the 


same coordinate axes. Then create the graph of 


f by plotting the largest y-value of g and h for 


every value of x. f(x) = max{x, 1/x} 


(b) yA yA 


g(x) =sin x 1 h(x) = cos x 1 f(x) = max{sin x, cos x} 


(c) 


On the TI-84 Plus, max is found under LIST, then under MATH. To graph f(a) = max ars 24+2,2—- ze use 


Y = max(a?, max(2+,2—=<2)). 


10. (a) If max {x, 2y} = 1, then either x = 1 and 2y <1 or x <1 and a 
2y = 1. Thus, we obtain the set of points such that x = 1 and 215 wt { 
y <5 [a vertical line with highest point (1, 3)] or «<1 and fd 7 
y=5 [a horizontal line with rightmost point (1, 3)] : ; ae a 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


70 CHAPTER1 PRINCIPLES OF PROBLEM SOLVING 


(b) The graph of max{x, 2y} = 1 is shown in part (a), and the graph of ys 


max{«,2y} = —1 can be found in a similar manner. The 


inequalities in —1 < max{x,2y} < 1 give us all the points on or 


inside the boundaries. 


ey = 2 <1[-l<y< fall 
(c) max{z,y“}=1 — w=1and y <1 [-l<y<]J eet 
x=, 
or «<1 and y? =1 [y=+1]. -l<y<1 
> 
0 x 
y=-l1x<l 


1 1 1 1 1 1 


“ logsz loggz log,z loga a loga ~ loga 
log 2 log 3 log5 


[Change of Base formula] 


_ log2_ log3 4: log5 
~ logr loge loga 


_ log2 + log3 + log5 _ log(2-3-5) [Law 1 of Lograithms] 


log x log x 
a eg20 = a = gates [Change of Base formula] 
log x logz — logaya 
log 30 


12. We note that —1 < sinx < 1 forall x. Thus, any solution of sinz = x/100 will have —1 < 2/100 < 1, or 

—100 < x < 100. We next observe that the period of sin x is 27, and sin x takes on each value in its range, except for —1 
and 1, twice each cycle. We observe that x = 0 is a solution. Finally, we note that because sin x and x/100 are both odd 
functions, every solution on 0 < x < 100 gives us a corresponding solution on —100 < x < 0. 

100/27 % 15.9, so there 15 full cycles of sin x on [0, 100] .Each of the 15 intervals [0, 27], [27, 47], .. ., [287, 307] must 
contain two solutions of sin xz = 2/100, as the graph of sin x will intersect the graph of 7/100 twice each cycle. We must 
be careful with the next (16th) interval [307, 327], because 100 is contained in the interval. A graph of y; = sina and 
y2 = x/100 over this interval reveals that two intersections occur within the interval with x < 100. 

Thus, there are 16 - 2 = 32 solutions of sinx = x/100 on [0, 100]. There are also 32 solutions of the equation on 


[—100, 0]. Being careful to not count the solution « = 0 twice, we find that there are 32 + 32 — 1 = 63 solutions of the 


equation sinz = 7/100. 
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14. 


CHAPTER1 PRINCIPLES OF PROBLEM SOLVING 11 


By rearranging terms, we write the given expression as 


sin + sin aad + (sin a + sin a + {sin oun + sin oa + sin a0 + sin an 
100 100 100 100 } ° 100 100 100 100 
: , , ; ety 24 : : : 
Each grouped sum is of the form sin x + sin y with x + y = 27 so that eg ee We now derive a useful identity 
from the product-to-sum identity sina cosy = 4 [sin(a + y) + sin(x — y)]. If in this identity we replace x with aay and 


y with =, we have 


= - = 1 
sin(“) cos(* 5 ) = ; [sin( = # Ls 5 #) +sin(=24 5 #)) = 5 (sine + sin y) 


Multiplication of the left and right members of this equality by 2 gives the sum-to-product identity 


sing +siny = 2 sin(* + *) cos(* 7 t) . Using this sum-to-product identity, we have each grouped sum equal to 0, since 


1 200 
sin(* + “) = sina = 0 is always a factor of the right side. Since sin ml =sinz = Oand sin TT = sin 27 = 0, the 


sum of the given expression is 0. 


Another approach: Since the sine function is odd, sin(—x) = — sin x. Because the period of the sine function is 27, we have 
sin(—a + 27) = — sin x. Multiplying each side by —1 and rearranging, we have sin = — sin(27 — x). This means that 
sin sin (2 us ) sin LO. sin 2h sin( 27 Zn sin eae and so on, until we have 

aie be 7. = 

100 100 100° 100 100 100 ’ : 
sin ils =—sin| 27 eau =-—sin d0he As before we rearrange terms to write the given expression as 

100 100 100 

sin + sin 1h + ( sin on + sin aa + | sin oe + sin es + sin qeOn + sin 20M 
100 100 100 100 } ' 100 100 100 100 


Each sum in parentheses is 0 since the two terms are opposites, and the last two terms again reduce to sin 7 and sin 277, 


respectively, each also 0. Thus, the value of the original expression is 0. 


(a) f( o) =In( zt+4/( DP +1) =In(—0 + Ver FT. VEE | 


-»() Se ae 
=In1—In(e + Va? +1) = —- n(x + Va? —1) =—f (2) 


(b) y = In(w + Va? +7). Interchanging x and y, we get x =In(y + Vy? +1) > M=yt+Vytl = 


e —y=VyH+1 e?* — Qye® + y? =y? +1 e 1 = 2ye” y 
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15. In(a? — 2a — 2) <0 x? —Ie—-2<e°=1 x? —2¢-—3<0 (2—3)(@+1)<0 => wé€[-1,3]. 
Since the argument must be positive, x? —24-2>0 = [«-(1-—V3)][x-(1+Vv3)] >0 => 


LE (—00, 1- V3) U (1 + V3, oo). The intersection of these intervals is [-1, 1- V3) U (1 +3, 3k: 


16. Assume that log, 5 is rational. Then log, 5 = m/n for natural numbers m and n. Changing to exponential form gives us 
2™/" — 5 and then raising both sides to the nth power gives 2” = 5”. But 2” is even and 5” is odd. We have arrived at a 
contradiction, so we conclude that our hypothesis, that log, 5 is rational, is false. Thus, log, 5 is irrational. 

17. Let d be the distance traveled on each half of the trip. Let t; and tz be the times taken for the first and second halves of the trip. 
For the first half of the trip we have t; = d/30 and for the second half we have t2 = d/60. Thus, the average speed for the 


total distance 2d 2d 60 120d — 120d 


entire trip 1s ———__—_—— = ==7 a 6h oe a 


Guliae = Ee Fi = 40. The average speed for the entire trip 


is 40 mi/h. 
18. Let f(x) = sina, g(x) = x, and h(x) = a. Then the left-hand side of the equation is 
[fo (g+h)|(x) = sin(# + x) = sin2a = 2sin cos; and the right-hand side is 
(f og)(x) + (f oh)(a) = sina + sinaz = 2sinz. The two sides are not equal, so the given statement is false. 
19. Let S;, be the statement that 7” — 1 is divisible by 6. 
e 9; is true because 7' — 1 = 6 is divisible by 6. 
e Assume S;, is true, that is, 7“ — 1 is divisible by 6. In other words, 7* _ 1 = 6m for some positive integer m. Then 
tt 4 =7%.7-1=(6m+1)-7—1=42m+6 = 6(7m +1), which is divisible by 6, so Sy.+1 is true. 
e Therefore, by mathematical induction, 7” — 1 is divisible by 6 for every positive integer n. 
20. Let Si, be the statement that 1+3+5+---+(2n—1)=n?. 
e Si is true because [2(1) — 1] =1=1?. 
e Assume S;, is true, that is, 1 +3-+5+---+(2k—1) =k?. Then 
14+3454+---+(2k—-1)4 [2(k+1) -1I=143454+---4+ (2k—-1) + (2k +1) =k? + (2h 41) = (Kk +1)? 
which shows that S;,41 is true. 


e Therefore, by mathematical induction, 1+3+5+---+(2n—1)= n? for every positive integer n. 


21. fo(a) = x? and fn4i(x) = fo(fn(x)) forn = 0,1,2,.... 


f(x) = fo(fo(x)) = fo(x?) = («?)” = a4, fo(x) = fo(fi(a)) = fo(w*) = (a4)? = 28, 


fa(x) = fo(fo(x)) = fo(x®) = (x8)? = a'6, .... Thus, a general formula is f,,(2) = x 
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22. (a) fo(x) = 1/(2 — x) and fn41 = foo fn forn = 0,1,2,.... 


1 1 2-2 2-2 
fila) = fo(g2z) == [12 a) Boe 
2-2 
2-2 1 3 — 22x 3 — 22x 
falz) o( P=) 5 22% 2(8—22)-(Q-2) 4-32’ 
3 — 2x 
3-22 1 4— 3x 4 — 3x 
f(a) ($=) 3 8a 2t  2(4—32)— (8-22) 5-42" 
4— 32 


n+l—nz 


Thus, we conjecture that the general formula is f, (x2) = M2 nee 


To prove this, we use the Principle of Mathematical Induction. We have already verified that f, is true forn = 1. 


; . : —  k+1—kez 
Assume that the formula is true for n = k; that is, fx (x) brI—(REDE’ Then 
k+l—ke \_ 1 
frrsle) = Woe fi) @) = fle) = (gag Ge TE) => EFIST 
k+2—(k+ he 


. k+2—(k+De _ k+2 
2[k+2—-—(k+1)a]—(k+1-—ka) k+3-(k+2)a 


73 


This shows that the formula for f, is true form = k + 1. Therefore, by mathematical induction, the formula is true for all 


positive integers n. 
(b) From the graph, we can make several observations: 
e The values at each fixed x = a keep increasing as n increases. 
e The vertical asymptote gets closer to x = 1 as n increases. 


e The horizontal asymptote gets closer to y = 1 


as n increases. 


e The x-intercept for fn+1 is the value of the 
vertical asymptote for f,,. 


e The y-intercept for f;, is the value of the 
horizontal asymptote for fn+1. 


eae 
fr fa fi fo 
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2 (J LIMITS AND DERIVATIVES 


2.1 The Tangent and Velocity Problems 


1. (a) Using P(15, 250), we construct the following table: 


slope = mpe 


5 94250 _ 448 _ 44 4 
10 ag Se 8 
20 Bais = 7B = 28 
25 Beas =~ 9 = 22.2 
30 30-15 = ~ a5 = —16.6 


(b) Using the values of t that correspond to the points closest to P (t = 10 and t = 20), we have 


—90. —27. 
SOB eS) © acy 
2 
(c) From the graph, we can estimate the slope of the net 
i ao 3. 650 -~— approximate — 
tangent line at P to be = 800 — 333. es approximate 
550 


approximate 
tangent line 


V (gallons) 
£ 
S 
Oo 


t (minutes) 


2. (a) (i) On the interval [0, 40], slope = — = 99. 
(ii) On the interval [10, 20], slope = poe ae = 106.3. 
20 — 10 
(iii) On the interval [20, 30], slope = — = 91.4. 


The slopes represent the average number of steps per minute the student walked during the respective time intervals. 


(b) Averaging the slopes of the secant lines corresponding to the intervals immediately before and after t = 20, we have 


106.3 + 91.4 
2 


The student’s walking pace is approximately 99 steps per minute at 3:20 PM. 


= 98.85 
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3. (y= — P(2,-1) (b) The slope appears to be 1. 


(c) Using m = 1, an equation of the tangent line to the 


curve at P(2, —1) is y — (—1) = 1(a — 2), or 
ive pe ean Ree 2 
Gi | 4-9. ||) (eo Sata aa) 1.111111 ea 
(ii) | 1.99 (1.99, —1.010 101) 1.010101 
(iv) | 1.999 | (1.999, -1.001001) | 1.001001 
(v) | 2.5 (2.5, —0.666 667) 0.666 667 
(vi) | 2.1 (2.1, —0.909 091) 0.909 091 
(vii) | 2.01 (2.01, —0.990 099) 0.990 099 
(viii) | 2.001 | (2.001, —0.999001) | 0.999001 
4. (a) y= cosma, P(0. (b) The slope appears to be —7z. 


(c) y—0 = —n(ax — 0.5) or y = mx + $n. 


e ‘ " (d) 4 Nuees tangent line 
(ii) | 0. 0.4, 0.309017) 3.090170 . 
(iii) 0.49, 0.031411) —3.141076 
(iv) 0.499, 0.003142) | —3.141587 : 
(v) 1,-1) -2 aap. ee 


(vi) | 0. 0.6, —0.309017) | —3.090170 secant line at \ 

=Oandx=1 ° 
(vii) 0.51, —0.031411) | —3.141076 peace 
(viii) 0.501, —0.003142) | —3.141587 


5. (a) y = y(t) = 275 — 16t?. Att = 4, y = 275 — 16(4)? = 19. The average velocity between times 4 and 4 + h is 
oe  — YAth) = 94) _ [275 — 164 + h)"] — 19 _ —128h — 16h? 
ave (4+h)—4 h h 
(i) 0.1 seconds: h =0.1, vavg = —129.6 ft/s 


=-128-—16h ifh40 


(ii) 0.05 seconds: h = 0.05, vave = —128.8 ft/s 
(iii) 0.01 seconds: h = 0.01, vavg = —128.16 ft/s 
(b) The instantaneous velocity when t = 4 (h approaches 0) is —128 ft/s. 
6. (a) y = y(t) = 10t — 1.86t?. Att = 1, y = 10(1) — 1.86(1)? = 8.14. The average velocity between times 1 and 1 + h is 


= 10(1 + hk) — 1.86(1 + h)?] — 8.14 = 2 
yd+h)—y(1) _ [0d +h) (1+h)?] — 6:28 -1.86h" _ 699 1 g6n, ith £0. 


ee rae yee h h 
(i) [1,2]: h = 1, vavg = 4.42 m/s (ii) [1, 1.5]: h = 0.5, vavg = 5.35 m/s 
(iii) [1, 1.1]: h = 0.1, vave = 6.094 m/s (iv) [1, 1.01]: h = 0.01, vave = 6.2614 m/s 


(v) [1, 1.001]: h = 0.001, vavg = 6.27814 m/s 


(b) The instantaneous velocity when t = 1 (h approaches 0) is 6.28 m/s. 
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7. (a) (i) On the interval 
(ii) On the interval 
(iii) On the interval 


(iv) On the interval 


(b) Using the points (2, 16) and (5, 105) from the approximate 
tangent line, the instantaneous velocity at t = 3 is about 


eee — © 29.7 ft/s. 


5-2 


8. (a) (i) s = s(t) = 2sinat + 3cos at. On the interval [1, 2], vavg = 


(ii) On the interval [1, 1.1], vave = 


(iii) On the interval [1, 1.01], vavg = 


(iv) On the interval [1, 1.001], vavg = 


89 


SECTION 2.1. THE TANGENT AND VELOCITY PROBLEMS 


11-1 


s(1.1) — s(1) . —3.471 — (—3) 


s(1.01) — 


2,4], Vave = 4) — s) 2 3 AND 993 Fy 
34l, Oe i) — 8) =e + AG: 907 Fie, 
4,5], Vave 0) — “) = a OD 48 Be I. 
4,6], vave = 6) = sa) = er 19.2 _ 48.75 ft/s. 


s(2)—s(1)  3-(— 
2-1 1 


TET = —4.71 cm/s. 


s(1) _, -3.0613 — (—3) 


LOL 4 
s(1.001) — s(1) _ 3.00627 — (—3) 


0.01 = —6.13 cm/s. 


1.001 — 1 


0.001 = —6.27 cm/s. 


(b) The instantaneous velocity of the particle when t = 1 appears to be about —6.3 cm/s. 


9. (a) For the curve y = sin(107/) and the point P(1, 0): 


MPQ 

(2, 0) (0.5, 0) 

(1.5, 0.8660) 1.7321 (0.6, 0.8660) 
(1.4, —0.4339) | —1.0847 (0.7, 0.7818) 
(1.3, —0.8230) | —2.7433 (0.8, 1) 

(1.2, 0.8660) 4.3301 (0.9, —0.3420) 
(1:1,;=0:2817) |. —2:8173 


As x approaches 1, the slopes do not appear to be approaching any particular value. 


(b) 


0.5 


| 


1 


| 


iit 


We see that problems with estimation are caused by the frequent 
oscillations of the graph. The tangent is so steep at P that we need to 
take x-values much closer to 1 in order to get accurate estimates of 


its slope. 
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(c) If we choose x = 1.001, then the point Q is (1.001, —0.0314) and mpg * —31.3794. If x = 0.999, then Q is 
Q 
(0.999, 0.0314) and mpg = —31.4422. The average of these slopes is —31.4108. So we estimate that the slope of the 


tangent line at P is about —31.4. 


2.2 The Limit of a Function 


1. As x approaches 2, f(x) approaches 5. [Or, the values of f(a) can be made as close to 5 as we like by taking x sufficiently 


close to 2 (but « 4 2).] Yes, the graph could have a hole at (2,5) and be defined such that f(2) = 3. 


. As x approaches 1 from the left, f(x) approaches 3; and as x approaches 1 from the right, f(a) approaches 7. No, the limit 


does not exist because the left- and right-hand limits are different. 


. (a) lim, f(x) = co means that the values of f(a) can be made arbitrarily large (as large as we please) by taking x 


sufficiently close to —3 (but not equal to —3). 
(b) lim, f(x) = —co means that the values of f(a) can be made arbitrarily large negative by taking x sufficiently close to 4 
x4 


through values larger than 4. 


. (a) As x approaches 2 from the left, the values of f(x) approach 3,so lim f(x) = 3. 


LQ 


(b) As x approaches 2 from the right, the values of f(a) approach 1, so lim, (¢)'=1, 
x2 


(c) lim f(x) does not exist since the left-hand limit does not equal the right-hand limit. 


(d) When x = 2, y = 3, so f(2) =3. 


(e) As x approaches 4, the values of f (2) approach 4, so lim f(x) =4. 


(f) There is no value of f(a) when x = 4, so f(4) does not exist. 


. (a) As x approaches 1, the values of f(a) approach 2, so lim f(x) =2. 


(b) As x approaches 3 from the left, the values of f(x) approach 1,so lim f(x) = 1. 


x3 


(c) As x approaches 3 from the right, the values of f(a) approach 4, so lim, f(x) =4. 


x3 


(d) lim f(x) does not exist since the left-hand limit does not equal the right-hand limit. 


(e) When x = 3, y = 3, so f(3) = 3. 


. (a) h(x) approaches 4 as x approaches —3 from the left,so lim h(x) = 4. 


Z—>—3- 


(b) h(x) approaches 4 as x approaches —3 from the right,so lim h(a) = 4. 


xz——3 
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(c) lim, h(x) = 4 because the limits in part (a) and part (b) are equal. 


(d) h(—3) is not defined, so it doesn’t exist. 


(e) h(x) approaches 1 as x approaches 0 from the left, so lim h(a) = 1. 


x—07- 


(f) h(x) approaches —1 as x approaches 0 from the right, so lim h(x) = —1. 


x—0 


(g) lim h(a) does not exist because the limits in part (e) and part (f) are not equal. 


(h) h(O) = 1 since the point (0, 1) is on the graph of h. 


(i) Since lim h(x) = 2and lim h(a) = 2, we have lim h(x) = 2. 


22 a—3>2Qt 0c 
(j) h(2) is not defined, so it doesn’t exist. 


(k) h(x) approaches 3 as x approaches 5 from the right, so lim h(x) = 3. 


x5 


(1) h(a) does not approach any one number as x approaches 5 from the left, so lim h(a) does not exist. 


25 


. (a) lim g(a) 4 lim, g(x), so lim g(x) does not exist. However, there is a point on the graph representing g(4). 
cr 4— ZA ©“ 


Thus, a = 4 satisfies the given description. 


(b) lim g(x) = lim, g(x), so lim g(x) exists. However, g(5) is not defined. Thus, a = 5 satisfies the given description. 
L565 “25 x2 


(c) From part (a), a = 4 satisfies the given description. Also, lim g(a) and lim, g(x) exist, but lim g(x) # lim, g(x). 
xr 2 “zd x22 x22 
Thus, lim g(x) does not exist, and a = 2 also satisfies the given description. 


(d) lim, g(x) = g(4), but lim g(x) 4 g(4). Thus, a = 4 satisfies the given description. 
24 24 


. (a) jim, A(x) = co (b) pl A(x) = —oo 
(c) les A(x) = 00 (d) im, A(x) = —oo 
(e) The equations of the vertical asymptotes are x = —3, x = —1 and x = 2. 
. (a) lim, f(@) = —c0 (b) lim, f(#) = 0 (c) lim f(r) = 00 
(@) lim f(c) = -o0 (@) lim, f(2) = 00 
(f) The equations of the vertical asymptotes are x 7, & 3, © = 0, andz = 6. 
lim f(t) =150mgand lim f(t) = 300 mg. These limits show that there is an abrupt change in the amount of drug in 


t12- to127 
the patient’s bloodstream at t = 12 h. The left-hand limit represents the amount of the drug just before the fourth injection. 


The right-hand limit represents the amount of the drug just after the fourth injection. 
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12. 


av 


13. (a) From the graph, lim f(a) = —1. 
x07 


(b) From the graph, lim, f(x) =1. 
x—0 


(c) Since lim f(a) # lim, f(x), lim f(a) does not exist. 
x2—0— x—0 2 


14. (a) From the graph, lim f(a) = —2. 
x—07- 
(b) From the graph, lim, f(x) =1. 
x—0 


(c) Since lim f(a) # lim, f(x), lim f(a) does not exist. 
2-07 x—0 aoa 


15. lim f(x) =3, ain f(x) =0, f) =2 


x1 


From the graph of f we see that lim f(x) = 1, but lim, f(x) = —1, so 


xr—0- «x—0 


lim f(a) does not exist for a = 0. However, lim f(a) exists for all other 


@LZ—a 


values of a. Thus, lim f(a) exists for all a in (—00, 0) U (0, 00). 


From the graph of f we see that lim f(x) = 2, but lim, f(x) =1,s80 
Z32- x2 


lim f(x) does not exist for a = 2. However, lim f(«) exists for all other 


@Z—a 


values of a. Thus, lim f(x) exists for all a in (—o0o, 2) U (2, 00). 
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18. lim f(x) =3, lim | f(z) =2, lim f(x) =-1, 


SECTION 2.2. THE LIMIT OF A FUNCTION 


x—33t 
x? — 3a 
19. For f(x) = ae 
; F(a) F(a) 
3.1 0.508 197 0.491 525 
3.05 0.504 132 0.495 798 . w—-3¢ 1 
It appears that lim —; =-. 
3.01 | 0.500832 0.499 165 BoB Ee Qe 
3.001 0.500 083 0.499 917 
3.0001 | 0.500008 0.499 992 
x? — 3a 
20. For f(x) = ag 
x f(x) 
—2.5 —5 
—2.9 —29 
—2.95 —59 It appears that Be f(x) = —co and that 
—2.99 —299 5 
—2.999 —2999 pete f(x) = cw, so im, “= does not exist. 
—2.9999 | —29,999 


81 


Bt 5 
21. For f(t) == - : 22. For f( = OF) BLe 
t f(t) t F(t) h f(h) h f(h) 
0.5 22.364 988 —0.5 1.835 830 0.5 131.312 500 —0.5 48.812 500 
0.1 6.487 213 —0.1 3.934693 0.1 88.410 100 —0.1 72.390 100 
0.01 5.127110 —0.01 4.877 058 0.01 80.804 010 —0.01 79.203 990 
0.001 5.012521 —0.001 4.987521 0.001 80.080 040 —0.001 79.920 040 
0.0001 5.001 250 —0.0001 | 4.998750 0.0001 80.008 000 —0.0001 | 79.992 000 
ee (2+h)? —32 | 


It appears that lim 


=5. It appears that iim 80. 


h 
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a—A 


0.253 178 
0.250 313 


0.250 031 
0.250 003 


0.246 926 
0.249 688 
0.249 969 
0.249 997 


It appears that lim f(x) = 0.25. The graph confirms that result. 


24. For f(p) = 


1+p°. 
1+ pid" 


f(p) 


0.427 397 
0.582 008 
0.598 200 
0.599 820 


0.771 405 
0.617 992 


0.601 800 
0.600 180 


It appears that lim, f(p) = 0.6. The graph confirms that result. 
po 


The graph confirms that result. 


sin30 _ 
0 tan20 


sin 30 
2. For f(@) = tan 20° 
0 f(9) 
+0.1 1.457 847 It appears that lim 
1.499 575 
1.499 996 
1.500 000 
t am, 
26. For f(t) = 5 ; = 
t f(é) t f(t) 
0.1 1.746 189 —0.1 1.486601 
0.01 1.622 459 —0.01 1.596 556 
0.001 1.610 734 —0.001 1.608 143 
0.0001 | 1.609 567 —0.0001 | 1.609 308 


It appears that lim f(t) © 1.6094. The graph confirms that result. 


27. For f(a) = x”: 


— 0.794 328 It appears that jim f(x) =1. 
0.01 0.954 993 The graph confirms that result. 
0.001 0.993 116 
0.0001 | 0.999079 


1.5. 


0.5 
03 
0.2 
F ; 
1 
0.6 fe 
0 Ll 


N 
A 
an 


2 =] 0 
2 
—0.5 0 0.5 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


SECTION 2.2. THE LIMIT OF A FUNCTION 83 


For f(x) = 2? Ina: 


| © f(z) 0.5 
0.1 —0.023 026 It appears that lim, f(x) = 0. 
OOF —0.000 461 The graph confirms that result. 0 1 


0.001 —0.000 007 
0.0001 | —0.000 000 


0.5 


lim, ee oo since the numerator is positive and the denominator approaches 0 from the positive side as 2 — 5°. 
xo>5t L— 
. «etl 5 : ae : ee < 
lim = —oo since the numerator is positive and the denominator approaches 0 from the negative side as x — 57. 


lim —, = oo since the numerator is positive and the denominator approaches 0 through positive values as 7 — 2. 


lim —*—~ = —ow since the numerator is positive and the denominator approaches 0 from the negative side as x — 37. 


lim In(./# — 1) = —oo since f/x —1— Ot asx > 1. 
ait 
lim In(sinx) = —oo since sing — 07 asx > OF. 
2—0T 
; 1 : 1. a 4 
lim —seca = —oo since — is positive and seca — —ooas x — (1/2)". 
x—(m/2)+ & x 
lim «cot x = —oo since z is positive and cotw — —ocoast—> 7. 
LT 
2 2 
. x + 2a 2 eee ‘ ‘ me 2 i 
lim = lim = oo since the numerator is positive and the denominator approaches 0 through positive 


zl x2 — 2a + 1 zal (a a 1)? 


values as x — 1. 


2 2 
4. 4 : : ae : 
lim a = lim Te = —oo since the numerator is positive and the denominator approaches 0 
o33- 27-2e—-3 233- (x —3)(x+1) 


through negative values as x — 37. 


lima (In x? —a~*) = —oo since Ina? + —oo and 27? > coasa > 0. 
rc! 


1 , 1 
lim (——Inz ) =oosince — > coandInz > —casx > 0°. 
x2—0+ x x 


-1 
The denominator of f(x) = = aA is equal to 0 when x = —2 (and the numerator is not), so x = —2 is the vertical 


asymptote of the function. 
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2 2 
42. (a) The denominator of y = — = a is equal to zero when (b) 


x =Oande = 3 (and the numerator is not), soz = O and x = 1.5 are 


2 4 
vertical asymptotes of the function. 
73) 
43. (a) f(e) ==> 
a —1 es a 

0.5 1.5 0.42 

From these calculations, it seems that 0.9 11 3.02 
0.99 1.01 33.0 

li =— d li = 00. 

tee) co and Te Ha) ee 0.999 1.001 | 333.0 
0.9999 1.0001 3333.0 
0.99999 1.00001 | 33,333.3 


(b) If x is slightly smaller than 1, then x? — 1 will be a negative number close to 0, and the reciprocal of «* — 1, that is, f (x), 


will be a negative number with large absolute value. So lim f(x) = —oo. 
e—1— 


If x is slightly larger than 1, then ¢? — 1 will be a small positive number, and its reciprocal, f(x), will be a large positive 


number. So lim, f(z) =o. 10 


1 
(c) It appears from the graph of f that é , 
lim f(x) = —oo and lim, f(x) =o. [ 
e—1— wl 


—-10 
44. (a) From the graphs, it seems that lim es = -1.5. (b) 
or . f(x) 
: —1.493 759 
| —1.499 938 
6 -0.5 | + +t i — 0.5 
—1.499 999 
—1.500 000 
=—2 
45. (a) Let h(x) = (1+2)*/". (b) 6 
h(a) 
—0.001 2.71964 
—0.0001 2.71842 4 4 
—0.00001 2.71830 
—0.000001 | 2.71828 -2 


0.000001 | 2.71828 
0.00001 | 2.71827 
0.0001 2.71815 
0.001 2.71692 In Section 3.6 we will see that the value of the limit is exactly e. 


It appears that lim (1+ ax)! * x 2.71828, which is approximately e. 
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46. (a) 100 100 


0 : : : ? 5 0 5 
No, because the calculator-produced graph of f(a) = e” + In|x — 4| looks like an exponential function, but the graph of f 
has an infinite discontinuity at « = 4. A second graph, obtained by increasing the numpoints option in Maple, begins to 
reveal the discontinuity at x = 4. 
(b) There isn’t a single graph that shows all the features of f. Several graphs are needed since f looks like In |a — 4| for large 
negative values of x and like e® for x > 5, but yet has the infinite discontiuity at « = 4. 


6 60 


100 ; 0 ear 4.05 


A hand-drawn graph, though distorted, might be better at revealing the main 


features of this function. 


47. For f(x) = 2? — (27/1000): 
(a) ©) 


F(a) 
0.000 572 
—0.000 614 
—0.000 907 
—0.000 978 
—0.000 993 
—0.001 000 


1 0.998 000 
0.8 0.638 259 
0.6 0.358 484 
0.4 0.158 680 
0.2 0.038 851 
0.1 0.008 928 
0.05 | 0.001 465 


It appears that lim f(x) = —0.001. 
It appears that lim f(x) =0. 

tanz — 2x 

48. For h(x) = ——,—: 

(a) 


ge 


(b) It seems that lim Re) "s: 


0.557 407 73 
0.370 419 92 
0.334672 09 


0.333 667 00 
0.333 346 67 
0.333 336 67 
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(c) Here the values will vary from one 
x h(a) 
0.001 0.333 333 50 
0.0005 0.333 333 44 
0.0001 0.333 330 00 
0.00005 | 0.333 33600 
0.00001 0.333 000 00 
0.000001 | 0.000 00000 


calculator to another. Every calculator will 


eventually give false values. 


(d) As in part (c), when we take a small enough viewing rectangle we get incorrect output. 


0.4 


-1 


5x10°° —10°° aa 10~° 


—5x10° 


1 

0 0 
0.4 
0.2 


49. 


There appear to be vertical asymptotes of the curve y = tan(2 sin x) at x + £0.90 


6 
U and « + +2.24. To find the exact equations of these asymptotes, we note that the 
- 7  gtaph of the tangent function has vertical asymptotes at x = 5 + mn. Thus, we 
-6 


must have 2sina = $ +n, or equivalently, sinz = | + $n. Since 


—1 <sinz < 1, we must have sinz = +4 andso x = + sin~! = (corresponding 


1 


to x & +£0.90). Just as 150° is the reference angle for 30°, 7 — sin“ 4 is the reference angle for sin~* 7: So 


CS (x —sin7! t) are also equations of vertical asymptotes (corresponding to 7 + +2.24). 


Pee : 1 1 ; 
50. (a) For any positive integer n, if 2 = —, then f(x) = tan — = tan(n7) = 0. (Remember that the tangent function has 
nT x 


period zr.) 


(b) For any nonnegative number n, if x = 


Fy etan = tan es Oe eaLucae tan (n +7) tan= =1 
x aA OV ee gs he 


(c) From part (a), f(x) = 0 infinitely often as x — 0. From part (b), f(a) = 1 infinitely often as x — 0. Thus, lim tan = 


does not exist since f(a.) does not get close to a fixed number as x — 0. 


51. lim m= lim i) _ Asy oe, /1—- ve = Ot, and m > ov. 


vc vac” 4/ 1 _ u/c? 
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2.3 Calculating Limits Using the Limit Laws 
1. (a) lim, [f (x) + 5g(x)] = lim, f(x) + lim [5g(x)] [Limit Law 1] 
= lim f(x) +5 lim g(x) — [Limit Law 3] 
=4+45(-2) =-6 
. Sra : 3 Sou ‘ = . Peas 
(b) jim [g(x)|? = | im, a(x)| [Limit Law 6] (c) jim / f(x) = /lim f(x) [Limit Law 7] 
= (2)? =-8 =/4=2 
sf(z) Em BF(2)] 
(d) lim <— [Limit Law 5] (e) Because the limit of the denominator is 0, we can’t use 
w>2 g(x) lim g(a) 
3 lim f(x) Limit Law 5. The given limit, lim nat does not exist 
==>? ____ [Limit Law 3] : . 
jim g(x) because the denominator approaches 0 while the 
3(4) numerator approaches a nonzero number. 
2 EMe) 2526 
—2 
lim [g(x) h(x)] 
(f) lim 92) A) _ 22 [Limit Law 5] 
28 F@) lim F(@) 
lim, g(x) - lim, h(a) 
= i> a Limit Law 4 
lim f(z) [Limit Law 4] 
—2-0 
=e 
4 
2. (a) lim, [f (x) + g(x) = lim, f(a) + lim g(x) [Limit Law 1] 
=-1+42 
=1 
(b) lim f(x) exists, but lim g(x) does not exist, so we cannot apply Limit Law 2 to lim [f (2) — g(x)]. 
The limit does not exist. 
(c) lim [f(«) g(x)] = lim f(a): lim, g(2) [Limit Law 4] 
=1-2 
=2 
(d) lim f(x) = 1, but lim g(x) = 0, so we cannot apply Limit Law 5 to lim, a The limit does not exist. 
xL—> @L2— L>3 Gr 
Note: lim Lo) oo since g(x) > 0+ asx — 37 and lim do —oo since g(x) > O-as x > 3°. 
23 g(x) a—3t g(x) 
Therefore, the limit does not exist, even as an infinite limit. 
(e) lim fe) lim, x? - lim f(x) [Limit Law 4] (f) f(—1) + lim, g(a) is undefined since f(—1) is 
= 2?.(-1) not defined. 
=-4 
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lim (40° — 5a) = lim (40°) — lim (52) [Limit Law 2] 
=4 lim «? —5limz [3] 
x5 x5 
= 4(5°) — 5(5) [10, 9] 
= 
lim _(2a° + 62? —9)= lim (2”°) + lim (6x?) — lim, 9 
=2 lim #°+6 lim, «° — lim, 9 
= 2(—-3)° + 6(—3)? — 9 
=-9 
; lim (v* + 2v)(2u3 — 5) = lim (v* + 2v)- lim (2v° — 5) 


= (lim ve + lim 2v) (tim, 2v° — lim 5) 


v v2 


Vv 


oan v- +2 lim v) (2 lim v? — lim 5) 
2 2 v2 


v2 Vv 


(2)] [2¢ 


= 88 


=P. (@)—5] 
= (8)(11) 


: 2 
lim 3 +1 mae TY) [Limit Law 5] 
io7 2 —5t +2 lim (# — 5é +2) 
lim 3t7 + lim 1 
= = = 1 and 2 
lim ¢? — lim 5¢ + lim 2 ene 
tH7 tH7 tH7 
3lim?t? + lim 1 
a t>7 t>7 [3] 
lim t? — 5 limt+ lim 2 
to7 to7 to7 
3(77) +1 
2 UE 10, 9, and 8 
72 —5(7) +2 HO, 2 ane 
_ M48 _ 37 
~ 16 «4 
lim , V9 =u + Qu? = 9 — u? + 2u?) 


lim 9— lim wu? 4 
2 2 


{Limits Laws 1 and 2] 


[3] 

[10, 8] 
[Limit Law 4] 
[1 and 2] 


[3] 


[10, 9, and 8] 


[Limit Law 7] 


[2 and 1] 


[3] 


[8 and 10] 
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lim WV +5 (2x? — 3x) = lim, Vets: lim, (2a? — 3x) [Limit Law 4] 
= 3 lim (w +5)- lim (2ac? — 3x) [7] 
= 3/lima+ lim5- (tim, 2a? — lim or) [1 and 2] 
x23 x3 x3 x3 
= 3/lima+ lim5- (2 lim 2? — 3 lim 2) [3] 
x23 x3 23 x3 
= ¥3+5- [2(37) — 3(3)| [9, 8, and 10] 
= 2-(18-—9) =18 
: 24> — 443 ; 24° — 44\3 _ 
naa ( 5t? + 4 ) - oy 4} Petey 9 
jim, (20° — t*) 8 
= ‘int (5t? + 4) Dl 
2 jim, P— lim, ti? 
~ 7 aT t?+ lim 4 Peres 
to-1 
2( Grey 
= Care) [10 and 8] 
t 4 
ey eer eres 
= 5 => AT, 
(a) The left-hand side of the equation is not defined for x = 2, but the right-hand side is. 


(b) Since the equation holds for all « ¥ 2, it follows that both sides of the equation approach the same limit as x — 2, just as 


in Example 3. Remember that in finding lim f(a), we never consider x = a. 


lim (32 7) =3(-2) -7=-13 

lim (8 — 5x) =8—- 3(6) =5 
?—2%-8 ,. (t—4)(¢+2) _,, 7 Z 

ae oy ear oe arr a eine 

lim a? + Se = lim BU EED ota lim —— = =< 

a>-302-—g—-—12 25-3 (4—-4)(a+3) 25-32-4 3-4 7 
a? +5a+ 

1 does not exist since x — 2 > 0, but 7* + 5a2+4-— 18asx > 2 


2 
1 eos l Aare) = lim a . The last limit does not exist since lim = —oo and 
a4a?—g-12 234(a—-A)(a@+3) 240-4 a—4- ZA 
=o. 
24+ LX 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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F e—xz-6 | lim (x — 3)(a+2) _ x—3 2. ts 
a>-2 3@2 4+ 5¢a—2 «5-2(3@—1)(e@ +2) 25-23a—-1 3(-2)-1 -7 7 
. 2a? + 90-5 .. (Qe—-1)(4+5) 22—1 2(—5)—1 1111 
lim = li 1 = = ee 
c>-5 o2 — 25 e>-5 (c—5)\(a@+5) « g=5 5-5 10 10 
Factoring t? — 27 as the difference of two cubes, we have 
jim 2 = tim CT BIE + 3t+9) _ ?+3t+9  3?+3(3)+9 27 9 
#3 2-9 #53 (t—3)(t+3) i938 t+300—— 343 6 2 
Factoring u> + 1as the sum of two cubes, we have 
im Zea pes lim aot = lim ! = : = 
u>—1 us +1 ul (u+ 1)(u? = abe 1) u>—1 u2 — util (—1)? = (-1) +1 
= 2 2 _. 2 
i ee =i OOO) ah, eye 6 
h—0 h h—0 h h—0 h—0 h—0 
— 938 4 Se B4/e-... G=a)G+V2) 
lim = lim . = lim = lim(3 + Vz =34+ /9=6 
93 Vz 2>93_Ve 34Var 779 9-2 ( 
tim vot R38 = yn VOFRA—3 VITA +3 5 ye TREY a oe (9+h) —9 
0 h ho h VOFR+3 r-0h(VIFR+3) b-0h(VO+FH+3) 
=f h ie 1 a eee 
r0h(V9FR+3) ho-oV9+h+3 343 6 
lim 2-2 i 2-2 ver2+2 4 (2—2)(Ve+2+2) _ mn Dee 2) Ve #2 +2) 
ra JeFo—2 2-2 Jn-2—-2 Vetot2 72 (fepdp—-4 2? x2 
= lim [-(Ve +2 + 2)] =—(V4+2) =—4 
io Al oe 
Ae 3 yj a 33 _ 3 een son 
has. ea Ser eo) ee 
1 1 2+ (h — 2) 
LCP), ea oS OD) 2+ (h—2) 
lim = lim = lim — 
h—0 h h—0 h h—0 h0 2h(h— 2) 
= lim B = lim : = Z ae 
~ ho0 2h(h—2) 20 2(h—2) ~=2(0 — 2) 4 
ime As ms A Vi-t _ |, Vitt-vi-t vitt+vi-t_,, (vite) -(vi-ty 
‘0 ‘0 t VI+t+VI-t 0 t(/1+t+ 1-2) 
._ (+t)-(-2 2t 2 
= in SV —_ = in = lin — 
tot (JI Ft+VJV1—-t) toot(VItt+VI—-#t) t0 /1+t+Vi1-t 
igs SON, SO 
VI+v1 2 
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; 1 1 ; 1 1 t¢+1-1 ‘ 1 
28. lim (| — — ——— = lim [ —- —- ———~ = lim ———— _ = _ lim ——— = ——_- = 1 
t0\t tt? +t t0\t t(t+1) t30 t((#+1) t0t+1 O+1 
50: ine i St SOO fie Oe =o 
16 l6z—a2? 216 (l6r—2?)(44+ fr) 216 e(16—27)(44 Vr) 
re 1 7 1 ee eee | 
w162(4+/e) 16(4+V16) 16(8) 128 
x? —4e+4 (x — 2)? (a — 2)? 
30. li = li i 
a2 et — 302-4 22 (a2 Aa? +1) 22 (@+2)(e—2)(a2 +1) 
x—2 0 
= li ee 
yA Gaui aS. 
31. lim Bie bi ee EN a = 
“esole VT +t ot) 0 tVi Ft = t0 tvt+1(L+VItt) = ot +t(1+V1+t) 
etek -1 7 =a ol 
to VT Ft(1+V1+t) VI+0(1+V1+0) 2 
a tig WE 88 ae (Va? +9 —5)(Va?7 +945) _ (a? + 9) — 25 
* gesea gt+a4 z——4 (a + 4)(VWa? +9 +5) 24 (x ae 4) (Va? +9 +5) 
— lim x? — 16 = as (a + 4)(a — 4) 
w>—4 (+ 4)(/a? +945) 2-4 (x +4)(Vva2? +9+5) 
a 5 a OA yy Ut RE | 
e>-4/e2? +945 V1I6+9+5 5+5 5 
_ (e+h)?—2? _ (a? + 8a7h + 8arh? + h3) — 23 _ 8a7ht 3h? +3 
33, lim. AA = Lr  —_ = lim me — 
h—0 h h—0 h h—0 h 
2: 2 
aig Wns Ses) ener apn dR eae 
h—0 h h—0 
1 1 x? —(x+h)? 
. (a@+h)? — x? : (a + h)? a? _ a? — (a? + 2th +h?) —h(2x + h) 
34. | ] i = 
hs v hd h a ha?(x + h)? nod ha? (a +h)? 
= -Qr+h) _ —-20 2 
hoo ar(a+h)2 2-2? x3 
35. (a) a (b) 
f(x) 
0.666 166 3 
—0.000 1 0.666 616 7 9 
1 1 —0.000 01 0.666 6617 The limit appears to be 3° 
—0.000 001 | 0.666 666 2 
—0.5 0.000001 | 0.666 667 2 
lim x = 2 0.000 01 0.666 6717 
t0/1+3x—-1 3 0.000 1 0.666 716 7 
0.001 0.667 1663 
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(c) lim r vI+3¢+1\_ 4. a(V1+3e+1) _ ina a(/I+3a +1) 
e0\ /[+3a—-1 V1+3r4+1/ 0 (14+3x)-1 ~~ 20 3x 
=5 lim (VI + 3x +1) [Limit Law 3] 
mae (1+ 3a) + lim 1 [1 and 7] 
ee pent ame ca 
1 - 
=S flim 1-3 Tim, 2 + 1) [1, 3, and 8] 
3 xz—0 xz—0 
= 5 (vite 0+1) [8 and 9] 
1 
==(14+1)== 
g(t +1) 
36. (a) 05 (b) 
x f(z) 
—0.001 0.288 699 2 
—0.0001 0.288 6775 
—0.00001 | 0.2886754 
—0.000001 | 0.288675 2 
Fa 0 0.000001 | 0.2886751 
0.00001 | 0.2886749 
i EE VS ay 0.0001 | 0.2886727 
The limit appears to be approximately 0.2887. 
(c) lim (Gee eee) = im Bre) 38 = lim : 
a0 x V3+a+V3/ =-a(V3+rt+Vv3) 2-9 8+e+Vv3 
lim 1 
= — Limit Laws 5 and 1 
lim Y3-F@ + lim V3 ] 
= : [7 and 8] 
lim (3+ 2) + V3 
eee [1, 8, and 9] 
J/3 40+ V3 ve 
a! 
2V3 


37. Let f(x) = —a?, g(x) = x? cos 20a and h(a) = a”. Then 


—1<cos20ma<1 3 a? <2? cos20ra <a? => f(a) < g(x) < h(a). (i | 


So since lim f(x) = lim h(x) = 0, by the Squeeze Theorem we have 


al | 


lim g(x) = 0. 


x—0 
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Let f(a) = —V 2° + x?, g(x) = Vu? + a? sin(a/a), and h(x) = Va? + x. Then 
—l<sin(r/z)<1 3S -Va24a? < Vx3 42? sin(r/r) < Vx3 +a? => 


f(x) < g(x) < h(a). So since jim, f(x) = jim, h(a) = 0, by the Squeeze Theorem 


we have lim g(a) = 0. 
We have kim (42 — 9) = 4(4) — 9-= 7 and lim (a2 — dv +7) = 42 — 4(4) +7 =7. Since de -9 < fla) <a? —4r +7 


for xz > 0, lim f(a) = 7 by the Squeeze Theorem. 


We have lim (22) = 2(1) = 2 and lim (a* a? +2)=14-1°42=2. Since 2% < g(x) < at — 2? +2 forall a, 
lim g(x) = 2 by the Squeeze Theorem. 

—1 <cos(2/r) <1 + —a* < x*cos(2/x) < x*. Since lim, (—x*) = Oand lim z* = 0, we have 

lim, [x* cos(2/a)| = 0 by the Squeeze Theorem. 

—1l<sin(n/z)<1 3 et<e™/MD<el S Vale < Seem’ < Jee. Since lim (./z/e) = 0 and 


20 


lim (./ze) = 0, we have lim Ra tne =)| = 0 by the Squeeze Theorem. 


2—0t x—0 


=(24+4) ife@+4<0 |=(@44) if e<=4 
Thus, lim (|%+4| — 22) = lim | (@ + 4 — 2a) = lim (—a# +4) =4+4= 8and 


gwa>—4t r3—4 rz——4 


r+A4 if *+4>0 a+4 if «> —4 
jc + 4| = = 


lim (|e+4|—22)= lim (-—(a@+4)-22)= lim (—3a—4)=12-4=8. 


i x47 i 


The left and right limits are equal, so lim | (ja + 4| — 2x) = 8. 


xa+4 if*+4>0 a+A4 if 7 >—-4 
je + 4] = ; = ; 
—(a#+4) if#+4<0 -(a+4) ifa<-—4 
|x + 4| ; z+A4 4 z+4 : 1 1 
Th l =. 1 ae =i] = 
te eee a ie Oe a ita) nee a 
‘ |x + 4 . —(%+4) _ —(#+4) ._ 1 
1 ae = = |] a= 
a OAR Ba ae OER gig ae DEE es ae 2 2 
: ree . _ |a+A4l . 
The left and right limits are different, so lim does not exist. 
a>—427+8 
|2x° — x?| = |x? (2a —1)| = |x| - 2a — 1] = 2? [2a — 1| 
2 \ 224-1 if 2x -—1>0 22 —1 if © >0.5 
2-1) = = 
—(2a—-1) if 2x-1<0 —(2a—-1) if #<0.5 


So |2x° — x?| = x?[—(2x — 1)] for x < 0.5. 


Thus, lim clini lim cet = lim : y i 
2—0.5- [203 — | 20.5- ¢2[—(22-1)] 205-22 = (0.5)? 0.25 
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. ‘ be DS 5 + ; 
46. Since |x| = —« for « < 0, we have lim = lim. ——~—= lim "= lim 1=1, 
a>-2 2+¢4 a2 2+ a>-224+ 27 2—>—2 


x—0- 


47. Since |x| = —2x for x < 0, we have lim (Z ! ) = lim (Z u ) = lim -, which does not exist since the 


|2| 


denominator approaches 0 and the numerator does not. 


x—0 


1 1 1 1 
48. Since |x| = x for x > 0, we have lim (t - a) = lim ( - x) = lim 0=0. 


49. (a) (b) (i) Since sgna = 1 for x > 0, lim, sgnx= lim l=1. 
x—0 x—0 
(ii) Since sgnz = —1lforx <0, lim sgna= lim —1=~—1. 
«2-07 2-0 


(iii) Since lim sgna # lim sgnz, lim sgn x does not exist. 
x2—0- 20+ «—0 


(iv) Since |sgn x| = 1 for x 4 0, lim |sgn x| = lim 1 =1. 


—lif sina <0 
50. (a) g(x) =sgn(sinz)= <0 if sinx=0 
1 if sinz >0 


(i) lim, g(x) = lim sgn(sin x) = 1 since sin x is positive for small positive values of x. 


z—0 x—0t 
(ii) lim g(x) = lim sgn(sina) = —1 since sin z is negative for small negative values of x. 
2-0 2-07 


(iii) lim g(x) does not exist since lim, g(x) £ lim g(z). 
2 «—0 x2—0- 


(iv) lim, g(x) = lim sgn(sinx) = —1 since sin z is negative for values of « slightly greater than 7. 


LT Lor 


(v) lim g(x) = lim sgn(sinx) = 1 since sin z is positive for values of x slightly less than 7. 


LT LT 


(vi) lim g(x) does not exist since lim g(x) # lim g(x). 


La 
(b) The sine function changes sign at every integer multiple of 7, so the (c) yt 
: ‘ : F o——_o lo———_o 
signum function equals 1 on one side and —1 on the other side of nz, 
n an integer. Thus, lim g(x) does not exist for a = nz, n an integer. Bee ool ar 
«wa 


he oes _ w+a—6 . («@+3)(a — 2) 
St) ne) Seo ee es 
= lim Gee2) [since x — 2 > Oifa > 27] 
x2t x—2 
= lim (x +3)=5 
rt 


(ii) The solution is similar to the solution in part (i), but now |a — 2| = 2—axsincex -—2<0ifx 2°. 


Thus, lim g(x) = lim —(2+3) =—5. 


x22 r—2- 
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(b) Since the right-hand and left-hand limits of g at x = 2 (c) 


are not equal, lim g(x) does not exist. 
aa 


lim f(x) = lim (2? +1) =12?+1=2, lim f(x) = lim (2-2)? = (-1)? =1 


x17 x1 gait x—1+ 
(b) Since the right-hand and left-hand limits of f at ¢ = 1 (c) oh 
are not equal, lim f(a) does not exist. cy 


53. For the lim B(t) to exist, the one-sided limits at t = 2 must be equal. lim B(t) = lim (4— zt) =4—-—1=3 and 


t+ 2 t2- 


lim B(t) = lim yvt+e=V2+e Now3=V2+¢ec¢ => 9=2+c¢ © c=7. 
t2 


ta2t 


54. (a) (i) lim g(x) = lim «=1 


rl 


(ii) lim, g(x) = lim (2-27) =2-—1?=1. Since lim g(x) = 1 and lim, g(x) = 1, we have lim g(x) =1. 
a1 x21 xl = 


ait 


Note that the fact g(1) = 3 does not affect the value of the limit. 


(iii) When x = 1, g(a) = 3, so g(1) =3. 


(iv) lim g(x) = lim (2— 2?) =2—2? =2-4=-2 
za 


x22 


(v) lim, g(z) = lim (« —-3) =2-3=-1 
x2 


r—2 


(vi) lim g(x) does not exist since lim g(x) # lim, g(a). 


LZ2- x22 
(b) x ifa<1 
3 ifc=1 
Q—-a2 ifl<a<2 
x-3 ifa>2 


55. (a) (i) [2] = —2 for -—2 < x < —1,s0 lim, [2] = 
w—>—2 


(ii) [x] = —3 for -3 <a < -2,s0 lim [a] = 


L427 


The right and left limits are different, so lim, [x] does not exist. 


(iii) [cz] = —3 for -3 < « < —2,s0 lim | [z] = lim | (—3) = —3. 
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(b) @ [ze] =n-1forn-—1<a2<n,so lim [2] = lim (n-1)=n-1. 


Lon Ln 


(ii) [cz] =nforn<a2<n+1,so lim [2] = lim n=n. 


sont aont 
(c) lim [2] exists <> ais not an integer. 
xr—a 


56. (a) See the graph of y = cosa. yA 


Since —1 < cosx < 0 0n [—7, —7/2), we have y = f(x) = [cosa] 1 SINS 
on [—x,—m/2). He ua es 


Since 0 < cosx < 1 on [—7/2, 0) U (0, 7/2], we have f(x) = 0 
on [—7/2,0) U (0, 7/2]. al 


Since —1 < cosa < 0 on (7/2, 7], we have f(a) = —1 0n (7/2, 7]. 


Note that f(0) = 1. o> 1} oe 


(b) (i) lim f(a) =Oand lim f(x) =0,so lim f(x) =0. 
x20 x2x—0t xz—0 


(ii) Asa — (m7/2)-, f(x) 3 0,so lim f(a) =0. 
aw—(m/2)— 


(ii) As 2 — (n/2)*, f(@) + -1,s0 lim, | f(x) =—1. 


(iv) Since the answers in parts (11) and (iii) are not equal, a f(x) does not exist. 
xn /2 
(c) lim f(a) exists for all a in the open interval (—7, 7) except a = —7/2 and a = 77/2. 


57. The graph of f(a) = [x] + [—2] is the same as the graph of g(x) = —1 with holes at each integer, since f(a) = 0 for any 


integer a. Thus, lim f(a) = —1 and lim, f (a) = —-1,s0 lim f(x) = —1. However, 
xr 2Q- x2 x2 


f(2) = 2] + [-2] =2 + (-2) = 0,0 lim f(x) 4 FQ). 


2 
58. lim (10 1 = =LIovV1 = 0. As the velocity approaches the speed of light, the length approaches 0. 


vc 


A left-hand limit is necessary since L is not defined for v > c. 


59. Since p(x) is a polynomial, p(x) = ao + av + agx? +--+ + a,x”. Thus, by the Limit Laws, 


lim p(x) = lim (ao + aia + aga? +--+ + a2”) =ao +a; lim x + a2 lim x? +--- +a, lim 2” 


Za La za Za 


= a0 +a1a+ aga? +--+ ana" = p(a) 


Thus, for any polynomial p, lim p(x) = p(a). 


60. Let r(x) = plz) where p(a) and q(x) are any polynomials, and suppose that g(a) 4 0. Then 


q(x) 
Rn ee. SL ee eee) ae ee 
OS a) nde, ee ey, a 
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lim [f(x) — 8] = lim fo 8@-1) 2 eee EB ie =i 0. 


zl al xe a—l xe al 


Thus, lim f(z) = lim {[f() — 8] + 8} = lim[f(z) — 8] + lim 8=0+8=8. 


—8 ee sit ‘ : 
Note: The value of lim fa) § does not affect the answer since it’s multiplied by 0. What’s important is that 
mL Yi 
lim sia exists. 
el 


(a) lim f(w) = lim Le | = lim Ha) - lim a? =5-0=0 


x—0 z—-0 & x—0 


(b) ec eee an cote 12) Are 9 26 


20 c0| 2& 30 @2 20 
Observe that 0 < f(x) < a? forall x, and lim 0 =0= jim x”. So, by the Squeeze Theorem, lim f(x) =0. 
Let f(x) = [x] and g(x) = —[2]. Then lim f(a) and iim g(x) do not exist [Example 10] 
but lim [f(2) + 9(@)] = lim ([e] - [e]) = lim 0 =0. 

Let f(a) = H(a) and g(x) = 1 — H(x), where H is the Heaviside function defined in Exercise 1.3.63. 


Thus, either f or g is 0 for any value of x. Then lim f(x) and lim. g(x) do not exist, but lim [f(x)g(x)] = lim 0 = 0. 


x—0 x—0 


Since the denominator approaches 0 as x — —2, the limit will exist only if the numerator also approaches 


0 as x — —2. In order for this to happen, we need lim, (3a? +ax+a+ 3) =0 $ 


3(—2)? + a(—2) +a +3 =0 12-—2a+a+3=0 a = 15. With a = 15, the limit becomes 
2 4 = 
im Ot t15e+18_ 5, 3(@+2)(e@t+3) _ 4 3@+3) _ 3(-2+3)_ 38 _ 
e>-2 o%+u—2 a>-2 (x—1)(a+2) 25-2 x-1 —2-1 -3 


Solution 1: First, we find the coordinates of P and Q as functions of r. Then we can find the equation of the line determined 
by these two points, and thus find the x-intercept (the point R), and take the limit as r — 0. The coordinates of P are (0,1). 


The point Q is the point of intersection of the two circles 7? + y? = r? and (a — 1)? + y* = 1. Eliminating y from these 


equations, we get r? — 2? = 1-—(a—1)? r?=142r-1 = ar’. Substituting back into the equation of the 
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shrinking circle to find the y-coordinate, we get (4r?)? +y=r? yor (1 +r?) y=ry/1 tr? 


(the positive y-value). So the coordinates of Q are (3r°, ry/1— tr? ). The equation of the line joining P and Q is thus 


ry/l—4r2—r 
y-r= eee We set y = 0 in order to find the x-intercept, and get 
per yes 
2 
i —1,2 (/1-477+1) 
x r 20 ape =2(/1- 47741) 


I 
r (4/1 - 41? -1) Lg a 


Now we take the limitas r > OF: lim x= lim 2(,/1- hr? +1)= lim 2(v1+ 1) = 4, 


rot r—0 r—0 


So the limiting position of R is the point (4, 0). 


Solution 2: We add a few lines to the diagram, as shown. Note that 
ZPQS = 90° (subtended by diameter PS). So ZSQR = 90° = ZOQT 
(subtended by diameter OT). It follows that ZOQS = ZTQR. Also 
ZPSQ = 90° — ZSPQ = ZORP. Since AQOS is isosceles, so is 
AQTR, implying that QT = TR. As the circle C2 shrinks, the point Q 


plainly approaches the origin, so the point R must approach a point twice 


as far from the origin as T’, that is, the point (4, 0), as above. 


2.4 The Precise Definition of a Limit 


1. If | f(x) — 1] < 0.2, then —0.2 < f(~)-1<0.2 = 0.8 < f(x) < 1.2. From the graph, we see that the last inequality is 


true if 0.7 < # < 1.1, so we can choose 6 = min {1 — 0.7, 1.1 — 1} = min {0.3, 0.1} = 0.1 (or any smaller positive 


number). 


. If | f(x) — 2| < 0.5, then -0.5 < f(a) -2<0.5 = 1.5 < f(x) < 2.5. From the graph, we see that the last inequality is 


true if 2.6 < x < 3.8, so we can take 6 = min {3 — 2.6, 3.8 — 3} = min {0.4, 0.8} = 0.4 (or any smaller positive number). 
Note that x 4 3. 


. The leftmost question mark is the solution of \/x = 1.6 and the rightmost, ,/x = 2.4. So the values are 1.6” = 2.56 and 


2.4 = 5.76. On the left side, we need |x — 4| < |2.56 — 4| = 1.44. On the right side, we need |x — 4| < |5.76 — 4| = 1.76. 
To satisfy both conditions, we need the more restrictive condition to hold—namely, |x — 4| < 1.44. Thus, we can choose 


6 = 1.44, or any smaller positive number. 


. The leftmost question mark is the positive solution of 2? = z, that is, 7 = on and the rightmost question mark is the positive 


solution of «7 = 3, that is, 2 = rE On the left side, we need |x — 1| < sk - i = 0.292 (rounding down to be safe). On 


the right side, we need |x — 1| < We _ 1 & 0.224. The more restrictive of these two conditions must apply, so we choose 


6 = 0.224 (or any smaller positive number). 
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5. 5 From the graph, we find that y = Vx? + 5 = 2.7 [3 — 0.3] when x & 1.513, so 


yf 2—6,%1.513 => 61 ®%2—1.513 = 0.487. Also, 
eo y = Va? +5 = 3.3 [3 + 0.3] when x © 2.426, s024+.d2 # 2.426 > 
62 & 2.426 — 2 = 0.426. Thus, we choose 6 = 0.426 (or any smaller positive 
5 number) since this is the smaller of 51 and de. 


6. = From the graph, we find that y = cos”a = 0.85 [0.75 + 0.10] when x ~ 0.398, 
0.85 
0.75 aN so | — 61 ¥ 0.398 => 61 © F — 0.398 © 0.126. Also, 
y = cos?a = 0.65 [0.75 — 0.10] when a: = 0.633, so % +62 %0.633 => 
i b2 © 0.633 — = © 0.109. Thus, we choose 6 = 0.109 (or any smaller positive 
0 7 ao oR g number) since this is the smaller of 51 and de. 
z-3, ° E+, 
7. y From the graph with ¢ = 0.2, we find that y = «? — 3a + 4 = 5.8 [6 — €] when 
eee 4 x © 1.9774, so2—6, 1.9774 => 61 = 0.0226. Also, 
i A y= 2° —3c+4=6.2[6 +] when x © 2.022, s02+ 2% 2.0219 => 
7 he 62 & 0.0219. Thus, we choose 6 = 0.0219 (or any smaller positive number) 
1.8 5 = erro 2.2 since this is the smaller of 6; and do. 
For c = 0.1, we get 61 © 0.0112 and 62 = 0.0110, so we choose 6 = 0.011 
(or any smaller positive number). 
8. From the graph with e = 0.5, we find that y = (e?” — 1)/a = 1.5 [2 — e] when 
x & —0.303, so 51 = 0.303. Also, y = (e?” — 1)/a = 2.5 [2 + €] when 
x & 0.215, so 62 & 0.215. Thus, we choose 6 = 0.215 (or any smaller positive 
number) since this is the smaller of 61 and d2. 
For ¢ = 0.1, we get 61 © 0.052 and 62 = 0.048, so we choose 6 = 0.048 (or 
any smaller positive number). 
9. (a) 


es 
> Ta@— 1 


2 2.01 2.02 


The first graph of y = shows a vertical asymptote at x = 2. The second graph shows that y = 100 when 


1 
In(a — 1) 


x & 2.01 (more accurately, 2.01005). Thus, we choose 6 = 0.01 (or any smaller positive number). 


(b) From part (a), we see that as x gets closer to 2 from the right, y increases without bound. In symbols, 


lim ———_ = ov, 
aoe needy 
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We graph y = csc”x and y = 500. The graphs intersect at x = 3.186, so ai 
we choose 5 = 3.186 — 7 0.044. Thus, if 0 < |a — 7| < 0.044, then 1000 
cesc7x > 500. Similarly, for M = 1000, we get 6 = 3.173 — 7 = 0.031. 300 
0 
cus 7 3r 
2 2 
(a) A = ar? and A = 1000 cm? mr” = 1000 r? = 1000 r= / (r>0) 17.8412 cm. 


(b) |A—1000)<5 => -5<-nr?-1000<5 => 1000—5<ar?<10004+5 = 


VM <r<,/P2 = 17.7966 <r < 17.8858. ,/ 22% — ,/ 228 = 0.04466 and ,/ 29% — ,/ 200 ~ 0.04455. So 


if the machinist gets the radius within 0.0445 cm of 17.8412, the area will be within 5 cm? of 1000. 
(c) « is the radius, f (2) is the area, a is the target radius given in part (a), L is the target area (1000 cm”), ¢ is the magnitude 
of the error tolerance in the area (5 cm”), and 6 is the tolerance in the radius given in part (b). 


202 (°C) 
(a) T = 0.1w? + 2.155w + 20 andT = 200 = 


O.lw? + 2.155w +20 =200 = [by the quadratic formula or 


from the graph] w * 33.0 watts (w > 0) 


32.5 


(b) From the graph, 199 < T<201 => 32.89 <w<3311. 198 se 


(watts) 


(c) x is the input power, f(a) is the temperature, a is the target input power given in part (a), L is the target temperature (200), 


€ is the tolerance in the temperature (1), and 6 is the tolerance in the power input in watts indicated in part (b) (0.11 watts). 


0.1 0.1 


(a) |4a — 8] = 4|a — 2| < 0.1 |x —2| < 7709 = A = 0.025. 

(b) |4z — 8) = 42-2) < 0.01 & |z—2)< a7 905 = = 0.0025. 

|(5a — 7) — 3] = |5a — 10| = |5(a — 2)| = 5 |x — 2|. We must have | f(x) — L| <e,so5|4%—-2|<e © 
|x — 2| < €/5. Thus, choose 6 = ¢/5. For « = 0.1, 6 = 0.02; for e = 0.05, 6 = 0.01; for e = 0.01, 6 = 0.002. 
Given ¢ > 0, we need 6 > 0 such that if 0 < |a — 4| < 6, then yh 


y=3x-1 


\(g—1)—1| <e.But|($z-1)-I)<e @ |gx-2A<e © 


|a||z-—4|<e <— |x—A| < 2e. So if we choose 6 = 2e, then 


O<|x-4) <6 = |($e-1)-]| <. Thus, lim (32-1) =1 


by the definition of a limit. 
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20. Given ¢ > 0, we need 6 > 0 such that if 0 < |x — 5| < 6, then |(3a— 4) —7| <€. But |(3a— 4) —7| <es 


SECTION 2.4 THE PRECISE DEFINITION OF A LIMIT 


Given ¢ > 0, we need 6 > 0 such that if 0 < |a — 2| < 6, then 
|(2 — 3x”) — (—4)| < e. But |(2— 3x) -—(-4)|<e © 


|6-—32)<e = |-3||r-2)<e & |x-2| < $e. Soifwe 


choose 6 = $e, then 0 < |x — 2| <6 |(2 — 3x) — (—4)| < e. Thus, 


lim (2 — 3x) = —4 by the definition of a limit. 


Given € > 0, we need 6 > 0 such that if 0 < |x — (—2)| < 6, then 
|(—2a% + 1) — 5| < €. But |(-2a+1)-5|)<e s 
|-2a-4|<e = |-2||"-—(-2)|<e © |x —-(-2)| < ge. 
So if we choose 6 = Se, then 0 < |x — (—2)|<d => 


|(—2a + 1) — 5| < «. Thus, lim (—2 +1) =5 by the definition of a 


limit. 


Given ¢ > 0, we need 6 > 0 such that if 0 < |x — 1| < 6, then 
|(2a — 5) — (—3)| < e. But |(2z —5)—(-3)|<e © 


|2r—2<e & [|zr-Ij<e & |x—1| < de. Soifwe choose 


6 = $e, then0 <|x—1] <6 |(2x — 5) — (—3)| < e. Thus, 


lim (2a — 5) = —3 by the definition of a limit. 


xl 


Given ¢ > 0, we need 5 > 0 such that if 0 < |x — 9| < 6, then |(1 — $x) — (—2)| < e. But |(1— 


|3—tal<e @ |-i||ex-9 <e & |x—9| < 3c. Soifwe choose 5 = 3c, then0 <|x—-9|<5 => 


|(1 — 32) — (—2)| <e. Thus, lim (1 — 32r) = —2 by the definition of a limit. 


|ga-Bl<e & |[8||z-5)<e & |x—5| < Ze. Soif we choose 5 = Ze, then0<|x—5|<d => 


|($" — 5) —7| <«. Thus, lim (3a — 3) = 7 by the definition of a limit. 
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x? — 22-8 


21. Given € > 0, we need 6 > 0 such that if 0 < |a — 4| < 6, then er -6]<e ° 

—A4 2 

Gn de+) 6 <e = |x+2-6/<e [tx #4] ©& |x —4| <e. Sochoose 6 =e. Then 

—4 2 

O<|x-4|<5 = |z-4|<e S |x+2-6l/<e & Gade) 6 <e [cz #4] => 
2 _ aa _ 

ea aie, < e. By the definition of a limit, ine ee = 6. 
ga—4 zd xr—A 

9 — 4x? 


22. Given e > 0, we need 6 > O such that if 0 < |x + 1.5] < 6, then 


3 + ln -6]<e = 


| (3 + 2x) (3 — 2x) 


34 In 6 <e = |8-2¢-6|<e [«A-15] |S |-2r4-3)<e S |-2 |e4+15)<e © 


|x + 1.5] < €/2. So choose 6 = €/2. Then0 < |xv+1.5)<d6 => |x41.5)<¢/2 => |-2||x+15)<e = 


(3 + 2a) (3 — 2x) 5 Ge 
= tery 6 -1.5 Adee 
onan rea | 3+ 2x <e [x ] 3422 <eé 
Sy tedeniicnoiwim, ime 
, "e>-15 3422 


23. Given e > 0, we need 6 > 0 such that if 0 < |x — al < 6, then |x — a] < ¢. Sod = € will work. 


24. Given e > 0, we need 6 > 0 such that if 0 < | — a| < 6, then |c — c| < e. But |c — c| = 0, so this will be true no matter 


what 6 we pick. 


25. Given € > 0, we need 6 > 0 such that if 0 < x —0| <6, then |x? —0| <e eS w<e © |x| < Ve. Taked = Ve. 


Then 0 <|2—O0| <6 = |x?—0| <e. Thus, lim, x” = 0 by the definition of a limit. 


26. Given e > 0, we need 6 > 0 such that if 0 < |a — 0| < 6, then |a* — 0] <e & |tP<e © |al < ¥. Take d= ¥. 


Then 0 <|2—-O0|/ <6 = |x*—0| < 6% =e. Thus, lim x = 0 by the definition of a limit. 


27. Given > 0, we need 6 > 0 such that if 0 < |x — 0| < 6, then ||a| — 0| < e. But ||a|| = |x|. So this is true if we pick 5 = e. 


Thus, lim |x| = 0 by the definition of a limit. 


28. Given e > 0, we need 6 > 0 such that if 0 < x — (—6) < 6, then | Y6F2—0| <e. But|\Y6+F2e-O]<e © 
Yeti<e & 64a<e8 S& «—(-6) <&. So if we choose 6 = €®, then0 <a—(-6)<6d = 


| W6+ a —0| <e. Thus, lim 6+ = 0 by the definition of a right-hand limit. 
xz——6 


29. Given e > 0, we need 5 > 0 such that if 0 < |x — 2| < 6, then |(a? -—40+5)-1|<e @ |x?-4r+4/<e © 
| (a — 2)?| < e. So take 6 = /é. Then 0 < | —2| <6 & |t@-A<Ve s |(a — 2)?| < e. Thus, 
lim (a? — 4a +5) = 1 by the definition of a limit. 


La 
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30. Given ¢ > 0, we need 6 > 0 such that if 0 < |x — 2| < 6, then |(a* + 2x — 7) —1| <e. But |(a*+2x—7)-I]<e © 
ja? + 2a—8|<e < |x +4 |a —2| <e. Thus our goal is to make |« — 2| small enough so that its product with | + 4| 
is less than ¢. Suppose we first require that | — 2} << 1. Then-l<a-2<1 5 l<a<3 5S 5<44+4<7 = 


ja + 4| < 7, and this gives us 7|a—2|<e¢ => |x —2| <e/7. Choose 6 = min{1,</7}. Then if0 < |x — 2| < 6, we 


have |x — 2| < e/7 and |x + 4| < 7, so |(x? + 2a — 7) — 1] = |(a@ + 4)(w — 2)| = |x + 4| |x — 2| < 7(e/7) =e, as 


desired. Thus, lim (a? + 2a — 7) = 1 by the definition of a limit. 


31. Given e > 0, we need 6 > 0 such that if 0 < |x — (—2)| < 6, then |(x? — 1) — 3] < € or upon simplifying we need 


|x? — 4| < e whenever 0 < |x + 2| < 5. Notice that if |a + 2| <1,then-1<a%+2<1 5<"4-2<-3 


|x — 2| < 5. So take 6 = min {e/5,1}. Then0 < |x+2| <6 = |x —-—2| <5 and |x+42| < €/5,so 


|(a? — 1) — 3] = |(w + 2)(a — 2)| = |x + 2| |w — 2| < (€/5)(5) = e. Thus, by the definition of a limit, lim (x? — 1) = 3. 


Lt 


32. Given e > 0, we need 5 > 0 such that if 0 < |x — 2| < 6, then |x? — 8] < . Now |x* — 8| = |(a — 2)(x? + 2a + 4)]. 
If |2 — 2| < 1, thatis, 1 <2 <3,thena2*+4+2r+4+4 < 3?+42(3)+4=19and so 


|x? — 8| = |x — 2| (a? + 2a + 4) < 19 |x — 2]. So if we take 6 = min {1, &}, then 0<|r—2)<6 => 


|x? — 8| = |x — 2| la + 2a +4) < 4-19 =e. Thus, by the definition of a limit, lim x? =8. 


33. Given c > 0, we let 6 = min {2, £}. If0 < |x —3| <6, then|a—-3|<2 > -2<a-3<2 => 


4<x2+3<8 => |x+3| <8. Also |x — 3] < €,s0 |x” — 9| = |x + 3| |x — 3] < 8- § =e. Thus, lim «* = 9, 


34. From the figure, our choices for 6 are 6; = 3 — \/9 — € and 
62 = V9 +e —3. The largest possible choice for 6 is the minimum 


value of {01, 52}; that is, 6 = min{d1, 62} = 62 = /9+e-3. 


35. (a) The points of intersection in the graph are (x1, 2.6) and (x2, 3.4) = 


with x1 ~ 0.891 and x2 1.093. Thus, we can take 6 to be the 


smaller of 1 — x1 and v2 — 1. Sod = x2 — 1% 0.093. 
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(b) Solving x? + « + 1 = 3 +€ witha CAS gives us two nonreal complex solutions and one real solution, which is 


= (216 + 108 + 12/336 + 324e + 8le?)”/* — 19 


x(e is 
6(216 + 108e + 12\/336 + 324e + 81e? ) 


. Thus, 6 = a(e) — 1. 


(c) Ife = 0.4, then x(e) = 1.093 272 342 and 6 = x(c) — 1 & 0.093, which agrees with our answer in part (a). 


1. Guessing a value for 5 Let € > 0 be given. We have to find a number 6 > 0 such that 


1 1 | 
— — =| < € whenever 
x 2 


1 1 2- —2 1 
0 < |a — 2| < 6. But = | ee < e. We find a positive constant C’ such that —_<C > 
xu 2 2x |22| |2a 
“5 7 < C |x — 2| and we can make C |x — 2| < e by taking |x — 2| < a = 6. We restrict x to lie in the interval 
xv 
1 1 1 1 1 1 1 1 
—2 1 1 1 ; = — is suitable. Th houl 
ja |< => <2 <3s0 Oar sg 6 <n <3 Pal <2 SoC 7 is suitable us, we should 


choose 6 = min {1, 2e}. 
2. Showing that 6 works Given e > 0 we let 6 = min {1, 2c}. If 0 < |x — 2| < 6, then|zv—-2| <1 3S 1l<a<3 = 


1 1 : 
Pe < 3 (as in part 1). Also |a — 2| < 2e, so 


{ga i soak 
aS Dar <5 26 =€. This shows that lim (1/2) 5 


|= |jz—2| 1 


1. Guessing a value for 5 Given e > 0, we must find 6 > 0 such that |,/a — \/a| < « whenever 0 < |x — a| < 6. But 


|. /z — al = re aa < € (from the hint). Now if we can find a positive constant C’ such that ,/x + ./a > C then 
a a 
|x — al |x — al . a 2.3 5 
Ea CG < e, and we take |~ — a| < Ce. We can find this number by restricting x to lie in some interval 


centered at a. If |x — al < da,then—Sa<x-a<da => ta<ar<3a > Vt+Va> [40+ Va, and so 
C = 4/4a+ Vaisa suitable choice for the constant. So |x — a| < ( tat va) €. This suggests that we let 
6= min { $a, (\/3a+ va)e}. 
2. Showing that 6 works Given € > 0, we let 6 = min { ha, (\/3a + va)e}. If 0 < |x —al| < 6, then 
jc—al<4ta => Vet+Va>4/4a+ Va(as in part 1). Also |x — al < (\/32+ va)z,s0 

jo— al (Vala vale 


| /z — Jfa| = —=—= < + _ =. Therefore, lim \/x = \/a by the definition of a limit. 
vit Va (Va? - va) vee 


Suppose that lim H(t) = L. Given = 3, there exists 6 > 0 such that0<|t] <5 = |H(t)-Ll|<4 © 
L-i<H(t)<L+4.For0<t<6,H(t)=Lsol<L+4 => L>4.For—6<t<0, H(t) =0, 


soL—i<0 = L< 4. This contradicts L > 4. Therefore, lim H(t) does not exist. 
to 


Suppose that lim f(x) = L. Given e = §, there exists 6 > 0 such that 0 < |a| <6 = |f(«x) —L| < 4. Take any rational 
number r with 0 < |r| < 6. Then f(r) = 0, so |0 — L| < 4,80 L < |L| < 4. Now take any irrational number s with 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


40. 


41. 


42. 


43. 


SECTION 2.4 THE PRECISE DEFINITION OF A LIMIT 105 


0 < |s| < 6. Then f(s) = 1, so |1 — L| < 4. Hence, 1— L < 4,80 L > 4. This contradicts L < 4, so lim f(a) does not 
exist. 
First suppose that lim f(x) = L. Then, given ¢ > 0 there exists 6 > Oso that0 << |a—al<6 => |f(x)-—L|<e. 


Thena-—d<a%<a => O0<|x—-al| <ds0|f(x) —L| <e¢. Thus, lim f(r) =L. Alsoa<x<at+d => 


La 


0 < |x —a| < dso |f(x) — L| < e. Hence, lim, f(x) = L. 


@Z—a 


Now suppose lim f(z) =L= lim, f(x). Let e > 0 be given. Since lim f(x) = L, there exists 61 > 0 so that 


ra La La 


a-é6,;<x“x<a => |f(e)—L|<e. Since lim f(x) = L, there exists dg >Osothata<4x<a+6, => 


| f(a) — L| < e. Let 6 be the smaller of 61 and 62. Then0 < |r—al<d6 => a-—d1<a4<aora<a4<a+d6280 


|f(x) — L| < €. Hence, lim f(x) = L. So we have proved that lim f(x) =L = lim f(x)=L= lim, f(a). 


1 1 
—— > 10,000 = 3)4< —_ 3 === —(-3 — 
(@+3y (e+ 3)" < Tpo00 le +31 < TaaoG eS 

1 
Given M > 0, we need 6 > O such that0 < |a+3)<6 => I/(4+3)*>M. NOW Gaye >M<s 
(etayi<t Ss lc + 3| < cK. So take 6 = : . Then 0 < |x+3) < d= d > eee | so 
M VM VM VM (2 +3)4 ; 

lim d = 
2-3 (a + 3)4 7 


Given M < 0 we need 6 > 0 so that Ina < M whenever 0 < x < 6; that is, x = e™® < e™ whenever 0 < x < 6. This 


suggests that we take 6 =e”. If0 <a < e™, thenIna < Ine™ = M. By the definition of a limit, lim Ina = —oo. 


xz—0 


. (a) Let M be given. Since lim f(a) = oo, there exists 6; > 0 such that0 < Ja—al<d1 => f(a) >M+1-—c. Since 


@Z—a 


lim g(a) = c, there exists 62 > 0 such that0 < |x—a|<d2 => |g(x)-—el<1 => g(x) >c—1. Let 6 be the 


smaller of 5; and 62. Then0 < |Jr—al<6 = f(a)+ g(a) > (M+1-c)+(c—1) = M. Thus, 
lim [f(2) + 9(2)] = 0. 


(b) Let M > 0 be given. Since lim g(a) = c > 0, there exists 6; > 0 such that 0 < |r—a| <6. => 
|g(z) —¢e| <c/2 => g(x) >c/2. Since lim f(x) = oo, there exists 62 > 0 such that 0 < |x—a| <<62 => 


f(x) > 2M/c. Let 6 = min {61,62}. ThenO < |x-al<d6 = f(x) g(x) > oe M, so lim f(x) g(x) =o. 


c 2 ra 


(c) Let N < 0 be given. Since lim g(x) = c < 0, there exists 6; > O such thatO < |a—a|<61 => 


@Z—a 


lg(z) —c| <—c/2 => g(a) < c/2. Since lim f(a) = oo, there exists 62 > 0 such that0 <|xz—al<62 => 


f(x) > 2N/c. (Note thate <OandN <0 = 2N/c>0.) Let d = min {61,62}. Then0<|r—-—al<6 => 


f(x) >2N/e => f(a) g(a) < *.£ = N,s0 lim f(a) g(a) = —oo. 


La 
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2.5 Continuity 
1. From Definition 1, lim f(x) = f(A). 


2. The graph of f has no hole, jump, or vertical asymptote. 


3. (a) f is discontinuous at —4 since f(—4) is not defined and at —2, 2, and 4 since the limit does not exist (the left and right 


limits are not the same). 


(b) f is continuous from the left at —2 since lim f(x) = f(—2). f is continuous from the right at 2 and 4 since 


or a 


lim, f(x) = f(2) and lim, f(x) = f(4). The function is not continuous from either side at —4 since f(—4) is 
x2 x4 


undefined. 


4. g is not continuous at —2 since g(—2) is not defined. g is not continuous at a = —1 since the limit does not exist (the left and 
right limits are —oo). g is not continuous at a = 0 and a = 1 since the limit does not exist (the left and right limits are not 


equal). 


5. (a) From the graph we see that lim f(2) does not exist at a = 1 since the left and right limits are not the same. 


xL£—a 


(b) f is not continuous at a = 1 since lim f(x) does not exist by part (a). Also, f is not continuous at a = 3 since 
Las 


lim f(e) # f(3). 


x3 


(c) From the graph we see that lim, f(x) = 3, but f(3) = 2. Since the limit is not equal to f(3), f is not continuous at a = 3. 
6. (a) From the graph we see that lim f(a) does not exist at a = 1 since the function increases without bound from the left and 
from the right. Also, lim f(a) does not exist at a = 5 since the left and right limits are not the same. 


(b) f is not continuous at a = 1 and at a = 5 since the limits do not exist by part (a). Also, f is not continuous at a = 3 since 


lim f(2) # £@). 


(c) From the graph we see that lim, f(x) exists, but the limit is not equal to f(3), so f is not continuous at a = 3. 


7. The graph of y = f(a) must have a removable discontinuity (a hole) at 
x = —2 and an infinite discontinuity (a vertical asymptote) at x = 2. 
x 
8. - The graph of y = f(x) must have a jump discontinuity atc = —3 anda 


removable discontinuity (a hole) at x = 4. 
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The graph of y = f(x) must have discontinuities at ¢ = 0 and x = 3. It 


Ne must show that Lan f(x) = f(0) and ee f(x) = f(3). 


0 3 = 
ah The graph of y = f(x) must have a discontinuity at ¢ = —1 with 
° lim f(x) = f(—1) and lim | f(x) & f(—1). The graph must also 
e—>—1— gl 
7 0 : <i show that lim f(x) # f(3) and lim, f(x) F f(3). 
> 237 x3 


(a) The toll is $5 except between 7:00 AM and 10:00 AM and between 4:00 PM and T 
7:00 PM, when the toll is $7. al ex as F 
(b) The function T has jump discontinuities at t = 7, 10, 16, and 19. Their 0 +4 ——_+——> 
710 1619 24 ¢ 


significance to someone who uses the road is that, because of the sudden jumps in 
the toll, they may want to avoid the higher rates between t = 7 and t = 10 and 
between ¢t = 16 and t = 19 if feasible. 


(a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any instantaneous jumps 


from one temperature to another. 


(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City increases, 


without any instantaneous jumps. 


(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump from one 


height to another without going through all of the intermediate values —at a cliff, for example. 
(d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments. 
(e) Discontinuous; when the lights are switched on (or off), the current suddenly changes between 0 and some nonzero value, 


without passing through all of the intermediate values. This is debatable, though, depending on your definition of current. 


lim, f(x) = Jim, [327 + (w+ 2)°] = lim | 327+ lim (a +2)? =3 lim, + lim (« +2)° 


xz—a>—l1 2 x1 Lz zl 


= 3(-1)? + (-1+2)° =4= f(-1) 


By the definition of continuity, f is continuous at a = —1. 


= g(2). 


- 2 . 2 . 
tim g(t) = tim {+ 5t _ BY FP) _ BA TOY _ 2? +502) _ 
pat 2 26+1 ~ lim(@é+1) ~ 2limé+lim1 ~ 2@)+1 ~ 5 


By the definition of continuity, g is continuous at a = 2. 
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15. lim p(v) = lim 2/3u? +1=2 lim V3v?+1=2 lim (30? +1)=2,/3 lim v2 + lim 1 


= 2,/301)? +1 = 2V4 = 4 = p(1) 


By the definition of continuity, p is continuous at a = 1. 


16. lim, f(r) = lim, V4r2 — Ir +7 = lim (4r? — 2r +7) = ¥/4(—2)? — 2(—2) +7 = V27 = 3 = f(—2) 
By the definition of continuity, f is continuous at a = —2. 


17. For a > 4, we have 


lim f(x) = lim(a#+ Vz —4) = lim x + lim /x —4 [Limit Law 1] 


=a+ jim x — lim 4 [8, 11, and 2] 
=a+Va—4 [8 and 7] 
= f(a) 
So f is continuous at x = a for every a in (4, co). Also, oe, (x) = 4 = f(4), so f is continuous from the right at 4. 


Thus, f is continuous on [4, co). 


18. For a < —2, we have 


r-1 lim (a — 1) 
li = lim —— = ——__ Limit Law 5 
pi aeee = imeGeee) (Lael 
lim x — lim 1 
Sten aes 
a-1 
= 3a4+6 [8 and 7] 


Thus, g is continuous at x = a for every a in (—oo, —2); that is, g is continuous on (—co, —2). 


is discontinuous at a = —2 because f(—2) is undefined. 


19. f(x) = - : 


if «4-2 
1 if «= —2 


Here f(—2) =1, but lim f(x) = —co and lim | f(z) =o, 


w—>—2- xw—>—2 


so lim, f(a) does not exist and f is discontinuous at —2. 
La 
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if«<-—-l 


xr+3 
21. f(@) =) oe ifs >= 


lim f(x)= lim (#+3) =-1+3=2and 
x—>—1— x2——17 

lim | f(z) = lim | 2” = 27! = 4. Since the left-hand and the 
2-1 2-1 


right-hand limits of f at —1 are not equal, im, f(x) does not exist, and 


f is discontinuous at —1. 


2 
ae if «Al 
22. f(x) = 4 2? — 
1 ifc=1 
ee x(a — 1) x 1 
li =( = lim SO = => 
= et ees) eee 


but f(1) = 1, so f is discontinous at 1. 


cos © if «<0 
23. f(x) = ¢ 0 if«=0 
1-2? ife>0 
% 
lim f(x) = 1, but f(0) = 0 £1, s80 f is discontinuous at 0. 
2 — — 
2a" — 5x — 3 if cr £3 
24. f(x) = x—3 
6 if c=3 
. |. 22? -5a-3  ,. (Qe+1)\(e-3) _,. = 
pa F(z) pat x—8 Eas x—3 ae oct ee 
but f(3) = 6, so f is discontinuous at 3. > 
x 
25. (a) f(x) = a ae eee for « # 3. f(3) is undefined, so f is discontinuous at x = 3. Further, 
; x2-9 (4—3)(1+3) «43 ; ; ee ° 
lim f(x) = aor a * Since f is discontinuous at « = 3, but lim f(x) exists, f has a removable discontinuity 


atx = 3. 


(b) If f is redefined to be a at x = 3, then f will be equivalent to the function g (x) = 


_ 2? —Tr+12_ («—3)(x—4) 


SECTION 2.5 CONTINUITY 


yA 


+3 


109 


1 nc : 
—, which is continuous at x = 3. 
x 


26. (a) f (x) ae aoa = «—A4forx #3. f(3) is undefined, so f is discontinuous at x = 3. 
Further, lim f(x) =3—4 = —1. Since f is discontinuous at x = 3, but lim f(x) exists, f has a removable discontinuity 
atx = 3. 
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(b) If f is redefined to be —1 at x = 3, then f will be equivalent to the function g(x) = x — 4, which is continuous 


everywhere (and is thus continuous at 7 = 3). 


a? 


Vat +2 


continuous everywhere. By Theorems 5(a), 7, and 9, /x* + 2 is continuous everywhere. Finally, by part 5 of Theorem 4, 


The domain of f(x) = is (—00, 00) since the denominator is never 0. By Theorem 5(a), the polynomial 2? is 
f (a) is continuous everywhere. 


3u-—1 = 3u—1 
v=+2vu—-15 (v+5)(v—3) 


g(v) = is a rational function, so it is continuous on its domain, 
(—oo, —5) U (—5, 3) U (3, co), by Theorem 5(b). 


cos(t”) 
1—et 


The domain of h(t) = must exclude any value of t for which 1 —e’ = 0. 1—e' =0 eb =1 


In(e’) =In1l_ = t=0,s0 the domain of h(t) is (—00, 0) U (0, 00). By Theorems 7 and 9, cos(t”) is continuous on R. 
By Theorems 5 and 7 and part 2 of Theorem 4, 1 — e* is continuous everywhere. Finally, by part 5 of Theorem 4, h(t) is 


continuous on its domain. 


B(u) = V3u — 2+ 4/2u — 3 is defined when 3u-2>0 => 3u>2 5 u> 2. (Note that </2u — 3 is defined 


everywhere.) So B has domain| =, oo). By Theorems 7 and 9, /3u — 2 and ~/2u — 3 are each continuous on their domain 


because each is the composite of a root function and a polynomial function. B is the sum of these two functions, so it is 


continuous at every number in its domain by part | of Theorem 4. 


L(v) = vIn(1 — v”) is defined when1—v? >0 & vw? <1 & |vol <1 = —-1<v<1. Thus, L has domain 
(—1, 1). Now v and the composite function In(1 — v”) are continuous on their domains by Theorems 7 and 9. Thus, by part 4 


of Theorem 4, L(v) is continuous on its domain. 


f(t) = ee In(1 + #?) has domain (—oo, 00) since 1 + t? > 0. By Theorems 7 and 9, e~" and In(1 + #7) are continuous 


everywhere. Finally, by part 4 of Theorem 4, f(t) is continuous everywhere. 


if: bie 1 
M(x) =\f1+—=)/ is defined when =~ >0 => 2#4+12>0andr%>O0or”z+1<O0andx<0 => «>0 


or x < —1, so M has domain (—oo, —1] U (0,00). M is the composite of a root function and a rational function, so it is 


continuous at every number in its domain by Theorems 7 and 9. 


. The function g(t) = cos~*(e' — 1) is defined for—-1 < ee’ -1<1 > O<e'<2 => In(e’) < In2 [since e’ is 


always positive] = t < 1n2,so the domain of g is (—oo, In 2]. The function e' — 1 is the difference of an exponential and 
a constant (polynomial) function, so it is continuous on its domain by Theorem 7 and part 2 of Theorem 4. The inverse 


trigonometric function cos~’ ¢ is continuous on its domain by Theorem 7. The function g is then the composite of continuous 


functions, so by Theorem 9 it is continuous on its domain. 
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Because x is continuous on R and 20 — x? is continuous on its domain, —/20 < « < 20, the product 
f(x) = xV20 — a? is continuous on —V20 < x < 20. The number 2 is in that domain, so f is continuous at 2, and 


lim f(x) = f(2) = 2V16 = 8. 


xr—2 


The function f(@) = sin(tan(cos @)) is the composite of trigonometric functions, so it is continuous throughout its domain. 
Now the domain of cos @ is R, —1 < cos@ < 1, the domain of tan 0 includes [—1, 1], and the domain of sin @ is R, so the 


domain of f is R. Thus f is continuous at 5, and om sin(tan(cos @)) = sin(tan(cos $)) = sin(tan(0)) = sin(0) = 0. 


ar / 


5-2 
l+z2 


The function f(x) = in( ) is continuous throughout its domain because it is the composite of a logarithm function 


2 
> 0, so the numerator and denominator must have the 


: i : 5 
and a rational function. For the domain of f, we must have 1 


same sign, that is, the domain is (—oo, —/5| U (—1, V5]. The number 1 is in that domain, so f is continuous at 1, and 


5-1 
eet) 


The function f(a) = 3V w?—20—4 is continuous throughout its domain because it is the composite of an exponential function, 


a root function, and a polynomial. Its domain is 


{x | 2? — 2x A> OVS a | a 22 +1> 5} = {2 | (a 1)? > 5} 


= {a||2- 1) > V5 } = (00,1 - v5] U [1 + V5, 00) 


The number 4 is in that domain, so f is continuous at 4, and lim f(x) = f(4)=3 


: 1 elas : 
The function f(a) = —————— is discontinuous wherever 3 
V1-—sinz 

1—sinz =0 sing =1 x = $+ 2nz, where n is any | \f 

integer. The graph shows the discontinuities for n = —1, 0, and 1. 
Sar j j ; Tt 
2 30 0 nr Sa 2 

2 2 2 


The function y = arctan(1/2) is discontinuous only where 1/z is 


undefined. Thus y = arctan(1/z) is discontinuous at = 0. (From the 


graph, note also that the left- and right-hand limits at x = 0 are different.) 
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l-a2? ifa<1 
no={ 


Ing ifa¢>l 


By Theorem 5, since f(a) equals the polynomial 1 — x? on (—0o, 1], f is continuous on (—o«, 1]. 
By Theorem 7, since f(x) equals the logarithm function In x on (1,00), f is continuous on (1, 00). 


Atx=1, lim f(x) = lim (1-2?) =1—1?=0 and lim f(x) = lim Inz =In1 =O. Thus, lim f(a) exists and 


x21 x21 ait zl 


equals 0. Also, f(1) = 1— 1° = 0. Thus, f is continuous at « = 1. We conclude that f is continuous on (—0o, 00). 


sinzg ifx«<7/4 
no={ ae 


cosx if «>7/4 


By Theorem 7, the trigonometric functions are continuous. Since f(x) = sin x on (—oo, 7/4) and f(x) = cosa on 


(1/4, co), f is continuous on (—00, 7/4) U(m/4,00). lim f(z)= lim sinz = sin 3 = 1/2 since the sine 
a(n /4)— a(n /4)— 
function is continuous at 7/4. Similarly, lim @ f(x) = lim COs = 1/V2 by continuity of the cosine function 
a—(7m/4) aw—(7m/4) 


at 7/4. Thus, ae i; f(x) exists and equals 1/./2, which agrees with the value f(71/4). Therefore, f is continuous at 7/4, 


so f is continuous on (—oo, co). 


eo ifa<—l 


ya 
_f(~)=<au if -l<a<l 
1l/x ifa>1 
f is continuous on (—oo, —1), (—1, 1), and (1, 00), where it is a polynomial, ae) 
a polynomial, and a rational function, respectively. (-1, 1) 
> 
Now lim f(#)= lim a?=1and lim f(#)= lim x=~-1, (-1,-1) : 7 
xr—>—1— xr—>—17 a—>—1t a—>—1t 
so f is discontinuous at —1. Since f(—1) = —1, f is continuous from the right at —1. Also, lim f(x) = lim «=1 and 
x—1— x21 
‘ ee : : 
lim f(z) = lim — =1= (1), so f is continuous at 1. 
a—it alt & 
2” ife<1 se 
f(~)=43-a ifl<a<4 (1,2) (4,2) 
Je ifa>4 ee 
f is continuous on (—oco, 1), (1,4), and (4, co), where it is an exponential, : > 
x 
a polynomial, and a root function, respectively. (4, -1) 


Now lim f(x) = lim 2” =2 and lim f(x) = lim (3-2) = 2. Since f(1) = 2 we have continuity at 1. Also, 


x1 x21 ait zl 


lim f(x) = lim (83-2) =—1= f(4) and lim, f(z) = lim, J = 2,80 f is discontinuous at 4, but it is continuous 
x4 


x47 r—4— r—4 


from the left at 4. 
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a+2 ifa<0 
f(x) = ¢ e” if0<a<1 
2—-a ifa>1 


f is continuous on (—oo, 0) and (1, oo) since on each of these intervals 


it is a polynomial; it is continuous on (0, 1) since it is an exponential. 


Now lim f(x) = lim (a#+2)=2and lim f(x) = lim e® = 1,s0 f is discontinuous at 0. Since f(0) = 1, f is 


a2—0- x—0- x—0+F x—0t 


continuous from the right at0. Also lim f(x) = lim e* =eand lim f(x) = lim, (2— x) =1,s0 f is discontinuous 
x1 x—1— 


ait xl 


at 1. Since f(1) =e, f is continuous from the left at 1. 


By Theorem 5, each piece of F' is continuous on its domain. We need to check for continuity atr = R. 


: ‘ GMr GM : : GM GM ‘ GM .. GM 
NI x PES ppg gan A ah ga ee Op Ne appar) oo ae 


F is continuous at R. Therefore, F' is a continuous function of r. 


3 


ce24+2e ifa<2 
f(z) = ; 
xn? — cx ifx>2 


f is continuous on (—oo, 2) and (2,00). Now lim f(#) = lim (ca + 2a) = 4c + 4 and 


x22 x22 
lim, f(x) = lim, (2? — cx) = 8 — 2c. So f iscontinuous = 4c+4=8-2c 6c =4 c = 2. Thus, for f 
x2 x2 
to be continuous on (—o00, 00), c = Z. 
2 — 
a if e<2 
F)= 9 ax? -te+3 if 2<0<3 
2x-—a+b if c>3 
2 a a 
Ata =2 lim f(z) = lim ae lim Mase) = lim (2 +2)=2+2=4 
227 ro2- L— 227 x—2 22- 
lim f(x) = lim (ax? — be + 3) = 4a — 2043 
2—2t a232t 


We must have 4a — 26+ 3=4,or4da —2b=1 (I). 


Atex=3: lim f(x) = lim (az? — br +3) =9a—3b4+3 


23 L338 


lim f(x) = lim (Qa—a+b)=6-—a+b 


z33t 2 33t 


We must have 9a — 30 +-3=6-—a+6,or10a —4b=83 (2). 


Now solve the system of equations by adding —2 times equation (1) to equation (2). 


—8a+4b= —2 
10a—4b= 3 
2a = 1 
Soa = 3. Substituting ; for a in (1) gives us —2b = —1,so b= 4 as well. Thus, for f to be continuous on (—0oo, co), 


a=b= 
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If f and g are continuous and g(2) = 6, then lim [3 f(z) + f(x) g(x)] =36 = 


3 lim f(a) + lim f(x): lim g(x) =36 = 3f(2)+ f(2)-6=36 => 9f(2) =36 fQ)=4. 


(a) fe) = = and g(x) =, 80 (f 0.9)(a) = f(g(x)) = f/x?) = 1/10?) = 22, 


(b) The domain of f © g is the set of numbers x in the domain of g (all nonzero reals) such that g(a) is in the domain of f (also 


so 1 : : 
all nonzero reals). Thus, the domain is {2 xz #0 and — o} = {x | « £ 0} or (—00, 0) U (0, 00). Since f og is 
x 
the composite of two rational functions, it is continuous throughout its domain; that is, everywhere except x = 0. 


wl (a? 4+1)(@?-1) (a? 4+1)(e@+1)(x-1) 


(a) f(x) eat ET a sr =(27+1)\(@+1) fora? +e? +a41] 
for « # 1. The discontinuity is removable and g(x) = 2? + #? + x + 1agrees with f for 2 4 1 and is continuous on R. 
Zeer ee Dosa = 
(b) f(x) = es pee) = oles et) =a(@+1) [ora?+a] fora 4 2. The discontinuity 
G=2 C= 2 x—2 
is removable and g(x) = x? + x agrees with f for x 4 2 and is continuous on R. 
(c) lim f(x) = lim [sina] = lim 0=Oand lim, (a) = lim, [sinz] = lim (—1) = —1,s0 lim f(z) does not 
exist. The discontinuity at x = 7 is a jump discontinuity. 
YA 
34 
9 N=2 
1 
+ + + +—> 
0 0.25 1a 
f does not satisfy the conclusion of the f does satisfy the conclusion of 
Intermediate Value Theorem. the Intermediate Value Theorem. 
f(x) = x? + 10sin is continuous on the interval (31, 32], f(31) ~ 957, and f(32) ~ 1030. Since 957 < 1000 < 1030, 


there is a number c in (31, 32) such that f(c) = 1000 by the Intermediate Value Theorem. Note: There is also a number c in 


(—32, —31) such that f(c) = 1000. 


. Suppose that f(3) < 6. By the Intermediate Value Theorem applied to the continuous function f on the closed interval [2, 3], 


the fact that f(2) = 8 > 6 and f(3) < 6 implies that there is a number c in (2, 3) such that f(c) = 6. This contradicts the fact 


that the only solutions of the equation f(x) = 6 are x = 1 and x = 4. Hence, our supposition that f(3) < 6 was incorrect. It 


follows that f(3) > 6. But f(3) 4 6 because the only solutions of f(x) = 6 are x = 1 and x = 4. Therefore, f(3) > 6. 


f(x) = —a? + 4@ + 1 is continuous on the interval [—1, 0], f(—1) = —2, and f(0) = 1. Since —2 < 0 < 1, there isa 
number c in (—1,0) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a solution of the equation 


—a? + 42 + 1 = 0 in the interval (—1, 0). 
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The equation In x = x — ,/Z is equivalent to the equation nz —x+./z=0. f(x) =Inz — x + ,/@ is continuous on the 
interval [2,3], f(2) = n2— 2+ ./2 = 0.107, and f(3) = n3— 3+ V3 = —0.169. Since f(2) > 0 > f(3), there is a 
number c in (2,3) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a solution of the equation 


Ing—a24+/e=0,orlng = x — V/2, in the interval (2, 3). 


The equation e” = 3 — 2x is equivalent to the equation e” + 2x —3=0. f(x) =e” + 2x — 3 is continuous on the interval 
(0, 1], f(0) = —2, and f(1) = e —1 1.72. Since —2 < 0 < e — 1, there is a number c in (0, 1) such that f(c) = 0 by the 


Intermediate Value Theorem. Thus, there is a solution of the equation e” + 2x — 3 = 0, or e* = 3 — 22, in the interval (0, 1). 


? _ x is equivalent to the equation sinx — x? +2 =0. f(x) =sina — x? + 2 is continuous on the 


The equation sing = x 
interval [1,2], f(1) = sin 1 & 0.84, and f(2) = sin2 — 2 = —1.09. Since sin1 > 0 > sin 2 — 2, there is a number c in 
(1,2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a solution of the equation sina — xz? + x = 0, or 


sina = «? — 2, in the interval (1, 2). 


(a) f(x) = cosx — 2° is continuous on the interval [0, 1], f(0) = 1 > 0, and f(1) = cos1 — 1 & —0.46 < 0. Since 
1 > 0 > —0.46, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a 


solution of the equation cos z — #* = 0, or cos x = 2, in the interval (0, 1). 


(b) f(0.86) = 0.016 > 0 and f(0.87) + —0.014 < 0, so there is a solution between 0.86 and 0.87, that is, in the interval 


(0.86, 0.87). 


(a) f(x) = Ina — 3 4+ 2z is continuous on the interval [1,2], f(1) = —1 < 0, and f(2) =In2+1#1.7> 0. Since 
—1 <0 < 1,7, there is a number c in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a 


solution of the equation In # — 3 + 2x = 0, or Ina = 3 — 22, in the interval (1, 2). 


(b) f(1.34) + —0.03 < 0 and f(1.35) = 0.0001 > 0, so there is a solution between 1.34 and 1.35, that is, in the 


interval (1.34, 1.35). 


(a) Let f(x) = 100e~*/1°° — 0.0127. Then f(0) = 100 > 0 and 


f (100) = 100e~' — 100 » —63.2 < 0. So by the Intermediate 20 


Value Theorem, there is a number c in (0, 100) such that f(c) = 0. we 


This implies that 100e~°/°° = 0.01c?. ; r 4 

b) Using the intersect feature of the graphing device, we find that the 

(b) g graphing ~100 oz) 100 
solution of the equation is x = 70.347, correct to three decimal 


places. 
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62. (a) Let f(x) = arctanx + x — 1. Then f(0) = —1 < Oand 


f(1) = $ > 0. So by the Intermediate Value Theorem, there is a Ni 
> 


number c in (0,1) such that f(c) = 0. This implies that 


4.5 4.5 
arctanc = 1—c. 
(b) Using the intersect feature of the graphing device, we find that the 


solution of the equation is x = 0.520, correct to three decimal 


places. 
63. Let f(a) = sinx®. Then f is continuous on [1, 2] since f is the composite of the sine function and the cubing function, both 
of which are continuous on R. The zeros of the sine are at nz, so we note thattO <<1<a< ar < 2m <8 < 37, and that the 


pertinent cube roots are related by 1 < @ 3x [call this value A] < 2. [By observation, we might notice that « = ~/z and 


x = ~/2n are zeros of f.] 
Now f(1) =sin1 > 0, f(A) = sin 7 = —1 < 0, and f(2) = sin8 > 0. Applying the Intermediate Value Theorem on 
[1, A] and then on [A, 2], we see there are numbers c and d in (1, A) and (A, 2) such that f(c) = f(d) = 0. Thus, f has at 


least two x-intercepts in (1, 2). 


64. Let f(x) = x? —3+1/z. Then f is continuous on (0, 2] since f is a rational function whose domain is (0, 00). By 
inspection, we see that f(4) = +2 > 0, f(1) = —1 < 0, and f(2) = 3 > 0. Appling the Intermediate Value Theorem on 
[4,1] and then on [1, 2], we see there are numbers c and d in ($, 1) and (1,2) such that f(c) = f(d) = 0. Thus, f has at 


least two x-intercepts in (0, 2). 


65. (=) If f is continuous at a, then by Theorem 8 with g(h) = a + h, we have 
lim f(a-+h) = f (Jim (a +h)) = f(a). 
(<=) Let e > 0. Since lim f(a +h) = f(a), there exists 6 > 0 such that0 < |h| <5 => 
|f(a+h) — f(a)| <e. Soif0 < |x — al < 6, then |f(x) — f(a)| = |f(a+ (a — a)) — f(a)| <e. 
Thus, lim f(x) = f(a) and so f is continuous at a. 
66. lim sin(a + h) = lim (sinacosh + cosasinh) = lim (sinacosh) + lim (cosasinh) 
h—0 h—0 h—0 h—0 


= (Jim, sin a) (Jim cos h) + (Jim cos a) (Jim sin n) = (sina)(1) + (cosa)(0) = sina 


h—-0 h—0 
67. As in the previous exercise, we must show that lim cos(a + h) = cosa to prove that the cosine function is continuous. 
h-0 
jim cos(a +h) = jim (cosacosh — sinasinh) = lim (cos acos h) — lim (sin asin h) 


= (Jim cos a) (Jim cos n) - (Jim sin a) (Jim sin h) = (cosa)(1) — (sina)(0) = cosa 


h—-0 h—0 h—-0 
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(a) Since f is continuous at a, lim f(a) = f(a). Thus, using the Constant Multiple Law of Limits, we have 


@Z—a 


lim (cf )(x) = lim cf(x) = c lim f(x) = cf(a) = (cf )(a). Therefore, cf is continuous at a. 


@Z—a wa wa 


(b) Since f and g are continuous at a, lim f(a) = f(a) and lim g(x) = g(a). Since g(a) 4 0, we can use the Quotient Law 


xL£—-a 


i 
of Limits: lim (Z) (a) = lim TE ont) aI) 8 (£) (a). Thus, , is continuous at a. 


Proof of Law 6: Let n be a positive integer. By Theorem 8 with f(x) = 2”, we have 


lim [g(2)]" = lim f(g(e)) = f (im g(x) = [lim g(@)]" 


za za La za 


Proof of Law 7: Let n be a positive integer. By Theorem 8 with f(x) = Wx, we have 


lim *Vg(@) = lim f(g(x)) = f (lim 9(x)) = /Tim g(@) 


@—a La (Jim za 


If there is such a number, it satisfies the equation «? +1 =a x —x +1 =O. Let the left-hand side of this equation be 
called f(x). Now f(—2) = —5 < 0, and f(—1) = 1 > 0. Note also that f(x) is a polynomial, and thus continuous. So by the 


Intermediate Value Theorem, there is a number c between —2 and —1 such that f(c) = 0, so that c = c? +1. 


is continuous nowhere. For, given any number a and any 6 > 0, the interval (a — 6,a + 6) 


f(x) = 


0 if x is rational 
1 if @ is irrational 
contains both infinitely many rational and infinitely many irrational numbers. Since f(a) = 0 or 1, there are infinitely many 


numbers x with 0 < |x — a| < d and |f(x) — f(a)| = 1. Thus, lim f(x) # f(a). [In fact, lim f(x) does not even exist.] 


O ifxisrational | ; 
g(x) = pone bee is continuous at 0. To see why, note that — |a] < g(a) < ||, so by the Squeeze Theorem 
x if x is irrational 


lim g(x) = 0 = g(0). But g is continuous nowhere else. For if a 4 0 and 6 > 0, the interval (a — 6,a + 6) contains both 


infinitely many rational and infinitely many irrational numbers. Since g(a) = 0 or a, there are infinitely many numbers x with 


0 < |x — a] < 6 and |g(x) — g(a)| > |a| /2. Thus, lim g(x) 4 g(a). 


f(x) = a* sin(1/2) is continuous on (—0o, 0) U (0, 00) since it is the product of a polynomial and a composite of a 
trigonometric function and a rational function. Now since —1 < sin(1/x) < 1, we have —x* < x* sin(1/x) < x*. Because 


lim (—2*) = 0 and lim x* = 0, the Squeeze Theorem gives us lim (a* sin(1/2)) = 0, which equals f(0). Thus, f is 


x2—0 


continuous at 0 and, hence, on (—oo, 00). 


a b : 
Bua at + EC erarm Yay 0 a(x* + 2 — 2) + b(a* + 2? — 1) = 0. Let p(x) denote the left side of the last 


equation. Since p is continuous on [—1, 1], p(—1) = —4a < 0, and p(1) = 2b > 0, there exists a c in (—1, 1) such that 
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p(c) = 0 by the Intermediate Value Theorem. Note that the only solution of either denominator that is in (—1, 1) is 


(—1+ V5)/2 =r, but p(r) = (3.5 — 9)a/2 ¥ 0. Thus, c is not a solution of either denominator, so p(c) =0 => 


x = cis a solution of the given equation. 


75. Define u(t) to be the monk’s distance from the monastery, as a function of time ¢ (in hours), on the first day, and define d(t) 
to be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the monastery to 
the top of the mountain. From the given information we know that u(0) = 0, u(12) = D, d(0) = D and d(12) = 0. Now 
consider the function wu — d, which is clearly continuous. We calculate that (wu — d)(0) = —D and (u — d)(12) = D. 

So by the Intermediate Value Theorem, there must be some time to between 0 and 12 such that (u —d)(to) =0 <= 


u(to) = d(to). So at time to after 7:00 AM, the monk will be at the same place on both days. 


76. (a) lim F(a) =Oand lim F(a) = 0,s0 lim F(x) = 0, which is F'(0), and hence F is continuous at « = a ifa = 0. 


a—0t 207 


For a > 0, lim F(x) = lim « = a = F(a). Fora < 0, lim F(x) = lim (—x) = —a = F(a). Thus, F is continuous at 


x@2—a xL—a @Z—a @—a 


x = a; that is, continuous everywhere. 


(b) Assume that f is continuous on the interval J. Then for a € I, lim |f(x)| = | lim f(x)| = |f(a)| by Theorem 8. (If a is 


an endpoint of J, use the appropriate one-sided limit.) So | f| is continuous on I. 


1 if#>0 
(c) No, the converse is false. For example, the function f(a) = nae : is not continuous at x = 0, but | f(a)| = 1 is 
-l tfa< 
continuous on R. 
2.6 Limits at Infinity; Horizontal Asymptotes 
1. (a) As x becomes large, the values of f(x) approach 5. 
(b) As x becomes large negative, the values of f(a) approach 3. 
2. (a) The graph of a function can intersect a The graph of a function can intersect a horizontal asymptote. 
vertical asymptote in the sense that it can It can even intersect its horizontal asymptote an infinite 
meet but not cross it. number of times. 


YA i yA 
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(b) The graph of a function can have 0, 1, or 2 horizontal asymptotes. Representative examples are shown. 


yA 


No horizontal asymptote One horizontal asymptote Two horizontal asymptotes 
3. (a) lim f(x) = -2 (b) lim _ f(e) =2 () lim f(x) = 00 
(d) iim f(x) = —-co (e) Vertical: « = 1, x = 3; horizontal: y = —2, y = 2 
4. (a) lim g(x) =2 (b) Jim _ g(x) =-1 (c) lim g(x) = —00 
(d) lim, g(x) = —oo (e) pat g(x) = 00 (f) Vertical: « = 0, x = 2; 


horizontal: y = —1, y = 2 


6. f(0)=0, lim f(#)=o0, lim f(r) =-~w, 


x21 a—1t 


7 lim f(z)=co, lim f(x) =—-o«, 8 
ina xr 3 
lim, f(x)=co, lim f(x) =1, 
2—3 @L—+—0o 
lim f(a) =—-1 
yIA 3 
yo ip 
0 3 7 
eas sae 


| 
H 
fi 
1 
' 
1 
1 
' 
cpsctcececdet 
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9. f(0)=0, lim f(x) = —co, lim f(x) =-c, 


zl 


f is odd 


x—0 r—3— 
lim f(#)=4, lim f(r) =1 
ex—3t ~L—0o 

y 


11. If f(a) = a?/2”, then a calculator gives f(0) = 0, f(1) = 0.5, f(2) = 1, f(3) = 1.125, f(4) = 1, f(5) = 0.78125, 


f(6) = 0.5625, f(7) = 0.3828125, f(8) = 0.25, f(9) = 0.158203125, f(10) = 0.09765625, f(20) ~ 0.00038147, 


f (50) © 2.2204 x 107”, f(100) = 7.8886 x 1077". It appears that lim (27/2”) = 0. 


12. (a) From a graph of f(x) = (1 — 2/x)* in a window of [0, 10,000] by [0, 0.2], we estimate that lim f(x) = 0.14 


(to two decimal places). 


Z—0o 


(b) From the table, we estimate that lim f(a) = 0.1353 (to four decimal places). 
E fe) | ee 
10,000 | 0.135308 
100,000 | 0.135333 
1,000,000 | 0.135 335 


Qa? —7 
zoo 542 +2 —3 


(2a? — 7)/x? 


13. li = 1 
ne pee (5a? + « — 3)/a? 


lim (2 — 7/x?) 
lim (5 + 1/2 — 3/2?) 


lim 2— lim (7/27) 


xL—-0Co Z—0Co 


lim 5+ lim (1/2) — lim (3/2?) 
2—7 lim (1/2?) 
~ 5+ lim (1/2) —3 lim (1/22) 


_ 2—7(0) 
~ 5+0+3(0) 
Ag 

5 


[Divide both the numerator and denominator by x” 


(the highest power of x that appears in the denominator) ] 


[Limit Law 5] 


{Limit Laws | and 2] 


{Limit Laws 8 and 3] 


[Theorem 5] 
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19. 


20. 


21. 


22. 
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rt V S—be+a? — Vern 3 baba? Pe 


[.. 94+8/x? — 4/23 iv. s 
= im, 3/a3 —5/a2 +1 [Divide by x ] 


lim (9+ 8/a? — 4/2") 
ie |e Limit Law 5 
\\ lim G/a8 — 5/2? +1) caren 


Z—Co 


se t8e—4 _ || 9x* + 8a — 4 


lim 9+ lim (8/27) — lim (4/23) 
= ee ee Limit Laws 1 and 2 
\ lim (3/a3) — lim (5/x?) + lim 1 [Limit Laws 1 and 2] 


948 lim (1/2?) — 4 lim (1/2°) 
aa \ 3 lim G/3) 25 Im G/) 41 [Limit Laws 8 and 3] 


_ /9+8(0) — 4(0) 
3(0) — 5(0) +1 [Theorem 5] 


= Lee pee 
1 
am 22+3 — tym (40 +3)/t _ i, 4438/0 _ jim 443 lim (1/t) 44300) 4 
a0 5@—- 1 as0 (5u—-1)/e r405-1/a lim 5— lim (1/z) 5-0 5 
ec ees eg ee ae Seaton eg =0 
“a oo BU +7 200 (84+ 7)/a 20 347/ax lim 3+7 lim (1/z) 3+0 
2 2 3 2 
lim i lim (3t° + t)/t a 3/t+1/t 
tooo 8 —4t +1 toc (8 —4t4+1)/8  to-0 1 — 4/0? 41/83 
c + 2 
Jim 91-4 lim (1/¢)+ lim (1/#) ~ 1—4(0) +0 
_ 6? +t-5 _ (6t?+t—5)/t? _ 6+1/t-5/?  6+0-0 
l = 1 = 1 = =- 
ie GI ass O-OR YR” te OAtS2 02 7 
r—r 2 (r — 3) /r3 1/r?—1 0-1 1 


li =1 = li = 
roe or poe O—- bar) sels — rts 0-043 8 


_ 322-8442 (3a — 84 + 2)/x3 . 3-8/2? 4+2/e2 3-040 3 
lim = lim = lim = = 
roo 403 — 5a? —2 x00 (403 — 5a? — 2)/a8 a0 4—5/a — 2/23 4-0-0 4 


(4— Vz) VE 4/VE-1_ 0-1 


lim = lim ————— = lim —=-l 


woo 2+ Ve ro (2+VJz)/fxe wo 2//r+1 O0+1 


lim = lim [(u" eu ) (20 = ))| frit = lim 


[(u? +1) /u’ [(2u? - 1)/u?| 


ep (u2 + 2)? ese (u2 + 2)? /uA uo (ut + 4u2 + 4) /u4 
= ah (1+ 1/u?) (2—1/u?) _ (1+9)2-0)_, 
u——oo (1+ 4/u? + 4/u4) 1+0+0 
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(Ea. (SaEae lim ./(a + 3a?)/x? 
gS th TSS Me 1 [since x = Vx? for x > 0] 


23. li 1 = 
poe Al. soe (= Lye lim (4 — 1/2) 
=P ES occa va 
lim 4— lim (1/z) 4—0 4 4 
3 t+3 : (€+3)/t . 1+3/t : 
244. lim ———S- =-s din —————— = Lim — [since ¢ = Jt for t > 0| 
too ,/2t2 — 1 too 4/22 — 1/t tac 4 f 2 1/t? 
Se ee Sg ot Ose We ee 
jim /2-1/? jim 2— lim (1/#?) V2-0 v2" 2 
: /T + 4x6 . T+ 4x6 / a? Jim (1 + 42%) /x® ; F . 
2. Jim a a ae = Jim (Q—2)/a3 = ~~ lim (2/a3—1) _ [since u=V2x for x > 0| 
lim \/1/x° +4 lim (1/x°) + lim 4 
~ Tim (2/23) — lim 1 0-1 
_V04+4 2 | 35 
—1 —1 


lim —,/(1+4+ 426) /ax® 


af 6 / 6 3 
para li Ea cae [since «® = —Va8 for x < 0] 


26. li 
lim —,/1/x®°+4 —,/ lim (1/2°)+ lim 4 
~ 2 lim (1/a3)— lim 1 
rn ac ee 
-—1 —1 
5 on? — 4 _ 3 
Fi ng POS ppg OIE pe Boat 
w~——0O r++3 wZ—>—0O (a4 + 3) /a4 ~——0o 1+ 3/a+ 
= —oo since 2” — 1/22 + —oo and1+4+3/a* > las — —0o 
3 3 2 2 
g@t+6qg-4  ,. (¢?+6q-4)/q _ im ¢+8/4— 4/9 


28. li 
goo 4g? —38q+3 qo (4q?—3q+3)/q2 «700 4—3/qt3/¢2 
= oo since q + 6/q — 4/q? — oo and 4 — 3/¢+3/q+3/q? > 4asq— 00 
/25t? +24 5t (25t? + 2) — (5t)? 
29. lim (/25t? + 2 —5t) = lim (V25t? + 2 — 5t ( = lim 
a ete '\ Sosreg eee) 2s yomeo+ es 
a/t 


2 
lim = lim 
too 2517 +24 5t too (1/254? + 2 + Bt) /t 


F 2/t : 
= in —_———_. [since t = Vt? fort > 0] 
too \/25 42/12 +5 


0 


= —————- = 0 
V¥25+0+5 
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/4a? + 3a — 2 (4a? + 3a) — (2x)? 
30. lim (/40?4+374+2r7)= lim (742? + 32 + 2a = lim 

Z——0o ( ) Lr — be ) — + 3a — 2x L— — oo V4x2 + 3x — 2x 

= lim pa lim f25 OM = es . 

2-00 /4g? + 3a —Qar 2-00 (4x? + 3a — 2x) /x 

= lim a ae [since v= —V x? forx < 0| 

a—+—0o —,/4+3/a —2 
= 3 _ 3 
—-V4+0-—2 4 
lim (Ve See one ba) lim (Va? + ax — Va? + br) (V2? + ax + V2? + br) 
@—00 T— 00 Vax? + ax + Vx? + bx 
ee (x? + ax) — (x? + br) a Aas [(a — b)a]/ax 
sao Ve part VE ton 2 (Je tant Va? +bn)/Ve 
ited a—b a—b _a-—b 
BC V1+a/et /1+b/a 1+b/x ~ VI+0+V1+0 2 
*- (va) 
cf av —(Vvae 2 2 
32. lim (e-vz) = lim (« vz) E v2 |- lim = lim = 2 lim (« aie 

Z—0O x~Z—0O ot x Z—0o at Va 


= lim = =oo sincex—1— ooand14+1/Vxz— 1 asx — 00 


lim 2” a 


LZ——cCo 


— —oo and 


33. lim (2? +227) = 


L——Co 


1 
( + 2) [factor out the largest power of x] = —oo because x 


1/a® +2 — 2as 4% — —oo. 


Or: 


lim (ze + 2a") = lim 2’ (1 + 2a°) = —oo. 
34. lim (e~” + 2cos3z) does not exist. lim e~” = 0, but lim (2cos3z) does not exist because the values of 2 cos 3a 


oscillate between the values of —2 and 2 infinitely often, so the given limit does not exist. 


35. Since —1 < cosa < 1 and e~2” > 0, we have —e~ 2” < e~?” cosa < e~?”. We know that lim (—e~?") = 0 and 


ZL Co 


lim (e~?*) = 0, so by the Squeeze Theorem, lim (e~?* 


LoCo LoCo 


cos x) = 0. 


a) 
1 1 
36. Since 0 < sin? x < 1, we have 0 < = < We know that lim 0 = 0 and Jim = 0, so by the Squeeze 
e+) wel ~— 00 coo e2 +1 
+2 
Theorem, Jim a = 0, 
coo x27 +1 
.  1l-e® . (1—e7)/e” . lfe?-1 O-1 1 
37. 1 — al = =— 
gon La Dee > gon (l Pee ase let 2 OF2 °° 2 
3a 3a —6x 
Se : : - . l- 1-0 
38. Divide numerator and denominator by e°”: Jim, a = Jim ho = To" 1 
39. lim e*°" = Osince secz — —ooas a — (x/2)*. 
a—(n/2)t 
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40. Lett =Inz. Asx > 0*,t > —oo. lim tan7'(Inz) = lim tan~*t = — by (4). 


M1. lim [In(1 + 2?) — 


Z—Co 


parentheses is 00. 


42. lim [In(24+ x) — 


In(1+<2)]= lim In 


a—Ot t——0o 


i BE 3 fs is o(iited a en ee 
LOO l+az ~L— Co 1/x+1 1 


2 2 a. 
In(1 + 2)) = lim ieee =In (Jim sa! ) = In (im = *) = oo, since the limit in 


43. (a) (i) lim f(x) = lim — = (since x = 0+ and Ina > —oo asx = 0°. 
a—ot «r30+ Inge 
(ii) me f(x) = lim ee =~ since w > Land Ine > 0- ast 1. 
a—1— 
(iii) lim f(x) = lim — = oosince x > LandInz — 0+ asx > 1*. 
ait 21+ ng 
(b) (©) ti 
1 
cies ae It appears that lim f(a) = oo. 
1,000,000 72,382.4 eee 0m 
\ x=1 


44. (a) (i) Jim f(x) 


(i) lim, f(x) = 


(iii) jim f(x) = 


217 Ina Inz 
(iv) a f(x) lim : oo sin 2 2 and : ooasa — 1t 
= = —, — — 
g—it Inx mera Inz : , 
ob) "Af 
0 2 Le 
x Inx 
45. (a) —100 0 (b) 
—10,000 | —0.4999625 
—100,000 | —0.499 996 2 
—1,000,000 | —0.4999996 
-1 
F the table, timate the limit to be —0.5. 
From the graph of f(x) = Vx? +2 +1+.2, we vores Prestige tera ezatecr aad 


= lim Z : jens > O and : >O0asx%— oo. 
z->oo\a Ing x Inz 


x 
8 


2 
x 
lim 2) dy Serhed © SS a ae seat age 
x x 
2 
x 


estimate the value of lim f(x) to be —0.5. 
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ye arate ee (c? +441) —2? 
c) lim (/xz?+2+4+1+4+2)= lim (Vz?+e2+1+2 = lim 
(c) tim. ( ) _ jim, ( ) J/e2tatil-«z x~L—>— Oo Vrzt+at+l—-« 


_ im —_@+D0/) = L+ (1/2) 
woo (Va? +e+1—2)(1/x) 2-0 —\/1+ (1/2) + (1/2?) -1 


1+0 1 


~ =JI+0+0-1 2 
Note that for x < 0, we have Vax? = |x| = —x, so when we divide the radical by x, with x < 0, we get 


SVE FEEL =~ ava al = —VT4 Oa) +), 


46. (a) 15 (b) 


f(z) 
1.443 39 
1.443 38 
1.443 38 


x 
10,000 
100,000 
1,000,000 


0 100 
ht From the table, we estimate (to four decimal 


a places) the limit to be 1.4434. 


f(x) = V3a? + 8a + 6 — 3x? + 3a + 1, we estimate 


(to one decimal place) the value of lim f(x) to be 1.4. 


3x2 + 8. 6 — V3x2 + 374+ 1 32? + 8 64+ V322+3 1 
Ae ee aan ecm) Ta ale Sc 
200 200 3a? + 8a +6 + V3a2 +3041 


aie, (3a? + 8a +6) — (327+ 3a+1) _ jc (5a + 5)(1/z) 

woo V/3a? + 8x +64 V3x27+3a4+1 200 (3a? + 8x +64 V3x? + 32 4+1)(1/z) 
rae 5+5/x ee eee ee 
woo 4/3 + 8/x + 6/02 + \/3+3/e4+1/e2 V34+V3 2V3 6 


& 1.443376 


47. lim 5+4a0 _ lim (5+ 4a)/a _ lim S/a+4 0+4 10 


soto £4+3 a—-+too (a + 3)/ax a— too 14 3/a 1+0 = | 


y = 4is a horizontal asymptote. y = f(x) 


4 
= 2+ = 0 lim | f(z) = —o00 


x—>—3 


since 5 + 42 — —7and2+3— 0+ asa — —3*. Thus, x = —3 isa vertical 


asymptote. The graph confirms our work. —10 


2 2 2 
die igs 2 ON ee 5 
aoc 342 +24—1 «+00 (3a? + 2x — 1)/2? 


: 24+ 1/2? 2 
= lim —ue = 
a—too 3+ 2/x — 1/x? 3 5 


sO = 7 ia horizonital'as mptote. y = f(x) = BUA as ant +1 (| 
eee ee a ANE ee Fe (ae = Dace). 


=% 


iE 
3 


1 


The denominator is zero when x = 3 and —1, but the numerator is nonzero, so z = 3 and x = —1 are vertical asymptotes. 


The graph confirms our work. 
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50. 


51. 


52. 


CHAPTER 2 LIMITS AND DERIVATIVES 

Qa? +4 —1 tt fie bea 
. Qn? +x—1 . 72 . 2+ Fe | ee x—+too x 2 

li = lim 5 = lim = 
xw—too w+en 2 a—otoo g*+t+a—2 ime RT i . 1 2 
——— grea eer 
x «+00 Ce 

1 


ae ae 
Pi a a ae ree ear) 240-0 _, 


T ~ 1+0-2(0) 
2 


, so y = 2isa horizontal asymptote. 


lim 1+ lim Disy lim 


2-00 Z—>ro0o L Z—>too & 
7 
Qa? +ae—-1  (2e—-1)(a4+1) : 
_ = Zz l = 
US I) Gos ag GPG f(x) = 00, 
lim f(x) = —oo, lim f(x) =—oo, and lim f(x) = oo. Thus, x = —2 
a—3>—2t 2z—1- aot 4 ae 3 
and x = 1 are vertical asymptotes. The graph confirms our work. 
-3 
1+24 1 1 14, 
ae. te Da (tt) tim + it 
lim = z= lm > z= lim T = = T 
ewan ee oe eget 7 Ro er, eA, li 1 1 lim —— lim 1 
Z gee pal et) Ee 
= — =-1, soy =-—1isa horizontal asymptote. 
10 
1+2* 1+a4 1+2a* t 
y=f(«)= Poe PUR w) = PU +a)0 28) The denominator is i 
zero when x = 0, —1, and 1, but the numerator is nonzero, so x = 0, x = —1, and 
3 + + + + 3 
x = 1 are vertical asymptotes. Notice that as x — 0, the numerator and Es T oD 
3 
denominator are both positive, so lim f(x) = co. The graph confirms our work. 
3 2 
ue — 2 a(x* — 1) a(a@+1)\(a—1) a(a+4+1) 
= = ey SN ES = o(e) tong 4 LL, 
IM) aee ee GE Ges s) eee 7 
The graph of g is the same as the graph of f with the exception of a hole in the 40 
2 
ae 30 ea 
graph of f at x = 1. By long division, g(x) = a x+6+—. 
x—5 x—5 
As x — +00, g(x) — +00, so there is no horizontal asymptote. The denominator 20 40 
of g is zero when x = 5. lim g(x) = —oo and lim, g(x) = co, sox = 5isa ye) 
a235- 25 
—20 
vertical asymptote. The graph confirms our work. 
x x x 2 : . 
lim ae li an ie lim 2 2,80 y = 2 is a horizontal asymptote. 


lim ae 5 2 (0) 0, so y = 0 is a horizontal asymptote. The denominator is zero (and the numerator isn’t) 
x co e® 
when e* —5 =0 ev =5 x =Ind. 


[continued] 
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5 
2e" . : 
lim rf e aS oo since the numerator approaches 10 and the denominator 
x—(In5)+ e% — 
approaches 0 through positive values as 2 — (In 5)*. Similarly, ; 
7 
2e” : : 
lim : 5 = —oo. Thus, x = In 5 is a vertical asymptote. The graph 7 
x—(In5)— e* — - 


confirms our work. 


53. From the graph, it appears y = 1 is a horizontal asymptote. 


3a + 5002 
. 3x3 + 5002? : a 
a—+too 3 + 500x? + 100a + 2000 = 2>+400 x? + 500x* + 100x + 2000 
3 
ne ae 3+ (500/x) 
~ wstoo 1+ (500/x) + (100/x2) + (2000/2?) 
= oo = 3, soy = 3isa horizontal asymptote. 
2 
The discrepancy can be explained by the choice of the viewing window. Try 
[—100,000, 100,000] by [—1, 4] to get a graph that lends credibility to our 
calculation that y = 3 is a horizontal asymptote. 
—10 10 
0 
54. (a) 10 1 
10 10 100 100 


From the graph, it appears at first that there is only one horizontal asymptote, at y ~ 0, and a vertical asymptote at 
ax & 1.7. However, if we graph the function with a wider and shorter viewing rectangle, we see that in fact there seem to be 
two horizontal asymptotes: one at y © 0.5 and one at y  —0.5. So we estimate that 


. V2r2 +1 : V2u2 +1 
lim ———— # 0.5 and if ——— 2 


0. ~ —0.5 
oat Weaeh Aas Ses 


V2u? +1 
(b) f(1000) + 0.4722 and f (10,000) + 0.4715, so we estimate that lim Mee” 0.47: 


@rz—-0o xr—5 


: ; 2x2 +1 
f(—1000) + —0.4706 and f(—10,000) + —0.4713, so we estimate that lim —— = —0.47. 


V 2x? 2+1/x? 2 
(pti, EN pg OE i ern tee Sof 282 Garin 
For x < 0, we have Vx? = |x| = —2, so when we divide the numerator by x, with x < 0, we 
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get * Jie +1= a V2xn2 +1 = —\/241/x?. Therefore, 
x 


2 —./P4 1/2 
Py is V8 TE =, v2 ~ 0.471404 


fa 
oes Sees ese Sabre 


55. Divide the numerator and the denominator by the highest power of x in Q(z). 


(a) If deg P < deg Q, then the numerator — 0 but the denominator doesn’t. So lim [P(x)/Q(a)] = 0. 


(b) If deg P > deg Q, then the numerator — +oo but the denominator doesn’t, so lim [P(a)/@Q(ax)] = oo 


(depending on the ratio of the leading coefficients of P and Q). 


56. y y y ie J) 
0 7 A is v is ~ ia 0 


ajn=0 (i)n > 0 (nodd) (iii) > 0 (neven) (iv)n <0 (nodd) (v)n <0 (neven) 
From these sketches we see that 
1 ifn=0 
1 ifn=0 
; 0 ifn>0 
(a) lim a” =40 ifn>0 (b) lim 2” = ; 
20+ 207 —oo if n<0, nodd 
co ifn<0 
coo if n<0, neven 
1 ifn=0 
1 ifn=0 
—oo if n>0, nodd 
(c) lim a” =<oo ifn>0 (d) lim 2” = 
z— 00 x— —Co co if n>0, neven 
0 ifn<0 
0 ifn<0O 
57. Let’s look for a rational function. 
(1) lim f(x)=0 = degree of numerator < degree of denominator 
(2) lim f(z) =—oo = there is a factor of x? in the denominator (not just x, since that would produce a sign 
change at x = 0), and the function is negative near x = 0. 
(3) lim f(#) =coand lim f(#)=-—oco = vertical asymptote at x = 3; there is a factor of (x — 3) in the 
2—33- x3 


denominator. 


(4) f(2)=0 = 2isan z-intercept; there is at least one factor of (x — 2) in the numerator. 


Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits gives us 


2-2 
aaa) 


as one possibility. 


58. Since the function has vertical asymptotes x = 1 and x = 3, the denominator of the rational function we are looking for must 


have factors (~ — 1) and (x — 3). Because the horizontal asymptote is y = 1, the degree of the numerator must equal the 


a? 


degree of the denominator, and the ratio of the leading coefficients must be 1. One possibility is f(x) = G=DG=s) 
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59. (a) We must first find the function f. Since f has a vertical asymptote x = 4 and x-intercept « = 1, x — 4 is a factor of the 


denominator and x — 1 is a factor of the numerator. There is a removable discontinuity at x = —1,so x — (—1) = x+1is 


a(a — 1)(a +1) 
(a — 4)(a + 1) 
a(a—1)  a(—1-1) 


2 
= li For" ST = = 2; d 
D “ mm z mi (-1 = 4) 5° SO ae an 


a factor of both the numerator and denominator. Thus, f now looks like this: f(v) = , where a is still to 


a(a — 1)(a + 1) 
(x— 4)(a 4 


be determined. Then lim f(x) = lim | 


ow — 


a= 5. Thus f(x) = we is a ratio of quadratic functions satisfying all the given conditions and 


f() = = 


; oo ae a ee (a? /a?) — (1/2?) ee oe 
OC) ee) => Dead Ls Ge) Gee) Tao =0 


5(1)=5 


60. y = f(x) = 22° —a* = a3(2—-2). The y-intercept is f(0) = 0. The 2h 


x-intercepts are 0 and 2. There are sign changes at 0 and 2 (odd exponents on x 


and 2 — 2). As « — 00, f(a) + —oo because x? — 00 and 2 — a — —oo. As 


3 


x — —o0, f(x) — —oo because %” — —oo and 2 — x — oo. Note that the graph 


of f near x = 0 flattens out (looks like y = 2°). 


61. y = f(x) = 24 — 2 = 24 (1 — 2?) =24(1+2)(1—-2). The y-intercept is y 
y 


f(0) = 0. The x-intercepts are 0, —1, and 1 [found by solving f(a) = 0 for J. 0 1 


ev 


Since «* > 0 for « 4 0, f doesn’t change sign at x = 0. The function does change 


sign at 2 = —l anda = 1. As x — tov, f(x) = x*(1 — x”) approaches —oo 


because a — oo and (1 — 2”) > —oo. 


62. y = f(x) = a3 (a +2)?(x—1). The y-intercept is f(0) = 0. The x-intercepts 
are 0, —2, and 1. There are sign changes at 0 and 1 (odd exponents on x and 


x — 1). There is no sign change at —2. Also, f(a) — oo as x — oo because all 


three factors are large. And f(x) — 00 as a —+ —oo because x* — —oo, 


(a + 2)? — oo, and (x — 1) — —oo. Note that the graph of f at 2 = 0 flattens out 
(looks like y = —2?). 


63. y = f(x) = (3—a)(1+2)?(1—-2)*. The y-intercept is f(0) = 3(1)?(1)* =3. 
The x-intercepts are 3, —1, and 1. There is a sign change at 3, but not at —1 and 1. 
When z is large positive, 3 — x is negative and the other factors are positive, so 


lim f(x) = —oo. When z is large negative, 3 — x is positive, so 


LoCo 


lim f(x) =o. 


L——Co 
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64. 


65. 


66. 


67. 


68. 


CHAPTER 2 LIMITS AND DERIVATIVES 


y = f(a) = 2? (a? — 1)? (a +2) = 2? (a +1)?(a — 1)?(e@ + 2). The aa 
y-intercept is f(0) = 0. The x-intercepts are 0, —1, 1, and —2. There is a sign 


change at —2, but not at 0, —1, and 1. When z is large positive, all the factors are 


positive, so lim f(a) = oo. When z is large negative, only x + 2 is negative, so ie. ‘i 
lim f(x) = —oo. 
: : 1 © sing 1 
(a) Since —1 < sing < 1 forall a, —— < < — forx > 0. As x > co, —1/x — Oand 1/x — 0, so by the Squeeze 
x x x 
sing 


Theorem, (sin x)/x — 0. Thus, lim =0. 


@r— co Pi 
(b) From part (a), the horizontal asymptote is y = 0. The function 


y = (sin) /z crosses the horizontal asymptote whenever sin x = 0; 


that is, at x = an for every integer n. Thus, the graph crosses the 25 25 


asymptote an infinite number of times. 


=05 
(a) In both viewing rectangles, 2 L000 
lim P(x) = lim Q(x) = coand 
lim P(#)= lim Q(x) =-o. = 2 
In the larger viewing rectangle, P and Q 
a 2 —10,000 
become less distinguishable. 
_ P(x) _ 3a° — 5a? + 2a : eee ee ee are 
P and Q have the same end behavior. 
1 
ie SO, Se a eee aes 
ao Je—1 Ife 2+ ,/1— (1/2) V1 —0 
. 10e"—21 I/e”™ |, 10—(21/e") 10-0 © . 10e” — 21 5 fx 
Jim a es jim, 5 5 5. Since — eee f(a) < 7’ 


we have lim f(a) = 5 by the Squeeze Theorem. 


(a) After ¢ minutes, 25¢ liters of brine with 30 g of salt per liter has been pumped into the tank, so it contains 
(5000 + 25t) liters of water and 25t - 30 = 750t grams of salt. Therefore, the salt concentration at time t will be 


750t 30t_g 


th= = ; 
OY) 5000+ 25 200+¢L 


im 30! ; 30t/t 30 


= li Sit = jim, 300/t +1/t =9 a = 30. So the salt concentration approaches that of the brine 


(b) Jim C(@) 


being pumped into the tank. 
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(a) jim v(t) = jim uv (1 - oe) =v*(1-0) =v" - 
(b) We graph v(t) = 1 — e~°** and u(t) = 0.990%, or in this case, 
v(t) = 0.99. Using an intersect feature or zooming in on the point of 
intersection, we find that t ~ 0.47 s. , 


(a) y = e~*/?° and y = 0.1 intersect at 71 ~ 23.03. 


1 
Ifx > x1, thene*/" < 0.1. 
(b) e729 < 0.1 => -2/10<In01 => 
x > —10In 4% =—10In 107" = 10In 10 © 23.03 — 
ee 


= 


0 
307 +1 
Let g(x) = oes and f(a) = |g(x) — 1.5]. Note that ee 
lim g(x) = 3 and lim f(a) = 0. We are interested in finding the y=0.05 
a-value at which f(x) < 0.05. From the graph, we find that x + 14.804, 
so we choose N = 15 (or any larger number). 0 20 
1— 3x : 
We want to find a value of N such that ¢ > N aE (—3)} < e, or equivalently, 
x 
38-E< Ee < —3+e. When e = 0.1, we graph y = f(x) = sea! = —3.1, and y = —2.9. From the graph 
ee -1, we graph y Paes a es an graph, 


we find that f(z) = —2.9 at about x = 11.283, so we choose N = 12 (or any larger number). Similarly for ¢ = 0.05, we find 
that f(x) = —2.95 at about x = 21.379, so we choose N = 22 (or any larger number). 


1-32 1-32 
We want a value of N such that x < N => | = — 3} < ¢, or equivalently, 3 — « < —=———= <3+e. Whene = 0.1, 
Rosa | a sf Je+l 


1-32 
we graph y = f(x) = TA 


choose V = —9 (or any lesser number). Similarly for ¢ = 0.05, we find that f(x) = 3.05 at about « = —18.338, so we 


,y = 3.1, and y = 2.9. From the graph, we find that f(a) = 3.1 at about « = —8.092, so we 


choose N = —19 (or any lesser number). 


1 2.8 
—20 —10 0 —30 —20 —10 0 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 
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We want to find a value of N suchthatx >N = vValnz > 100. 
We graph y = f(x) = Vxlnzand y = 100. From the graph, we find 


that f(x) = 100 at about x = 1382.773, so we choose N = 1383 (or 


any larger number). 
0 1000 2000 


(a) 1/2? < 0.0001 = 2x? >1/0.0001=10000 = x«>100 («>0) 


(b) Ife > Ois given, then1/a?<e © a2 >1/e & w#>1f//e.LetN=1//. 
1 


2 


1 1 
-o=4<es0 lim = = 0. 


Zoo LT 


Thenz>N => peo > 


Ve 
(a) 1/Vx < 0.0001 = Vx>1/0.0001=10* = x> 108 


(b) Ife > Ois given, then1/\/r<e & Va>I1/e & «> 1/e?. LetN =1/e?. 


1 
<e,so lim —==0. 


2 is 0 7a <2 lim Ze 


For x < 0, |1/a — 0| = —1/z. Ife > Ois given, then -l/t<e @& a< —l/e. 


Then x > N «> 


Take N = —1/e. Thena < N “u<-—l/fe |(1/x) — 0] = —-1/x<e,so lim (1/x) =0. 


Given M > 0, weneed N > Osuchthattzr >N => «2? >M.Now2z?>M ©& «> W/M,sotake N = WM. Then 
t>N=VWM = «x? >M,s0 lim 2? =o. 


Given M > 0, we need N > Osuchthatz > N => e* >M.Nowe*? >M S&S «>I1nM,s0 take 
N = max(1,1n M). (This ensures that N > 0.) Thena > N = max(1,mnM) => ec”? >max(e,M)>M, 


so lim e” = oo. 


xr— oo 
Definition Let f be a function defined on some interval (—oo,a). Then lim f(a) = —oo means that for every negative 
«w——oo 


number M there is a corresponding negative number N such that f(a) < M whenever x < N. 


Now we use the definition to prove that lim (1 + a = —oo. Given a negative number MM, we need a negative number 
«r——Cco 


Nsuchthattz<N => 14+2°<M.Nowl4+2°<M © 2? <M-1 © «< YM—T. Thus, we take 
N = /M — and find thatz < N = 14+42° < M. This proves that lim (1 + cin = —0O. 
(a) Suppose that lim f(a) = L. Then for every < > 0 there is a corresponding positive number N such that | f(a) — L| < ¢ 


whenever « > N.Ift=1/2,thnza¢>N = O0<1/x<1/N = 0O<t<1/N. Thus, for every 
€ > O there is a corresponding 6 > 0 (namely 1/N) such that | f(1/t) — L| < ¢ whenever 0 < t < 6. This proves that 


lim f(1/t)=L= lim f(a). 
tot xL—0o 
Now suppose that lim (a) = L. Then for every ¢ > 0 there is a corresponding negative number N such that 


| f(~) — L| < e whenever < N.Ift=1/z,thna<N © 1/N<1/a<0 Ss 1/N <t <0. Thus, for every 
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€ > O there is a corresponding 6 > 0 (namely —1/N) such that | f(1/t) — L| < e whenever —6 < t < 0. This proves that 


fa f(l/t)=L= jim. f(a). 


1 1 
(b) lim gsin—= lim tsin—- [let x = t] 
a2—0t x t30+ t 


= lim = siny [part (a) with y = 1/t] 


yroy 
sin x 
= li let y = 
ee ee 
=0 [by Exercise 65] 


2.7 Derivatives and Rates of Change 


Ay _ f(a) -f@) 


1. (a) This is just the slope of the line through two points: mpg = ha aa3 


(b) This is the limit of the slope of the secant line PQ as Q approaches P: m = lim Me) — LS) : 


2. The curve looks more like a line as the viewing rectangle gets smaller. 


2 1.5 1.1 
0 0.5 0.9 


3. (a) (i) Using Definition 1 with f(a) = x? + 3” and P(—1, —2), the slope of the tangent line is 
‘2 2 pe 2 
fla) fla), (@+30)-(-2)_ a+ 842 (+ 2)(e +3) 


m= lim 
ra L-a 2-1 x —(-1) z——1 atl 2-1 at+l 


= lim (@+2)=—-1+2=1 
(ii) Using Equation 2 with f(x) = x? + 3a and P(—1, —2), the slope of the tangent line is 
= = =i —1+h)? +3(-1+h)] — (-2 
im fat W=f@) _ yo M14 a) FCI) _ (an)? + 3-1 +A)) - (2) 


h—0 h h—0 h h—0 h 
o ae 2 
yet 2h+h 3+3h+2 4h SED attra UUM ee ped aes 

h—0 h hoo h h=0 h h—0 

(b) An equation of the tangent line is y — f(a) = f’(a)(x — a) y— f(-)) = f’(-1)(# - (-1)) 
y — (—2) = 1(a+ 1) yt2=e+lory=a-1. 
(c) The graph of y = x — 1 is tangent to the graph of y = x? + 32 at the point 
4 2 (—1, —2). Now zoom in toward the point (—1, —2) until the parabola and 


the tangent line are indistinguishable. 
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4. (a) (i) Using Definition 1 with f(z) = 2? + 1 and P(1, 2), the slope of the tangent line is 
= 3 _ 3 —1 2 1 
LNs Oa ite Ge ed a ee ee) 


= li 
a re r—a zl ax-l zl x¢—1 xl a-l 
= lim @@? +e¢4+1)=1?+14+1=3 


ii) Using Equation 2 with f(a) = x? + 1 and P(1, 2), the slope of the tangent line is 
g Eq 


fath)—f(@) _ 5 f+h) - FA) [(A+h)? +1] -2 


es aot h h—0 h hos h 
_ 14+3h4+3h? +h? +1-2 |. h?4+3h7+3h |. h(h? +3h+3) 
= lim = lim = lim 
h—0 h h—0 h h—0 h 
= lim(h? + 3h +3) =3 
h—0 
(b) An equation of the tangent line is y — f(a) = f’(a)(x — a) y—fQ)=f'()(«- 1) y-2=3(a 


ory = 32-1. 
(c) The graph of y = 3a — 1 is tangent to the graph of y = 2? + 1 at the 


point (1, 2). Now zoom in toward the point (1, 2) until the cubic and the 


tangent line appear to coincide. 


5. Using (1) with f(a) = 2x? — 5a + 1 and P(3, 4) [we could also use Equation (2)], the slope of the tangent line is 


= 2 oes 23.57 = _ 
sez tim LOV—L0) _ jy, 08 Se41)—4 5 BP —Se—3_ 4 et Nle—9) 
La L—a 233 xr—3 x23 xr—3 23 xr—3 


= lim(2¢ + 1) = 2(8)+1=7 


Tangent line: y — 4 = 7(a — 3) y-4=7r—-21 y=Tx -17 


6. Using (2) with f(a) = 2? — 2x7 and P(1, —1), the slope of the tangent line is 
flath)— fla), fA+h)—F0) _ (+H)? = 20+ 0)*) - CD) 


ae ben h h—0 h h—0 h 
_ 14+2h+h?-2-6h—-6h?—-2h? +1, —2h?-5h?-4h  . —h(2h? +5h+4+4) 
= im i = s Ji 
h—0 h h—0 h h—0 h 


= lim [—(2h* + 5h + 4)| = —4 


Tangent line: y — (—1) = —4(x — 1) yt1l=-4¢+4 = y=-4r+3 
: : x+2 eee 
7. Using (1) with f(a) = aa5 and P(2, —4), the slope of the tangent line is 
BH Cw x+2+44(x — 3) 
ie ie OSI ye B38 = lim za 3 = li ova 
za L—a 22 x—-2 22 x—2 22 (x — 2)(a — 3) 
: 5(a — 2) 2 5 
=1 =1 - =—5 
a) (z—2)\(@—3) 222-3 2-3 
Tangent line: y — (—4) = —5(ax — 2) y+4=-—5a +10 y=—5a4+6 
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8. Using (1) with f(a) = \/1 — 3x and P (—1, 2), the slope of the tangent line is 


m= lim LOLI _ ln vi-3e-2 _ lim (VI = 3a — 2) (VI— 32 + 2) aa (1 —3a)-4 


poe SA et @—(-l) et (@ + (T= 8a $2). 1 (@ +1) — 30 + 2) 


32 —3 ae —3(2+1) =3 23 3 


im. ———_ ei Se eS 
nt (@ + 1)(V1— 30 + 2) #>-1 (g +1)(/1— 3 + 2) oo Pap. 240 4 


Tangent line: y — 2 = —3 [x — (-1)] y-2=—3c7-3 y=—3a+ 


9. (a) Using (2) with y = f(x) = 3 + 4x? — 22°, the slope of the tangent line is 


f(a+h)— fla) _ 


34+ 4(a +h)? —2(a +h)? — (3 + 4a? — 203) 


coma rs h Pe h 
fiat 4(a? + 2ah + h?) — 2(a? + 3a7h + 3ah? + A?) — 3 — 4a? + 203 
a h-0 h 
re 4a? + 8ah + 4h? — 2a? — 6a7h — Gah? — 2h? — 3 — 4a? + 20° 
a h-0 h 
. 8ah+4h? —6a7h—6ah? —2h? — |. -h(8a + 4h — 6a? — Gah — 2h?) 
= lim = lim 
h—0 h h—0 h 


= lim (8a + 4h 6a? — 6ah — 2h”) = 8a — 6a? 


(b) At (1,5): m = 8(1) — 6(1)? = 2, so an equation of the tangent line (c) 10 
isy —5 = 2(a— 1) y = 22 + 3. 
At (2,3): m = 8(2) — 6(2)? = —8, so an equation of the tangent 


line is y — 3 = —8(a — 2) y= —8¢ + 19. 2 4 


10. (a) Using (1) with f (2) = 2Vx and P(a, 2Va) , the slope of the tangent line is 


ra = o£ —a za (x — a) (2v2+ 2Va) 74 (x — a) (2vx + 2Va) 
A(x — a) me de 4 = 4 _ 4 1 or V2 
8 (7—a)(ave+2va) 7 2Ve+2Va 2Wat2Va ava Va 


[a > 0} 


1 
(b) At (1,2): m= Pit = 1, so an equation of the tangent line is (c) 
y—2=1(a-1) y=arr+l. 
At (9,6): m= ame so an equation of the tangent line is 
0): V5 2.3 q g 
y—6 = 3(x-9) y = 3x3. 
11. (a) We have d(t) = 16t?. The diver will hit the water when d(t) = 100 16¢? = 100 i 25 


t = 3 (t > 0). The diver will hit the water after 2.5 seconds. 
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(b) By Definition 3, the instantaneous velocity of an object with position function d(t) at time t = 2.5 is 


d(2.5 + h) — d(2.5) 16(2.5 +h)? — 100 _ 1m 100 + 80h + 16h? — 100 


u(25)= Ee h =a h bast h 
2 
Siti OO NONE jpg POE ADNY) — gee (504 any = 80 
h—0 h h—0 h h—0 


The diver will hit the water with a velocity of 80 ft/s. 


12. (a) Let H(t) = 10¢ — 1.862”. 


HUE) SY 4s. [10(1 + h) — 1.86(1 + h)?] — (10 — 1.86) 


os ae h a rar, h 
. 10+ 10h — 1.86(1 + 2h + h?) — 10+ 1.86 . 10+10h — 1.86 — 3.72h — 1.86h? — 10 + 1.86 
lim = lim 
h—0 h h—0 h 
= 2 
= lim LSI 2 BONS lim (6.28 — 1.86h) = 6.28 
h—0 h h—0 


The velocity of the rock after one second is 6.28 m/s. 


25 [10(a + h) — 1.86(a + h)?] — (10a — 1.86a”) 
h—0 h rar, h 
10a + 10h — 1.86(a? + 2ah + h?) — 10a + 1.86a? 
h—0 h 
10a + 10h — 1.86a? — 3.72ah — 1.86h? — 10a + 1.86a? = 10h — 3.72ah — 1.86h? 


re 


__ h(10 —3.72a — 1.86h) 
= in ————__+ 
h—0 h 


= lim (10 — 3.72a — 1.86h) = 10 — 3.724 


The velocity of the rock when t = ais (10 — 3.72a) m/s. 


(c) The rock will hit the surface when H = 0 10t — 1.86¢? = 0 t(10 — 1.86¢) =0 t = Oor 1.86¢ = 10. 


The rock hits the surface when t = 10/1.86 = 5.4s. 


(d) The velocity of the rock when it hits the surface is v( 7%) = 10 — 3.72(4) = 10 — 20 = —-10 m/s. 


1 ul a? —(a+h)? 
_ y 8(at+h)—s(a) (a+h)? a? a?(a +h)? 
ee) ee h yas h has h 
_ a? — (a? + 2ah +h?) _ —(2ah + h?) 
= lim = lim 
h—0 ha?(a +h)? h—0 ha?(a +h)? 
. —h(2a+h) : (2a + h) 2a 2 
h0 ha?(a +h)? h00 a2 (ath)? a?-a a3 a 
—2 —2 1 —2 2 
So v(1) = a —2 m/s, v(2) = a —qn/s, and u(3) = as = 757 m/s. 
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14. (a) The average velocity between times ¢ and t + h is 


s(t +h) — s(t) 5(t +h)? —6(t +h) + 23 — (St? — 6t + 23) 
(tth)-t — h 
_ gt? +th+ 5h? — 6t— 6h + 23 — $2? + 6t — 23 
- h 
th+$h?—6h _ h(t+ 5h—6) ; 


(i) [4, 8]: t = 4, h = 8 — 4 = 4, so the average velocity is 4+ 5(4) — 6 = 0 ft/s. 


(ii) (6, 8]: t = 6, h = 8 — 6 = 2, so the average velocity is 6 + 5(2) —6 = 1 ft/s. 


(iii) (8, 10]: t = 8, h = 10 — 8 = 2, so the average velocity is 8 + $(2) — 6 = 3 ft/s. 
(iv) [8, 12]: t = 8, h = 12 — 8 = 4, 50 the average velocity is 8 + 5(4) —6 = 4 ft/s. 
_ a(t+h)—s(t)_, a 
(b) v(t) = lim, —S lim, (t+ $h —6) (c) 4 
=t-—6, sov(8) =2 ft/s. 
20+ 


Sie we 
15. (a) The particle is moving to the right when s is increasing; that is, on the intervals (0, 1) and (4,6). The particle is moving to 


the left when s is decreasing; that is, on the interval (2,3). The particle is standing still when s is constant; that is, on the 


intervals (1, 2) and (3, 4). 


va (m/s) 


(b) The velocity of the particle is equal to the slope of the tangent line of the —_ 
graph. Note that there is no slope at the corner points on the graph. On the 
1 o——o 
interval (0, 1), the slope is 1 — ; = 3. On the interval (2, 3), the slope is ol 4 ae 
7 (seconds) 
— = —2. On the interval (4, 6), the slope is — ; =1. i 


16. (a) Runner A runs the entire 100-meter race at the same velocity since the slope of the position function is constant. 


Runner B starts the race at a slower velocity than runner A, but finishes the race at a faster velocity. 


(b) The distance between the runners is the greatest at the time when the largest vertical line segment fits between the two 


graphs—this appears to be somewhere between 9 and 10 seconds. 


(c) The runners had the same velocity when the slopes of their respective position functions are equal—this also appears to be 
at about 9.5 s. Note that the answers for parts (b) and (c) must be the same for these graphs because as soon as the velocity 


for runner B overtakes the velocity for runner A, the distance between the runners starts to decrease. 
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17. g'(O) is the only negative value. The slope at x = 4 is smaller than the slope at x = 2 and both are smaller than the slope 


at x = —2. Thus, g'(0) <0 < g’(4) < g’(2) < g'(—2). 


(60) — f(20) _ 700-300 400 
60 — 20 40 40 


18. (a) On [20, 60]: = 10 


(b) Pick any interval that has the same y-value at both endpoints. [10, 50] is such an interval since f(10) = 400 and 
f (50) = 400. 


(c) £40) = F410) _ 200-400 _ =200 _ _ 20 
40 — 10 30 30 3 


This value represents the slope of the line segment from (10, f(10)) to (40, f(40)). 


(d) The tangent line at x = 50 appears to pass through the points (40, 200) and (60, 700), so 


700 — 200 _ 500 


= 25. 
60 — 40 20 2 


f"(50) © 


(e) The tangent line at x = 10 is steeper than the tangent line at x = 30, so it is larger in magnitude, but less in numerical 
value, that is, f’(10) < f’(30). 
(f) The slope of the tangent line at x = 60, (60), is greater than the slope of the line through (40, f(40)) and (80, f(80)). 


f(80) = (40) 


is 
So yes, f’(60) > 30 = 40 


19. Using Definition 4 with f(x) = 4a + Landa = 6, 


= 4(6 +h) +1- J25 + 4h — 
f'(6) = lim F(6 + h) ~ F(6) _ lim BY Aa ak ae ee ap eee 
h—0 h h—0 h h—0 h 
etten (25 + 4h — 5)(V25 + 4h+5) _ jg AAD eb ae 4h 
0 h(/25 + 4h + 5) ho 0h(V25+4h +5) 0 h(/25 + 4h + 5) 


4 4 2 


h0/25+4h+5 5+5 5 


20. Using Definition 4 with f(a) = 5a and a = —1, 
= _ f(K = 4 _ 2_ yps 4 p4y_ 
f'(-1) = lim f(-1+h)— f( Dy oe 5(-1 +h) 5 im 5(1 — 4h + 6h? — 4h? + h*) — 5 
h—0 h h—0 h h—0 h 


. —20h + 30h? — 20h? +5h* — ..  —R(20 — 30h + 20h? — 5h3) 
in: ——— eee ir 
h—0 h h—0 h 


= iim [—(20 — 30h + 20h? — 5h>)| = —20 


2 


21. Using Equation 5 with f(a) = = 5 and a = 3, 
x x? — (+6) 
/ _ 4: f(x) f(3) _ ,. x+6 2 cat xa+6 oe x? —x2—6 
F(3) be x—3 os x—3 bees xz—8 PV Gre =3) 
en eee ee ee 
GEG jee oeo 8 
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1 
22. Using Equation 5 with f(x) = anda = 1, 
g Eq i) = oes 
te tk 2-f/2r +2 
ay ay OE OE ii 
2 x—1 al a-l al z—1 zl 2/22 +2 (x —1) 
oni (2— /2n 42) (24+ /2n +2) ciel 4 — (2x + 2) 
21 2/2e+2(e—-1)(24+V2eF2) 2-1 2/2eF2(e—-1)(24+ V2eF2) 
= lim eee = lim ate) 
21 2/2e+2(e@—-1)(24+72e+2) 2-1 2/2e4+2(e—-1)(24+ V2e42) 
= lim =e =A 1 


ol JI F2(2+V2r+2) V4(2+V4) 8 


23. Using Definition 4 with f(a) = 2x? — 52 +3, 


Age: 2 h)? —5(a+h)+3 2a7 —5a+3 
a) = lim = lim aly (a ies ] es g ) 
f(a) = tim L2+4)-F@) _ , Pl 
h—0 h h—0 h 
. 2a? + dah + 2h? —5a—5h+3-—2a7+5a—-—3 |. 4ah+2h?—5h 
= lim = lim 
h—0 h h—0 h 
= lim MGas 2h 5) tim (4a + 2h — 5) = 4a~5 


h—0 h 
24. Using Definition 4 with f(t) = ¢? — 3¢, 


f(a+h)— f(a) [(a + h)® — 3(a + h)] — (a? — 3a) 


rey 48 _ 
TAG) h ase h 
_ a +3a°h + 3ah? + h3 — 3a — 3h — a? + 3a _ 8a7h + 8ah? +h? — 3h 
= lim = lim 
h—0 h h—0 h 
2 2 
Ti Oe se ESS) 2 Get Aa Sse 8 
h—0 h h—0 
: ne ; 1 
25. Using Definition 4 with f(t) = Pal 
1 1 (a? +1) -[(at+h)? +1] 
Aap Vr + h)2 an 2 2 
f(a) = lim f(at+h) F(@) _ jim (a+h)?+1 a ase ee ee [(a + h)? + 1] (a? + 1) 
h—0 h h—0 h h—0 h 
_ (a +1) —(a?4+2ah+h? +1) —(2ah + h?) ' —h(2a + h) 
= lim = lim = lim 
h—0 h[(a + h)? + 1](a? + 1) no h[(a +h)? +1](a2+1) noo h[(a+h)?2 + 1])(a2 + 1) 
Ais —(2a+h) _ —2a _ 2a 
~ ho0 [(a th)? +1](a2+1)  (a2+1)(a2? +1) (a? +1)? 
26. Use Definition 4 with f(a) = = 
— Ax 
ath a (a+h)(1 — 4a) — a[l — 4(a +h)] 
Pie) <iim f(at+h)— f(a) _ lim 1—4(a+h) 1-4a | hy [1 — 4(a + h)](1 — 4a) 
h—0 h h—0 h h—0 h 
_ a—4a* +h—4ah — a+ 4a? + 4ah ; h 
= lim = lim 
h—0 h{1l — 4(a + h)|(1 — 4a) no h[1 — 4(a + h)](1 — 4a) 
: 1 1 1 
= lin ————_ = _SSSSSS—S<C—— 


h—0 [1—4(a+h)|\(1—4a) (1-—4a)(1—4a) (1- 4a)? 
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27. Since B(6) = 0, the point (6, 0) is on the graph of B. Since B’(6) = —3, the slope of the tangent line at x = 6 is —. 


Using the point-slope form of a line gives us y — 0 = —4(ax —6),ory= he + 3. 


28. Since g(5) = —3, the point (5, —3) is on the graph of g. Since g'(5) = 4, the slope of the tangent line at x = 5 is 4. 


Using the point-slope form of a line gives us y — (—3) = 4(a — 5), or y = 4a — 23. 
29. Using Definition 4 with f(a) = 32? — x anda = 1, 


f(t) = tim LAA MALO — jy BOA)? + vy 2 


h—0 h h—0 h 

. (834+6h+3h?)—(14+3h4+ 3h? +h3)-2 |. 38h—h® , A(B—h?) 
= hn = lim = lim ———— 

h—0 h h—0 h—0 


Tangent line: y — 2 = 3(a — 1) y—-2=3x2-3 y =3a-1 


30. Using Equation 5 with g(x) = «* — 2 anda =1, 


- 495) _(_ 4 2 2 
g(t) = tim LEVIED = gg @*=D= (ED py BAD pg EDO? =D 
a1 z-1 z—1 z-—1 zl g—1 z—1 z-—1 
2 — 
= jim VE FVYE- VY _ lim [(x? + 1)(a + 1)] = 2(2) =4 
a1 z—l x1 
Tangent line: y — (—1) = 4(a — 1) yt+1=4r-4 y=4e-—5 
31. (a) Using Definition 4 with F(a) = 5a/(1 + 2?) and the point (2, 2), we have (b) - 
B(Q+h) 
= 2 
F'(2) = tim E2+M=-FQ) _ jig LECH) 
h—0 h h-0 h J 6 
Sh+100 5h + 10 — 2(h? + 4h + 5) 
lim 27 +4h +5 aa ee h?+4h+5 -2 
h—0 h h—0 h 
—2h? — 3h . h(-2h—3) _  —2h-3 -3 


= lim ————_. = lim —.—— = 


ho A(h2 +4h+5) rooh(h2+4h+5) rsoh?+4h+5. 5 
So an equation of the tangent line at (2, 2) is y — 2 = —2(a—2) or y=—3a4+ 48. 
32. (a) Using Definition 4 with G(x) = 4a? — 23, we have 


G(a+h) — G(a) [4(a + h)? — (a +h)3] — (4a? — a3) 


i pon eas She 
Ce) = ie h ha h 
Le 4a? + 8ah + 4h? — (a? + 3a7h + 3ah? + h3) — 4a? + 03 
h-0 h 
_ 8ah+4h? — 3a7h—3ah?—h? _..  -h(8a + 4h — 3a? — 3ah — h?) 
= lim = lim 
h—0 h h—0 h 


= lim (8a + 4h 3a? — 3ah — h?) = 8a — 3a? 
[continued] 
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At the point (2,8), G’(2) = 16 — 12 = 4, and an equation of the (b) 12 


tangent line is y — 8 = 4(x — 2), or y = 4a. At the point (3, 9), 
G' (3) = 24 — 27 = —3, and an equation of the tangent line is 
y —9 = —3(ax — 3), or y = —3a + 18. 


2 | 7 


—2 


For the tangent line y = 4a — 5: when x = 2, y = 4(2) — 5 = 3 and its slope is 4 (the coefficient of x). At the point of 


tangency, these values are shared with the curve y = f(x); that is, f(2) = 3 and f’(2) = 4. 
Since (4,3) ison y = f(a), f(4) = 3. The slope of the tangent line between (0, 2) and (4,3) is 4, so f’(4) = 4. 


4+h)—f(4) _ ,, [804 +h) —6(4 + h)*] — [80(4) ~ 6(4)"] 


h—0 h h—0 h 

. (320 + 80h — 96 — 48h 6h”) (320 — 96) . 32h — 6h? 

lim = lim 

h—0 h h—0 h 
h(32 — 6h) 


= lim (32 — 6h) = 32 m/s 
h—0 h—-0 


The speed when t = 4 is |32| = 32 m/s. 


— fl(4\)— 13 
us) = f (4) reas h h—-0 h = h-0 h 
= li esti CR ae lim Sea Ss lim Boe 8 m/s 
h>o =h(5+h) r>oh(5+h) nroo5+h Bes 
The speed when t = 4 is |—-2| = 2 m/s 
The sketch shows the graph for a room temperature of 72° and a refrigerator Temperature 


(in °F) 


72 


temperature of 38°. The initial rate of change is greater in magnitude than the 


rate of change after an hour. 


(in hours) 


The slope of the tangent (that is, the rate of change of temperature with respect TCE)4 
; -1 ; 
to time) at ¢ = 1 h seems to be about as es —0.7 °F/min. pOoT 


+ + + + + +—> 
0} 30 60 90 120 150 180 ¢. 
(min) 
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39. We begin by drawing a curve through the origin with a yh YA 


slope of 3 to satisfy f(0) = 0 and f’(0) = 3. Since 


f’ (1) = 0, we will round off our figure so that there is 


a horizontal tangent directly over x = 1. Last, we 


make sure that the curve has a slope of —1 as we pass 


over x = 2. Two of the many possibilities are shown. 


40. We begin by drawing a curve through the origin with a slope of 1 to satisfy 


g(0) = Oand g’(0) = 1. We round off our figure at x = 1 to satisfy g'(1) = 0, 


and then pass through (2, 0) with slope —1 to satisfy g(2) = O and g’(2) = —1. 


We round the figure at x = 3 to satisfy g’(3) = 0, and then pass through (4, 0) 


with slope 1 to satisfy g(4) = 0 and g’(4) = 1. Finally we extend the curve on 


both ends to satisfy lim g(a) =ooand lim g(x) = —o. 


ZLZ——0o 


41. We begin by drawing a curve through (0, 1) with a slope of | to satisfy g(0) = 1 
and g’(0) = 1. We round off our figure at 7 = —2 to satisfy g'(—2) = 0. As 


xz ——5t, y — oo, so we draw a vertical asymptote atx = —5. Asa > 5", 


y — 3, so we draw a dot at (5, 3) [the dot could be open or closed]. 


42. We begin by drawing an odd function (symmetric with respect to the origin) 
through the origin with slope —2 to satisfy f’(0) = —2. Now draw a curve starting 


at x = 1 and increasing without bound as x — 27 since lim f(a) = oo. Lastly, 


xr 2 


reflect the last curve through the origin (rotate 180°) since f is an odd function. 


43. By Definition 4, jim vera = f’(9), where f(x) = fx and a=9. 
en2th _ 9-2 
44. By Definition 4, lim =o f’(—2), where f(x) = e® and a = —2. 
, é x® — 64 ! 6 
45. By Equation 5, lim os f'(2), where f(a) = a° and a = 2. 
1 

48. By Equation 5, i ze _ py MerO=— nee 

“By Equation), es mie » where f(x) = — =o 

4 
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50. 


51. 


52. 


53. 


54. 
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Tv 
fanih h)-1 
an(F + 


3 . _ g(t = a 
By Definition 4, lim " =f (=). where f(x) = tana anda rT 
sma a (=) here f(0) =sin@ anda =~ 
ation 5, lim ——~= = f’( — ), wher =sin@ anda = -—. 
yrdeaa 67/6 g—_o 6 hie 6 


AC _ C(105)— C(100) _ 6601.25 — 6500 


(a) (i) a 105 — 100 = 5 = $20.25 /unit. 
., AC — C(101)—C(100) _ 6520.05 — 6500 _ 
(ii) we $20.05 /unit. 


(by €(400 + h) = C(100) _ [5000 + 10(100 + h) + 0.05(100 + h)?] — 6500 20h + 0.05h? 
h h h 
= 20+ 0.05h, h £0 


C(100 + h) — C(100) 


So the instantaneous rate of change is lim 1 
h—-0 


= lim (20 + 0.05h) = $20/unit. 


(a) H’(58) is the rate at which the daily heating cost changes with respect to temperature when the outside temperature is 
58°F. The units are dollars/ °F. 
(b) If the outside temperature increases, the building should require less heating, so we would expect H’(58) to be negative. 


(a) f’(zx) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its units are 
dollars per ounce. 

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/ounce. So the cost 
of producing the 800th (or 801st) ounce is about $17. 

(c) In the short term, the values of f’(x) will decrease because more efficient use is made of start-up costs as x increases. But 
eventually f’(x) might increase due to large-scale operations. 

(a) f’(8) is the rate of change of the quantity of coffee sold with respect to the price per pound when the price is $8 per pound. 
The units for f’(8) are pounds / (dollars /pound). 

(b) f’(8) is negative since the quantity of coffee sold will decrease as the price charged for it increases. People are generally 
less willing to buy a product when its price increases. 

(a) S(T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its units are (mg/L) /°C. 

(b) For T' = 16°C, it appears that the tangent line to the curve goes through the points (0, 14) and (32,6). So 

6—14 8 


— =~ = —0.25 (mg/L) /°C. This means that as the temperature increases past 16°C, the oxygen 


'(116) = ——— = 
ae) 32—0 32 


solubility is decreasing at a rate of 0.25 (mg/L) /°C. 


(a) S'’(T) is the rate of change of the maximum sustainable speed of Coho salmon with respect to the temperature. Its units 


are (cm/s)/°C. 
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(b) For T’ = 15°C, it appears the tangent line to the curve goes through the points (10, 25) and (20,32). So 


32 — 25 


7 NY 
eo 20 — 10 


= 0.7 (cm/s)/°C. This tells us that at T = 15°C, the maximum sustainable speed of Coho salmon is 


changing at a rate of 0.7 (cm/s)/°C. Ina similar fashion for T = 25°C, we can use the points (20, 35) and (25, 25) to 


obtain S”(25) ~ a = —2(cm/s)/°C. As it gets warmer than 20°C, the maximum sustainable speed decreases 
rapidly. 
2)-C(1 .018 — 0. dL 
55. (a) (i) [1.0,2.0); C = Jz OiONS ; U028 <9 915 sfih 
. C(2) — C(1.5) _ 0.018 - 0.024 _ —0.006 _ g/dL 
1.5, 2.0]: > = —_ 12 =— 
aa, ae SE 05 ie oe ae 
i (2.5) —C(2) _ 0.012—0.018 _ —0.006 _ g/dL 
2.0, 2.5]: > = 12 =— 
A oe 05 Tao 
reese: as) = oe) we LOL are w/a 


(b) We estimate the instantaneous rate of change at t = 2 by averaging the average rates of change for [1.5, 2.0] and [2.0, 2.5]: 


—0.012 + (—0.012) 


5 = —0.012 a After two hours, the BAC is decreasing at a rate of 0.012 a 


N(2010) — N(2008) _ 16,858 — 16,680 _ 178 
as 


5010 — 2008 = 5 = 89 locations/year. 


56. (a) (i) [2008, 2010]: 


N(2012) — N(2010) _ 18,066 — 16,858 1208 
2012 — 2010 2 2 


(ii) (2010, 2012): = 604 locations/year. 


The rate of growth increased over the period 2008 to 2012. 


(b) Averaging the values from parts (i) and (11) of (a), we have oe = = 346.5 locations/year. 
(c) We plot the function N and estimate the slope of the tangent line at Nf 
25,000 + 

x = 2010. The tangent segment has endpoints (2008, 16,250) and 
(2012, 17,500). An estimate of the instantaneous rate of growth in 20,000 
2010 is se = ce = 312.5 locations/year. ell 
10,000 + 
5,000 + 
2008 ) 2012 ) 2016 x 


57. Since f(x) = xsin(1/x) when « 4 0 and f(0) = 0, we have 


roy ys F(O+h)—f(0) |, hsin(1/h) — 0 
f'(0) = kim 5 = lim —S 


lim h lim = iim sin(1/h). This limit does not exist since sin(1/h) takes the 


values —1 and 1 on any interval containing 0. (Compare with Example 2.2.5.) 
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58. Since f(x) = x sin(1/x) when a 4 0 and f(0) = 0, we have 


pat 2 j — 
f’(0) = lim fO+ 0 iO) lim Z s/h) ‘2 lim h sin(1/h). Since —1 < sin > < 1, we have 


—|h| < esas <|h| => -|Al< hsin— < |h|. Because lim (— |h]) = 0 and lim |h = 0, we know that 


lim (« sin i) = 0 by the Squeeze Theorem. Thus, f’(0) = 0. 
59. (a) The slope at the origin appears to be 1. 4 
la Qa 
-4 
(b) The slope at the origin still appears to be 1. 0.25 
—0.4 0.4 
-0.25 
(c) Yes, the slope at the origin now appears to be 0. 0.005 
—0.008 | | 0.008 
0.005 


(a) The symmetric difference quotient on [2004, 2012] is (with a = 2008 and d = 4) 


60. 
f(2008 + 4) — f(2008— 4) _ (2012) — (2004) 
2(4) a 8 
_ 16,432.7 — 7596.1 
8 


= 1104.575 = 1105 billion dollars per year 


This result agrees with the estimate for D’(2008) computed in the example. 


(b) Averaging the average rates of change of f over the intervals [a — d, a] and [a, a + d] gives 


f(a)~f(a=d@) , flat+d)—~F@) f(a) - faa) 4 fat d) ~ F(a) 


a—(a-—d) (a+d)-a _ d d 
2 2 
fa+d) — fla—d) 


which is the symmeric difference quotient. 
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(c) For f(a) = #° — 2x? + 2,a = 1, and d = 0.4, we have a 
faye £0404) - fA-04) _ fd) — f(06) ei 
2(0.4) 08 i 
0.824 — 1.496 
= ——_——_ = — 0.84 
0.8 = 


On the graph, (1)—(v) correspond to: 
(i) f(z) = 2° — 22742 


(ii) secant line corresponding to average rate of change 


over [1 — 0.4, 1] = [0.6, 1] 0.5 
(iii) secant line corresponding to average rate of change over [1, 1 + 0.4] = [1, 1.4] 
(iv) secant line corresponding to average rate of change over [1 — 0.4, 1 + 0.4] = [0.6, 1.4] 
(v) tangent line at x = 1 


The secant line corresponding to the average rate of change over [0.6, 1.4] — that is, graph (iv) — appears to have slope 


closest to that of the tangent line at x = 1. 


2.8 The Derivative as a Function 


1. We estimate the slopes of tangent lines on the graph of f to 
determine the derivative approximations that follow. 


Your answers may vary depending on your estimates. 


(a) f’(0) = 3 (b) f’(1) © 0 
(c) f’(2) = -1 (d) f"(3) = —3 
(e) f’(4)=-1 (f) f'(5) = 0 
(g) f'(6) ¥1 (h) f'(7) #1 


2. We estimate the slopes of tangent lines on the graph of f to 
determine the derivative approximations that follow. Your 


answers may vary depending on your estimates. 


(a) f'(-3) * -1 (b) f’(—2) © 0 
(c) f'(-1) & § (d) f"(0) = 3 
() f() &38 (f) f/(2) 0 
(g) f/(3)~-3 


3. (a)’ = II, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0, then positive, then 0, then 


negative again. The actual function values in graph II follow the same pattern. 


(b)' = IV, since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then suddenly 


become negative, then positive again. The discontinuities in graph IV indicate sudden changes in the slopes of the tangents. 
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(c)’ =I, since the slopes of the tangents to graph (c) are negative for x < 0 and positive for x > 0, as are the function values of 
graph I. 
(d)’ = II, since from left to right, the slopes of the tangents to graph (d) are positive, then 0, then negative, then 0, then 


positive, then 0, then negative again, and the function values in graph III follow the same pattern. 


Hints for Exercises 4 —11: First plot «r-intercepts on the graph of f’ for any horizontal tangents on the graph of jf. Look for any corners on the graph 
of f—there will be a discontinuity on the graph of f’. On any interval where f has a tangent with positive (or negative) slope, the graph of f’ will be 


positive (or negative). If the graph of the function is linear, the graph of f’ will be a horizontal line. 


4. a 5. 


10. 


o—o oo yA 
o—o O—o —_> x 
0 x f’ 
—_—o —o 
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12. 


13. 


14. 


15. 


16. 


CHAPTER 2 LIMITS AND DERIVATIVES 


The slopes of the tangent lines on the graph of y = P(t) are always 
positive, so the y-values of y = P’(t) are always positive. These values start 
out relatively small and keep increasing, reaching a maximum at about 

t = 6. Then the y-values of y = P(t) decrease and get close to zero. The 
graph of P’ tells us that the yeast culture grows most rapidly after 6 hours 


and then the growth rate declines. 


(a) C’(t) is the instantaneous rate of change of percentage 
of full capacity with respect to elapsed time in hours. 


(b) The graph of C’(t) tells us that the rate of change of 
percentage of full capacity is decreasing and 


approaching 0. 


(a) F’(v) is the instantaneous rate of change of fuel 


economy with respect to speed. 


(b) Graphs will vary depending on estimates of F’, but 


will change from positive to negative at about v = 50. 


(c) To save on gas, drive at the speed where F' is a 


maximum and F” is 0, which is about 50 mi/h. 


It appears that there are horizontal tangents on the graph of f for t = 2 
and for t = 7.5. Thus, there are zeros for those values of ¢ on the graph 
of f’. The derivative is negative for values of ¢ between 0 and 2 and for 
values of t between approximately 7.5 and 12. The value of f’(t) 


appears to be largest at t = 5.25. 


100 


50 


ey 
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17. 


The slope at 0 appears to be 1 and the slope at 1 appears 


to be 2.7. As x decreases, the slope gets closer to 0. Since 


the graphs are so similar, we might guess that f’(x) = e”. 


18. 


As x increases toward 1, f’(x) decreases from very large 


numbers to 1. As x becomes large, f’(x) gets closer to 0. 


Asa guess, f’(x) = 1/x? or f’(x) = 1/a makes sense. 


19. (a) By zooming in, we estimate that f’(0) = 0, f’($) = 1, f’(1) = 2, 2.5 


and f’(2) = 4. 


(b) By symmetry, f"(—2) = —f"(a). So f’(—4) =-1, f(-) = 2 
and f’(—2) = —4. 


(c) It appears that f’(a) is twice the value of x, so we guess that f’(2) = 22. 


0 2.5 
Foy oe FE) HF). eh ae 
a ie gy 
7 + 2he +h?) — 2? : 
pg OG oi SI 2 INSEE) cites pnp ao 
h—0 h h—0 h h—0 h h—0 


20. (a) By zooming in, we estimate that f’(0) = 0, f’($) ¥ 0.75, f’(1) ¥ 3, f’(2) 12, and f’(3) = 27. 


(b) By symmetry, f’(—x) = f'(x). So f’(—$) ¥ 0.75, f’(—1) © 3, f’(—2) © 12, and f'(—3) = 27. 
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(c) (d) Since f’(0) = 0, it appears that f’ may have the form f’(x) = ax”. 


Using f’(1) = 3, we have a = 3, so f'(x) = 32”. 


ry  F(@th)—f(e) (ew +h)P—a? — (ew? +327h +3ch? +h?) — 2? 
a h = at h ai h 


327h + 3ah? +h? _ - h(3a? + 30h +h?) 


_ 4: * _ 4. 240 2) _ 2 
Hasty h pet h aL ela 
2. f"(2) = lim f(a@+h)— f(a) _ ie, [3(a + h) — 8] — (3a — 8) ie 3a + 3h —8-—324+8 
h—0 h—0 h h—0 h 
= lim — = lim3=3 
h—0 ho 


f(ath)— f(x) _ lim [m(a +h) +b] —(ma+b) _ a mz +mh+b—max—b 
h—0 h h—0 h h—0 h 


Domain of f = domain of f’ = R. 


25 Ph) Sy RO ig, Rea eG Bae Ge) 


h—0 h - ari h 
— jim Z(H? + 2th + h?) + Gt + 6h — 2.5? — 6t _ |, 2.5t7 + 5th + 2.5h* + 6h — 2.50 
 h-0 h ~ h0 h 
2 
— jim DER + 2.5R7+6h _ | A(St+2.5h+6) _ |. (5t + 2.5h +6) 
h—0 h h—0 h h—0 
= 5t+6 


Domain of f = domain of f’ = R. 


24. f'(c) = lim fat » (Gye. lim [4 + 8(@ +h) - 5(@ al — (4+ 8 — 52”) 


. 4482+ 8h —5(a? +2ah+h?)—4-8¢+52? |. 8h— 5a? — 10xh — 5h? + 52? 
=) 55 h ee; h 


_ “ypehvd co = 
STi SOE iy SE Sheep) 
h—-0 h h—0 h h-0 


=8- 10x 


Domain of f = domain of f’ = R. 
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[4(p +h)? + 3(p + h)] — (4p? + 3p) 


a cet : 
Boaihie) ee h io h 
_ 4p? + 12p*h + 12ph? + 4h? + 3p4+3h—4p?-—3p  ., 12p?h + 12ph? + 4h? + 3h 
= lim = lim 
h—0 h h—0 h 
2: 2 
7 lim h(12p* + ce 3) lim (12p? + 12ph + 4h? +3) = 12p? +3 


Domain of A = Domain of A’ = R. 


F(t +h) - FO [(t + h)® — 5(¢+h) +1] — (8 — t+) 


if ai eer 
0s EG) = Tey h =a h 
. 8 43t?h+ 3th? +h? —5t-5h4+1—-8U45t—-1 |. 37h +3th? +n2—5h 
SS = soi 
h—0 h h—0 h 
2 Oe, 
=m A(3t" + 3th +h" —5) _ lim (347 + 3th + h? — 5) = 317-5 
h—0 h h—0 


Domain of F = Domain of F’ = R. 


1 1 (x? — 4) — [(a +h)? — 4] 
= 2_A. 2 rm 2 
27. f(x) = lim f(c@+h)— f(x) _ lim (ec+h)?—-4 «2-4 © lim [(a + h)? — 4] (a? — 4) 
h—0 h h—0 h h—0 h 
_ (@? —4)— (a? +2ch+h?—-4) |g? -4-2? -Qch—-h? +4, —2x£h —h? 
= lim = lim = lim 
h—0 h{(a +h)? — 4] (a? — 4) ho Al(a +h)? — 4] (a? — 4) h—0 h[(x + h)? — 4] (a? — 4) 
h(—2x —h) —22—h —2¢ 2x 


= lim a a 


PMAGth?-AGt=2) + (Glee) @=oe@=) @—s 


Domain of f = Domain of f’ = (—oo, —2) U (—2, 2) U (2, 00). 


vth ov (vu +h)(vu + 2) —v[(v +h) + 2] 
28, jet EE is (u+th)+2 v+2 4 [((v + h) + 2] (vu + 2) 
h—0 h h—=0 h h—0 h 
— wr +2Qutvuh t+ 2h — v? — vh — 2v . 2h . 2 
= lim = lim = lim 
h—0 h[(u + h) + 2] (uv + 2) no A[(u+h)+2](v+2) nso [(u+h) + 2] (v + 2) 


2 2 


(v + 2)(v + 2) (v + 2)? 


Domain of F = Domain of f’ = (—oo, —2) U (—2, 00). 


(uth)+1 util [(u +h) + 1] (4u—1) — (w+ 1) [4(u+h) - J 
29. 4'(u) = lim dee Say) = jim 4(u +h) = 4u—1 = jim uth) = (4u — 1) 


(u+h+1)(4u— 1) — (ut+ 1) (4u + 4h — 1) 
[4(u + h) — 1] (4u — 1) 


=n h 
— im 2 + 4uh + 4u u—-h—-1—4u? —4uh+u—4u—4h4+1 
h—0 h[4(u + h) — 1] (4u — 1) 
—5h , —5 —5 5 


PD haere) a Se aaa ee 


1 


Domain of g = Domain of g’ = (—oo, +) U (F, 00). 
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ou 4_ 4 4 3 2p2 3) pd) _ 4 
lim f(a@+h) — f(x) aay, (a+h)*-—« Lies (a* + 4a°h + 6a*h* + 4h? + h*) — a 


/ = 
Def Me) h—0 h h—0 h—0 h 
_ 40°ht 6a7h? + 4h? +h* | h(4a? + 62h + 4h? +h?) 
= hn = lio 
h—0 h h—0 h 


= lim (4a° + 62°h + 4ach* + h*) = 4ac* 


Domain of f = domain of f’ = R. 
1 oil 
Jl+(a@+h) Vite 


fe +h) ~ fle) _ 


10) = Jin FEED hy SEES 
1 
i Tern Vit(eth) vite +2 1+(a+h)V14+2 
h—0 V1+(@+h)V1+a 


ts Vite—-Vl+@th) Vite 1+(a@+h) 
— h0 hV/1+(eth)Vl+a. (cth)J1+2 l z+ V/1+(a@+h) 
— lim (1+ <2) -—[14+(a@+h)] 


h—0 h/T+(@ +h) Vi+a (vIFa+ JI+(@¥h)) 


—h =a 
= Vi) —— gy ee 
hoo h/l+athVite(vVite+Vitet¢h) 20 f/l+e+h/1i+ae(Vi+e+V1+2+h) 
= 4 21 1 


~ Vitavita(/ita+vVita) (i+a)Q/ita) 20 +27 


Domain of f = Domain of f’ = (—1, 00). 


1 1 (1+ Vz) - (1+ Ve+h) 
Hn — yn GetA) Ge) _ l+veth lt+ve_, (ltveth)(l+v2) 
pe ag oe h eh h pasty h 
jim Ltveri-veth _ yy va-Veth — vatVvath 
hooh(1+Veth)(l1+Ve) rooh(1+Vet+h)(l+Vv2) Ve+ve+h 
= lim (paola) 
h 0A(I Va h)(l+Vx)(Va+Ve+h) 
af 
MO RL VaR) + Va)(vEt Verh) 
a1 
NO (14 eR) EVE) SEVER) 
+1 =H 1 


~ Gt va)\l+ve)(VetVvt) (l+Vz)-2Ve 2Wz(l+Vz) 
Domain of g = [0, 00), domain of g’ = (0, 00). 


33. (a) zs 


1 Ope OP 
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(b) Note that the third graph in part (a) generally has small positive values for its slope, f’; but as x > —37, f’ — oo. 
See the graph in part (d). 


ee al SI SS EES) 
h—-0 h * 


h—0 


— tim V@FRF3— vers _ Ve thy t+3- vets | (@+h)+3+Vz73 
h—0 h h—0 h (x +h) + /e43 


= lim 
10 hy/(@ +h) +3+ Ve+3 ee (@+h) +3 + Vz+3) 
h 1 1 


0 n( Meth) +3 + Ver) h0 /(@+h)+3+Vx43 2We43 


[(a + h) + 3] — (a@ +3) i r+h+3—24-—3 


Domain of f = [—3, 00), Domain of f’ = (—3, 00). 


(eth)?+1 @2?4+1 
[(@+h)+1/(o+hJ—(w+1/x) _ | a th z 
h—0 h h—0 h 


34. (a) f(x) = tim Lesh) Ste) 2 


_ alf(e +h)? +1) — (a +h)(a? +1) (2? + 2ha? + ch? +2) — (a2 +¢+ ha? +h) 
= lim m 
h—0 h(a + h)x h—0 h(a + h)ax 


_ ha? +ah? —h _ h(x? +2h—-1) _ a +ah—-1— «2-1 1 
= lim = lim = lim = , or 1 
ho h(a +h)x ho =hA(a +h)a ho (a+h)a x? 


(b) Notice that f’(x) = 0 when f has a horizontal tangent, f’(z) is 4 


positive when the tangents have positive slope, and f’(z) is | f La f' 


negative when the tangents have negative slope. Both functions 6| 


are discontinuous at x = 0. 


f(w@t+h)— fle) _ 5 (@ +h) +2(e+h)] ~ (wt + 22) 
h =) h 

— lim x* + 4a*h + 6x7h? + deh? + h* + Qe + 2h — x* — 2a 

> h—0 h 

se 4a%h + 6a7h? + 4rh3 + h* + 2h h(4a° + 6a7h + 4h? + h? + 2) 


eve h = h 


35. (a) f"(e) = lim 


= lim (4° + 62°h + 4rh? +h? +2) = 403 +2 


(b) Notice that f’(x) = 0 when f has a horizontal tangent, f’ (zx) is 


positive when the tangents have positive slope, and f’(a) is 


' ; 2 2 
negative when the tangents have negative slope. L | 


-2 
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36. (a) N’(t) is the rate at which the number of minimally invasive cosmetic surgery procedures performed in the United States is 


changing with respect to time. Its units are thousands of surgeries per year. 


(b) To find NV’ (t), we use lim MOS. MEPS a) for small values of h. 


(t+h)—t ~ h 


N (2002) — N(2000) 4897 — 5500 
For 2000: N’(2 ~ = -- 
Be AON T7000) 2002 — 2000 2 


—301.5 


For 2002: We estimate N’ (2002) by using h = —2 and h = 2, and then average the two results to obtain a final estimate. 
N(2000) — N(2002) _ 5500 — 4897 _ 


h=-2 N’' ~ —301. 
mee 2000 — 2002 —2 coke 
N(2004) — N(2002) 7470 — 4897 
— y ~N —, — 
h=2 + N'(2002)~ So 5 1286.5 


So we estimate that N’ (2002) ~ 4[—301.5 + 1286.5] = 492.5. 


2000 2002 2004 2006 2008 2010 2012 2014 
N’(t) | -301.5 492.5 1060.25 856.75 605.75 534.5 596 455 


(c) * (d) We could get more accurate values 
15,000 + = 
for N’(t) by obtaining data for 

1200 + 

10,000 + more values of t. 

y= MO) ik 

5,000 + 

400 + y=N'b 


O04 + + + + + + +> + t + + + + +> 
2000 2004 2008 2012 f 2004 2008 2012 t 


—400 + 
37. As in Exercise 36, we use one-sided difference quotients for the first and yt 
last values, and average two difference quotients for all other values. al 


nS al 
0 7 14 21 28 35 42 49 ¢ 


38. As in Exercise 36, we use one-sided difference quotients for the first and 


last values, and average two difference quotients for all other values. The 
units for W’ (a) are grams per degree (g/°C). 


15.5 17.7 200 224 244 “| y=W'e) 


37.2 31.0 19.8 9.7 —9.8 


W'(a) | —2.82 -3.87 -4.53 -6.73 —9.75 
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43. 


45. 


46. 


47. 


48. 


49. 
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(a) dP/dt is the rate at which the percentage of the city’s electrical power produced by solar panels changes with respect to 
time t, measured in percentage points per year. 


(b) 2 years after January 1, 2020 (January 1, 2022), the percentage of electrical power produced by solar panels was increasing 


at a rate of 3.5 percentage points per year. 


dN/dp is the rate at which the number of people who travel by car to another state for a vacation changes with respect to the 


price of gasoline. If the price of gasoline goes up, we would expect fewer people to travel, so we would expect dN/dp to be 


negative. 
f is not differentiable at = —4, because the graph has a corner there, and at x = 0, because there is a discontinuity there. 
. f is not differentiable at 2 = —1, because there is a discontinuity there, and at x = 2, because the graph has a corner there. 


f is not differentiable at « = 1, because f is not defined there, and at x = 5, because the graph has a vertical tangent there. 


. f is not differentiable at x = —2 and x = 3, because the graph has corners there, and at « = 1, because there is a discontinuity 


there. 


As we zoom in toward (—1, 0), the curve appears more and more like a straight 


2 
line, so f(a) = x + 4/|a| is differentiable at x = —1. But no matter how much 
we zoom in toward the origin, the curve doesn’t straighten out—we can’t 2 a : 
3 


eliminate the sharp point (a cusp). So f is not differentiable at x = 0. 


As we zoom in toward (0, 1), the curve appears more and more like a straight 


2/3; 


line, so g(x) = (x? — 1)?’ is differentiable at 2 = 0. But no matter how much 


we zoom in toward (1,0) or (—1, 0), the curve doesn’t straighten out—we can’t 


eliminate the sharp point (a cusp). So g is not differentiable at x = +1. 
-1 


Call the curve with the positive y-intercept g and the other curve h. Notice that g has a maximum (horizontal tangent) at 
x = 0, but h 4 0, so h cannot be the derivative of g. Also notice that where g is positive, h is increasing. Thus, h = f and 
g = f'. Now f’(—1) is negative since f’ is below the x-axis there and f’ (1) is positive since f is concave upward at x = 1. 


Therefore, f’’(1) is greater than f’(—1). 

Call the curve with the smallest positive x-intercept g and the other curve h. Notice that where g is positive in the first 
quadrant, h is increasing. Thus, h = f and g = f’. Now f’(—1) is positive since f’ is above the x-axis there and f” (1) 
appears to be zero since f has an inflection point at x = 1. Therefore, f’(1) is greater than f”(—1). 

a=f,b= f',c= f”. We can see this because where a has a horizontal tangent, b = 0, and where b has a horizontal tangent, 


c = 0. We can immediately see that c can be neither f nor f’, since at the points where c has a horizontal tangent, neither a 


nor b is equal to 0. 
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50. Where d has horizontal tangents, only cis 0, so d’ = c. c has negative tangents for x < 0 and b is the only graph that is 
negative for x < 0, soc’ = b. b has positive tangents on R (except at x = 0), and the only graph that is positive on the same 


domain is a, so b’ = a. We conclude that d = f,c = f’,b= f”, anda = f’”. 


51. We can immediately see that a is the graph of the acceleration function, since at the points where a has a horizontal tangent, 
neither c nor b is equal to 0. Next, we note that a = 0 at the point where b has a horizontal tangent, so b must be the graph of 


the velocity function, and hence, b’ = a. We conclude that c is the graph of the position function. 
ty gr 


52. a must be the jerk since none of the graphs are 0 at its high and low points. a is 0 where b has a maximum, so b’ = a. bis 0 


where c has a maximum, so c’ = b. We conclude that d is the position function, c is the velocity, b is the acceleration, and a is 


the jerk. 
_ op y2 Lb) 41) — (372 
53, "(x)= lim f(a@+h)— f(a) _ lim [3(@ + h)* + 2(a + h) + 1] — (82° + 2x + 1) 
h—0 h h—0 h 
_ (8a? + 62h 4+ 3h? 4 224+ 2h4+1)— (82? +27+1) |. 6rh43h? 42h 
= lim = lim 
h—0 h h—0 h 
Spy MOR EE) (oR ae be eS 
h-0 h h—0 


" f'(at+h)— f'(z) er [6(a + h) + 2] — (6x + 2) (6x + 6h + 2) — (6x + 2) 


" l = jj 
P'(@) h—0 h h—0 h hv h 
= lim = lim6=6 
h—0 h—0 
i We see from the graph that our answers are reasonable because the graph of 
f’ is that of a linear function and the graph of f” is that of a constant 
function. 
WS ee 


-1 


64. f'(c) = tim £2 +4)- Fle) _ 4, (e+) - 3@ + h)] ~ (@ ~ 32) 


h—0 h h—0 h 
. (2? + 8a7h + 8axh? +h? — 3x — 3h) — (2? — 32) _ 8a7h4+ 3rh? + AB — 38h 
= lim = lim 
h—0 h h—0 h 
2 2 
SiG, ROE OER SS) ae a Sah aya 
h—0 h h—0 


(3a? + 6xh + 3h? — 3) — (3a? — 3) 


mm feth)— fe) _ ,, B@+h)? —3] — Be? —3) _ 


n = 
Te) pats h h—0 h jim h 
2 
- lim conn lim h(6a + 3h) - lim (6x + 3h) =p 


We see from the graph that our answers are reasonable because the graph of 
f’ is that of an even function (f is an odd function) and the graph of f” is 
that of an odd function. Furthermore, f’ = 0 when f has a horizontal 


tangent and f” = 0 when f’ has a horizontal tangent. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 2.8 THE DERIVATIVE AS A FUNCTION 157 


[2(a + h)? — (a+ h)°*] — (2x? — x3) 
h—0 h—0 h 


h(4x + 2h — 3x? — 32h — h?) 


= lim = lim (4x + 2h — 3x? — 32h — h?) = 4a — 32? 
h—0 h h—0 
“a +h) —f’ A(x +h) — 3(@ + h)?] — (4x — 32? — 62 — 
f(x) = tim LOAM =F) _ yyy, Meth) = 3e + hy] ~ (tw — 34?) _ (4-62 ~ 3h) 
h—0 h h—0 h h—0 h 
= lim(4 — 6x — 3h) = 4-62 
h—-0 
" i 
Min) — Jin f (eth) — f(a) _ 1 = ble + h)] — (4— 6x) _ jj 
a faa h sary h he ee ere 
mw wt 
ee Cd) ae LA) aS 
baa na h ae ise 
3 
\| The graphs are consistent with the geometric interpretations of the 
6 
: derivatives because f’ has zeros where f has a local minimum and a local 
maximum, f” has a zero where f’ has a local maximum, and f”” is a 
a constant function equal to the slope of f’’. 
at) 
56. (a) Since we estimate the velocity to be a maximum a 5 
507 
at t = 10, the acceleration is 0 at t = 10. 
1 
257 ru > 
0 10 t 
0 10 20 «¢ 


(b) Drawing a tangent line at t = 10 on the graph of a, a appears to decrease by 10 ft/s” over a period of 20 s. 


So at t = 10s, the jerk is approximately —10/20 = —0.5 (ft/s?) /s or ft/s?. 
57. (a) Note that we have factored x — a as the difference of two cubes in the third step. 


ie, ee 0) Looe Cc) Game -a “ gil? — gl/3 
F(a) ao ra pa La pa (a¥/3 — ql/3) (42/3 4 71/3q1/3 + @?/3) 


= lim Pia Less Laas. - sae 


no, _ 7. f(O+h)— f(0) _ ,. ae 1 . er . Pond 
(b) f(0) = jim a Saas jim poe jim PES This function increases without bound, so the limit does not 


exist, and therefore f’(0) does not exist. 


. ; 1 ; ‘ : : 
(c) lim | f’(x)| = lim 32/8 = and f is continuous at x = 0 (root function), so f has a vertical tangent at x = 0. 
LZ 2— 4 64 
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1 1 at 1) Ras 
58. (a) g(0) iim 7a iim 7 iim zs? which does not exist. 
=. 2/3 _ 2/3 1/3 _ 91/3\/,.1/3 , 71/3 
i) CaS in Ts eg pi ee 
2a xZ-a La xLx-—a 2a (a1/3 _ a4/3) (42/3 + 1/3 q1/3 + a2/3) 
ee gi/3 +qi/3 - 9q1/3 # >) é 2 4-1/3 


ca £2/3 4+ ¢1/3q1/3 + Q2/3 -3a2/8 —-3q 1/8 3 


(c) g(x) = x?’ is continuous at « = 0 and (d) 
; Sy oi = : 
iim lg(x)| = iim 3/2/73 = oo. This shows that 
g has a vertical tangent line at x = 0. 
—0.2 0.2 
0 
x—6 if r-—6>6 x—-6 ifa>6 
59. f(x) = |a — 6] = ; = , 
-(«-—6) if r-6<0 6—-a« ifx<6 
Se ecnioee and tanita: Givty 2 INO ig Oe a SO ahs Gane ee dea hand a 
a2—>6t x—6 a—6t x—6 z—6+ £—6 2—6t 


is lim fe) S78) lim ioe foes lim ia ae lim (—1) 


x—6— x—6 x26 xz—6 z36- © —6 x26 


= —1. Since these limits are not equal, 


does not exist and f is not differentiable at 6. 


te a jee FEVHA SS) 
f' (6) = lim 5 


r—6 C= 


-1 ifx<6 
However, a formula for f’ is f’(x) = 


1 ifx«>6 
Another way of writing the formula is f’(x) = = = 7 : 
i 


60. f(x) = [2] is not continuous at any integer n, so f is not differentiable 
at n by the contrapositive of Theorem 4. If a is not an integer, then f 


is constant on an open interval containing a, so f(a) = 0. Thus, 


f(x) = 0, x not an integer. 


oie 20 . 
61. (a) f(x) =2|2| = P (b) Since f(x) = x? for x > 0, we have f'(x) = 2a for x > 0. 
—-x ifx<0 
ek [See Exercise 19(d).] Similarly, since f(a) = —2x? for x < 0, 
we have f’(x) = —2x for x < 0. At z = 0, we have 
0 : Oia Tat ON aie, UL hh 
x x20 Ce: z—-0 xz—0 


So f is differentiable at 0. Thus, f is differentiable for all x. 


= 2\z]. 


2x ifx>0 
(c) From part (b), we have f’(x) = } 


2c ifx<0 
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x if « > 0 yA 
62. (a) |a| = | 
—x ifx<0 
2x ifx>0 4 
so g(x) =x+ |r} = : HE 
a(z) a 0 ifa<0 
Graph the line y = 2x for x > O and graph y = 0 (the x-axis) for x < 0. 
0 1 x 


(b) g is not differentiable at x = 0 because the graph has a corner there, but 
is differentiable at all other values; that is, g is differentiable on (—00, 0) U (0, 00). 
(x) 2x ifx>0 (n) 2 ifx«>0 
Cc rw)= => 7 
re 0 ifa<0 # 0 ifxa<0 
Another way of writing the formula is g'(z) = 1+ sgn for x £ 0. 


63. (a) If f is even, then 


po) = fn LE#M = M2) _ py eH = Shen 
= jim LEM = $0) ig == IE) pag =n 
f(a@+Asz)—-f(z)_— » 
Therefore, f’ is odd. 
(b) If f is odd, then 
po) = fm HOPE A= $0) _ py HCO A= Sn 


7 f(a@+Az)—f(@) _ py 

Therefore, f’ is even. 

0 ifa<0O 
Be a) Taye x ifx>0 

f/(0) = lim DOE) es Gi DO gay Peay 

h—0- h n—o- A h—0- h—=0- 
) _ 4. f(+h)-—f(0) | (O+h)-O_ , h_,, = 
F.(0) = ate h =e h Se 


Since these one-sided derivatives are not equal, f’(0) does not exist, so f is not differentiable at 0. 


One ae 
a? if ae >0 
f(0) = lim LO = 510) lim dea lim —= lim 0=0 
h—0- h h—0- h—0- h—0- 
| , 2 92 2 
Py ti 2 IO) ee KO = igs lim h=0 
h—ot h h—ot hot h—ot 


Since these one-sided derivatives are equal, f’(0) exists (and equals 0), so f is differentiable at 0. 
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0 if «<0 
65. (a) f(x) = 5-2 ifO0<a<4 
eis if¢@>4 
5-2 
Note that ash > 07-,4+h <4,s0 f(4+h) =5-—(4+h). Ash > 07,4+h>4,80 f(4+h) = sae 
f(4) = lim f(4+h) -— f(4) ee [5 — (4+ h)] — (5-4) ~ jj (5-4-—h)-1 
h—0- h h—-0- h h—0- h 
= lim — = lim (-1)=-1 
h-0- h-0- 
1 1 1 ; 
; f(4+h) - f(4) 5-(4+h) 5-4 bet oo — 
= a al 
+(4) ee h hot h 08 
1 1-h 
ees “Dee Sain 2 es Vee ts Jens, oe ae 
ay h ot Reh) ee eae 
(b) eal (c) f is discontinuous at « = 0 (jump discontinuity) and at 
x = 5 (infinite discontinuity). 
1+ 
a ee 
0 4 
x=5 


(d) f is not differentiable at x = 0 [discontinuous, from part (c)], « = 4 [one-sided derivatives are not equal, from part (a)], 


and at x = 5 [discontinuous, from part (c)]. 


66. (a) The initial temperature of the water is close to room temperature because of (b) 7 
the water that was in the pipes. When the water from the hot water tank yeatlat 
starts coming out, dT'/dt is large and positive as T increases to the 
temperature of the water in the tank. In the next phase, dT’/dt = 0 as the Vt 7 


water comes out at a constant, high temperature. After some time, dT’/dt 
becomes small and negative as the contents of the hot water tank are 
exhausted. Finally, when the hot water has run out, dT'/dt is once again 0 as 


the water maintains its (cold) temperature. 


67. These graphs are idealizations conveying the spirit of the problem. In reality, changes in speed are not instantaneous, so the 


graph in (a) would not have corners and the graph in (b) would be continuous. 


F 
(a) (b) y= dsjat 
o———-O 
o_O o————_O 
o—o > 
0 3 8 10 15 19 t 
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11. 


12. 


. False. Consider lim 
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In the right triangle in the diagram, let Ay be the side opposite angle ¢ and Ax 
the side adjacent to angle ¢. Then the slope of the tangent line @ 


ism = Ay/Az = tan ¢. Note that 0 < ¢ < 4. We know (see Exercise 19) 


that the derivative of f(x) = x? is f’(a) = 2x. So the slope of the tangent to 


x the curve at the point (1, 1) is 2. Thus, ¢ is the angle between 0 and + whose 


tangent is 2; that is, 6 = tan~' 2 = 63°. 


Review 
TRUE-FALSE QUIZ 


. False. — Limit Law 2 applies only if the individual limits exist (these don’t). 


. False. | Limit Law 5 cannot be applied if the limit of the denominator is 0 (it is). 


True. Limit Law 5 applies. 


2 


. False. — =? is not defined when x = 3, but x + 3 is. 
2 
PGE =O. ae (ae SB) (a 38) 
True. lim, ae jim, ( —3) lim (x +3) 
True. The limit doesn’t exist since f(a) /g(x) doesn’t approach any real number as x approaches 5. 


(The denominator approaches 0 and the numerator doesn’t.) 


. The first limit exists and is equal to 5. By Example 2.2.2, we know that 


x(x >) iets sins ~) 


z5 & x 


the latter limit exists (and it is equal to 1). 


. False. If f(a) = 1/2, g(a) = —1/z, and a = O, then lim f(x) does not exist, lim g(x) does not exist, but 


lim, [f(x) + g(x)] = lim 0 = O exists. 


True. Suppose that lim [f (a) + g(a)] exists. Now lim f(x) exists and lim g(a) does not exist, but 


x@L—a 


jim g(x) = lim {[f(x) + 9(x)] — f(x)} = lim (f(x) + g(x)] — lim f(a) [by Limit Law 2], which exists, and 


we have a contradiction. Thus, lim [f(a) + g(x)] does not exist. 


True. A polynomial is continuous everywhere, so lim p(«) exists and is equal to p(b). 
; ‘ : 1 1 in. Aes be fel ‘ 
False. | Consider lim [f(x) -— g(x)] = lim = — = J- This limit is —oo (not 0), but each of the individual functions 
6 x x Of 


approaches oo. 


True. See Figure 2.6.8. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


False. 


False. 


False. 


True. 


True. 


CHAPTER 2 LIMITS AND DERIVATIVES 


Consider f(x) = sina forz > 0. lim f(a) 4 too and f has no horizontal asymptote. 


xL— Co 


1/(a@—1) if«l 


Consider f(x) = 
Ia) . ifx=1 


The function f must be continuous in order to use the Intermediate Value Theorem. For example, let 


1 f0<¢<3 
f(z) = eM , There is no number c € [0,3] with f(c) = 0. 
-1 iff@= 


Use Theorem 2.5.8 with a = 2, b = 5, and g(x) = 4a” — 11. Note that f(4) = 3 is not needed. 


Use the Intermediate Value Theorem with a = —1,b = 1, and N = 7, since 3 <7 < 4. 


True, by the definition of a limit with « = 1. 


a { le, et f(x) x+1 ife40 
alse. or example, let (x7) = 
2 if ¢=0 
Then f(a) > 1 for all x, but lim f(x) = lim (z +1) =1. 
False. | See the note after Theorem 2.8.4. 
True. f(r) exists => fis differentiable atr = f iscontinuousatr = lim f(x) = f(r). 
d7y . ee . dy re. ae ; 
False. qa the second derivative while ee the first derivative squared. For example, if y = x, 
d?y dy\” 
then Age. = 0, but (st ob 
True. f(x) = «1° — 102? + 5 is continuous on the interval [0, 2], f(0) = 5, f(1) = —4, and f(2) = 989. Since 
—4 <0 <5, there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a 
solution of the equation x*° — 102? + 5 = 0 in the interval (0, 1). Similarly, there is a solution in (1, 2). 
True. See Exercise 2.5.76(b). 
False. See Exercise 2.5.76(c). 
False. | For example, let f(x) = x and a = 0. Then f is differentiable at a, but |f| = |x| is not. 
EXERCISES 
. (a) Gi) lim f(x) =3 (ii) lim f(x) =0 
rot 23>—3t 


(iii) lim, f(x) does not exist since the left and right limits are not equal. (The left limit is —2.) 


(iv) lim f(w) =2 
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(v) lim f(x) = 00 (vi) lim f(x) = -o0 
(vii) lim f(x) =4 (viii) lim f(x) =-1 


(b) The equations of the horizontal asymptotes are y = —1l andy = 4. 


(c) The equations of the vertical asymptotes are x = 0 and x = 2. 


(d) f is discontinuous at « = —3, 0, 2, and 4. The discontinuities are jump, infinite, infinite, and removable, respectively. 
lim f(x)= -2, lim f(x) =0, lim, f(a) =~, 
lim f(a) =-—oo, lim f(x) = 2, 

Z>3— 2—33t 


f is continuous from the right at 3 


. Since the cosine function is continuous on (—oo, 00), lim, cos(x* + 32) = cos(0? + 3-0) = cos0 = 1. 
2 


Since a rational function is continuous on its domain, lim x —9 = 3° —9 ares 0 
: °e33 G2 +4+2r—3 324 2(3)-—3 12 : 
2_g (29+ 3)\(a x—3 3-3 6 3 
lim = lim = lim = = 9S 
e>-302+4+2¢—-3 25-3 (x + 38)(a x z—1 3-1 4 2 
Bias, 2st 
lim i thet —oo since 2? + 22 —-3 OF asa > eat eee <Oforl<2<3. 
zit 22 +22 —3 x? +22 —3 
3 h? — 3h? +3h—1)+1 3 _ 372 
tig Oe Ee re ee Tl & tin (RS SHAS) SS 
h—0 h h—0 h h—0 h h—0 


Another solution: Factor the numerator as a sum of two cubes and then simplify. 


_ (h-1841_,, (h-18 422. [(h-1) +1] [(h-1)? -1(h-1) +17] 
lim = lim = lim 
h—0 h h—0 h—0 h 
3 2 ' _ 

= lim [(h- 1)’ —h+2] =1-04+2=3 
a eae eer (¢+2)(@-2)  _), t+2 242 #4 21 
#208 -—8 252 (t—2)(t?+2t4+4) 25227 42t+4 44444 12 3 
ti, 7 = 00 since (r— 9)* + O* as r+ Vand —M > 0 fore 49. 

4—v 4—v 1 

li = ii = ili =-1 
ae |4 — v| pare —(4—v) ey a | 
a r?—3r—4 _ ee (r—4)(r+1) _ lim 4 1-4  -5 _ 5 
ro-14r2++r—3  ro-1(4r—3)(r+1) r5-14r-—3  4(-1)-3 ans 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


CHAPTER 2 LIMITS AND DERIVATIVES 
lim 2D VE*4 — py Bo VET4 34+ Vt+4 ae 9—(t+ 4) 
t5 t—5 t5 t—5 B+ ViF4) 15 (¢-5)(3+VEF4) 
; 5—t : —1 all 1 
= lim = lim = = 
5 (¢-5)(3+Vit4) 534+ VEF4 34+ V544 6 
Since x is positive, Vx? = |x| = x. Thus, 


ane a Oe oe, eles eo. = 
Since « is negative, Vx? = |x| = —a. Thus, 
lim DD lim Va? = 9/ Va? _ lim yi=9/ae? _yI=0__1 
coe SO eas = en). eas Doe =F. 2 
Let t = sinz. Then as x > 1, sina — 0*, sot — O°. Thus, ny In(sin x) = Ros Int = —oo. 
a: 1—2¢7-2* _ fe (l—22?—a2*)/t*  , 1/a*—2/e?-1 0-0-1  -1_ 1 


aoe 5+a—3at 20 (5+a—324)/2? 23-0 5/a4+1/a2-3 0+0—-3 —3 3 


2 _ 2 J Sioa: 2 ee 
lim ( Pe TeFT- x)= tim ( SONS (A EE) = ig 
~—0Oo x00 1 2 +4¢ +1424 ~—0o a/ x2 +4r+1l+a 
= lim ae [divide by n= Va for x > 0| 
woo (Vx? 4+ 4r4+14 2)/x 
aes A+1/2 — 4400 4 
eo 4/1 +4/r4+1/a2+1 VI+0+04+1 2 
Lett =a — a? =a(1— <2). Thenas x — 00, t + —oo, and lim er = jim e' =0. 
Let t = 1/x. Thenas 2 — 0, t — 00, and lim tan~*(1/x) = Jim tan tt = 5 
x2z—0 209: 


tim ( ee sa)-talte me 5 im | TE Bs me 2) 
= im | 5-3 =p-71 


From the graph of y = (cos? x) /x®, it appears that y = 0 is the horizontal 


asymptote and « = 0 is the vertical asymptote. Now 0 < (cos x)? <1 > 


0 cos? x 1 cos? x 1 


=a 0< = S 5a: But lim 0 =0Oand 


fie x 


cos” x 


=0. 


1 
lim -—; =0, so by the Squeeze Theorem, lim 


200 x? - wz—>tcoo £ 


2 


‘ . . COS’ & 
Thus, y = 0 is the horizontal asymptote. lim 
xz’ 


3 = 00 because cos? > 1 and x? — 0+ as x > 0, s0 x = Ois the 
x 


vertical asymptote. 
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22. From the graph of y = f(x) = Vx? + « +1 — Vx? — 2, it appears that there are 2 horizontal asymptotes and possibly 2 


vertical asymptotes. To obtain a different form for jf, let’s multiply and divide it by its conjugate. 


Verz+at+1l+Ve2—a (2? +a"4+1)- (2? —2) 
VP PEEL yee eae lay? =e 


fila) = (Ve? +24+1- V2? —2) 


_ 24+1 


Be rors ee re: 


Now 


lim fi(v) = lim ae 
200" a0 J/g? Fe+14+ Ja? —2 
2+ (1/2) 


Jim Vista) t/a) + Jia) [since Vx? = a for x > 0] 


so y = lisa horizontal asymptote. For x < 0, we have Vx? = |x| = —x, so when we divide the denominator by x, 


with x < 0, we get 


vetaotlt+ve?—-2_ ve*tetl+vere-c Bed: 1 i 1 S fy 1 
x = J x2 7 uc x? x 
Therefore, 
lim fi(z)= lim = ee! 5 = lim a 
oa sone Var taetT+ Vee = 1 TF Ca) + Ue) + V1 Ga) 
a eee 
—(14+ 1) 
so y = —1is a horizontal asymptote. 4 
The domain of f is (—00, 0] U [1, 00). Asa + 0°, f (x) > 1, s0 
x = Ois nota vertical asymptote. As 2 > 17, f(x) > V3,sor=1 1D te 
is not a vertical asymptote and hence there are no vertical asymptotes. 
-4 


23. Since 2a —1 < f(x) < x? for0 < a < 3and lim (Q2-—1)=1= lim a”, we have lim f(x) = 1 by the Squeeze Theorem. 


24. Let f(x) = —a?, g(x) = 2? cos(1/2”) and h(a) = a”. Then since |cos(1/2”) | < 1 for « # 0, we have 


f (x) < g(a) < h(a) for « ¥ 0, and so lim f(a) = lim h(z)=0 => lim g(x) = 0 by the Squeeze Theorem. 


25. Given « > 0, we need 6 > 0 such that if 0 < |” — 2| < 6, then |(14 — 5a) — 4| < e. But|(14-—5r)-4|<e © 
|-5a+10J<e = |-5||a-2)<e & |x—2| <&/5. So if we choose 6 = ¢/5, then0 < |r—2)<d => 


|(14 — 5a) — 4| < e. Thus, lim, (14 — 5a) = 4 by the definition of a limit. 
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26. Given « > 0 we must find 6 > 0 so that if 0 < |x — 0| < 6, then | x — 0] < «. Now |Wx—-0] = |%/z]<e => 


27. 


28. 


29. 


|x| = | ¥/a|° < €%. So take 6 = €?. Then 0 < |x — 0| = |2| < &? 


Therefore, by the definition of a limit, lim Vz =0. 


| ¥e—0| =| Ya] = Val < Ye =e. 


Given € > 0, we need 6 > 0 so that if 0 < |x — 2| < 6, then |2” — 3x — (—2)| < e. First, note that if |z — 2| < 1, then 


-l<2z-2<1s00<27-1<2 => 


|x 


3a — (—2)| = |(a — 2)(x — 1)| = |x — 2| |x — 1] < (€/2)(2) =e. 


Thus, lim (a? — 3a) = —2 by the definition of a limit. 


|x —1| < 2. Now let 6 = min {e/2,1}. Then0 < |a—2)< 6 => 


Given M > 0, we need 6 > O such that if0 < 1—4< 6, then2//a—4> M.Thisistue @& Vx—4<2/M © 


x —4<4/M”. So if we choose 6 = 4/M?, thn0<a2—4<6 = 2//x—4> M. So by the definition of a limit, 


lim (2//z—4) = 0. 


a—4t 


(a) f(x) = ./—wifx < 0, f(z) =3—cif 0 < « < 3, f(c) = (¢ = 3)’ ife > 3. 


(b) f is discontinuous at 0 since lim f(x) does not exist. (c) y 
2 


@ lim f(z) = lim (3-—2)=3 (ii) lim f(#) = lim /-x =0 
x—0F z—0t 207 207 
(iii) Because of (i) and (ii), lim f(x) does not exist. (iv) lim f(#)= lim (3—2)=0 
=z £233 £233 


(v) lim f(x) = lim (a —3)? =0 


z—33t 233 


3 
f is discontinuous at 3 since f (3) does not exist. 


(vi) Because of (iv) and (v), lim, f(x) =0. 


30. (a) g(a) = 2a — w if0 <a <2,9(2) =2-arif2<a<3,9(2) =2x—-4if3 <4 <4 6(2)=Tife>4. 


31. sin x and e® are continuous on R by Theorem 2.5.7. Since e” is continuous on R, e 


Lastly, x is continuous on R since it’s a polynomial and the product xe 


Therefore, lim g(x) = lim (2x — a) = 0 and lim, g(x) = lim (2-2) =0. Thus, lim g(x) =0 = g(2), 
Fe x2 Lz 


22 rd 


so g is continuous at 2. lim g(x) = lim (2— a) = —land lim, g(x) = lim 
23 x23 23 x3 
lim, g(x) = —1 = g(3), so g is continuous at 3. (b) 


lim g(x) = lim (a#—4) =Oand lim g(x) = lim 7 =T7. 
x47 rT zat ro 


Thus, lim g(x) does not exist, so g is discontinuous at 4. But 
an 


lim, g(x) = m = g(4), so g is continuous from the right at 4. 
xr—4 


sin x 


sin x 


(a — 4) = —1. Thus, 


yA 


Tr — 


> 
KN * 


is continuous on R by Theorem 2.5.9. 


is continuous on its domain R by Theorem 2.5.4. 
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32. 2? — 9 is continuous on R since it is a polynomial and \/Z is continuous on [0, 00) by Theorem 2.5.7, so the composition 


Vx? — 9 is continuous on {x | «7 — 9 > 0} = (—o0, —3] U [3, 00) by Theorem 2.5.9. Note that «* — 2 4 0 on this set and 


Vx2 —9 


so the quotient function g(x) = is continuous on its domain, (—oo, —3] U [3, co) by Theorem 2.5.4. 


ig 2 

33. f(x) = a — x? + 3x — 5 is continuous on the interval [1,2], f(1) = —2, and f(2) = 25. Since —2 < 0 < 25, there is a 
number c in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a solution of the equation 
x — x* + 32 — 5 = 0 in the interval (1, 2). 

34. f(x) = cos /a — e” + 2 is continuous on the interval [0, 1], f(0) = 2, and f(1) = —0.2. Since —0.2 < 0 < 2, there isa 
number c in (0,1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a solution of the equation 


cos \/z — e* +2 = 0, or cos \/x = e” — 2, in the interval (0, 1). 


35. (a) The slope of the tangent line at (2, 1) is 


(b) An equation of this tangent line is y — 1 = —8(a — 2) ory = —8x 4+ 17. 


36. For a general point with x-coordinate a, we have 


pene et f(x) — f(a) _ lim 2/(1 — 3x”) — 2/(1— 3a) _ lim 2(1 — 3a) — 2(1 - 3a) 
ta =£—a aa xL-a a—a (1 — 3a)(1— 3x) (a — a) 
6(x — a) 6 6 


= i= eee) Ss ae) sa? 


= 4-38 
0) or y = 62 + 2.Fora = —1,m= 3 


For a = 0, m = 6 and f(0) = 2, so an equation of the tangent line is y — 2 = 6(« 
and f(—1) = $, so an equation of the tangent line is y— 5 = 3(a +1) ory = 3a+ f. 
37. (a) s = s(t) = 1+2t++?/4. The average velocity over the time interval [1, 1 + h] is 
vege = MEA) =a) _ LEDC HA) EE AYA 19/4 _ OnE _ 10-4 
ae (l+h)-1 h Ah 4 


So for the following intervals the average velocities are: 
(i) [1,3]: h = 2, vave = (10 + 2)/4 = 3 m/s (ii) [1,2]: Ah = 1, vave = (10+ 1)/4 = 2.75 m/s 
(iii) [1, 1.5]: h = 0.5, vave = (10 + 0.5)/4 = 2.625 m/s (iv) [1, 1.1]: A = 0.1, vave = (10 + 0.1)/4 = 2.525 m/s 


s(1+h) — s(1) 


. 10+h 10 
= lim — 


b) When ¢ = 1, the instant locity is li 
(b) en e instantaneous velocity is an et gee A 


= 2.5 m/s. 


38. (a) When V increases from 200 in? to 250 in, we have AV = 250 — 200 = 50 in®, and since P = 800/V, 


AP = P(250) — P(200) = CON 3.2 — 4 = —0.8 Ib/in?. So the average rate of change 
250 200 
_ AP -0.8 Ib/in? 
— = — = -0.01 : 
Bay so OS 
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(b) Since V = 800/P, the instantaneous rate of change of V with respect to P is 
_ AV. V(P+h)—-V(P)_,. 800/(P+h)-—800/P _,. 800[P—(P+h)] 
EAP Hn h aya h = PRP 
—800 800 


= iyi 
n0(P+h)P PB 


which is inversely proportional to the square of P. 


/ : f(x) — f(2) _ : x? —2Q2r—4 
39. (a) f"(2) = lim “7 = lim —— — (c) 12 7 
ee (x — 2)(x? + 2x + 2) eee eT 


x22 r—2 xr—2 4 4 4 
(b) y —4 = 10(x — 2) ory = 10x — 16 [i] 
—12 


40. 2° = 64, so f(x) = #8 anda = 2. 


M41. (a) f’(r) is the rate at which the total cost changes with respect to the interest rate. Its units are dollars / (percent per year). 


(b) The total cost of paying off the loan is increasing by $1200/(percent per year) as the interest rate reaches 10%. So if the 


interest rate goes up from 10% to 11%, the cost goes up approximately $1200. 


(c) As r increases, C’ increases. So f’(r) will always be positive. 


42. a 43. at 44. 
x 
x 
x 
x 
2 2 Qa” — 2(a + h)? 
= 20 pd 2 2 
45. f’(x) = lim PS Sa lim ee) = lim =" cel) 
h—0 h—0 h h—0 h 
_ 2a? — 29? —deh—-2h?  ..  —4eh—2h? |. h(—4a — 2h) 
= lim = lim = lim 
h—0 ha? (x +h)? nr0 har(a +h)? a0 ha? (a +h)? 
sit —4a—2h  —4e 4 
ho 22(a+h)2 4? - x? i 


Domain of f’ = (—oo, 0) U (0, 00). 
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1 * aa vtiti-Jeth) +1 

46. r= pS wees vt+1 = jim, GENE EET: 
— tm MeHLEVEFA +1 | VEF T+ VE +A) +1 
1 Vitl+JSC+h) 41 


ae (t+1)—[(t+h) +] 
h0 p, (FER) +1 veri (veri + ((£h) +7) 


= lim wu 


ho0 p, (EFA) +1 VEFl (VEFT + ((Fh) +7) 


h—0 JER) +1 Vert (Ver + VEFN) 41) 


1 7. 1 


-1 
“Titi bhie see 


Domain of f’ = (—1, 00). 


47. (a) Pp gt OE lim ee V3—5(@ +h) — V3—5e /3—5@ +h) + V3— 5a 
h—0 h h—0 FG ThE a= 


[3 — 5(« +h) — (3 — 5a) 


= lim 


(b) Domain of f: (the radicand must be nonnegative) 3-52 >0 => 
br <3 => «x € (-co,3] 
Domain of f’: exclude 3 because it makes the denominator zero; 
az € (—00, 2) 
(c) Our answer to part (a) is reasonable because f(a) is always negative and 


f is always decreasing. 


48. (a) As x — too, f(x) = (4—«)/(3+ 2) — —1, so there is a horizontal 
asymptote at y = —1. As x > —37, f(x) — oo, andasz > —3°, 


f(x) — —oo. Thus, there is a vertical asymptote at 1 = —3. 


(b) Note that f is decreasing on (—0o, —3) and (—3, 00), so f’ is negative on 


those intervals. As  — +too, f’ > 0. Asa — —37 andas x > —3*, 


f' > -00. 


5 
= lim = 
ho0 p (v3 Beth) t+V3— 5a) r30,/3—Baa+h)+V3—50 2/3—5a 
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4—(x+h) 4-4 
hey ee, Feth)— fle) 84+@4+h) 3420 _.. 8+2)4-C+h)] -4-2) B+@+A) 
a We) = h hae i et hB+(@ +h) G+2) 
25 (12 — 3a — 3h + 4a — 2? — ha) — (124+ 4a + 4h — 3a — 2? — ha) 
hs AB +(e +hA)8+2) 


= lim wail = lim ok = £ 
mo hB+ (@+h)| +2) 0 B+@thlGta) Bra? 


(d) The graphing device confirms our graph in part (b). 
. f is not differentiable: at s = —4 because f is not continuous, at x = —1 because f has a corner, at x = 2 because f is not 


continuous, and at « = 5 because f has a vertical tangent. 


. The graph of a has tangent lines with positive slope for x < 0 and negative slope for x > 0, and the values of c fit this pattern, 
so c must be the graph of the derivative of the function for a. The graph of c has horizontal tangent lines to the left and right of 


the x-axis and b has zeros at these points. Hence, b is the graph of the derivative of the function for c. Therefore, a is the graph 


51. 


52. 


of f, cis the graph of f’, and b is the graph of f”. 
Domain: (—oo0, 0) U (0,00); lim f(a) = 1; lim, f(x) =0; 
2-07 x—0 


f'(x) > 0 for all x inthe domain; lim  f’(x) =0; lim f’(x)=1 


LZ 0o 


(a) P’(t) is the rate at which the percentage of Americans under the age of 18 is changing with respect to time. Its units are 


percent per year (%/yr). 


(b) To find P’(t), we use jim TA: ) aa) ~) na: 0) =) for small values of h. 
P(1960) — P(1950) _— 35.7— 31.1 


1960 — 1950 me 10 


For 1950: P’(1950) ~ = 0.46 


For 1960: We estimate P’(1960) by using h = —10 and h = 10, and then average the two results to obtain a 
final estimate. 


P(1950) — P(1960) _ 31.1 — 35.7 


— P’(1960) = = eae 
Ente of 180) 1950 — 1960 —10 a 
P(1970) — P(1960) 34.0 — 35.7 
— Uy MN — — 
h=10 = PY(1960) «7 = 0.17 


So we estimate that P’(1960) ~ 4[0.46 + (—0.17)] = 0.145. 


1950 1960 1970 1980 1990 2000 2010 


0.460 0.145 —0.385 -—0.415 —0.115  —0.085 —0.170 
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yr 
©) Pl) 
0.54 
37+ 
0.4+ 
35+ 
0.34 
33+ y=P(t) 
0.2+ 
31+ 
O.1+ 
29 + 
t t + t t + t > 
27+ 1950 1960\ 1970 1980 1990 2000 2010 ¢ 
-0.1+ 
25+ 
234 0.27 
~0.3+ 
t t t t t t t > 
1950 1960 1970 1980 1990 2000 2010 4 ~0.4+ 
—0.5+ 


(d) We could get more accurate values for P’(t) by obtaining data for the mid-decade years 1955, 1965, 1975, 1985, 1995, 
and 2005. 


53. B’(t) is the rate at which the number of US $20 bills in circulation is changing with respect to time. Its units are billions of 
bills per year. We use a symmetric difference quotient (see Exercise 2.7.60) to estimate B’ (2010). 


B(2010 + 5) — B(2010—5) _ B(2015) — B(2005) _ 8.57—5.77 


= 0.280 billion of bill 
(2010 + 5) — (2010 — 5) 5) 10 0.280 billion of bills per year 


B' (2010) © 


(or 280 million bills per year). 


54. (a) Drawing slope triangles, we obtain the following estimates: F'’(1950) ~ ra = 0.11, F’(1965) = at = —0.16, 


and F’(1987) ~ $2 = 0.02. 
(b) The rate of change of the average number of children born to each woman was increasing by 0.11 in 1950, decreasing 
by 0.16 in 1965, and increasing by 0.02 in 1987. 


(c) There are many possible reasons: 


e In the baby-boom era (post-W WI), there was optimism about the economy and family size was rising. 


e In the baby-bust era, there was less economic optimism, and it was considered less socially responsible to have a 


large family. 


e In the baby-boomlet era, there was increased economic optimism and a return to more conservative attitudes. 


85. |[f(x)| < g(x)  —g(x) < f(x) < g(x) and lim g(x) = 0 = lim —g(2). 


Thus, by the Squeeze Theorem, lim f(x) = 0. 
56. (a) Note that f is an even function since f(x) = f(—a). Now for any integer n, y 
[n] + [-n] = n — n = 0, and for any real number k which is not an integer, 0 ae ae ae ae 
[&] + [—] = [A] + (— [A] — 1) = -1. So lim f(z) exists (and is equal to —1) “1 


for all values of a. 


(b) f is discontinuous at all integers. 
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1. Lett = £/z,s0 x = t®. Thent > las a — 1, s0 


3/y Mee. =2 
lim 22 Leet ace SO i ee SE ee 
eal /e—-1 tm18-1 mei(t-1)(@+t4+1) t1t+t4+1 124141 3 


Another method: Multiply both the numerator and the denominator by (./z + 1) (0 x? + Ya + 1) : 


: : : . var+b—-2 Var+b+4+2 : ax+b—4 ; ; 
2. First rationalize the numerator: lim. ——————— -. ——————- = lim ————————. Now since the denominator 
z—0 x Yar+tb+2 2-0 a(Vax +b + 2) 


approaches 0 as x — 0, the limit will exist only if the numerator also approaches 0 as x — 0. So we require that 


a(0)+b-—4=0 => b=4. So the equation becomes lim = - 


———— 
0 Jax +442 V44+2 


Therefore, a = b = 4. 


3. For —4 <a < 4, we have 2x — 1 < Oand 2z + 1 > 0, so |2a — 1] = —(2@ — 1) and |2x + 1| = 2a +1. 


\2a —1)—|2a+1] _ lim —(2a% —1)— (2441) | lim 4 imeieed 
x x—0 x z—-0 x20 


Therefore, lim 
CF 


4. Let R be the midpoint of OP, so the coordinates of R are ($2, $a) since the coordinates of P are (a, o), Let Q = (0, a). 


2 1,2 2 
; x 1 : : gu - a x — 2a 
Since the slope mop = po aoe (negative reciprocal). But mgr = 7? 80 we conclude that 
Ly 
2 


-l=2? -2a 2a=27+1 5 a=ta7+4.Asx—0,a— 3, and the limiting position of Q is (0, $). 


5. @ rere Se Sal = bo! aan lim Fel _ 9 por-1< 2 <0, [x] = 1, so [=] _ eae 
x 2—oot & x x 


. x : —l ; : is : x : 
lim eal = lim (=) = oo. Since the one-sided limits are not equal, lim [) does not exist. 
z70- £ xz—07 x xz—->0 £ 


(b) Forza >0,1/e—1<[1\/e]<1/ex => 2«(/x-1) <a2fl/z] <a2(Q/r) > 1l-a<afl/e] <1. 


As x — 0*, 1—a — 1, so by the Squeeze Theorem, lim, x[1/a] = 1. 
x—0 


Forz <0,1/e—-1<[1/e]<1/x => 2«(/x-1)>2[1/z] >c(0/re) > 1l-ax>afl/c]>1. 


Asa — 0-,1—2 — 1,80 by the Squeeze Theorem, lim x[1/z] = 1. 
xz—0— 


Since the one-sided limits are equal, lim, x[1/z] = 1. 
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6. (a) [a]* + [y]? = 1. Since [x]* and [y]? are positive integers or 0, there are 
only 4 cases: 


Case (i): [et] =1, [y] =0 Sl <a <2and0<y<1 


Case (ii): [x] = —1, [y] =0 l<a<Oand0<y<l 


Case (iii):[z] = 0, [y]J =1 =sO0<a<landl<y<2 


Case (iv): [z] = 0, [y] = -1S0<a2<land-1<y<0 


(b) [x]? — [y]? = 3. The only integral solution of n? — m? = 3 isn = +2 y 


and m = +1. So the graph is | ; 


2<a<30r -2<2<1, 
{(x,y) | [2] = £2, [y] = £1} = {tw \ 


l<y<2or-l<y<0 


(c) [x+y]? =1 [x+y] =+1 l<at+y<2 


or—-l<a+y<0 


(d) Forn < « <n+1, [a] =n. Then [2] + [y] =1 [yJ=1-n 


1l—-n<y<2-—vn. Choosing integer values for n produces the graph. 


7. (a) The function f(x) = x/ [2] is defined whenever [a] 4 0. Since [az] = 0 for x € [0, 1), it follows that the domain of f is 
(—00, 0) U [1, 00). 
To determine the range we examine the values of f on the intervals (—oo, 0) and [1, 00) separately. A graph of f is 


helpful here. 


yA 


24 


ide iee 


14 
7 60° 282 =H. Heo eo =f 0 fe 2 Bs dh ee 


BY 


On (—co, 0), consider the intervals [—a, —a + 1) for each positive integer a. On each such interval, f is decreasing, 


f(a) = 1, and 
lim 2 ; : 
tas i Se Se 
a—(—a+1)— lim [z] —a a 
xw—(—a+1)— 
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So the range of f on the interval [—a, —a + 1) is (1 — 1/a, 1]. The intervals (1 — 1/a, 1] are nested and their union is just 


the largest one, which occurs when a = 1. So the range of f on (—oo, 0) is (0, 1]. 


On [1, 00), consider the intervals [a, a + 1), for each positive integer a. On each such interval, f is increasing, 


f(a) = 1, and 


lim i i 

lim f(x) =$ = = i + - 

a—(a+1)~ lim [2] a a 
a—(a+1)— 


So the range of f on the interval [a, a + 1) is [1,1 + 1/a). The intervals [1,1 + 1/a) are nested and their union is the 


largest one, which occurs when a = 1. So the range of f on [1, 00) is [1, 2). 


Finally, combining the preceding results, we see that the range of f is (0, 1] U [1, 2), or (0, 2). 


ary ; ; 
(b) First note that  — 1 < [z] < x. For x > 0, ais < bl < - For x > 2, taking reciprocals, we have 
x x x 
= = ee > 1. Now lim = land lim 1 = 1. It follows by the Squeeze Theorem that lim oe ok 


8. (a) Here are a few possibilities: 


(b) The “obstacle” is the line x = y (see diagram). Any intersection of the graph of f with the line y = x constitutes a fixed 
point, and if the graph of the function does not cross the line somewhere in (0, 1), then it must either start at (0, 0) 


(in which case 0 is a fixed point) or finish at (1, 1) (in which case 1 is a fixed point). 


(c) Consider the function F'(”) = f(a) — x, where f is any continuous function with domain [0, 1] and range in [0, 1]. We 
shall prove that f has a fixed point. Now if f(0) = 0 then we are done: f has a fixed point (the number 0), which is what 
we are trying to prove. So assume f(0) 4 0. For the same reason we can assume that f(1) A 1. Then F(0) = f(0) > 0 
and F'(1) = f(1) — 1 < 0. So by the Intermediate Value Theorem, there exists some number c in the interval (0, 1) such 


that F(c) = f(c) —c =0. So f(c) =c, and therefore f has a fixed point. 


lim[f(2) + 9(@)] =2 lim f(c) + lim g(a)=2 
lim (f(x) —g(z))=1 ~ ) lim f() — img(z)=1 @) 


Adding equations (1) and (2) gives us 2 lim f(z) =3 = lim f(x) = 3. From equation (1), lim g(x) = 4. Thus, 


ra 


lim [f (x) g(x)] = lim f(x) - lim g(x) = 3-5 = 7. 


@Z—a za za 
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10. (a) Solution 1: We introduce a coordinate system and drop a perpendicular 


from P, as shown. We see from Z NCP that tan 20 = I y 


, and from 


ZNBP that tan 0 = y/z . Using the double-angle formula for tangents, 


we get y eiygg i a SFU) aa naiitae 
1-2 1—tan?0 1-—(y/2)? 

‘Minicabs tus boonies a es ae ph 

simplification, SPOS ag pe y= ; 


As the altitude AM decreases in length, the point P will approach the x-axis, that is, y — 0, so the limiting location of P 
must be one of the roots of the equation «(3x2 — 2) = 0. Obviously it is not x = 0 (the point P can never be to the left of 
2 


the altitude AM, which it would have to be in order to approach 0) so it must be 3 — 2 = 0, that is, 7 = 3. 


Solution 2: We add a few lines to the original diagram, as shown. Now note 
that 7BPQ = ZPBC (alternate angles; QP || BC by symmetry) and 
similarly ZCQP = ZQCB. So ABPQ and ACQP are isosceles, and g c 
the line segments BQ, QP and PC are all of equal length. As |AM|— 0, 
B Cc 


P and Q approach points on the base, and the point P is seen to approach a 


position two-thirds of the way between B and C, as above. 


yA 


(b) The equation y” = «(3a — 2) calculated in part (a) is the equation of : A 
the curve traced out by P. Now as |AM| — 00, 20 — $,0— 4, 
x — 1, and since tan@ = y/x, y — 1. Thus, P only traces out the P(xy) 
part of the curve withO < y <1. 
B 0 C S 
0 M 2 1 x 


11. (a) Consider G(x) = T(a + 180°) — T(x). Fix any number a. If G(a) = 0, we are done: Temperature at a = Temperature 


at a + 180°. If G(a) > 0, then G(a + 180°) = T(a + 360°) — T(a + 180°) = T(a) — T(a + 180°) = —G(a) < 0. 
Also, G is continuous since temperature varies continuously. So, by the Intermediate Value Theorem, G has a zero on the 
interval [a, a + 180°]. If G(a) < 0, then a similar argument applies. 

(b) Yes. The same argument applies. 


(c) The same argument applies for quantities that vary continuously, such as barometric pressure. But one could argue that 


altitude above sea level is sometimes discontinuous, so the result might not always hold for that quantity. 


gle +h) gle) _ 5, @+hF@+h)—2f(@) _ 5, [ef +h) —2f (a), hfle+h) 
h—0 h h—0 h h—=0 h h 


+ Jim, f(e+h) = ef (@) +f) 


because f is differentiable and therefore continuous. 
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13. (a) Put x = O and y = 0 in the equation: f(0 + 0) = f(0) + f(0) +0?-04+0-0? = f(0) = 2f(0). 


Subtracting f(0) from each side of this equation gives f(0) = 0. 


2 2 
to) (0) = Jim LOM) FO) egy LAO) + FH) FOR FON] FO) — icy 0) — tig HO) 

2 2 

00) = Jy LO oy OEE Jy OE 
= lim ue + a? 4 oh| =14+2? 
hoo] h 
14. We are given that | f(2)| < x? for all x. In particular, | f(0)| < 0, but |a| > 0 for all a. The only conclusion is 
x—0 2 |x| || |x| x —0 


But lim (—|z|) =0= lim |x|, so by the Squeeze Theorem, lim La) £0) = 0. So by the definition of a derivative, 


f is differentiable at 0 and, furthermore, f’(0) = 0. 
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3 


3.1 


1. 


12. 


13. 


. (a) 


L] DIFFERENTIATION RULES 


Derivatives of Polynomials and Exponential Functions 


h i, 
(a) e is the number such that iim . : =1. 
(b) 
2.77 —1 2.8" —1 
- ee x = ee From the tables (to two decimal places), 
hi h_ 
=eUee || aeeee tim 27 —! _ 0.99 and tim 22 —! — 113, 
—0.0001 | 1.0296 no A ho h 
0.001 1.0301 Since 0.99 < 1 < 1.03, 2.7 <e < 2.8. 
0.0001 1.0297 


The function value at x = 0 is 1 and the slope at x = Ois 1. 


(c) f(x) = e® grows more rapidly than g(a) = «° when z is large. 


.giz)=4ea+7 => g(x) =4(1)+0=4 


. g(t) = 5t+ 40? = g’(t)=5(1) + 4(2t?-+) = 5(1) + 4(2t) = 5 + 8t 


f(x) =e? —24+3 = f(x) = 75a! —1(1)+0= 75a -1 


. g(a) = fa? —3a+4+12 = g'(x) = $(22?-") —3(1) +0 = (22) -3 = fa-3 


.Ft)=@+2 => F'(t)=3t? +0=30 [Note that e* is constant, so its derivative is zero.] 


.W(v) =1.8072 => W'(v) = 1.8(-3v737+) = 1.8(—30~*) = —5.407+ 


Vitae +tt = V(t) =f 8 + 408 


=the s(t) = -t-? + (—2t79) = -#-? —- 2¢ F = -T -— 
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180 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


CHAPTER 3 DIFFERENTIATION RULES 


a,b _ ns % = e 7 2a 4b 
(Q=ag+a=a 24 ot-4 r’(t) = a(—2t~3) + b(—4t-°) = —2at~3 — 4bt-> = ae 
y =2e4+-Ve=2%4+e? = y = 2(1)+ 407? = 242 LT er ae 

2a 
h(w)=V2w-V2 => Ah'(w)=V2(1)-0=Vv2 
g(x) = = +Ve=a-V?4eV4 = gl (x) = —h279/? 4 1273/4 or eh + —— 
Va r QaVa AV 23 
1 
W(t) = Vi—2e* = #'/? — Qe" W'(t) = $t71/? — 2(e*) = $t71/? — 2e! or —5 — 2c" 
2Vvt 
f(a) =a3(a@ +3) =a1+322 =>  f'(x) = 42° 4 3(3a?) = 40? + 9a? 
F(t) = (2-3)? = 42? —12t+9 => F'(t)=4(2t) — 12(1)+0= 8t= 12 
y =3er + J = 3 + 4071/8 y’ = 3(e*) + 4(—4)a—4/8 = 3e” — 4274/8 or 3c? — aes 
VE ° 2 3a VE 
S(R) =4rR? => S'(R) = 47(2R) = 8nR 
ae) 2 3 
f(a) = a — = * += =32+2? => f'(x) =3(1)+2e=342¢ 
Vata Va 7 
- = _ 1/2-2 4 21-2 _ »,-3/2 1 — _ 3-8/2 -2 3-5/2 
y 5 a tage x +a =2 +2 => y =e +(-la™) =—-$a 
3/2 1 7.5/2 3/2 5/2 
G(r) = 3r8/? + 7?! _ 3r / rel 3p3/2-2/2 4 95/2-2/2 3p l/2 4 98/2 


r r Yi 


G'(r) =3($r “¥2) 4 Bp 1/2 = Bp-1/2 4 Bp 1/2 9 ay 


o ets 


Gi) =vVi+ a VEEP EVIE = CW =Vv5(H) 47-14) = 
j(v) =a?44e?4 > 7'(x) = 2.4014 +0 = 2.4014 
k(r)=e"+r° => k'(r)=e"+er! 


A+Bz+C2 A Bz C2 


ee See a Car ak ars = Az? +B244+C = 
= = = = 2A 8B 2A+ Bz 
F'(z) = A(—22°*) + B(-12) +0 = —242$ — Be? =~ — 5 or + 
Gq) = (L+q7)? =14297 +47 G(q) = 0 + 2(-1g7?) + (—2q7*) = —2q7? — 2q78 
1416 1416 1,3, 1,4 
D(t) = —— = — = = 1 —t => 
©) (4t)3 64¢3 64 oi 4 
- = Ss = 3 1 3+ 160? 
i 4), 1 2 34-4 14-2 
BEM seat) aM a = AE Ogee ee OP aa 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


4. 


42. 


SECTION 3.1. DERIVATIVES OF POLYNOMIALS AND EXPONENTIAL FUNCTIONS 181 


3/y — Que” 3, Que” 
fv) = SER = VE Ey 39" ftw) = — 20819 — 20” 

2w?-wt4  2w? w 4 
P(w) = = 4 = ty? — = 8? — whl? pV? > 

vw Vw vw Vw 
1 2 
P'(w) = 2(3w'/?) Ly V2 +4(—3w-*/?) = 8w'/? — Lwol/? — aw-9/? or 3,/u — — 
; aa aa 


yore tt 41=ee+1=e-e? +1 => y'=e-e®? =e?" 

y= ta? +a. 

To find dy/dz, we treat t as a constant and « as a variable to get dy/dx = t(2x) + t9(1) = 2ta + 2°. 
To find dy/dt, we treat x as a constant and t as a variable to get dy/dt = (1)x” + (3t?)a = a? + 3t?2. 


t 


Tt  4-2 SA! 
ptyp= +at™. 


y= 


To find dy/dx, we treat t as a constant and « as a variable to get dy/da = t(—2a~*) + (1)t7' = —2ta~3 + t+ or 


Dts i 
a 
To find dy/dt, we treat x as a constant and t as a variable to get dy/dt = (1)a~? + a(—1t~?) =~? — at~? or Eat ae: 
x 


y= 2a? -—2? +2 => y' = 6x? — 2z. At (1,3), y! = 6(1)? — 2(1) = 4 and an equation of the tangent line is 


y—3=4(a—-1) or y=4e- 1. 


y=2e +2 => y' =2e7 +1. At (0,2), y’ = 2e° + 1 = 3 and an equation of the tangent line is y — 2 = 3(a — 0) or 


2 
yaato=at Qe- => y! =1— 2x. At (2,3), y’ = 1 — 2(2)~-? = F and an equation of the tangent line is 


y—3=3(x-2) or y= 5r+2. 


1 

y= VWe-ac=a4-2 rage eee = — 1. At (1,0), y’ = 7 — 1 = —{ and an equation of the 
x 

tangent line is y — 0 = —2(a—1) or y= —3 a + 2. 


you'+2e" => y' = 4a? + 2e”. At (0,2), y’ = 2 and an equation of the tangent line is y — 2 = 2(a — 0) 
or y = 2x + 2. The slope of the normal line is -} (the negative reciprocal of 2) and an equation of the normal line is 
y—2=-—4(@—0) or y= —432+2. 


y=? => y= Sy l/?. At (1,1), y’ = 2 and an equation of the tangent line is y — 1 = 3(a—1) or y= 2a — 4. 


The slope of the normal line is -3 (the negative reciprocal of 3) and an equation of the normal line is y — 1 = — 2 (a — 1) 


2 
or y=—204+ 3. 
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43. 


47. 
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y = 3a? — 23 y! = 6x — 32. 


At (1, 2), y’ = 6 — 3 = 3, so an equation of the tangent line is 
y—2=3(¢@-1) o y=3e-1. 


peace 
Vx 


y=a-Va y =1—427? =1 


f(a) =a* -2a3 +2? = f!(x) = 403 — 6a? + 2x 


Note that f’(a) = 0 when f has a horizontal tangent, f’ is positive 


when f is increasing, and f’ is negative when f is decreasing. 


f(a) =2° —22? +2-1 f'(x) = 5a* — 62? +1 


Note that f’(a) = 0 when f has a horizontal tangent, f’ is positive 


when f is increasing, and f’ is negative when f is decreasing. 


(a) 50 


a 


\ 


(b) From the graph in part (a), it appears that f’ is zero at 71 © —1.25, x2 + 0.5, 


and x3 ~ 3. The slopes are negative (so f’ is negative) on (—oo, 71) and 


(x2, #3). The slopes are positive (so f’ is positive) on (1, x2) and (a3, 00). 


-10 


RY 
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() f(z) = «* — 32° — 62? +72+30 => 100 


f' (x) = 4a? — 9x? — 12a +7 


eZ ) 
—40 
48. (a) 8 (b) From the graph in part (a), it appears that f’ is zero at 21 © 0.2 and xo & 2.8. 
The slopes are positive (so f’ is positive) on (—o0, 71) and (x2, 00). The slopes 


are negative (so f’ is negative) on (1, £2). 


ya 


ay 


(c) g(x) =e” — 327 = g!(x) =e* — 6x 8 


-8 


49. f(x) = 0.001x° — 0.022% => f'(x) =0.005¢4— 0.062? => f" (x) = 0.022% — 0.122 
50. G(r)=Vrtvr => Gl(r)=gr?4 gr = G(r) =—FZr3? — 2r 8/8 


51. f(a) =2e-52°/4 => fi(a2)=2-Ba V4 = f"(2)= Ba /4 


Note that f’ is negative when f is decreasing and positive when f is 


increasing. f” is always positive since f’ is always increasing. 


52. f(x) =e” — 2° f'(x) =e” — 32? f" (a) =e" — 6x 


Note that f(a) = 0 when f has a horizontal tangent and that f’” (x) = 0 


when f’ has a horizontal tangent. 


53. (a) s =t? — 3t v(t) = s'(t) = 30? —3 a(t) = vu'(t) = 6t 


(b) a(2) = 6(2) = 12 m/s?” 


(c) v(t) = 3t? — 3 = 0 when 2? = 1, that is, t = 1 [t > 0] and a(1) = 6 m/s?. 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


CHAPTER 3 DIFFERENTIATION RULES 


(a)s=t*-2840-t = Ome 
v(t) = s'(t) = 40° — 64? +2t-1 = 


a(t) = v'(t) = 12? — 12t + 2 


0 2.5 
(b) a(1) = 12(1)? — 12(1) + 2 = 2m/s? 

=15 

dL 
L = 0.0155A® — 0.372A?+3.954+121 => a= 0.0465A? — 0.744. + 3.95, so 
dL 2 os state : ; 
SF ncaa 0.0465(12)° — 0.744(12) + 3.95 = 1.718. The derivative is the instantaneous rate of change of the length (in 
=12 


inches) of an Alaskan rockfish with respect to its age when its age is 12 years. Its units are inches/year. 


S(A) = 0.882A98#2 =  S’(A) = 0.882(0.842A~°-1°8) = 0.742644A~°-1®8, 0 
5'(100) = 0.742644(100)~°'1°8 = 0.36. The derivative is the instantaneous rate of change of the number of tree species with 


respect to area. Its units are number of species per square meter. 


(a) P= z and P = 50 when V = 0.106, so k = PV = 50(0.106) = 5.3. Thus, P = a8 and V = ae 
dV 5.3 d 5.3 
_ -1 av =2) _ _ Vio a, a ee 
(b) V =5.3P qP 5.3(—-1P~“*) pe" When P = 50, 7qP 502 0.00212. The derivative is the 


instantaneous rate of change of the volume with respect to the pressure at 25°C. Its units are m?/ kPa. 


(a) L = aP? + bP +c, where a © —0.275428, b © 19.74853, and c = —273.55234. 


(b) ah = 2aP+b. When P = 30, ae = 3.2, and when P = 40, an 


qP TP qP = —2.3. The derivative is the instantaneous rate of 


Sen ee ey 2 . F dL . RE re 
change of tire life with respect to pressure. Its units are (thousands of miles)/(lb/in”). When ap * positive, tire life is 
‘ : dL ow ie ot : 
increasing, and when qP < 0, tire life is decreasing. 


y=a?4+3a?-9r+10 = y! = 3x? + 3(2x) — 9(1) + 0 = 3x? + 6a — 9. Horizontal tangents occur where y’ = 0. 


Thus, 32? + 62 —9 =0 3(a? + 2a — 3) =0 3(a@ + 3)(a —1) =0 x = —3ora = 1. The 


corresponding points are (—3, 37) and (1, 5). 


f(v)=e*-2e => f'(x)=e"—-2. f'(x) =0 eS) x = 1n2, so f has a horizontal tangent when 
x =I1n2. 
y =2e7+3a+502 = y! = 2% 4341527. Since 2e* > 0 and 15x? > 0, we must have y’ > 0+ 3+0 = 3,so no 


tangent line can have slope 2. 


y=u'+1 > y' = 42°. The slope of the line 32x — y = 15 (or y = 32% — 15) is 32, so the slope of any line parallel to 


it is also 32. Thus, y’ = 32 4a? = 32 x? =8 x = 2, which is the x-coordinate of the point on the curve 
at which the slope is 32. The y-coordinate is 2* + 1 = 17, so an equation of the tangent line is y — 17 = 32(a — 2) or 
y = 32a — 47. 
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63. The slope of the line 3a — y = 15 (or y = 3a — 15) is 3, so the slope of both tangent lines to the curve is 3. 
y= 2° — 327+ 32-3 y’ = 3x? — 6 + 3 = 3(x? — 22 +1) = 3(a — 1)”. Thus, 3(v—- 1)? =3 = 
(2-1)? =1 z-l=l1 x = 0 or 2, which are the x-coordinates at which the tangent lines have slope 3. The 
points on the curve are (0, —3) and (2, —1), so the tangent line equations are y — (—3) = 3(a — 0) or y = 3x — 3 and 
y — (-1) = 3(a@ — 2) or y = 3a —7. 
64. The slope of y = 1 + 2e” — 3a is given by m = y’ = 2e” — 3. y=14+2e*— 3x 6 
The slope of 3x — y= 5 y = 34 — 5is3. / 
m=3 2e7 —3 =3 e =3 z=Iln3. 
This occurs at the point (In3, 7 — 31n3) & (1.1,3.7). 
3 ; 4 
y=3x+7-61n3 1 y=3x—-5 
1 . . 
65. The slope of y = Vz is given by y = tag 1/? = ae The slope of 2x + y = 1 (or y = —2a + 1) is —2, so the desired 
x 
: enc A 1 
normal line must have slope —2, and hence, the tangent line to the curve must have slope 3. This occurs if ae =5 > 
x 


Ve=l1 => wv=1. Whence =1, y = V1 = 1, and an equation of the normal line is y — 1 = —2(2 — 1) or 


y= —-2x4 +3. 


66. y = f(x) =a? -1 f' (a) = 2x. So f’(—1) = —2, and the slope of the 


normal line is i. The equation of the normal line at (—1, 0) is 


y—0= 4[x— (—1)] ory = 4a + 4. Substituting this into the equation of the 


parabola, we obtain 32 + 4 = 2? —1 & ¢+1=227-2 © 


2x7 2-3 =0 (2a — 3)(a +1) =0 x = 3 or —1. Substituting 
into the equation of the normal line gives us y = 3. Thus, the second point of 


intersection is (3 2 ) as shown in the sketch. 


274 


67. 


y — (—4) = 2a(a — 0) y = 2ax 


line, a? = 2a(a) — 4, or a? = 4. Soa =4 


and (—2, 4). 


3 
2 


Let (a, a’) be a point on the parabola at which the tangent line passes 


through the point (0, —4). The tangent line has slope 2a and equation 


4. Since (a, a’) also lies on the 


{2 and the points are (2, 4) 


68. (a) Ify = 2? +2, then y’ = 2x + 1. If the point at which a tangent meets the parabola is (a, a” + a), then the slope of the 
y y 


tangent is 2a + 1. But since it passes through (2, —3), the slope must also be 


a’ +a+3 


a Solving this equation for a we get a” + a 
7 


Therefore, 2a + 1 = 
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a? —4a—5 = (a—5)(a +1) =0 a = 5or—1. Ifa = —1, the point is (—1, 0) and the slope is —1, so the 


equation is y — 0 = (—1)(a +1) ory = —a — 1. Ifa = 5, the point is (5, 30) and the slope is 11, so the equation is 


y — 30 = 11(@ — 5) ory = 11a — 25. 


(b) As in part (a), but using the point (2,7), we get the equation 


2 — 
ee ee 2a” —3a—-2=a?+a—7 a’? —4a+5=0. 
= 
The last equation has no real solution (discriminant = —16 < 0), so there is no line 


through the point (2, 7) that is tangent to the parabola. The diagram shows that the 


point (2, 7) is “inside” the parabola, but tangent lines to the parabola do not pass 


through points inside the parabola. 


1 1 
9. $0) = Jn PEE = fin 2? = Jim ay ES ae em ~ EEF 
70. (a) f(c)=2" => f'(e)=na™? > f"(2)=n(n-1)2"? = > 
f(x) =n(n—1)(n— 2)++-2- 1a” =n! 
(b) f(z@)=a' => fi(e)=(-Da* = f"@)=(-I(-2)e% = = 


71. Let P(x) = ax? + ba +c. Then P’(x) = 2ax + band P(x) = 2a. P’’(2) = 2 2a = 2 a=1. 


PoOy=3: S-20@) 4043) = 4453 -S 6S 1, 
P(22)=5 => 1(2)?+(-1)2)+e=5 => 2+¢e=5 => c=3.S0 P(x) =2?—24+3. 
72. y= Ae?+Bet+C => y'=2Ar+B => y"’=2A. We substitute these expressions into the equation 


y +y' —2y = x” to get 
(2A) + (2Ax + B) — 2(Aa? + Ba +C) = 2? 


2A +2Ax + B-2Ax? —2Ba —2C = x? 
(—2A)a? + (2A — 2B)x + (2A + B—2C) = (1)a? + (0)a + (0) 


The coefficients of ? on each side must be equal, so —2A = 1 A= 5. Similarly, 2A—2B=0 > 


A=B=-—3and2A+ B-2C=0 1—4-2C=0 C=-3. 


73. y= f(x) =ax* +ba? +cr+d => f'(x) =3ax2+2be+c. The point (—2,6) ison f,so f(—2) =6 => 


8a + 4b — 2c + d =6 (1). The point (2,0) ison f,so f(2)=0 = 8a+4b+2c+d=0 (2). Since there are 


horizontal tangents at (—2, 6) and (2,0), f’(+2) =0. f’(—2) =0 12a —4b+c=0 (@)and f’(2)=0 => 

12a + 4b+c=0 (4). Subtracting equation (3) from (4) gives 8) =0 = 6=0. Adding (1) and (2) gives 8b + 2d = 6, 
so d = 3 since b = 0. From (3) we have c = —12a, so (2) becomes 8a + 4(0) + 2(—12a) +3 =0 3 = 16a 

a= 3. Nowc = —12a = —12(4) = —$ and the desired cubic function is y = 42° — $a +3. 
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75. 


76. 
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yrax?+ba+ce => y'(x)=2ax+b. The parabola has slope 4 at x = 1 and slope —8 atx = —1,soy/(1)=4 => 


2a+b=4 (1) and y’(—1) = —8 2a +b = —8 (2). Adding (1) and (2) givesus2b=—-4 <= b= -—2. From 


,4a—-—L2>= <= az==d3. Thus, the equation of the parabola is y = 32° — 2x” +c. Since it passes through the point 
1), 2 2=4 3. Thus, the equati f the parabola is y = 3a? — 2 Si it p hrough the poi 


(2,15), we have 15 = 3(2)? — 2(2) +c c = 7, so the equation is y = 3x? — 2x + 7. 


fe) etl ifa<l 
aA 
xat+l1 if¢@>1 


Calculate the left- and right-hand derivatives as defined in Exercise 2.8.64: 


(1) = im LOMA FO) gg (AER OF iy BPR tim (4-2) = 2 and 
pace, dae MAR) ASL) oan Seite Ant = 
DS 


Since the left and right limits are different, 


im fA+h) = f0) 


does not exist, that is, f’(1 
tim LO) r'() 


does not exist. Therefore, f is not differentiable at 1. 


2x if «<0 


2 if0<a4<2 


g(x) = ¢ 2a#- a 
2-2 ifx>2 


Investigate the left- and right-hand derivatives at « = 0 and x = 2: 


g(0) = lim g(O+h)~9(9) _ yi) 28200) _ gang 
h—0- h h—0- h 
i a =— 2 — 
g(0) = lim g(0 + h) ~ 9(0) = lim ie cl) = lim (2—h) = 2, so g is differentiable at x = 0. 
h—0+ h h—o+ h h—o+ 
Lp). = Be foi op — 2 
g_(2) = lim GOGO), a. gap COR) oe OO ee geo ane lim (-2—h) = -2 
h—07 h—0- h h—0- h h—07 
and 
g.(2) = lim gies P) Rig) lim Bomiebr mez) lim — = lim (-1)=-1, 


so g is not differentiable at x = 2. Thus, a formula for g’ is 


YA Al 
2 if «<0 
g(z)=<2-22 if0<a<2 y=gl(x) 
—1 ifx>2 
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77. (a) Note that x? -9<Oforaz?<9 © |2|<3 & -3<2<3.So 
e-9 ife<-3 2 ifa<-s3 
Qu if |z| > 3 
f(a) = +9 if -38<2<3 => fi(2)=( -22 if 3<a2<3 = 
22 if |a|<3 
x? —9 ifx#>3 2x if2>3 


f8+h) = f(3) 
h 


To show that f’(3) does not exist we investigate lim 


defined in Exercise 2.8.64. 
f(8+h) = f(3) _ 


f/(3) = lim 


h-0- 


fB+h)— f(3) 


f',(3) = lim 


hot 


Since the left and right limits are different, 


him £3 +4) = £3) 


does not exist, that is, f’(3 
lim A f'(3) 


does not exist. Similarly, f’(—3) does not exist. 


Therefore, f is not differentiable at 3 or at —3. 


78. Ifa > 1, then h(x) = |v — 1] 4+ |a+2| =a —-14+a24+2=2¢+1. 


(x —1)4 
Ifa < —2, then h(x) = —(a — 1) — (a + 2) = —2a — 1. Therefore, 


If—2 <a <1, then h(x) = x+2=3. 


by computing the left- and right-hand derivatives 


—2x2-1 
3 
24+1 


h(x) 


if «< —2 


if -—2<a<1 


ifx«>1 


To see that h’(1) = lim 


h(a) — h(1) 


xl 


observe that lim 


rl 


h'(—2) does not exist. 


79. 


slope of the tangent to the parabola at (x, y) is y’ = 2ax +b. Atx 


h(a) — 


aslt L— 


does not exist, 
a-l1 


h(1) 3-3 
“* — Q but 
3-1 


= lim 
zl 


a = 2. Similarly, 


> hN(x)= 


Substituting « = 1 and y = 1 into y = ax” + bx gives usa+b = 1 (1). The slope of the tangent line y = 3a — 2 is 3 and the 


1,y' =3 3 = 2a+b (2). Subtracting (1) from 


(2) gives us 2 = a and it follows that b = —1. The parabola has equation y = 2x” — x. 


80. 


have d= 1. 


y=a'+are+bar?+cxr+d > y(0)=d. 


Since the tangent line y = 2% + 1 is equal to 1 at x = 0, we must 


y = 4a? + 3ax7+2be2+c¢ => y'(0) =c. Since the slope of the tangent line y = 2x + 1 at x = Ois 2, we 


must have c = 2. Now y(1) = 1+a+b+c+d=a+b+44 and the tangent line y = 2 — 3x at x = 1 has y-coordinate —1, 
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82. 


83. 


84. 


85. 
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soa+b+4=-—lora+b=—5 (1). Also, y’(1) = 44 3a + 2b+c = 3a + 2b + 6 and the slope of the tangent line 


y = 2-32 atx = 1is —3,s0 8a + 26+ 6 = —3 or 3a + 2b = —9 (2). Adding —2 times (1) to (2) gives us a = 1 and 


hence, b = —6. The curve has equation y = x* + x* — 6x? + 2a +1. 


=f(r)=axz? = f'(x) =2ax. So the slope of the tangent to the parabola at x = 2 is m = 2a(2 4a. The slope 
y 


of the given line, 27 + y = b y = —2x + 8, is seen to be —2, so we must have 4a = -2 &] a= —3. So when 
x = 2, the point in question has y-coordinate -i . 2? — —2. Now we simply require that the given line, whose equation is 


2x + y = b, pass through the point (2,2): 2(2)+(—2)=b < b= 2. So we must have a = —4 and b = 2. 


The slope of the curve y = cV‘x is y' = 5 =z and the slope of the tangent line y = 3a + 6 is 3. These must be equal at the 
x 
: c 3 : 
point of tangency (a, ceva ) , SO we oat c = 3Va. The y-coordinates must be equal at x = a, so 
a 
cVa = 3a+6 > (3Va) Va = $a+6 => 3a=3a+6 2a =6 a = 4, Since c = 3 Va, we have 


c=3V4=6. 


The line y = 2” + 3 has slope 2. The parabola y = cx” = y’ = 2cx has slope 2ca at x = a. Equating slopes gives us 


2ca = 2, or ca = 1. Equating y-coordinates at z = a gives us ca” = 2a+3 © (ca)a=2a+3 8 la=2a+3 6 
1 

a = —3. Thus, c = — = —-. 
a 


f(z) =az?+ba+e => f(x) = 2ax +b. The slope of the tangent line at x = p is 2ap + b, the slope of the tangent line 


(2ap + b) + (2aq + b) 
2 


at x = q is 2aq + b, and the average of those slopes is = ap+aq+ b. The midpoint of the interval 


ptrq p+q 


[p, q] is and the slope of the tangent line at the midpoint is 2a( ) +b=a(p+q) +b. This is equal to 


ap + aq + b, as required. 


f is clearly differentiable for x < 2 and for x > 2. For x < 2, f’(x) = 2a, so f! (2) = 4. For x > 2, f’(x) =m, so 


‘ (2) =m. For f to be differentiable at 2 = 2, we need 4 EQ (2) =m. So f(x) = 4x + b. We must also have 
+ + 


continuity at = 2,so4 = f(2) = lim, f(x) = lim, (4c + b) = 8+ b. Hence, b = —4. 
x2 x2 


axe —3a2 if r<1 


We have g (x) = 
ae) ae if 21 


For a < 1, g'(x) = a(3x”) — 3(1) = 3ax? — 3, so g!_ (1) = 3a(1)? — 3 = 3a — 3. For x > 1, g/(x) = b(2x) +0 = 2bz, so 


g'.(1) = 2b(1) = 2b. For g to be differentiable at x = 1, we need g'_ (1) = g', (1), so 3a — 3 = 2b, orb = a BS For g to 


be continuous at x = 1, we need g (1) = a — 3 equal to g+(1) = b+ 2. So we have the system of two equations: 


a-—3=b4+2,b= a= Substituting the second equation into the first equation we have a — 3 = age +2 => 
2a—-6 = 3a-34+4 a= Tandb = SCO 8 _ a9 
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87. 


88. 


89. 


90. 
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Solution 1: Let f(a) = 2'°°°. Then, by the definition of a derivative, f’(1) = lim Mo) 1) a lim os ie 
Bite of bai B M bid 


But this is just the limit we want to find, and we know (from the Power Rule) that f’(x) = 10002°°°, so 
1000 _ 


f’(1) = 1000(1)°° = 1000. So lim -——_—— = 1000. 


Solution 2: Note that (219° — 1) = (a — 1)(a999 + 2998 4 997 4... +4? +441). So 


aS ae ces a = Tim (29? + 2? 4 0997 +--+ 0? +241) 
2 7. i rT x«— 


=1+1it+i+---+1+1+1 = 1000, as above. 
SR, sey? 


1000 ones 
(a) ry=c y= © Let P= (a, “), The slope of the tangent line at x = ais y’(a) = > Its equation is 
x a a 
c c c 2c i : . 2c . : : : 
y (x — a) ory = x + —, So its y-intercept is —. Setting y = 0 gives x = 2a, so the x-intercept is 2a. 
a a? a? a a 


The midpoint of the line segment joining (0 =) and (2a, 0) is (a, <) =P, 
(b) We know the x- and y-intercepts of the tangent line from part (a), so the area of the triangle bounded by the axes and the 
tangent is $(base) (height) = 42y = 4(2a)(2c/a) = 2c, a constant. 


In order for the two tangents to intersect on the y-axis, the points of tangency must be at 
equal distances from the y-axis, since the parabola y = a? is symmetric about the y-axis. 


Say the points of tangency are (a, a’) and (—a, a’), for some a > 0. Then since the 


derivative of y = a? is dy/dx = 2z, the left-hand tangent has slope —2a and equation 


y — a? = —2a(ax +a), or y = —2ax — a?, and similarly the right-hand tangent line has 


equation y — a? = 2a(x — a), or y = 2ax — a’. So the two lines intersect at (0, —a’). Now if the lines are perpendicular, 


then the product of their slopes is —1, so (—2a)(2a) 1 a=2 a = §. So the lines intersect at (0, —). 
* ja RS From the sketch, it appears that there may be a line that is tangent to both 
i curves. The slope of the line through the points P(a, a”) and 
y=x 
Qe L 9 
Q(b, b? — 2b + 2) is aes The slope of the tangent line at P 
—a 
Q 
f a is2a [y’ =22] andatQis2b—2 [y’ = 2x — 2]. All three slopes are 
0 1 x 
equal, so 2a = 2b — 2 a=b-1. 
28S = 2 2h _ (12 
Alegre eS 2. op 2b 2 = b? — 2+2-b? +2b-1 


b-a b—(b—1) 


26=3 => b= 3 anda = 3 =1= 3. Thus, an equation of the tangent line at P is y — yr = 2(5) (a - 3) or 
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7.y—2* = y' = 2x, so the slope of a tangent line at the point (a, a”) is y’ = 2a and the slope of a normal line is —1/(2a), 
‘ p 2 _ a —c a? —c 1 
for a ~ 0. The slope of the normal line through the points (a, a“) and (0, c) is 9° 80 Sri 
a- a a 
a*—c=-4 a” = c— 3. The last equation has two solutions if c > 4, one solution if c = 4, and no solution if 


Cx 4. Since the y-axis is normal to y = x” regardless of the value of c (this is the case for a = 0), we have three normal lines 


ifc> 4 and one normal line if c < 4. 


APPLIED PROJECT Building a Better Roller Coaster 


1. (a) f(x) =aa?> +ba +c => f' (x) =2ax +b. 


The origin is at P: f(0) =0 > c=0 
The slope of the ascent is 0.8: f'(0)=08 > b=0.8 
The slope of the drop is —1.6: f'(100) =-16 => 200a+b=-1.6 
(b) b = 0.8, 80 200a+b=-1.6 = 200a+0.8=—1.6 200a = —2.4 a i 0.012. 


Thus, f(a) = —0.0122? + 0.82. 


(c) Since L passes through the origin with slope 0.8, it has equation y = 0.82. 


The horizontal distance between P and Q is 100, so the y-coordinate at Q is 


f (100) = —0.012(100)? + 0.8(100) = —40. Since Lz passes through the 


point (100, —40) and has slope —1.6, it has equation y + 40 = —1.6(a — 100) 


—100 
or y = —1.6x + 120. 


(d) The difference in elevation between P(0,0) and Q(100, —40) is 0 — (—40) = 40 feet. 


2. (a) 
Interval 
(—o0, 0) 
(0, 10) + lx? +ma+n 
[10, 90] + br +ce 
(90, 100] tga? +ra+s 
(100, oo) = —1.6z + 120 


There are 4 values of x (0, 10, 90, and 100) for which we must make sure the function values are equal, the first derivative 
values are equal, and the second derivative values are equal. The third column in the following table contains the value of 
each side of the condition — these are found after solving the system in part (b). 


[continued] 
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(b) 
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Atz= Resulting Equation 
0 g(0) = £1(0) 0 n=0 
g' (0) = L4(0) 2 m= 0.8 
g (0) = L7(0) 0 2l=0 
10 g(10) = q(10) s 1000k + 1001 + 10m + n = 100a + 10b +c 
g' (10) = q’(10) 2 300k + 201 + m = 20a +b 
g" (10) = q’"(10) 60k + 21 = 2a 
90 h(90) = q(90) 729,000p + 8100g + 90r + s = 8100a + 90b + ¢ 
h'(90) = q’(90) 24,300p + 180g + r = 180a + b 
h' (90) = q’"(90) 540p + 2q = 2a 
100 h(100) = L2(100) —40 1,000,000p + 10,000g + 100r + s = —40 
h’(100) = L5(100) —3 30,000p + 200g + r = —1.6 
h’(100) = L3(100) 0 600p + 2g = 0 
We can arrange our work in a 12 x 12 matrix as follows 
a Cc k l m n p qd r 8 constant 
1 0 0 0 0 0 
0 0 0 0 0 0.8 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 729,000 8100 90 He 0 
0 24,300 180 1 0 0 
0 540 2 0 0 0 
0 | 1,000,000 | 10,000 | 100 1 —40 
0 30,000 200 1 0 —1.6 
0 600 2 0 0 0 
Solving the system gives us the formulas for q, g, and h. 
a=-0.013=-4 eee = ~ Bs 
b=0.93=# q(z) =-4a? + Ha-¢ ere 9(2) = — 3555 
peepee 2 m=0.8= 3 
n=0 
p = 0.0004 = 45 
= ae 
io ae 10 h(x) = agept° — fx" + Fp — 25° 
s = —324.4 = — 2920 
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(c) Graph of Li, q, g, h, and Lea: The graph of the five functions as a piecewise-defined function: 


(10, 68/9) 
| 


v 
N 


or 


(90, -220/9) 
(100, —40) 


—100 —100 
This is the piecewise-defined function assignment on a A comparison of the graphs in part 1(c) and part 2(c): 
TI-83/4 Plus calculator, where Yo = [1, Ye = g, Y5 = q, 
Y7 =h,and Y3 = Lo. = 
Floki Flotz Flot ‘ll —— - ‘te 


—50 


3.2 The Product and Quotient Rules 


1. Product Rule: f(x) =(1+2a?)(a—2?) => 


f(x) = (1 + 2a7)(1 — 2a) + (a@ — x?) (4x) = 1 — Qa + 2x? — 4a? + 4a? — 4a? = 1 — 29 + 6a? — 82°. 
Multiplying first: f(a) = (1 + 2x?)(a — 2?) =a2—-—a? 4223-224 = f(x) =1— 2x 4 6x? — 8x3 (equivalent). 


4 band 4 53 1/2 
2. Quotient Rule: F(x) = amie = ea ees 
x x 
x? (4a? — 15a? + ig l/2) — (a+ — 5a? + 2/?)(20r) _ 4° — 1504 + 13/2 — 20° + 1004 — 20/2 


F'(z) = (22) a4 
20° — Sat — 3y3/? 
= a = 24 —-5— 52 


at —5e8 +Va 


Simplifying first: F(a) = = 


a? —5at+a-3/? = F(x) = 2a —5— 3a~*/? (equivalent). 
For this problem, simplifying first seems to be the better method. 

3. By the Product Rule, y = (4x2 + 3)(2a +5) => 
y’ = (4x? + 8)(2a + 5)’ + (22 + 5) (4a? + 3)’ = (4a? + 3)(2) + (22 + 5) (8a) 


= 827 +64 16x? + 40x = 240? + 40x + 6 


4. By the Product Rule, y = (10x? + 7a — 2)(2 — a”) 
y’ = (10a? + 7x — 2)(2 — 2)! + (2 — x?) (10x? + 7a — 2)! = (10a? + 7x — 2)(—2x) + (2 — x?)(20a + 7) 


= —20r° — 14x? + 4x + 40x + 14 — 202° — 7x? = —40x? — 21x? + 447 +14 
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The notations = and 2 indicate the use of the Product and Quotient Rules, respectively. 


5. y=aee™ S y! = a3 (ec?) +e? (a3)! = ae? +e” - 3a? = €? (x? + 327) 


6. y=(e7 +2)(2e7-1) S 


y’ = (e” + 2)(2e” — 1)’ + (2e” — 1)(e* + 2)’ = (e” + 2)(2e”) + (2e” — 1)(e”) 
= 2e?” + de” + 2e?* — ©? = 4e?” + 3e” or e? (4e” + 3) 


7. f(a) = (3a? — 5x)e” s 


f' (x) = (3a? — 5x) (e”)’ + e? (3x? — 5a)! = (3a? — 5a)e” + e? (6x — 5) 
= e”[(3a? — 5x) + (62 — 5)] = e* (3a? +” — 5) 


8. g(x) = (a + 2,/x) e* = 


gf (a) = (w+ 2VB)(e*)! +e? (w + 2VE)! = (w+ WE )e* + e?(142- d0-¥/?) 


=e*|(@+ 2/a) + (1+1/va)] =e*(2+2Vz+1+1/vz) 


: x e*(1)—a(e”)  e*?(1l-z) 1-2 
9. By the Quotient Rule, y = a = = 
vo Pee Gea Omi (ee)y aoe 
‘ 7 ex — (1 — e* Je” — e”(—e”) _ ee — e* + 67 - ex 
10. By the Quotient Rule, y = ee > y= (te = ee eae 
3—2t ar (5¢-+ 1)(—2) — (8 = 24)(5) | —10¢—2 — 15 + 10% 1% 
11. g(t) = NCE) = EEE, Se Se 
M6) sai 7 98) (5t +1)? (5t+ 12 (t+ 12 
12. Glu) = 6ut—5u aR 
: ~ uti 
G'(u) = (u + 1)(24u? — 5) — (6u* —5u)(1) _ 24u* —5u+ 24u? -5—6ur+5u  18u4 + 24u? —5 
(u+1)? (u+1)? (u+1)? 
3. f(t) = bt OR py = (t? —t— 1)(5) — (5t)(3¢7-1) _ Be -—5t-5— 1507 +5 108° +5 
, ~ 8-t-1 (t8 —t—1)2 (t8 —t — 1)? (t8 —t —1)? 
44. F(e) = 1 Ren) = (203 — 6x? +.5)(0) — 1(6ax? — 1227) 6x? — 12a 
: 2x3 — 6x? +5 (2x3 — 6x? + 5)? (2x3 — 6x? + 5)? 
fig OE I oa lle SF aw ge eae eepe TEL Ss a Ove 
a= g2 =e 2 82 = > 2 ~— 2 95/2 _ 95/2 
1 1 1 1 1 
va+1) (+) -ve(—) eee 
gee VE. a va Wa) _ 2° we 2 _ 1 
, 2 2 2 
Ve+l (ve+1) (Ve+1) — 2vz(vz+1) 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


SECTION 3.2 THE PRODUCT AND QUOTIENT RULES 


=u t-wetu?%-—uw4*—ut — Qu? — wu 3 — 2u-4 = —u? — 2u-3 - 3u4 +4 
h(w) = (w? + 3w)(w7! — w~4) = 
h'(w) = (w? + 3w)(—w7? + 4w7) + (w7* — w7*)(2w + 3) 
= —1+4w 7? — 3w7t + 12w7* +24 3w7! — 2w7? — 38w74*# = 14 2w 73 + 9w4 
Alternate solution: An easier method is to simplify first and then differentiate as follows: 
h(w) = (w? + 3w)(w7t — w7*) = w —w 7? 43-38w 3 = A'(w)=14+2w 34+ 9w4 
H(u) =(u-Vuj(u+Vu) 3 
Hw) = (u- vu) (14 te) + (ut va) (1 an) =utiv Vu t+u Vu 


Wau Wau 


Alternate solution: An easier method is to simplify first and then differentiate as follows: 


H(u) = (u- Vu)(u+ Vu) =v? — (Vu)? = —u H'(u) =2u-1 


fi) =(l-e)(z+e) S 


f'(z) = (1—e?)(1 +e?) + (z +e?) (—e”) = 1? — (e7)? — ze” — (e?)? = 1— ze* — 2€”* 


V(t) =(t+2e)Vi 3S 


t Qe" t+ 2e* : t + 2et L 
a PEE oe Ie ah Te et +2e°+ 2t+4te’ — 3t+ 2e° + Ate 


Wt Wt AWE QWJ/t 


W(t)=et(1t+te) 3 


W’(t) = e'[0 + (te’ + e'(1))] + (1 4 te’) (e’) [factor out e*] 


=e'(te’ +e'+1+ te’) =e'(1 +e! 4 2te’) 


avi 


PR 
y = e?(p+ p/p) = e?(p +p’) y= ae rf 3pV/?) + (p+ pe? =e? (1+ BVP +p + pyP) 
ae" QR (b + e”)(ae”) — (ae”)(e") abe” + ae?” — ae?” abe” 
h(r) = (n= ee oe = 
OS ge Ne) (6+ er)? (+e)? (+e? 
VE QR 
t)= 
m@=~5 & 
pie (¢-3)(g877) 8901) pls p2/s_ ps apis _ 5-2/8 
_ (t — 3)? 7 (t — 3)? (37 
—2t 3 
_ 3¢273 ~ 37278 —  =2t—3 
(3) 312/3(t — 3)2 
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26. y = (2? +€7)/Z S 


= +e°)(s2) + Vz (22 + 7) = C4 2ez4 ze" 


2 
z 
Q/z 592 Die 
_ 2? +e? +427 + 2207 _ 527 + e* + 2ze” 


2Jz 2,/z 


2 £ 
xe QR 
27. = => 
fle) = 
f(a) = (a? + e*) [a7e” +.€7(2a)| —a%e7(2e+e7)  ate™ + 2a5e" + a%e% + 2ae*™ — Qa3e? — 
_ (a? + e*)? = (a? + ew)? 
_ ate? +2xe?* — xe*(x® + 2c”) 
~ (@ +e? | (a2 +e") 
At A QR 
28. F(t) = = 
(t) Br + Ct Bt+ Ct 


FPG) = (Bt +Ct?)(0)- A(B+2Ct) _-A(B+2Ct) _—_ A(B + 2Ct) 
O=——“witce? —_ ~ OB+Cn? ~ ABHOR 
Fe en ee cnc 7 ee on ce 
f(z) z+ => f(z) 242) (=) @+P 
_artb a ,,,.  (ce+d)(a)—(ax+b)(c) _ acet+ad—acx—be _ ad—be 
se a ca +d P(x) (ca + d)? (ca + d)? (ca + d)? 
31. f(x) = ae” S f' (x) = ae” + e? (2x) = e* (x? + 22) 


Using the Product Rule and f’(x) = e?(a? + 2a), we get 


f(x) = e” (Qa + 2) + (x? + Qar)e® = e” (Qa +24 x? + 2x) = ce? (x? + 4a 4 2) 


a Faeuee = PP aawee 4 é(<z) = (ve+ a) = Sam e. 


Using the Product Rule and f’(x) = (ai? + ba )er, we get 


7 e2 


Aa? - 
(2) = ge re bao? )er +e*(Za0-¥/? = jo9/?) = (e” ces ae fate _ 4 +4r—-1 et 


BfO=—y F r@-C eS - -SS ? 
inaye (a? —1)?(—2x) — (—a? — 1)(a* - 247 +1)’ | (a? — 1)?(—2e) + (x? + 1) (42? — 42) 
[(2? — 1)?]? (2 — 1)4 
_ (a? =1)?(~2a) + (@? + 142) (2? 1) _ (@? = UI (2* = 1) 22) + (2? + 1) (42)] 
G1 (=i) 
= —2x + Qe + 4a? + 4x _ 2x3 + 6x 
-—@-F @ =F 
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x QR 
34. f(x) = > 
) 1+ Vx 
1 2+Vvx 
1+ Vz) (1) -2{ — 
(1+vz)° 1+2Ve+e  142Ve+e 14+2Ve+e 
_ 2+ve at va 
2(1+2Vz +2) 2+ 4Va + 2x 
Using the Quotient Rule and f’(x) = _2tVe we get 
2+4/x + 2x 
1 4 
(2+ 4vx +20) (—~) - (24+ Vz)(—= +2 
f"(a) = 2x Wax 
2 
(2+4V2 + 22) 
o424Ve—-——4-2-2e 
_ va Vx 
= 2 
(2+ 4Vz+ 2x) 
-3-4Vz-—2 
7 Es 344Ve+a 
5) 2 
(2+ 4v + 2x) Va (2+ 4V 22x) 
2 2 a: 2 
36. y = x ae je eey) v1) _ 2x + 2a ca +2 
l+a (14+ x)? (14+ 2)? (1+ x)? 
1? 4+2(1 aa 
At (1,3), (= TEAL = 3. and an equation ofthe tangent ine is 4 = 3(x 1), ory = 32 t. 
esse l+a ,_ (l+e*)\(1)—(1+a)e” — 1te*—e*—ae”  1—ae* 
Y= "7 pet 2 (i+e*) (i +e) (+e 
Ano Dighae ee ad tion of the t t line i 5= 4 0 cuts 
(0.5)."= Gaara an equation of the tangent line is y— 5 = 5(x —0) ory = 4a+4+ 5. 
icine 4 Oe an ,_ (1+ 5a)(3) — 32(10r) — 34+1527— 302? 3-152” 
(oO TH 5a? ae (1+ 522)? ~ G+5a2)2 (+522)? 
— 15(1? —12 1 bia 
At (1 Soy! = Goa = > = — J. and an equation ofthe tangent fine is y aS 3 (x 1), ory = su + 2. 


The slope of the normal line is 3, so an equation of the normal line is y — 5 = 3(a — 1), ory = 3a — 3. 


38. y= au+ue” => y' =14 (re? +e7-1)=1+e*(x+]1) 


At (0,0), y’ =1+e°(0+1) =1+1-1 = 2, and an equation of the tangent line is y — 0 = 2(a — 0), or y = 2a. 


The slope of the normal line is — 3, so an equation of the normal line is y — 0 = (x 0), ory = $a. 
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1 
— = 1.5 
#8. @ y= fz) => (b) 5 
i (1 + 2)(0) — 1(22) —2a Vi 
= CSS 80 the sh f th / 
f' (x) +2) (+2 So the slope of the 
; . eects eee rae 4 ae 4 

tangent line at the point (-1, 3) is f’(-1) = a2 2 and its 


equation is y— 4 = 3(a@+1)ory=4a41. 


x 


40. — = 
@y=f@)= 5 (b) 
(1+ 47)1 — (22) 1-2? 
ia) = —T4 a2 = Ga? So the slope of the 
tangent line at the point (3, 0.3) is f’(3) = 7% and its equation is 


y — 0.3 = —0.08(a2 — 3) or y = —0.08x + 0.54. 


M1. (a) f(x) = (a —ax)e?” => f'(a) = (a? — x)e® + €? (3x? — 1) =e? (a? + 3a? — x — 1) 


(b) Z f’ = 0 when f has a horizontal tangent line, f’ is negative when f is 


decreasing, and f’ is positive when f is increasing. 


#2. (a) f(x) = 5 
FG\= (2? + 1)(2x) — (a? —1)(2e) _ (2a)[(e? +1)—(@?-1)) _ _(22)(2) _ er 
(x? +1)? (a? + 1)? (v2 +1)2 (a? +1)? 
me, _ (@ +1)?(4) — 40(x* + 20? +1)! 
els (PrP 
A(x? +1)? — 4a(40° +42) — 4(a* +1)? — 1627(x? + 1) 
( - (x? + 1)4 
) _ 4(1 — 327) 
CEs 


(b) f’ = Owhen f has a horizontal tangent and f” = 0 when f’ has a 
horizontal tangent. f’ is negative when f is decreasing and positive when f 
is increasing. f” is negative when f’ is decreasing and positive when f” is 


increasing. f” is negative when f is concave down and positive when f is 


concave up. 
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_ 2 Hp) = Gt 2)(22)— 07) _ et de? 0? a +20 
43. f(z) =——_ => Lee aa ~ (+2)  22+2¢+1 


f(e) = +28 +1) Oe +2) ~ (a? +20)Qe+2) _ Qe +2)(a* + 2x +1 — a? — 22) 
eran eae (e+ 1)? 
e+) 2 
(c+ 1)4 (x +1)?’ 
” 2 2 1 
0 f= aap 574 
2) == (jae Hee 2 eae lea 

M4. g(x)=—= = g(x) = im = 

ng) = SD = = a)e* _ e*-1~ (=a) _ 2-2 

g(x) = (er)? og (P = 

Wn) — e*-1— (x —2)e” - e*(1 — (« — 2)] _ = 

ae (e”)? (ex)2 er 


4) (2) = e* -(—1) — (3— a)e” = e*[-1-— (3-2)| = x—A4 
g ( ) (er)? (er)? ae 


(x = n)(-1) 


n 
7 . (We could use mathematical induction to prove this formula.) 
e 


The pattern suggests that g(a) = 


45. We are given that f(5) = 1, f’(5) = 6, g(5) = —3, and g’(5) = 2. 
(a) (f9)'(5) = f(5)9'(5) + 9(5) F'(5) = (1)(2) + (-3)(6) = 2— 18 = —16 


(b) (£) (5) g(5)f"(5) — F()g'(5) _ (—3)(6) — (2) _ _ 20 


9\' ey _ £(5)9'(5) — 95) F"(5) _ (12) — (—3)(6) _ 
© (F) @- ee 
46. We are given that f(4) = 2, g(4) = 5, f’(4) = 6, and g'(4) = —3. 
(a) h(x) = 3f(z)+8g9(x) = h'(ax) =3f'(x) + 8g'(2), so 
h'(4) = 3f'(4) + 89'(4) = 3(6) + 8(—3) = 18 — 24 = -6. 
(b) h(x) = f(x) g(a) = h'(x) = f(x) g'(x) + g(@) f'(a2), so 
h'(4) = f (4) 9'(4) +. 9(4) (4) = 2(-3) + 5(6) = —6 + 30 = 24. 


@ ro) =! = ney = MP) fe)9@) 


g(x) (s(x)? oO 
n(4) = g(4) f’(4) — f(A) 9'(4) _ 5(6)-2(-3) _ 30+6 _ 36 
[9(4)]? 52 25 25° 
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eet uy _ ah! (x) — h(a) +1 d Ea DVR ~ 23) = A). = 10 


49. g(x) =af(x) > g(x) =caf' (xa) 4+ f(x)-1. Now g(3) = 3f(3) = 3-4 = 12 and 


g'(3) = 3f’(3) + f(3) = 3(—2) + 4 = —2. Thus, an equation of the tangent line to the graph of g at the point where x = 3 


is y — 12 = —2(a — 3), ory = —2u 4 18. 


50. f(x) =a? f(x) => f" (2) = 2? f'(x) + f(x) - 2x. Now f’(2) = 2? f(2) = 4(10) = 40, so 


f'"(2) = 2?(40) + 10(4) = 200. 


51. (a) From the graphs of f and g, we obtain the following values: f(1) = 2 since the point (1, 2) is on the graph of f; g(1) = 3 
since the point (1, 3) is on the graph of g; f’(1) = § since the slope of the line segment between (1, 2) and (4, 3) is 


—-2 1 ; : . 4- 4 
a qi g'(1) = 1 since the slope of the line segment between (—2, 0) and (2, 4) is 5 == 1. 


Now u(x) = f(x) g(x), so u’(1) = f(1) 9'(1) + 91) f((1) = 2-143-3 =3. 
(b) From the graphs of f and g, we obtain the following values: f (4) = 3 since the point (4,3) is on the graph of f; g(4) = 2 


since the point (4, 2) is on the graph of g; f’(4) = f’(1) = z from the part (a); g’(4) = 1 since the slope of the line 


) 
woo kn 2 
segment between (3, 1) and (5, 3) is ag 


=A: 


52. (a) P(x) = F(x) G(2), so P’(2) = F(2) G'(2) + G(2) F’(2) =3-24+2-0= 2. 


33. (a)y=rg(z) = y! =ag'(x) +9(x)-1=29'(x) + 9(2) 


,_ g(a)-1—ag'(e) _ g(a) — 2g'(x) 
2 ee ae D@e (9a)? 
(c) y g(x) y = 29 are ‘1 _ xg wo g(x) 


yt? alg 2H) = fa)0) _ 2f'e)— 24) 
2 ,_ f(a)(2n) — 2? f"(e) 
Ove > ¥ FOP 
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1+«f(x) 
d y= 
(dy TE a 
aeRO ee) = 
2 
ce 
Z x3/? f(x) + a1/? f(2) aa grin = 1y1/? f(a) Qe1/2 ‘* xf (zx) ze Qa? f’ (x) a4 
a x “DQnt/2 2473/2 
55. Ify = f(x) = — then f’(x) = C eee feet = @ - De When «x = a, the equation of the tangent line is 

yr c s (a — a). This line passes through (1, 2) when 2 — 2 f (l-a) $ 


atl (a+1) atl (a+1) 


2(a+1)?-a(at+1)=1-a & 2a%+4a4+2-a?-a-1+a=0 a? +4a+1=0. 


44+ /P-40)0) -4+vV2_ 
San (ai = 2 V3, 


The quadratic formula gives the solutions of this equation as a = 


so there are two such tangent lines. Since 


242V38FV3-3 -1ltv3_ 173 


i _ -24+V3 _ -2+V3 -1F v3 
f(-2+ v3) —-24+V/3+1 -14+ V3 -14 V3 J 


a 


1-3 —2 2. 3 


the lines touch the curve at A(-2 + V3, 14) = (—0.27, —0.37) 


and B( 2 V3, 1498) we ( 373;1,37). 


x—1 (a + 1)(1) — (x — 1)(1) 2 : 
56. y = > fa Ss NT = ____ If the t t int t 
arora y +1 GIP e tangent intersects 


the curve when a = a, then its slope is 2/(a + 1). But if the tangent is parallel to 


2 1 


x — 2y = 2, that is, y = da — 1, then its slope is 3. Thus, (+1? =i5 => 


(a+1)?=4 > a+1=+2 a = 1or—3. When a = 1, y = Oand the 


equation of the tangent is y — 0 = (x l)ory= da 4. When a = —3, y = 2 and 


the equation of the tangent is y— 2 = (x +3) ory=4a+ &. 


Les ad 
57. R= ; > R= woe For f(x) =x — 3a? + 52°, f"(x) =1—92? + 252%, 


and for g(x) = 1+ 37 + 62° + 92°, g'(x) = 92? + 36x° + 812°. 


Thus, R’(0) = ee cols ee = ; Sis 
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58. 


Th = 
a iO)? P 
59. If P(t) denotes the population at time ¢ and A(t) denotes the average annual income, then T(t) = P(t) A(E) is the total 
personal income. The rate at which 7'(f) is rising is given by T’(t) = P(t) A(t) + A(t) P(t) => 
T'(2015) = P(2015) A’(2015) + A(2015) P’(2015) = (107,350) ($2250/year) + ($60,220) (1960/year) 
= $241,537,500/year + $118,031,200/year = $359,568, 700/year 

So the total personal income in Boulder was rising by about $360 million per year in 2015. 

The term P(t) A’(t) ~ $242 million represents the portion of the rate of change of total income due to the existing 

population’s increasing income. The term A(t) P’(t) ~ $118 million represents the portion of the rate of change of total 

income due to increasing population. 
60. (a) f(20) = 10,000 means that when the price of the fabric is $20/yard, 10,000 yards will be sold. 
f’(20) = —350 means that as the price of the fabric increases past $20/yard, the amount of fabric which will be sold is 
decreasing at a rate of 350 yards per (dollar per yard). 

(b) R(p) =pf(p) => R'(p)=pf'(p)+f(p)-1 = R’(20) = 20f'(20) + f(20) - 1 = 20(—350) + 10,000 = 3000. 
This means that as the price of the fabric increases past $20/yard, the total revenue is increasing at $3000/($/yard). Note 
that the Product Rule indicates that we will lose $7000/($/yard) due to selling less fabric, but this loss is more than made 
up for by the additional revenue due to the increase in price. 

ety - OAS], dv __ (0.015 + [8] (0.14) — (0.1481) _ __0.0021 
"~~ 0.015 + [S] d{S] (0.015 + [S])? ~ (0.015 + [S])2" 

dv/d[S] represents the rate of change of the rate of an enzymatic reaction with respect to the concentration of a substrate S. 
62. B(t) = N(t) M(t) = B’(t) = N(t) M(t) + M(t) N’' (2), so 

B’(4) = N(4) M’(4) + M(4) N’(4) = 820(0.14) + 1.2(50) = 174.8 g/week. 
63. (a) (fgh)' = [(fg)h]' = (fg)'h + (fa)h' = (f'9 + fo')h + (fa)h' = figh + fg'h + fgh' 

; ; d 
(b) Putting f = g = h in part (a), we have Yom = (fff) =fFff+ fr ft+ftf =3fff =3f@)Pf'@). 
d 3a, __ a L\3 __ A ee pl Ree eae 3x 

(c) = (e ) ale 3(e”)“e” = 3e°*e” = 3e 

64. (a) We use the Product Rule repeatedly: F=fg => F’=f'g+ fg => 


CHAPTER 3 DIFFERENTIATION RULES 


a 
q=f Q= gf ou For f(z) =1+ a4 2? + ze®, f’(x) =1+4 2x 4 xe? +e”, 


x 


and for g(a) = 1— a +2? — xe”, g'(x) = —14 2a — xe” — ee”. 


— 90) F'(0) = FO)g'(O) _ 1-2-1-(-2)_4_, 


FU=(f'g+ fig) + (fo + fo") = f"9 + 2f'g' + fa". 
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(b) Ppl are +4 fg! 42 (fg 4 fig’) fe fg" +4 fg!” = f'"9 4 af" g! fe 3f'g! 4 fg!" = 
FY = f%g 4 fg +3 (fg 4 fg") +3 (f’g"" + f'g’") 4 fig” ae fg 


= fg Siz Af'’g fs 6f"g" 4 Af'g!”" 4 fg 


(c) By analogy with the Binomial Theorem, we make the guess: 


FO) = fg 4 nfo-Yg! + (:) ge eee (;) FOG 4. +n gig) + fo, 


n n! n(n —1)\(n—2)---(n—-k+1 
where & ag, SE 


f(a) = e? (a? + 4a + 2) 


(x) = e*( 

f(a) =e? (a? + 6x + 6) 
(x) = e*( 
(x) = e*( 


x? + 84 + 12) 


f(x) = e* (a? + 10x + 20) 


It appears that the coefficient of x in the quadratic term increases by 2 with each differentiation. The pattern for the 


constant terms seems to be 0 = 1-0,2 =2-1,6=3-2,12 = 4-3, 20 =5.- 4. Soa reasonable guess is that 


f° (a) = e? [x? + 2na + n(n — 1)). 
Proof: Let S;, be the statement that f(a) = e®[x? + 2na + n(n — 1). 
1. Si is true because f’(a) = e” (a? + 2x). 
2. Assume that 5}, is true; that is, f (aw) = e* [a? + 2ka + k(k — 1)]. Then 
FO (a) = < [F (a)] = €*(2e + 2k) + fu? + 2kee + K(k — Ile” 
x 


=e" [x + (2k + 2)a + (k? + k)] =e? [a? +2(k + 1a + (k4 DK] 


This shows that S;+1 is true. 


3. Therefore, by mathematical induction, S,, is true for all n; that is, f”) (x) = e® [a + 2na + n(n — 1)] for every 
positive integer n. 


a) =) -1- 2 ig(a)] 
DEN ‘dz’? de ; _ g(x)-O-1-g'(z) _O-g'(z) g(a) 
8) a aa) =o age. ~~ RueNenERTIG) b@r  ~ wae ~ Ige)P 
5) 2 1 (23 — 6x? + 5)’ 6a? — 122 
(b) dx (sa — 6a? + 3) (2a3 — 6x? + 5)? (2a — 6x? + 5)? 
(c) < (et) = — (=) =- a [by the Reciprocal Rule] = le = —ng? 1-28? = ng 
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3.3 Derivatives of Trigonometric Functions 


1. f(z) =3sinz—2cosx = f'(x) = 3(cosx) — 2(—sinx) = 3cosx + 2sinz 
2. f(z) =tanz—4sing = f(x) =sec? x — 4(cosx) = sec? x — 4 cosa 


3. y=a? + cotxr y’ = 2x + (— csc? x) = 2a — csc?a 


4. y = 2secxu — cscx y’ = 2(secx tanx) — (—cscx cotx) = 2secx tanxz + cscx cot x 


5. h(0) = 6? sind = h'(0) = 6? (cos) + (sin 0)(20) = 0(0 cos 6 + 2sin 6) 


6. g(x) =32+2?cosx => g'(x) =3+2?(—sinz) + (cosx)(2x) = 3-2? sine + 2x cosx 


7. y=secOtand => y' =sec0(sec?0) + tan (sec tan) = sec (sec? + tan@). Using the identity 


1+ tan?6 = sec”, we can write alternative forms of the answer as sec 0 (1 + 2tan?@) or sec 0 (2sec?0 — 1). 
8 y=sin@cos6 => y’ =sin@(—sin@) + cos6(cos@) = cos”@ — sin?6 [or cos 26] 
9. f(@) = (6 —cos@) sind = f'(0) = (@ — cos 6) (cos) + (sin 6)(1 + sin@) = 6 cos @ — cos? + sin 6 + sin? 


10. g() =e°(tand—0) = g'(0) =e°(sec? 6 — 1) + (tand — O)e® = e® (sec? 6 — 1+ tand — 6) 


PR 
11. H(t) =cos’t =cost-cost = H(t) = cost(—sint) + cost(—sint) = —2sint cost. Using the identity 


sin 2t = 2sint cost, we can write an alternative form of the answer as — sin 2t. 


12. f(x) =e*sinx + cosx => f'(x) = e*(cosx) +sinz- e* + (—sinx) = e*(cosx+sinz) — sing 


sin 0 
13. f(0) = ———_ 
(6) 1+ cosé 
f'(6) = (1 + cos) cos — (sin@)(—sin@) _ cos@+cos?6+sin?9  cos0+1 1 
7 (1 + cos 6)? - (1 + cos 0)? ~ (1+cos0)2— 1+cosé 
cos & 
(fg 
¥* {sina 
, _ (1—sinx)(—sinx) —cosa(—cosx) _ —sina+sin?x+cos’z  —sing+1 _ 1 
aor (1 — sina)? - (1 — sin)? ~ (l-sinz)? 1-sing 
qa apf x ae (2—tanx)(1)—a(—sec*x) _ 2—tanx + axsec*x 
te tans aes (2 — tan)? a (2 — tan)? 
cott e'(— csc” t) — (cott)e’ _ e'(— esc? t — cot t) csc? t + cott 
16. f(t) = '(t)= = = 
f= = Fw aS an 3 
1+secw QR 
17. = ——_ 
P(w) 1 —secw 
PORE (1 — sec w)(secw tan w) — (1+ sec w)(—secw tan w) 


(1 — secw)? 
secw tan w — sec?w tanw + secw tan w + sec?w tan w 2secw tanw 


(1 — sec w)? (1 — sec w)? 
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sint 
18. y = ———_ 
y 1+tant 
pce aay sint 
, _ (L+tant) cost —(sint)sec?t © oii a coset _ cost +sint — tantsect 
= (1+ tant)? - (1 + tant)? 7 (1 + tant)? 
tsint 
19. y= 
ace 
,_ (1+t)(tcost+sint)—tsint(1) _ tcost+sint+t?cost+tsint—tsint  (t?++t)cost+sint 
if (+t)? (+4) (+t) 
20. g(z) = = ok 


sec z + tan z 


(sec z + tan z)(1) — z(secztanz+sec?z)  (secz + tan z)(1) — zsec z(tan z + sec z) 


, x = 
9 (2) (sec z + tan z)? (sec z + tan z)? 
_ (l—zsecz)(secz+tanz)  1—zsecz 
(sec z + tan z)? sec z + tan z 


21. Using Exercise 3.2.63(a), f(@) = @cos@ sind => 
f'(@) = 1c0s6 sin@ + O(— sin 8) sind + 6 cos @(cos 0) = cos@ sin @ — 6 sin? + 0 cos? 
1 


= sin # cos @ + (cos? — sin?0) = 5 sin 20 + 0cos2@ [using double-angle formulas] 


22. Using Exercise 3.2.63(a), f(t) = te’ cott > 


f(t) = le’ cot t + te’ cot t + te’(— csc? t) = e’ (cot t + tcott — tcsc? t) 


23, (eeey= 4 _ (sina) (0) = [(cosx) _ a a eek ene 
dx dx \ sinx sin“x sin“x sinx sinx 
24, da ica da 1 _ (cos x)(0) — 1(— sin x) _ sing 1 sine _ ete 
dx dx \ cosx cos?x cos*x  cosx cosx 
. nod - . 2 2 
25, a euys da (<<) Ss (sin x)( pag) : (cos x) (cos x) _ _ sin aun ce es aS on 
dx dx \sinx sin“x sin“x sin*x 
26. f(z) =cosx => 
fe\S iin f(e@+h)— f(x) _ lim £28 (c+h)—cosa _ lim £28 cosh — sinx sinh — cosa 
h—=0 h h—0 h h—0 h 
. cosh —1 . sinh . cosh—1 . . sinh 
= lim [( cosx sin x =cosx lim — — sing lim 
= h h h-0 h ha 


= (cos x)(0) — (sinx)(1) = —sinaz 


205 


27. y=sinz+cosxr => y’ =cosx—sinz, so y'(0) = cos0 —sin0 = 1—0=1. An equation of the tangent line to the 


curve y = sinx + cos at the point (0,1) isy—1=1(a—0) or y=a+1. 


2.y=x+sine => y' =1+cosz,soy'(t) =1+cosm = 1+(—1) =0. An equation of the tangent line to the curve 


y =x +sin 2 at the point (7,7) is y-— 7 =O0(a — 7) ory=m7. 
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2. y=e’cosx+sinag y’ = e*(—sinz) + (cosx)(e”) + cosx = e*(cosx — sin) + cosa, so 


y’ (0) = e°(cos0 — sin0) + cos0 = 1(1 — 0) + 1 = 2. An equation of the tangent line to the curve y = e” cosx + sina at 


the point (0, 1) is y — 1 = 2(a@ — 0) ory = 2a +1. 


30. y = l+sing oR ,  cosa(cosx)—(1+sinz)(—sinz) _ cos*x+sinz +sin?zx 
, cos a cos? cos2x 
; ‘ . : 1+sinz 
Using the ident 2¢ + sin?x = 1, (egies Se 
sing the identity cos“x + sin“x we can write y shez 
1 i 1+0 ; : 1 i : . 
y(t) = — = Cp? = 1. An equation of the tangent line to the curve y = _— at the point (7, —1) is 
y —(-1)=l1(@-7) or y=a-7-1. 
3. (a)y=2rsing => y' =2(xcosx+sinxz-1). At (3,7), (b) 2 
y’ = 2(% cos = +sin 3) = 2(0 + 1) = 2, and an equation of the 
tangent line is y — 7 2(e z), or y = 22. 
0 T 
32. (a) y=3¢+6cosr > y' =3-6sinz. At (Z,7+4+3), (b) 


y’ =3-6sin z= 3-6 = 3 — 3/3, and an equation of the 


tangent line is y — (7 + 3) = (3-33) («—- g)ear 
y = (3-3V3)¢+34+7V3. 


33. (a) f(z) =secn-—a2 => f'(x) =secx tanz—1 


® (x 
| Note that f’ = 0 where f has a minimum. Also note that f’ is negative 


T 
| 2 when f is decreasing and f’ is positive when f is increasing. 


34. (a) f(z) =e” cosx => f'(x) = e*(—sinz) + (cosz)e” =e*(cosx—sinz) => 


f" (x) = e*(—sinz — cos) + (cosx — sinz) e” = e*(—sinx — cosx + cosx — sinx) = —2e” sing 


Note that f’ = 0 where f has a minimum and f” = 0 where f’ has a 
minimum. Also note that f’ is negative when f is decreasing and f” is 


negative when f’ is decreasing. 
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O(cos@) — (sin@)(1) _ @cos@— sind 


> g' (0) = 62 62 


_ @cos@ — sind 


Using the Quotient Rule and g’(@) p , we get 
ji 6?{[6(— sin @) + (cos @)(1)] — cos 6} — (0 cos@ — sin) (26) 
LO) = oo 
(07)? 
_ —6? sind + 6? cos0 — 6? cos — 20? cos0 + 20sind — 0(—0? sin@ — 20 cos 6 + 2sin 0) 
=o = 6-6° 
—6? sin 0 — 20 cos6 + 2sin9 
= a 
36. f(t) = sect fi(t)=sect tant = f”(t) = (sect) sec*t + (tant) sect tant = sec*t + sect tan?t, so 


f" (2) = (v2) + V2)? = 2V2 + v2 = 3v2. 


37. (@) f(a) = BZ 


sec & 


sec x(sec*x) — (tana —1)(secatanz) — secx(sec 


f'(2) = = 


?¢—tan’x+tanz) 1+tanz 


(sec x)? sec2x sec x 
sin& a4 sin x — cos x 
(b) f(x) = MOD Sd = cose Sees sinz — cosx f' (x) = cosa — (—sinx) =cosx +sinz 
seca 1 — i = = 7 
cos x cos x 
1+t 1 t ee : : 
(c) From part (a), f’(2) = coi a + ane = cosz + sin x, which is the expression for f’ (x) in part (b). 


sec r secz seca 
38. (a) g(x) = f(z)snz => g'(x) = f(x) cosx+sinz- f'(x), so 


9 () = f(Z) cos +sing- f’(Z) =4-24 8. (-2) =2- V3 


_ cosa 1. _ £(2)-(—sinx) —cosa- f'() 
iin f(%)- (—sin $) — cos $- f'(F) 4(-8) = (3) (-2) — -2V34+1 1-23 
(3) = RR 
39. f(x) = a+ 2sinz has a horizontal tangent when f'(r) =0 = 1+2cosz=0 cos & 4 


w= =n + 27 or = + 27n, where n is an integer. Note that = and =n are -E = units from 7. This allows us to write the 


solutions in the more compact equivalent form (2n + 1) + 4, n an integer. 


40. f(x) = e* cosz has a horizontal tangent when f’(x) = 0. f’(a) = e*(—sinz) + (cosx)e” = e*(cosxz — sinz). 


f'(e)=0 & cosr—sinz=0 © cost=sing = tanz=1 x= Z + nr, nan integer. 


41. (a) x(t) = 8sint v(t) = a’ (t) = 8cost a(t) = x(t) 8sint 


(b) The mass at time t = 2a has position x (24) = 8sin 2a = 3(2) = 4,/3, velocity v(4) = 8cos a — 8(—3) = -—4, 


and acceleration a( 22) 8 sin a = —8( 2) = —4,/3. Since v(2) < 0, the particle is moving to the left. 
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42. 


47. 


CHAPTER 3 DIFFERENTIATION RULES 


(a) s(t) =2cost+3sint => v(t)=—2sint+3cost => (b) 
a(t) = —2cost — 3sint 
(c)s=0 = te 2.55. So the mass passes through the equilibrium 
position for the first time when t % 2.55 s. 
(d)v=0 => t1 80.98, s(ti1) ¥ 3.61.cm. So the mass travels 
a maximum of about 3.6 cm (upward and downward) from its equilibrium position. 
(e) The speed |v| is greatest when s = 0, that is, when t = te + nz, na positive integer. 
From the diagram we can see that sind = 7/10 < «x =10sin6@. We want to find the rate 
of change of x with respect to 0, that is, dx/d0. Taking the derivative of x = 10sin 0, we get 
10 
dx /d@ = 10(cos@). So when 6 = 3, 4 = 10cos = = 10(4) = 5 ft/rad. 
nO 
x 
wore LW = aF _ (usin @ + cos @)(0) — “W(t. cos 6 — sin A) _ pW (sin 6 — cos 8) 
psin 6 + cos 6 dé (usin @ + cos 6)” (usin 6 + cos 6)? 
dF ! ‘ aa 
(b) a 0 = puW(sind—pcosd)=0 & sind=pcosd & tand=yuw & O=tan ‘py 
(c) From the graph of F = 2 UU. for 0 < 0 < 1, we see that 
120 et ~ 0.6 sin @ + cos 6 eo conte 
dF . i of 
ao 0 => 080.54. Checking this with part (b) and u = 0.6, we 
calculate 9 = tan~’ 0.6 ~ 0.54. So the value from the graph is consistent 
‘ with the value in part (b). 
0 
lim sindx2 _ ae sindz2\ _ 5 lim sindx2 _ 5 li sin 0 where 0 = 52, = 5 Jp 5 
20 34 203 5a ~ 3250 5a 3050 6 using Equation 5 a) ~ 3 
lim sing ee sing ome 1 _ lim sinc lim 0 A where 0 = 12x, 
“eo0sint7x «2-0 x sintr m «c0 x 6-0sin@ 7 __ [using Equation 5 
1 1 1 
=1-lim E --=1-1--= 
60 sind 7 TOT 
0 
Bitsy nth ace la te ee reg ae 
t>0 sint to 3¢t — sint t0 3t t0sint t—0 6-0 t0 sint +0 
t 
=1-1-3=3 
+2 * > é ‘ 
lim sin* 3x ee sin 3x ; sin 3x ee eee sin 3x lim sin 3x mao 
z0 6 z0 32 3x 230 32 z0 32 xz—0 
nt in Oe ioe. - Jie ae 
0-0 0 65 «20 
=1-1-0=0 
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49, lim SRY sinecose _ sin x (1 — cosz) — tim 2 sim 1—cosx 
xz—0 ue? x2—0 2 z-0 2 xz—0 x 
= 1-0 [by Equations 5and6] =O 
. l-seca  ,. 1-—(1/cosx) cosx . cosx—1 . cosx—1 ,, 1 
lim =] : = = lim - lim 
50, 7° 2x z—0 2x cosx «2-0 2xcosx x0 He z—0 2cosx 
1 
=0- 3 [using Equation 6] =O 
sin 2x 
51. lim tan 2x = Jim £0822 — sin 2x = lim 22 2c 2 
z-0 6 z-0 2 x0 rcos2x «0 22x cos 2% 
esfige "it sian ie [0 = 2a] 
z>0 27 «-0cos24 230 @ «0 cos2xr 
ips 
1 
sin 0 . sin 0 Car cos 70 . sind 70 1 
a en tan 70 0 sin 70 ane sin70 yah 0 ee sin70 7 
cos 70 
. sind .. : 1 il 1 _ 
=e gn eng me ae ee 
70 x 
eee = 
Ck 
sin 3x sin 3x 3 sin 3x 3 3 3 
53. li = li . = li ‘li =1- =— 
eT 5x3 — 4a 0 ( 3x 5x2 — i) 250 3x a0 5a? — 4 (4) 4 
. sin3axsin dx . 3sin3xe 5sindx . 3dsin3x ,, d5sindxz 
54. lim ———~-—— = lim : = lim - lim 
x2—0 a2 z—0 3a 5a xz—0 0 x—0 0 
sin 3x sin 5x 
= 31 -51i = 3(1 1)=1 
3 lim - 5 lim — 3(1) - 5(1) 5 
55. Divide numerator and denominator by 6. [sin @ also works.] 
sin 0 i sin 0 
sin 6 ; 0 ahs 8 1 1 
60 O+tand 80 smd 1 sin 0 Tl +11 2 
1+ : 1+ lim lim —— 
0 cos @ 60 @ 6-0 cosé 
. Ae ._ sin(sin x) . sind : 
56. lim csc sin(sinz) = lim —-—— = lim [Asx —>0,0=sinz—-0] =1 
xz—0 xz—0 sin v 6-0 
cos@—1 . cos@—1 cosé+1 . cos?6 — 1 . —sin?0 
57. lim z— = lim = = lim —,5 = lim —,5 
60 8©620 6-0 20 cosO+1  6-4026*(cos9+1) 90 20*(cos@ + 1) 
coe 1 lim sin? sin@ 1 _ il a sin 0 a sin 0 a 1 
~ 2650 @ 6 cos6+1 2650 6 0640 0 6-0cos0+1 
1 1 1 
eo 
. 2 : 2 . 2 : 
See tien tie [». et = lime tim 2287) <9. tim S24 fwherey=a2] =0-1=0 
xz—0 x x—0O 4 oe OF x—0 x0 ae yoot Yy 
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1=t ( 2 7 ye 1 1 
59, ivtang _ ; ____ C08 Poi cosp—sing = yy ad -_8 
aon/4 sina —cosz 27/4 (sing —cosx)-cosa x2s7n/4 (Sint —cosx)cosx 2472/4 cosx = 1/,/2 
. sin(a — 1) f sin(« — 1) . 1 |... sin(a—1) 1 1 
60. 1 = 1 = l =s-l= 
aoia?+e—2 al (e + 2)(a — 1) aelgt+2er1 ¢—1 3 
ee ae ; ae ae : 
61. We (sina) = cosa ie (sinz)=—-snzg => Pao (snz)=-—cosx => al (sinz) = sing. 
99 a 
The derivatives of sin x occur in a cycle of four. Since 99 = 4(24) + 3, we have 759 (sinx) = a (sinx) = — cosa. 


62. 


63. 


Let f(x) = xsinz and h(x) = sinz, so f(x) = h(x). Then f’(x) = h(x) + xh'(z), 
f(a) = h'(x) +h’ (ax) + ch" (x) = 2h'(x) + ch" (a), 


f'" (a) = 2h" (x) + A" (x) + ch!" (x) = 3h!" (x) + ch!" (x), --- , f(x) = nh) (x) + ch (2). 


2 
Since 34 = 4(8) + 2, we have h@*”) (a) = h® (x) = = (sin) = —sinz and h©°) (x) = — cosa. 


Pe) 
q?> 

Thus, Tn (asin x) = 35hS) (x) + ch) (x) = —35sin x — x cosa. 

y=Asine+ Bcost => y' = Acosx—Bsing y” = —Asinx — Bcosz. Substituting these 


expressions for y, y’, and y”’ into the given differential equation y” + y’ — 2y = sin x gives us 


(—Asinaz — Bcosx) + (Acosx — Bsinz) —2(Asing+ Bcosxz)=sint © 


—3Asinz — Bsinx + Acosx — 3Bcosx = sing (—3A — B)sinz + (A — 3B) cosx = 1sinz, so we must have 


—3A — B=1and A — 3B = 0 (since 0 is the coefficient of cos x on the right side). Solving for A and B, we add the first 


equation to three times the second to get B = —75 and A= —3. 
1 1 1 nd 
. (a) Let 0 = —. Thenas x > 00, 0 OT, and lim xsin— = lim =sin@ = lim eam 
BF 09 x 90+ O ao 0 


(b) Since —1 < sin (1/x) < 1, we have (as illustrated in the figure) Dix xsind 


—|a| < xsin(1/x) < |a|. We know that lim (|2]) = O and 


lim (— |a]) = 0; so by the Squeeze Theorem, lim « sin (1/ax) = 0. 


x—0 


(c) Ll 
a asl 3 
203 
d d sina 2 cosx cos“ —sina(—sinx)  cos*a+sin?a 2 1 
. (a) tang = secr = 5 = 5 . Sosec*x = —.-. 
dx dx cos x cos?x cos?x cos?x 
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(b) ee ae a Ll => secx tanzx = (cos x)(0) ~ 1(+sinz) So secz tanxz = BU e. 
dx dx cos x cos?x cos?x 
(c) — (sinx + cosa) = = toe 


csc x (—csc?2) — (1+ cotx)(—cscx cotx) _ cscx[—csc?x + (1+ cot x) cot 2] 


cosxz — sing = 7 5 
csc?” csc?7x 
—csc7x + cot2z + cot x& —l+cotz 
csc x csc x 
. cotx — 1 
So cos x — sinx = ———_. 
csc x 


66. We get the following formulas for r and h in terms of 6: 


. 6 Tr . 6 0 h 0 
eS ag => pene and ce aT => h = 10cos 5 


Now A(0) = $7r? and B(#) = $(2r)h =rh. So 
2 


aoe ashe ide 10 sin(6/2) 
ot h 2 0+ 10 cos(0/2) 


=n lim tan(6/2) =0 
am lim. tan(9/2) 


67. By the definition of radian measure, s = r0, where r is the radius of the circle. By drawing the bisector of the angle 0, we can 


._ 0 d/2 . 6 int, 8 : r0 ; 2- (6/2) . 0/2 
= d=2 : 1 = il = 1 = 1 =I; 
see miat me Tr ars. 2 50 Pus d Pert 2r sin(@/2) parse 2sin(@/2) 00 sin(0/2) 


[This is just the reciprocal of the limit lim sine = 1 combined with the fact that as 0 — 0, g — Oalso.] 


x 
68. (a 2 It appears that f(a) = —————— has a jump discontinuity at x = 0. 
(a) ‘ pp f(«) i= tole jump ty 
2 2 
SS 
—2 


x -_ x 3 x _ x 
Vl—cos2z \/1—(1—2sin?x)  V2sin2'x = V2 |sina| 


b) Using the identity cos 27 = 1 — sin, we have 
( g ty 


x 


li 
Nay (sin x) 


x x 1 
= lim a 
«0- f1—cos2a  «0- V2|sinz| V2 
er 1 ies V2 
lim — : 
V2 «0- sina /x V2 1 2 


Evaluating lim, f(z) is similar, but | sin| = + sin x, so we get 4/2. These values appear to be reasonable values for 


x—0 


Thus, lim 


the graph, so they confirm our answer to part (a). 


Another method: Multiply numerator and denominator by 1 + cos 22. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


212 


CHAPTER 3 DIFFERENTIATION RULES 


3.4 The Chain Rule 


1. 


. Letu = g(x) = 2? + 2and y = f(u) = Vu. Then 


dy — dydu _ 


— = — 74 — = 3 
Let u = g(x) =5— 2° andy = f(u) =u’. Then ae ee 


y _ dydu _ 1 a2 


= - 3a : 
dudz 2/u Q2W/x3 +2 2/23 +2 


. Let u = g(x) = cosa and y = f(u) = sinu. Then 
dy — dydu _ _— | ea 
5 lie ier (cos u)(— sin x) = (cos(cos z))(— sinx) = — sin x cos(cos 2). 
Let u = g(x) = x? and y = f(u) = tanu. Then GU a (sec? w)(2ax) = (sec?(x?)) (2x) = 2a sec? (x?) 
, : dx dudz ; 
= = = _ au dy _ dydu _ “iG PUA aieve 1 ew 
. Letu = g(x) = Ywandy = f(u) =e". Then — = = (et) 5x =e oe oe 


. Let u = g(x) = ee + Landy = f(u) = Wu = ul, Then 


dy dydu | (Gu?) eye 1 (e*) = et 
dx du dx 3 3 3/(e* +1)? 38/(e7 +1)? 


Note: The notation = indicates the use of the Chain Rule. 


7. 


10. 


11. 


12. 


13. 


f(x) = (2x3 — 5a? + 4)° Ss 


d 
dx 


= 5(2a3 — 5a? + 4)* - 2a(3a — 5) = 10x (2a? — 5x? + 4)*(3ax — 5) 


f' (x) = 5(2a3 — 5a? + 4)* - — (23 — 5a? + 4) = 5(2x3 — 5x? + 4)*(6a? — 102) 


f(a) = (a + 3a? — x)°° = 


f' (x) = 50(a® + 3x? — x)*?. < (a + 3a? — x) = 50(x° + 3x? — x)*9(5a4 + 6x — 1) 
. f(z) = be F1 = (5e41)/? S fi(2)= $(5a +1)71/?. £ (60 +1) = $(5a +1)-1/7(5) = Oe 
fla) = pas =P FS fe) =F 1") = De 
= pape = (et)? FS ge) = 20641). Sees 1) = 202841) =-p 
I) = CET Ty g | di Qt+ 1 
F(t) = (=) = (t+ ¢ = tty S 
F'(t) = —4(2t#+1)~°- < (at +1) = —4(2t + 1)7°(2) = a 


cR d 


f(0) = cos(6”) > f@= —sin(6”) 77) (6) = —sin(6”) - (20) = —20 sin(6*) 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


SECTION 3.4 THE CHAIN RULE 


g(0) = cos? 6 = (cos 6)? S$ g'(@) = 2(cos6)* (—sin@) = —2sin 6 cos @ = — sin 20 
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g(x) = ee g(x) = er -*. (a? -—Z£)= e® —* (Qn —1) 
Ve 
Using Formula 5 and the Chain Rule, y=5¥" => y! =5Y"ln5- oa (vz) =5V"In5- moe = 5 mat 
da We we 
Using the Product Rule and the Chain Rule, y = 2?e~°*> > 
y’ = xe 3" (—3) + e322) = e 37 (—3x? + 2x) = xe 9" (2 — 3a). 
Using the Product Rule and the Chain Rule, f(¢) = ¢sin xt f'(t) = t(cos nt) - a + (sinat)- 1 = atcosmt + sin at. 
f)=e"sinbt =>  f'(t) =e (cosbt)-b + (sinbt)e™ -a = e (bcos bt + asin bt) 
A(r) = Vr-e" tt => 
d 2 1 
Al(r) = Vr-e" +2. — (r? +1) +e" +. (vr) =vr e” +1 .Op erm th. 
(r) (r? +1) < = 
= i p41 (4r7 +1 
=e ord r+ =z) or e (+ 
( 2V/r ar 

F(x) = (4¢ +5)3(2? —22+5)4 = 
F(a) = (42 + 5)8 - (a? — Qa + 5)3 (2a — 2) + (a? — 2a +. 5)* + 3(4a +5)? - 4 

= 4(4x + 5)?(x? — 2a +5)? [(4@ + 5) (2a — 2) + (x? — 2a + 5) - 3] 

= 4(4x +5)? (a? — 2a + 5)3 (8a? + 2a — 10+ 3x? — 6x + 15) 

= 4(4x + 5)?(a? — 2a + 5)3 (11x? — 4a + 5) 
Giz) =(1-42?V274+1 = 
G'(z) = (1—42)?- 224/22 +1-2(1 — 4z)'(—4) = 2(1 — 42) E ES a Afra 

2Wz2+1 W241 


= 2(1 — 42) Pee 2 ) = 2(1 — 42) (===) 


oe 2 a Den, 
2G 42)( 12z* +z =) ery (= 2) 
z2+1 z+ 


Ce a ce | 1 


a? (@+12 2/a(e+1)/? 


Another form of the answer is 
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26. Using Formula 5 and the Chain Rule, f(t) = 2 


28. 


29. 


30. 


31. 


32. 


33. 


tan 


0 ! 


-y=e 


CHAPTER 3 DIFFERENTIATION RULES 


ee? S (tan 0) = (sec? @)e'*”? 


43 


Td uF-1_ . (ue — 1)" (uw +:1)(3u) — (v3 — 1)(3u?) 


duu +1 


(w+ 1)F 


=8 


aC CE 

soi 1+sint 1+sint rhe 
1+cost 1+cost 

; 1/1+sint\ 1” (1 + cos t) 


(FP 


cost — (1+ sint)(— sint) 


(1 + cost)? 


10+ sint)~‘/? cost + cost + sint + sin?t =) cost+sint+1 
2 (1+ cost)-1/2 (1+ cost)? 2\/T + siné (1 + cost)?/? 


Using Formula 5 and the Chain Rule, r(t) = 10?¥* => 


r’(t) = 102¥7 In 0 (2vt) — 102¥7 In 10 (2 5 3-1/2) ae 


f=elOV = filz)= 


H(r) 


A'(r) 


(7? —1)° 
(2r +1) 


=> 


d 
ez/(2-1) & CP ee 


dzz—-1 


(In 10) 10?V* 


(ue —1)" 3u?(2) _ 48u?(u? — 1)" 


f(t) =2" n2 £ (3) = 3(n2)122". 


vi 
ee-y @= YO = 20) _ e2/(@-D 
(=) (z—1)2 


— (Qr +1)? + 3(r? — 1)?(2r) — (r? — 1)? -5(2r +.1)4(2) — -2(2r +. 1)4(r? — 1)? [3r(2r + 1) — 5(r? — 1)] 


2(r? — 1)?(6r? + 3r — 5r? + 5) 


[(2r + 1)°? 


Qr +15 


J(0) = tan?(n@) = [tan(né)|)? => 


F(t) os et sin 2t 


2 [tan(nd)]" 4 tan 


= 


2(r? — 1)?(r? +. 3r +5) 
(2r + 1)6 


(2r + 1)10 


(nO) = 2tan(n8) sec?(nO) -n = 2ntan(nd) sec” (nO) 


F'(t) = e' 7 (t sin 2t)’ = e* i" *(£- 2cos2t + sin 2t- 1) = e'**"(2¢ cos 2t + sin 2t) 


t? 
F(t) = Ba => 
rey — CAV) -?-3@ +77) _ 41)? P+) - 98] _ G42) +4) 
(t) ( rae iy (8 +1)! (t3 + 1)3/2 — 2(t3 + 1)3/2 
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35. 


36. 


37. 


38. 


39. 


40. 


4. 


42. 


43. 


45. 


46. 


47. 


SECTION 3.4 THE CHAIN RULE 


Using Formula 5 and the Chain Rule, G(z) = 40/7 > 


G! (x) = 4°/* (In 4) ac E = ca] = 4°/* (In 4) (—Ca~?) = —C (In4) = 
yi +1) 
ae (5 a i) = 
yy as(Uthy +H 4%) - (v4 +1) Gy) _ 5(y* +1)*2yl2y?w? +4) - v4 +0) 
U'y) = (4 +) (y2 +1)? > (er el ye(ge edly 
_ ly(yt + 1)*(y* + 2y? — 1) 
(ye ee 


f (x) =sina cos(l— a?) => 


f'(x) =sinz [—sin(1 x”)/( 2a)] + cos(1 — x) - cosa = 2xsinx sin(1 — x”) + cosx cos(1 — 2”) 


g(x) =e” cos(x”) => g(t)=e *[- sin(«)| »2a + cos(x”) -e *(—1) =-e"* [2a sin(x”) + cos(a”)] 


1 oy — tse VIF? 
2/1 + t? vV1+t? 


G(z) = (1 + cos”z)? > G’(z) = 3(1 + cos”z)? [2(cos z)(— sin z)] = —6 cos z sin z(1 + cos?z)? 


F(t) =tanV1+@ = F'(t) =sec? VIF @- 


y=sin?(a?+1) => y! = 2sin(x? +1) -cos(a? +1)- 2a = 4x sin(a? +1) cos(x? +1) 


y= esin 2x a sin(e?”) => 


Ba d 
y’ = eine 7 sin 2x 4 cos(e*")——e** = e§” 2" (cos 2a) - 2 + cos(e?”) e?” - 2 = 2cos 2x e"?* + 2e?* cos(e?”) 
x x 


= ev — ) re an(4 —*) 
Vea PJP HT 
f(t) = tan(sec(cost)) => 
! 2 d 2 d 
f' (t) = sec (sec(cost)) a sec(cost) = sec”(sec(cost))[sec(cost) tan(cos t)] a cost 


= —sec?(sec(cost)) sec(cost) tan(cost) sint 


—1/2 —1/2 
y=VerVetrvVv<e => y= 3 (a+ x +Va) [1+ 3(2+ vz) (1+407”)| 
__ sin? (x?) , __ usin? (x?) : 2 2 = : 2 2) sin? (x?) 

f(x) =e => f(a) =e - 2sin(«*) - cos(x*) - 2a = 4x sin(x*) cos(a*)e 
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48. y= => 


y = 23" (in 2) 34” — 23" (In 2)3*” (In3) < 4° = 23" (In2)3*” (In 3)4° (In 4) = (In 2)(In3) (In 4)4°34" 23" 


4 
49. y = (sree = 1) ts 
° 3 
y! = a(seoto”) , 1) . gcos(«?) In3- (— sin(x?)) Wo = —8x(In 3) sin(2?) 3c0s(x?) (see 5 1) 
50. y =sin(@+tan(0+cos0)) => y’ =cos(#+tan(6 + cos@)) - [1 + sec?(@ + cos@) - (1 — sin 8)] 


51. y = cos \/sin(tan 72) = cos(sin(tanmax))/?_ > 


d d 
y’ = —sin(sin(tan ra))1/? - ae (sin(tan rx))*/? = —sin(sin(tan wx))'/? - 4(sin(tan mx))~1/? - ae (sin(tan 72)) 
ang malt ate alt 
gS tacit) 6 ae epee a aoe 
2 \/sin(tan 72) dx 2 \/sin(tan 72) 
_ —mcos(tan 72) sec?(r2) sin \/sin(tan 72) 
2 \/sin(tan 72) 
52. y =sin°(cos(a*)) => 

y’ = 3sin?(cos(x”)) - cos(cos(a”)) - [— sin(x?) - 22] = —6x sin(a”) sin?(cos(a)) cos(cos(2”)) 


53. y = cos(sin30) = y’ = —sin(sin 36) - (cos30) - 3 = —3c0s36 sin(sin30) => 
y" = —3 [(cos 30) cos(sin 39) (cos 30) - 3 + sin(sin 30)(— sin 30) - 3] = —9cos?(3@) cos(sin 30) + 9(sin 30) sin(sin 30) 


=> 


4. y = (1+vz) = y'=3(1+v2) (2) a Gee) 


2va-3-2(1+ ve) - = (14a) -2- 


(ove) 


Va (1+ Ve) -7--3(14+2Ve+2) 7 ve _ 6Ve+ 6x —3-6Ve-30 
4x Vx daVax 


_ 3x—3 3(a — 1) 


Aaa OY A872 
1 sin x —sing 
55.y=./cosxr => y'= —sinx) = -————.. With y’ = ———=, we get 
¢ U > Syeaaa ees: YS feoeae = 


1 sin? 
2,/cos x -(—cosx) — (—sin x) {| 2- ——— _(— sinz —2 / a 
n ( )~( ) ( Nore )) - sed sabi VCOsSx /COSx 
y (2\/cosa )* 4cosx COS & 
_ —2cosx- cos x — sin2a 2cos?x + sin?x 


4 cos x,/cosx 4(cos x)3/2 


1+ cosa 


Using the identity sin?x + cos? = 1, the answer may be written as -————__. 
4(cos x)3/2 
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5.y=e => yl =e° -(e*)’=e° -e*®? = 


-e? =e -e7(1+e7) or e& t7(1+€e7) 


57. y=27 => y' =2"1n2. At (0,1), y’ = 2°In2 = In2, and an equation of the tangent line is y — 1 = (In 2)(a — 0) 


ory = (In2)a+4+1. 


3a? 3-4 
8 y=V1lt+e=(l+27°)'? =s "114 ¢3)-1/?. 37? = _~{__. At (2,3), y’ = —= = 2, and an equation of 
y=av ( ) y’ = 3( ) AES (2,3), y 55 q 


the tangent line is y — 3 = 2(a — 2), ory = 2a — 1. 


59. y=sin(sinz) => y' =cos(sinz)-cosz. At (7,0), y’ = cos(sinm) - cos = cos(0) - (—1) = 1(—1) = —1, and an 


equation of the tangent line is y— 0 = —1(a — 7), ory = —x4 7. 


60. y = ze® => y= ze? (—2x) + er (1) = e-® (22? +1). At (0,0), y’ = e°(1) = 1, and an equation of the 


tangent line is y— 0 = 1(a —O) ory=a. 


1+e *)(0) — 2(-e-”) 2e-* 
61. = pe cv 00 10) an a ; 
Usa ee = 8 G+e-*p (+e (b) 
2° 2(1) | 
At (0,1), y¥ = ——s = OSS EE = tion of th 
(0,1), (ito? tle FP 2 So an equation of the Lee 
cd ee 3 
tangent line is y — 1 = 4(a —0) ory = 4a41. 
=15 
62. (a) For x > 0, |a| =a, and y = f(x) = <= = (b) ; 
fa) ===) 2- x?)-¥/?(_92) (2 —2?)¥/? 
v)= . 
(V2—a?)” (2 — 2?)¥/? 
_ (2-27) +2? © 2 -1.5[— 1s 


(2 — ?)3/2 (2 — x?)3/2 


So at (1, 1), the slope of the tangent line is f’(1) = 2 and its equation is y — 1 = 2(a — 1) ory = 2a —1. 


63. (a) f(z) = aV2—2? = a(2-27)¥? = 


2 — 22? 

“a) =a- 4(2—2?)~/?(—22) + (2 — 27)? -1 = (2— 2?) 71? [-2? + (2 — 2?) = ~ a 

fi(@) = 0: §(2— 29) (26) + (2 29)/8-1= @-2°)¥? [-2? + Q-2°)] = 
2 

(b) f’ =Owhen f has a horizontal tangent line, f’ is negative when f is 
ff f 
2 | 2 decreasing, and f’ is positive when f is increasing. 

3 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


CHAPTER 3 DIFFERENTIATION RULES 


(a) From the graph of f, we see that there are 5 horizontal tangents, so there 
must be 5 zeros on the graph of f’. From the symmetry of the graph of f, 
we must have the graph of f’ as high at = 0 as it is low at = 7. The 


intervals of increase and decrease as well as the signs of f’ are indicated in 


0 the figure. 


PeSVi Pei ry eal ry 
P+ AF EP +P RPE 


yA 


(b) f(z) =sin(a+sin2rz) => 


f' (x) = cos(a+sin 2z)- £ (a+sin 2x) = cos(a+sin 2x)(1+2 cos 2x) 
x 


—3 


For the tangent line to be horizontal, f’(z) = 0. f(a) = 2sina + sin? f'(«) =2cosx+2sinz cosx=0 © 


2cosz(1+sinz) =0 cosx = Oorsing = —1,sox = $ + 2nz or ss + 2n7, where n is any integer. Now 
f(%) = 3and f(¥) = —1,s0 the points on the curve with a horizontal tangent are (3 + 2nz, 3) and (= + 2nz, -1), 


where n is any integer. 


1 
=JIf2e@ => yi =4(14 22)? .2 = ——_. The line 6a + 2y = 1 (or y = —3a + +) has slope —3, so the 
y er ) <= y=1(ory 3) p 
tangent line perpendicular to it must have slope 4. Thus Z = pees: oS 1427=3 53> 14+2r=9 S&S 
g perp Peg  raroe 


2e2=8 & «=4. Whenz =4, y = \/1+ 2(4) = 3, so the point is (4, 3). 


F(x) = f(g(x)) => F'(x) = f'(g(a))- 9'(@), so F"(5) = f'(9(5)) - 9(5) = f'(-2) 6 = 4-6 = 24. 
h(a) = J443f(@) => h(a) = 3(443f (a)? - 3f"(a), 80 

h'(1) = $(44 3f(1)) 1/7? -3f'(1) = $(443-7) 1? 3-45 B=. 

(a) h(x) = f(g(x)) => h(x) = f'(g(x)) - 9'(w), 80 h'(1) = f'(g(1)) 9) = f'(2) 6 = 5-6 = 30. 
(b) A(x) =g(f(x)) = A'(x) =9'(f(@))- f(a), 80 A") = 9 (fC): fC) = 9'(8) 4 = 9-4 = 36. 
(a) F(z) = f(f(x)) => F(a) = f'(F(@))- fe), 80 F"(2) = f'(F(2)) - F(2) = f') 5 = 4-5 = 20. 


(b) G(x) = g(g(z)) => G(x) =9'(g()) - g(a), 80 G'(3) = g'(9(3)) - 9'(3) = 9'(2) 9 = 7-9 = 63. 
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71. 


72. 


73. 


74. 


75. 


76. 


77. 


SECTION 3.4 THE CHAIN RULE 219 


(a) From the graphs of f and g, we obtain the following values: g(1) = 4 since the point (1, 4) is on the graph of g; 


3-— 


cee tiecke © de 
a ae and g’(1) = —1 since the slope 


f'(4) = —+ since the slope of the line segment between (2, 4) and (6, 3) is 


of the line segment between (0, 5) and (3, 2) is ; — - = —1. Now u(x) = f(g(2z)), so 


w’(1) = f’(9(1)) 9’(1) = £'(4) (1) = -G(-1) = F- 
(b) From the graphs of f and g, we obtain the following values: f(1) = 2 since the point (1, 2) is on the graph of f; 
g' (2) = g'(1) = —1 [see part (a)]; and f’(1) = 2 since the slope of the line segment between (0, 0) and (2, 4) is 


— = 2. Now v(x) = g(f(x)), so v'(1) = 9 (F(1)) (1) = 9 (2) f') = -1(2) = 2. 


(c) From part (a), we have g(1) = 4 and g'(1) = —1. From the graph of g we obtain g'(4) = 3 since the slope of 
4—2 1 

a Now w(x) = g(g(x)), so 

w'(1) = g'(9(1)) 9'(1) = 9'(4) 91) = 3 (-1) = -3- 


(a) h(w) = f(f(@)) => A(x) = f'(F@)F@). Soh'(2) = fF) F(2) = FOF) © (-I)(-)) = 1. 


the line segment between (3, 2) and (7, 4) is 


(b) g(a) = f(x?) => g'(x) = f'(2*)- < (2*) = f'(x)(2x). So g'(2) = f'(2”)(2- 2) = 4f'(4) © 4(2) = 8. 


The point (3, 2) is on the graph of f, so f(3) = 2. The tangent line at (3, 2) has slope ou = a = -2. 
g(z)=JVF@) => g(x) =Flf@)?-f'(@) = 
1 


o'(8) = $LF(B))2? - #'(8) = 32)-9(-§) = 5m or ~ Gv 


£ (0%) = F(0*)oa* 


(a) F(x) = f(@*) = F'(x) = f'(x*) 


(b) G(x) = [f(@)|*> > G2) =a[f(@)|"~* f'(2) 


@) F(x)= fle?) > F(e)=f'(e*)— (e*) = file" )e* 


dx 


W)G@)=F© 3 Ee) =I fe) = FF) 


(a) g(x) =e + f(a) g(a) =e*-c+ f(x) => (0) =e%-c4+ f'(0) =ct+5. 
g(a) =ce* + fila) > g"(2)=ce*-ct+ f"(2) > gO +f") = 2-2. 


(b) h(x) =e f(x) Wl (e) =e f'n) + fla) -ke™™ HMO) = 0° f"(0) + (0) “he? = 5 + 3k. 
An equation of the tangent line to the graph of h at the point (0, 2(0)) = (0, f(0)) = (0, 3) is 


y—3= (54 3k)(a@ —0) or y= (54 3k) +3. 


r(x) = f(g(h(x))) = r'(@) = f'(g(h(x))) - g'(h(a)) - h'(x), so 
(1) = f'(g(h(1))) - (ACL) - B'(L) = f'(g(2)) - 9'(2) -4 = f'(8)-5-4= 6-5-4 = 120 
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78. f(x) =ag(a) = f'(x) = xg" (a?) 2a + g(a”) -1 = 207 g'(a”) + g(a?) = 

f(a) = 2x? g" (x?) 2x + g! (x?) 4x + g! (x?) 2x = 407g" (x?) + 4ag' (x?) + 2xg! (x?) = Gag’ (x?) + 427g" (x?) 
79. F(x) = f3fAf(x))) = 

F'(a) = f'(8f(4f(2))) - ~ (3f(4s(a))) = fBf(4F(a)))- 3f'(4F(2)) - ~ (4f(2)) 

= fBF(AF(a))) - 3f'(4f(@))-4f"(@), so 

F'(0) = f'(3F(4F(0))) - 3f(AF(0)) -4f'(0) = f(8f(4-0))-8f'(4-0)-4-2= f'(8-0)-3-2-4.2=2-3-2-4.2 = 96. 

80. F(x) = f(xf(af(x))) = 


F'(a) = f'(ef(ef(@)))- < (xf(2f(x))) = f'(@fef@)))- |x: f'(xf(a)) - + (af(o)) + f(xf(@))-1 
= fat @f@))) ef @f@))- @f'(@) + f@) 1) + f@f(@))], so 


Fd) = f'(f(FQ))) FFM) FQ) + FQ) + FF) = FF (2) - [F(2) - (4 + 2) + F(2)] 
= f'(3)- [5-6 +3] =6-33 = 198. 


81. y =e?"(Acos3a+Bsin3r) => 


y’ = e?*(—3Asin 3x + 3B cos 3x) + (Acos3x + Bsin 3a) - 2e?” 


e?*(—3Asin 32 + 3B cos3x + 2A cos32 + 2B sin 32) 


e?* (2A + 3B) cos3a + (2B —3A)sin32] > 


y” = e?*[—3(2A + 3B) sin 3x + 3(2B — 3A) cos 3a] + [(24 + 3B) cos 3a + (2B — 3A) sin 3a] - 2c?” 


= e?* {|-3(2A + 3B) + 2(2B — 3A)] sin 3a + [3(2B — 3.4) + 2(2A + 3B)|cos3a} 


= ¢*[(-12A — 5B) sin 3x + (—5A + 12B) cos 3a] 


Substitute the expressions for y, y’, and y”" in y’’ — 4y’ + 13y to get 


y” — 4y’ + 13y = e?*[(—12A — 5B) sin 3x + (-5A + 12B) cos 32] 
— 4e?*|(2A + 3B) cos 3a + (2B — 3A) sin 3a] + 13e?"(A cos 3a + Bsin 3) 


e?*|(-12A —-5B —8B4+12A+13B)sin3e + (—5A+12B —8A — 12B + 13A) cos 3a] 
= e?*[(0) sin 3x + (0) cos 3a] = 0 
Thus, the function y satisfies the differential equation y” — 4y’ + 13y = 0. 


/ TL uw 


82. y=e'* y’ =re y = re". Substituting y, y’, and y” into y” — 4y’ + y = 0 gives us 


re" —Are™ +e" =0 = e'*(r?—4r4+1) = 0. Since ce” 4 0, we must have 


r? —4r +1=0 r sove-* 2+ V3. 
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The use of D, D?, ..., D” is just a derivative notation (see text page 159). In general, Df (2x) = 2f'(2z), 
D? f (2x) = 4f" (22), ..., D’ f (2x) = 2” f(™ (2x). Since f(x) = cosa and 50 = 4(12) + 2, we have 


f° (x) = f(x) = — cos x, so D®° cos 2a = —2°° cos 2x. 


f(a) =ae”, f'(x) =e * —re* =(1—az)e”, f" (x) =-e * +(1—2)(—e-”) = (a—2)e™”. Similarly, 


f'" (x) = (8—a)e*, f% (x) = (a — 4)e~, ...., f(x) = (a — 1000)e~*. 
s(t) =10+4sin(107t) = the velocity after t seconds is v(t) = s’(t) = 4 cos(10mt)(10m) = 52 cos(107t) cm/s. 


(a) s = Acos(wt +6) = velocity = s’ = —wAsin(wt + 6). 


b) If AAOandw £0, thens’=0 © sin(wt+6)=0 wt +6= nn a o n an integer. 
Ww 
: Qnt dB 2rt 27 0.77 Qrt Tt 2nt 
(a) B(t) = 4.04 0.35 sin( a) di (0.35 cos a) (3) 54 S54 = 54S 5a 
(b) Att = 1, eae = age = 0.16. 


dt 54 5.4 
L(t) = 12+ 2.8sin[ 2% (t—80)] = L'(t) = 2.8cos[ 2% (t — 80)| (#4). 
On March 21, t = 80, and L’(80) ~ 0.0482 hours per day. On May 21, t = 141, and L’(141) = 0.02398, which is 


approximately one-half of L’(80). 


s(t) = 2e71* sin2at => 


u(t) = s'(t) = 2[e7' "(cos 2rt) (27) + (sin 2rt)e—!-°*(—1.5)] = 2e7 1°" (27 cos Art — 1.5sin 2rt) 
2 15 
Graph of » Graph of 
position velocity 
2 0 2 
=F -7 
li = ii : ee kt ae As time i h 
(a) jim, p(t) J Saget = ace , since k > > —0O e “" — 0. As time increases, the 


proportion of the population that has heard the rumor approaches 1; that is, everyone in the population has heard the rumor. 


les! dp 4 kae—** 
2 kty—1 = —kt)—2 —kty _ 
(b) p(t) = (1+ ae~"") > Tt = —(1+ ae~")~*(—kae~"") = (i + ae 
( | 
p=08 From the graph of p(t) = (1 + 10e~°**)~?, it seems that p(t) = 0.8 


(indicating that 80% of the population has heard the rumor) when 


t = 7.4 hours. 
0 10 
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93. 
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95. 


96. 
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(a) Use C(t) = ate with a = 0.00225 and b = —0.0467 to get C’(t) = a(t. e* -b+e%-1) = a(bt + 1)e™. 
C’(10) = 0.00225(0.533)e~—°-46" = 0.00075, so the BAC was increasing at approximately 0.00075 (g/dL)/min after 
10 minutes. 

(b) A half an hour later gives us t = 10 + 30 = 40. C’(40) = 0.00225(—0.868)e~*86° ~ —0.00030, so the BAC was 
decreasing at approximately 0.00030 (g/dL) /min after 40 minutes. 


(a) The derivative dV /dr represents the rate of change of the volume with respect to the radius and the derivative dV/dt 


represents the rate of change of the volume with respect to time. 


: 4 3, dV _dVdr _ 9 dr 
(b) Since V 3" ae ae di dar qi: 
dv _ duds _ dv dv 


By the Chain Rule, a(t) = v(t) = v(t) qs’ The derivative dv/dt is the rate of change of the velocity 


dt dsdt ds 
with respect to time (in other words, the acceleration) whereas the derivative dv/ds is the rate of change of the velocity with 
respect to the displacement. 

(a) P = ab! with a = 4.502714 x 10~7° and b = 1.029953851, 32,000 (P in thousands) 


where P is measured in thousands of people. The fit appears to be very good. 


5308 — 3929 7240 — 5308 
So P’(1800) & (mi + mz2)/2 = 165.55 thousand people /year. HO? oP 
23,192 — 17,063 31,443 — 23,192 
For 1850: on eee ee nee 679! Sy Des Se SBE) 
OF 1850: Tapp 1gd0. ep ies 


So P’(1850) & (mi + mz2)/2 = 719 thousand people/year. 
(c) Using P’(t) = ab‘ Inb (from Formula 5) with the values of a and b from part (a), we get P’(1800) + 156.85 and 
P’(1850) 686.07. These estimates are somewhat less than the ones in part (b). 


(d) P(1870) ~ 41,946.56. The difference of 3.4 million people is most likely due to the Civil War (1861-1865). 


(a) If f is even, then f(x) = f(—2). Using the Chain Rule to differentiate this equation, we get 


d 
dx 


f' (2) = f'(—x) — (-—2) = —f'(—2). Thus, f’(—x) = —f' (x), so f’ is odd. 


(b) If f is odd, then f(x) = —f(—ax). Differentiating this equation, we get f’(x) = —f’(—x)(—1) = f'(—2), so f’ is 


even. 


Fal = {f(x) (g(a) } = f(x) [o(@))7* + (0) [o(@)1-? 9 (2) F(e) 


This is an alternative derivation of the formula in the Quotient Rule. But part of the purpose of the Quotient Rule is to show 


that if f and g are differentiable, so is f/g. The proof in Section 3.2 does that; this one doesn’t. 
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. ° Tv d 4 ° d ~ ig us us XT. fo} 
97. Since 0° = (=3,)0 rad, we have 77 (sin @°) = 77 (sin 9) = cos FHA = FH 080°. 


98. (a) f(e) =|a| = Va? = (02)? > f'(w) = 3(a?)-¥/?(22) = e/ Ve? = 2/ |a| fore £0. 


f is not differentiable at x = 0. 


(b) f(x) =|sina| =Vsin?x => 
f(x) = 4(sin?ax)~1/? 2sinx cosx% = aa COs & 
cos & if sinz > 0 
~ \-cosx if sinz <0 
f is not differentiable when x = nz, n an integer. 
(c) g(x) =sin|z|=snVrz? => 
cos & if «>0 


; x x 
g' (x) = cos |a| - = — cosx = 
Iz] [al 


—cosx if r<0 


g is not differentiable at 0. 


99. y=b* = y'=b* Inb, so the slope of the tangent line to the curve y = b” at the point (a, b) is b* Inb. An equation of 
y y 


this tangent line is then y — b* = b* Inb (a — a). If cis the x-intercept of this tangent line, then 0 — b* = b* nb(c—a) => 


= —l 1 : ‘ 
1 =Inb(c—a) = c—a |c—al= inb| > indy’ The distance between (a, 0) and (c, 0) is |c — al, and 
1 ; 
this distance is the constant In }] for any a. [Note: The absolute value is needed for the case 0 < b < 1 because In b is 


negative there. If b > 1, we can write a — c = 1/(Inb) as the constant distance between (a, 0) and (c, 0).] 


100. y=b* = y’=b* lnb, so the slope of the tangent line to the curve y = b® at the point (zo, yo) is b*° In b. An equation 
of this tangent line is then y — yo = b”° Inb(ax — ao). Since this tangent line must pass through (0, 0), we have 
0 — yo = b”° Inb (0 — zo), or yo = b”° (Inb) xo. Since (xo, yo) is a point on the exponential curve y = b”, we also have 
yo = b”°. Equating the expressions for yo gives b7° = b”° (Inb)ao => 1=(Inb)zo => wo =1/(Inb). 
So yo = 67° = e70!™> [by Formula 1.5.10] = e(1/( 5) nb — el — 

101. Let j(x) = g(h(x)) so that F(x) = f(g(h(x))) = f(j(x)). By the Chain Rule, we have j’(x) = g'(h(2x)) - h’(x) and, by 
the Chain Rule and substitution, we have F’(x) = f'(j(x)) -j’(x) = f'(g(h(a))) - g'(h(z)) - h’(a). 


102. F(x) = f(g(x)) = F'(x) = f'(g(x)) - g(a) by the Chain Rule. By the Product Rule and Chain Rule we have 


P'(a) = f'(g(@)) 9" (@) + 9'(a) - =f (g(a) = f'(g(a)) - 9" (@) + 9'(@)- F"(g(a)) 9 (2) 
= f"(g(a))lg'()P + f'(g(@)) - 9" (2) 
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APPLIED PROJECT Where Should a Pilot Start Descent? 
1. Condition (i) will hold if and only if all of the following four conditions hold: 
(a) P(0) = 0 
(8) P’(0) = 0 (for a smooth landing) 
(y) P’(€) = 0 (since the plane is cruising horizontally when it begins its descent) 


(5) P(£) =h. 


First of all, condition a implies that P(0) = d = 0, so P(x) = az*+ba?+cx = P'(x) = 3a? + 2br +c. But 


P'(0) = c = 0 by condition 8. So P’(£) = 3al? + 2bé = £ (3a + 2b). Now by condition 7, 3af + 2b = 0 a _. 
2b 3 2 : re 2b 13 2 
Therefore, P(x) = ~ 3% + bx*. Setting P(£) = h for condition 6, we get P(£) ag¢ + bl“ =h 
De oe eaters dese 3h 2h _ OR 08h 5 
i .. Gx ve ss d?y F 
2. By condition (ii), > es for all t, so x (t) = @ — vt. Condition (iii) states that qe < k. By the Chain Rule, 
dy dydz 2h 9, dx 3h dx  6ha?u 6hav 
have M2 = AZ SE Se et paaierepal, wae = < 

WONG 8 "a ae B (327) 7 + B (22) °F B BR (forr<f) => 

d’y — 6hu dx 6hv daz 12hv? 6hv? : 

ee (22) Spo ge ae = ge ~ ae In particular, when ¢ = 0, x = @ and so 

d’y 12hv? 6h? 6hv? d’y 6hv? me 

df? |,_. B £4 p Bz Thus, We im =p < k. (This condition also follows from taking x = 0.) 

an 

3. We substitute k = 860 mi/h?, h = 35,000 ft x Saat and v = 300 mi/h into the result of part (b): 

6(35,000 - =55) (300)? [35,000 

< L> -———___ & 64.5 miles. 
p <860 = £>300,/6 5280 860 miles 
4. Substituting the values of h and @ in Problem 3 into ‘ 
2h 3h : 
P(x) = -ar + Be gives us P(x) = aa® + ba”, 


where a + —4.937 x 107° and b = 4.78 x 107°. 


0 64.52 
3.5 Implicit Differentiation 
d 2 3,_ 4 207 27 , _ 10x 
1. (a) = (50 ef Se) 10x — 3y? y' = 0 3y? y’ = 10x y= 32 
10z 
2. 38 3 2 : L(n,.2 -2/3 = 
(b) 5a? —y? =7 y> = 5a? —7 y = 5x? —7, soy! = $(52” — 7)~7/3 (10a) = 362 TF 
(c) From part (a), y’ = ae = ue = od Ns which agrees with part (b). 


By? 3(y3)2/8 3(5a2 — 7)2/3’ 
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dina, .s d 3 4) 4,0 3 »_ 2— 242° 
: — (6 = — (2 => 24 5 =2 => 5 = 2-24 = —— 
(a) 5, (62° +9") = = (22) x + Byy yy x y 5a 
2 — 2423 
4,5 5 4 5/a. At a! 4)—4/5 3) _ 
2-242? 2-240? 2— 242% 

(c) From part (a), y’ = a7 ae = Bye = Bn — 6x8” which agrees with part (b). 

d d 1, 1 _ 1 1 VY 

; —_ =— (1 oS (2 4 = 4,-1/2,,) _ ’ , 

@ 7 Weta > 4a tay eo aia! OWE y TE 

(b) Ve+ Vy=1 Vy=1-Ve y=(l-Vz’? => y=1-2/e+2,50 

1 1 
P= 9. og -V2 44 =21-—. 
‘ 2" v Va 
1- 1 . : 

(c) From part (a), y=-4 =— [from part (b)] =e tewaich agrees with part (b). 
d/2 1 d 2s - 1 2 Qy? 
—{---)=—(4) => —-22? wW=0 5 Sy 5 Y= Ss 

(a) Ae (: ~ | rel ) zoo yey 2 y= 2 Py) 

1 ie” 1 2-4¢ x 
4 4 = 
©) y y « y x a ag 
, _ (2—4x)(1) —a(-4) _ 2 ee 1 
(2 — 4x)? (2 — 4x)? 2(1 — 2x)? |" 
2 
| ie 
2y? (sz) Qn? 2 

(c) From part (a), y’ = a a = [from part (b)] = 2 — 4a) = Qaape agrees with part (b). 

d 2 2 d / U ! ! 

: ra —Ary+y*)= oat => w-Alry’+y(1)] + 2yy' =0 2yy’ —4ay’ = 4y — 2a 

y'(y — 2a) = 2y—2 gs a 

y— 22 
d d 
Sa (2a? + ay — y”) = ag (?) => 4r4+ cay’ +y(1)-2yy’ =0 xy —2yy' =—-4r-—y 
—4r-—y 
2y)y’ = —4 ‘—- —_= 
(a — 2y)y zy Tay 


: < (x4 + 27y? + y3) = < (5) => 4a? +a? .2yy'+y?-22+3y?y =0 > 2x? yy! +3y?y’ Ag? — Qay 


—4a3 — Qay? Qa (2x? + y”) 

On? 3y? Oo Aa? 2 2 Me A> YF» A NOE CTO: 

(2x*y + 3y")y Zz” — 2xy Y= Dy hay yon? + 3y) 
d 3 2 3 d 2 ! 2 2,/ Vee , 2 2 
7, — xy £9 )=s.0) => 3a°-—a-2yy’—y’-14+3y*y' =0 3y-y —2ceyy =y — 3a 


2 2 2 2: 
— 3x y — 3x 
372 — 2 142 _ 92 ! y _ 
(3y° — 2ay) y! = y° — 3a Ua arg, = (GPS On) 
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=2yy => 


dfx \_d_, (a +y)2x) — 27 (1+y') 
was (45) =4 ee ad (x+y)? 


Qu? + Qey — a? — a? y! = Q2y(a@+y)?y 


/ 


> 2 42y = 2% at+y)y tay = 


x(x + 2y) 
2u?y + Avy? + 2y3 + x? 


a(a + 2y) = 2y(a? + 2cyt+y?)+a7]y > y= 


Or: Start by clearing fractions and then differentiate implicitly. 


10. £ (eX) = £(@ y) cely +e¥-l=1l—-y => wely+y=1-e S&S y(reX+1)=1l-e = 
ie ale" 
4 rey + 1 
d d 

1. — (sine + cosy) = 5 (2x 3y) cosx —siny-y’ = 2 — 3y/ 3y’ —siny-y’ =2-—cosx => 


2— 
y’ (3—siny) =2—cosz ff premade 


3—siny 


d d 
12. — (e*siny) = 5 (x+y) => e*cosy-y'+siny-e*=1+y => e*cosy:y —y =1-e*siny => 


Fe 1—e*siny 
/ x —1 = ]= x / 
Yy (e cosy ) e siny y i sy 1 


13. < sin(z + y) = < (cosz+cosy) = cos(x+y)-(1+y’) =—singz—-siny-y’ => 


cos(a + y) + y' cos(x+y) =—sinz—siny-y’ => y'cos(x+y)+siny-y’ =—sinxz—cos(x+y) > 


cos(x + y) + sina 


y' [cosa + y) +siny] = —[sine + cos(n+y)} > yf =~ SEE TR EER 


d 
(Qay? +1) => sec?(x2—y)-(1—y’) = 2a(3y?y’)+y?-2 = 


14. = tan(x — y) = i 


3 


sec”(a — y) — y’ sec?(a — y) = 6ry?y’ +2y2 => Gay?y’ + y' sec?(a — y) = sec?(a — y) — 2y 


by. 800?(a = y) — 29" 
sec? (a — y) + 6xy? 


y' [6axy? + sec?(a — y)] = sec?(a — y) — 2y 


15. £ (ycose) fa + y”) y(—sinz)+cosx-y’ =2x+2yy' => cosx-y’—2yy =2r+ysinzg => 


, 2u+ysina 
cos x — 2y 


y' (cosa — 2y) = 2x + ysinz y 


d 
16. £ sin(zy) = ae cos(z+y) = cos(xy)- (xy +y-1)=—sin(at+y)-(1+y') => 


xcos(xy) y’ + ycos(xy) = —sin(x+y)—y'sin(a+y) => 


xcos(xy) y’ + y'sin(x + y) = —ycos(xy) —sin(e+y) > 


[x cos(xy) + sin(x + y)] y’ = —1 [ycos(ay) + sin(a + y)] y 
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18. 


19. 


20. 


21. 


22. 


23. 


=> 
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(Qxr-e¥y’ + e%-2)+(ye*+e7y')=0 => 2xrety’ +e* y' = —2e¥ — ye” 


2e¥ + ye” 


Daina cosy) = 


dx dx 


Sy’ —sinz siny-y’ =2x—cosxcosy => y'(5—sinz siny) =2x%—cosxcosy > yi = 


2xey + e* 


sinz(—siny)- y’ +cosy(cosz) = 2a —5y’ => 


5—sing siny 


d d = 
Vetus = (etty) & Bet y) Pty) = 40? +4?) > 
1 1 U 3 3, / 1 3 Sik 1 ! 
ee ee ae ae > ——— — 473 = 4y3y’ —- —— yy = 
2/xe+Y Qery” os 2/e+Y ue Dery” 
1-8 /ety  8y*/ety-1, ,_ 1-8a° ery 
2/a+y 2/ez+y . 8y3./eFy—1 
d d 5 5 , 1/,2 2)-1/2 ! 
nav? +y? => xy + y(1) = 3 (« +y’) (Q2+2yy’) => 
ay ty = ——— + Hy’ ry! ¥_y'- __* y 
[pr + y2 [pr + 2 [pr + y2 [p24 y2 
rf/ert+y—-y, c-y/rty? ,_ 2-yV/erty? 
Vai+y? a? + y? ay/a? +y? —y 
d d d («x l—«a-y’ 
a/y\ _ C3 i ead Wicd ae , a/y y y = ! 
BeM=Ze-v) 2 oh (2) a1-y' = ~ yi > 
1 x/y x /y x/y x/y — et/y 
Ses ie a y’ y! = vy! 1 e v'(1 alee ) y e 
y y y y y y 
y—erl¥ 
ry y(y — e?/¥) 
y y = get!¥ y? = getly 
ye 


d 2 a, a 4 
Ga Coste + y") = a (ze¥) 


=> —sin(a? + y?)-(2a+2yy’) =ae%y +e%-1 = 


/ 
| 


—2x sin(x? + y”) — 2yy/ sin(a? 


—[e¥ + 2x sin(x? + y*)] = y’[xe” + 2y sin( 


f+ - 3(fQ)P > fC) + (FAP - 20) 


© 2021 Cengage Learning. All Rights Reserved. May 


ty?) = acer y’ 4 


+12f'1)=-16 = 13f/(1)=-16 = f’(1)=—-2. 


e! e! 


,_  e% + 2xsin(x? + y”) 


2 2 _ 
x +y | > y= rev + 2y sin(x? + y?) 


(a) +a? - 3[ f(x) )? - f(a) + [fF (x)? - 22 =0. If x = 1, we have 
=0 > f’(1I)+1-3-2?-f/(1)+2?-2=0 = 


13 
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2x sin(x? + y”) = xe” y! + 2yy’ sin(x? + y”) 


=> 


2x — cosx cosy 


227 


=> 
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24. = [g(x) + xsin g(x)] = = (2?) = g'(x)+acosg(x) - g'(x) +sing(xz)-1= 2a. Ifx = 0, we have 


g'(0)+0+sing(0) =2(0) => g’/(0)+sin0=0 =} g’/(0)+0=0 => g'(0)=0. 


25. + (ot? — y+ 22y") = + (0) => a -Qyty?-4a3 a’ — (a -1ty- 32? 2’) +2(2-3y?+y3-2’)=0 = 


day? a! — Bx?ya' + QyP a! = -2Qe4y +a? —6ry? = (4a y? — Ba?y + 2y?) a Qa4y + 2° — bry” 


his dx —2e4y + a7 — bry? 
dy 4x3 y? — 3a2y + 2y3 


d 
26. 4, (usec) = F-(vtany) => y-sece tane-a’+secx-l=a-sec*y+tany-2’ => 


yseca tang- a’ —tany-a’ = xsec*y — seca > (yseca tang —tany) a’ = xsec”y — secx > 


, dx sec?y — seca 
dy ysecautangx —tany 


sin x , 


-cosx +e -y =a2(-siny-y’)+cosy-1 > 


sin x 


27. y™* =xcosy > ye 


ye&* +y' xsiny =cosy—ycosre’™™*® => y'(e'"* +asiny) =cosy—ycosre’”* => 


,__ cosy—ycosre™"” 


xsiny + esine 


cos 0 — 0- cos0- e%”° _ 1-0 
0-sin0 + esin® 0+1 


When x = 0 and y = 0, we have y’ = = 1, so an equation of the tangent line is 


y—-0=1(a#-—0), ory =a. 


28. tan(a + y)+sec(a—y)=2 => sec?(a+y)-(1+y’) +sec(x — y) tan(a — y)-(1—y’) =0 
sec?(a + y) +y’-sec?(a + y) + sec(a — y) tan(x — y) — y’ + sec(a — y)tan(x-—y) =0 => 


sec?(# + y) +sec(x — y)tan(a — y) = y’ - sec(a — y) tan(a — y)— y’-sec?(a@+ty) => 


sec?(x + y) + sec(x — y)tan(x — y) = y’ [sec(x — y) tan(x — y) —sec?(a+y)] > 


,  sec(x — y) tan(x — y) + sec?(a + y) 


oe sec(a — y) tan(a — y) — sec?(x + y)” 
When x = 3 and y = ¢, we have 
Zn zZ_ on 2(nz 4m 2(x 5 
ioe seo(§ g) tan(§ 3) reels 3) 2 sec 0 iene) = O+ (v2) “<i ae gi ecuatenor the 
sec(Z aa z) tan(Z a z) — sec (z + z) sec 0 tan 0 — sec (4) O- (V2) 
tangent line is y— 3 = I(¢ ),ory = —a+ re 
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34. 
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y - 1 y! 8/y 
2/3 4 2/3 = 4 = 25 V8 4 2y 1/3y/ — tan y = va 


1 1 1 
EBay? (—38/2)1/3 31/2 A 


When x = —3 /3 and y = 1, we have y/ , SO an equation of the tangent 


line is y—1= +(x +3¥3) or y= ryt t4. 


_ Bar $y? 
2y(6 — x) 


y?(6— 2) =2° y?(-1) + (6-2): 2yy' = 32? > y'- 2y(6— 2) = 3a? +7? y 


a2 + (v2)" _ 4242 
2/2(6-2) 272-4 8V2 42 


When a = 2 and y = V2, we have y’ = , SO an equation of the tangent line is 


i Oye os Lee re ener 3 
4/2 re AD BD Be ae BD 
e—ay—y?=1 Qe —(ry’ +y-1)—-2yy' =0 22 — xy’ —y—2yy’ =0 Qz—-y=ary+2yy => 
24 —y 
Spay 2y) y! a ee, 
t—y=(e@t+2y)y => y Peay 
wat 3 | _ ; — 
Where = 2nd ge Uy we have Y= pang = gv80 an equation of the wangent line iggy Tate 2),ory = Fu— 5. 
x? +2ey+4y?=12 > 24+2ry'+2y4+8yy' =0 > 2ry'+8yy’ =-2e-Qy = 
+y 
+ 4 Pee ' x , 
(a+ 4y) yo =—#—y aap 
a ee sf aa : 
When x = 2 and y = 1, we have y = —F77q =~ 5” 80 an equation of the tangent line is y — 1 = —3 (a — 2) or 
y= $042. 
a? + y? = (2e7 4+ 2y?—2)? > 2+ 2yy' = 2(2Qa? + Qy? — x) (4x 4+ 4yy’ — 1). 
When x = 0 and y = 4, we have 0 + y’ = 2(4)(2y’ — 1) y’ =2y’-1 y’ = 1, so an equation of the tangent 
line is y— 4 =1(a@—0) or y= a+. 
wy =(y+1jP(4—y?) > a? Qyy +y?- Qe = (y+1)*(—2yy’) + (4—y*)-2y+])y = 
2x°yy! + 2ay? = —2yy'(y +1)? +2y'(4—y*)ytl) > 
Qay? = 2y'(4—y?)(y +1) — 2yy' (y +1)? — 2a?yy’ ay? = y'[2(4 — y?)(y + 1) — 2y(y +1)? — 2a?y] => 
he xy? 2 ay? 
2(4—y?)(y+1) — 2y(y +1)? —2a?y  (4—y? )(y+ I — yy t+ 1)? — 2y 
2 
When a = 2\/3 and y = 1, we have y’ = avaed z= 2v3 2v3 __ V3 
(4—12)(1+1)-1014+1)?-(2v3) 1 6—-4—12 10 5 
so an equation of the tangent line is y — 1 = ane (a - 2/3), ory= Nas + =. 
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35. 2(a? + y?)? = 25(a? — y?) A(a? + y*)(2x + 2yy’) = 25(22 —2yy') => 


A(x + yy’)(x? + y?) = 28(x — yy’) 4y y! (2? + y*) + Byy! = 2r —4a(2?+y?) => 


, 25a — 4a(a? + y”) 
25y + 4y(a? + y?)” 


When x = 3and y = 1, we have y’ = ae = 2 == +. so an equation of the tangent line 
isy—-1=—-3(x-3) o y=—-3ar+ ZB. 
36. y?(y* — 4) = 2? (a? — 5) y* — 4y? = 2* — 52? dy? y’ — 8yy’ = 4x — 102. 
When x = 0 and y = —2, we have —32y’ + 16y’ =0 16y’ = 0 y’ = 0, so an equation of the tangent line is 
y+2=0(a —0)ory = —2. 
37. (a) y? = 524 — a? Qy y’ = 5(4a3) — 2a y’ ae a (b) 
10(1)? —1 


So at the point (1,2) we have y’ = = 3, and an equation 


2 


of the tangent line is y — 2 = 3(a—1) or y= $a — 38. 


2 3 2 i 2 , 8a? + 6x : 
38. (a) yo =a? +30" > yy =3e°4+3(2r) > y= Dy So at the point (1, —2) we have 
i ee 
y= a pee = -%, and an equation of the tangent line is y + 2 = —2(a—1) or y= —Sa + 4. 
(b) The curve has a horizontal tangent where y’ =0 © (c) 
3a° + 6x =0 3a(a +2) =0 x=Oorgr 2. 


But note that at x = 0, y = 0 also, so the derivative does not exist. 


Ata = —2, y? = (-2)? + 3(-2)? = -84 12 = 4, soy = +2. 


So the two points at which the curve has a horizontal tangent are 


(—2, —2) and (—2, 2). 


39. 2? + 4y? = 4 2x + 8yy’ = 0 y = -2a/(4y) => 
ij ly-l—-a-y’ ly —2a[-2/(4y)] 1 4y? + 2? _ il 4 since x and y must satisfy the 
4 y? 4 y? 4 4y3 4 Ay? original equation 2? + 4y? = 4 
1 
Wt 
Thus, y= ~ ays’ 
27 — 
0.0? +ayty=3 > w+ay +y+2yy'=0 > (w+ 2y)y’ =—-2e—y y' ay 


Differentiating 2x + ry’ + y+ 2yy’ = Oto find y” gives2+ xy" +y'+y' 4+ 2yy"42y'y’=0 = 
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2u+y 22 +y 
I 2 Ww = 9) 2 t 9) 1\2 = 
(x + 2y) y y’ — 2(y") | ai (ay) 
y= ——2_ [+ 2y)? = Ge + ye + 2y) + (22 + y)? 
a+ 2y (e+ yy? 
2 
a “Texas + Aout Ay? Qa? — dry — cy — 2y? + 4a? + dry + y?) 
= 2 2 = 2 since x and y must satisfy the 
ae (x 4 2y)3 (3x + 3xy + dy ) ss (x + 2y)3 (9) Re equation x? + xy +y? =3 
18 
Thus, x’ = -——_... 
1 C+ 
41. si 24 .y! —si =e 
siny + cosx => cosy-y —sinx=0 y Se 


» _ cosycosz —sinx(—siny)y'’ _ cosycosz + sinx sin y(sina/ cos y) 


(cos y)? cos2y 
a cos”y cos + sin?x sin y 7 cos”y cos x + sin?x sin y 
cos?y cos y cos?y 
3 3 2 2,0 y cg 
42. x y =7 3x 3y*y 0 Yy 72 
y! = Vx) — 2? Qyy') _ 2eyly — 2(0?/y")] _ 2o(y— a? /y’) _ 2a(y* — 2°) _ 2e(—7) _ —lde 
(y?)? y" y? y3y? y? y? 


43. If = Oinxy + e% =e, then we get 0 + e” = e, so y = 1 and the point where x = 0 is (0, 1). Differentiating implicitly with 
respect to x givesus xy’ + y-1+e¥y’ =O. Substituting 0 for x and 1 for y givesusO+1+ey’=0 => 


/ / 


ey =-l y’ = —1/e. Differentiating x y’ + y + e” y’ = 0 implicitly with respect to x gives us 


cy’ +y-lty +ey”t+y'-e%y' =0. Now substitute 0 for x, 1 for y, and —1/e for y’. 


CVs, ft tape ot 1 eae ree i oi ae 
0+ ( +) +( t) +ey +( ea *) 0 ot ey aes 0 ey z y = 


44. Ife —linag?+ay+y?=1,thenwegettlt+y+y=-1 > yt+y=0 = yy’?+1) => y=0,s0 the point 


where « = 1 is (1,0). Differentiating implicitly with respect to x gives us 2x + ry’ +y-1+ 3y?-y' = 0. Substituting 1 for 


i 


x and 0 for y gives us 2+ y’+0+0=0 y' = —2. Differentiating 27 + x y’ + y + 3y? y’ = 0 implicitly with respect 


tox givesus2+ ary" +y'-1+y'+3(y?y" +y’ - 2yy’) = 0. Now substitute 1 for x, 0 for y, and —2 for y’. 


2+y" + (—2)+ (-2)+3(0+ 0) =0 y” = 2. Differentiating 2+ xy” + 2y' + 3y? y” + 6y(y’)? = 0 implicitly 


with respect to x givesus xy!” + y”-1+4+2y"43(y?y” +y” -2yy’) + 6[y - 2y' y” + (y’)? y'] = 0. Now substitute 1 for 


x, 0 for y, —2 for y’, and 2 for y”. y’’” +2+4+3(0+0) +6[0 + (—8)] =0 y”" =-2-44 48 = 42. 
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45. (a) There are eight points with horizontal tangents: four at « + 1.57735 and i 
four at x = 0.42265. 
32? — 62 +2 % : 
b) yi = — Sy’ = —1 at (0,1) and y’ = 2 at (0,2). 
(b) y Day? — 3y2 = y +1) y at (0,1) and y’ = 3 at (0,2) 
Equations of the tangent lines are y = —x + Landy = 5a +2. —3 
(c) y’ =0 3a? — 6a +2=0 e=1ltev3 
4 
(d) By multiplying the right side of the equation by x — 3, we obtain the first 
graph. By modifying the equation in other ways, we can generate the other 
graphs. 2 5 
=3 
u(y? — 1)(y — 2) 
= a(x — 1)(x — 2)(a — 3) 
4.5 
2 3 
= 
q 
2 6 4 —_ 4 3 6 
3 =3 
=o 
y(y? — 4)(y — 2) y(y + I(y? — 1)(y — 2) (y + 1)(y* —1)(y- 2) 
= x(x@ — 1)(x — 2) = x(x — 1)(a — 2) = (a — 1)(a — 2) 
3 4 
4 4 
: ; 3 4 —, 
—3 =3 —4 
a(y + 1)(y* — 1)(y - 2) u(y? + 1)(y — 2) u(y + 1)(y? — 2) 
= y(a — 1)(a — 2) = a(x* — 1)(x — 2) = a(x — 1)(a? — 2) 
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A ne ee SOE CT ON: er eee 
46. (a) 3 (b) ag ey +y°-y j= 7 2n° +27) => 


6y?y' + 2yy! — 5y*y! = 4a? — 6a? +20 => 


3 4 ,  2x(Qa?— 3x41) 2x(2x —1)(x — 1) 
6y? + 2y — 5y4 y(6y + 2 — By?) © 


From the graph and the 


values for which y’ = 0, we speculate that there are 9 points with horizontal 


—4 tangents: 3 atx = 0, 3atx = 3, and 3 at x = 1. The three horizontal 
tangents along the top of the wagon are hard to find, but by limiting the 


y-range of the graph (to [1.6, 1.7], for example) they are distinguishable. 


47. From Exercise 35, a tangent to the lemniscate will be horizontal if y’ = 0 25a — 4a(x? + y?) = 0 


48. 


49. 


50. 


2[25—A(a? +y?))=0 > a? +y?= 28 (1). (Note that when z is 0, y is also 0, and there is no horizontal tangent at the 


origin.) Substituting 72 for x? + y? in the equation of the lemniscate, 2(a? + y”)? = 25(x? — y*), we get x? — y? = 2 (2). 


Solving (1) and (2), we have a? = e and y” = 28, so the four points are (+ 573 + 


Alou 
ee 


16? 4 
2 2 / 2 
2 2 b : : : 
= + a =1 + a =0 y= a an equation of the tangent line at (xo, yo) is 
Y—-—Yo= abs (a — xo). Multiplying both sides by ea gives 208 os va ee a a Since (20, yo) lies on the ellipse, 
a2 yo b? b? b? a? a? ‘ 


2 2 
Tor | Yoy _ Xo Yo 


we have 2 + 72 2 + ii 1. 
2 2 2 2yy' b? 
A t 14, = som 0 y' oe an equation of the tangent line at (xo, yo) is 
—Y= EL (x — xo). Multiplying both sides b W gives YOY vi _ tow _ 2 Since (x ) lies on the hyperbola 
ee a?yo le ee y b? & b? b2 a2 a2" Guo yP ; 
2 2 
Tot yoy T — Yo 
we have — > Be ae pol 
/ 
Va+/y=ve ; 7 + ; y 0 y’ vu an equation of the tangent line at (xo, yo) 
x y x 
is y — yo = = (x — 20). Now x = 0 y = Yo us (—a0) = yo + Vxo yo, so the y-intercept is 
0 


\/ Vax 
yo + V0 \/ yo. And y = 0 yo = Zo (a — x0) x 8 ae > ©£=%1%+V20 VY, 
Yo 


so the x-intercept is ro + VZo / yo. The sum of the intercepts is 


(vo + Vi0 Vue) + (00 + V0 Vu0) = 20 + 2-VE0 V0 + 0 = (VF0+ V0) =(ve) = 
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51. 


52. 


53. 


55. 


56. 
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2 


If the circle has radius r, its equation is x? + y* = r 


=> 2w+2yy’=0 y’ * so the slope of the tangent line 
y 


=I = Ee which is the slope of OP, so the tangent line at 


—xo/Yyo Xo 


at P(Xo, yo) is — 70 | The negative reciprocal of that slope is 
Yo 


P is perpendicular to the radius OP. 


p pur? _ party _ par taPlt _ pat 
qy?* qy? qauP q 


Can a gt yy Spe 


x? + y* =r? isa circle with center O and ax + by = Oisa line through O [assume a yA 


2 = Aw+2yy’=0 => y' =—x2/y,so the 


and bare not both zero]. 2? + y? =r 
slope of the tangent line at Pp (x0, yo) is —xo/yo. The slope of the line OPo is yo/xo, 


which is the negative reciprocal of —xo/yo. Hence, the curves are orthogonal, and the 


families of curves are orthogonal trajectories of each other. 


. The circles 2? + y? = ax and x? + y” = by intersect at the origin where the tangents are vertical and horizontal [assume a 


and b are both nonzero]. If (ao, yo) is the other point of intersection, then 23 + y2 = azo (1) and #2 + y§ = byo (2). 


yA 


—2 
Nowa? +y2=axr => 27+ 2yy' =a v= * and x? + y? = by = 
y 
! 1 ! 2x 
2a + 2yy' = by y= Fay Thus, the curves are orthogonal at (vo, yo) <= a 
a— 2x b-—2 
o=- up 2axo — 4a% = 4ye — 2byo azo + byo = 2(x8 + yo), 
2yo0 2x0 


which is true by (1) and (2). 


yoo => y' =2cxandx* +2y? =k [assumek>0] => 2¢+4yy’=0 = 


1 ; 
Qyy’ x y’ re TE =F se the curves are orthogonal if 


c #0. If c = 0, then the horizontal line y = cx? = 0 intersects x? + 2y? = k orthogonally 


at (vk, 0) , since the ellipse 7? + 2y? = k has vertical tangents at those two points. 


yrax® => y' =3ax and x? + 3y? =b [assumeb>0] > 2¢+6yy'’=0 => 


1 : 
3yy’ x y’ a) Ta Sn re the curves are orthogonal if 


a # 0. If a = 0, then the horizontal line y = ax* = 0 intesects 7? + 3y” = b orthogonally 


at (+v6, 0) , since the ellipse 7? + 3y? = b has vertical tangents at those two points. 
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57. Since A? < a”, we are assured that there are four points of intersection. 
2 2 , 
x yo 22 2yy yy x 
Cheyer gare gars eS ae ge 
Pass pins Ge 
y — 1 ya2 
2 2 , , 
Q) x a 1 22 2yy 0 yy x 
A2 8B? A? B?2 B? A? 
Do esa 2B? 
y 2 yA2 * 
ch? ¢B? BB? x? ; Pe 2 2 2 
Now mime ya? : yA2 = ae 7 (3). Subtracting equations, (1) — (2), gives us = + o 2 + a =0 
ye | a a? a? y2B? + 2b? 7 pa? — 22 A2 i y2(b? + B?) 7 a? (a? — A?) tices: 
be" Be Az @? PB? Aq? bB2 Gg? A? 
2 2 2 22 
: A 
a? — b? = A? + B?, we have a? — A? = b? + B?. Thus, equation (4) becomes apt = re > 7 = BT and 
7? b? B? a? A? 


substituting for —> in equation (3) gives us mim2z = = —1. Hence, the ellipse and hyperbola are orthogonal 
y 


~@2A2 2B? 


trajectories. 


5. y=(e+e)' => y =-(4@+c)7andy=a(ex+hk)3 > y= za(ax + k)~?/°, so the curves are othogonal if the 


—1 a 
t of the slopes is —1, that i == = ; aK 
product of the slopes is —1, that is, Gio? erm 1 a= 3(a@+c)*(@+hk) > 
stig ('L ; UV? is 2 -2 ee iD 2/3 = 1 3 3 
a=3 7 7 [since y“ = (a + c)~* and y* = a*(x+k)*/"] a=3 ae a” =3 a= V3. 
59. (a) (P+ na (V — nb) =nRT PV = Pub 242 _app 3 
, Ve 7 Voove 


d as Piya ys pepe. @ 
ap (PY Pnb+n-aV n° abV ) = gp (RT) > 


PV'+V-1—nb—n?aV~?-V' + 2n3abV-3-V' =0 = V'(P—n?aV~? 4 2n2abV-7) =nb-Ve = 


oe nb—V ov V3(nb—V) 
~ P—n?aV-24+2n3abV-3 dP PV3 — n2aV 4+ 2n3ab 


(b) Using the last expression for dV/dP from part (a), we get 


dV (10 L)?[(1 mole) (0.04267 L/mole) — 10 L] 


dP 


(2.5 atm)(10 L)? — (1 mole)?(3.592 L?- atm/ mole”) (10 L) 
+ 2(1 mole)? (3.592 L?- atm/ mole”) (0.04267 L/ mole) 


—9957.33 L4 


z ~ —4.04L/ atm. 
2464.386541 L3- atm ee 
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—242-—y 
a+ 2y 


60. (a) x? +ayty?+1=0 224+ ary’ +y-1+2yy'’+0=0 y (a+ 2y) = —22 —y y’ 


(b) Plotting the curve in part (a) gives us an empty graph, that is, there are no points that satisfy the equation. If there were any 


points that satisfied the equation, then x and y would have opposite signs; otherwise, all the terms are positive and their 


sumcannotequal0. «?+ayty?+1=0 => a?4+2ay+y?—a2y+1=0 (x+y)? = xy —1. The left 
side of the last equation is nonnegative, but the right side is at most —1, so that proves there are no points that satisfy the 


equation. 


2 


Another solution: x? +xy+y? +1= da? + xy + dy? + 4a? + dy? +1= 4 (2? + 2Qay+y?)+ 4 (2? +y’)+1 


=3(e+y)+3@°+y)+121 
Another solution: Regarding x? + xy + y? + 1 = asa quadratic in x, the discriminant is y? — 4(y + 1) = —3y? — 4. 


This is negative, so there are no real solutions. 


(c) The expression for y’ in part (a) is meaningless; that is, since the equation in part (a) has no solution, it does not implicitly 


define a function y of x, and therefore it is meaningless to consider y’. 


61. To find the points at which the ellipse x? — ry + y? = 3 crosses the x-axis, let y = 0 and solve for «. 


y=0 => 2?—2(0)+0?=3 & «x =+V3. So the graph of the ellipse crosses the x-axis at the points (+V3, 0). 


—2 
Using implicit differentiation to find y’, we get 22 — xy’ — y+ 2yy’ = 0 y (Qy—2) =y- 2x y= aoe 
0-23 0+2V3 
So y’ at (/3,0) is ———~ = 2 and y’ at (—\/3, 0) is ——"~ = 2. Thus, the tangent lines at these points are parallel. 
( ) 2(0) — V3 ( ) 2(0) + V3 
62. (a) We use implicit differentiation to find y’ = me as in Exercise 61. The slope _—(b) ; 
; : 1-—2(-1 
of the tangent line at (—1,1) ism = a) ara = ; = 1, so the slope of the 
normal line is eee —1, and its equation is y—1=-—l(#+1) © 2 2 
m 

y = —«. Substituting —2x for y in the equation of the ellipse, we get 

x? — #(—2) + (—2x)? =3 327 = 3 x = +1. So the normal line 5 

must intersect the ellipse again at x = 1, and since the equation of the line is 

y = —2, the other point of intersection must be (1, —1). 

63. a7°y? +aey=2 > 2? -Qyy+y?-Qet+a-y'+y-1=0 © y'(Qe°y+a2) =—2ay?-—y 
Qey” + Qaey” + 

y’ a a ar 4 1 Qey? +y = 2e?ytea y(2Qry +1) = x(2ry + 1) 
y(2ey + 1) — «(2ay+1) =0 (Qry+1)(y—«2)=0 zy =—sory=2.Butrzy=-4 => 
xy? +ay = + = 4 # 2, so we must have x = y. Then 2?y?+ay=2 > «vt+a?=2 ei +a?—-2=0 
(a? + 2)(a? — 1) = 0. So x? = —2, which is impossible, ora? =1 <= a2 = +1. Since x = y, the points on the curve 


where the tangent line has a slope of —1 are (—1, —1) and (1, 1). 
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66. 


67. 
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x? +4y? =36 > 27+ 8yy’ =0 y’ i Let (a, b) be a point on x” + 4y” = 36 whose tangent line passes 


through (12, 3). The tangent line is then y — 3 = — a (a —12),sob—3= -5 (a — 12). Multiplying both sides by 4b 


gives 4b? — 12b = —a? + 12a, so 4b? + a? = 12(a +b). But 4b? + a? = 36,8036 =12(a+b) > a+b=3 = 


b = 3—a. Substituting 3 — a for b into a? + 4b? = 36 gives a? + 4(3-—a)? =36 © a? +36-—24a+40? =36 © 


5a? — 24a = 0 a(5a — 24) = 0,soa=Oora 4 Ifa =0,b =3-0=3, and ifa 24 b 3 a 2. 


So the two points on the ellipse are (0,3) and (2#, —2). Using Ge 


y=3 73) 


y-3= -F(e — 12) with (a, b) = (0,3) gives us the tangent line 


y—3=Oory =3. With (a,b) = (#,—2), we have 


y-3=-7465 (2-12) y —3 = 2(2— 12) y = 24-5. 


A graph of the ellipse and the tangent lines confirms our results. 


v 2 d x d 2 yrl—a-y’ ! ! 3,7 
For — = 1 have — (=) = — 1 2 =2 
he a +1, y # 0, we have — (=) ae Y +2) P yy y-ry =wy => 
2p y! = = (93 = as a y : 
yytsy=y y' (2y° +2)=y pee Fae 

d d 

Forx = y* +y,y # 0, we have — (a) = = (y* +y) 1 = 3y?y' +y/ 1=y' By?+1) = 
reese. 

3y2 +1 


From part (a), y! = . Since y 4 0, we substitute y? + y for x to get 


_Y¥ 
2y3 +2 
Pee De Ee ae SAN PN 
Yye+ae BWwet(yyt+y) 3yF+y y(3y24+1) 3y2+1 


which agrees with part (b). 


(a) y= J(a)anday” +y'+ay=0 = avJ"(x)4+ J'(x) + 2J(x) = 0. If x = 0, we have 0+ J’(0) +0 = 0, 
so J’(0) = 0. 


mw 


(b) Differentiating xy” + y’ + xy = 0 implicitly, we get ry" + y"-1+y”+ay'+y-1=0 = 


xy” + 2y" +2y' +y=0,s0aJ"’ (x) +2J" (x) + xJ'(x) + J(x) = 0. If x = 0, we have 


0+2J"(0)+0+1 [J(0)=lisgiven] =0 > 2J"(0)=-1 3 J"(0) = -3. 


/ 


e+4y=5 => @wt+AQyy')=-0 => y= - aa Now let h be the height of the lamp, and let (a, b) be the point of 


tangency of the line passing through the points (3, h) and (—5, 0). This line has slope (h — 0)/[3 — (—5)] = $h. But the 


; ; = b . : 
slope of the tangent line through the point (a, b) can be expressed as 1’ 4p’ 88 = areas [since the line 
passes through (—5, 0) and (a, b)], so -5 = : 5 4b? = —a? — 5a a? + 4b? = —5a. But a? + 4b? = 5 

a 
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[since (a, b) is on the ellipse], so 5 = —5a a = —1. Then 4b? = —a? — 5a = —1—5(-1) = 4 b = 1, since the 


ae: ee 
a+5 145 4 


h 
point is on the top half of the ellipse. So 57 h = 2. So the lamp is located 2 units above the 


@-axis. 


DISCOVERY PROJECT Families of Implicit Curves 


1. (a) There appear to be nine points of intersection. The “inner four” near the origin are about (40.2, —0.9) and (+0.3, —1.1). 


The “outer five” are about (2.0, —8.9), (—2.8, —8.8), (—7.5, —7.7), (—7.8, —4.7), and (—8.0, 1.5). 


(b) We see from the graphs with c = 5 and c = 10, and for other values of c, that the curves change shape but the nine points 


of intersection are the same. 


2. (a) Ifc = 0, the graph is the unit circle. As c increases, the graph looks more diamondlike and then more crosslike (see the 
graph for c > 0). 
For —1 < c < 0 (see the graph), there are four hyperboliclike branches as well as an ellipticlike curve bounded by 
|x| < 1 and |y| < 1 for values of c close to 0. As c gets closer to —1, the branches and the curve become more rectangular, 


approaching the lines || = 1 and |y| = 1. 


For c = —1, we get the lines x = +l andy=-+1. As c decreases, we get four test-tubelike curves (see the graph) 


that are bounded by |x| = 1 and |y| = 1, and get thinner as |c| gets larger. 


c>0 -1<c<0 ce<-l 
1.1 ht 5 pe a5t _—— 
c=l1 
c=5 
c=20 c=-2 c=—10 
c=100 
Ll 11 5 5 5 5 
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(b) The curve for c = —1 is described in part (a). When c = —1, we get 


2 


x+y? xy? =1 0=27y? r 


yr +i 


0= (2? — 1)(y 


algebraically proves that the graph consists of the stated lines. 


1) x=+l ory 


d d 
(c) qe ty tex’y*) = 5 (1) => w+ yy! +c(a?-2yy' +y?-2r)=0 = 


dx 


Qy y! + 2cx7 yy! = —2a — 2cxy? 2y(1 


feo se 


1+y)(—y) 


+ cx*)y’ = —2a(1 + cy’) 


! x(14 


+ cy?) 


, so y’ = Owhen y = 


y(1 4 


F cx?) 


+1, which 


t1 or x = 0 (which leads to y = £1) 


y(1 — x?) y+ a)(1— 2) : 
and y’ is undefined when x = +1 or y = 0 (which leads tox = +1). Since the graph consists of the lines z = +1 and 
y = +1, the slope at any point on the graph is undefined or 0, which is consistent with the expression found for y’. 


3.6 Derivatives of Logarithmic and Inverse Trigonometric Functions 


d ihe one: 
1. The differentiation formula for logarithmic functions, eS (log, x) = “lina simplest when a = e because Ine = 1. 
- ; es 1 ae: 
2. g(t) =In(3 + t*) g(t) 34P “a ott) 34P 2t 342 
1 d 1 2x +3 
3. = In(2? (a) = 2 = - (2243) = 
f(x) =In(a* +324+5) = f'(a2) packs dg + 3a +5) Papas (2a + 3) ea aatcs 
4. f(ce)=alnx-ax => Posto alas Ce See te 
x 
5. f(z) =sin(Inz) =>  f’(x) =cos(Inz)- = Inz = cos(Inz) - a cost) 
dx x x 
6. f(x) = In(sin? x) = In(sinx)? = 2In|sinz| => f’(r) =2 an Cee 2cotx 
1 1 d/l 1 1 
7. == Hai EE ee ee ee 
F(x) = cae F(x) 1/x dx (z) o( =) x 
. 1 ' 1 
Another solution: f(x) =In = = In1—Ing = —Inz f(z) =-= 
x x 
iI 1 —1 
8 y= — =(Inz)! ‘= —1(Ina)~?- = = ——_ 
¥~ ing ne) ae. ne) xz  a(Ina)? 
9. g(x) = In(we~?”) = nex +Ine~** =Ina—-2e => g/(x)= - -—2 
gh yr GS ae es 
dt 2/1+Int t  2t/1+Int 


11. F(t) =(Int)?sint => F'(t) = (Int)’ cost + sint-2Int- 


; =Int (int cost + aut 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


CHAPTER 3 DIFFERENTIATION RULES 
p(t) =nVe? +1 = p(t)= 1 pa) = 1 ge Pa 
Ve+1 dt Ve+l 2/2@+1 +1 
1 1 t 
! = —_WW(72 1/2 _ lyf = = 
Or: p(t) =nVP? +1 =n? +1)" =sln(t? +1) > p= a BET -2t= aa 
1 d 1 27 4+3 
=] aaa} =sS yf = ——__... = (27? 4 3x) = ——_—_-_ .- (2 9p 
Y = legs\e 30) u (a? + 3x)In8 dx eae) (a? + 3x) In8 Vers) (a? + 3x)In8 
=log,,secr > y= : d (seca) = : seca tang = sane 
Bee oS secx(In10) dz ~~ secx (In 10) ~ Into 
1d 1». 1 
/ 
=> — ee | Sa on esr 
BADE some EA) Insds Ins s sins 
Inv (1—v)(1/v) — dnv)(-1) v 1-—v+vinv 
P = > Pp’ = = See 
(») l-v (») (1—v)? v v(1— v)? 
T(z) =2* logyz => T(z) = 27 : + log, z- 27 In2 = 27 : + log, z (In 2) 
- 82 ~~ zin2 82 i zin2 82 ; 
Note that log, z (In 2) = ae (In 2) = In z by the change of base formula. Thus, T’(z) = 27 (= + In “). 
n zin 
g(t) = ee = Int+ In(t? + 1)4 — In 9/24 —T = Int + 4In(t? +1) — 4 In(2t - 1) 
¥/2t—1 : 
1 1 1 1 1 8t 2 
CE A OR a Ne Ne et 
GM = 7 t4 a7 3. 1 i’ P+1 3Qt-) 
i —102* 
5 4) _ 
y = In[3 — 225| Y =—5 8 Cie) =p 
y = In(cescx —cotz) => 
, 1 d 1 csc x(cscx — cot x) 


y= 


cscx — cota dx 


(—cscx cota + csc? ¢) = ————_——" = esc x 


— (cscx —cotx) = 
csc x — cot x 


csc % — cot x 


y = In(e~* + we~”) = In(e~7(1+ 2)) = In(e~*) + n(1 +2) =-a¢+In(1+2) => 


aga URE, 8 
q l+a2 l+e  it+¢@ 

g(x) te er na = 

g(x) eine = (x? nz) =e" ™* x? -—-+ (Ina) - 2x =e" ™*(¢ 4 2¢Inz) =a2e" ™*(1+2Inz) 
h(x) er tine = .elne et 2 per 

Ri(a)=a- © (%*) + #2 =e eS ate? 1a0 e* 2a +e™ 
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24. y = In,/ me = InV1+ 2a —InV1— 2¢ = $ In(1 + 22) — $ n(1 — 22) 


71 1 1 1 (—2) 1 +s 1 
So Ae OT, 2. hee 1422" 1-22 
x a x £ 1 a 
25. y = In — = Inz® — Inb* =alna—-alnb y =a-——Inb=—-—Inb 
be x x 


26. y = log,(tlog,x) => 


Zo u w (x logs x) = d xL : +log,x} = d poe 
- (x log; x)(In2) dx Ss (x log; x)(In 2) xind = (a logs z)(In5)(In2) * «(In 2)’ 
Ing 1 1 1+Inz 
Note that 1 = —(In5)=1 the ch f base formula. Thus, y’ = = ; 
ote that log; «(In 5) mp it 5) nw by the change of base formula. Thus, y Mie Sind Hen 
ee eee ne nh ee ee Cee 
da t+Ve4+1 da z+ Va2+1 2V/a? +1 
= 1 = x \= 1 (tye) - 1 
ct+Va2+1 \Va?4+1 Va?4+1 c+Vx2+1 Vaz +1 Vaz +1 


28. In| ee = < (In /I — cose — In. /I + cosx) = < Fae — cos x) — 5 In + cos.)| 
1 1 , 1 1 : 
ee eS ‘ -(—sinz) 
2 1—cosz 2 1+ cosa 
el sin x sin x _ 1f{sing (1+ cosa) + sing (1 — cosa) 
~ 2\1-—cosx l1+cosx) 2 (1 — cosx)(1 + cos x) 
1 /sinz +sinz cosx + sing — singx cosx 1 /2sine 1 
ee |S = = csc x 
2 1 — cos?a 2\ sin?x sin x 
1 1 2+1Inz 
2. y = 1 _— z 1 (] = 
y=vilne > yf = ye-24+(na) oe = “Pe 
ny _ 2/a(/x)—-(24+Ina)(1/fe) — 2/fe-—(2+Ina)A/fe) 2-(24+Inz) Ina 
oo (Q.jz)? = dx ~ Te(4a) sda 
Ina (1+ Inz)(1/x) — (nz)(1/z) 1 
30. =O > cet ie Ss Se 
9 Tying ¥ (1+ Ina)? a(1+Inz)? 
g [z(1+Inz)?| 2 
+ dx : x-2(14+Inz)-(1/z)+(1+Inz) 
og Oe TR (Rug. =o ee ee ae 
# [x(1 + Inx)?|? [Reciprocal Bule| x?(1+Inz)4 
(l+Inz)[2+(1+Inz)| 338 +Ine 
7 az?(14+Inx)4 ~ #2(14+Ina)3 
1 " 2 
31. y=In|secz]| > y= —secx = secx tanxg = tanz y sec” x 
sec x dx sec x 
1 a 1 
32. y= In(1 +1 : _—= 
y= ne) 9 Tying 2 x(1+Inz) 
qt + nz) ‘ x(1/x) + (1+ Inz)(1) 14+1+Inaz 2+1Inz 
y! = —-S —_______ [Reciprocal Rule] = —-—__~—____——* = — —_______ = —-__—______ 
[x(1 + Ina)|? z?(14+Inz)? x?(1+ Ina)? x?(1+4+ Ina)? 
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33. 


35. 


36. 


37. 


38. 


39. 


4. 
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x 


hs 1 — In(# — 1) 


—1 g—1)/1—In(x—-—1)]) +2 
[1—In(@ — 1)]-1-2- a I nts ) _ x—-1-(x—I)in(z—-1) +2 
[1 = In(@ — 1)]? [1 — In(a — 1)}? (a — 1)[1 — In(a# — 1)}? 


_ 2¢—1-(#—1)In(a —- 1) 
(a — 1)[1 — In(a@ — 1)]? 


Dom(f) ={«|w—-1>0 and 1-—In(a—1)40}={a2|u>1 and In(x—1) 1} 


={«|a>1 and e-lfe}={e|a>1 and «#1+e}=(1,1+e)U(1+e,c0) 


fle) = VIFF =2+Inz)? > fia) =5@+may V2.5 = 
Dom(f) = {x | 2+ Ing > 0} = {x | nx > -2} = {a | # > e-?} = [e~?, co). 
f(a) =In(2? 22) > f'(@)=a~_ Re 2) = ey 


Dom(f) = {x | x(a — 2) > 0} = (—co, 0) U (2, 00). 


f(z)=InmInzg = f'(x4) = ——.-—.--. 


Dom(f) = {x | InInaz > 0} = {a | naz > 1} = {x| a> e} = (e, ov). 


=. , = 1 d = 1 AE 
f(z) =mn(e#+Inez) => f'(a)= ao ines (a + Inz) eine 14 a) 
Substitute 1 for x to get f’(1) = : ie : (1+1)=1-2=2 
ubstitute 1 for x to ge tein 7 T+ = =2. 

d 1 2sin(In 2? 
f(x) =cos(Inz?) => f’(a) = —sin(Ina?) ae Ing? = — sin(In.x*) — (2s) — oe 
‘ 2 
Substitute 1 for x to get f’(1) = aa = —2sin0=0. 
1 
= 2 _ Sees 

y = n(x" — 3a + 1) y' a ar ar (2a — 3) y' (3) = + -3 = 3, so an equation of a tangent line at 


(3,0) is y —0 = 3(a — 3), ory = 3a —- 9. 


1 
yar’ lng > y! =2?- a +(Inz)(2z) => y’(1) =1+0=1, so an equation of a tangent line at (1, 0) is 


y-O=1(a-1),ory=a-1. 


f(x) =sinz+Inz f'(x) = cosxz + 1/z. . 
This is reasonable, because the graph shows that f increases when f’ is 


positive, and f’(2) = 0 when f has a horizontal tangent. 


aN 


67 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


42. y= 


43. 


45. 


46. 


47. 


48. 


49. 


50. 


SECTION 3.6 DERIVATIVES OF LOGARITHMIC AND INVERSE TRIGONOMETRIC FUNCTIONS 
_ Ing er TE oe Ing _ ae, 2 
man ea 
(Gi) 20" tanig(gjse tions of tangent = -: 2 
y(1) = iz = Lan y'(e) = z= 0 «=> equations of tangen 
lines are y —0 = 1(a —1) ory=a2—1andy —1/e = 0(a —e) 
or y = L/e. 
=4 
f(x) =cx4+In(cosz) =  f'(a) =c4 ae (—sinxz) = c— tang. 
cos x 
f'(%) =6 c—tan$=6 c-1=6 C=. 
Py SoeGe 8) Ss. Pee ta es. SS SSS 2=Inb b 
° (3a2—2)Inb *" Inb 
y = (a? + 2)? (a4 +4)" Iny = In[(a? + 2)?(a* + 4)4] Iny = 2In(a#? + 2)+4In(a*+4) => 
Le; 1 1 A ; Ag: 162° 
=2. -Q2r+4- -4 = 
y? u2+4+2 sa +4 . a qi 40 } ghd 
4a 1623 

Cane ee 27,4 4 
Bee ele ate) (45+25) 

_e* cos” x ia e-* cos’ x 
¥* tet . x?+at1 


Iny = Ine~* +1n | cosa |? —In(a? +241) =—a+2In|cosx|—In(a? +a+1) => 
io 1 Qa +1 
-y =-142.- _ — >————— (24+ 1 — 1-—2t > 
Mid * see ae) ae ) ¥ uf aes a} 
-—2 2 
F e* cos* & 2x+1 
= —-———_[(142t > 
: _- ( ay wnat ett) 
z—1 e—-1\" 1 Tbe 2 
a rere iny =n( 5) Iny 5 n(x 1) 5 n(x +1) = 
Lj Ste a i, Bhs es , fa-1 os 
y?  2e—-1 22441 Y""NoG-h 2 +l YVatei \Qe-2 z+ 1 


y= fee" "(a +1)2/8 > Iny = Infat/?e"*(@ +1979] > 


1 abeaea 2 1 
1 2 2 
Iny= 5Ine+ (a —2)+ 3ln(@ +1) a ae a LS aa 

! 1 2 ! x?—a2 2/3 1 2 

= 2 1 = LJ LQ 
4 (s+ Tl aie es Mo Ak rane Er) 
y= ax" Iny = Ina® Iny=alna y/y=a(1/z)+(Inz)-1 > y'=y(1+Inz) > 
y =«*(1+lnz) 

1 : 1 1/1 1-—Inz 

y=allt Iny=—Ine - ine + (2) => y=2)/ 3 
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51. 


52. 


53. 


55. 


56. 


57. 


58. 


59. 


60. 
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FE 


sin x sin x 


y=2 => Iny=lInae => Iny=sinelnzg => ¥ = (sina) -+ + (In2)(cosa) => 
: sin x ‘ sine { SiNn& 
y=y +In2zcosx > yr=u — +lInz cosz 
x x 
o a 1/2 1 1, 1 1 
y= (v2) => Iny = In(v2) => Iny=alnaz => Iny=5r¢nr = sv = ar tines 
y 


(x — 1) 


f(a) = -2-3(¢- 1) FON) = (AAP BBA ee (we ay" = (yr 
y = «> Ing, so Dy = Dy’ = D*(8x" Ina + x”). But the eighth derivative of x” is 0, so we now have 
D*(8a" Inz) = D(8- 72° Inz + 82°) = D(8- 7x8 nw) = D(8-7- 62° nx) =--- = D(8!a°lnz) = 8!/z. 


y =y(5 +5 Inz) => y' =3 (vo) (1+Inz) 

=(cosz)” => Iny=In(cosz)” => Iny=aIncosxz ag : (—sinx) +Incosa-1 
y= y= y= 3 a 

= 1 xesinx Po 7 ay 

y y(t cos. Saaue y’ = (cosx)* (Incosxz — x tan x) 
.y=(sina)™*= => Iny=In(sinz)™* > Iny=Ina-Insing y! Ing: —__ cosa + Insing’- 
F cosx  Insing , : ees Insin x 

y =y| Inv. —+ y = (sinz) Inaxcotx + 

sina x x 
In x 2 y’ ! Ina 2Inz 
y= Iny=Ingnxz=(Inz)y > +==2Inrz(-}) > y=z2 
x 
: 1 

y =(Inz)°*" => Iny =coszln(Inz) = cosa: > — + — + (InlInz)(—sinz) => 

eee cos x ( COSX og: 

y’ = (Ina) (“ sin nina) 

1 Qe + yy’ 
_ 21,2 = ee _ 2 Dee 
y=In(?+y?) => y’ ae ye): => tar rarer => wy +y?’y! =2a+2yy > 
wy! + yy! — Qyy! = 20 => (a? +y? — 2y)y! = 2a y =r 
x? + y? — 2y 

Yy c 1 , 1 an , xv, 

ea=y” => ynx=alny y-— +(Inz)-y ee + Iny y' Ina me =Iny 

»_ Iny—y/x 

Inz—2/y 
f(e)=ne@-1) > f@)=— =(@-1) Ss f@)=-@-1)? = f"@)=%e-1)9 


=> 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 
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iffe) omnis) tafe) =—— 67 OS 1: 


1l+2’ 
Thus, lim In@l+2) _ yy F@) _ yn F@)— FO) _ f’(0) =1. 
x2—0 Le. z—-0 xz—0 z—O0 


Let m = n/a. Then n = xm, and as n > co, m — ov. 


Therefore, lim (1 + =) = lim (1 + ~) = lim (1 + ~) = e” by Equation 6. 


n—-0o m— oo m 


fla) =sin""(62) + f'@) = ee GO) = es 

g(a) = see") + 9) =§ ee = Ses ES 
y=tan'J/x-I = 

= esa a VN = eat = = 2 WES et 
ACD) Ure a ie?) 5 a eer 

y=(tanta)? => y' =2(tan7 2)! £ (tan x) = 2tan7' a = a ton 


arcsin x Ing 


BO ages nce 


h(x) = (arcsinz) nz = h'(x) = (arcsinz) - - +(Inz)- 


1 d 1, FE 1 
DYE ES SA ie Aen as (3) -- eS 
1 


g(t) = In(arctan(t*)) > 


; 1 d J i 1 d 4 
= ——__.. * (arctan(¢*)) = ————__ - __—__. = (¢ 
a(t) arctan(t*) dt conor) arctan(t*) 1+ (t+)? dt () 


7 1 1 a 4t? 


. At 
arctan(t4) 1448 (1 + #8) arctan(¢*) 


2vearesin(z”) 


1 
sm cs cer 


f(z) = earesin(27) = f'(z) = earesin(27) ; = [arcsin(z?)] = earesin(2”) 
Zz 


y =tan7"(«& — V1 +a?) => 


(= (1-5) = os (ES) 
y 1+(«— Va? ¥1)° z2+1 lta2-2QeVJV2?27+1+2241 Vaz +1 
z Varz+1—-2 = Varz+1-2 _ Vaz+1—-2 
Q(1+22-a/e24+1)Ve?4+1 2[7e?+1(1+22)—2(e?+1)] 9 2[(14+ 2?) (ve? +1-2)] 
1 
~ 20+ 2?) 
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73. h(t) = cot~*(t) + cot *(1/t) => 


; 1 1 di 1 ? 1 1 1 
hi(t) 2 2 2 2 j 2 z+ =0 
1+ 1+(1/t)? dtt 142 #41 t 1402 ° P41 


Note that this makes sense because h(t) = < fort > Oand h(t) = a fort < 0. 


74. R(t) =arcsin(1/t) => 


RW) = lL i: | ( 1) 1 re! 
1-1/2 dt 1-17? \ ? J1—1/? Ve Vi 
Wa 
s/t? (t? — 1) |t| Vt? —-1 
7%. y=asinta+V1l—a22 = 
1 1 x x 
1p « —— + (sin) (1) + = — 2?) 1/7 (22) = — 4 sin) ¢ | — = sin 2 
eee NGO eh oe Jin 
1 d 1 1 
76. y=cos ‘(sin7*t y! -—sin7't . 
( ) 1—(sin-'t)? at J1—(sin-tt)? V1l-? 
71, y= tan (2) +In,/2—% = tan(2) + 5 (=) => 
a rt+a 2 eta 
je 1 cla 2 1 (@+a)-1—(@—a) Uae as 5l 1 z+a 2a 
1+ (2) a 2 274 (x +a)? x? 2 2-a (x+a)? 
a x+a Os 
= 1 a = a a 
x @ 2 a (@—-a)\(x+a) x?+a2 x?-@? 
ore 
78. y = arctan BE a eae ae > 
oo, +c H 
a 1 Ce eee ha ee! Liege (al) Hh et) 
na Toa\* dx\lt+z ae ee 2\1l+2 (1+2)? 
z 1 gg ay os ere, l+x2 1 (1+2)!/? 2 
“Get EE 2\1l-<2 (l+2)2 2 2 (1—a)l/2 (142)? 
l+a 1+2 
-l —l 


~ 20a) 20 +a)? 2/1—a2 


; 1 : 1 -1/2 @ arcsin x 
79. f(x) =V1—2?2arcsing => f’(x4)=V1—2?- +arcsinz: = (1— 2? 2x) =1 
ae Me ise gaa) EN yes 


Note that f’ = 0 where the graph of f has a horizontal tangent. Also note 


that f’ is negative when f is decreasing and f’ is positive when f is 


increasing. 
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1 ee 2x —1 


PO IAN PLCs So HAP) = aerial = ace ae ay 


Note that f’ = 0 where the graph of f has a horizontal tangent. Also note 


that f’ is negative when f is decreasing and f’ is positive when f is 


increasing. 


d 
81. Let y = cos”! x. Then cosy = candO0<y<a sin y = =1 


dy 1 1 1 
dx siny /1—cos? y VI— 2? 


[Note that siny > 0 for0 < y <7] 


: ‘ d 
82. (a) Let y = sec” x. Then secy = x and y € (0, Z| U (x, at. Differentiate with respect to x: secy tan y (<4) =1s 


dy i 


1 1 
= . Note that tan? y = sec?y—1 => tany = ,/sec?y—1 
dx secytany § secy,/sec?y—1 «V2? —1 a : a 4 


since tany > Owhen0<y< Fornm<y< as 


d d 1 
‘y > secy=xr => secy tany 1 => oY _ __*____ Now tan? y = sec” y 1l=2?-1, 


= ee dx dx  secy tany 


so tany = +x? — 1. Fory € (0, 5),2>1,sosecy=a=|a|andtany>0 => 


dy 1 1 

— = . For = r|,x2<—1,so |x| = —xandtany = —-V2z?-1 => 
dx ea/pe=1 |x| [qr] y (3 | = |x| y 
dy 1 1 1 i 


dx secytany — a(—Vx? —1) (=a) Jaz? =1 7 |x| /a? —1 


83. Ify — f—'(x), then f(y) = x. Differentiating implicitly with respect to 2 and remembering that y is a function of 2, 


84. f(4)=5 = f-1(5) =4. By Exercise 83, (f~*)’(5) = —— > = See, 


85. f(x) =x+e” = f'(x) =1+.e7. Observe that f(0) = 1, so that f~1(1) = 0. By Exercise 83, we have 


1 
— PED). f(0) T+e2 Tea 2° 


86. f(x) =a2°+3sinz+2cosx > f'(x) = 32? +3cosa— 2sinax. Observe that f(0) = 2, so that f~'(2) = 0. 


: 1 1 1 1 1 
By Exercise 83, we have (f~')/(2) = —————~ = ——~ = ——_____l = ___ = = 


f'(f-4(2)) —f’(0)~—-3(0)2. + 3cos0—2sind0 =—3(1)— 3 
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87. h= f9 Inh =In f9 Inh=glnf = gM =o Zhi + (ns)s! > 


Wan(a-Ff'+(nfa)=1 (9 FF + Oats’) =a Fp bas) fg = 
hi =g- fo). f' + (nf): fog 
88. (a) With h(a) = 2°, we have f(a) = 2 and g(x) = 3 in the formula in Exercise 87. That formula gives 
h'(xz) =3-4°-'-14 (Inz)- 2? -0 = 32”. 
(b) With h(x) = 3”, we have f(x) = 3 and g(x) = a in the formula in Exercise 87. That formula gives 
hi (2) = 2-37" - 04+ (In3)-37- 1 = 37(In3). 
(c) With h(x) = (sin x)”, we have f(x) = sin x and g(x) = « in the formula in Exercise 87. That formula gives 
h'(x) = «- (sinz)*~!- cosa + (Insinz) - (sinx)” - 1 = x cosa (sinx)”~* + (sin) Insin z. Further simplification 


x cos x (sin x)” 


gives x cos x (sinaz)"~* + (sinz)* nsina = + (sinx)” Insina = (sinx)” (x cot x + Insinz). 


sin x 


3.7 Rates of Change in the Natural and Social Sciences 


1. (a) s = f(t) = t? — 9t? + 24¢ (in feet) u(t) = f'(t) = 3t? — 18¢ + 24 (in ft/s) 


(b) v(1) = 3(1)? — 18(1) + 24 = 9 ft/s 


(c) The particle is at rest when v(t) = 0: 3¢? — 18t + 24 =0 3(¢t — 2)(t- 4) =0 t=2sort=As. 


(d) The particle is moving in the positive direction when u(t) > 0. 3(¢-—2)(t-4) >0 => O<t<2ort>4 


(e) Because the particle changes direction when t = 2 and (f) feat 1=6 
t = 4, we need to calculate the distances traveled in the 0 
intervals [0, 2], [2, 4], and [4, 6] separately. ° * > 
t=0 t=2 s 
|f(2) — F(0)| = |20 — 0] = 20 < ae 


|f(4) — f(2)| = |16 — 20] = 4 
|f(6) — f(4)| = [36 — 16] = 20 


The total distance is 20 + 4 + 20 = 44 ft. 


(g) v(t) = 3#? —18t+24 = (h) 


a(t) = v(t) = 6t — 18 (in (ft/s)/s or ft/s”). 
a(1) = 6(1) — 18 = —12 ft/s? 


(i) The particle is speeding up when v and a have the same sign. This occurs when 2 < t < 3 (v and a are both negative) and 
when t > 4 (v and a are both positive). It is slowing down when v and a have opposite signs; that is, when 0 < t < 2 and 


when 3 <t < 4. 
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(7 +9)(9) ~ 94(2t) _ -947 +81 _ -9(t? - e) (in ft/s) 


2. (a) s = f(t) = P+9 (in feet) v(t) = f'(t) T2490 EOF Oe 
= S99) 72. 
(c) The particle is at rest when v(t) = 0 ~9(? — 9) 0 ??-9=0 t = 3s [since t > 0] 
P ~ (eee — ~ = atl 


(d) The particle is moving in the positive direction when u(t) > 0. 


—9(0? — 9) 2 2 2 
——_|~— >0 => -9(t -9 00> *-9<0 = ft 9 => 0<t<3. 


(e) Since the particle is moving in the positive direction and (f) . = 5 
ah. 


in the negative direction, we need to calculate the distance y 
eo 
t=3 


traveled in the intervals [0, 3] and[3, 6], respectively. 
IF(3) — FOl =| - 9 =3 
If(6) — £(3)| = | - Hl = 7 


. - 3 32 <9 
The total distance is 5 + 7g = 5 or 1.8 ft. 


??—9 
(g) v(t) 9 (249? 


(¢? + 9)?(2t) — (t? — 9)2(t? + 9)(2t) _ aii 2t(t? + 9)[(t? +9) — 20? —9)] _ 18t(t? — 27) 


ak a al (e $97? ns (C2) nn (C2) ae 
a(1) = wi *) = —0.468 ft/s” 


(i) The particle is speeding up when v and a have the same sign. a is negative for 0 < t < 27 [= 5.2], so from the figure in 
part (h), we see that v and a are both negative for 3 < t < 3/3. The particle is slowing down when v and a have opposite 


signs. This occurs when 0 < t < 3 and when t > 3/3. 


3. (a) s = f(t) =sin(t/2) (in feet) v(t) = f'(t) = cos(mt/2) - (/2) = § cos(rt/2) (in ft/s) 


(b) v(1) = $ cos $ = $(0) = 0 ft/s 


(c) The particle is at rest when v(t) = 0. $ cos $t = 0 cos Zt =0 xt =Rtn0 t = 1+ 2n, where n 


is a nonnegative integer since t > 0. 
(d) The particle is moving in the positive direction when v(t) > 0. From part (c), we see that v changes sign at every positive 


odd integer. v is positive when0 < t << 1,3<t<5,7<t< 9, and so on. 
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(e) uv changes sign at ¢ = 1, 3, and 5 in the interval [0,6]. The total distance traveled during the first 6 seconds is 


|F(1) — £00) + [F(3) — FD + IF) 


(h) 


— FB) +1F6) 


F(5)| = [1 
=14+2+4+2+1=6ft 


0| + |—-1 — 1] + |1 — (—1)| + |0 
(g) v(t) = $ cos(t/2) 


© [— sin(nt/2) - (17/2)] 
— (—n?/4) sin(nt /2) ft/s? 


= 


a(1) = (—2?/4) sin(1/2) = —1?/4 ft/s? 


1 


(i) The particle is speeding up when v and a have the same sign. From 


the figure in part (h), we see that v and a are both positive when 


3 < t < 4 and both negative when 1 <t < 2and5 <t < 6. Thus, 


the particle is speeding up when 1 < t < 2,3 <t < 4, and 


5 <t <6. The particle is slowing down when v and a have 


opposite signs; thatis, when0 << t<1,2<t<3,and4<t<5. 


4. (a) s = f(t) = t?e~* (in feet) u(t) = f’(t) = #(—e7*) + e7*(2t) = te~*(—t + 2) (in ft/s) 
(b) v(1) = (1je7*(—1 + 2) = 1/e ft/s 
(c) The particle is at rest when v(t) = 0. u(t) =0 t=Oor2s. 


(d) The particle is moving in the positive direction when v(t) >0 <= te ‘(-t+2)>0 © t(-t+2)>0 © 


0<t<2. 


(e) uv changes sign at ¢ = 2 in the interval [0, 6]. The total distance traveled during the first 6 seconds is 


|f(2) — f(0)| + |f(6) — f(2)| = |4e~? — 0] + |36e~° — 4e~?| = 4e~? + de~? — 36e~° 
= 8e~7 — 36e° & 0.99 ft 
t=6 
(f) 5s = 36e° = 0.09 
po = t=2 
s=4e7*=0.54 

7=0 a1 id 
s=0 


a(t) = v'(t) = (2t 
=e [—(2t — t?) + (2-28) 


= e~*(t? — 4t + 2) ft/s? 


a(1) =e"1(1 


442) =—-1/e ft/s? 


t?)(—e7*) + e-*(2 — 2t) 
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4+ V8 _ 
= 


(i) a(t) =0 ?—4t+2=0 [et 40] © t= 


2+./2 [& 0.6 and 3.4]. The particle is speeding 
up when v and a have the same sign. Using the previous information and the figure in part (h), we see that v and a are both 
positive when 0 < t < 2— 2 and both negative when 2 < t < 2+ ./2. The particle is slowing down when v and a have 


opposite signs. This occurs when 2— ./2 <t <2andt > 24 V2. 


. (a) From the figure, the velocity v is positive on the interval (0, 2) and negative on the interval (2, 3). The acceleration a is 
positive (negative) when the slope of the tangent line is positive (negative), so the acceleration is positive on the interval 
(0,1), and negative on the interval (1,3). The particle is speeding up when v and a have the same sign, that is, on the 
interval (0,1) when v > 0 and a > 0, and on the interval (2,3) when v < 0 and a < 0. The particle is slowing down 
when v and a have opposite signs, that is, on the interval (1,2) when v > Oanda < 0. 

(b) v > Oon (0,3) andv < 0on (3,4). a >0on(1, 2) anda < 0 on (0, 1) and (2, 4). The particle is speeding up on (1, 2) 


[v > 0, a > 0] and on (3,4) [v < 0, a < 0]. The particle is slowing down on (0, 1) and (2,3) [v > 0, a < O]. 


. (a) The velocity v is positive when s is increasing, that is, on the intervals (0, 1) and (3, 4); and it is negative when s is 
decreasing, that is, on the interval (1, 3). The acceleration a is positive when the graph of s is concave upward (v is 
increasing), that is, on the interval (2, 4); and it is negative when the graph of s is concave downward (v is decreasing), that 
is, on the interval (0,2). The particle is speeding up on the interval (1,2) [v < 0,a < 0] andon (3,4) [v >0,a> 0]. 
The particle is slowing down on the interval (0,1) [v > 0, a < 0] and on (2,3) [v <0,a> 0]. 

(b) The velocity v is positive on (3,4) and negative on (0,3). The acceleration a is positive on (0, 1) and (2, 4) and negative 
on (1,2). The particle is speeding up on the interval (1,2) [v < 0, a < 0] andon (3,4) [v > 0, a > 0]. The particle is 
slowing down on the interval (0, 1) [v < 0, a > 0] and on (2,3) [v < 0, a > O]. 


. The particle is traveling forward when its velocity is positive. From the graph, this occurs when 0 < t < 5. The particle is 
traveling backward when its velocity is negative. From the graph, this occurs when 7 < t < 8. When 5 < t < 7, its velocity is 


zero and the particle is not moving. 


. The graph of the acceleration function is the graph of the derivative of the velocity function. Since the velocity function is 
piecewise linear, its derivative, where it exists, equals the slope of the corresponding piece of the velocity graph. Thus, we 


obtain the following table and graph of the acceleration function. 


yA 
Acceleration 3 to 
Interval (slope of velocity graph) 
0<t<l 3 . 
Lee 3 0 git 8 2 
3 “27 ot 
38<t<5 a 
re ad 0 = = 
7<t<8 —3 


[continued] 
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10. 


11. 


12. 


CHAPTER 3 DIFFERENTIATION RULES 


The particle speeds up when its velocity and acceleration have the same sign. This occurs when 0 < t < 1(v > O and 
a > 0) and when 7 < t < 8(v < Oanda < 0). The particle slows down when its velocity and acceleration have opposite 
signs. This occurs when 3 < t < 5(v > Oanda < 0). The particle travels at a constant speed when its acceleration is zero. 


This occurs when 1 < t < 3and when 5 <t < 7. 


. (a) h(t) = 24 24.5t — 4.907 u(t) = h'(t) = 24.5 — 9.8t. The velocity after 2s is v(2) = 24.5 — 9.8(2) = 4.9 m/s 
and after 4s is v(4) = 24.5 — 9.8(4) = —14.7 m/s. 
(b) The projectile reaches its maximum height when the velocity is zero. v(t) = 0 24.5 — 9.8t = 0 
24.5 
t= — =2.5s. 
9.8 ° 
(c) The maximum height occurs when t = 2.5. A(2.5) = 2+ 24.5(2.5) — 4.9(2.5)? = 32.625 m [or 322 m]. 
(d) The projectile hits the ground when h = 0 24+ 24.5t — 4.91? = 0 
—24.5 + \/24.52 — 4(—4.9)(2) ; 
= t=tseo. t> Oj. 
(4.9) f © 5.088 [since t > 0] 


(e) The projectile hits the ground when t = ty. Its velocity is u(t) = 24.5 — 9.8t- ~ —25.3 m/s [downward]. 


(a) At maximum height the velocity of the ball is 0 ft/s. v(t) = s’(t) = 80 — 32t = 0 32t = 80 a 
So the maximum height is s(3) = 80(3) - 16(8)? = 200 — 100 = 100 ft. 
(b) s(t) = 80¢ — 164? = 96 16¢? — 80+ 96 =0 © 16(t? —5t+6)=0 16(t — 3)(t — 2) = 0. 
So the ball has a height of 96 ft on the way up at ¢ = 2 and on the way down at t = 3. At these times the velocities are 
v(2) = 80 — 32(2) = 16 ft/s and v(3) = 80 — 32(3) = —16 ft/s, respectively. 
(a) h(t) = 15t — 1.86¢? u(t) = h'(t) = 15 — 3.72t. The velocity after 2s is v(2) = 15 — 3.72(2) = 7.56 m/s. 
15 + \/15? — 4(1.86) (25 
(b) 25=h & 1.86? —15t+25=0 t= 2) t=t, © 2.35 0rt = te © 5.71. 
2(1.86) 
The velocities are u(t1) = 15 — 3.72t, & 6.24 m/s [upward] and v(t2) = 15 — 3.72t2 » —6.24 m/s [downward]. 
(a) s(t) = t* — 4t? — 208? + 20¢ v(t) = s/(t) = 4¢8 — 120? — 40+ 20. v=20 © 
4t? — 12¢? — 40t + 20 = 20 4t? — 12t? — 40t = 0 4t(t? — 3t — 10) =0 
4t(t —5)(t+2)=0 <= t=Osor5s [fort > 0]. 
(b) a(t) = v'(t) = 124? — 24t 40. a=0 12? — 24t — 40 = 0 4(3¢? — 6t — 10) = 0 


6+ ./6? — 4(3)(—10) 
33) 


t= 


=i av 39 © 3.08 s [for t > 0]. At this time, the acceleration changes from negative to 


positive and the velocity attains its minimum value. 
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14. 


15. 


16. 


17. 
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a 2 
(a) A(z) =a? = A'(x) = 2a. A’(15) = 30 mm?/mm is the rate at which daa (Ax) 
Ax 
the area is increasing with respect to the side length as x reaches 15 mm. 


(b) The perimeter is P(x) = 4x, so A’(x) = 2a = $(4ax) = 4 P(a). The 
figure suggests that if Az is small, then the change in the area of the square Xx «+ x(Ax) 


is approximately half of its perimeter (2 of the 4 sides) times Az. From the 


figure, AA = 2a (Az) + (Ax). If Az is small, then AA & 22 (Ax) and 


so AA/Ax % 2x. ' ae 


dV 


(a) V(x) = x? ae oe 


= 3(3)? = 27 mm*/mm is the 
=3 


rate at which the volume is increasing as x increases past 3 mm. 


(b) The surface area is S(x) = 6x7, so V’(x) = 3x? = 4(6x7) = $S(z). 


2 


The figure suggests that if Az is small, then the change in the volume of the 


cube is approximately half of its surface area (the area of 3 of the 6 faces) 


times Ax. From the figure, AV = 32?(Aa) + 3a(Ax)? + (Ax)?. 


If Az is small, then AV  3x?(Az) and so AV/Aa % 32”. 


(a) Using A(r) = mr?, we find that the average rate of change is: 


A(3)— A(2)__ 9n — 40 _ Sa 
39 7 om (ii) 


“ii A(2.1) — AQ) _ 4.410 — 4m 
11=2 0.1 


A(2.5) — A(2) _ 6.250 — 4 
252 0.5 


= 4.57 


(i) 


=4.17 


(b) A(r) = nr? A'(r) = 2nr, so A’(2) = 4r. 


(c) The circumference is C(r) = 27r = A’(r). The figure suggests that if Ar is small, 
then the change in the area of the circle (a ring around the outside) is approximately 
equal to its circumference times Ar. Straightening out this ring gives us a shape that Pas 


is approximately rectangular with length 27r and width Ar, so AA & 2rr(Ar). 


Algebraically, AA = A(r + Ar) — A(r) = r(r + Ar)? — ar? = 2nr(Ar) +7(Ar)?. 


So we see that if Ar is small, then AA % 2ar(Ar) and therefore, AA/Ar = 2rr. 


After t seconds the radius is r = 60t, so the area is A(t) = 1(60t)? = 36007¢? A'(t) =72007t => 

(a) A’(1) = 72007 cm?/s (b) A’(3) = 21,6007 cm?/s (c) A’(5) = 36,0007 cm? /s 

As time goes by, the area grows at an increasing rate. In fact, the rate of change is linear with respect to time. 
S(r)=4nr? => S'(r)=8ar = 

(a) S"(1) = 8m ft? /ft (b) S’(2) = 167 ft? /ft (c) S’(3) = 24n ft? /ft 

As the radius increases, the surface area grows at an increasing rate. In fact, the rate of change is linear with respect to the 


radius. 
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18. 


19. 


20. 


21. 


22. 


CHAPTER 3 DIFFERENTIATION RULES 


(a) Using V(r) = far’, we find that the average rate of change is: 


= $n(512) — $n(125 
(i) vs)— ve) s7(512) 3 smi?) = 1720 pm? /um 
4 4 
(ii) “) — v0) an) 7 uy) = 121.37 pm? /pm 
Aye 47(5.1)? — $n(5)? S 
(iii) YO) —~VO) = am an) = 102.0137 pm? /jum 


(b) V'(r) = 4nr?, so V’(5) = 1007 pm? /pm. 


(c) V(r) = $nr° => V'(r) =4r? = S(r). By analogy with Exercise 15(c), we can say that the change in the volume 
of the spherical shell, AV, is approximately equal to its thickness, Ar, times the surface area of the inner sphere. Thus, 


AV & 4nr?(Ar) andso AV/Ar & 4rr’. 


The mass is f(a) = 3, so the linear density at x is p(x) = f’(x) = 6a. 
(a) p(1) = 6 kg/m (b) p(2) = 12 kg/m (c) p(3) = 18 kg/m 


Since p is an increasing function, the density will be the highest at the right end of the rod and lowest at the left end. 


V(t) = 5000(1 — At)” V'(t) = 5000 - 2(1— 3.t)(—3) = -250(1 - 32) 
(a) V'(5) = —250(1 — 3) = —218.75 gal/min (b) V"(10) = —250(1 — 8) = —187.5 gal/min 
(c) V‘(20) = —250(1 — 33) = —125 gal/min (d) V'(40) = —250(1 — #2) = 0 gal/min 


The water is flowing out the fastest at the beginning — when ¢ = 0, V(t) = —250 gal/min. The water is flowing out the 


slowest at the end —when t = 40, V’(t) = 0. As the tank empties, the water flows out more slowly. 


The quantity of charge is Q(t) = t? — 2t? + 6t + 2, so the current is Q’(t) = 3#? — 4t+ 6. 
(a) Q’(0.5) = 3(0.5)? — 4(0.5) +6 =4.75 A (b) Q’(1) = 3(1)? —4(1) 46 =5 A 
The current is lowest when Q’ has a minimum. Q’’(t) = 6t — 4 < 0 whent < 2. So the current decreases when t < 3 and 


increases when t > 2. Thus, the current is lowest at t = 2 Ss. 


GmM 
re 


ar 
dr 


2GmM 
a 


(a) F= =(GmM)r—?_ => —2(GmM)r—3 = , which is the rate of change of the force with 


respect to the distance between the bodies. The minus sign indicates that as the distance r between the bodies increases, 


the magnitude of the force F’ exerted by the body of mass m on the body of mass M is decreasing. 


2GmM 
20,0002 


(b) Given F’ (20,000) = —2, find F’(10,000). —2 = — = GmM = 20,000°. 


(20,000°) 


7 2 3 
= = £29 = —_—16N 
F (10, 000) = ; aio 2-2° = —-16 /km 
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at oY Ce 2 , (1 — v2/c2)3/2 


Note that we factored out (1 — v?/c?)~3/? since —3/2 was the lesser exponent. Also note that < (v) =a. 
24. (a) D(t) =7 + 5cos[0.503(t — 6.75)| => D’(t) = —5sin[0.503(t — 6.75)](0.503) = —2.515 sin[0.503(t — 6.75)]. 
At 3:00 AM, t = 3, and D’(3) = —2.515 sin[0.503(—3.75)] ~ 2.39 m/h (rising). 
(b) At 6:00 AM, t = 6, and D’(6) = —2.515 sin(0.503(—0.75)| ~ 0.93 m/h (rising). 
(c) At 9:00 AM, t = 9, and D’(9) = —2.515 sin[0.503(2.25)] = —2.28 m/h (falling). 
(d) At noon, t = 12, and D’(12) = —2.515 sin[0.503(5.25)] ~ —1.21 m/h (falling). 


25. (a) To find the rate of change of volume with respect to pressure, we first solve for V in terms of P. 


C dV C 
PV=C V P 7P Pr 


(b) From the formula for dV/dP in part (a), we see that as P increases, the absolute value of dV/dP decreases. 


Thus, the volume is decreasing more rapidly at the beginning of the 10 minutes. 


C 1 
(c) B= Vap z( =) [from part (a)] = PY) OPP 


26. (a) [C] = aa => rate of reaction = a _ (akt + Dar) hia) = a = tt 
(b) Ifa = [C], thena—x=a a = we faa kt a ae r 
a Ka :) 7 a ~ ot PROPipeee) |: “7 
(c) As t > ov, [C] = oe = nia =e a > as amoles/L. 


d{C] ak 
Ast — = ——__. 5 0. 
OS ee GRE Eae 


(e) As ¢ increases, nearly all of the reactants A and B are converted into product C. In practical terms, the reaction virtually 


stops. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


256 CHAPTER 3 DIFFERENTIATION RULES 


27. In Example 6, the population function was n = 2! no. Since we are tripling instead of doubling and the initial population is 
400, the population function is n(t) = 400 - 3°. The rate of growth is n’(t) = 400 - 3° - 1n3, so the rate of growth after 


2.5 hours is n’(2.5) = 400 - 3?°° - In3 = 6850 bacteria/hour. 


-beW 9-7 (—0.7 : 
f(t) = maT > n= pote ee) [Reciprocal Rule]. When ¢t = 0, n = 20 and n’ = 12. 


2. n= 7 
(1 + be°.7*) 


_ a Z dita os _ 0.7ab __ 0.7(20)(1 + b)b 
aa a=20(1+b). f’(0)=12 12= op 12 a+b? 


f(0) = 20 20 


12 b 


ia = pap => 6(1+b)=7b => 6+6b=7b => b=6anda = 20(1+4+6) = 140. For the long run, we let t 


14 asthe af ; 
increase without bound. jim f(j)= Jim. ie — = 7 = a= 140, indicating that in the long run, the yeast 


population stabilizes at 140 cells. 


1860 — 1750 _ 110 2070 — 1860 _ 210 


29. 1920: = =11 = =21 

2) 1920.9 = Toop = 1910 10. 1930 = 1920 0 
(ma + m2)/2 = (11 + 21)/2 = 16 million/year 

1980: m, = 2480 = 8710 _ 740 _ 74 ,,,, _ 5280 ~ 4450 _ 830 _ 


~ 7980 — 1970 10 ~ 7990 — 1980 10 
(m1 + m2)/2 = (74+ 83)/2 = 78.5 million/year 


(b) P(t) = at? + bt? + ct + d (in millions of people), where a ~ —0.000 284 900 3, b & 0.522 433 122 43, 
c& —6.395 641 396, and d = 1720.586 081. 


(c) P(t) = at? + bt? +ct+d => P'(t) = 3at? + 2bt + c (in millions of people per year) 
(d) 1920 corresponds to t = 20 and P’(20) = 14.16 million/year. 1980 corresponds to t = 80 and 


P’(80) & 71.72 million/year. These estimates are smaller than the estimates in part (a). 
(e) f(t) = pq’ (where p = 1.43653 x 10° and qg = 1.01395) = f(t) = pq’ Ing (in millions of people per year) 


(f) f’(20) & 26.25 million/year [much larger than the estimates in part (a) and (d)]. 


f' (80) & 60.28 million/year [much smaller than the estimates in parts (a) and (d)]. 


(g) P’(85) 76.24 million/year and f’(85) ~ 64.61 million/year. The first estimate is probably more accurate. 


30. (a) A(t) = at* + bt? + ct? + dt +e years of age, where a © —1.404 771 699 x 10~°, b = 0.011 167 331 7, 


c® —33.288 096 21, d = 44,097.25101, e = —21,904,396.36. 
(b) A(t) = at* + bt? + ct? +dt+e = A'(t) = 4at® + 3bt? + 2ct + d (in years of age per year). 


(c) A’(1990) ~ 0.11, so the rate of change of first marriage age for Japanese women in 1990 was approximately 0.11 years of 


age per year. 
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(d) The model for A and the data points are shown on the left, and a graph for A’(t) is shown on the right: 


A'A 
0.20 + 


0.15 + 


0.10 + 


Rate of change 
in average age 


Average age 


0.05 + 


+ + + + + + > + : + + + + > 
1950 1970 1990 2010 ¢ (years) 1950 1970 1990 2010 ¢ (years) 


31. (a) Using v = PR? —r?) with R = 0.01, 1 = 3, P = 3000, and n = 0.027, we have v as a function of r: 


Anl 
3000 Be 8 ad rn 
(r) = 70 92773 0-01 —r*). v(0) = 0.925 cm/s, v(0.005) = 0.694 cm/s, v(0.01) = 0. 
(b) v(r) me —r?) => v(r)= me) = 5 When | = 3, P = 3000, and 7 = 0.027, we have 


v' (0) = 0, v’(0.005) = —92.592 (cm/s) /cm, and v’ (0.01) = —185.185 (cm/s) /cm. 


/ 
U0) = ~a6.0073° 
(c) The velocity is greatest where r = 0 (at the center) and the velocity is changing most where r = R = 0.01 cm 


(at the edge). 


ew arma yi-(WE)e = $--G\E)e =a 
Cee Ce ee 2! / (ae ae es’. bl 
Of=sry5- (ae) = wile)? =a 
T 


ie el ERY, = Of. AVE: coy VE 
Ora ae Ses an) ae 


(b) Note: Illustrating tangent lines on the generic figures may help to explain the results. 


(i) es < Oand Lisdecreasing = ff isincreasing = higher note 


(ii) a > Oand T is increasing = ff isincreasing = higher note 
ww Of 2.43 ; ; : 
(iii) F < Oand pisincreasing = f isdecreasing = lower note 


G@) fA (ii) fA Gi) f 
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33. (a) C(x) = 2000+ 3x +0.01x? + 0.00022 = C'(x) =0+3(1) +0.01(2x) + 0.0002(3x?) = 3 +.0.02x + 0.00062? 


(b) C’(100) = 3 + 0.02(100) + 0.0006(100)? = 3+ 2+6 = $11/pair. C’(100) is the rate at which the cost is increasing as 
the 100th pair of jeans is produced. It predicts the (approximate) cost of the 101st pair. 
(c) The cost of manufacturing the 101st pair of jeans is 


C(101) — C(100) = 2611.0702 — 2600 = 11.0702 = $11.07. This is close to the marginal cost from part (b). 


34. (a) C(q) = 84+ 0.16¢ — 0.0006q? + 0.000003g2 = C’(q) = 0.16 — 0.0012g + 0.000009q”, and 
C’(100) = 0.16 — 0.0012(100) + 0.000009(100)” = 0.13. This is the rate at which the cost is increasing as the 100th 


item is produced. 


(b) The actual cost of producing the 101st item is C(101) — C'(100) = 97.13030299 — 97 = $0.13 


35. (a) A(a) = 2) ayy = 2 @)— P(e) +1 _ ap'(@) — ele), 


A’(x) >0 = A(z) is increasing; that is, the average productivity increases as the size of the workforce increases. 


(b) p’(x) is greater than the average productivity => p(x) > A(x) => p'(x) > p(s) => a«p'(r)>p(r) => 
/ ae 
xp (x) — p(x) > 0 et o p(x) >0 A'(x) > 0. 
9A 70-4 0.4 -0.6) _ 0.4 ~0.6 
36. (a) R= 40 + 24a ga dR (1+ 42"*)(9.6a~ °°) — (40 + 24x°'*)(1.6a7"'°) 
1+ 409-4 dx (1+ 49-4)? 
_ 9.607%? + 38.4079? — 6409S — 38.4079? — 54. da 9S 
(1+ 42°42 (1+ 4204)? 
(b) a At low levels of brightness, R is quite large [R(0) = 40] and is quickly 


decreasing, that is, S is negative with large absolute value. This is to be 


p , expected: at low levels of brightness, the eye is more sensitive to slight 
ue changes than it is at higher levels of brightness. 
-40 
/Jc2 — 
37. t n( 22 — ) In(3e + V9e7 — Be) — In2 
dt 1 d 3+ 4(9c? — 8c)~1/2(18¢ — 8) 
= 3c + /9c? — 8c) — 0 = — 
de 3c+V/9c? — 8c de ( ) 3c + 9c? — 8e 
9c — 4 
34+ —— 


_ V9c2 — 8c _ 3V9c? — 8+ 9c — 4 
3c+ V9e2—8e V9e2 — Be (3c + V9c? — Be) | 


This derivative represents the rate of change of duration of dialysis required with respect to the initial urea concentration. 
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38. f(r) =2VDr => f(r) =2- 4(Dr)-1/? -D= Disa cae f'(r) is the rate of change of the wave speed with 
vbr Vr 
respect to the reproductive rate. 
PV PV 1 ; 
39. PV = nRT T mR ~ (i0)(0.0821) ~ 0821 (PV). Using the Product Rule, we have 
dT _ 1 pvt) + v(t)P'(t)] = —& [(8)(—0.15) + (10)(0.10)] + —0.2436 K/min 
dt 0.821 ~ 0.821 ee 


40. (a) If dP/dt = 0, the population is stable (it is constant). 


) = =0 ap =ro(1 a)? BP = ==1 tak P=P.(1 5). 


c 


If P. = 10,000, ro = 5% = 0.05, and 8 = 4% = 0.04, then P = 10,000(1 — 3) = 2000. 
(c) If 8 = 0.05, then P = 10,000(1 - 3) = 0. There is no stable population. 


dW 


=0. 
dt 


41. (a) If the populations are stable, then the growth rates are neither positive nor negative; that is, 


a = 0 and 


(b) “The caribou go extinct” means that the population is zero, or mathematically, C = 0. 


(c) We have the equations a = aC — bCW and slid = —cW + dCW. Let dC /dt = dW/dt = 0, a = 0.05, b = 0.001, 


c = 0.05, and d = 0.0001 to obtain 0.05C' — 0.001CW = 0 (1) and —0.05W + 0.0001C'W = 0 (2). Adding 10 times 


(2) to (1) eliminates the CW-terms and gives us 0.05C — 0.5W = 0 C = 10W. Substituting C = 10W into (1) 
results in 0.05(10W) — 0.001110W)W =0 © 0.5W—-0.01W? =0 50W — WwW? =0 
W(50—W) =0 W = 0or50. Since C = 10W, C = 0 or 500. Thus, the population pairs (C’, W) that lead to 


stable populations are (0,0) and (500, 50). So it is possible for the two species to live in harmony. 


42. (a) The rate of change of retention t days after a task is learned is given by R/(t). R(t) =a+b(1+ct)% = 
R'(t) = b- (—8)(1 + ct)-?"+ -c = —Bbc(1 + ct)~°“! (expressed as a fraction of memory per day). 


Bbc 


(b) We may write the rate of change as R’(t) = — s+ ayer 


. The magnitude of this quantity decreases as ¢ increases. 


Thus, you forget how to perform a task faster soon after learning it than a long time after you have learned it. 


(c) jim R(t) = jim c + =a+0 =a, so the fraction of memory that is permanent is a. 


(1+ ct) 
43. (a) I = log, (F) a [W constant] : Z ! 


~ 72D mo W Din2 
W 
As D increases, the rate of change of difficulty decreases. 
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2D dl 1 
(b) [= log, (7) > aw [D constant] (Py m2 
Ww In2 


The negative sign indicates that difficulty decreases with increasing width. While the magnitude of the rate of change 


WwW —2D 1 


. —_ —2 i ee 
(—2DW ) 2D\n2 W? W In2 


1 
W In2 


1 
ith 1 1 idth { that i = 
decreases with increasing wid ( at is, Wind 


decreases as W inreass) , the rate of change itself 


increases (gets closer to zero from the negative side) with increasing values of W. 


(c) The answers to (a) and (b) agree with intuition. For fixed width, the difficulty of acquiring a target increases, but less and 
less so, as the distance to the target increases. Similarly, for a fixed distance to a target, the difficulty of acquiring the target 


decreases, but less and less so, as the width of the target increases. 


3.8 Exponential Growth and Decay 


dP dP 
Pa 0.4159, so ae 0.4159P and by Theorem 2, 


P(t) = P(0)e°-415% = 3.894159! million cells. Thus, P(2) = 3.8e° 415°) = 8.7 million cells. 


1. The relative growth rate is 


2. (a) By Theorem 2, P(t) = P(0)e*’ = 50e*". In 20 minutes (4 hour), there are 100 cells, so P(+) = 50e*/* = 100 


ek/3 — 2 k/3 =1n2 k = 3ln2 = In(2?) = In8. 


(b) P(t) = 50e%"®)* — 50. 8 
(c) P(6) = 50- 8° = 50 - 278 = 13,107,200 cells 
dP ; 
(d) Gp =kP = P(6) = kP(6) = (In8)P(6) © 27,255,656 cells/h 


In 20,000 


(c) P(t) = 10° = 50-8 = 1,000,000 + 8' = 20,000 < tm8=In20,000 @ t=7 > x4 76h 
k k k(1.5 1.5k _ 975 
3. (a) By Theorem 2, P(t) = P(0)e* = 50e". Now P(1.5) = 50e") = 975 e€ - 


15k=In195 = k= ln19.5 © 1.9803. So P(t) + 50e1°%°* cells. 


(b) Using 1.9803 for k, we get P(3) = 50e!-9°°3(3) — 19,013.85 = 19,014 cells. 


dP 
(c) ae kP => P'(3)=k- P(3) = 1.9803 - 19,014 [from parts (a) and (b)] = 37,653.4 = 37,653 cells/h 
(d) P(t) = 50e"98°%* — 250,000 = ¢79803t — a 7 9803t — 5000 = 1.9803 =In5000 => 
In 5000 
1.9803 " 


4. (a) y(t) = y(O)e** == y(2) = y(0)e?* = 400 and y(6) = y(0)e°* = 25,600. Dividing these equations, we get 


e&* /e?* — 25,600/400 e“* — 64 4k = 1n2° = 61n2 k = 2In2 ~ 1.0397, about 104% per hour. 


(b) 400 = y(O)e7* = y(0)=400/e?* = y(0) = 400/e?™? = 400/ (eee = 400/2? = 50. 
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(c) y(t) = y(O)e* _ 50e(3/2) Gn 2)t = 50(eln 2) 8/2)# = y(t \= a 50(2 ji. 5t 


(d) (4.5) = 50(2)154->) = 50(2)"> = 5382 bacteria 
dy 3 6.75 . 
(e) oe ky = 3 In2 )(50(2)°""°) [from parts (a) and (b)]_ = 5596 bacteria/h 


(f) y(t) = 50,000 = 50,000 =50(2)'** = 1000=(2)'* = m1000=1.5tmM2 = 


_ In 1000 


15In? = 6.64h 


5. (a) Let the population (in millions) in the year t be P(t). Since the initial time is the year 1750, we substitute t — 1750 for ¢ in 
Theorem 2, so the exponential model gives P(t) = P(1750)e*—17), Then P(1800) = 980 = 790e*(1800-1759) = 
980 __ ,k(50 980 __ _— 1 7, 98 
799 = € OU) ess ieee 79 = 00K => kK=eIln o80 = 0.0043104. So with this model, we have 


P(1900) = 790e"(19°°-175°) ~ 1508 million, and P(1950) = 790e*(195°-175°) ~ 1871 million. Both of these 


estimates are much too low. 


(b) In this case, the exponential model gives P(t) = P(1850)e*¢—185°) = P(1900) = 1650 = 1260e*(1900- 1850) 


In 732 = k(50) k = 4 In +S? & 0.005393. So with this model, we estimate 


P(1950) = 1260e*(195°- 185°) ~ 2161 million. This is still too low, but closer than the estimate of P(1950) in part (a). 


(c) The exponential model gives P(t) = P(1900)e*¢—19) = P(1950) = 2560 = 1650¢*(1950- 1909) 5 


In 3388 = k(50) k = 4 In 38° ~ 0.008785. With this model, we estimate 


P(2000) = 1650¢e%(2000—1909) ~~ 3972 million. This is much too low. The discrepancy is explained by the fact that the 
world birth rate (average yearly number of births per person) is about the same as always, whereas the mortality rate 
(especially the infant mortality rate) is much lower, owing mostly to advances in medical science and to the wars in the first 
part of the twentieth century. The exponential model assumes, among other things, that the birth and mortality rates will 


remain constant. 
6. (a) Let P(t) be the population (in millions) in the year t. Since the initial time is the year 1950, we substitute t — 1950 for ¢ in 


Theorem 2, and find that the exponential model gives P(t) = P(1950)e"-1999 => 


P(1960) = 100 = 83e*(1960—1950) oe 10k k = ln 2 ~ 0.0186. With this model, we estimate 


P(1980) = 83e"(1980—1950) _ g3¢30k ~ 145 million, which is an underestimate of the actual population of 150 million. 


‘ = k(t—1960 ~~ = 20k 50 
(b) As in part (a), P(t) = P(1960)e* ) = P(1980) = 150 = 100e => Mk=ne = 


k= 35 In a 0.0203. Thus, P(2000) = 100e*°* = 225 million, which is an overestimate of the actual population 


of 214 million. 


(c) As in part (a), P(t) = P(1980)e"-1989) = P(2000) = 214 = 1506?" 20k = In 234 


oe 9 in ie = 0.0178. Thus, P(2010) = 150e2°* =~ 256, which is an overestimate of the actual population of 


243 million. 
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(d) Using the model in part (c), P(2025) = 150¢(2075-1980)k — 150¢4* ~~ 334 million. This prediction is likely too high. 


The model gave an overestimate for 2010, and the amount of overestimation is likely to compound as time increases. 


d 
7. (a) If y = [N20s] then by Theorem 2, a =-0.0005y = y(t) = y(O)e~? 00 = Ce~ 0.000%", 


(b) y(t) = Ce~° 7! = 0.9C > e~%-00! — 0.9 0.0005 =1n0.9 = t= —2000In0.9 x 211s 


8. (a) The mass remaining after t days is y(t) = y(0) e** = 50e**. Since the half-life is 28 days, y(28) = 50e?°* = 25 


eek — 3 28k =Ins k (In 2) /28, so y(t) = 50e~ 9" 2)#/28 — 59. 2-#/28, 
(b) y(40) = 50 - 2749/78 = 18.6 mg (d) 
— =< —t/28 2 _ 9—t/28 
(Cg) S2 -S Stab 2 ee Bs 
(—t/28) n2=In x= t = (—281n #) /In2 ~ 130 days 


9. (a) If y(t) is the mass (in mg) remaining after t years, then y(t) = y(0)e** = 100e*°. 


y(30) = 100e3°* = 4(100) e80h — k= —(In2)/30 = y(t) = 100e~"™?*/30 — 100. 2-#/90 
(b) y(100) = 100 - 2-1/8 ~ 9.92 mg 


(c) 100e~ ("94/99 = 1 = —(In2)t/30=In t = —30 29-01 ~ 199.3 years 


10. (a) If y(t) is the mass after t days and y(0) = A, then y(t) = Ae**. 
y(300) = Ac?°* = 0.6434 = ¢9°°* = 0.643 => k= xt, In 0.643. To find the half-life, we set the mass after t 


days equal to one-half of the original mass. Hence, Ae{1/300) (In 0.643)t 4A ° sag (In 0.643) ¢ = Ing ° 


300In 
= ——_ 2 471 : 
moe on 
300 1n 4 
(1/300)(1n0.643)t _ 1 Ae ene _ Bos 
(b) Ae = 3A & agg (In0.643) t= Ing oes 746 days 


11. Let y(t) be the level of radioactivity. Thus, y(t) = y(0)e~** and k is determined by using the half-life: 


Int In2 
_. —k(5730) _ 1 —5730k _ 1 pas k 2 
y(5730) = 5y(0) => y(O)e sy(0) > e 7 5730 ns 5730 ~ 5730 
tln2 
If 74% of the '4C remains, then we know that y(t) = 0.74y(0) => 0.74 = e7*@m2)/5730, 10,74 = on 


t= — 2180007) & 2489 = 2500 years. 


12. From Exercise 11, we have the model y(t) = y(0)e~* with k = (In 2)/5730. Thus, 
y(68,000,000) = y(0)e~ 6300009 = (0) - 0 = 0. There would be an undetectable amount of '*C remaining for a 
68-million-year-old dinosaur. 
Now let y(t) = 0.1% y(0), so 0.001y(0) = y(0)e"*’ => 0.001=e-" => In0.001=-kt = 


, — 0.001 _ __In0.001 


eo =n 2) 5730 = 57,104, which is the maximum age of a fossil that we could date using 4C. 
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Let t measure time since a dinosaur died in millions of years, and let y(t) be the amount of “°K in the dinosaur’s bones at 
time t. Then y(t) = y(0)e~™ and k is determined by the half-life: y(1250) = 4y(0) = y(O)e~*759 = dy(0) => 


Ini 
6th 4 1250k = In $ = os = a To determine if a dinosaur dating of 68 million years is 


possible, we find that y(68) = y(0)e~*®) ~ 0.963y(0), indicating that about 96% of the *°K is remaining, which is 


clearly detectable. To determine the maximum age of a fossil by using “°K, we solve y(t) = 0.1%y(0) for t. 


In 0.001 sii 
y(O)e—** = 0.001y(0) & e ** =0.001 < —kt =In0.001 t= se 12,457 million, or 
12.457 billion years. 
d 
From the information given, we know that = =2y => y=Ce?* by Theorem 2. To calculate C' we use the point (0, 5): 


5 = Ce? = C=5. Thus, the equation of the curve is y = 5e?”. 


dT dT 
(a) Using Newton’s Law of Cooling, ae k(T — Ts), we have ape k(T — 75). Now let y = T — 75, so 


y(0) = T(0) — 75 = 185 — 75 = 110, so y is a solution of the initial-value problem dy/dt = ky with y(0) = 110 and by 


Theorem 2 we have y(t) = y(0)e** = 110e**. 


y(30) = 110e2°* = 150 — 75 Cor er eS k= +inB8, 50 y(t) = 110e30'™(33) and 


y(45) = 110e30 ™(23) ~ 62°F. Thus, T(45) ~ 62+ 75 = 137°F. 


(b) T(t) = 100 y(t) = 25. y(t) =110e30°"(23) — 95 = esotn(23) — 25. tn #8 =n 2 
30 In 25 
t= — {2° & 116 min. 
In 55 


Let T(t) be the temperature of the body t hours after 1:30 PM. Then 7'(0) = 32.5 and T'(1) = 30.3. Using Newton’s Law of 


Cooling, = = k(T — T,), we have = = k(T — 20). Now let y = T — 20, so y(0) = T(0) — 20 = 32.5 — 20 = 12.5, 


so y is a solution to the initial value problem dy/dt = ky with y(0) = 12.5 and by Theorem 2 we have 


y(t) = y(O)e** = 12.5e"". 


y(1) = 30.3 — 20 10.3 = 12.5e") ef = 3 k = In 338. The murder occurred when 
y(t) =37-20 => 12.5e =17 faa kt=InfS = t= (n9S) /m id? © -1.588h 


= —95 minutes. Thus, the murder took place about 95 minutes before 1:30 PM, or 11:55 AM. 


d 
“ = k(T — 20). Letting y = T — 20, we get 2 = ky, so y(t) = y(0)e*. y(0) = T(0) — 20 = 5 — 20 = — 15, so 
y(25) = y(0)e?°* = —15e?°*, and y(25) = T(25) — 20 = 10 — 20 = —10, so —15e?>* 10 e7* = 2. Thus, 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


264 


18. 


19. 


20. 


CHAPTER 3 DIFFERENTIATION RULES 
25k = In(2) and k = x In(2), so y(t) = y(O)e** = —15¢(1/25) n(2/3)t| More simply, e?2* = 2 > e* = ( 


et — (2) 5 y(t) = -15- (2). 


(b) 15 = T(t) = 20 + y(t) = 20—15- (2) => 15- (2) =5 = (2) =1 


(t/25) In(2) =In($) = t= 25In($)/In(2) © 67.74 min. 


dT d 
= k(T — 20). Let y = T — 20. Then = = ky, so y(t) = y(O)e**.  y(0) = T(0) — 20 = 95 — 20 = 75, 
kt aT’ ° ; : dy 
so y(t) = 75e"’. When T(t) = 70, Th —1°C/min. Equivalently, 7 —1 when y(t) = 50. Thus, 
L= wv = ky(t) = 50k and 50 = y(t) = 75e**. The first relation implies k = —1/50, so the second relation says 
50 = 75e*/*°, Thus, e~*/9 = 2 t/50 = In(2) t = —50In(2) ~ 20.27 min. 
(a) Let P(h) be the pressure at altitude h. ThendP/dh =kP = P(h) = P(O)e*” = 101.3e*". 


P(1000) = 101.3e'°°%* = 87.14 => 1000k=In(#4) > k= 7m (54) = 


87.14 


P(h) = 101.3 eta00" ™(4523), sq P(3000) = 101.3e2!"( 


8 


ToS) py 64.5 kPa. 


87.14 


(b) P(6187) = 101.3 et000 (Tors) ~ 39.9 kPa 


nt 
(a) Using A = Ao (1 sf “) with Ay = 2500, r = 0.045, and t = 3, we have: 


(i) Annually: n = 1 A= 2500(1 + a i: = $2852.92 
(ii) Quarterly: n = 4 A= 2500( + ) ‘a = $2859.19 
(iii) Monthly: n = 12 A= 2500(1 + ) = = $2860.62 
(iv) Weekly: n = 52 A= 2500( 1 - ) “ = $2861.17 
(v) Daily: n = 365 A= 2500( 1 ~ aoe bie: = $2861.32 
(vi) Hourly: n = 365 - 24 A= 2500( 1 eee a = $2861.34 


(vii) Continuously: A = 2500e(9-945)* — $2861.34 
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b 3100 
Ao,or(3) = $3084.20 
Aoos(3) = $2993.04 
Aoos(3) = $2904.59 
0 1 f 3 
2500 


nt 
21. (a) Using A = Ao (1 “ “) with Ag = 4000, r = 0.0175, and t = 5, we have: 
n 


_ 0.0175 


1-5 
(i) Annually: n = 1 A= 1000(1 4 ) = $4362.47 


0.0175 


2-5 
(ii) Semiannually: n = 2 A= s000(1 + ) = $4364.11 


12-5 
(iii) Monthly: n = 12 A= 1000(1 ae a) = $4365.49 
O1 52-5 
(iv) Weekly: n = 52 A= 1000(1 gcd a = $4365.70 
365-5 
(v) Daily: n = 365 A= 4000(1 + | = $4365.76 
(vi) Continuously: A = 4000e-9175)5 — $4365.77 


(b) dA/dt = 0.01754 and A(0) = 4000. 


22. (a) Ape? =2An & e® 8%! =2 & 0.03t =In2 t= ae In 2 % 23.10, so the investment will double in 


about 23.10 years. 


(b) The annual interest rate in A = Ao(1 +1)‘ is r. From part (a), we have A = Age’. These amounts must be equal, 


so(lt+r)'=e% 3s 14+r=—e°% r =e — 1 = 0.0305 = 3.05%, which is the equivalent annual 


interest rate. 


APPLIED PROJECT Controlling Red Blood Cell Loss During Surgery 


1. Let R(t) be the volume of RBCs (in liters) at time t (in hours). Since the total volume of blood is 5 L, the concentration of 
RBCs is R/5. The patient bleeds 2 L of blood in 4 hours, so 


dR 2L R 1 
dt 4h 5 10 


From Section 3.8, we know that dR/dt = kR has solution R(t) = R(0)e*’. In this case, R(O) = 45% of 5 = $ and 


k = — 3,80 R(t) = Be t/10 At the end of the operation, the volume of RBCs is R(4) = 2e~-°* © 1.51 L. 
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2. Let V be the volume of blood that is extracted and replaced with saline solution. Let R.4(t) be the volume of RBCs with the 
ANH procedure. Then R.(0) is 45% of (5 — V), or 3,(5 — V), and hence Ra(t) = 4(5— V)e—*/1°. We want 


Ra(4) >25%0f5 & B(5—-V)e°* > $ 5-V > Be4 V <5— Be°* = 0.86 L. To maximize the 


effect of the ANH procedure, the surgeon should remove 0.86 L of blood and replace it with saline solution. 


3. The RBC loss without the ANH procedure is R(0) — R(4) = 2 — 2e~°* = 0.74 L. The RBC loss with the ANH procedure is 


Ra(0) — Ra(4) = Z(5-V) — 3(5- V)e°* = (5 — V)(1 — e°*). Now let V = 5 — 22e°* [from Problem 2] to 


get Ra(0) — Ra(4) = S[5— (5— Be*)](1—e°*) = 2. Be *(1 — e?*) = 3(e°* — 1) © 0.61 L. Thus, the ANH 


procedure reduces the RBC loss by about 0.74 — 0.61 = 0.13 L (about 4.4 fluid ounces). 


3.9 Related Rates 


dV _dVde _ 2 de 
dt da dt dt 


1.(@V=23 


(b) With “ = 4cm/s and x = 15 cm, we have < = 3(15)? - 4 = 2700 cm*/s. 


dA dAdr dr 
2 
2. (a) A= ar dE dn dé 2nr di 
(b) With & = 2m/s andr = 30 m, we have a = 2m - 30-2 = 1207 m/s. 


3. Let s denote the side of a square. The square’s area A is given by A = s”. Differentiating with respect to t gives us 


aa = 2s When A = 16, s = 4. Substituting 4 for s and 6 for & gives us a“ = 2(4)(6) = 48 cm/s. 
4. V = Snr ad An. 3? = > x = 4n(4 - 80)”(4) = 25,6007 mm*/s. 
5. S =4nr? as An - 2r a = 4+ 2-8-2 = 12870 cm?/min. 
6 A=lw = a“ =. oo tw: a = 20(3) + 10(8) = 140 cm?/s. 
7. V =arrh = 17(5)?h = 25th 7 25n a 3 = 252 “ “ _ m/min. 


(2)(3)(cos Z) (0.2) = 3($) (0.2) = 0.3 cm?/min. 


NIF 


dA dé 
= labdsi el — = 
8. (a) A= 5absin@d = at 5abcos 6 ay 


(b) A= dabsin 6 > 


dA 1 dé. db 3 “oF 
ae a (deose i + sin @ =) = $(2)[3(cos 2) (0.2) + (sin Z) (1.5)] 


= 3($) (0.2) + $V3 (3) =0.3+4 3V3 cm?/min [& 1.6] 
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(c) A= dabsin > 


a -2 
3 [(2.5)(3)(3V3) + (2)(1-5)($Vv3) + (2)(3)(3) (0.2)] 
= (2v34 3V34+ 0.3) = (V3 40.3) cm?/min [~& 4.85] 


dA lfda,. db. dé . 
(F bsind+a aE sin @ + abcos@ =) [by Exercise 3.2.63(a)] 


Note how this answer relates to the answer in part (a) [9 changing] and part (b) [b and @ changing]. 


. (a) £ (40? + 9y?) = £ (25) 8x “ + 18y ou =0 dec “ + 9y 4 =0 
@)@+490)-4=0 5 843-0 3 &=--3 

(b) 4 = + 9H =o 4( 2)(3) + 9(1)- 4 =0 2s -24 49% 0 au = . 

gereverindey = wlfanMeadine = aay eetin 

re =5, a = Aand (a, y, z) = (2,2, 1), then 2(5) + 2(4) +1 “ =0 < as: 


pig ap - 39607(3960 ++ h)-? => Lar - 39602(—2)(3960 + h)-3. 22 Then wo = 130 lb 
EON SOG SE hey 7 ri dt te ; 


h = 40 mi, and dh/dt =12mi/s > = = 130 - 39607(—2) (3960 + 40)~3(12) = —0.764478 ~ —0.7645 Ib/s. 


d d dy dx dy dx 

= ue pat —=0. Iff==- = (4, 2), then 4 + 2—= 
m7 (xy) a (83) > « a +y a 0 a 3cm/sand (x,y) = (4, 2), then 4(—3) i 0 
< = 6. Thus, the x-coordinate is increasing at a rate of 6 cm/s. 


(a) Given: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi/h passes directly over a radar station. 


If we let t be time (in hours) and x be the horizontal distance traveled by the plane (in mi), then we are given 


that dx /dt = 500 mi/h. 


(b) Unknown: the rate at which the distance from the plane to the station is increasing (c) ud 
when it is 2 mi from the station. If we let y be the distance from the plane to the station, : | e 
then we want to find dy/dt when y = 2 mi. 


(d) By the Pythagorean Theorem, y2 =a? +1 = 2y(dy/dt) = 2x (dx/dt). 


dy v3 
5) 


a (500) = 250 V3 & 433 mi/h. 


(500). Since y? = x? + 1, when y = 2, 2 = V3, so 


Le 
dt ydt y 
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14. (a) Given: the rate of decrease of the surface area is 1 cm?/min. If we let t be (c) 
time (in minutes) and S' be the surface area (in cm?), then we are given that 
dS/dt = —1cm?/s. 
(b) Unknown: the rate of decrease of the diameter when the diameter is 10 cm. 


If we let x be the diameter, then we want to find dx/dt when x = 10 cm. 


(d) If the radius is r and the diameter x = 2r, then r = ha and 


2 1,2 2 dS dS dz dx 
S=4rr* =4n ($2) TL it an ai 20x di 
d. d. d. 1 d. 1 Se ol : 
(e) -l= a = 272% = = = 5a When x = 10, = ae So the rate of decrease is Jon cm/min. 


15. (a) Given: a man 6 ft tall walks away from a street light mounted on a 15-ft-tall pole at a rate of 5 ft/s. If we let ¢ be time (in s) 


and x be the distance from the pole to the man (in ft), then we are given that dx /dt = 5 ft/s. 


(b) Unknown: the rate at which the tip of his shadow is moving when he is 40 ft (c) 


from the pole. If we let y be the distance from the man to the tip of his 15 


shadow (in ft), then we want to find <( + y) when x = 40 ft. 


1 
(d) By similar triangles, - = ae => 15y = 6x + by 9y = 6a y Sa. 


d d d 
(e) The tip of the shadow moves at a rate of a (x+y) Ti (< e c) ot 3(5) = 2 ft/s. 


16. (a) Given: at noon, ship A is 150 km west of ship B; ship A is sailing east at 35 km/h, and ship B is sailing north at 25 km/h. 
If we let ¢ be time (in hours), x be the distance traveled by ship A (in km), and y be the distance traveled by ship B (in km), 


then we are given that dx/dt = 35 km/h and dy/dt = 25 km/h. 


(b) Unknown: the rate at which the distance between the ships is changing at (c) B 
4:00 PM. If we let z be the distance between the ships, then we want to find z > 
dz/dt when t = 4h. A 

x 150 — x 


dz dx dy 
as en ey Gz 
(d) 2° =(150-—a2)°+y° => 2z di 2(150 o)( ) + 2y a 


(e) At 4:00 PM, « = 4(35) = 140 and y = 4(25) = 100 z = \/(150 — 140)? + 100? = 10,100. 


dz 1 dx dy] _ —10(35)+100(25) 215 
So ps (a — 150) or ry | 10,100 7 fs acai as 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 3.9 RELATED RATES 


17. » We are given that = = 60 mi/h and oy = 2 mi/h. 2? =2?+y? = 


: x de ae ae oa ae de dt z ag 


"at |! a 


2» dz dx dy dz dx dy dz _ =( dx 1) 


After 2 hours, 2 = 2 (60) = 120 and y = 2(25) = 50 z= 120? + 50? = 130, 


dz_1/ de. dy\ _ 120(60)+50(25)_, 
oF = ie +u td) age = 65 mi/h. 


18. We are given that = = 1.6 m/s. By similar triangles, + 2 Yy = 


269 


yee | OY aE 24 16), When «x = 8, aca = —0.6 m/s, so the shadow 


= =-> = 
ri dt x? dt x dt 64 


is decreasing at a rate of 0.6 m/s. 


d d 
We are given that ecg 4 ft/s and = =5 ft/s. 2? =(#+y)?+500? = 


dt 
dz . 
22 a 2(a@ + y)| — + — J. 15 minutes after the woman starts, we have 


x = (4 ft/s)(20 min) (60 s/min) = 4800 ftandy = 5-15-60=4500 = 


z = y/(4800 + 4500)? + 5002 = ./86,740,000, so 


dz  «x+t+yfdx  dy\ — 4800+ 4500 
dt Zz dt — dt / 86,740,000 


837 
V 8674 


(445) = % 8.99 ft/s. 


20. We are given that = = 24 ft/s. 


dx 


(a) 2B y? = (90-2)? +90? > 2y “u = 2(90 — o(- a ), When x = 45, 


dy 90-2 dx 45 24 

2 IB = /45? + 90? = 45/5, so = = —— ) = — =>} (-24) = -—, 

. yy, : Vea ( a 5° 
90 -—x 


so the distance from second base is decreasing at a rate of = = 10.7 ft/s. 
(b) Due to the symmetric nature of the problem in part (a), we expect to get the same answer— and we do. 
dz dz 45 24 


dx 
? = a? +90? 2z — = 2x —. When x = 45, z = 45 = 24) = 
z =a2° +90 arr te en x z V5, so =F =F! ) 3 


= 10.7 ft/s. 


dh ‘ dA : : 
21. A= 3bh, where b is the base and h is the altitude. We are given that eo 1 cm/min and a 2 cm? /min. Using the 


dA 1/,dh db 
Product Rule, we have —- = 5 (0 ath a When h = 10 and A = 100, we have 100 = 40(10) = 4b=10 
db db 4-20 
dt dt 10 


b= 20,502 = $(20-1+ 10) => 4=20+10 1.6 cm/min. 


dt 
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23. 


24. 


25. 


26. 
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pulley Given “ = —1 m/s, find < whenz =8m.y?=a2?+1 > 2y Oy 2a a => 


d dt dt 
y 
1 dx _ydy_ y 7 _ dx = V65 
= -@ Ge ae ae When x = 8, y = 65, so ee Thus, the boat approaches 


x / 
the dock at = = 1.01 m/s. 


Let x be the distance (in meters) the first dropped stone has traveled, and let y be the distance (in meters) the stone dropped 
one second later has traveled. Let t be the time (in seconds) since the woman drops the second stone. Using d = 4.9t?, 


we have x = 4.9(t + 1)? and y = 4.9¢?. Let z be the distance between the stones. Then z = x — y and we have 


dz dx dy dz 

ge — = 9.8(t+ 1) —9.8t = 9. : 

ae Ae ae Fi 9.8(t +1) — 9.8 9.8 m/s 

Given: Two men 10 m apart each drop a stone, the second one, one minute after 10 


the first. Let x be the distance (in meters) the first dropped stone has traveled, and 
let y be the distance (in meters) the second stone has traveled. Let t be the time 
(in seconds) since the man drops the second stone. Using d = 4.9t?, we have 

x = 4.9(t + 1)? and y = 4.9¢?. Let z be the vertical distance between the stones. Thenz =x —y => 


dz dx dy dz 
dt dt dt dt 


9.8(t + 1) — 9.8t = 9.8 m/s. 


By the Pythagorean Theorem, w” = 10” + z”. Differentiating with respect to t, we obtain 


d d d dz/dt : 
Oyj Se Bee meee), One second after the second stone is dropped, t = 1, so 
dt dt dt w 
dw 14.7(9.8) 
z=x-—y=4.9(141)? —4.9(1)? = 14.7m, and w = 1/10? + (14.7)? = V316.09, so — = ——== & 8.10 m/s. 
y= 4.9(1 + 1)? ~ 4.91) V0? + (147) @ = a / 
i : F dV 2 
If C = the rate at which water is pumped in, then ae C — 10,000, where 
10s : a : r oh 1 
V = 371° his the volume at time ¢. By similar triangles, i= & r 3 h 
6 
1 2 rT L3 dV Ti9 dh = 
dh 
Pre 20 cm/min, so C — 10,000 = = (200)7(20) => C= 10,000+ ae & 289,253 cm?/min. 
The distance z of the particle to the origin is given by z = \/x? + y?, so z* = 2? 4+ [2sin(r2/2)]? > 


dz dx (7 7 nm dx dz dx (0 T dx 
22 a= 2x ar +4- 2sin(72) cos( =r) Sy ae => 2 a x ae + an sin( =a) cos( =a) ah When 


1 T\ fio 1 1 dz 1 1 1 
= = 2 — Se : 
(x,y) (G.1).# (3) +17= 9 3 V 10, so 3 V10 dt Pa 27 sin 6 cos 6 V10 => 
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27. 0.25 9.3 0.25 The figure is labeled in meters. The area A of a trapezoid is 
4 (basei + base2) (height), and the volume V of the 10-meter-long trough is 10.A. 


Thus, the volume of the trapezoid with height h is V = (10)3[0.3 + (0.3 + 2a)]h. 


By similar triangles, 7 = = = 7 so 2a=h V = 5(0.6 + h)h = 3h +4 5h?. 
dV dV dh dh dh 0.2 

Now = 5 0.2 = (3+ 10h) GE = Scion: When h = 0.3, 

ave wea ae m/min = a m/min or a0 cm/min 

dé 3+10(03) 6 = 30 3 

na : 3. b 
28. By similar triangles, rae lies b = 3h. The trough has volume 3 7 
dV dh dh 2 
= 4bh(10) = 5(3h)h = 15h? 12 = —— = 30h — —==. t 
V = 5bh(10) = 5(3h) 5 aE 30 7 => at Sh | 
dh 2, 4 ; 
When h = 4, i ae 5 ft/min. 


2 


2 3 
29. We are given that ue = 30 ft? /min. V = anh = 3*(5) h= aM 


2 12 
dV _ dV dh ve wh? dh dh _ 120 
dt dh dt 4 dt dt wh2- 
dh 120 6 
= — = —— = — & 0.38 ft/min. 
When h = 10 ft, eo te Ba 0.38 ft/min 
30. The figure is drawn without the top 3 feet. x 34 >| 
V = 4(b + 12)h(20) = 10(b + 12)h and, from similar triangles, i 
c 6 .y 16 8 8h 11h ~ i 6 > — 12 —> le — 16 —> 
2 ad Se Ob Setar ty Sie 
FAG and + 6 3 so c+ y + 3 + 3 
11h 110h? dV 220, \ dh 
Thus, V = 10(24 + oh = 240h + 3 and so 0.8 = mics (210 + en) aE 
When h = 5, a ue = 0.00132 ft/min. 


dt  240+5(220/3) 2275 
31. The area A of an equilateral triangle with side s is given by A = + 38°. 
dA d 
— = }v3-2s = = 1/3. 2(30)(10) = 150V3 cm?/min. 


x 


32. We are given dx/dt = 8 ft/s. cot? = ‘ies. oe 100cot96 => 
y 100 

dx do do sin? 0 100-4 

—~=-1 2 ——— -8. Wh =2 ing = ——_ == 

7 00 csc* 0 - 7 100 8 eny 00, sin a00 8 > | 

x 
2 
a = ui) eS rad/s. The angle is decreasing at a rate of a rad/s. 
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33. 


35. 


36. 


37. 


38. 
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dron ez Let t be the time, in seconds, after the drone passes directly over the car. Given 
= = 20 m/s, « = 20¢ m, oy = 6 m/s, and y = 6t m, find < when t =5, 


By the Pythagorean Theorem, w” = x? + y” and z? = 25” + w”. This gives 
27 = 257? 4474 y? => 
dz dx dy dz _ «(da/dt) + y (dy/dt) 


Gp SOS OE a gee Oe 2 
ar eee ica Teer 2 


When t = 5, a = 20(5) = 100 and y = 6(5) = 30, so z? = 257 + 100? +307 => z= ./11,525 m. 


dz _ 100(20) + 30(6) 


— = — 20.3 . 
di V11,525 me 
. The area A of a sector of a circle with radius r and angle 6 is given by A = 4770. Here r is constant and 6 varies, so 
gh = LZ e The minute hand rotates through 360° = 27 radians each hour, so a = 27 and 
dt 2 dt dt 
dA 14 ety ws . . : 
i a (27) = mr* cm*/h. This answer makes sense because the minute hand sweeps through the full area of a circle, 


ar”, each hour. 


x . , dO 1 dx wall 
cos 9 = To sind di 10 dE’ From Example 2, 
dx F 8 
dp ~ 4 and when x = 6, y = 8, so sind = 77. ; 10 

8 dé 1 do 1 

=—(4 =— ; 
TBS 59 de 0S” es : 
* ground 
. : dy ax dx ; ‘ : 

According to the model in Example 2, a i go eS 0, which doesn’t make physical sense. For example, the 


model predicts that for sufficiently small y, the tip of the ladder moves at a speed greater than the speed of light. Therefore the 
model is not appropriate for small values of y. What actually happens is that the tip of the ladder leaves the wall at some point 
in its descent. For a discussion of the true situation see the article “The Falling Ladder Paradox” by Paul Scholten and Andrew 
Simoson in The College Mathematics Journal, 27, (1), January 1996, pages 49-54. Also see “On Mathematical and Physical 


Ladders” by M. Freeman and P. Palffy-Muhoray in the American Journal of Physics, 53 (3), March 1985, pages 276-277. 


Differentiating both sides of PV = C with respect to t and using the Product Rule gives us P a +V ap 0 


dv __VdP 
dt P dt’ 


When V = 600, P = 150 and < = 20, so we have ae 600 (99) = —80. Thus, the volume is 


dt 150 


decreasing at a rate of 80 cm®/min. 


The volume of a hemisphere is ear’, so the volume of a hemispherical basin of radius 30 cm is 277(30)° = 18,0007 cm?. 


If the basin is half full, then V = (rh? — $h°) 90007 = 7 (30h? — +h?) zh? — 30h? + 9000 = 0 
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40. 
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42. 
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h = H ®& 19.58 [from a graph or numerical rootfinder; the other two solutions are less than 0 and greater than 30]. 


3 
V = (30h? — 23) aes = (on dh _ yp +) (2 - ) (1000 -) = (60h — h2) 2 
min L 


dt 


dh 2000 
dt (60H — H?) 


= 0.804 cm/min. 


1 1 1 1 1 180 


With Ri = = = = = = 
ith Hea es SO and a = 100) RY 80 100. 8000 = 400 


4 : Goan I 1 1 
,soR= ~ Differentiating Ro R, + Ra 


: 1 dR 1 dR, 1 dRo dR of 1 dR 1 dRo 
th botwe hve = ae ay Fd ipsa cba es aera = 
with respect to t, we have ® di Re di Re di > a R ( Re di + Re dt ) en R; = 80 and 
dR 4007[ 1 1 107 
— 100, — = — (0. —(0.2)| = — 0.132 2/s. 
fat om |gore ge | I 
dV dP dV vit dP V dP 
1.4 ; 0.4 Lyl4 ae, 
EM ee OP SE wean a AC hae eee dt P-14V04 dt 14P dt’ 
dP dV 400 250 5 Z 
When V = 400, P = 80 and 7 —10, so we have di 1480) (—10) = 7 Thus, the volume is increasing at a 


rate of 22° ~ 36 cm?/min. 


We are given that = = 40 mi/h and “y = 60 mi/h. By the Law of Cosines, 


dz dx dy dy dx 
7 eee 20 eee 2 a 
Zz =au+y 2xry cos 60 a +y ry 22 at 2x dt + 2y dt x at y dE 


Att = 5h, we have x = 40($) = 20 andy = 60($) = 30 => 


2? = 20? + 30? — 20(30) = 700 z = V700 and 
dz _ 2(20)(40) + 2(30)(60) — 20(60) — 30(40) __2800 44 jh. 
dt 2/700 2V700 


dB 
We want to find a when L = 18 using B = 0.007W 2/3 and W = 0.12L7°3. 


dB dB dWdL ecole fia fe BO 15 
eee (0.007 2 as ee a) | meen 
dt dW dL dt (0 pon (0 a ) 10,000,000 


= [0.007 - 2(0.12- a ea (0.12 - 2.53 - 18°?) (a) ~ 1.045 x 107° g/yr 


We are given d0/dt = 2°/min = & rad/min. By the Law of Cosines, 


12 
x? = 12? + 15* — 2(12)(15) cos @ = 369 — 360cos0 => : 
dx do dx  180sin0@ dé 
pease i = = o, 15 
22 ” 360 sin 0 7 7 7 TE When 6 = 60°, 


_ 180sin60° t  orV3 _ Vir 
3/21 90 3/21 21 


x = 369 — 360 cos 60° = 7189 = 3 V21, so “ = 0.396 m/min. 
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44, 


47. 


. We are given that — a oe rad/min. By the Pythagorean Theorem, when 
5 h 
h=6,2 =8, sosind = — 5 and cos @ = 5. From the figure, sin? = 75 > 
dh a 8 
= 10si =4 0 —= —|r= in. 
h = 10sin 6, so — ep Ocos 10(5) 7 = 8x m/min 


CHAPTER 3 DIFFERENTIATION RULES 


Using Q for the origin, we are given = = —2 ft/s and need to fad aE Y when r= - 


Using the Pythagorean Theorem twice, we have Vx? + 122 + \/y? + 122 = 39, 
the total length of the rope. Differentiating with respect to t, we get 


x da y dy _ re 5 YK x v/y? +12? dx 


Vepin dt pqip dt 9° dt yyat pie dt 
Now when « = —5, 39 = ,/(—5)? + 12? + \/y? + 12? = 184 V/y?+12? © /y? +12? = 26, and 


dy (—5)(26) 10 
= 262 — 122 = /532. So when x 5, 2 ~ —0.87 ft/s. 
eu dt 532 (13) ) / 


So cart B is moving towards @ at about 0.87 ft/s. 


. (a) By the Pythagorean Theorem, 4000? + y? = ¢?. Differentiating with respect to t 


: dy dé dy 
——— —.W ——— = o 
we obtain 2y at 20 qe e know that ai 600 ft/s, so when y = 3000 ft, ; 
£ = 40002 + 3000? = ./25,000,000 = 5000 ft 


4000 
de ydy — 3000 1800 
ae 2 a S00D 


= 360 ft/s. 


y 


do 1 dy dO —_cos*6 dy 
= = . Wh 
4000 = ms 


dt 4000 dt dt 4000 dt’ 


4000 _ 4000_4 dQ (4/5)? 
e 5000 5° dt 4000 


oY d d 2 
(b) Here tan@ = 7000 aaa —(tan@) = “(= ) => sec’ 6 


y = 30008, Y 


eo 600 ft/s, 2 = 5000 and cos 0 


(600) = 0.096 rad/s. 


do 
. We are given that eo 4(27) = 8rrad/min.x =3tand => 
at =3 292 Wh =1,tand=1,s5 29-4 1\2 __ 10 3 
ar ge ee an 6 = 3,80 sec*@=1+ (3) = -y 
dx P - 


and a= 3(2) (87) — en = 83. 8 km/min. 


mee => —~csc? ay ae pee > — (ese 2)'(—2) = 2 > 
5 dt 5 dt — 


2 
ae =( ) ~ 7 km/min [= 130 mi/h] 


dO 2xrad 
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We are given that = = 300 km/h. By the Law of Cosines, 


y? =a? + 1? — 2(1)(x) cos 120° = 2? + 1— 22(—$) =2?+2+1,s0 


dy dx dz dy 22¢+1dz ; 300 ‘ 

ay yo Ae Tae => eo op ee ee ee > 1 
dy  2(5)+1 1650 

= V75?+54+1=V3lkm 300) = & 296 km/h. 

J dt 2V31 we) vV3l / 
: dx : dy . : 
We are given that “a 3 mi/h and ae 2 mi/h. By the Law of Cosines, 
y Z, 

2a=a ty —22aycos45° =a? +y?—-V2Qay => 

dz dx dy dy dx : 1 
by Pe 9g oy SY a ee After 1 tes [= + x 
aor Bey V20 a V2y zr er 15 minutes [= hl, 

13 — 2 

wehies=2andy=2=2 2 2=(3P+(P- vag) = 2— LSE? na 
dz 2 2 


i aa [2($)3 + 2($)2 — V2(#)2 — V2($)3] = Sinan eae = V13—6 V2 © 2.125 mi/h. 


Let the distance between the runner and the friend be ¢. Then by the Law of Cosines, 


£ 
£? = 200? + 100? — 2- 200- 100- cos @ = 50,000 — 40,000 cos @ (x). Differentiating of 


200 — 
implicitly with respect to t, we obtain 2¢ a = —40,000(— sin 6) a Now if D is the 


distance run when the angle is 0 radians, then by the formula for the length of an arc 


1 dé 1 dD 7 
ircle, s = r0 have D = 1000, so é = ——D — = — — = —.T titute into th ion fe 
ona circle, s = r0, we have 000, so 100 > rr 100 dé 100 0 substitute into the expression for 


— we must know sin 6 at the time when £ = 200, which we find from (x): 200? = 50,000 — 40,000cos0 & 


oft dé 
cos@ = + sino = \/1 (4y = “45. Substituting, we get 2(200) 


7 = 40,000%4° (50) 


100 


dé/dt = 2 vis = 6.78 m/s. Whether the distance between them is increasing or decreasing depends on the direction in which 


the runner is running. 


The hour hand of a clock goes around once every 12 hours or, in radians per hour, 

on = = tad/h. The minute hand goes around once an hour, or at the rate of 27 rad/h. 
So the angle @ between them (measuring clockwise from the minute hand to the hour 
hand) is changing at the rate of d0/dt = = — 2x = — = rad/h. Now, to relate 0 to @, 


we use the Law of Cosines: £7 = 47 + 8? — 2-4-8-cos@ = 80 — 64cos@ (x). 


Differentiating implicitly with respect to t, we get 20 a = —64(- sin 6) ae At 1:00, the angle between the two hands is 
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53. 
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one-twelfth of the circle, that is, 2a = @ tadians. We use (x) to find @ at 1:00: ¢ = ,/80 — 64cos | = V/80 — 32 V3. 


z( a) dé 64(5)(—4#) 88 ee 
6 6 dt 2,/s0—32 V3 3/80 — 32. V3 


Substituting, we get 2@ “ = 64sin 


So at 1:00, the distance between the tips of the hands is decreasing at a rate of 18.6 mm/h ~ 0.005 mm/s. 


4 d 4 d dr 6. : . 
The volume of the snowball is given by V = 37 so < = a -3r? = = Arr? = Since the volume is proportional to 


: d : : d 
the surface area S, with S = 4rr?, we also have & =k- Arr? for some constant k. Equating the two expressions for x 


: d d : : 
gives 47 r? = =k-4nr? = = k, that is, dr /dt is constant. 


3.10 Linear Approximations and Differentials 


27 . 
: Jl—a’ 7 : 
Therefore, =e 


. g(x) = YIFe=(1l+2)'"%7 = g(x) = 4(1+2)~?/%, so g(0) = Land 2 


. f(z) =a2-2? +3 = f(x) = 3a? — 22, so f(—2) = —9 and f’(—2) = 16. Thus, 


L(a) = f(-2) + f'(-2)(@ — (—2)) = —9 + 16(x + 2) = 16x + 23. 


. f(z) =e => f(x) = 3e?”, so f(0) = Land f’(0) = 3. Thus, L(x) = f(0) + f’(0)(@ — 0) =143(@—0) = 3a +1. 


.f(x)=Ve => f'@e)= ae f (8) = 2and f’(8) = = Thus, 


3722" 
L(a) = f(8) + f’(8)(@ — 8) =24+ $(@- 8) = fat é. 


f(a) =cos2e = f'(x) = —2sin 2x, so f (4) = 4 and f’(=) = —V3. Thus, 


L(z) = f(§) + £'(§) (@- §) = 3 — V8(@— §) = —v32 + (v37)/6 + 5. 


V1—a= f(x) = f(0) + f’(0)(e& — 0) =1+ (—4$)(x — 0) =1— 3a. : 
So V0.9 = VI— 0.1 = 1— $(0.1) = 0.95 
and /0.99 = /I— 0.01 = 1 — $(0.01) = 0.995. 


g'(O) = §. Therefore, Y/I+ @ = g(x) & g(0) + g/(0)(a — 0) = 14 Sa. 
So 0.95 = */1 + (—0.05) = 1+ 4(—0.05) = 0.983, ee : 
and V1.1 = YI+0.1 + 1+ $(0.1) = 1.03. 


=15 
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so f(0) = Oand f’(0) = 1. 


. f(z) = tan « f(z) = I a. 


Thus, f(x) = f(0) + f’(0)(a — 0) = x. We need 


tan-!a—0.1 <a <tan~!«+40.1, which is true when —0.732 < x < 0.732. 


Note that to ensure the accuracy, we have rounded the smaller value up and the 


larger value down. 


f(z) =U4+2)3% = f(x) =—-3(1+2)~*, so f(0) = 1 and 
f' (0) = —3. Thus, f(x) & f(0) + f’(0)(« — 0) = 1 — 3x. We need 


(1+2)-?-0.1 <1-—3a < (1+ 2)~* +0.1, which is true when 


—0.116 < x < 0.144. Note that to ensure the accuracy, we have rounded the 


smaller value up and the larger value down. 


f(a) = VIF 2 => f'(w) = 7(1 + 22)-9/4(2) = 3(1 + 22) 9/4, 50 
f(0) = Land f"(0) = 4. Thus, f(x) ~ f(0) + f"(O)(@ = 0) = 1+ $a. 
We need ~/1 + 22 —0.1 << 1+ 40 < V1+4+ 2x + 0.1, which is true when 


—0.368 < x < 0.677. Note that to ensure the accuracy, we have rounded the 


smaller value up and the larger value down. 


: f(x) = nes so f(0) = land f’(0) = -5. 


I)=-Te > (+e) 


Thus, f(x) + f(0) + f’(0)(« — 0) = 1 — 4a. We need 


1 
g -O1<1-=4%< 


.1, which is t h 
ite 5 fie , which is true when 


—1.423 < x < 1.423. Note that to ensure the accuracy, we have rounded the —0.5 


smaller value up and the larger value down. 


The differential dy is defined in terms of dx by the equation dy = f(x) dx. For y = f(x) = e®”, f’(x) = 5e®”, so 

dy = 5e** dex. 

fry = fV=NT oO S48 Pew) so oye ee 
: ‘ V1-t 1-t 

Ou 2 (1 + 3u)(2) — (1 + 2u)(3) =i ai 

; = f(u= - — dy = du. 

Forge Jagat WY (I +3u)? (1+ 3u? 9 43a)? 
. For y = f(0) = 6? sin 26, f’(0) = 0? (cos 20)(2) + (sin 20) (20), so dy = 20(0 cos 20 + sin 20) dé. 

1 Pa _2 2x — 3 2x — 3 
i For y —- f(x) — Zina = (x? — 3x) ae f' (2) = —(x? _ 32) . (2a = 3) = ~ (a? — 82)’ SO dy = (2? — 32)? dx. 
sind sind 


. For y = f(0) = V1 + cos8, f’(0) = 4(1 + cos6)~1/?(— sin 6) = -————., so dy = -__———— d 
ory = f(8) cos, f'(8) = 3(1 + cosé)”°""(— sin 8) R/iteose 2/1 + cos 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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For y = f(0) = In(sin 9), f’(6) = : cos #@ = cot 6, so dy = cot 6 dé. 


sind 

- _ e& , _ (l—e*)e” —e*(—e*) _ e* [1 —e”) — (-e”)] _ e* _ e 
Hor gi fe) = 7a 4.2) a ep (=; Ge Y= Ge 
(a) y er/10 dy et/10 . a dx = er da 
(b) « = Oand dx = 0.1 dy = fe°/1°(0.1) = 0.01. 
(a) y = cos 72x dy = —sin rx - a dx = —7 sinaa dx 
(b) a = $ and dx = —0.02 dy = —m sin 3(—0.02) = x (3/2) (0.02) = 0.017 V3 = 0.054. 

1 
(ajy=vV34+a? => dy = 5(8-+0*)*? Qn) de = a de 
1 1 
(b) « = 1 and dx 0.1 dy Jari: 0.1) = 56 0.1) = —0.05. 
x+1 (a — 1)(1) — (w@ + 1)(1) —2 

ee dy = ——— a * dee = ——— 
Ni aay oe (e@=1)? sa a 
(b) e =2anddx=0.05 => dy= oar 0-05) = —2(0.05) = —0.1. 


y = f(a) = 2? —42, « = 3, Ax = 0.5 


Ay = f (3.5) — f(3) = -1.75 — (—3) = 1.25 


dy = f'(a) da = (2x — 4) dx = (6 — 4)(0.5) = 1 


y= f(a) =a2-2°, © =0, Ax 0.3 


Ay = f(—0.3) — f(0) = —0.273 — 0 = —0.273 


dy = f'(x) dx = (1 — 3a”) dx = (1 — 0)(—0.3) = —0.3 


y=f(e) =Vz—2, r=3, Ax =0.8 
Ay = f(3.8) — f(3) = V1.8 — 1 0.34 


, ae 1 = 1 _ 
dy = f'(x) dx = Wrap = ay o8) =0.4 
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yA yar” 


y = f(x) = «* — x +1. Ifa changes from 1 to 1.05, dx = Av = 1.05 — 1 = 0.05 


Ay = f (1.05) — f(1) = 1.16550625 — 1 0.1655 and dy = (4x? — 1) da = (4-13 — 1)(0.05) = 3(0.05) = 0.15. 


If x changes from 1 to 1.01, dx = Ax = 1.01—1=0.01 Ay = f(1.01) — f(1) = 1.03060401 — 1 = 0.0306 

and dy = (4a? — 1) dx = 3(0.01) = 0.03. 

With Ax = 0.05, |dy — Ay| = |0.15 — 0.1655] = 0.0155. With Az = 0.01, |dy — Ay| = |0.03 — 0.0306] = 0.0006. 
Since |dy — Ay| is smaller for Ax = 0.01 than for Ax = 0.05, yes, the approximation Ay ~ dy becomes better as Ax gets 


smaller. 


y = f(x) = e?”~?. If x changes from 1 to 1.05, dx = Ax = 1.05 — 1 = 0.05 
Ay = f (1.05) — f(1) = e° 2° — 1 & 0.105 and dy = 2e?”~?da = 2e7)-?(0.05) = 2(0.05) = 0.1. 


If x changes from 1 to 1.01, dx = Ax = 1.01—1=0.01 Ay = f(1.01) — f(1) = e°? —1 = 0.0202 


and dy = 2e?*~*da = 2(0.01) = 0.02. 
With Ax = 0.05, |dy — Ay| = |0.1 — 0.105] = 0.005. With Ax = 0.01, |dy — Ay|  |0.02 — 0.0202] = 0.0002. 
Since |dy — Ay| is smaller for Ax = 0.01 than for Ax = 0.05, yes, the approximation Ay ~ dy becomes better as Ax gets 


smaller. 


y = f(x) = V5 —«. If x changes from 1 to 1.05, dx = Ax = 1.05 — 1 = 0.05 


1 1 1 
Ay = f (1.05 1) = V3.95 — 2 = —0.012539 and dy = — ————=dz = — —=—=dz = —- (0.05) = —0.0125. 
If x changes from 1 to 1.01, dx = Ax = 1.01—1=0.01 Ay = f(1.01) — f(1) = V3.99 — 2 = —0.002502 


and dy = —1(0.01) = —0.0025. 
With Aa = 0.05, |dy — Ay| = |—0.0125 — (—0.012539)| = 0.000039. With Ax = 0.01, 
|dy — Ay| = |—0.0025 — (—0.002502)| = 0.000002. Since |dy — Ay| is smaller for Ax = 0.01 than for Av = 0.05, 


yes, the approximation Ay ~ dy becomes better as Ax gets smaller. 


1 
y= f(x) = maa If x changes from 1 to 1.05, dx = Ax = 1.05 — 1 = 0.05 
Ay = 7(105) = #4) = —— 8 20102038 and 
Cais =Op a ee 
Qe 2(1) 1 
: = : = —0.025. 
dy = — aap et = — GEE pp (0.05) = 5 (0.05) = -0.025 
1 1 
If x changes from 1 to 1.01, dx = Ax = 1.01—1=0.01 Ay = f(1.01) — f(1) iat 8 0.00498 
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and dy = —4(0.01) = —0.005. 


With Az = 0.05, |dy — Ay| = |—0.025 — (—0.02438)| = 0.00038. With Ax = 0.01, 


|dy — Ay| = |—0.005 — (—0.00498)| = 0.00002. Since |dy — Ay| is smaller for Az = 0.01 than for Ax = 0.05, 
yes, the approximation Ay ~ dy becomes better as Ax gets smaller. 
31. To estimate (1.999)*, we’ll find the linearization of f(x) = x* at a = 2. Since f(x) = 4a°, f(2) = 16, and 


f'(2) = 32, we have L(x) = 16 + 32(a — 2). Thus, 2* ~ 16 + 32(a — 2) when z is near 2, so 


(1.999)* © 16 + 32(1.999 — 2) = 16 — 0.032 = 15.968. 


32. y = f(x) = 1/2 dy 1/a? dx. When x = 4 and dx = 0.002, dy 2 (0.002) = —4,, so 
rion © f(4) + dy = 4 — ghy = BS = 0.249875. 
33. y = f(x) = Ya dy ga 7/8 dx. When x = 1000 and dx = 1, dy = (1000) ~?/9(1) = see 6 


¥T001 = f(1001) ~ f(1000) + dy = 10 + 34; = 10.003 10.003. 


34. y= f(x) = Vz dy = 4a~'/? dx. When x = 100 and dx = 0.5, dy = $(100)~*/?(4) = 7,80 


V100.5 = f (100.5) = f(100) + dy = 10+ 4 = 10.025. 


35. y = f(x) =e” dy = e” dx. When x = 0 and dx = 0.1, dy = e°(0.1) = 0.1, so 


eo! = f(0.1) = f(0) +dy=14+01=1.1. 


36. y = f(x) = cosa dy sina dx. When « = 30° [x/6] and dx = —1° [—7/180}, 


dy = (—sin2) (-&) =-$(-H) = FH 80 608 29° = f(29°) & f(30°) + dy = $V3 + sy & 0.875. 
37. y= f(z) =Inzx = f(x) = 1/2, 80 f(1) = Oand f’(1) = 1. The linear approximation of f at 1 is 
f() + f’C)(@- 1) = 2-1. Now f(1.04) = 1n 1.04 1.04 — 1 = 0.04, so the approximation is reasonable. 
38. y= f(r) =Vxe = f(x) =1/(2/x), so f(4) = 2and f’(4) = 4. The linear approximation of f at 4 is 
f(4) + f'(4)(@ — 4) = 24+ F(a — 4). Now f (4.02) = V4.02 = 2+ 4+(0.02) = 2 + 0.005 = 2.005, so the approximation is 
reasonable. 


39. y= f(x) =1/e = f'(a) =—1/2x?, so f(10) = 0.1 and f’(10) = —0.01. The linear approximation of f at 10 is 


f (10) + f’(10)(a — 10) = 0.1 — 0.01(a — 10). Now (9.98) = 1/9.98 ~ 0.1 — 0.01(—0.02) = 0.1 + 0.0002 = 0.1002, 
so the approximation is reasonable. 
40. (a) f(z) =(a@-1) = f(x) = 2(x — 1), so f(0) = 1 and f’(0) = —2. 
Thus, f(x) © Ly(x) = f(0) + f’(0)(a@ — 0) =1— 22. 
g(x) =e"? => g! (x) = —2e7?*, so g(0) = 1 and g'(0) = —2. 


[continued] 
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Thus, g(x) © Lg(x) = g(0) + g’(0)(a —0) = 1— 22. 


h(x) =1+In.- 2x) > he) = 3 = so h(0) = Land h’(0) = —2. 


Thus, h(a) + L,(x) = h(0) + h'(0)(a — 0) = 1 — 22. 
Notice that Ly = Lg = Lp. This happens because f, g, and h have the same function values and the same derivative 


values ata = 0. 


(b) The linear approximation appears to be the best for the function f since it is 
closer to f for a larger domain than it is to g and h. The approximation 


looks worst for h since h moves away from L faster than f and g do. 


—-0.5 


M1. (a) If x is the edge length, then V = 2* = dV = 3a? dx. When x = 30 and dx = 0.1, dV = 3(30)?(0.1) = 270, so the 


maximum possible error in computing the volume of the cube is about 270 cm®. The relative error is calculated by dividing 


the change in V, AV, by V. We approximate AV with dV. 


Relative error = ~~] =3 


AV dV _ 327 dz dx _ (0.1 
V V x3 x 


Percentage error = relative error x 100% = 0.01 x 100% = 1%. 


(b) S=6a? = dS =12xdzx. When x = 30 and dx = 0.1, dS = 12(30)(0.1) = 36, so the maximum possible error in 


computing the surface area of the cube is about 36 cm?. 


Relative error = me x GSS ees 2 a2 (55 


oo = Ge ) = 0.006. 


Percentage error = relative error x 100% = 0.006 x 100% = 0.6%. 


42. (a) A= ar? dA = 2rr dr. When r = 24 and dr = 0.2, dA = 27(24)(0.2) = 9.67, so the maximum possible error 


in the calculated area of the disk is about 9.67 ~ 30 cm?. 


A A are r 24 12 +60 


AA dA _2nrdr_2dr_ 2(0.2)_ 02 1 


(b) Relative error = 0.016. 


Percentage error = relative error x 100% = 0.016 x 100% = 1.6%. 


43. (a) For a sphere of radius r, the circumference is C = 2rr and the surface area is S = 47r?, so 


2 2 
pare! s in( =) a dS “CdC. When C = 84 and dC = 0.5, dS = =(84)(0.5) = ©, 


20 20 T 


so the maximum error is about = ~~ 27 cm’. Relative error ¥ —— = earn = Ea x 0.012 = 1.2% 
T S 842/77 84 
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7 ae”. Oia’ Ss le cs eer 
(b) V= rae = 3" (S) 6 dV 320 dC. When C = 84 and dC = 0.5, 
dV = | (g4)2(0.5) = ae so the maximum error is about le =~ 179 cm’. 
21? 7? 1 


2 
The relative error is approximately ae = ee = = = 0.018 = 1.8%. 
a 


44. For a hemispherical dome, V om 3 dV = 2nr? dr. When r = 4(50) = 25 mand dr = 0.05 cm = 0.0005 m, 


dV = 2n(25)?(0.0005) = 52, so the amount of paint needed is about 5 = 2 m°. 


45. (a) V=ar2h => AV & dV = 2arhdr = 2arhAr 


(b) The error is 


AV —dV = [x(r + Ar)*h - mr h] —Qnrh Ar = ar7h + 2arh Ar + m(Ar)*h — rr?h — 2arrhAr =7 (Ar)?h. 


46. Gsing = 2 => £=20cscd => 
x x 
dx = 20(—csc@ cot 0) d0 = —20csc 30° cot 30° (+1°) ay 
T 2 V3 
= —20(2 (+) a eve 
0(2)(V3) (+786 9" 
So the maximum error is about +2 37 ~ +£1.21 cm. 
_ Ac dx +2 V3n V3 
(b) The relative error is ae 20(2) = ia9 7 ™ +0.03, so the percentage error is approximately +3%. 
AI dl - R d 
47.V=RI mf , dl - dR. The relative error in calculating I is 7 x qs We oe ae 8 - , 


Hence, the relative error in calculating J is approximately the same (in magnitude) as the relative error in R. 


3 
48. F =kR? dF =4kR?dR => = = —— = (F) . Thus, the relative change in F' is about 4 times the 
relative change in R. So a 5% increase in the radius corresponds to a 20% increase in blood flow. 
d d d 
49. (a) de = — dx = Odx = 0 (b) d(cu) = (cu) de = ¢ de = edu 
d du dv du dv 
(c) d(u+v) = = (ut v) dx (+4) dx itt a, du + dv 
(d) d(uv) = (uv) de = Gaara dx =u de +0 Ede = ude +vdu 
y tt “ot yo de ue de 
u\  d /u _ de dz _ de” dt _ vdu—udv 
(2) aq) da cy os v2 ay v vy 
(f) d(a”) = g (x”) dx = na”—* dx 
dz 
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50. (a) 


(b) 


(c) 


51. (a) 


SECTION 3.10 LINEAR APPROXIMATIONS AND DIFFERENTIALS 


f(@) =sind f' (0) = cos@, so f(0) = Oand f’(0) = 1. 


Thus, f(0) = f(0) + f’(0)(@ —0) =0+1(0—0) =8. 


m/18 — sin(7/18) 


The relative error in approximating sin 0 by @ for 0 = 7/18 is in(m/18) = 0.0051, so the percentage error 
sin(7 
is 0.51%. 
p 1 y =1.02 sind 0.36 y=d 
4 Y 
“Ny = 0.98 sing “Ky = 1.02 sin @ 


y = 0.98 sind 
y=9 
4] 033 “0.36 
-0.33 y=O 
“hy = 1.02 sine 
y= 0.98 sin 6] 


We want to know the values of @ for which y = 0 approximates y = sin 0 with less than a 2% difference; that is, the 


values of 0 for which 


<0.02 = —0.02< oa sine <0.02 6 


6 —sin@ 
in 0 


sin 0 


—0.02sin9 < 0—sin@ < 0.02sin0 if sind >0 0.98sind<6<1.02sin6 if sind >0 
=> 
—0.02sin0d > @—sin@ >0.02sin0 if sind <0 1.02sin@d<@<0.98sin0 if sin@ <0 


In the first figure, we see that the graphs are very close to each other near 9 = 0. Changing the viewing rectangle 
and using an intersect feature (see the second figure) we find that y = 0 intersects y = 1.02 sin 0 at 0 = 0.344. 


By symmetry, they also intersect at 0 = —0.344 (see the third figure). 
Thus, with 6 measured in radians, sin @ and 0 differ by less than 2% for —0.344 < 6 < 0.344. Converting 
0.344 radians to degrees, we get 0.344(180°/7) & 19.7°, so the corresponding interval in degrees is approximately 


—19.7° <0 <19.7°. 
The graph shows that f’(1) = 2, so L(x) = f(1) + f’(1)(@ — 1) = 5 + 2(@ — 1) = 22 +3. 


f(0.9) + L(0.9) = 4.8 and f(1.1) » L(1.1) =5.2. 
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(b) From the graph, we see that f’(z) is positive and decreasing. This means that the slopes of the tangent lines are positive, 


but the tangents are becoming less steep. So the tangent lines lie above the curve. Thus, the estimates in part (a) are too 


large. 


52. (a) g(a) = Va? +5 => (2) = V9 = 3. g(1.95) & g(2) + g'(2) (1.95 — 2) = —4 + 3(—0.05) = —4.15. 
g(2.05) = 9(2) + 9(2)(2.05 — 2) = —4 + 3(0.05) = —3.85. 


(b) The formula g’ (x) = \/x2 + 5 shows that g’() is positive and increasing. This means that the slopes of the tangent lines 


are positive and the tangents are getting steeper. So the tangent lines lie below the graph of g. Hence, the estimates in 


part (a) are too small. 


DISCOVERY PROJECT Polynomial Approximations 


1. We first write the functions described in conditions (i), (ii), and (iii): 


P(«) = A+ Ba+C2z? f(x) = cosa 
P'(x) = B+2Cx f(x) =—sing 
P" (x) =2C f" (a) =— cosa 


So, taking a = 0, our three conditions become 
P(0) = f(0): A=cos0=1 
P’(0)=f'(0): B=-—sin0=0 
P"(0) = f" (0): 2C =—cos0=—1 C=-% 


The desired quadratic function is P(x) = 1 — Cha so the quadratic approximation is cosx © 1 — da? 


1.4 


The figure shows a graph of the cosine function together with its linear 


approximation L(«) = 1 and quadratic approximation P(x) = 1 — da? 


near 0. You can see that the quadratic approximation is much better than the 


linear one. 


—1.4 


2. Accuracy to within 0.1 means that |cos x - (1 a 427)| <0.1 S —0.1 <cosx— (1 - 42°) <O01 Ss 


0.1 > (1 _ 5a) —cosx >-0.1 ©S cosx+0.1>1—-— ha? >cosx—0.1 cosx—0.1 <1 ta” <cosxz+0.1. 
12 y=cosxt+0.1 


From the figure we see that this is true between A and B. Zooming in or 


li aN using an intersect feature, we find that the x-coordinates of B and A are 


about +1.26. Thus, the approximation cos xz = 1 — da? is accurate to 


16F Wy 1.6 within 0.1 when —1.26 < x < 1.26. 
01 
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. If P(x) = A+ B(a — a) + C(a — a)”, then P’(x) = B + 2C(a — a) and P(x) = 2C. Applying the conditions (i), (ii), 
and (ili), we get 
Pia)=fla): A= fla) 
Paj=fi(a): B= f'(a) 
P'(a)= f"(a): 2C=f"(a) > C=5f"(a) 


Thus, P(x) = A + B(x — a) + C(x — a)? can be written in the form P(x) = f(a) + f’(a)(« — a) + 4 f"(a)(x — a)’. 


. From Example 3.10.1, we have f(1) = 2, f’(1) = 4, and f’(x) = 3(@+3)71/?. 4 L 


ae 
So f"(z)=-3(@ +3)? => f"(1I)=-s. Le aa 


From Problem 3, the quadratic approximation P(x) is 


Jat3~ fl) + f(@—1) + 4¢"((@-1)? = 24 3(@-1)-Al@-)2. 4 io 
The figure shows the function f(x) = \/x + 3 together with its linear -1 


approximation L(x) = 4a + + and its quadratic approximation P(x). You can see that P(x) is a better approximation than 


L (a) and this is borne out by the numerical values in the following chart. 


from L(a) actual value from P(a) | 


1.9950 
2.0125 
2.0500 


1.99499373... 
2.01246118... 
2.04939015... 


1.99499375 
2.01246094 
2.04937500 


. Tr(x) = co + e1(a — a) + c2(a — a)? + €3(a — a)? +--+ + n(x — a)”. If we put x = a in this equation, 


then all terms after the first are 0 and we get T;,(a) = co. Now we differentiate T;, (x) and obtain 


T(x) = c1 + 2co(a — a) + 8c3(a@ — a)? + 4ca(a — a)? +--+ + nen(a — a)”~". Substituting « = a gives T’,(a) = cr. 
Differentiating again, we have Ty’ (a) = 2co + 2 - 3c3(a — a) + 3 - 4ca(x — a?) +++» + (n —1)nen(a — a)"~? and so 
T,/ (a) = 2c. Continuing in this manner, we get Ty” (x) = 2-3c3 +.2-3-4ca(a — a) +--+ (n—2)(n —1)nen(a — a)"3 


and T’’’(a) = 2- 3cg. By now we see the pattern. If we continue to differentiate and substitute x = a, we obtain 


ie (a) = 2-3- 4ca and in general, for any integer k between 1 and n, TS) (a) =2-3-4-5-----kep=klen > 
(k) (k) 
Ck = Tn ae . Because we want T;, and f to have the same derivatives at a, we require that c, = f ae for 
| eee 8 
/ f"(a) 2 f@) n s sate is 
. Tr(x) = f(a) + f'(a)(a@ — a) + 51 (@—a)? +++++ = (a — a)”. To compute the coefficients in this equation we 
need to calculate the derivatives of f at 0: 
f(x) = cosa f(0) =cos0=1 
f(x) =—sinz f’(0) = —sin0 =0 
f" (x) =—cosax f" (0) =-1 
f(x) =sing f’"(0) =0 
f(a) = cosa f%(0) =1 [continued] 
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We see that the derivatives repeat in a cycle of length 4, so f‘(0) = 0, f (0) = —1, f° (0) = 0, and f (0) = 1. 


From the original expression for T;,(x), with n = 8 and a = 0, we have 


Wt wt (8) 
Ta(ae) = f(0) + f'(0)(0 — 0) + P(e — 0)? + PO 978 4... 4 2° Ow — 08 


2! 3! 8! 
_ -1l 4, eee tly 5 , ~l 6 7, ls: xe  g* g® og 
es ear +0-2 7 a +0-2 Ta +0-2 + oe =1 oT ae gh Sr 
et gt ®  o® 
and the desired approximation is cos x ¥ 1 aT + 7 6 + ar The Taylor polynomials 72, 74, and Tg consist of the 
x x ot 
initial terms of Tg up through degree 2, 4, and 6, respectively. Therefore, T(x) = 1 — mie T4(x) =1— a + 7h and 
xe? gt 2° 
Te(x) =1— a + ate et We graph T>, T4, To, Tg, and f: 

Ty Ts 1.4 Ty, Ts Notice that T> (2) is a good approximation to cos x 
near 0, T4() is a good approximation on a larger 
interval, T¢(«) is a better approximation, and 

y=cosx y=cosx 
: , Ts (a) is better still, Each successive Taylor 
polynomial is a good approximation on a larger 
interval than the previous one. 
Tg T> -1.4 T, = Ts 


3.11. Hyperbolic Functions 


1. 


(a) sinhO = 4(e° _ e- 2) =0 (b) cosh0O = 3(e° + e~°) = (1 +1)=1 
(e° — e~°)/2 e'—e} e? —1 
= so 8 J = = = ~ 0.761 
(a) tanh0O (eo +e-0)/2 0 (b) tanh 1 Bigese eta] 0.76159 


. (a) cosh(In 5) = 5(e'™*® +e7™*) = 5 (54 (e'™*) +) = 5 (5 +5 7) = 5 (54+5) = 2 


(b) cosh = 3(e? + e°) & 74.20995 


. (a) sinh 4 = $(e* — e~*) ~ 27.28992 


(b) sinh(In 4) = 5 (e'™* — e7'*) = $(4—(e'™*4)") = (4-477) = 5 (4-G) = 2 


. (a) sechO = =-=1 (b) cosh~! 1 = 0 because cosh 0 = 1. 
coshO 1 
. (a) sinh 1 = $(e* — e"') © 1.17520 
(b) Using Equation 3, we have sinh~' 1 = In(1 + V1? + 1) = In(1 + V2) & 0.88137. 
. 8sinhz + 5cosha = (—) + (4) = se" a se? + ae + 20"? — er - se? 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


SECTION 3.11 HYPERBOLIC FUNCTIONS 


22 42a 22 —2a 
. 2c?” + 3e72” = asinh2x+bcosh2x = 26?" + 3e777 = o(——) + (a) > 


2 2 
Qe2% 3e-2% — se Sent + Fe + Sent => 2e27 + 3e—2% = oor + othe = 
a+b —a+b 
= 2and =3 => a+b=4and—a+b=6 2b = 10 b=5anda=-—l. 


Thus, 2e2” + 3e7?* = — sinh 2x + 5cosh 22. 


20. 23 
! sinh(In x) Ca emt) — 5 (a 77) = 5(e— 0) _ 5(« *) a 5(¢ *) a ~~ 1 


sinh(—x) = 3[e7* — e—))] = d(e~* — e*) = —4(e* — e*) =— sinha 
cosh(—x) = $[e°* + e(-*)) = g(e"* +e”) = 4(e* +e”) =coshz 
cosh x + sinha = $(e” + e~*) + 3(e* —e~*) = 4(2e”) = e* 


cosh x — sinha = $(e* +e~*) — $(e* —e*) = $(2e-*) =e * 


sinh x coshy + coshz sinhy = [$(e” — e~*)|[$(e” +e”) + [$(e” +e”) |[$(e” —e7”)] 


a(e +e *)[[z(e? +e™)] + [2(e* —e *)]L3(e% —e¥)] 


2 
= H(ert¥ +e" Y4e-tty 4 ere ¥) 4 (ett — ¥_e-tty 4 ee | 


coshax coshy + sinha sinhy = [ 
1 


1(2e"t¥ + 2e-*-¥) = sent + et | = cosh(a + y) 


Divide both sides of the identity cosh? 2 — sinh? x = 1 by sinh? z: 


2 12 
cease _ sa = —- & coth? «—1=csch? z. 
sinh*x sinh“z — sinh*z 

sinhz coshy | cosh sinhy 
sinh(x+y) _ sinha coshy+coshaz sinh y _ coshaz coshy "cosh cosh y 
cosh(a+y) cosha coshy + sinha sinhy coshz coshy | sinh sinhy 

cosh x coshy cosh cosh y 


tanh(« + y) = 


_ tanha +tanhy 
~ 1+4+tanhs tanhy 


Putting y = « in the result from Exercise 15, we have 


sinh 2x = sinh(« + x) = sinha cosh + coshx sinha = 2sinhz coshz. 
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20. Putting y = x in the result from Exercise 16, we have 


cosh 2a = cosh(a + 2) = cosh cosha + sinha sinha = cosh? x + sinh? 2. 


. Ing ,—Inz — Ina)—1 a ee! —< 22) 2 
di taniiney = sinh(Inz) _ (e e V2 6B (Ere eee oe ae (el) ie aed 
cosh(Inz) (e™*+e-™)/2° 0 a+(e™*)-1 awta-l a4+il/x (@24+1)/e x?41 
» 1+tanhe 14(sinhz)/coshe _cosha+sinhe 3(e" +e") + 3(e"-e*) oe o2t 
“1—tanhe 1 -(sinhx)/cosha coshe—sinhax F(e*+e-*)—d(e*-e-*)  e-* 
Or: Using the results of Exercises 13 and 14, costa inh = =e 
cosha—sinhx e-* 
23. By Exercise 13, (cosh a + sinh x)” = (e”)” = e”” = coshna + sinhnz. 
1 1 13 
24. cotha = the = = =. 
cone = tanhe | O'* = tanh 12/1312 
sech? x = 1 — tanh? x = 1 (2)" = at sech xz = 3 [sech, like cosh, is positive]. 
1 13 
he = Hep ee 
coshz = 7 = = coshx 5/13 
tanha = sme = sinhx=tanhzcoshea => sinhx= a : = = =. 
1 1 5 
ha he 
= She oe a 
1 1 3 
25. sech x = ——— he=ss=. 
secha = = secht 5B 5 
cosh? ¢ —sinh?2=1 = sinh? x =cosh?2—1= (8) 1=+ sinha = 4 [because x > OJ. 
1 1 3 
gees ea hgeseeer 
escha = — = sch t 7374 
sinh « 4/3 4 
tanha = => tanhe = = — 
ae coshx Pre 5/3 5 
1 1 i) 
the = > tha = —- == 
one tanh ae ee 4/5 4 
26. (a) *t i ey 
A ee, y=l 
1+ See ete eee a | 
+ + > ee ee en 
0 1 x 0 12 * 0 1 x 
= ae = ee | 
y =esch x= sinh x y= sech x= 1 — y= coth x= tanh x 


eA —2x i —22 1 
27. (a) lim tanha = lim ae rit eee Pe ag 
£00 zoo EF +eE7-F ET x—oo | + ene 1+0 
b) i Eee Ti Ce Her i e*—-1 0-1 _ 1 
(b) Seu a a ae fe-* er Ree: Se Ss 
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29. 


30. 


31. 
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(c) lim sinha = lim St 55 
(d) lim sinha= lim — = —oo 
(e) lim secha = lim — =0 
wZ— 00 aw—co eX + et 
Le —2z —2n 
(ir im een yr ee ee Geena ad 
wZ— 00 xz—oo EF —e-X ez too | — e7 2a 1-0 
cosha 


(g) lim, cotha = lim = oo, since sinh x — 0 through positive values and cosha — 1. 
x2—0 


«2—o+ sinh x 


cosh x 


(h) lim cotha = lim = —oo, since sinh x — 0 through negative values and cosh x — 1. 
2-07 


z—0- sinhx 


Gi) lim cscha= lim z =0 
~2——0o x£—+—oo EF — et 
£ ._-r _ p72 3 
(i) 1 sinh x lim e Ge Le ee l-e 1-0 _ 1 
LoCo @wL—0o eC: LZ 0O 2 
d d I: xL —x 1 x —2x < 
(a) Gz (cosha) = = [le +e~*)|] = $(e” —e"*) =sinha 
d d /sinhz coshz coshz — sinhz sinhz cosh? x — sinh? x 1 
— (tanhz) = = = = = sech” 
(b) dx Manbe) dx (=) cosh? x cosh? a cosh 
d 1 cosh x 1 cosh x 
Oe cSchie) ae 5) ee ; = —cgschz coth 
(c) och) dx (sa) sinh? x sinhz sinhz Se ert 
d d 1 sinh x 1 sinh x 
d) — ha) = : = —sechz tanh 
(d) dx peche) dx (siz) cosh? x coshx coshz geo nae 
d {coshz sinhz sinh x — coshz coshx sinh? x — cosh? x 1 
— (cotha) = = = =- = — sch? 
) dx Keo) dx (=) sinh? x sinh? x sinh? x ne 


Let y = sinh! x. Then sinh y = « and, by Example l(a), cosh? y — sinh? y= 1 = [with coshy > 0] 
cosh y =\/1+ sinh? y = V1 + 2?. So by Exercise 13, e” = sinhy + coshy =x2+VJV1+a2 => 
y= In(a + v1 + £7). 


Let y = cosh~! #. Then coshy = x and y > 0, so sinh y = \/cosh” y — 1 = Vx? — 1. So, by Exercise 13, 
e’ =coshy+sinhy=a+vVa?-1 > y= In(a + Vu“? — 1). 


Another method: Write x = coshy = 


3 (e¥ e) and solve a quadratic, as in Example 3. 


sinhy  (e¥—e¥)/2 e% e'%—1 
coshy (e¥+e-¥)/2 eY e%4+1 


(a) Let y = tanh”! x. Then x = tanh y => re¥+an=e%—-1 


l+2=e%—ge® => 1t+a=e%(1—2) va itt > 2y = n( +2) 
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(b) Let y = tanh~! x. Then x = tanh y, so from Exercise 22 we have 


1l+tanhy 1+2 1l+z2 a 1l+z2 
2y a 2y =1 ==! : 
: 1l—tanhy 1-2 2 n(7*=) pS n( +=) 
32. (a) (i) y=ecsch ta & cschy=a (440) y 


(ii) We sketch the graph of csch™* by reflecting the graph of csch (see Exercise 26) 


about the line y = x. 


a = 2 _ 0 
(iii) Let y = csch~! x. Then 2 = csch y = ———— te’ —xe %=2 
ey —e yu 
livVa2?2+1 
x(e¥)? — 2e¥ -2 =0 gen ET: Burs 0, so for x > 0, 
x 
1+V2? 1-— Vx? 1 2 
ec = enn eae and for x < 0, e% = cea AL Thus, esch7 x = in( + Ewa *). 
(b) (Gi) y=sech"'x © sechy=-axandy>0. y 
(ii) We sketch the graph of sech~* by reflecting the graph of sech (see Exercise 26) 2 
about the line y = «x. 
1 
2 
iii) Let y = sech”* = sechy = Nabe YS 
(iii) Let y = sec! &, 80% = sechy = — oy xe’ + xe ’ 
0 1 «x 
ltvV1—-2? 
a (e¥)? — 2e% +4 =0 e! “. Buty >0 => &>1. 
x 
; : , 1—vV1— «x? 
This rules out the minus sign because aes l-Vl-2>a¢ 6 1l-a>V1l-2 © 
x 
1-2¢4+27>1-2? e>e 3S x > 1, but x = sechy < 1. 


Thus, e” = 


1+vV1-— 2? 
x 


5 
> sechtn = n( +="), 
x 


(c) ) y=coth'x & cothy=az 


(ii) We sketch the graph of coth™' by reflecting the graph of coth (see Exercise 26) 
about the line y = zx. 
ey +e ¥ 


eas = asi: — mo 
(iii) Let y= coth” x. Thenx = cothy = ae 


ov _2t1 


se¥—re Y=e™%+e 4% => (4—-l)e® =(x+4+1)e 4 i 
a 


at+l1 


2y = In => cothte==In 


33. (a) Let y = cosh~' a. Then coshy = andy >0O = sinhy u =1 Ss 


dy 1 


1 1 
dx sinhy — \/eosh?y—1 Va? —1 


[since sinh y > 0 for y > 0]. Or: Use Formula 4. 


ve dy dy 1 1 1 
b) Let y= tanh! xz. Thentanhy =x = sech? 1 = : 
Ee af Y de dx sech?y 1—tanh?y 1-2? 


Or: Use Formula 5. 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


45. 
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dy 


(c) Let y = coth7' x. Then cothy =a = —csch?y ae 1 ay d : i 
L 


dx csch?y 7 l—coth?y 1-22 


by Exercise 17. 


(a) Let y = sech~! a. Then sechy =x => —sechy tanhy 4 =1 Ss 
x 


dy 1 1 es 1 
dx sechy tanh y sech y \/1 — sech?y xV1— x 


. [Note that y > 0 and so tanhy > 0.] 


dy 
dx cschy cothy 


(b) Let y = csch~! x. Thencschy =a = —cschy cothy ed = . By Exercise 17, 
xv 


cothy = +/csch? y +1 = 4/2? +1. If x > 0, then cothy > 0,so cothy = Vx? +1. Ifx < 0, then cothy < 0, 


. dy 1 1 
thy = —Va? +1. In eith h = . 
so coth y Vx? + 1. In either case we have Ae ey al var ei 


f(x) =cosh3a2 =>  f'(x) =sinh(3z) - < (3a) = sinh(3x) - 3 = 3sinh3a 


PR 


f(z) =e" cosha = f'(x) =e” sinhx + (coshx)e” = e”(sinhx + cosh), or, using Exercise 13, e?(e”) = e?”. 


h(x) = sinh(a?) =  h’(a) = cosh(a”) < (a?) = 2a cosh(x”) 


g(a) = sinh? x = (sinhx)? => g'(x) = 2(sinh nit (sinh x) = 2sinh x cosh, or, using Exercise 19, sinh 2a. 


d 1 7 1 1 1 1/?@+1\ P41 
ke U _ oe See Int Int =. = 
G(t) =sinh(Int) => G'(t) = cosh(Int) Ti Int 5 (c +e ) (;) on (« *) BE ( 7 ) a2 


é a 1 Int —Int 1 1 , 1 j 1 +l 
Or: G(t) = sinh(In ¢) 5 (€ e€ y= 5 t F G'(t) 5 14 p 542 
F(t) =In(sinht) => F’(t)= ott sinht = : cosht = cotht 

7 sinht dt sinht 


f(z) =tanh /x# => f'(*a)= sech? Jax Jt = sech? Vx (<5) = ena 


H(v) = e™??” => (v) = etnh?”. < tanh 2v = e'"?” . sech?(2v) - 2 = 2e°?>?” sech?(2v) 
0) 


PR 
y=sechatanha = y' =secha-sech?2 + tanh «-(—sech2 tanh) = sech*x — sechx tanh?x 


. y=sech(tanhr) = y’ =—sech(tanhz) tanh(tanh2z) - = (tanh x) = — sech(tanh x) tanh(tanh x) - sech?x 
x 


g(t) = tcoth Vt? +1 Es 


2 
g(t) = t[- esch? ft? +1 Ge Be Uae cae 2t) + (coth V#? +1)(1) = coth ¥#? +1—- a esch? #2 +1 
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. g(x) =tanh7'(23) => g'(x) = 


CHAPTER 3 DIFFERENTIATION RULES 


1+sinht ar 
DS —— 
I(t) 1 —sinht 
; 1 —sinht) cosht — (1+ sinht)(— cosht cosht — sinht cosht + cosht + sinht cosht 
f= = 
(1 — sinh t)? (1 — sinht)? 
_ 2cosht 
~ (1 —sinht)? 
1 d 2 
x) =sinh"'(-22) => f'(x) = .— (-22) = — 
f(w) (2) > '@-aaae a)" 
d 3a” 


. y=cosh*(sec#) => 


: : debby : SecO tend —— aeeeo tad [sinceO <0 < 7/2] =secé 


me a/sec?2 6 — 1 ‘ dé tan? 6 tan@ 


y =sech~*(sin@) => 


: : au (sin@) = — : cos 0 
sind \/1—sin29 40 sin 0 Vcos? 0 
1 1 
= —-—— -cos@ [si 6 2] = = 6 
sap oe [since0 < 0 < 1/2] ang csc 


G(u) =cosh7' VI +u2 => 


G' (uw) =§ ——— _. £ (VIF®) = 


(Jitu?) —1 du 


1 2u U 
(14+u?)-1 2Witw = Vu-J/I+u2 
U il 


= —— [sinceu>0] = 


uV1+u? 1+u? 


y = xtanh 'c+mnV1— 2? = xtanh' 2 + 3 In(1 — 2”) 


x 1 
1- 


y =tanh-ta¢+ 
y = «sinh *(a/3)- /9+a2 => 


font APE 1/3 2x cede gE x x Ls rae 
y =sinh 3) aa oe sinh Gta Tene sinh (3) 


1+tanhz 1+(sinhz)/coshz — cosha+sinhz e ; 2 
= eas = E 13 and 14] = c?* 
1l—tanhe 1-(sinhz)/cosha  coshx—sinhx e-* pe erases ts and TAI sie. 82 


1+tanhz 4 d 1+tanhz d 1 
4 _ Afar _ p«/2 Th 4 = v/2\ __ ax /2 
1—tanhz . oe de W Testes de oo) aa 


é arctan(tanh x) = ! d (tanh) = sech” t 1/ cosh? x 
dx 1+ (tanhz)? dx ~ {+tanh?x2 1+ (sinh? x) / cosh? x 


= 1 1 
a ee Raced oe 
cosh? a+sinh?2  cosh2z [by Exercise 20] = sech 2a, 
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56. (a) Let a = 0.03291765. A graph of the central curve, _ 


y = f(a) = 211.49 — 20.96 cosh az, is shown. 


(b) f(0) = 211.49 — 20.96 coshO = 211.49 — 20.96(1) = 190.53 m. 


(c) y = 100 100 = 211.49 — 20.96 coshax => 
100 ; ; ; 100 
111.49 
20. hax = 111.4 har = —— 
0.96 coshax 9 => coshax 20.96 
; ik : 
ax = +cosh™! ae t=te cosh? sae - £71.56 m. The points are approximately (71.56, 100). 


(d) f(x) = 211.49 — 20.96 coshaz => f'(x) = —20.96sinhaz - a. 


ye (42 cosh! sa = —20.96a sinh| (42 cosh7! se) = —20.96a sinh( cosh~+ a 


So the slope at (71.56, 100) is about —3.6 and the slope at (— 71.56, 100) is about 3.6. 


2 
oo 
a 


Qa nd 2nd 
57. As the depth d of the water gets large, the fraction —— gets large, and from Figure 5 or Exercise 27(a), tanh ( = ) 


approaches 1. Thus, v = (=) [gh gh /gL 
On Qn” 


58. 20 a=1234 For y = acosh(x/a) with a > 0, we have the y-intercept equal to a. 


As a increases, the graph flattens. 


Xsk7 
-10 ; 10 


59. (a) y = 20cosh(x/20)—-15 => y’ = 20sinh(2/20) - 35 = sinh(«/20). Since the right pole is positioned at x = 7, 
we have y'(7) = sinh  ~ 0.3572. 


(b) If a is the angle between the tangent line and the x-axis, then tana = slope of the line = sinh +4, so 


20° 


a=tan! (sinh 5) = 0.343 rad = 19.66°. Thus, the angle between the line and the pole is 6 = 90° — a = 70.34°. 


T 
60. We differentiate the function twice, then substitute into the differential equation: y = — cosh a 
pg 


2 
dy = £ sinh ("2") Be = sink PSs ay = cosh (P2*) £2 ee 


g pgx 
= ae 7 7 T cosh —— T . We evaluate the two sides 


oe 


dy _ pg pgt pg dy Y _ pg 2pg% _ pg pgx 
separately: LHS dn a cosh a and RHS = Tr 1+ Pee ea 1+ sinh a 7 cosh tT? 


by the identity proved in Example 1 (a). 


pge 
Ga 


61. (a) From Exercise 60, the shape of the cable is given by y = f(x) = = cosh( }; The shape is symmetric about the 


‘ ere T 
y-axis, so the lowest point is (0, f(0)) = (0. =) and the poles are at x = +100. We want to find T’ when the lowest 
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65. 


66. 
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kg-m 
62 


, or 1176 N (newtons). 


point is 60 m, so = 60 T = 60pg = (60 m)(2 kg/m)(9.8 m/s”) = 1176 


The height of each pole is f(100) = se cosh ( 227°") = 60 cosh ( = 164.50 m. 
pg 


(b) If the tension is doubled from T' to 27, then the low point is doubled since ze =60 => ae = 120. The height of the 
pg pg 


poles is now f(100) = ae cosh (4; ~~) = 120 cosh (355) = 164.13 m, just a slight decrease. 
Pg 


2T 
; a mg gk \ [mg ,. gk \ _ /mg as t — 00, _ [mg 
(a) jim o(t) = Jim 7 eann(t z) — FE tm enn zB) — Se . =~, =A 
; .: /60(9.8) 
(b) Belly-to-earth: g = 9.8, k = 0.515, m = 60, so the terminal velocity is 0.515 = 33.79 m/s. 
: .. /60(9.8) 
Feet-first: g = 9.8, k = 0.067, m = 60, so the terminal velocity is 0.067 = 93.68 m/s. 
(a) y = Asinhmxz+ Bcoshmx => y' =mAcoshmx+mBsinhmz > 
y” =m? Asinh maz + m?Bcoshma = m?(Asinhma + Bcoshma) = my 


(b) From part (a), a solution of y” = 9y is y(x) = Asinh3x + Bcosh 3x. Now —4 = y(0) = Asinh0O + Bcosh0 = B, so 


B= —4. Also, y'(x) = 3Acosh 3x — 12sinh3z, so 6 = y'(0) = 3A A = 2. Thus, y = 2sinh 3x — 4cosh 3. 
. cosh x = cosh[In(sec @ + tan @)] = z fener Gribeaty,): sige valeee Cartas | =i sec + tan @ + eee 
2 2 sec @ + tan0 
_1 spuebaatact sec — tan0 cal Sis Daneel sec 0 — tan0 
1D (sec 0 + tan 0)(sec @ — tan 0) 2 sec? 9 — tan? 0 
= 4(secO + tan + sec 6 — tan@) = sec 
The tangent to y = cosh has slope 1 when y’ = sinha = 1 x =sinh-'1= In(1 + v2), by Equation 3. 


Since sinh x = land y = cosha = VY1+ sinh? az, we have cosh x = V2. The point is (In(1 + V2) : V2). 


fn(x) = tanh(nsin «), where n is a positive integer. Note that f,(x + 27) = fn(«); that is, f, is periodic with period 27. 
Also, from Figure 3, —1 < tanhz < 1, so we can choose a viewing rectangle of [0, 27] x [—1, 1]. From the graph, we see 


that f(a) becomes more rectangular looking as n increases. As n becomes 1 


large, the graph of f;, approaches the graph of y = 1 on the intervals 


(2kr, (2k + 1)7) and y = —1 on the intervals ((2k — 1), 2k7). 


If ae” + be~*” =acosh(x+ 6) [orasinh(«+)], then 


ae” + be” = g (ert? + err) = $ (ere? a e*e) = ($e")e* oe (geP)e™*. Comparing coefficients of e® 


and e ”, we have a = a8 (1) and b= tfeF (2). We need to find a and 3. Dividing equation (1) by equation (2) 
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givesus¢=+e7° = (x) 28=In(+¢) 8 = 4 In(+$). Solving equations (1) and (2) for e gives us 
2 2 

PF = e and e? =+ ee , SO e + a a? = +4ab a=2Vtab. 
a 2b Qa 2b 


(x) If ¢ > 0, we use the + sign and obtain a cosh function, whereas if ¢ < 0, we use the — sign and obtain a sinh 


function. 


In summary, if a and b have the same sign, we have ae* + be~* = 2 Vab cosh(x + 4 In ¢) , whereas, if a and b have the 


opposite sign, then ae” + be~” = 2 ./—ab sinh(« + s In(—$)). 


Review 


. True. 


. False. 


True. 


True. 


. False. 


. False. 


. False. 


. False. 


True. 


False. 


True. 


True. 


TRUE-FALSE QUIZ 


This is the Sum Rule. 


See the warning before the Product Rule. 


This is the Chain Rule. 

a aes ie ae x)|~1/? f’ _ fe 
VIG) = Zell? = sU@I? I@) = ee 
< (Jr) = f'(V@)- dg? = FV) which is not ro. 


y = e” is aconstant, so y’ = 0, not 2e. 


d 
ais (10”) = 10” In 10, which is not equal to x10"~*. 


d “ ay te d E 
In 10 is a constant, so its derivative, ae (In 10), is 0, not 
x 


a 
10° 


d d 
aa (tan?x) = 2 tana sec?«, and oe (sec?) = 2 seca (seca tanx) = 2 tanxsec”z. 
xv x 


ee Ci puget d 2 
Or: cr (sec*x) = rs (1+ tan*x) = ae (tan*2). 


f(z) = |x? +2| = 2? +2 forex > Oorx < —Land |a? + 2| = —(2? +z) for-l <2 <0. 
So f(x) = 2x +1 forx > Oorax < —Land f’(x) = —(22 +1) for-1 < x < 0. But |22 4 1] = 27+1 


for x > —4 and |2x + 1| = —2x — 1 forx < —3. 


If p(x) = ana” + Qn—10" 1 +--+ +a1x + ao, then p'(x) = nNanw” ) + (n — 1)an—12"~? +---+a1, 


which is a polynomial. 


f(x) = («® — «*)° is a polynomial of degree 30, so its 31st derivative, f°") (x), is 0. 
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13. True. If r(x) = p(x) then r’ (x) = aoya ke) =e) ao) 


q(a)’ [a(a)]? 


, which is a quotient of polynomials, that is, a rational 


function. 


14. False. _A tangent line to the parabola y = x” has slope dy/dax = 2x, so at (—2, 4) the slope of the tangent is 2(—2) = —4 
and an equation of the tangent line is y — 4 = —4(a + 2). [The given equation, y — 4 = 2a(x + 2), is not even 


linear! | 


15. True. g(z)=2° => g'(x)=52* = g’(2) =5(2)* = 80, and by the definition of the derivative, 


EXERCISES 


1.y=(a?+a%)* Ss yl =4(a? +2°)8 (Qe + 3a?) = 4(2?)3(1 + 2)3.(2 + 82) = 4a" (ax + 1)3 (Bar + 2) 


ail 1 1/2 ..-3/5 1 1 372, 3-875 3 1 1 sys 1/10 
2. y ar ae x > yon-5t + ge or cages Dede or 75% (—5a + 6) 
or —a2+2 3 1 3 1 1 

3 gp ee EE a 8/2 ge a tye be Pie RR T8s 33/2 8 Shes SE 

y ar x xl’ + Qs oY aGe at x ave te a 
si he tan x , _ (L+coszx)sec*x—tanz(—sinz) _ (1+cosx)sec?x + tanzsinz 
"YT cosz y (1+ cos x)? (1+ cosx)? 
5. y= 2’ sinaa y' = «*(cosrax)n + (sina) (2x) = «(na costa + 2sin 72) 
6. y=acos *& y’ o( u ) + (cos~' #)(1) = cos! & — a 

V1— 2? V1— x? 

gi t*—-1 a As (t44+1)4e2-—(t4-1)40 — 4e8((t* +1)-(¢4-1)] 888? 
oS a1 ai (t4 +1)? + (t4 + 1)? ~ (#441)? 


d ae . : 
8. ay te) = Glysin®) => sely’+e%-l=ycosrt+sing-y => wety’—sinx-y’ =ycosr—e’ => 
x x 


y 
. cosx — € 
(xe¥ — sinzx)y’ = ycosx — e¥ aS 


xeY — sina 


_ 1i+Ing 
~ glna 


82 roe: | 1 
y= — 1 = -—-4+Ing-1 
9 y=In(alInz) > y aa nx) red Ges + Ing 


Another method: y = \n(x Inv) = Inz + InIngx y = : Bey oe eed 


x Ing « elnx 


0.y=e™”cosnz => 


/ 


y’ =e™*(cosnax)’ + cos na (e™”)’ = e”* (—sinnx-n) + cosnz (e™ -m) = e™*(mcosnz — nsinnz) 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 
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y = VecosVx => 
y= Va (cos Vz) + cos Vz (vz) = Va [-sin Vz (32°?) | + cos Vx (307 ¥/?) 


— dao 1/? (-vz sin Vz + cos Vz ) = 


cos Va — Vx sin Vx 
2Vx 


1 _ 4arcsin 2x 


y = (arcesin22)?> > y’ = 2(arcsin 22) - (arcsin 2x)’ = 2 arcsin 22 - : 


1 — (2x)? V1 — 4a? 


‘ el/t y/ a(el/*)! — el/# (a?)’ _ x? (el/*)(—1/27) — e!/* (22) = —el/*(1 + 22) 
re (x2)? 4 74 
y=Insecr > y= : — (secxz) = : (seca tanx) = tanx 
secx dx sec x 


d d ‘ 
a, y + cosy) = = (xy) => y+a(-siny-y')+cosy-l=2?y +y-2¢ > 


y —asiny-y! — xy’ = 2xy — cosy (1—asiny — 2”)y’ = 2xy — cosy y 


, 2xy — cosy 


1—asiny — x? 


y= 
cen sar teed, eng etl Ge ae 0) = (SD) Ge 1) 
¥ wtutl/) du \uwt+utl1 u2+tut1l (u2 +u+1)? 

— Au-1? wW+ut+1-2u?+utl1 — 4(u—1)%(-u? + 2u 4 2) 

~ (w+u+1)38 (u? + u + 1)? 7 (u? +u+1)® 
y=vVarctantr > y= 4 (arctan)? a (arctan x) = a 

2 dx 2/arctan x (1+ x?) 
q 2 d 2 2 

y=cot(cscr) => y' =-—csc*(cscx) ae (csc x) = — csc“ (esc x) - (— csc x cot x) = csc“ (csc x) csca cot x 


t 
y= tan( 45) 


y= 


sec? (_t d t re ae (1+?7)(1)-7¢(2t) =1-# sec ( 
14+?) dt \14+?? 1+? (1+ t?)? (1+ t?)2 1+?? 


d 
y = er see” y’ =e" 8°" —_ (xseca) = e* *°°*(xsecax tanxg +secxr- 1) =secxe**°*(xtanz +1) 


yosre S y/ =3*""*(n3) © (winx) = 3*"**(n3) (2: E+ime-1) =3°™*(n3)(1 + Ina) 
x x 


y=sec(i1+a?) => y' = 2axsec(1 +27) tan(1 +27) 


y=(-a')t = 


/ 


i 


-1(1—a7)-?[-(-12-?)] = —(1 = 1a)? = —((@ = 1)/x)2a? = -(@ — 1)? 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


35. 
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=(etve)"" = y=-Hervey “(14 ) 


1 
y = -— 
a+ fe 
sin(zy) = 2? -y => cos(zy)(xy’ ty-1)=2x-—y' => axcos(ry)y’ +y' = 2a —ycos(ay) > 


Jeon) +11 2¢—veaday) oe y = B= 


y= Vile = o/=i(sne)“"(cowve) (stg) = 


var xsinvx 
1 d 2 
=1 142 v= 14 22) = ———__—_—_ 
y= logs (t+ 22) v= Gaon ne ao”) = Gon) ae 
=(cosz)” => Iny =In(cosx)” = «lncosx y' =x : (—sinz)+Incosx-1 => 
= — 7 y cos £ 


y’ = (cosx)*(Incosx — xtanz) 


y = Insing — 4 sin? x > y= - cos x — 4 -2sinx-cosx = cotx — sing cosz 
sin x 
_ (x? ae 1)* 
4 Qr4+ 13a — 12 
(a? + 1)* 2 4 2 
Iny =In = In(x? + 1)* — In[(2ax + 1)3(3a — 1)?] = 4In(2? + 1) — [In(2e + 1)? + In(3a2 — 1)°] 


(2a + 1)3(3a — 1)5 
= 4In(x? + 1) — 3ln(2a +1) —5In(32—-1) => 


y! 1 1 1 ; (x? +1)4 8a 6 15 

=4. 22 < 2 : : = 

y Pal owl ae ae Y* Q2+18Gr—1°\22+1 2+1 3e—-1 

(a? + 56x + 9)(a? +1)% 
(2a + 1)4(3a — 1)6 


, but this is unnecessary. | 


[The answer could be simplified to y’ 


1 4x 
= -1 he -1 ~ -1 
y =xtan (4x) yaeT (aap -4+tan"(4r)-1= i> 162 + tan“ (42) 
y=" 4+ cos(e”) => y’ = e°%*(—sinz) + [—sin(e”)-e”] = —sinxe®*” — e* sin(e”) 
y = In|sec5a+tan5z| => 


1 5 sec 5x (tan 5a + sec 5x) 
‘= —————_(sec 5a tan 5a - 5 2b See = Gate 
: sec 5x + tan 5x RBeg De Hannan Beh Bee? St) sec 5x + tan 5x ieee 
~y= 10%" = y’ = 10". 1n10-sec? 76+ m = 7(In10)10°"” sec? 70 


y =cot(3a7 +5) => y! =—csc?(3a? + 5)(6x) = —6x csc?(3x? + 5) 
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36. y= /tln(t*4) = 


tod 4-1/2 4 3 1 4 De rss 1 Fi In(t*) +4 
= —[tln(t — |tln(¢*)| = —————— .- ]1 - In(t") + t - 40°) = - (In(t*) + 4] = ——=—— 
au mM a) dt | OO] 2 ./t In(t4) e i“ 2 ./tIn(t4) He) 2 ./t In(t4) 
Or: Since y is only defined for t > 0, we can write y = Vt-4Int = 2VtlInt. Then 
1 1 Int+1 : : : 
‘=2.—.. (1-me+e- 3) = . This agrees with our first answer since 
yu 2VtInt t VtInt 
In(t*)+4  4Int+4 — 4(nt+1)_ Int+1 
2,/tin(t4) 2Vt-4Int 2-2Vtmt Vent 
37. y = sin(tan V1 + 2?) => y’ =cos(tan V1 + 2 ) (sec? V1 + a? ) [327 /(2 V1 + 23) | 
38. y=asec x2 => (SSSA ee) 1S ee 
tux? —1 z2—1 
= 1 = 1 d(1\_ 5 1 5 
39. y = Sarctan — y =d- 7 a (Z) T ( =) Pol 
1+ x) ee 
x 
40. y=sin '(cos0) => 
= a (cos 0) = : (—sin 0) = — ein? 
“ V1 —cos?@ dé V1 — cos? V1 — cos?0 
ind 
= [sin?@ + cos?@ = 1 sin 6 = V1 — cos?6 for0 <0 < 7] 
=-l1 
M1. y = vtan™' x — $In(1+ 2”) 
1 = 1 2x x 4 x “4 
y =a. +t (tan 1-5 (p25) = ea tte Oe gee ton x 
1 1 1 2x 
42. y=1 inv?) => y = ———.— SE ee ee 
pre) arcsinaz? dx Seas arcsin x? 1 — (2)? se (arcsin 22)/1 — «4 
43. y = tan?(sin@) = [tan(sin0)]?_ => yy’ = 2{tan(sin@)] - sec?(sin @) - cos0 
M4. ytiny=ay? => y'+(l/y)y =2-Qyy+y?-1 > yf +(l/y)y-2yy =y = 
2 3 
1+(1 2ay] y’ = y? = y eS y 
[1+ (1/y) yy =y USS ajay 9 = RP 
JVe+1(2—2)° 7 y’ 1 —5 7 
4. y= 1 51 + 1)+5ln(2 1 = 
,_ Vx+i(2—2)° a re or y/ = 2a a) Be? — Se — 52) 
(a +3)” Ae+1) 2-xe «2w4+3 2/xz+1(x+4+3)8 
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54, 
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a2 (2 + )4 as (a* + A*)(4)(a +r)9 — (@ +r) 40") _ 4(@ +.A)° (4 — Az’) 
xt + \4 (a4 + 4)? (a4 + A*)? 
y=asinh(2?) => y' = acosh(x?) - 2 +sinh(a) - 1 = 22? cosh(x?) + sinh(«”) 


sin mx as oe Z-cosmx:-m—sinmaz:-1 mxcosmaxz— sinmaz 
y= an an nT a 
x (x)? x? 


.y=In(cosh3z) = y’ = (1/cosh3z)(sinh3z)(3) = 3 tanh3z 


x? —4 Qu 2 2(@ + 1)(a + 4) 
=1 = In|x? — 4| —In|2 ‘ 
. nfs ai ep Sd eter YS 3-4) Qet5” (a@+2)(e—-2DQr+5) 
1 h 
y = cosh”! (sinh 2) y = esha ee OO 
(sinh x)? — 1 sinh? x — 1 
1 1 Va 


= tanh! /z + —~—— 


y=ctanh Vc => y! =tanh71V2 + « ———_, 
1 (vay 2v X12) 


y= cos(eV™"™ ) > 


= —sin (tan 3x)~1/? - sec?(3ar) - 3 


NI 


ie —sin(ev™"™ ) . (ante). (oor) oVian se 


—3 sin(¢ Mitan Se ) e¥ 182 32 sec? (3x) 


2V/tan 3x 


2 
y = sin? (cos Vsin 7x ) = [sin (cos Vsin 7x )I > 


/ / 
y =2 [sin (cos Vsin 72x ) [sin (cos Vsin 7x ) = 2sin (cos Vsin 7x ) cos (cos Vsin 7x ) (cos Vsin 7x ) 


/ 
2sin (cos Vsin 7x ) cos (cos vVsin ma) (- sin Vsin mz) (v sin ma) 
—2sin (cos Vsin 1x ) cos (cos Vsin 1x ) sin /sin7a - $(sin 72) —1/2 (sin ra)! 


— sin (cos Vsin 7x ) cos (cos Vsin 7x ) sin Vsin 7x 
7 Ysin7x 
—7sin (cos Ysin7x ) cos (cos VYsin 7x ) sin /sin 7x cos7x 
Ysin7x 


* COST XL: 71 


f®)=/#F1 = f(t) =44t+I 1? 4524+)? = 


f(t) = 2(-4) (t+ 1-8? 4 = —4/(4t + 1)9, 50 f"(2) = 4/99? = — 


g(9) =@Osind = g'(0)=OcosO6+sind-1 = g’ (6) =6(—sin6) +cosé-1+cosé = 2cosd — Osind, 


so 9! (7/6) = 2cos(m/6) — (7/6) sin(/6) = 2(/3/2) — (1 /6)(1/2) = V3 — 1/12. 
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58. 
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60. 


61. 


62. 


63. 


64. 


65. 


CHAPTER 3 REVIEW 


7 +y° =] ey 6x? + 6y°y' =0 y! _ x/y? 


» _yP(5a4) — 2 (5yty’) —— Barty* [y — a(—2°/y?)] 5a‘ [(yS+2°)/y*] Sar 
y (BY yy AT 


f(v)=(2-a)' > fi(@)=Q2-2)? = f"(e)=22-2)% = f(a) =2-32-2)* 


We first show it is true forn = 1: f(x)=ae” =>  f’(x) = xe” + e® = (x + 1)e”. We now assume it is true 
forn =k: f(x) = (a + k)e®. With this assumption, we must show it is true for n = k + 1: 


fOD(x) = [p(a)] = S(t re] = (w+ He® +e" = [w+ 8) tle” = [e+ K+ le”. 


Therefore, f‘”) (x) = (a + n)e* by mathematical induction. 


3 372508) 3 
#0 tan?(2t) #0 sin?(2t) t—0 git (2t) t—0 alii sin(2t) 8-18 8 
(28)8 io Ot 
y=4sin?x = y' =4-2sinrcosx. At (3 ; 1), y =8:- 4 . v3 = 24/3, so an equation of the tangent line 
isy-1=2V3(a—- £),ory =2V38a4+1-7V3/3. 
2 2 2 
_ al ,_ (@ +1)Qx)—-(a° -1)(2r) 4 
ol y (x? + 1)? (x2 + 1)2° 


At (0,—1), y’ = 0, so an equation of the tangent line is y + 1 = O(a — 0), or y = —1. 


2cos x 
=J1+4smz => y' =3(14+4sinz)~\/?-4cose = ———. 
y 5 2( ) V1+4singz 
At (0,1), yf = = 2, son equation ofthe tangent ine is y 1 = 2(a — 0), ory = 2a + 1. 
e+4eyty=13 > @wtA4(ry’ +y-1)4+2yy’=0 > «4+2ry'+2y+yy'=-0 = 
2ey! + yy =—2—Qy => y'(Qa+y) =—a —2y y= 
Qe+y- 

At (2, 1) Fee cK cd so an equation of the tangent line is y — 1 = —4(x — 2), ory = —42 + 8. 

fae 441 5’ 5 ; Bu TS 


Nolo 


The slope of the normal line is 5, so an equation of the normal line is y — 1 = (ax —2),ory= Sa - 


y=(2+a2)e" => y' =(24+2)(-e*)+e*-l=e *[-(24+2) +1) =e *(-x—-1). 


At (0,2), y’ = 1(—1) = —1, so an equation of the tangent line is y — 2 = —1(x — 0), ory = —x +2. 


The slope of the normal line is 1, so an equation of the normal line is y — 2 = 1(a — 0), ory = a +2. 
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66. f(x) =a" > f(x) = a[e%™*(cosx)| + e™*(1) =e" (a cosa + 1). As a check on our work, we notice from the 
graphs that f’(x) > 0 when f is increasing. Also, we see in the larger viewing rectangle a certain similarity in the graphs of f 


and f’: the sizes of the oscillations of f and f’ are linked. 


5 40 
67 = J 67 
TT T | 
=3 =50 
67. (a) f(a) =aV5-a4 => 
1 = —2£ 2/d-2 —2 2(5 — x) 
“(x)= a|=(5 —2)7/7(-1)| + 8-2 = +VY5-—<2- = 
P(@) 3 ( ie ss 2/5—2 2/5—-a 2Wd—-xn 25—-=z 
_ -@+10—-22 10-32 
2J/5—-—2 2/5-—2 
(b) At (1,2): f’(1) = £. (c) 10 
‘ 
So an equation of the tangent line is y — 2 = 4(a@ — 1) ory = fa +4. Ns 
10 10 
At (4,4): f"(4) =—-2 =-1. 
So an equation of the tangent line is y — 4 = —1(a — 4) ory = —% +8. 
-10 
(d) The graphs look reasonable, since f’ is positive where f has tangents with 
positive slope, and f’ is negative where f has tangents with negative slope. 
68. (a) f(x) =4a—tane = f'(r)=4-sec*a = f(x) = —2 seca (seca tana) = —2 sec*a tana. 
(b) 5 We can see that our answers are reasonable, since the graph of f’ is 0 where 
f has a horizontal tangent, and the graph of f’ is positive where f has 
x z tangents with positive slope and negative where f has tangents with 
negative slope. The same correspondence holds between the graphs of f’ 
” 
= and f”. 
69. y = sinx + cosx y’ =cosx—sinz =0 cost =sinxand0<a<2r © x = 7 or 52, so the points 


are (4, V2) and (#,-v2). 
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71. 


72. 


LS) 


73. 


74. 


75. 


76. 


77. 


78. 


CHAPTER 3 REVIEW 


e+2y?=1 > 2w+4yy’ =0 y’ =—a/(2y) =1 x = —2y. Since the points lie on the ellipse, 
2 2 2 44 F 2 41 2 1 
we have (—2y)° + 2y* =1 6y" = 1 y = +z. The points are ( 5 Js) and (=. Js). 
f(x) = (w— a)(a — 6)(@ — o) f'(@) = (a — b)(@ — ¢) + (a — a)(a — ©) + (x — a)(x — b) 
f(x) — (@—b)(a —c) + (w@— a)(a@ — c) + (a — a)(x — b) 1 1 1 
So a = + ~ 
f(x) (x — a)(x — b)(a — c) z-a x-b “£-c 
Or: f(x) = (a — a)(a — b)(x — c) In| f(x)| = In|x-—a|+Injxe—-b]|+nja-—cl => 
f(a) 1 1 1 
f(z) «-a 2 x—b . L-C 
(a) cos2x = cos?x — sin?x 2sin2¢ = —2cosxrsinx —2sinxcosx & sin2x = 2sinxcosz 


(b) sin( +a) =sinxcosa+cosxzsina = cos(# +a) =cosxcosa— sinzsina. 
(a) S(e) = f(z) +9(2) > Sa) =f") tga) > S)=f' +9) =341=4 


(b) P(x) = f(e)g(2) > P(e) = f(e)g'(e) + 9(e) fe) > 
P!(2) = f(2)9'(2) + 9(2)f'(2) = 14) +12) =442=6 


— £2), og — $OL@)- F@)9'@) 

ae), (o@)P a 
3) — (FC) = FG) 9g) _ 3(8)- 20) _ 9-2 _7 
a ae OE ine ears ne” 


aa) 7 [ee = 
hon . 92) f'(2) — F2)9'(2) _ (4-1) - (2) _ -6 3 
V2) = Ole =e ig 3s 
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79. f(x) =g(e") => fi(a) =g'(e*)e” 
80. f(x) =e f(a) =e g'(2) 
a. f(e)=Inlg(e)| = F@)= Tae) = 29 
82. f(z) =g(nz) > f'(z) =g'(Inz)-- = gn #) 
_ _f(x) 9(%) 
BM) = Faye) 
ee [f(x) + g(a) LF (x) g(x) + 9(@) f'(@)] = f(@) g(@) [f'(@) + 9'(@)] 
[f(x) + 9(@))? 
_ [F@)P g(x) + fle) g(x) fe) + F@) 9(@) o' (@) +9) f'(2) = F(@) 92) f'(@) = F(@) (2) 9'(@) 
[f(x) + g(a)? 
_ f'@)(g@)P +9' (2) [fF @)P 
[f(x) + 9(@)) 
ons) = [I + ney -L@9@)=f@)9'@) _ /@(e)- FO) g@) 
g(@) 2 VF (x)/9(2) o(@)]? 2[9(x))°/? / F(x) 
85. Using the Chain Rule repeatedly, h(a) = f(g(sin4x)) => 
h'(x) = f’(g(sin 42)) - é (g(sin 4x)) = f’(g(sin 4z)) - g'(sin 42) - £ (sin 4a) = f’(g(sin 4x))g’ (sin 4x) (cos 4x) (4). 
86. (a) 8 (b) The average rate of change is larger on [2, 3]. 
(c) The instantaneous rate of change (the slope of the tangent) is larger at x = 2. 
(d) f(z) =x-2sing => f'(x)=1—-2cosz, 
0 = 8 so f’(2) = 1— 2cos2 © 1.8323 and f’(5) = 1 — 2cos5 = 0.4327. 
2 So f’(2) > f’(5), as predicted in part (c). 
87. y = [In(x + 4)]? y’ = 2[ln(a + 4)}" « — - zis met andy’ = 0 In(x+4)=0 © 
r+4=e° e+4=1 x = —3, so the tangent is horizontal at the point (—3, 0). 
88. (a) The line x — 4y = 1 has slope t. A tangent to y = e* has slope + when y’ = e* + x =In + In4. 


Since y = e”, the y-coordinate is + and the point of tangency is (- In4, <)- Thus, an equation of the tangent line 


isy—+=4(@+In4) or y= dat F(n4 +1). 


d 
(b) The slope of the tangent at the point (a, e*) is a e = e°. Thus, an equation of the tangent line is 
xv 


za 


a 


y — e* = e*(x — a). We substitute x = 0, y = 0 into this equation, since we want the line to pass through the origin: 
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90. 
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92. 


93. 
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0-—e* =e*(0—-a) e* = e"(-a) a = 1. So an equation of the tangent line at the point (a, e*) = (1, e) 


isy—e=e(x—1) or y=en. 


y= f(a) =ar?+bea+e = f'(x) = 2ax +b. We know that f’(—1) = 6 and f’(5) = —2, so —2a + b = 6 and 


10a + b = —2. Subtracting the first equation from the second gives 12a =—-8 => a= —3. Substituting —3 for a in the 


first equation gives b = +. Now f(1) = 4 4=a+b+c,s0c=4+%— 4 =Oandhence, f(x) = —F27 + 2. 


(a) jim C(t) = jim [K(e~* —e~")] = K lim (e~** — e~) = K(0 — 0) = 0 because —at — —00 and —bt — —oo 


too 


ast > c@. 


(b) C(t) = K(e~*® —e7"™") => Cl (t) = K(e~™ (—a) — e7*(—b)) = K(—ae~™ + be~™) 


a eer ine = (b—a)t t= 


(c)C'(t)=0 & be aae"* & = 
a a b-a 


s(t) = Ae“ cos(wt +6) => 


v(t) = s'(t) = Afe~* [-w sin(wt + 5)] + cos(wt + 6)(—ce~“)} = —Ae~* [wsin(wt + 6) + ccos(wt + 6)] => 


a(t) = vu’ (t) = —Af{e~* [w? cos(wt + 6) — cw sin(wt + 6)] + [wsin(wt + 6) + ecos(wt + 5)|(—ce~“)} 


= —Ae~“|w? cos(wt + 5) — cwsin(wt + 6) — cewsin(wt + 4) — c? cos(wt + 6) 


= —Ae~“|(w? — c”) cos(wt + 6) — 2ew sin(wt + 6)] = Ae~*[(e? — w) cos(wt + 6) + 2cw sin(wt + 5)| 


@Qyt=VP+CH => v(t) =a! = [1/2VPF +E) 2c7t = c7t/ e+ct => 


; CVPR +A — At(Pt/VP+ et) b?c? 
210 = eee ee 


(b) u(t) > 0 for t > 0, so the particle always moves in the positive direction. 


(a) y=t® —12t+3 v(t) =y’ = 3t? — 12 a(t) = v'(t) = 6t 


(b) u(t) = 3(t? — 4) > 0 when t > 2, so it moves upward when t > 2 and downward when 0 < t < 2. 


(c) Distance upward = y(3) — y(2) = —6 — (—13) = 7, 


Distance downward = y(0) — y(2) = 3 — (—13) = 16. Total distance = 7 + 16 = 23. 


(d) 20 (e) The particle is speeding up when v and a have the same sign, that is, 
when ¢ > 2. The particle is slowing down when v and a have opposite 


signs; that is, when 0 <t < 2. 


(a) V = gmrh => dV/dh= amr [r constant] 


(b) V = anrrh => dV/dr= earh [h constant] 
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95. The linear density p is the rate of change of mass m with respect to length x. 


m=a(1+Vr) =2+2°/ > p = dm/dx = 1+ Vz, so the linear density when x = 4 is 1+ 3/4 = 4kg/m. 


96. (a) C(x) = 920 + 2a — 0.02? + 0.000072 = C'(x) = 2—0.04a + 0.000212? 


(b) C’(100) = 2— 4+ 2.1 = $0.10/unit. This value represents the rate at which costs are increasing as the hundredth unit is 


produced, and is the approximate cost of producing the 101st unit. 


(c) The cost of producing the 101st item is C(101) — C(100) = 990.10107 — 990 = $0.10107, slightly larger than C’(100). 


97. (a) y(t) = y(O)e™ = 200e** = y(0.5) = 200e°°* = 360 eo = 18 0.5k = In1.8 


k = 21n1.8 = In(1.8)? =1n3.24 > _ y(t) = 200e%"*?4)* — 200(3.24)* 
(b) y(4) = 200(3.24)* = 22,040 cells 
(c) y’(t) = 200(3.24)* - In 3.24, so y’(4) = 200(3.24)4 - In 3.24 & 25,910 cells per hour 
(d) 200(3.24)' = 10,000 = (3.24)'=50 => tln3.24=In50 => t=In50/1In3.24 = 3.33 hours 


98. (a) If y(t) is the mass remaining after ¢ years, then y(t) = y(O)e*’ = 100e™". y(5.24) = 100e°*** = 4-100 => 


ek => 5.24k = —In2 k=—,4;ln2 y(t) = 100e VP * — 100. 2-77". Thus, 
y(20) = 100 - 2-70/5-?4 ~ 7.1 mg. 
if t 1 In 100 
100 - 27-*/5-24 = 4 g-t/5.24 In2=1 t= 5.24 ~ 34, 
eee st 100 gad 100 oes pr teense 


99. (a) C’(t) = —kC(t) = C(t) =C(0)e—™ by Theorem 3.8.2. But C(0) = Co, so C(t) = Coe™™. 


(b) C(30) = $Co since the concentration is reduced by half. Thus, $Co = Coe *°* In$ 30k 


k= - a In 3 = a In 2. Since 10% of the original concentration remains if 90% is eliminated, we want the value of t 


such that C(t) = 74Cp. Therefore, 7Cy = Coe *)/89 => =In0.1=—t(In2)/30 = t=—2$In0.1~ 100h. 


100. (a) If y = u— 20, u(0) = 80 y(0) = 80 — 20 = 60, and the initial-value problem is dy/dt = ky with y(0) = 60. 


So the solution is y(t) = 60e**. Now y(0.5) = 60e*°->) = 60 — 20 eas B=2ine = ls 


so y(t) = 60e"" 4/9" = 60(4)*. Thus, y(1) = 60(4)? = 82 = 262 °C and u(1) = 462 °C. 


t t ] 1 
(b) u(t) =40 => y(t) = 20. y(t) = 00( 5) = 20 (5) ae the =Ing t= 3 1.35h 
9 
or 81.3 min. 


101. If ¢ = edge length, thn V =a? = dV/dt=32?dx/dt=10 = da/dt =10/(3x?)andS=62? = 


dS/dt = (12x) dx/dt = 12a[10/(3x7)] = 40/2. When x = 30, dS/dt = 2 = $ cm? /min. 
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102. Given dV /dt = 2, find dh/dt when h = 5. V = anrrh and, from similar 


103. 


104. 


105. 


106. 


r 3 n (3h\? 3n 13 
triangles, n= 10 V 3 (3) h 100” , SO 
Bat dV OF h2 dh dh 200 200s 88 ae 
dt 100 dt dt 9Qnh? Of (5)? On 
when h = 5. 


Given dh/dt = 5 and da/dt = 15, find dz/dt. 2? =2? +h? => 


dz dx dh dz 1 
2z a 2x 7 + 2h 7 7 7 (Lda + 5h). When t = 3, 
h = 45 + 3(5) = 60 and # = 15(3) = 45 z= Vi? +60? = 75, 

dz 1 
s0 = 7p [15(45) + 5(60)] = 13 ft/s. 

2 ao 2 Yy 4 
We are given dz/dt = 30 ft/s. By similar triangles, Serer => 
4 dy = 4 dz 120 


= Z, SO = w 7.7 ft/s. 
@ V 241 dt V241 dt V 241 / 


We are given d6/dt = —0.25 rad/h. tan@ = 400/a => 


x=400cot? => ue = —400 csc? 6 ae When 0 = 4, 
dt dt 7 


a = —400(2)?(—0.25) = 400 ft/h. 


(a) f(x~)=JV25-2? => f'(x)= — = —2(25 — 2?)-1/?, 


V 25 — x? 


So the linear approximation to f(a) near 3 


is f(e) © f(8) + £'(3)(e— 3) =4— 3(@—3). 


(c) For the required accuracy, we want /25 — x? — 0.1 < 4— 3(a — 3) and 


4— 3(@—3) < V25 — x? + 0.1. From the graph, it appears that these both 


hold for 2.24 < x < 3.66. 


h 


CHAPTER 3 REVIEW 
r 
| 


Z 
x 


15 >| 


400 


\<——. x ———— 


107. (a) f(x) = 7/1432 = (14+32)'/% = f(x) = (14+ 32)~?/3, so the linearization of f at a = 0 is 


L(x) = f(0) + f'(0)(2 — 0) = 1173 417-782 =14 2. Thus, #1 +3ex21l+2¢ > 


V1.03 = 9/1 + 3(0.01) = 14 (0.01) = 1.01. 
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(b) The linear approximation is 7/1 + 3a ~ 1+ 2, so for the required accuracy > 


we want */1 + 32 —0.1<1+2 < ¥/1+3x+0.1. From the graph, 


it appears that this is true when —0.235 < x < 0.401. 


—0.4 la 0.5 


0.6 


108. y= 2° —227+1 = dy = (3x7 — 4x) dz. When x = 2and dx = 0.2, dy = [3(2)” — 4(2)] (0.2) = 0.8. 


109. Az=a?+4n(ix)? (1+ 2)2? dA = (2+ F)adz. When x = 60 (> 
and dx = 0.1, dA = (2+ 7)60(0.1) = 12 + %, so the maximum error is yes 


approximately 12 + 3a = 16.7 cm?. 


7 == 
(0 tie E al S17 = 17 
eHd 


h—0 h 


4 — 
dik Ane g | — 1,-3/4 


112. lim ose 05). Lene sin = v3 
: 07/3 0-7/3 7 dd 6=7/3 3 2 


. vY1l+tanz—VJ1l+sinz (/1+ tang — /1+sinz)(/1+tang+ /1+sinz) 
113. lim 3 = lim = 
z—0 x 20 x3 (V1 +tanx+JS/1+ sin z ) 


(l+tanx)—(1l+sinz) _,, sinz (1/cosx — 1) cos & 


m lim : 
x20 a3 (VI+ tanz +1 sin ¢ ) z—0 «3(/1+ tang + /1+sinz) cos © 
sin x (1 — cos2) 1+cosz 


20 x3 ( 1+tan¢z+vV1 Sinz) cosa 1+ cosa 


sin x - sin? 


= li 
20 23(/T + tang + /1+sinz ) cosa (1+ cos) 


. sing - : 1 
= ( lim in ——— 
zr30 ¢ z—0 (/I+ tang + V1 +sinz ) cosa (1+ cosa) 
: 1 1 


“CAE VTy eee, 4 


114. Differentiating the first given equation implicitly with respect to x and using the Chain Rule, we obtain f(g(z)) =x => 


f(g(z))g(z)=1 > g/(x)= . Using the second given equation to expand the denominator of this expression 


1 
f'(g()) 

. 1 F ' 1 
gives g(x) = —__~-_..,.. But the first given equation states that f(g(x)) = 2, so g'(x) = 14a?" 


1+ [f(g(w))] 
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115. < fenlee- Ss. fGen = f Cra sa Leth ae They Gy) = (ty Sat sof GS 22", 


: = _1/3 @ 
116. Let (b, c) be on the curve, that is, 2/3 + (2/3 — 2/3 Nowa??? 4+ y?8 =a? = 3a eee 2y t/e es 0, so 


dx 


dy y 178 Pee 1/3 ee 
—=-—,=- (2) , so at (b,c) the slope of the tangent line is —(c/b)*/” and an equation of the tangent line is 


dx l/3 
y —¢ = —(c/b)'3 (a — b) or y = —(c/b)*/3.a + (c + b?/%c!/8), Setting y = 0, we find that the x-intercept is 
b'/3¢2/3 4b = ot/3(c2/3 4 b7/3) = pt/3q?/3 and setting « = 0 we find that the y-intercept is 


c+ b?/8et/3 = cl/3(c7/3 4 62/3) = c!/3.a?/3, So the length of the tangent line between these two points is 


J (0/3 a2/3)2 + (cl/3 02/3)? = 1 [P2738 g478 £ C273 q473 = (6273 + (2/3) a4/3 
= Va?2/3q4/3 = Va? = a = constant 
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1. Let a be the x-coordinate of Q. Since the derivative of y = 1 — x? is y’ = —2z, the slope at Q is —2a. But since the triangle 


is equilateral, AO/ OC = V3 /1, so the slope at Q is —\/3. Therefore, we must have that —2a V3 a as 


2 
Thus, the point Q has coordinates ( aL ( ) ) ( +) and by symmetry, P has coordinates (- Ss 3). 


2 2°4 


2y=2°—3r4+4 y! = 3a? — 3, and y = 3(a? — x) y’ = 6x — 3. 
The slopes of the tangents of the two curves are equal when 3x2” — 3 = 6a — 3; 


that is, when x = 0 or 2. At x = 0, both tangents have slope —3, but the curves do 


not intersect. At x = 2, both tangents have slope 9 and the curves intersect at 


tangent line 


(2,6). So there is a common tangent line at (2,6), y = 9a — 12. 
y=x?—-3x+4 —20 


3. yA We must show that r (in the figure) is halfway between p and gq, that is, 
y=ax’+bxt+c 


r = (p+ q)/2. For the parabola y = aa” + ba + c, the slope of the tangent line is 
given by y’ = 2ax + b. An equation of the tangent line at x = p is 


y — (ap” + bp +c) = (2ap + b)(a — p). Solving for y gives us 


y = (2ap + b)a — 2ap* — bp + (ap? + bp + c) 


or y = (Qap + b)a +c—ap* (1) 


Similarly, an equation of the tangent line at x = q is 


y= (2aq+b)a+e—aq (2) 
We can eliminate y and solve for x by subtracting equation (1) from equation (2). 
[(2aq + b) — (2ap + b)|a — aq? + ap? = 0 
(2aq — 2ap)x = aq? — ap? 


2a(q — p)x = a(q? — p?) 


ea Uatp)(a—p) _pta 
2a(q — p) 2 


Thus, the x-coordinate of the point of intersection of the two tangent lines, namely r, is (p + q)/2. 


4. We could differentiate and then simplify or we can simplify and then differentiate. The latter seems to be the simpler method. 


sin? x cos?x sina sin x cos?x cos x sin? x cos?x 
l+cotz 1+tang 14 08" sing 1 snz cosx sinxg+cosx cosx+sing 
sin x Poa 
3 3 : 29 , 2 
sin’x + cos’x (sinx + cos«)(sin“x — sinx cosx + cos*x) 
=O [factor sum of cubes] = OOO" 
sinz + cosx sinxz + cosx 


= sin?x — sina cosx + cos?a = 1 — sinx cosx = 1— 4(2sinzx cosx) = 1— 4 sin 2x 


ee 1 
Thus, — Teoh (tae — (1— $sin2xr) = —} cos2u -2 = —cos2z. 


d sin?x cos?x _d 
dx ~ dx 
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5. Using f’(a) = lim f(z) = fla) we recognize the given expression, f(x) = lim BeCH TS Pa as g'(x) 


% 
@—a x—a tax t-—2z 


with g(x) = seca. Now f’(F) = g’"(), so we will find g(x). g'(a) =secrtanxe => 


g' (x) =secxsec*x + tanxsec x tanz = secx(sec?z + tan’), so g”(7) = V2UV2 +17) = /2(2 +1) =3v2. 


= 3/ ap 
6. Using f’(0) = lim, fe) — Lo) , we see that for the given equation, lim, ee - bee z , we have f(x) = Wax + b, 


f(0) = 2, and f’(0) = 3. Now f(0) =2 Vb=2 b= 8. Also f’(x) = $(ax + b)~?/* - a, so 


fQO=5 ¢ $(8) 7? -a=5 & s(FZe=3 © a=5. 


7. Let y = tan~' x. Then tan y = 2, so from the triangle we see that 


sin(tan' 2) = siny = . Using this fact we have that 


x 
V14+<2? 
sinh x _ sinhz 


V1+sinh? x  cosha 


Hence, sin~'(tanhz) = sin~'(sin(tan~'(sinhz))) = tan~1(sinh 2). 


= tanhz. 


sin(tan~‘(sinha)) = 


8. We find the equation of the parabola by substituting the point (—100, 100), at which the car is situated, into the general 


equation y = az”: 100 = a(—100)? a= aw: Now we find the equation of a tangent to the parabola at the point 


(xo, yo). We can show that y’ = a(2x) = 45 (2x) = =52, so an equation of the tangent is y — yo = =50(a — 20). 


Since the point (xo, yo) is on the parabola, we must have yo = rato. so our equation of the tangent can be simplified to 


Y = zap 20 + 4X0(x — xo). We want the statue to be located on the tangent line, so we substitute its coordinates (100, 50) 


into this equation: 50 = 73526 + 3520(100 — 20) x — 20020 + 5000=0 => 


ro = 4 [200 + ,/2002 — 4(5000) | => 2x =100+50V2. But xo < 100, so the car’s headlights illuminate the statue 


when it is located at the point (100 — 50/2, 150 — 100 V2) = (29.3, 8.6), that is, about 29.3 m east and 8.6 m north of 
the origin. 


mr 


se ds ; Ce, = 
9. We use mathematical induction. Let S;,, be the statement that a (sin*a + cos*a) = 4"~! cos(4a + n7/2). 
£ 
Si is true because 


dengs: 
Fs (sintx + cos*a) = 4sin3x cosx — 4cos*x sina = 4sinx cosx (sin? — cos*x) x 
x 


= —4sinx cosx cos 2x = —2sin2x cos2 = — sin 4x = sin(—4z) 


cos(% — ( 4x)) = cos(¥ + 42) = 4n-! cos(4e -+nZ) whenn = 1 


[continued] 
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11. 


k 


Now assume ‘Sj, is true, that is, —; 
dx 


k; 


qk+1 
v= Ge aor 


daxk+1 


cos*a 


(sin*a 4 (sinta + cos*x)| = 


dx 


= —4h-1 sin (4x + k5) hae 


) = 4* cos(# 


ke 


= 4* sin( 4x 
which shows that Sj,41 is true. 


m 


Therefore, si 
dx” 


Another proof: First write 


4 2 


- (—4e —kz 
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(sin*x + cos*x) = 4*~* cos(4x + kZ). Then 
[4*- cos (4a + kz)| 
2 


a (4a: + kZ) = —4* sin(4ax + k3) 


=)) = 4 cos(4a: + (k +1) =) 


(sina + cos‘) = 4"! cos (4a: + ng) for every positive integer n, by mathematical induction. 


sin*z + cos*a = (sin?x + cos*x)” — 2sin?x cos’ = 1— 4} sin? 22 = 1— 4(1—cos4r) = 3+ dcos4a 
Ge, 4 ad” (3 1 1 T 1 T 
ste ees Ae es a ( “)=4" ( ‘ “). 
Then we have aa (sin*x + cos’ x) aan (3 + 7008 °) Z cos( 4a + n> cos( 4a n> 
sam £0) — f(a) _ ,,, [fe fla) verve] _ [A= 20). (ve va)] 
Cie r-—Va eal Ver—Va Vatva Pe = 
f(z) 


dD) lim (Ve+ Va) = f'(a)-(Va+ Va) =2Va f(a) 


We must find a value aro such that the normal lines to the parabola y = a? at x = J 


tv intersect at a point one unit from the 


‘ 1 ; 
points (+2, 7G). The normals to y = x? at x = +20 have slopes — and pass through (-to, xo) respectively, so the 
2x9 
. 2 1 2 . “2, i 
normals have the equations y — 79 = —5,_ (# — xo) and y — 2 = aa + x0). The common y-intercept is 75 + 3 
) 0 


We want to find the value of xo for which the distance from (0, xe + 3) to (xo, x) equals 1. The square of the distance is 


— (e+ 3))° 


the center of the circle is at (0, 3). 


(xo — 0)? + [x5 


Xo 


=E eh For these values of xo, the y-intercept is x3 + 4 


— 5 
> SO 


Another solution: Let the center of the circle be (0, a). Then the equation of the circle is 2? + (y — a)? =a 


Solving with the equation of the parabola, y = x”, we get x? + (a? -—a)?=1 6 2? +24 


e+(1 


2a)? — 4(a? 


ax? +02 =1 


1 = 0. The parabola and the circle will be tangent to each other when this quadratic equation in x” 


has equal roots; that is, when the discriminant is 0. Thus, (1 


1—4a+ 4a? — 407 +4=0 4a = 5,80 a = 3. The center of the circle is 


1)=0 


(9, 3). 
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12. 


13. 
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See the figure. The parabolas y = 4a? and « = c + 2y? intersect each other 
at right angles at the point (a, b) if and only if (a, b) satisfies both equations 


and the tangent lines at (a,b) are perpendicular. y= 422 => y' =82 


1 
and z =c+2y? 1=4yy’ y’ iy’ so at (a, b) we must x=c+2y 
1 ‘ : 
have 8a (4b 8a 4b b 2a. Since (a, b) is on both parabolas, we have (1) b = 4a? and (2) 


a =c-+ 2b”. Substituting —2a for b in (1) givesus -2a = 4a” => 4a?+2a=0 => 2a(2a+1)=0 => a=O0or 


If a = 0, then b = 0 and c = 0, and the tangent lines at (0,0) are y = 0 and « = 0. 


Ifa = —5, then b = —2(—-$) = land -$ = ce+2(1)? = c=-—8, and the tangent lines at (—$, 1) are 


y—-1=-4(@+$) [ory=—4e-1] andy—1=$(2+ 5) [ory = $2 3]. 


See the figure. Clearly, the line y = 2 is tangent to both circles at the point yA 


(0,2). We’ll look for a tangent line L through the points (a, b) and (c, d), and if 


. . ? : a. . r+(y—3P=1 
such a line exists, then its reflection through the y-axis is another such line. The (c, d) 


slope of L is the same at (a,b) and (c,d). Find those slopes: 2? + y7=4 => 


2Qx+2yy’ =0 y’ ; 4 anda? +(y—3)?=1 3 
2 + 2(y — 3)y' =0 eee ere ey 
w+ 2(y — 3)y y j=3 7a 
a a? 
Now an equation for L can be written using either point-slope pair, so we get y — b = ——(a— a) [or y= rat oe + | 
and d S (a —c) r oe 4. cs +d}. The sl ar al a 
y Sa aE or y qo3 ae - The slopes are equal, so — > qa3 


bi: . . 2 
d-—3= =. Since (c, d) is a solution of x? + (y — 3)? = 1, we have c? + (d—3)? =1, soc? + (*) =ls 


VP+PC =a? => (a? +b?) =a? = 4c? =a? [since (a,b) isasolution ofa? +y?=4] > a=2e. 


bc bc b a? on 

Now d d d= . The y-int t I b= d 

ow 3 3+ 57280 3+ 5 © y-intercepts are equal, so = + peach 

2 2 2 2 

a (a/2) b a a b 7 5 2 iy 

—+b= 34+ = © |—+b=—4+3+-| (20) & 2 2b° = 6b + b 

at 6/2 +(3+5 a+ apt + 5| (28) ay + a+ 
a” +b? = 6b 4=6b b=? Wilowistd- slo adap Sa ee a= ev2 

3° "9 3” 9 9 3 ve 
2 2 1)\2 8 2 : 2 (4/3) V2 4 

and c? = 1— (d—3)* =1-(%) = c = 2/2. Thus, L has equation y 3 3/3 x 3V2 
yr 3 = —2,/2 (a - 4/2) y = —2V/2x + 6. Its reflection has equation y = 2\/2 x + 6. 


[continued] 
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16. 
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In summary, there are three lines tangent to both circles: y = 2 touches at (0,2), L touches at (2v2, 2) and (2v2, 2) ; 


and its reflection through the y-axis touches at (- V2, 3) and (- 5 2; 2). 


we pa 42 cP (e@+1)+2 ec? (e+1) 2 
l+a x+1 x+1 x+1 


f(x) = a> + 2(2+1)7', so 


FY") (x) = (x) +2 [(x + 1)7*] (45) The forty-sixth derivative of any forty-fifth degree polynomial is 0, so 


(a*°)46 = 0. Thus, f4°) (x) = 2 [(—1)(—2)(—3) --- (—46)(x + 1)~*7] = 2(46!)(@ + 1)~*” and f4®) (3) = 2(46!)(4)~4” 
or (46!)2~°3. 


We can assume without loss of generality that 0 = 0 at time t = 0, so that 9 = 12zt rad. [The angular velocity of the wheel 
is 360 rpm = 360 - (27 rad) /(60 s) = 127 rad/s.] Then the position of A as a function of time is 


y _40sin@ sind 1 


A=(4 0,40sin 0) = (4 127rt, 40 sin 127¢ i = = = — = sin let. 
(40 cos #, 40 sin @) = (40 cos 127t, 40 sin 127), so sina Toa 120 3 3 sin l2n 


di ; 
(a) Differentiating the expression for sin a, we get cosa - == - 127 -cos12nt = 4m cos0. When 0 = = we have 


_4 x 
sina = Fino = 3, so Cosa = =] det TOPS a2 0 SANE oo 656 vada 
cos @ 11/12 VII 


(b) By the Law of Cosines, |AP|? = |OA|? + |OP|? —2|OA||OP|cos@ => 


120? = 40? + |OP|? —2-40|OP|cos@ => |OP|? — (80cosé@)|OP| — 12,8300=0 => 


|OP| = 3 (80 cos 0 + \/6400 cos? + 51,200) = 40 cos @ + 40 V/cos?@ + 8 = 40 (cos 0 + V8 + cos?0) cm 


[since |OP| > 0]. As acheck, note that |OP| = 160 cm when 6 = 0 and |OP| = 80/2 cm when 0 = & 


(c) By part (b), the x-coordinate of P is given by x = 40(cos 6+ V8 + cos?0 a so 


dx dxdé 2cos@sin 0 cos @ 
— = —— = 40 sin 9 — ————_ | - 127 = —4807 sin 0( 1 + ———————. } cm/s. 
dt dé dt ( | is : ( aot | / 


In particular, dx/dt = 0 cm/s when 6 = 0 and da/dt = —4807 cm/s when 0 = $ 


The equation of T; is y — x? = 21 (x — 21) = 2ai1x — 2x? or y = Quix — 27. 
The equation of Tz is y = 22x — «3. Solving for the point of intersection, we 


get 2x(a1 — v2) = a2} — 23 x = 4(x1 + £2). Therefore, the coordinates 


of P are (5 (a1 + x2), @102). So if the point of contact of T is (a, a’), then 


Q1 is ($(a + 1), a1) and Qo is ($(a + x2), ax2). Therefore, 


|PQ:|? = t(a— x2)? + a7(a— 22)? = (a— a2) (4 + 27) and 


|PP,|? = <(x1 a x2)? + at (a — x2)" = (41 — a2)" (4 + wi). 


2 2 
and similarly Tai = [eS g) . Finally, [PQ:] + |PQz| eee + SS Si 


9 Pail? _ (a= 22)? 
PP,|? (v1 — x2)? |PP,| |PP2| a1 —-a@2 41-22 


° |PPiP (v1 — a2)” 
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mr 


17. Consider the statement that o—(e sinbx) = r"e** sin(bx + nO). For n = 1, 


£ (e** sin bx) = ae*” sin ba + be*” cos ba, and 
ax as ax = - ax a = b Oz. 3s ax 
re°” sin(bx + 0) = re®” [sin bx cos 8 + cos bx sin 6] = re ; sin ba + 7 008 ba } = ae® sin bx + be” cos ba 


: b , b a . 
since tand =— = sin@ = —andcos@ = -. So the statement is true for n = 1. 
a r r 


Assume it is true for n = k. Then 
q®t1 


qpen (e™* sin bx) = a [r*e* sin(ba + k0)| = r*ae** sin(ba + k0) + r*e**b cos(ba + k6) 
x 


dx 
= r*e* [asin(bx + k0) + bcos(bx + k6)| 


But 


sin[bx + (k + 1)6] = sin[(bx + k0) + 6] = sin(bx + k0) cos + sin 0 cos(br + k0) = 4 sin(bx + k0) + 2 cos(ba + k0). 
Hence, asin(ba + k0) + bcos(ba + k0) = rsin[bx + (k + 1)6]. So 


q’t1 


rss (e** sinbr) = r*e**[asin(br +k0) +b cos(br +k0)] = r*e%[r sin(ba + (k+1)0)] = r* tt e%* [sin(ba + (k+1)8)]. 
x 


Therefore, the statement is true for all n by mathematical induction. 


sin x 


18. We recognize this limit as the definition of the derivative of the function f(x) = e at x = 7, since it is of the form 


sam £0) = LH) 


@-T 1 bid | 


. Therefore, the limit is equal to f’(a) = (cos m)e""* = —1-e° = —-1. 


19. It seems from the figure that as P approaches the point (0,2) from the right, 27 — oo and yr — 27. As P approaches the 
point (3,0) from the left, it appears that 27 — 3+ and yr — oo. So we guess that xr € (3, 00) and yr € (2, 00). It is 
more difficult to estimate the range of values for xy and yn. We might perhaps guess that ay € (0,3), 
and yw € (—oo,0) or (—2,0). 


In order to actually solve the problem, we implicitly differentiate the equation of the ellipse to find the equation of the 


2 2 
: 2 2 4 : ; : 
tangent line: 5 + a =1s > + py =0,so0y’ =— 5 *' So at the point (xo, yo) on the ellipse, an equation of the 
y 
ae 4 : : 2 2 
tangent line is y — yo = CEO (gp x0) or 4xox + 9yoy = 4x6 + YyG. This can be written as sai + EI pl + ae 1, 
9 yo 9 4 9 4 
because (29, yo) lies on the ellipse. So an equation of the tangent line is = + a =1. 


Therefore, the x-intercept x7 for the tangent line is given by ca 


9 : soe 
=1 $ «r= —,and the y-intercept yr is given 
xo 


4 
by wT a1 | yr = —. 
4 Yo 
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So as Xo takes on all values in (0,3), x7 takes on all values in (3, 00), and as yo takes on all values in (0, 2), yr takes on 


1 _ 9 Yo 


all values in (2,00). At the point (xo, yo) on the ellipse, the slope of the normal line is , and its 
y'(xo,yo) 420 
ee | Bi Pitiaga te ae 
equation is y — yo = re (a — xo). So the x-intercept xy for the normal line is given by 0 — yo he (an — Xo) 
0 0 
4 : fess 9 9 i) 
tN = 7 +20 = “me , and the y-intercept yn is given by yn — yo Z a” (0 — xo) YN - + yo =—- — 


5 


So as o takes on all values in (0,3), x takes on all values in (0, 3), and as yo takes on all values in (0, 2), yw takes on 


all values in (- 3, 0). 


i 2 
20. lim sin(3+2)"—sin9 _ 
x2—0 x 


f'(3) where f(x) = sinx?. Now f’(x) = (cos”)(22), so f’(3) = 6 cos9. 
21. (a) If the two lines L; and Lz have slopes m1 and mz and angles of 
inclination ¢, and ¢,, then m; = tan ¢, and m2 = tan ¢,. The triangle 


in the figure shows that ¢, + a + (180° — ¢,) = 180° and so 


a = db — ¢,. Therefore, using the identity for tan(a — y), we have 


t —t = 
tana = tan(¢, — ¢,) = ees = tales and so tan a= 2 —"1_ 
1+ tan ¢@, tan ¢, 1+ mime 
(b) (i) The parabolas intersect when x? = (x — 2)? x =1.Ify = 2, then y’ = 2z, so the slope of the tangent 


toy = 2” at (1,1) ismi = 2(1) = 2. Ify = (a — 2), then y’ = 2(a — 2), so the slope of the tangent to 


a —2—2 4 
y = (x — 2)? at (1,1) is me = 2(1 — 2) = —2. Therefore, tana = ee = T+ 2-2) a and 


so a = tan™'(4) & 53° [or 127°]. 


(ii) a? — y® = 3 and x? — 4x + y? + 3 = 0 intersect when 2? — 4a + (x? —3)+3=0 2u(a — 2) =0 
x = Oor 2, but 0 is extraneous. If 2 = 2, then y = £1. If x? — y? = 3 then 2x — 2yy’ = 0 y’ = x/y and 
2 
a? —4e+y?+3=0 2x —4+ 2yy’ =0 y = 7 ~- At (2,1) the slopes are my = 2 and 
mz = 0,80 tana = 795%, 2 a & 117°. At (2,—1) the slopes are m1 = —2 and mz = 0, 
0—(-2) 
so tana = ='2 a & 63° [or 117°]. 
T+(-2)0) Cee 
22. y? = 4px 2yy’ = 4p y’ = 2p/y slope of tangent at P(x1, y1) is m1 = 2p/y1. The slope of F'P is 
M2 = et , So by the formula from Problem 21(a), 
X1—p 
Yi 2p 
eS 2 2 
tana = ——#ioP ws (1 —P) _ yi — 2p(e1 —p) _ Apri — 2pri + 2p 
ca (=) ( Yi ) yi(t1—p) —ys(t1—p)+2pyr — eiys — pyr + 2pys 
Y1 t1—?p 


= 2p(p + 21) =28 = slope of tangent at P = tan 8 


yi(ptai) ys 


Since 0 < a, 8 < §, this proves that a = £. 
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23. Since ZROQ = ZOQP = 9, the triangle QOR is isosceles, so 


|QR| = |RO| = x. By the Law of Cosines, x? = x? + r? — 2rx cos 6. Hence, 


r 


———. = ——__.. Note that i + (sj 
2rcos6 2cos6 at as y > 0", 6 — 0° (since 


2rxcosO = r?,s0 4 = 


sin @ = y/r), and hence x > ee Thus, as P is taken closer and closer 
2cosQ 2 


to the x-axis, the point R approaches the midpoint of the radius AO. 


fay FO) fH TO) 
20 g(x) 20 g(x)—0 20 g(x) —g(0) = g(t)~ 90), g(x) ~9(0) (0) 
xz—0 z—0 a 


25. lim sin(a + 2x) — 2sin(a+ 2) +sina 


x—0 x 
aa sina cos 2x + cosa sin2x — 2sinacosx — 2cosasinz + sina 
, xz—0 xv? 
. sina (cos 2% — 2cosx + 1) + cosa (sin 2x — 2sin x) 
= lim 
xz—0 gv? 
lim sina (2cos*“ — 1— 2cosa +1) + cosa (2sina cos x — 2sinz) 
7 xz—0 v2 
_ i sina (2cosx)(cosx — 1) + cosa (2sinx)(cos x — 1) 
xz—0 au? 
i 2(cos x — 1)[sina cosx + cosa sin x](cosx + 1) 
= lim 
20 x?(cosx + 1) 
= —2sin’z [sin(a + x)| > lim sina \7 _sin(a+2) 2(1)2 sin(a+0) BiG 
z—0 2£2(cosa+1) c0\ & cosxz +1 cos0 +1 


26. (a) f(x) = (a — 2)(a —6) =a? — 8a? +122 >  f' (x) = 3x? — 16x + 12. The average of the first pair of zeros is 


(0 + 2)/2 =1. At x = 1, the slope of the tangent line is f’(1) = —1, so an equation of the tangent line has the form 


y = —1x +b. Since f(1) = 5, we have 5 = —1+ 6 b = 6 and the tangent has equation y = —x + 6. 


Similarly, at ¢ = ot6 =3,y=—-9x+4+ 18; atx = ai6 = 4, y = —Az. From the graph, we see that each tangent 


line drawn at the average of two zeros intersects the graph of f at the third zero. 


8 
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f'(«) = (x — b)(a — c) + (x —a)(z —c) + (u — a)(x — b). 
(se 0) (4 c) + (4" a) (S¥" c) + (4° a) (24° ) 
=(*)(3)+ EPR Be) 
(S)(4) (SH) (S)(S) 


2a) 


_ 2 _ py2 
An equation of the tangent line at x = oP isy=— a (- a) _ jo 8) (a+ b-— 2c). 


To find the x-intercept, let y = 0 and solve for x. 


So Get 


4 2 8 
x att (a + b— 2c) 
a= ja+4b-ta-tb+c=c 


The result is « = c, which is the third zero. 


27. 


jak we see that f will intersect g exactly once when f and g share a tangent 


: = ee Sad = 
yon line. Thus, we must have f = g and f’ = g’ atx =a. 


f(a) = g(a) ev =kvVa (x) 


eV 
fe) 
i=) 
Q 
ma 
aS 
Q 
. 
a 
= 
Q 
oY 
bo 
o 
iw) 
i=} 


2 
So we must have k Va = u > (va) ene => a=1.Fom@, P09 =k /1i/4 => 


k =2e'? =2Ve 3.297. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


y=4yk Let f(x) =e?” and g(x) =kVx_ [k > 0]. From the graphs of f and g, 
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28. 


29. 


30. 


CHAPTER 3 PROBLEMS PLUS 


We see that atx = 0, f(z) = a® =1+2=1,so0if y =a’ is to lie above y = 1+ 2, 


the two curves must just touch at (0, 1), that is, we must have f’(0) = 1. [To see this 


x 


analytically, note thata” >l+a => a”-1>a" > > 1 for x > 0, so 


f'(0) = lim, = > 1. Similarly, forz <0,a7-1>a2 > —=<1,s0 
x2r—0 

f'(0) = lim z <1 
z0- o£ 


Since 1 < f’(0) < 1, we must have f’(0) = 1.] But f’(x) =a*Ina =  f'(0)=Ina,sowehavelna=1 © 
a=e. 
Another method: The inequality certainly holds for 2 < —1, so consider x > —1,a4 #0. Thena” >l+a => 


a>(1+2a)'/* fore >0 > a> lim (1+2)!/* =e, by Equation 3.6.5. Also,a7 >1+2 > a<(1+a)\/* 


xz—0 


forx<0 => a< lim (1+2)!/* =e. So since e < a < e, we must have a = e. 


x20 


x 2 sinx 
= ————— — arctan ———_.. Let kk = a + Va? — 1. Then 
¢ Vaz—1 vVa?—-1 a+~vJ/a?2—1+coszx 


oe 1 2 1 cos x(k + cos) + sin? x 
M Vae—1 Va?—1 14+sin?a/(k +cosz)? (k + cos x)? 
_ 1 2 kcosx + cos? x + sin? x _ 1 2 kcosx+1 
Vaz—1 vVa*—1 (k + cosa)? + sin? x Vaz—-1 VJa2—1 k?24+2kcosx+1 
_ k? +2kcosx+1—2kcosx—2 _ hk? 1 


Va? —1(k? + 2k cosa + 1) Va? —1(k? + 2kcosx +1) 


But k? = 2a? + 2a/a? —1— 1 = 2a(a + Va? —1) —1 = 2ak — 1, so k? + 1 = 2ak, and k? — 1 = 2(ak — 1). 


2(ak — 1) ak —1 
Soy’ = = . But ak —1 =a? +aVa?—1-1=kVa?—1, 
o Va? —1(2ak+2kcosx) Va? —1k(a-+cosz) 


soy’ = 1/(a+cosz). 
Suppose that y = mx + cis a tangent line to the ellipse. Then it intersects the ellipse at only one point, so the discriminant 


xz? (ma+c) 


of the equation = + B 22 


=1 6 (0? +a?m?)a? + 2mca*x + a?c? — a?b? = 0 must be 0; that is, 


0 = (2mca?)? — 4(b? + a?m?)(a?c? — a?b?) = 4a4e?m? — 4a7b?c? + 4a2b* — 4atc?m? + 4a*b?m? 
= 4a7b?(a?m? + b? — c”) 
Therefore, a?m? + b? — c? =0. 
Now if a point (a, @) lies on the line y = ma + c, then c = 6 — ma, so from above, 


2 bp? — 2 
0 = a?m? + b? — (8 — ma)” = (a? — a?)m? + 2abm4+ 0? — 6? & m+ ee el 
a*—a 
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(a) Suppose that the two tangent lines from the point (a, 3) to the ellipse 
1 at : 
have slopes m and —. Then m and — are roots of the equation 
m m 


2 g2 
208 z+ an 0. This implies that (z — m) (2 =) =0 


az — a2 az — a2 


2 1 1 : : 
z—{m+— }z+m( — } =0, so equating the constant terms in the two 
m m 


b? — B? 1 

quadratic equations, we get We a = m(=) = 1, and hence b? — 8? = a? — a’. So (a, 8) lies on the 
hyperbola x? — y? = a? — b?. 

(b) If the two tangent lines from the point (a, 3) to the ellipse have slopes m 


1 1 : : 
and — —, then m and —— are roots of the quadratic equation, and so 
m m 


1 : : 
(z —m) (: + =) = 0, and equating the constant terms as in part (a), we get 
m 


b? — B? 


ona ae —1, and hence b? — 6? = a? — a”. So the point (a, 8) lies on the 


circle x? + y? = a? + 0°. 


31. y= a1 — 22? —& y’ = 4x? — 4x — 1. The equation of the tangent line at x = a is 


y — (a* — 2a? — a) = (4a3 — 4a — 1)(@ — a) or y = (403 — 4a — 1)@ + (—3a* + 2a”) and similarly for « = b. So if at 


x = aand x = b we have the same tangent line, then 4a* — 4a — 1 = 4b? — 4b — 1 and —3a* + 2a? = —3b* + 2b”. The first 


equation gives a? — b? = a—b (a — b)(a? +. ab + 6”) = (a —b). Assuming a 4 b, we have 1 = a? +. ab4+ 0". 
The second equation gives 3(a* — b*) = 2(a? — b?) 3(a? — b?)(a? + b?) = 2(a? — b?) which is true if a = —d. 
Substituting into 1 = a? + ab + b? gives 1 =a? —a?+a? = a=+1so that a = 1 and b = —1 or vice versa. Thus, 


the points (1, —2) and (—1,0) have a common tangent line. 
As long as there are only two such points, we are done. So we show that these are in fact the only two such points. 
Suppose that a? — b? # 0. Then 3(a? — b*)(a? + b?) = 2(a? — b*) gives 3(a? + 6?) =2 ora? +b? = 2. 


1 1 1 2 
3 9? 906 3° Hence, a” + a5 = 3,80 9a* + 1 = 6a? > 


1 1 
0 = 9a* — 6a? +1 = (3a? — 1). So 3a —1 =0 a? 5 b? 6 3 


Thus, ab = (a? + ab+ 6”) — (a? +07) =1 


a”, contradicting our assumption 


that a? 4 b?. 


32. Suppose that the normal lines at the three points (a1, ai), (a2, a3) , and (as, a3) intersect at a common point. Now if one of 
the a; is 0 (suppose a1 = 0) then by symmetry a2 = —a3z, so a1 + a2 + a3 = 0. So we can assume that none of the a; is 0. 


[continued] 
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33. 


CHAPTER3 PROBLEMS PLUS 


The slope of the tangent line at (ai, a;) is 2a;, so the slope of the normal line is — 5 and its equation is 


ie 


y-a? =— 7 (a — a;). We solve for the x-coordinate of the intersection of the normal lines from (a1, aj) and (a2, a3): 
y=ai 5a a1) = a3 so lw a2) “(se i) -4 at 
o( $=") = (—ai — a2)(a1 + a2) & wv = —2aia2(a1 + a2) (1). Similarly, solving for the x-coordinate of the 
intersections of the normal lines from (a1, ai) and (as, a3) gives x = —2a1a3(a1 +a3) (2). 

Equating (1) and (2) gives a2(a1 + a2) = a3(a1 +43) < a1 (a2 — a3) = a3 — a3 = —(a2 +.43)(a2 — ag) 
a, =—(a2+a3) a1 +a2+a3=0. 


Because of the periodic nature of the lattice points, it suffices to consider the points in the 5 x 2 grid shown. We can see that 
the minimum value of r occurs when there is a line with slope 2 which touches the circle centered at (3, 1) and the circles 


centered at (0,0) and (5, 2). 


65, 2) 


To find P, the point at which the line is tangent to the circle at (0,0), we simultaneously solve x? + y? = r? and 


eee 24 25 
ys=-st > VTL f x 


2 2 2 A 2 x a ry as r. To find Q, we either use symmetry or 


solve (x — 3)? + (y— 1)? =r? and y— 1 = —3(x — 3). As above, we get x = 3 a rey=1t a r. Now the slope of 


5 5 
Lat (er) _lt+yer V29+10r 2 


the line PQ is 2,80 mpg = 


2 2 4 
Soa Se Oe 3/29 — 4r 5 
5V¥29 + 50r = 6 29 — 8r d8r = 29 r a8 So the minimum value of r for which any line with slope 2 
intersects circles with radius r centered at the lattice points on the plane is r = net = 0.093. 


Assume the axes of the cone and the cylinder are parallel. Let H denote the initial 
height of the water. When the cone has been dropping for t seconds, the water level has 
risen x centimeters, so the tip of the cone is x + 1¢ centimeters below the water line. 


We want to find dx /dt when x + t = h (when the cone is completely submerged). 


3 Be le f T1 Vi 
Using similar triangles, ——- = — 
: eee ame | 
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volume of water and cone at timet = _ original volume ofwater + volume of submerged part of cone 
nR?(H +2) = aR? + ami (x +t) 
2 
TRH +7Rx = 7R?H + aT 55 (2 +t) 
3h? R?x = r?(2 +t)? 

d. d dt 

Differentiating implicitly with respect to t gives us 3h? R? =; =r? /3(2 +t) 7 +3(a +4 t)? 7 
dx r?(a +t)? dx rh? r? 


ap = WR — (a +O? => ar has = 72 he = Ro? Thus, the water level is rising at a rate of 


2 


r : : 
Fea cm/s at the instant the cone is completely submerged. 
—r 


h ‘ 
35. By similar triangles, , — Ls > r= Be The volume of the cone is 


16 16 


. Now the rate of 


Bh\?, 2503 dV _ 2509 dh 
n( ya 763" °° ae — O56 a 


change of the volume is also equal to the difference of what is being added 


(2 cm?/min) and what is oozing out (k7rl, where zr is the area of the cone and k 


is a proportionality constant). Thus, ae 2— karl. 
2 l 1 
Equating the two expressions for a and substituting h = 10, a = —0.3,r 209) =, and Jai a 3 
5 257 2 25 5 125k7 281 7507 ; : 
= iV 3) = -i¥v = 2, . Sol for k 
i 3 281, we get 256 (10)*(—0.3) = 2 — ka ae 281 64 + 256 Solving for k gives us 


_ 256 + 3750 
2500 281 


. To maintain a certain height, the rate of oozing, karl, must equal the rate of the liquid being poured in; 


that iss = 0. Thus, the rate at which we should pour the liquid into the container is 


_ 25643754 25 5/281 _ 256 + 8750 


krrl = ——_— +1 
2507 V281 8 8 128 


fe 11.204 cm?/min 
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4 (J APPLICATIONS OF DIFFERENTIATION 


4.1. Maximum and Minimum Values 


1. A function f has an absolute minimum at x = cif f(c) is the smallest function value on the entire domain of f, whereas 
f has a local minimum at c if f(c) is the smallest function value when z is near c. 
2. (a) The Extreme Value Theorem 


(b) See the Closed Interval Method. 


3. Absolute maximum at s, absolute minimum at r, local maximum at c, local minima at b and r, neither a maximum nor a 
minimum at a and d. 
4. Absolute maximum at 7; absolute minimum at a; local maxima at b and r; local minimum at d; neither a maximum nor a 


minimum at cand s. 


5. Absolute maximum value is f(4) = 5; there is no absolute minimum value; local maximum values are f(4) = 5 and 


f (6) = 4; local minimum values are f(2) = 2 and f(1) = f(5) =3. 


6. There is no absolute maximum value; absolute minimum value is g(4) = 1; local maximum values are g(3) = 4 and 


g(6) = 3; local minimum values are g(2) = 2 and g(4) = 1. 


7. Absolute maximum at 5, absolute minimum at 2, 8. Absolute maximum at 4, absolute minimum at 5, 
local maximum at 3, local minima at 2 and 4 local maximum at 2, local minimum at 3 

y y 

3 4 

. 3 
2 

1 
1 

+ > 

0) 123 4 5 * ————e 

ol 12 3 4 5 & 


9. Absolute minimum at 3, absolute maximum at 4, 10. Absolute maximum at 2, absolute minimum at 5, 
local maximum at 2 4 is a critial number but there is no local maximum or 

y minimum there. 

7 y 
3 4 
2 3 
1 2 
o 123 4 «5 2 | 
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11. (a) y (b) YA (c) yA 


12. (a) Note that a local maximum cannot (b) 


occur at an endpoint. 


Note: By the Extreme Value Theorem, f must not be continuous. 


13. (a) Note: By the Extreme Value Theorem, yo, (b) Yh 
f must not be continuous; because if it 
were, it would attain an absolute 


minimum. 


14. (a) at (b) 


Z > 
+ 4 x 
15. f(x) = 3 - 2x, x > —1. Absolute maximum 16. f(x) = a”, —1 < @ < 2. No absolute or local maximum. 
f(—1) = 5; no local maximum. No absolute or local Absolute and local minimum f(0) = 0. 
minimum. YA 


4+ 
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17. f(x) = 1/2, x > 1. Absolute maximum f(1) = 1; 


no local maximum. No absolute or local minimum. 


2 
1 ae 
+ > 
0 | 1 x 


19. f(x) =sinz, 0 < x < m/2. No absolute or local 
maximum. Absolute minimum f(0) = 0; no local 


minimum. 


- > 
0 m/2 x 


21. f(x) =sing, —7/2 < x < 1/2. Absolute maximum 
f (Z) = 1; no local maximum. Absolute minimum 


f(-) = —1;no local minimum. 


23. f(x) = Ina, 0 < x < 2. Absolute maximum 
f(2) = In2 & 0.69; no local maximum. No absolute 


or local minimum. 


yA 
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18. f(x) = 1/2, 1 <a < 3. No absolute or local maximum. 


No absolute or local minimum. 


¥ 
1 ee, 

t t > 
0 | 1 3 Xx 


20. f(x) = sina, 0 < x < m/2. Absolute maximum 


f (3) = 1; no local maximum. No absolute or local 


minimum. 


> 


0 a/2 x 


22. f(t) = cost, ae <t< ar Absolute and local 
maximum f(0) = 1; absolute and local minima 


f(4n, -1). 


24. f(x) =| x |. No absolute or local maximum. Absolute 


and local minimum f(0) = 0. 
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25. f(x) = 1— /a. Absolute maximum f(0) = 1; 26. f(x) = e*. No absolute or local maximum or 
no local maximum. No absolute or local minimum. minimum value. 
». y. 
1 
0 1 x 
0 x 
x if -1<x<0 Qea+1 if0<a¢<1 
27. f(x) = 28. f(x) = 
2-34 if0<a<1 4-22 ifl<x2<3 
No absolute or local maximum. No absolute or local maximum. 
Absolute minimum f(1) = —1. Absolute minimum f(3) = —2; no local minimum. 


Local minimum f (0) = 0. 


\I 
=1 x 

29. f(z) =3a7+a-2 => f'(x)=6r+1. f(z) =0 = «x =—4. This is the only critical number. 

30. g(v) = v? —12v 44 g'(v) = 8v? — 12 = 3(v? — 4) = 3(u + 2)(v — 2). g'(v) =0 = v=—2,2. These are the 


only critical numbers. 


31. f(x) = 3044+ 82° — 482? = f’(x) = 120° + 24a? — 96x = 124(x? + 2a — 8) = 12a(a + 4) (a — 2). 


f'(c)=0 => «= -—4, 0, 2. These are the only critical numbers. 


32. f(x) =2a3 +2748 > fi’ (x) = 6x? + 22 +8 = 2(3a7 + 2 +4). Using the quadratic formula, f(z) =0 <= 


—-1+/-47 ... eacieoe : . : ae 
r= — 6 Since the discriminant, —47, is negative, there are no real solutions, and hence, there are no critical 


numbers. 
33. g(t) = 1° +502 +50¢ = g(t) = 5t* + 15t? +50 = 5(t* + 3¢? + 10). Using the quadratic formula to solve for t”, 


‘Fu —34 ,/3?—4(1)0) = -34 /—31 


g(t) =0 2) 5) . Since the discriminant, —31, is negative, there are no real 


solutions, and hence, there are no critical numbers. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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3-22 if 3-22 >0 3-22 ifa<2 
A(x) = |3 — 2x| = _ 
—(3-2r) if 3-227 <0 2e-3 ifa>? 
-2 ifa<3 3 3 
A'(x) = and A’ (a) does not exist at z = =, so x = = is a critical number. 
2 ife>3 2 2 
ape Eee 
oy) = et VO) ~ w= DQv=) _ yt1—(Qy?-3yt+1) =? +2y (2 -y) 
QP yl? (y?—y+1)? Wg ahe aya) 


g(y)=0 => y=0,2. The expression y? — y + 1 is never equal to 0, so g'(y) exists for all real numbers. 


The critical numbers are 0 and 2. 


0 ee a ee ee (p? +4)(1) — (p—1)(2p) _ p> +4—2p? +2 _ —p?+2p+4 
pea (p? + 4)? (p? + 4)? em) gad 
h'(p)=0 > p= avis = 1+ ¥5. The critical numbers are 1 + V5. [h’(p) exists for all real numbers. ] 
a +2 
P(t) = 5G 
(oe (2x —1)(2x) — (a? +2)(2) 4a? - 2a —-2n7-4 Qe? -2e-4  Aa?-a-2)_ Ae—2)(x+1) 
in (22 — 1)? (Qx — 1)? (Qz— 1)? (x — 1)? (22 — 1)? 
p'(c)=0 = w=—lor2. p'(x) does not exist at x = 4, but 4 is not in the domain of p, so the critical numbers are —1 
and 2. 
(t) = P49 “t) = (t? — 9)(2t) — (t? +9)(2t) _ 2t? — 18¢ — 24? — 18¢ 36t t) <0 
ae ag ‘ (2 —9p (2 — 9p (9 4 


36¢=0 => t=0. q(t) does not exist att = +3, but 3 and —3 are not in the domain of gq, so 0 is the only critical number. 


3Vt-2 
3/4 1/4 —1/4 —3/4 —3/4(941/2 Z 
h(t) = ¢3/4 — 2t¥/ hi (t) = 3471/4 — 2478/4 — 1473/4 (3¢1/ ee a 
h(t) =0 3Vi =2 vt=3 t = $. h’(t) does not exist at t = 0, so the critical numbers are 0 and 3. 
22% 
a 2)1/3 afi 2)—2/3 _ = = 


g' (+2) do not exist. Thus, the three critical numbers are —2, 0, and 2. 


F(z) = «4/5 (2 — 4)? 
a 1/5 (y — 4)[5- 2-24 (a2 —4)-4] 
(a—4)(14e—-16)  2(a—4)(7r -8 


5at/d = 5al/s 


ee 
S 
I 


0 => «££=4 8. F’(0) does not exist. Thus, the three critical numbers are 0, 3, and 4. 
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42. 


47. 


50. 


. The graph of f’(x) = 5e~°-1*l sina — 1 has 10 zeros and exists 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


A(z) = 2 73(¢-2) => 


_ Qe+2  Ae+1) 


hi(a) = 27/3 .14 (x —2)- (-32-*") = ty 4/8 [3a + (# — 2)(—1)] 34/3 aye h'(x) =0 
2(a+1)=0 x = —1. h’(x) does not exist at x = 0, but 0 is not in the domain of h, so —1 is the only critical number. 
f(2) = 274-2)? 

4— 3x 


fi(e) = a8. 3 (aa) VS. (1) + (4-9 a9? = a a — 2) 9-20 + 4-2) = gogo 


f'(z) =0 4— 32% =0 a = 4. f'(0) and f’(4) are undefined. Thus, the three critical numbers are 0, $, and 4. 
. f(0)=0+V2c0s9 => f'(0)=1-V2sind. f’(0)=0 => 1-V2sin0=0 sind S 

6 = 4 + 2nz [nan integer], 0 = an + 2nm are critical numbers. [f’(@) exists for all real numbers. ] 
. f(0) =2cos6+sin?9 => f’(0)=—2sin0+2sin6 cosé. f'(0)=0 > 2sin0(cosé—1)=0 sind = 0 


orcos9@=1 = 6=nz [nan integer] or 6 = 2nz. The solutions 6 = nz include the solutions 6 = 2nz, so the critical 


numbers are 0 = nz. 


. p(t) = te p(t) = t(4e™’) +e” (1) =e (4t +1). p(t) =0 => t= —F [e% is never equal to 0]. p’(t) always 


exists, so the only critical number is —i. 


g(x) =27?lna => g!(x) = 27(1/x) 4+ (Inz)(2x) = 24+ 2¢Ine = 2(1+2Inz). g/(x) =0 1+2Inz = 0 [or 


x = 0, but 0 is not in the domain of g] Ing 3 ge l?, g’ (0) does not exist, but 0 is not in the domain 


of g, so the only critical number is e~!/? = 1/Ve. 


4 4 l+u 3-~? 
1 2 
. Blu) =4tanu-u > BYu) = RET ia pe 3-—u°=0 
u = —v/3, V3. The expression 1 + u? is never equal to 0, so B’(w) exists for all real numbers. Thus, the critical numbers are 


— V3 and V3. 


everywhere, so f has 10 critical numbers. 


_ 100 cos? 


A graph of f’(x) = ioe 1 is shown. There are 7 zeros 


between 0 and 10, and 7 more zeros since f’ is an even function. 


f' exists everywhere, so f has 14 critical numbers. 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 
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f(a) = 124+ 42 — 2”, [0,5]. f’(x) =4-22 =0 x=2. f(0) =12, f(2) = 16, and f(5) = 7. 


So f(2) = 16 is the absolute maximum value and f(5) = 7 is the absolute minimum value. 


f(z) =5+ 54x — 22°, [0,4]. f’(x) = 54— 6x? = 6(9 — 2”) = 6(3 +. z)(3—z) =0 z= —3,3. f(0) =5, 
f(3) = 113, and f(4) = 93. So f(3) = 113 is the absolute maximum value and f(0) = 5 is the absolute minimum value. 


f(a) = 2a° — 3a? — 12241, [-2,3]. f’(x) = 6a? — 6a — 12 = 6(2? — x — 2) = 6(a — 2)(a + 1) = 0 
x=2,-1. f(-2) = -3, f(—-1) =8, f(2) = —19, and f(3) = —8. So f(—1) = 8 is the absolute maximum value and 


f(2) = —19 is the absolute minimum value. 


f(a) = «2° — 62? +5, [-3,5]. f'() = 32? — 122 = 3a(x — 4) =0 z=0,4. f(-3) =—76, f(0) =5, 
f(4) = —27, and f(5) = —20. So f(0) = 5 is the absolute maximum value and f(—3) = —76 is the absolute minimum 


value. 


f(a) = 304 — 4e3 — 122? +1, [-2,3].  f’(x) = 120? — 122? — 242 = 12a(x? — 2 — 2) = 122(a +1)\(a-2)=0 © 
x =-1,0, 2. f(—2) = 33, f(—1) = —4, f(0) = 1, f(2) = —31, and f(3) = 28. So f(—2) = 33 is the absolute maximum 


value and f(2) = —31 is the absolute minimum value. 


f(t) = (t — 4), [-2,3]. f(t) = 3( — 4)? (2¢) = 6t(t + 2)? (t — 2)? = 0 t=-2,0,2. f(+2)=0, 


f(0) = —64, and f(3) = 5° = 125. So f(3) = 125 is the absolute maximum value and f(0) = —64 is the absolute 


minimum value. 


1 g—1  (#+1)(#—-1) 
a x? 


f(z) =a2+ [0.2,4]. f’(x) =1 


=0 x = +1, but x = —1 is not in the given 


interval, [0.2, 4]. f’(x) does not exist when x = 0, but 0 is not in the given interval, so 1 is the only critical nuumber. 
f(0.2) = 5.2, f(1) = 2, and f(4) = 4.25. So f (0.2) = 5.2 is the absolute maximum value and f(1) = 2 is the absolute 


minimum value. 


x 
f(x) = a eel (0, 3]. 

ry (@ —e@+1)—a2(Qe@-1)— 2? -x24+1-22? +2 _ 1-2? —_ d+a)1—2) _ 
Le (eee ane eee 


x = +1, but x = —1 is not in the given interval, [0,3]. f(0) = 0, f(1) = 1, and f(3) = 2. So f(1) = 1 is the absolute 


maximum value and f(0) = 0 is the absolute minimum value. 


1 1 1 

= 3 14-2/3 ae a 2435. 

fi) =t- %, [-1,4. ff) =1-ht07F =1 OES f(t) =0 1= sap t 3 
3/2 
1=+(5) ie = =t55 =28, f' () does not exist whent =0. f(—1) =0, f(0) =0, 
(=3)--F- wt? — 8 wos, (2) = ee 2V3 and 
3V3/  3V3. V3 V8 9 3V3/  3V30 V3 9 

f(4) =4— W4 & 2.413. So f(4) = 4— W4 is the absolute maximum value and (2) = ee is the absolute 


minimum value. 
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60. 


61. 


62. 


63. 


65. 


66. 


CHAPTER 4 = APPLICATIONS OF DIFFERENTIATION 
e (1+a7)e”—e"(2r)  e*(a@? —2a4 +1) e*(x—1)? 
Se 4 i) Se Ss ee Geo S 
(x — 1)? =0 x =1. f'(2) exists for all real numbers since 1 + 2? is never equal to 0. f(0) = 1, 


f(1) = e/2 = 1.359, and f(3) = e?/10 = 2.009. So f(3) = e?/10 is the absolute maximum value and f(0) = 1 is the 


absolute minimum value. 


f(t) = 2cost + sin 2t, [0, 1/2]. 


f'(t) = —2sint + cos 2t- 2 = —2sint + 2(1 — 2sin?t) = —2(2sin?t + sint — 1) = —2(2sint — 1)(sint + 1). 
f'(t)}=0 => sint=forsnt=-1 > t=%. f(0)=2, f(4) =V3+4V3 = 3 V3 2.60, and f(%) =0. 


So f(Z) = 3 V3 is the absolute maximum value and f(%) = 0 is the absolute minimum value. 


f(0) =1+cos*6, [x/4,7].  f'(0) = 2cos@(—sin#) = —2sin@ cos@ = — sin 20. f’(0) =0 sin 20 = 0 


a) 23 


2 


20 = nn 6 = 42. Only 6 = § [n = 1] is in the interval (7/4, 7). f(a/4) = 1+ ( 9 


f(m/2) =1+0? = 1, and f(r) =1+4 (—1)? = 2. So f() = 2 is the absolute maximum value and f(7/2) = 1 is the 


absolute minimum value. 


1 1-21 
f(a) = «7? Ing, [5.4]. fi(x)=a27?- = + (Ina)(—2a~°) = #~ 3 — 22-8 new = « 3(1— 2Inz) = ——. 
f(z) =0 1-2lInz=0 2inxg=1 Ina = 4 a =el/? ~ 1.65. f’(«) does not exist 


_ Int/2— Inl—In2 


when x = 0, which is not in the given interval, [5 4). f($) = —4]n2 = —2.773, 


~ (1/2/21 /4 
live 270 < I In4_ In4 ee ’ 
f(er/?) = are = 2 ipa 0.184, and f(4) = oe = = ~ 0.087. So f(e/?) = 3038 the absolute maximum 
value and f(s) = —A4]1n2 is the absolute minimum value. 


f(x) = we*/?, [-3,1]. f’(x) = ae?/? (5) + e*/2(1) = e®/? ($¢+1). f'(2)=0 & f24+1=0 & c= -2. 
f(—3) = —3e73/? = —0.669, f(—2) = —2e71 = —0.736, and f(1) = e!/? = 1.649. So f(1) = e!/? is the absolute 


maximum value and f(—2) = —2/e is the absolute minimum value. 


f(x) =In(v? +2 +1), [-1,1]. f(x) = -(Qe+1)=0 & x=—$. Sincex?+a2+1> 0 forall z, the 


wt+et+il 


domain of f and f’isR. f(—1) =In1=0, f( 3) = In? = —0.29, and f(1) =1n3 = 1.10. So f(1) =1n3 = 1.10is 


the absolute maximum value and f (- 3) =In 3 = —0.29 is the absolute minimum value. 


1 2 
-1 
f(x) =a —2tan x, [0, 4]. f'(cz)=1-2 =0 ¢ ee EE, 


2 2 


z=+1. f(0)=0, f(1) =1— % & —0.57, and f(4) =4—2tan'4 ~ 1.35. So f(4) =4— 2tan "4 is the absolute 


maximum value and f(1) = 1 — § is the absolute minimum value. 
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67. f(x) =a°(1—2)’, O<e<1la>0,b>0. 


f'(x) =2%-b(1— 2)? 1(-1) + (1-2)? -aa*t = 1 (1 — 2)? [a -b(-1) + (1-2) - a] 


At the endpoints, we have f(0) = f(1) =0 [the minimum value of f ]. In the interval (0,1), f'(z) =0 <= x = — 


f a = a \“ ja a a? at+b-a a a® ab? 
a+b) \atb a+b) (a+b)7\ a+b ~ (a+b) (a+b)'  (a43)” 


apb 
So f 2 eee is the absolute maximum value. 
( + eile 


68. The graph of f(x) = |1 + 5a — «| indicates that f’(x) = 0 at x © £1.3 and 
that f’(a) does not exist at z ~ —2.1, —0.2, and 2.3. Those five values of x 
are the critical numbers of f. 
4 4 
X J 
-l 
69. (a) _ From the graph, it appears that the absolute maximum value is about 


f(—0.77) = 2.19, and the absolute minimum value is about f(0.77) = 1.81. 


1.5 


(b) fie) =2°-2?9 42 > f'(x) =52*- 3a? = (52? — 3). S80 f(z) =0 > «=0,4+,/2. 
V8) =(-yB) (CVE) +2=- 08 Eva 
= ($- 8) /+2= 8,342 (maximum) 
) = - 8/2 +2 cninimum). 


70. (a) ; From the graph, it appears that the absolute maximum value 
grap Pp 


and similarly, f ( 


aol 


is about f(1) = 2.85, and the absolute minimum value is about 


f (0.23) = 1.89. 


0 1 


(b) f(a) =e” +e77” f' (x) = e® — 2e7?* = e~** (e3* — 2). So f'(x) =0 er =2 3a = In2 


x = 5In2 [x 0.23]. f(%n2) = (el ?)1/3 4 (elm?) —2/3 — 91/3 + 9-2/3 Tee 1.89], the minimum value. 


f= el +e? [= 2.85], the maximum. 
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72. 


73. 


74. 


75. 
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(a) 0.4 From the graph, it appears that the absolute maximum value is about 
(0.75) = 0.32, and the absolute minimum value is f(0) = f(1) = 0; 


that is, at both endpoints. 


j 1-2 (a — Qa”) + (2a — 2x?) 3a — 4a? 
ONIN ENE a A aM ee a= eae 


f(0) = f(1) = 0 (minimum), and f(3) =3,/3 eR =3 Js = 33 (maximum). 


(a) 0 From the graph, it appears that the absolute maximum value is about 
f(—2) = -1.17, and the absolute minimum value is about 
f(—0.52) = —2.26. 
2 0 
—3 
(b) f(z) =x2-—2cosxr => f'(x) =1+42sinz. So f’(x) =0 sin $ x = on [—2, 0]. 
f(—2) = —2 — 2cos(—2) (maximum) and f( 3) a 2cos( 5) a 2(8) =-¢ V3 (minimum). 
Let a = 0.135 and b = —2.802. Then C(t) = ate’ => C'(t) =a(t-e%-b+e%-1)=ae"%(bt +1). C'(t)=0 © 
t+1=0 6 t= -; ~0.36h. C(0) =0,C(-1/b) = set = = ~ 0.0177, and C(3) = 3ae?” ~ 0.00009. 


The maximum average BAC during the first three hours is about 0.0177 g/dL and it occurs at approximately 0.36 h 


(21.4 min). 
C(t) = 8(e 9" —e 9) => Cit) = 8(-04e°9°% + 0.6%). C’@)=0 & 06e°* =04e°% & 
ee eae 0.2t = In t=5ln3 ~2.027h. C(0) =8(1—1)=0, 


Cli S) = Sle PP ace SS he a{(3)° - (3) | = 8(¢ — 3) = # © 1.185, and 


C(12) = 8(e~*'8 — e~*) = 0.060. The maximum concentration of the antibiotic during the first 12 hours is 22 pg/mL. 
27 


The density is defined as p = — — aca (in g/cm*). But a critical point of p will also be a critical point of V 


[since ea = —1000V~? = and V is never 0], and V is easier to differentiate than p. 


V(T) = 999.87 — 0.064267 + 0.0085043T ? — 0.0000679T? = V’(T) = —0.06426 + 0.0170086T — 0.0002037T ?. 


Setting this equal to 0 and using the quadratic formula to find T’, we get 
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_ —0.0170086 + /0.01700862 — 4 - 0.0002037 - 0.06426 


T wy 3. i .5318°C. Si ly interest 
3(—0.0002037) 3.9665°C or 79.5318°C. Since we are only interested 
: : ° ° . : é 1000 
in the region 0°C < T < 30°C, we check the density p at the endpoints and at 3.9665°C: (0) ~ 500.87. 1.00013; 
1 1 : F ‘ 
p(30) & O00 = 0.99625; p(3.9665) = me = 1.000255. So water has its maximum density at 


1003.7628 999.7447 


about 3.9665°C. 


6. P= pW dF _ (wsin@ + cos6)(0) — pW(jcos@—sin#) | —u~W(pcosé — sin@) 
; psin @ + cos 0 do (usin 6 + cos 0)? (usin@+cos0)? ~ 

dF : sind id ; : 
So 7 = 0 => wpcos@é—sind =0 i= a tan 0. Substituting tan 0 for ys in F gives us 

a (tan 0)W —_ Wtand — Wtan@cos@_ Wsind —Wsind 

(tan@)sin@d+cos@ — sin?6 sin? + cos? 1 ; 
+ cos 0 
os 8 
Lt LL 
If tan @ = p, then sin6 = ——— (see the figure), so F = ————W 
Vw +1 Jw+l 


We compare this with the value of F' at the endpoints: F'(0) = pW and F(z) =W. 


LL LL LL 
Now because —=——— < 1 and —=—— < jy, we have that ——— Wis less than or equal to each of F'(0) and F'(). 
J+ Jeri J+ ©) 


Hence, W is the absolute minimum value of F'(@), and it occurs when tan @ = pu. 


2 SHE 
Vuw+i 


77. L(t) = 0.014414? — 0.4177¢2 + 2.703¢ + 1060.1 = L(t) = 0.04323? — 0.8354¢ + 2.703. Use the quadratic formula 


_ 0.8354 + \/(0.8354)? — 4(0.04323) (2.703) 
- 2(0.04323) 


to solve L'(t) =0. ¢ ~ 4.1 or 15.2. For 0 < t < 12, we have 


L(0) = 1060.1, L(4.1) + 1065.2, and L(12) = 1057.3. Thus, the water level was highest during 2012 about 4.1 months 
after January 1. 
78. (a) The equation of the graph in the figure is 4200 
v(t) = 0.00146¢? — 0.11553¢? + 24.98169t — 21.26872. 
(b) a(t) = v'(t) = 0.004382? — 0.23106t + 24.98169 => 


a’ (t) = 0.00876t — 0.23106. ‘es 


a'(t) =0 ty = abwe © 26.4. a(0) © 24.98, a(t1) © 21.93, 
and a(125) = 64.54. 


The maximum acceleration is about 64.5 ft/s? and the minimum acceleration is about 21.93 ft/s”. 


79. (a) u(r) = k(ro — r)r? = kror? — kr? v'(r) = 2kror — 3kr?. v'(r) =0 = kr(2ro -3r)=0 = 


2 


r=0Oor 210 (but 0 is not in the interval). Evaluating v at tro, 210; and ro, we get v($ro) = tkro, v(2 


— 4 py 
ro) = a7kro, 


and v(ro) = 0. Since + > 3; v attains its maximum value at r = 210. This supports the statement in the text. 
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(b) From part (a), the maximum value of v is Akro. (c) UN 


80. f(x) =a ta°t+tet1 =s f'(x) = 10107 + 512°° + 1. Since f’(ax) > 1 for all x, f’(a) = 0 has no solution. 


Thus, f has no critical number, and the function f has neither a local maximum nor a local minimum. 


81. (a) Suppose that f has a local minimum value at c, so f(x) > f(c) for all x near c. Then g(x) = —f (x) < —f(c) = g(c) for 
all x near c, so g(x) has a local maximum value at c. 
(b) If f has a local minimum at c, then g(x) = — f(a) has a local maximum at c, so g’(c) = 0 by the case of Fermat’s 
Theorem proved in the text. Thus, f’(c) = —g’(c) = 0. 


82. (a) f(x) = ax® + ba? + cx + d, where a 4 0. So f’(x) = 3ax” + 2ba + cis a quadratic function and hence, the quadratic 


equation f’(x) = 0 has either 2, 1, or 0 real solutions. Thus, a cubic function can have two, one, or no critical number(s). 


Case (i) [2 critical numbers]: f(z) =2? -32 > * 

f'(x) = 3a? — 3 = 3(2 —1),sox=—-1,1 

are critical numbers. 0 m 
Case (ii) [1 critical number]: f(a)=23 = yt 

f'(a) = 32”, sox =0 

is the only critical number. , 


Case (iii) [no critical number]: f(a) =2°+3¢ > 
f' (x) = 3a? + 3 = 3(2? + 1), 


so there is no critical number. 


(b) Since there are at most two critical numbers, a cubic function can have at most two local extreme values, and by (a)(i), this 
can occur. By (a)(ii) and (a)(1ii), it can have no local extreme value. Thus, a cubic function can have zero or two local 


extreme values. 
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APPLIED PROJECT The Calculus of Rainbows 


1. From Snell’s Law, we have sina = ksin8 $ snB ©& BR aresin( sin a). We substitute this into 


D(a) =17+2a-—48 =7+2a-4 arcsin(# sin q), and then differentiate to find the minimum: 


—1/2 3cosa 3cosa 

. 2 a2 

D'(a) = 2-4/1 (3 sina) (3 cos a) = 2—- —————. This is 0 when ——————— = 2 © 
/ 9 on2 9 oyn2 
1— 75 sin a 1— 75 sin“ a 

9 2g =1-— 2 sin? 9 2 a ee aS 2 27 2 ile fete 

7 cos*a=1 76 sin" a <= FCos a=1 te (1 cos a) = Bcos a a cos a 7 


a = arccos \/ => © 59.4°, and so the local minimum is D(59.4°) ~ 2.4 radians ~ 138°. 


To see that this is an absolute minimum, we check the endpoints, which in this case are a = 0 anda = $: 


D(0) = radians = 180°, and D(Z) = 166°. 


d d : 
Another method: We first calculate leh sina=%sin6 © cosa= $cosf le 7 oe = 2 ai = so since 
da 2 3 da da  4cosfB 
; dp dB 1 - ; 
D'(a) =2-4 = 0 aa the minimum occurs when 3 cos a = 2 cos 3. Now we square both sides and 
a a 


substitute sina = 3 sin @, leading to the same result. 


1 
2. If we repeat Problem | with k in place of 4, we get D(a) = 7 + 2a — 4 anesin( 7 sin a) => 


j 4cosa ae 2cos a sina \? 2cosa \* sina \? 
D'(a) =2 , which is 0 when = 4/1 
sina \? k K k 
kyJ1— 
() 
2 Da 320 2 2 kh? -1 : ee 
4cos*sa=k*—sin“°a & 3cos'a=k 1 a = arccos . So for k © 1.3318 (red light) the minimum 


occurs at a1 & 1.038 radians, and so the rainbow angle is about 7 — D(a1) * 42.3°. For k = 1.3435 (violet light) the 
minimum occurs at a2 * 1.026 radians, and so the rainbow angle is about 7 — D(az2) = 40.6°. 


. d 
Another method: As in Problem 1, we can instead find D’(q) in terms of les and then substitute ld epee 
da da  kcos@ 


3. At each reflection or refraction, the light is bent in a counterclockwise direction: the bend at A is a — {, the bend at B is 


nm — 2G, the bend at C is again 7 — 2(, and the bend at D is a — £. So the total bend is 


D(a) = 2(a — B) + 2(m — 28) = 2a — 68 + 2r, as required. We substitute 8 = arcsin( "2" ) and differentiate, to get 


D'(a) = 2 - 2282, which is 0 when 2°52 — 1- (4) & 9cos?a=k?—-sin?a © 
sina 
kyfj1— 
(=) 
8cos?a=k?-1 & cosa = ,/2(k? — 1). Ifk = 4, then the minimum occurs at 
8 3 
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4/3)" =1 ; ie 
Qi = arccos Gi) —1 1.254 radians. Thus, the minimum 231° 
counterclockwise rotation is D(a1) * 231°, which is equivalent to a 231° — 180° = 51° 


clockwise rotation of 360° — 231° = 129° (see the figure). So the rainbow 


angle for the secondary rainbow is about 180° — 129° = 51°, as required. 


In general, the rainbow angle for the secondary rainbow is 


am — [27 — D(a)| = D(a) — 7. 


. In the primary rainbow, the rainbow angle gets smaller as k gets larger, as we found in Problem 2, so the colors appear from 


top to bottom in order of increasing k. But in the secondary rainbow, the rainbow angle gets larger as k gets larger. To see this, 


we find the minimum deviations for red light and for violet light in the secondary rainbow. For k + 1.3318 (red light) the 


2 — 
minimum occurs at a; & arccos 4/ = s 1.255 radians, and so the rainbow angle is D(ay) — 7 2 50.6°. For 


[1.34357 — 1 , ; 
k & 1.3435 (violet light) the minimum occurs at a2 * arccos — = 1.248 radians, and so the rainbow angle is 


D(az) — 7 & 53.6°. Consequently, the rainbow angle is larger for colors with higher indices of refraction, and the colors 
appear from bottom to top in order of increasing k, the reverse of their order in the primary rainbow. 

Note that our calculations above also explain why the secondary rainbow is more spread out than the primary rainbow: in 
the primary rainbow, the difference between rainbow angles for red and violet light is about 1.7°, whereas in the secondary 


rainbow it is about 3°. 


4.2 The Mean Value Theorem 


1. 


2. 


(1) f is continuous on the closed interval [0, 8] . 

(2) f is differentiable on the open interval (0,8). 

(3) f (0) = 3and f(8) =3 

Thus, f satisfies the hypotheses of Rolle’s Theorem. The numbers c = 1 and c = 5 satisfy the conclusion of Rolle’s Theorem 
since f’(1) = f’(5) = 0. 

The possible graphs fall into two general categories: (1) Not continuous and therefore not differentiable, (2) Continuous, but 


not differentiable. 


y y 
3 asa 3 
> > 
0 g x 0 g * 
Not continuous Not differentiable 


In either case, there is no number c such that f’(c) = 0. 
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3. (a) (1) g is continuous on the closed interval [0, 8] . 


(2) g is differentiable on the open interval (0,8). 


rN 
8)—g(0) 4-1 3 2 
Hpi 2 sew) 23128 
(b) g(c) c= eae rs = 
It appears that g’(c) = 2 when c © 2.2 and 6.4. KS a 
‘ a 
o; 4 2 
YR 
7.) — 96) -g9(2) _1-3_ 1 
(c) g'(c) 6=9 m 5° 
It appears that g’(c) = —4 when c © 3.7 and 5.5. 
1 
oy) 4 x 
4. : The function shown in the figure is continuous on [0, 8] [but not 
4 
differentiable on (0, 8)] with f(0) = 1 and f(8) = 4. The line 
i passing through the two points has slope 3. There is no number c in 
0) a: (0, 8) such that f’(c) = 2. 


5. (1) f is continuous on the closed interval [0, 5}. 


(2) f is not differentiable on the open interval (0,5) since f is not differentiable at 3. 


Thus, f does not satisfy the hypotheses of the Mean Value Theorem on the interval [0, 5]. 


6. (1) f is continuous on the closed interval [0, 5}. y 
(2) f is differentiable on the open interval (0, 5). \ 
Thus, f satisfies the hypotheses of the Mean Value Theorem on the interval [0, 5]. 1 
The line passing through (0, f(0)) and (5, f(5)) has slope 0. It appears that 0; 4 x 


f'(c) = 0 for c = landc = 3. 


7. (1) f is continuous on the closed interval [0, 5}. 


(2) f is differentiable on the open interval (0, 5). 


Thus, f satisfies the hypotheses of the Mean Value Theorem on the interval [0, 5]. 


The line passing through (0, f(0)) and (5, f(5)) has slope 


f(8)-f@)_3-1_ 2 
5-0 5 5 


. It appears that f’(c) = 2 when c © 3.8. 
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14. 


15. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


(1) f is continuous on the closed interval [0, 5). 


(2) f is not differentiable on the open interval (0,5) since f is not differentiable at 4. 


Thus, f does not satisfy the hypotheses of the Mean Value Theorem on the interval [0, 5]. 


. f(a) = 2a? — 4¢ +5, [-1,3]. f isa polynomial, so it’s continuous and differentiable on R, and hence, continuous 


on [—1, 3] and differentiable on (—1,3). Since f(—1) = 11 and f(3) = 11, f satisfies all the hypotheses of Rolle’s 


Theorem. f’(c) = 4c — 4 and f’(c) = 0 4c—4=0 c=1. c=1is in the interval (—1,3), so 1 satisfies the 


conclusion of Rolle’s Theorem. 


f(x) = « — 2a? — 4a +2, [-2,2]. f is a polynomial, so it’s continuous and differentiable on R, and hence, continuous on 


[—2, 2] and differentiable on (—2, 2). Since f(—2) = —6 and f(2) = —6, f satisfies all the hypotheses of Rolle’s Theorem. 


f'(c) = 3c? —4c—4and f'(c) =0 & (38¢+2)(c—2) =0 c=—or2. c= —2 isin the open interval 


(—2, 2) (but 2 isnt), so only — - satisfies the conclusion of Rolle’s Theorem. 


f(x) = sin (#/2), [7/2,37/2]. f, being the composite of the sine function and the polynomial «/2, is continuous and 


differentiable on R, so it is continuous on [7/2, 32/2] and differentiable on (7/2, 37/2). Also, f(%) =3V2= f(¥). 


file) =0 & cos(c/2)=0 © cos(c/2 0 c/2= F+nza [naninteger] S&S c=742nr. 
2 2 


Only c = 7 [when n = 0] is in (7/2, 37/2), so 7 satisfies the conclusion of Rolle’s Theorem. 


-1 ; : : 2 ; : : 
f(z) =a+41/a, [$,2]. f'(e)=1- 1/2? = # ‘a f is a rational function that is continuous on its domain, 


(—oo, 0) U (0, 00), so it is continuous on [3,2]. _f’ has the same domain and is differentiable on (4,2). Also, 


f(s) =2 =f). fid=0 6 =0 c—-1=0 c= +1. Only 1 is in (5, 2), so 1 satisfies the 


conclusion of Rolle’s Theorem. 


f(z) =1-27/3. f(-1) =1-(-1)?% =1-1=0=f(1). f(x) =—227"/%, so f'(c) = 0 has no solution. This 


does not contradict Rolle’s Theorem, since f’(0) does not exist, and so f is not differentiable on (—1, 1). 


f(z) =tanz. f(0)=tan0=0=tanz = f(n). f’(x) = sec?x > 1, so f’(c) = 0 has no solution. This does not 


contradict Rolle’s Theorem, since f’ (3) does not exist, and so f is not differentiable on (0,7). (Also, f is not continuous 
on [0, 7].) 
f(x) = 2a? — 3a +1, [0,2]. f is continuous on 0, 2] and differentiable on (0, 2) since polynomials are continuous and 


differentiable on R. f’(c) = 10) ~ La) & 4¢c-3= fe) ~ £0) “> 


1 4c=4 c = 1, which 


is in (0, 2). 
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f(a) = 2° — 3x42, [-2,2]. f is continuous on [—2, 2] and differentiable on (—2, 2) since polynomials are continuous 


and differentiable on R. f’(c) = 10) ~ Ka) & 3°-3= ee = 1 3° = 4 
a c=+ Big +1.15, which are both in (—2, 2) 
3 JS wees ’ : 


f(x) =Ing, [1,4]. f is continuous and differentiable on (0, 00), so f is continuous on [1, 4] and differentiable on (1, 4). 


p(o) = LO=M9 ° ee eS ° c= oy © 2.16, whichis in (1, 4). 


f(x) =1/z, [1,3]. f is continuous and differentiable on (—0oo, 0) U (0,00), so f is continous on [1, 3] and differentiable 


We) — £0 =f() UC) ear C3 eee nae 2 
; _ 255 = +/3 » +£1.73, but 
on (1,3). f"(c) es ° 2 eT 5 3 c=3 c V3 73, bu 
only V3 is in (1, 3). 
= non SA) =F (0) Dope =O 3 
fo) =vz 0.4. f= ai 
1 1 ‘ : 
De 3 Je=l c = 1. The secant line and the tangent line 
are parallel. 
0 4 
ee ie) — £2) = FO) ey te 
f@)=e*,0.2. f= 4 eta 6 
eo = a -c=In is 
2 2 
l-e? : ‘ 
c=-—IlIn 5 = 0.84. The secant line and the tangent line are parallel. 
0 2 
1 —2 
= _ 2 / oe _ Q)-3 Eee pas _ 
fe)=(@-3)" => fila) =—-2(@—-3)™. F(4)-fO) = f(9(4-1) 2 (22 @o3e > 
3 —6 3 Se fe : : ; 
i (c= 3)3 (c— 3)" =-8 c-3=-2 c = 1, which is not in the open interval (1, 4). This does not 


contradict the Mean Value Theorem since f is not continuous at x = 3, which is in the interval [1, 4]. 


2—(2e-1 if 2r -1>0 3-2¢ ifa> _2 if 1 
fle) =2- ao pa 27 Or = 2 > feat 73 

2—[-(2a-1)] if 2e-1<0 14+2ce ifa< 2 ife<5 
f(3) — f(0) = f'(e)(3 — 0) 3-1l=f'():3 = f'(Pd= —$ [not + 2]. This does not contradict the Mean 


Value Theorem since f is not differentiable at « = 3, which is in the interval (0, 3). 


Let f(a) = 2a + cosa. Then f(—7) = —27 — 1 < Oand f(0) = 1 > O. Since f is the sum of the polynomial 2x and the 


trignometric function cos x, f is continuous and differentiable for all «. By the Intermediate Value Theorem, there is a 
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number c in (—7, 0) such that f(c) = 0. Thus, the given equation has at least one real solution. If the equation has distinct real 
solutions a and b with a < 6, then f(a) = f(b) = 0. Since f is continuous on {a, b] and differentiable on (a, b), Rolle’s 
Theorem implies that there is a number r in (a, b) such that f’(r) = 0. But f’(r) = 2 — sinr > O since sinr < 1. This 


contradiction shows that the given equation can’t have two distinct real solutions, so it has exactly one solution. 


Let f(z) = a +e”. Then f(—1) = —14+ 1/e < Oand f(0) = 1 > 0. Since f is the sum of a polynomial and the natural 
exponential function, f is continous and differentiable for all x. By the Intermediate Value Theorem, there is a number c in 
(—1,0) such that f(c) = 0. Thus, the given equation has at least one real solution. If the equation has distinct real solutions a 
and b with a < b, then f(a) = f(b) = 0. Since f is continuous on |a, b] and differentiable on (a, b), Rolle’s Theorem implies 
that there is a number r in (a,b) such that f’(r) = 0. But f’(r) = 3r? + e” > 0. This contradiction shows that the given 


equation can’t have two distinct real solutions, so it has exactly one solution. 


. Let f(x) = #* — 15a 4+ c for x in [—2, 2]. If f has two real solutions a and b in [—2, 2], with a < b, then f(a) = f(b) = 0. 


Since the polynomial f is continuous on [a, b] and differentiable on (a, b), Rolle’s Theorem implies that there is a number r in 
(a,b) such that f’(r) = 0. Now f’(r) = 3r? — 15. Since r is in (a,b), which is contained in [—2, 2], we have |r| < 2, so 
r? <4, It follows that 3r? — 15 < 3-4 —15 = —3 < 0. This contradicts f’(r) = 0, so the given equation, 


z° — 15a + c = 0, can’t have two real solutions in [—2, 2]. Hence, it has at most one real solution in [—2, 2]. 


f(x) = a* + 4a +c. Suppose that f(a) = 0 has three distinct real solutions a, b, d where a < b < d. Then 

f(a) = f(b) = f(d) = 0. By Rolle’s Theorem there are numbers c; and cz witha < c1 < bandb<c2 <d 

and 0 = f’(c1) = f’(c2), so f’(x) = 0 must have at least two real solutions. However 

0= f(x) = 4a + 4 = 4(a3 +1) = 4(a + 1)(x? — 2 + 1) has as its only real solution 2 = —1. Thus, the given equation, 


x* + 42 + c = 0, can have at most two real solutions. 


(a) Suppose that a cubic polynomial P(x) has zeros a1 < a2 < a3 < a4,80 P(a1) = P(a2) = P(a3) = P(aa). 


By Rolle’s Theorem there are numbers ci, c2, c3 with a1 < ci < a2, d2 < Co < az, and a3 < cs < a4 and 


P’(c1) = P’(c2) = P’(c3) = 0. Thus, the second-degree polynomial P’(x) has three distinct real zeros, which is 


impossible. This contradiction tells us that a polynomial of degree 3 has at most three real zeros. 


(b) We prove by induction that a polynomial of degree n has at most n real zeros. This is certainly true for n = 1. Suppose 


that the result is true for all polynomials of degree n and let P(x) be a polynomial of degree n + 1. Suppose that P() has 


more than n + 1 real zeros, say a1 < a2 < a3 <-++ < Gn41 < Gn+2. Then P(a1) = P(az) =--- = P(an+42) = 0. 
By Rolle’s Theorem there are real numbers c1,...,Cn+1 with a1 < ci < d2,..-, Q@n41 < Cn41 < Gn42 and 
P’(c1) =-+- = P’(en+1) = 0. Thus, the nth-degree polynomial P’ (x) has at least n + 1 zeros. This contradiction shows 


that P(x) has at most n + 1 real zeros and hence, a polynomial of degree n has at most n real zeros. 
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28. (a) Suppose that f(a) = f(b) = 0 where a < b. By Rolle’s Theorem applied to f on [a, b], there is a number c such that 
a<c< band f'(c) =0. 
(b) Suppose that f(a) = f(b) = f(c) = 0 where a < b < c. By Rolle’s Theorem applied to f on [a, b] and [, c], there are 
numbers d and e such that a < d < bandb < e < c, with f’(d) = 0 and f’(e) = 0. By Rolle’s Theorem applied to f’ 


[d, e], there is a number g such that d < g < eand f(g) = 0. 


(c) Suppose that f is n times differentiable on R and has n + 1 distinct real zeros. Then f‘”) has at least one real zero. 


343 


on 


29. By the Mean Value Theorem, f(4) — f(1) = f’(c)(4— 1) for some c € (1,4). (f is differentiable for all x, so, in particular, f 


is differentiable on (1, 4) and continuous on [1, 4]. Thus, the hypotheses of the Mean Value Theorem are satisfied.) For every 


c € (1,4), we have f’(c) > 2. Putting f’(c) > 2 into the above equation and substituting f(1) = 10, we get 


f(4) =fO)+ f'(e)(4—-1) = 10+3f'(c) = 10+3-2 = 16. So the smallest possible value of f(4) is 16. 


30. By the Mean Value Theorem, f(8) — f(2) = f’(c)(8 — 2) for some c € (2,8). (f is differentiable for all x, so, in particular, 


f is differentiable on (2, 8) and continuous on [2, 8]. Thus, the hypotheses of the Mean Value Theorem are satisfied.) Since 


f(8) — f(2) = 6f'(c) and 3 < f’(c) < 5, it follows that 6-3 < 6f'(c) < 6-5,s0 18 < f(8) — f(2) < 30. 


31. Suppose that such a function f exists. By the Mean Value Theorem, there is a number c such that 0 < c < 2 with 


f(id= fe) — FO) abe —— = . This result, f’(c) = = is impossible since f’(x) < 2 for all x, so no such 


function f exists. 
32. Let h = f — g. Note that since f(a) = g(a), h(a) = f(a) — g(a) = 0. Then since f and g are continuous on [a, b] and 
differentiable on (a, b), so is h, and thus h satisfies the assumptions of the Mean Value Theorem. Therefore, there is 


a number c with a < c < bsuch that h(b) = h(b) — h(a) = h'(c)(b — a). Given f’(x) < g'(x), we have f’ — g’ < Oor, 


equivalently, h’ < 0. Now since h’(c) < 0, h’(c)(b— a) < 0, so h(b) = f(b) — g(b) < Oand hence f(b) < g(b). 


33. Consider the function f(2) = sin x, which is continuous and differentiable on R. Let a be a number such that 0 < a < 27. 


Then f is continuous on (0, a] and differentiable on (0, a). By the Mean Value Theorem, there is a number c in (0, a) such t 


hat 


f(a) — f(0) = f'(c)(a — 0); that is, sina — 0 = (cosc)(a). Now cosc < 1 for0 < c < 27, sosina < 1-a =a. We took a 


to be an arbitrary number in (0, 277), so sina < a forall x satisfying 0 < x < 27. 


34. f satisfies the conditions for the Mean Value Theorem, so we use this theorem on the interval [—b, b]: f ‘(c) = a 
Be sei os ituting this i rey — £(0) + ( 
for some c € (—b, b). Since f is odd, f(—b) = — f(b). Substituting this into the above equation, we get f’(c) = ~ 
or, equivalently, f’(c) = f wy 
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. Let v(t) be the velocity of the car t hours after 2:00 PM. Then 
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Let f(x) = sin z on [a, b]. Then f is continuous on |a, b] and differentiable on (a, b). By the Mean Value Theorem, there is a 
number c € (a, b) with f(b) — f(a) = f’(c)(b — a) or, equivalently, sin b — sina = (cosc)(b — a). Taking absolute values, 
|sin b — sina| < |cosc| |b — a| or, equivalently, |sina — sin b| < 1|b— |. If b < a, then |sina — sin}| < |a — b|. Ifa = b, 


both sides of the inequality are 0, which proves the given inequality for all a and b. 


Suppose that f’(x) = c. Let g(x) = cx, so g’(x) = c. Then, by Corollary 7, f(x) = g(x) +d, where d is a constant, so 


f(x) = ca +d. 


For a > 0, f(a) = g(x), so f’(x) = g/(a). For x <0, f’(a) = (1/x)’ = —1/ax? and g/(x) = (1+ 1/2)! = —-1/2?, so 
again f’(x) = g’(x). However, the domain of g(z) is not an interval [it is (—oo, 0) U (0, 00)], so we cannot conclude that 


f —@ is constant (in fact, it is not). 


1 il 


1 1 1 1 : 
Let f(x) = arctan + avctan( 2). Then f’(x) = Tae + ay : (-=) oy ages pag 0.on the given 
+ 


domain, (0,00). Therefore, f(x) = C' on (0, 00) by Theorem 5. To find C, we let x = 1 to get 


1 T 7 T T ‘ 1 
| Lea afd — = 
arctan 1 + arctan( *) C 1+] 5 C. Thus, f (x) 7° that is, arctan © + arctan (*) 


nla 


Let f(a) = 2sin~' 2 — cos~*(1 — 2x”). Then 


i Ae) ae ( eed) V1l—a 4x2? —4e7 


2 4 
2 [sincex > 0] =0 


V1— x2 _ 2a /1 — x? 


Thus, f’(x) = 0 for all x € (0,1), and hence, f(x) = C on (0, 1). To find C, let x = 0.5 to get 


f (0.5) = 2 sin~*(0.5) — cos~+(0.5) 2(2) — 3 =0=C. We conclude that f(x) = 0 for x in (0, 1). By continuity of f, 


f(x) = 0 on [0, 1]. Therefore, we see that f(x) = 2 sin-t a —cos~(1— 2x7) =0 = 2sin7t#=cos~*(1— 227). 


v(1/6) — v(0) _ 50-30 
1/6-0 }~=1/6 


= 120. By the Mean Value 
Theorem, there is a number c such that 0 < ¢ < 4 with v'(c) = 120. Since v'(t) is the acceleration at time t, the acceleration 
c hours after 2:00 PM is exactly 120 mi/h?. 


Let g(t) and h(t) be the position functions of the two runners and let f(t) = g(t) — h(t). By hypothesis, where 6 is the 


finishing time, f(0) = g(0) — h(0) = O and f(b) = g(b) — h(b) = 0. Then by the Mean Value Theorem, there is a time c, 


with 0 < ¢ < b, such that f’(c) = LO) _ L0) ae ; ue 0. Since f’(c) = g'(c) — h'(c) = 0, we have g’(c) = h'(c) [the 


velocities are equal]. So at time c, both runners have the same speed. 
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42. Assume that f is differentiable (and hence continuous) on R and that f’(x) 4 1 for all x. Suppose f has more than one fixed 
point. Then there are numbers a and b such that a < b, f(a) = a, and f(b) = b. Applying the Mean Value Theorem to the 


function f on [a, 6], we find that there is a number c in (a, 6) such that f’(c) = ee) But then f’(c) = ; _ , =1, 


contradicting our assumption that f’(x) 4 1 for every real number x. This shows that our supposition was wrong, that is, that 


f cannot have more than one fixed point. 


4.3 What Derivatives Tell Us about the Shape of a Graph 


1. (a) f is increasing on (1,3) and (4,6). (b) f is decreasing on (0, 1) and (3, 4). 
(c) f is concave upward on (0, 2). (d) f is concave downward on (2, 4) and (4,6). 
(e) The point of inflection is (2, 3). 

2. (a) f is increasing on (0, 1) and (3, 7). (b) f is decreasing on (1, 3). 
(c) f is concave upward on (2, 4) and (5, 7). (d) f is concave downward on (0, 2) and (4,5). 
(e) The points of inflection are (2,2), (4,3), and (5, 4). 

3. (a) Use the Increasing/Decreasing (I/D) Test. (b) Use the Concavity Test. 


(c) At any value of x where the concavity changes, we have an inflection point at (x, f(x)). 
4. (a) See the First Derivative Test. 


(b) See the Second Derivative Test and the note that precedes Example 6. 


5. (a) Since f’(x) > 0 on (0, 1) and (3,5), f is increasing on these intervals. Since f’(x) < 0 on (1,3) and (5,6), f is 


decreasing on these intervals. 


(b) Since f’(x) = 0 at x = 1 and x = 5, and f’ changes from positive to negative at both values, f changes from increasing 
to decreasing and has local maxima at x = 1 and x = 5. Since f(x) = 0 at x = 3, and f’ changes from negative to 


positive there, f changes from decreasing to increasing and has a local minimum at x = 3. 
6. (a) Since f’(x) > 0 on (1, 4) and (5,6), f is increasing on these intervals. Since f’(x) < 0 on (0, 1) and (4,5), f is 
decreasing on these intervals. 


(b) Since f’(x) = Oat x = 4, and f’ changes from positive to negative there, f changes from increasing to decreasing and has 
a local maximum at x = 4. Since f’(x) = 0 at x = 1 and x = 5, and f’ changes from negative to positive at both values, 


f changes from decreasing to increasing and has local minima at x = 1 and x = 5. 


7. (a) There is an IP at x = 3 because the graph of f changes from CD to CU there. There is an IP at « = 5 because the graph 
of f changes from CU to CD there. 
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(b) There is an IP at x = 2 and at x = 6 because f’(x) has a maximum value there, and so f’’(a) changes from positive to 
negative there. There is an IP at x = 4 because f’(x) has a minimum value there and so f” (x) changes from negative to 
positive there. 

(c) There is an inflection point at x = 1 because f’’ (x) changes from negative to positive there, and so the graph of f changes 
from concave downward to concave upward. There is an inflection point at x = 7 because f’’ (a) changes from positive to 


negative there, and so the graph of f changes from concave upward to concave downward. 


. (a) f is increasing when f"’ is positive. This happens on the intervals (0, 4) and (6, 8). 


(b) f has a local maximum where it changes from increasing to decreasing, that is, where f’ changes from positive to negative 


(at z = 4 and x = 8). Similarly, f has a local minimum where f’ changes from negative to positive (at x = 6). 


(c) f is concave upward where f’ is increasing (hence f” is positive). This happens on (0, 1), (2,3), and (5,7). Similarly, 


f is concave downward where f’ is decreasing, that is, on (1,2), (3,5), and (7, 9). 


(d) f has an inflection point where the concavity changes. This happens at « = 1, 2, 3, 5, and 7. 


15x? + 247 — 5 f' (x) = 6x? — 30a + 24 = 6(2? — 5a + 4) = 6(a — 1)(x — 4). 


x<l increasing on (—oo, 1) 
l<a<A4 + - - decreasing on (1, 4) 
x>A + + + increasing on (4, oo) 


f changes from increasing to decreasing at x = 1 and from decreasing to increasing at x = 4. Thus, f(1) = 6 isa local 


maximum value and f(4) = —21 is a local minimum value. 


1352 f(x) = 3a? — 122 — 135 = 3(2? 


Interval 


g<—5d 
—5<2<9 
z>9 


increasing on (—oo, —5) 
decreasing on (—5, 9) 


increasing on (9, oo) 


f changes from increasing to decreasing at x = —5 and from decreasing to increasing at x = 9. Thus, f(—5) = 400 is a local 
maximum value and f(9) = —972 is a local minimum value. 
f(z) = 6a* — 162? +1 f'(a) = 24x° — 48a? = 24a? (a 


x<o0 decreasing — 00, 0) 
O0<4<2 + decreasing on (0, 2) 
x>2 ~ increasing on (2, oo) 


Note that f is differentiable and f’(x) < 0 on the interval (—oo, 2) except for the single number x = 0. By applying the result 
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of Exercise 4.3.97, we can say that f is decreasing on the entire interval (—oo, 2). f changes from decreasing to increasing at 


x = 2. Thus, f(2) = —31 is a local minimum value. 


12. f(c) =2°8(@—-3) => f'(a) =27/9(1) + (w@—3)- 2a7/8 = $a 8 Ba + (w@ — 3) - 2] = $a 1/9 (52 — 6). 


increasing on (—oo, 0) 


decreasing on (0, £) 


increasing on (2, oo) 


13. f(x) = eae 
f(e) = (a —5)(2x) — (w? —24)(1) _ 2a? -10a—a? +24 2?-10x +24 (x —4)(x—6) 
7 (x — 5)? - (x — 5)? Cree) nn Cle) 
Interval 
a<A - - + + increasing on (—oo, 4) 
4<a<5 + - + - decreasing on (4,5) 
5<a<6 + - + - decreasing on (5,6) 
x>6 + + + + increasing on (6, co) 


x = 5is not in the domain of f. f changes from increasing to decreasing at « = 4 and from decreasing to increasing at x = 6. 


Thus, f(4) = 8 is a local maximum value and f(6) = 12 is a local minimum value. 


8 a—8 (x —2)(a? + 2a +4) 
23 23 23 


. The factor 


14. f(x) =a2+ 4 =a¢+4e? f(x) =1-8¢7%=1 


= 


et [a [Fo 


x<0 - increasing on (—oo, 0) 
0<a4<2 + — — decreasing on (0, 2) 
v2 + + + increasing on (2, oo) 


x = Oisnot in the domain of f. f changes from decreasing to increasing at x = 2. Thus, f(2) = 3 is a local minimum value. 


sin x 


15. f(z) =sinz+cosz, 0<a< 2m. f'(x) =cosx—sinz =0 cose=sing => l= 
cos x 


tang=1 => x= or. Thus, f(z) >0 © cosr—sing>0 © cosr>sing = O0<a<for 
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St <a <2mrand f'(t)<0 @ cosa<sing = 4% <a < 5. So f is increasing on (0, =) and (32,27) and f is 


decreasing on (7, 2). 


474 
f changes from increasing to decreasing at « = 7 and from decreasing to increasing at 7 = as Thus, f (4) = V2isa 


local maximum value and f ( 9) = —V/2 is a local minimum value. 


f(a)=a*e* = f'(a) = 2*(—e~”) +e * (4a) = ae" (—a + 4). Thus, f’(x) > Oif 0 < a < 4and f'(x) < Oif 
x <Ooraz > 4. So f is increasing on (0, 4) and decreasing on (—oo, 0) and (4, oo). 
f changes from decreasing to increasing at « = 0 and from increasing to decreasing at x = 4. Thus, f(0) = 0 is a local 


minimum value and f (4) = 256e~* [- 4.69] is a local maximum value. 


f(a) =2° —32?-97+4 => f'(x) = 32? -—6r—9 f"() =6x-6=6(4-1). f"(z)>0 & «>I 
and f"(z) <0 <= «a <1. Thus, f is concave upward on (1, 00) and concave downward on (—oo, 1). There is an 


inflection point at (1, f(1)) = (1, —7). 


f(x) = 227 — 9a? + 122 — 3 f'(x) =6a? — 18 +12 = f" (x) =12x-18=12(¢-—3). f’(z)>0 © 
a> Zand f"(x)<0 < «a < 3. Thus, f is concave upward on (3,00) and concave downward on (—oo, 3). There is an 


inflection point at (3, 3) ; 


f(x) =sin? x —cos22,0<a<n. f'(x) = 2sina cosa + 2sin 2x = sin2x + 2sin 2x = 3sin 2x and 
f(t) =6cos2z. f"(x)>0 = cos2e>0 & O<ax< tand22 <ax< mand f"(t)<0 © 
cos2r<0 < <a < 32. Thus, f is concave upward on (0, 4) and (22, 7) and concave downward on (4, 2). There 


are inflection points at (4, 3) and (= s). 


472 


COS & 


f(x) =In(2+sinz), O0<a<2r. f'(x)= wary (cos.z) = a and 
PiGy2 (2+sinx)(—sinx)—cosa(cosx) _ —2sinz sin? « — cos? x _ —2sine (sin? x + cos? x) 
= (2+ sin x)? ~ (2+sinz)? = (Q+sna)? 
_ —2sine—-—1_ — 1+2sine 
(2+ sin x)? (2+ sinz)?" 


f'(e)>0 => 142sine<0 © sint<-$ @& Be<a< Hand f"(r)<0 > 142sinz>0 © 


sng >-4 © 0<a< a or = < « < 2m. Thus, f is concave upward on (4, i) and concave downward on 
(0, ) and (+4, Qn). There are inflection points at (2, In3) and (+, In3). 
GA inl hea Pe a ea 
7 — a5 — a +5 
f"(e) = (a? + 5)(2) — 2a(2a) _ 20? +10—4e7 — —20?+10 _ _ 2(a? —5) 
(a? + 5)? (a? + 5)? (x? + 5)? (x? +5)?" 
f'@)>0 => #7=-5<0 => 2 <5 => -V5<2< Vian f"(z) <0 z’—5>0 e>5 > 
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a <—V5 ora > V5. Thus, f is concave upward on (— V5, V5) and concave downward on (—0o, — V5) and (/5, 00). 


There are inflection points at (-v5, In 10) and (V5, In 10). 


_ & j _ (e7 + 2)e" —e*(e") _ e* [(e*7 +2) —e*] _ 2e” 
ata am aa (e? +22 (c? +2)? (e* +2)?" 
fn) = (e” +2)? - 2c” — 2e* -2(e7 + 2)e” _ 2e*(e” + 2)[(e” + 2) — 2e”] _ 2e*(2 — €”) 


(+27? (er +24 (+ 2/5” 
f"(2)>0 & 2-e >0 & e&* <2 & x<In2and f"(z7)<0 & 2-e7 <0 & e* >2 & 


x > \n2. Thus, f is concave upward on (—oo, In 2) and concave downward on (In 2, co). There is an inflection point at 


(In 2, f(In2)) = (in2, 3) = (In2, 3). 


23. (a) f(x) = a* — 227 +3 f'(x) = 4a? — 4a = 4a(x? — 1) = 4a(x + 1)(@ — 1). 


decreasing on (—oo, —1) 


increasing on (—1, 0) 


( 

( 
decreasing on (0, 1) 

( 


increasing on (1, 00) 


(b) f changes from increasing to decreasing at x = 0 and from decreasing to increasing at = —1 and x = 1. Thus, 


f(0) = 3 isa local maximum value and f(+1) = 2 are local minimum values. 


(c) f’ (a) = 120? — 4 = 12(2? — 4) = 12(e@ + 1/V3)(x@-1/V3). f"(t) >0 @& «< -1/V3o0re > 1/V3 and 
f"(@) <0 = -1/V¥3 <a <1/V3. Thus, f is concave upward on (—0o, — 3/3) and (3/3, 00) and concave 


downward on (—/3/3, V3/ 3). There are inflection points at (+v3/ 3, 2). 


(a? +1)(1)—a(2z) 1-2? (a + 1)(@ — 1) 
(x? +1)? (a2 1)? (a? +1)? 


> f(@)= 


24. (a) f(x) = = . Thus, f’(x) > Oif 


+1 
(c+1)\(2@-1)<0 = -1<a<1,and f'(x) < Oifx < —lorz > 1. So f is increasing on (—1, 1) and f is 
decreasing on (—oo, —1) and (1, 00). 

(b) f changes from decreasing to increasing at 1 = —1 and from increasing to decreasing at x = 1. Thus, f(—1) = —4 isa 


local minimum value and f(1) = 4 is a local maximum value. 


(a? +.1)?(—2x) — (1 —2?)[2(@? +.1)(22)| | (a? +.1)(—22)[(a? +1) +2(1—27)] — 2a(x? — 3) 
[(x? + 1)?]? (x? + 1)4 coe a 9 a 


(c) f"(@) = 


f'(2)>0 & -V3 <2 <0ore> V3,and f"(2) <0 & 2 <—V30r0 <2 < V3. Thus, f is concave 
upward on (—/3, 0) and (1/3, oo) and concave downward on (—oo, — V3) and (0, V3). There are inflection points at 
(-v3, —V3/4), (0,0), and (V3, 3/4). 
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25. (a) f(x) = 2? —a#—Ine f'(x) =2x2-1 S a 


2 — ca i 
Pee = Cee) Ue }) Thus, f/(2) > 0ifx >1 
[note that x > 0] and f’(x) < Oif0 < x <1. So f is increasing on (1,00) and f is decreasing on (0, 1). 
(b) f changes from decreasing to increasing at x = 1. Thus, f(1) = 0 is a local minimum value. 


(c) f” (2) = 2+ 1/2? > 0 forall x, so f is concave upward on (0, 00). There is no inflection point. 


26. (a) f(x) =a? nz = f'(@) =a? (1/x) + (na)(2x) = & + 2a Ine = 2(1 + 2Inz). The domain of f is (0, 00), so 
the sign of f’ is determined solely by the factor1+2Inz. f’(x)>0 = Inz> —t & g>el? [= 0.61] 
and f(z) <0 = O0<a<e!/?. So f is increasing on (e~!/?, 00) and f is decreasing on (0,e~*/?). 

(b) f changes from decreasing to increasing at 2 = e~1/?. Thus, f(e~1/”) = (e~ 1/7)? In(e~1/) = e~1(—1/2) = —1/(2e) 
[= —0.18] is a local minimum value. 

(c) f(z) =a2(1+2Inz) = f" (x) =2(2/z)+(14+2Inz)-1=2+4+142Inz7=342Inze. f"(r)>0 = 
34+2lna>0 © Intg>-3/2 © «> e3/? [& 0.22]. Thus, f is concave upward on (e~?/?, 00) and f is 
concave downward on (0, e~ 3/7). f(e7*/?) = (e79/?)? Ine~9/? = e~9(—3/2) = —3/(2e3) [= —0.07]. There is a 
point of inflection at ("jE") = (e-*/?, -3/(2€°)). 


27. (a) f(z) =axe** => f'(x) = x(2e?*) + e?*(1) = e** (2x + 1). Thus, f’(x) > Oifx > —4 and f’(x) < Oifa < —4. 


1 


So f is increasing on (-3, oo) and f is decreasing on (—00, —%). 


(b) f changes from decreasing to increasing at x = —4. Thus, f( 3) = —je * =—1/(2e) [~ —0.18] isa local 
minimum value. 

(c) f(x) = e?* (2) + (2a +1) - 2c?” = 2e?*[1 + (Qa + 1)] = 2e?* (2a 4+ 2) = 4e?*(a@ +1). f" (2) >0 & «> -1 
and f"(2) <0 < a <-1. Thus, f is concave upward on (—1, 00) and f is concave downward on (—o0o, —1). 


There is an inflection point at (-1, —e~*), or (-1, —1/e?). 


28. (a) f(x) = cos*a —2sinz, O<a#<2n. f'(x) = —2cosax sine — 2cosx = —2cosx(1+sinz). Note that 


1+sinz >0 [since sinx > —1], with equality sin x ac x 3a [sinceO << a< 27] => 


cosz = 0. Thus, f(z) >0 <= costr<0 @& 3 <a< and f'(z)<0 @& costr>0 & O0<a<F 
or = <x < 2x. Thus, f is increasing on (5, a) and f is decreasing on (0, 5) and (¥, 2r). 


(b) f changes from decreasing to increasing at x = 5 and from increasing to decreasing at x = an Thus, f (3) = —2isa 


local minimum value and f ( 2) = 2 isa local maximum value. 


(c) f’ (a) = 2sina (1+ sinx) — 2cos’x = 2sina + 2sin?x — 2(1 — sin?) 


= 4sin?x + 2sina — 2 = 2(2sinx — 1)(sinx + 1) 


sof’"(z)>0 @ sng >Z & Z<aK< Band f"(z)<0 & sing <gandsinexA-1 © 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 4.3. WHAT DERIVATIVES TELL US ABOUT THE SHAPE OF A GRAPH 351 


5a 
6 


O0<a< Gor 2B <au< 3m or 3m <x < 2. Thus, f is concave upward on (3, ) and concave downward on (0, z), 


(= 3a 


ae st), and (32,27). There are inflection points at (4, —+) and (=, —}). 


29. f(z) =14+ 3a? — 2x3 f'(a) = 6x — 6x? = 6a(1 — 2). 
First Derivative Test: f'(x) >0 = O<a<1land f'(z)<0 = x <Oorg>1. Since f’ changes from negative 
to positive at x = 0, f(0) = 1 isa local minimum value; and since f’ changes from positive to negative at x = 1, f(1) = 2 is 


a local maximum value. 


Second Derivative Test: f(x) =6—122. f'(x)=0 = x=0,1. f"(0)=6>0 =  f(0) =1isa local 


minimum value. f’’(1) = —6 < 0 f (1) = 2 is a local maximum value. 


Preference: For this function, the two tests are equally easy. 


= x : — (w@—1)(2x)—27(1)_ 2? -2 — a(x — 2) 
DE) = a => PO) = Gate Gate (eed 


First Derivative Test: f'(x) >0 = xu<Oora>2and f'(z)<0 => O<a<lorl<a2< 2. Since f’ changes 
from positive to negative at « = 0, f(0) = 0 is a local maximum value; and since f’ changes from negative to positive at 
x = 2, f(2) = 4isa local minimum value. 


Second Derivative Test: 


f"(e) = (w — 1)? (2x — 2) — (a? — 2x)2(@—1) _ Ae—I)[(e—-1)?—-(@?-20)] 2 
[(e — 1)??? (x —1)4 (x — 1)" 
f'(e)=0 = x=0,2. f"(0)=-2<0 f (0) = 0 is a local maximum value. f"(2)=2>0 => f(2)=4isa 


local minimum value. 


Preference: Since calculating the second derivative is fairly difficult, the First Derivative Test is easier to use for this 
function. 
31. f’(x) = (x — 4)?(a +3)" (a — 5)8. The factors (a — 4)? and (x — 5)® are nonnegative. Hence, the sign of f’ is determined 
by the sign of (a + 3)’, which is positive for 2 > —3. Thus, f increases on the intervals (—3, 4), (4,5), and (5, 00). Note that 
f is differentiable and f’(x) > 0 on the interval (—3, oo) except for the numbers x = 4 and x = 5. By applying the result of 


Exercise 4.3.97, we can say that f is increasing on the entire interval (—3, 00). 


32. (a) f(t) =a*(@—-1)? = f(x) = a*-3(a—1)? 4 (w@— 1)? -4a3 = 23 (a — 1)? [3a 4+ 4(a — 1)] = 2? (@ — 1)? (7x — 4) 


The critical numbers are 0, 1, and Z. 


(b) f(x) = 3x? (a — 1)?(7a — 4) + @? - 2(a — 1)(7a — 4) + 23 (@ — 1)? -7 


= x2? (a@ — 1) [8(@ — 1)(7a — 4) + 2a(7x — 4) + Tx(x — 1)] 


Now f”(0) = f”(1) = 0, so the Second Derivative Test gives no information for x = 0 or x = 1. 


f"(4)= (47 @ — 1)[0+0+7(#)(4-1)] = (4)°( 3) (4)(—3) > 0, so there is a local minimum at x = 2. 


(c) f’ is positive on (—oo, 0), negative on (0, 2), positive on (2, 1), and positive on (1,00). So f has a local maximum at 


ax = 0, a local minimum at 7 = 3, and no local maximum or minimum at x = 1. 
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33. (a) By the Second Derivative Test, if f’(2) = 0 and f”(2) = —5 < 0, f has a local maximum at x = 2. 


(b) If f’(6) = 0, we know that f has a horizontal tangent at x = 6. Knowing that f’”’(6) = 0 does not provide any additional 


information since the Second Derivative Test fails. For example, the first and second derivatives of y = (x — 6)‘, 


y = —(x — 6)*, and y = (x — 6)? all equal zero for 2 = 6, but the first has a local minimum at « = 6, the second has a 


local maximum at x = 6, and the third has an inflection point at x = 6. 


34. (a) f’(x) < Oand f(x) < 0 for all x 
The function must be always decreasing (since the first derivative is always 
negative) and concave downward (since the second derivative is always 


negative). 


(b) f’(a) > Oand f” (x) > 0 for all x 
The function must be always increasing (since the first derivative is always 
positive) and concave upward (since the second derivative is always 


positive). 


35. (a) f’(x) > Oand f(x) < 0 for all x 
The function must be always increasing (since the first derivative is always 
positive) and concave downward (since the second derivative is always 


negative). 


(b) f’(x) < Oand f” (x) > 0 for all x 
The function must be always decreasing (since the first derivative is always 
negative) and concave upward (since the second derivative is always 


positive). 


36. Vertical asymptote x = 0 
f(a) >0ifa<—-2 => f is increasing on (—o0o, —2). 
f'(x) <Oifa>—-2(440) =f is decreasing on (—2,0) and (0, 00). 
f(z) <Oife <0 =f is concave downward on (—oo, 0). 


f(z) > O0ife>0 =f is concave upward on (0, 00). 


Ya 


Ya 


BY 


Ya 


N 
av 


i 
BY 


ay 
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37. f'(0) = f’(2) = f’(4) =0 horizontal tangents at 2 = 0, 2, 4. 


f(a) >0ife<0or2<x2<4 = fis increasing on (—oo,0) and (2, 4). 


f(x) <Oif0<a<2or”a>4 =f is decreasing on (0,2) and (4, 00). 


f" (a) > O0ifl<a2<3 =f is concave upward on (1,3). 
f"(«) <Oife <lorx>3 = f is concave downward on (—co, 1) 


and (3, 00). There are inflection points when « = 1 and 3. 


38. f'(x) > Oforalla #1 =f is increasing on (—oo, 1) and (1,00). 


Vertical asymptote x = 1 


f"(z) > Oife<lorz>3 =f is concave upward on (—oo, 1) and (3, 00). 
f" (x) <Oifl<a2<3 =f is concave downward on (1,3). 


There is an inflection point at x = 3. 


39. (5) =0 = horizontal tangent at x = 5. 
f'(z) <Owhenz <5 =f is decreasing on (—co,5). 


f(x) >Owhenz >5 =f is increasing on (5,00). 


f"(2)=0, f"(8)=0, f" (x) <Owhenz <2 or x > 8, 


f"(x) >Ofor2<x2<8 =f is concave upward on (2,8) and concave downward on (—oo, 2) and (8, 00). 
There are inflection points at x = 2 and x = 8. 


lim f(«)=3, lim f(#)=3 => y= 3isahorizontal asymptote. 


40. f’(0) = f’(4) =0 = horizontal tangents at 7 = 0 and 4. Yh i)x= 2 
f'(e) =1life<-1 = f isa line with slope 1 on (—oo, —-1). 
f'(z) > 0if0<a2<2 + f is increasing on (0, 2). 
f(x) <Oif-l<a2<0or2<x<4orxe>4 Sf is decreasing on (—1,0), 0| : 4a\ x 
(2, 4), and (4, 00). 


lim f’(z)=—oco =f’ decreases without bound as 2 > 2°. 


f"(«) > Oif-l<a<2o0r2<a<4 =f is concave upward on (—1, 2) and (2, 4). 


f'(«) <Oife>4 =f is concave downward on (4, co). 
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f(z) >O0ife #2 =f is increasing on (—oo, 2) and (2,00). 
f(x) >O0ifa<2 = fis concave upward on (—oo, 2). 
f(x) <Oife>2 =f isconcave downward on (2,00). 


f has inflection point (2,5) = ff changes concavity at the point (2,5). 


lim f(z) =8 =f hasa horizontal asymptote of y = 8 as x — oo. 


Z—0o 


lim f(#z)=0 =f hasahorizontal asymptote of y = 0 as 1 — —oo. 


ZLZ——0o 


d?y 


da? 
dy . : d’y : : 

(b) oe < 0(/f is decreasing) and Te <0 (f is concave downward) at point E. 
#y 
dx? 


d La ? : ; 
(a) = > O(f is increasing) and > 0(f is concave upward) at point B. 


d : : : ‘ 
(c) = < 0(/f is decreasing) and > 0 (Cf is concave upward) at point A. 


dy dy dy dy 
Note: AtC, dn > Oand — 3 <0. At D, dz =Oand 3 <0. 


. (a) f is increasing where f” is positive, that is, on (0,2), (4,6), and (8, 00); and decreasing where f’ is negative, that is, on 


(2,4) and (6, 8). 


(b) f has local maxima where f’ changes from positive to negative, at x = 2 and at x = 6, and local minima where f’ changes 


from negative to positive, at x = 4 and at x = 8. 


(c) f is concave upward (CU) where f’ is increasing, that is, on (3, 6) and (6, 00), and concave downward (CD) where f’ is 


decreasing, that is, on (0, 3). 


(d) There is a point of inflection where f changes from (e) 


being CD to being CU, that is, at x = 3. 


. (a) f is increasing where f’ is positive, on (1,6) and (8, 00), and decreasing where f’ is negative, on (0, 1) and (6, 8). 


(b) f has a local maximum where f’ changes from positive to negative, at x = 6, and local minima where f’ changes from 


negative to positive, at x = 1 and at x = 8. 
(c) f is concave upward where f’ is increasing, that is, on (0,2), (3,5), and (7,00), and concave downward where f’ is 
decreasing, that is, on (2,3) and (5, 7). 
(d) There are points of inflection where f changes its (e) 


direction of concavity, at x = 2, x = 3, x = 5 and 


C=. 
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45. (a) f(z) = 2? — 32744 f' (x) = 3a? — 6x = 3x(a — 2). 
Sa 
z<0 — — + increasing on (—oo, 0) 
O0<4<2 + - - decreasing on (0, 2) 
x>2 + + + increasing on (2, oo) 


(b) f changes from increasing to decreasing at x = 0 and from decreasing to increasing at = 2. Thus, f(0) = 4 isa local 
maximum value and f(2) = 0 is a local minimum value. 

(c) f"(z) =62-6=6(2-1). f"(z7)=0 & x=1. f"(x)>O0on (d) 
(1, 00) and f”’ (x) < 0 on (—o0, 1). So f is concave upward on (1, 00) and 


f is concave downward on (—oo, 1). There is an inflection point at (1, 2). 


46. (a) f(x) = 36a + 32? — 227 = f' (x) = 36 + 6x — 6a® = —6(a? — & — 6) = —6(x + 2)(e@ — 3). f'(x) >0 © 
—2<a<3and f'(x1) <0 & x <-—2orz > 3. So f is increasing on (—2,3) and f is decreasing on (—oo, —2) 
and (3, co). 


(b) f changes from increasing to decreasing at x = 3, so f(3) = 81 is a local maximum value. f changes from decreasing to 


increasing at x = —2, so f(—2) = —44 is a local minimum value. 
(c) f"(z) =6-12x. f"(t)=0 @& «= 5. f"(x) >00n (—cx, 5) (d) 
and f" (x) <0 on ($,00). So f is CU on (—00, $) and f is CD on 


(5, oo). There is an inflection point at (5; at). 


47. (a) f(x) = 404-407 +3 = f'(x) = 20° — 8x = 2x(a? — 4) = 2a(a@ + 2)(u—-2). f'(e)>0 @& -2<a<0 
or z > 2,and f’(z) <0 = uw<—2or0 <2 <2. So f is increasing on (—2,0) and (2,00) and f is decreasing on 
(—oo, —2) and (0, 2). 


(b) f changes from increasing to decreasing at x = 0, so f(0) = 3 is a local maximum value. 


f changes from decreasing to increasing at x = +2, so f(+2) = —5 isa local minimum value. 
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2 2 
(©) f"(a) = 62" —8 = 62? — 4) = 6(e ++ &) (2- %). @) 
= _ 4.2 2 
f" (x) =0 r=+7. f"(x)>O0on (co, -) and (4.-) 
and f(a) <Oon (-+, 43). So f is CU on (-c0 -+) and 
V3? V3 V3 


2 


A 
(=. 00), and f is CD on (- at +5). There are inflection points at 


13 


\ 


48. (a) g(x) = 200 + 82° 4 


(+4,,-3 


at 


g' (a) = 24a? + 4x? = 4x?(6 + x) = 0 when « = —6 and when x = 0. 


g(x) >0 & «£>-6 [x40] andg’(x)<0 & «x < —6,s0 Q is decreasing on (—oo, —6) and g is increasing 


on (—6, co), with a horizontal tangent at = 0. 
(b) g(— 
(c) g(x) = 48a + 12”? = 122(4+ 2) = 0 when x = —4 and when x = 0. 
g(a) >0 & x«<—4orxz>O0andg" (rz) <0 @& -4<2<0,580 
CU on (—oo, —4) and (0, 00), and g is CD on (—4, 0). There are inflection 


points at (—4, —56) and (0, 200). 


6) = —232 is a local minimum value. There is no local maximum value. 


(d) 


gis 


ay 


49. (a) g(t) = 3t* — 8t° +12 g(t) = 124° — 24¢? = 12#?(t — 2). 
Interval 120? g 
t<0 + decreasing on (—oo, 0) 
0<t<2 + decreasing on (0, 2) 
t>2 + increasing on (2, 00) 
(b) g changes from decreasing to increasing at 7 = 2. Thus, g(2) = —4 is a local minimum value. 
(c) g(t) = 36t? — 48¢ = 12t(3t-— 4). g(t) =0 b=Mort =F. (d) 
IP (0, 12) 
t<0 concave up on (—oo, 0) 
0<t<4 + - - concave down on (0, 4) (é 68 
t>$ + + + concave up on (4,00) 7 = 
4 68 ay 
There are inflection points at (0, 12) and (4, $3). 
50. (a) h(x) = 5a°—3a0° => A’(x) = 15a? — 15a* = 15a@?(1— 2?) = 15e?2(14+-a)(1—2). A(x) >0 © 
—1<a<Oand0 <2 <1 [note that h’(0) = 0] andh’(z) <0 <= x <-—lorax >1. So his increasing on (—1, 1) 


and h is decreasing on (—oo, —1) and (1, 00). 


(b) h changes from decreasing to increasing at x = —1, so h(—1) = —2 is a local minimum value. h changes from increasing 


to decreasing at x = 1, so h(1) = 2 isa local maximum value. 
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(c) h” (x) = 30x 


60x? = 302(1— 227). h"(x2)=0 & 2x =O0or (d) 
oo, —1//2) and 


00). So h is CU on 


1-27 =0 x =O0ora = 41/72. h(x) > 0 on (— 
(0, 1/2), and h(x) < 0 on (—1/V2, 0) and (1/72, 
(—00, -1/V2) and (0, 1/V2), and h is CD on (-1/v2, 0) and (1/v2, oo). 


There are inflection points at (—1//2, —7/(4V2)), (0,0), and (1/V2,7/(4V2)). 


51. (a) f(z) = 27 —11222 = f’(z) = 72° — 2242 = 72(2° 


z<0 increasing on —— 00, 0) 
0<z<2 + - - decreasing on (0, 2) 
z>2 + + + increasing on (2, 00) 


(b) f changes from increasing to decreasing at x = 0 and from decreasing to increasing at = 2. Thus, f(0) = 0 isa local 


maximum value and f(2) = —320 is a local minimum value. 


(c) f’(z) = 422° — 224 = 14(32°- 16). f(z) =0 32° = 16 (d) 


5 _ 16 
3 


& g= ts 


+ [call this valuea]. f"(z)>0 <= z>aand 


f"(2) <0 = 2z<a.So, f is concave up on (a, co) and concave down 


on (—oo, a). There is an inflection point at 


= (4/4 5/16 ee p/ 238 ) = ( (1. 398, —208. 4). 
52. (a) f(a) = (a? 4)° f' (x) = 3(a? — 4)? (2x) = 6a (x? — 4)?. Since (a? — 4)? is nonnegative, the sign of f’(2) is 


determined by the sign of 6x. Thus, f’(z) <0 = x <0 [x 4-2] and f’(z)>0 |S «>0 [x £2]. So f is 


increasing on (0, 2) and (2, co), and f is decreasing on (—oo, —2) and (—2, 0). By Exercise 4.3.97, we can say that f is 
increasing on (0, oo) and decreasing on (—oo, 0). 
(b) f changes from decreasing to increasing at x = 0. Thus, f(0) = —64 is a local minimum value. 


(c) f(a) = 6x - 2(a? — 4)(2ax) + (2? — 4)? - 6 = 6(x? — 4)[4ar? + (a? — 4)] 


= 6(x? — 4)(5a? — 4) = 6(x + 2)(a — 2) (W524 2) (V5a — 2) 
| Interval e+2] J5a+2] V5r-2] x f" (2) f 
x<—2 - - - + concave up on (—oo, —2) 
—2<a2< -* + - - - concave down on (- 2,— = 
-+ <Uu< 74 Sa = ot concave up on (-=. =) 
= ae i a + + + — concave down on (=: 2) 
x>2 + + + + concave up on (2,00) 
; . ; 2 4 2 4 
There are inflection points at (—2, 0), ( 5 =) ; ( es oe) , and (2,0). 
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(d) a 


(0, -64) 


F'(z)=2- 4(6 a) ~1/2( 1)+(6 a)!/2(1) = 16 a)~/2| 2 +2(6—2)) = =. 
F(z) >0 © 


—32+12>0 = x<4andF’(x1)<0 = 4<2<6. So Fis increasing on (—o0o, 4) and F is 
decreasing on (4,6). 


(b) F' changes from increasing to decreasing at x = 4, so F(4) = 4,/2 is a local maximum value. There is no local minimum 
value. 


@ Fa) =-fe-4(6-2)"7 = 


@ (443) 
F(z) = -3[(x- 4) (-3(6 - 2)-*/9(-1)) + (6-2)-7(1)| 


NIF 


8 1 sya _ _ 3(@—8) 
F(x) < 0 on (—oo, 6), so F is CD on (—oo, 6). There is no inflection point. 


= 2 10(1-—2 
54. (a) G(x) = Be2/3 — oe73/3 G' (a) a 10 1/3 40. p2/8 = 10 (4 -2)= oe 
G'(z) >0 & O<a<landG’(x)<0 & x <Oorz>1. So Gis increasing on (0, 1) and G is decreasing on 
(—o0, 0) and (1, 00). 


(b) G changes from decreasing to increasing at x = 0, so G(0) = 0 is a local minimum value. G changes from increasing to 


decreasing at x = 1, so G(1) = 3 is a local maximum value. Note that the First Derivative Test applies at z = 0 even 
though G’ is not defined at x = 0, since G' is continuous at 0. 


(c) G" (zx) 0-4/8 


20 2-1/8 = —eA/3(1 +2z). G(r) >0 > 
a<—dandG"(z)<0 = -4 <a <O0orr>0.S0GisCUon 
(—00, —$) and G is CD on (-§, 0) and (0, 00). The only change in concavity 


‘ : ‘ ‘ 1 e/3 
occurs at 7 = — 3 so there is an inflection point at (- oe 6/4). 


4 1 

55. (a) O(a) = 2/8 (2 +4) =a 4403 > C'(2)= ah + oo a fe 7/3 (9 + 1)= ee: C'(x) > Oif 
3 Vax? 

-1<2a<0orz > 0andC'(z) < 0 for x < —1, so C is increasing on (—1, 00) and C is decreasing on (—oo, —1) 
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(b) C(—1) = —3 is a local minimum value. (d) a 
(2, 64/2) 
= = - 4(a — 2) 
(c) C' (a) = 4477/8 — 8g F/8 = 4g F/3(g 2) = aaE 


C" (x) < Ofor0 <x < 2and C(x) > 0 for x < Oand x > 2, s0 Cis 


= 0 
concave downward on (0, 2) and concave upward on (—oo, 0) and (2, 00). : 7 
There are inflection points at (0,0) and (2,6 /2) © (2, 7.56). (-1,-3) 


1 pie 2x 
x2+9 xr24+9° 


56. (a) f(c) =In(e?+9) > f'(2) 


fi(az)>0 & 24>0 & x>Oandf'(r)<0 © 


x <0. So f is increasing on (0, co) and f is decreasing on (—co, 0). 


(b) f changes from decreasing to increasing at x = 0, so f(0) = In9isa (d) yh 
local minimum value. There is no local maximum value. 


my _ (#72 +9)-2—2a(2x) 18-22? — —2(x + 3)(x — 3) 
Of =" age  Geage  Ge IP IP 


f"(z7)=0 & x=+3. f"(x) > 00n (—3,3) and f” (x) < Oon 


(—co, —3) and (3, co). So f is CU on (—3, 3), and f is CD on (—oo, —3) 


and (3,00). There are inflection points at (+3, In 18). 


57. (a) f(0) = 2cos0 + cos?0, O< 0<2n => f'(0) = —2sin@ + 2cosO (—sin@) = —2sin 6 (1 + cos8). 


f'(@) =0 6=0,7, and 27. f'(0) >0 <= 2<0<2mrand f'(0)<0 <= 0<6<7. So f is increasing 


on (7, 27) and f is decreasing on (0,77). 
(b) f(a) = —1isa local minimum value. 


(c) f'(@) =—2sin6(1+cos#) => 


f’ (0) = —2sin@ (— sin@) + (1 + cos @)(—2 cos 8) = 2sin?@ — 2cos@ — 2cos” 


= 2(1 — cos”) — 2cos@ — 2cos”6 = —4cos”@ — 2cos@ + 2 

= —2(2cos”6 + cos@ — 1) = —2(2cos 6 — 1)(cos@ + 1) 
Since —2(cos@ + 1) <0 [for@ #7], f’(0) >0 = 2cosP-1<0 => cosO< fs > F<O< and 
f"(0)<0 = cosO>5 => 0<O0< For®? <6 < 2x. So f isCU on (%, 5) and f is CD on (0, Z) and 


(3,27). There are points of inflection at (3, f(4)) = (4, 3) and (=, (=)) = (= 3). 


(d) YF 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


360 


58. 


59. 


CHAPTER 4 = APPLICATIONS OF DIFFERENTIATION 
(a) S(a) =a—-sinz,0O<a<4r = S'(z)=1-cosz. S’(x) =0 cosxz = 1 x = 0, 27, and 47. 
S’(x) >0 <& cosa <1, which is true for all x except integer multiples of 27, so S is increasing on (0, 47) 
since S"(27) = 0. 
(b) There is no local maximum or minimum. (d) 


(c) S”(x) =sina. S” (x) > 0if0 <a < mor2nr <x < 3a, and S"(x) < Oif 
mT <a“ <2n or3m <x < 4m. So S is CU on (0, 7) and (27, 377), and S is 


CD on (a, 27) and (37, 47). There are inflection points at (77, 7), (27, 27), 


and (37, 37). 


1 1 : 
f(z) =1+ mae: has domain (—oo, 0) U (0, co). 


de cl | 24 
(a) lim {1+ 1,soy=lisaHA. lim {1+ = lim (* race be —oo since 
a—+too £ x? x—0+t x x? 2—0t x 


(x? + @ —1) > —land x? — 0as x — O* [a similar argument can be made for 2 — 07], so z = Oisa VA. 


(b) f’(x) 3+5=-5 2). f(z7)=0 & x=2. f'(z)>0 & O<a<2and f'(r)<0 S&S «<0 


or x > 2. So f is increasing on (0,2) and f is decreasing on (—oo, 0) and (2, 00). 


(c) f changes from increasing to decreasing at = 2, so f(2) = 2 isa local (e) 


maximum value. There is no local minimum value. 


Gj s 22 


x z+ gt 


x >3and f"(z)<0 ©& x<O0or0<2 <3. So f is CU on (3, 00) and f 


(xc —3). f"(z7) =0 & r=3. f"(r4)>0 © 


is CD on (—oo, 0) and (0,3). There is an inflection point at (3, +). 


2 


. f(x) = — has domain R. 
ya 4 2 
(a) jim S ra : = jim ; ci oe = ; =1,soy=1isaHA. There is no vertical asymptote. 
2 2 2 2 
17, _ (a +4)(2x) — (a — 4)(2x) — Qa[(a> + 4)—- (a —4)] 16a j 
(b) f’ (a) (a? +42 (a? +9)? Gta? fi(a)>0 = «> Oand 


f'(xz) <0 = 2x <0. So f is increasing on (0,00) and f is decreasing on (—oo, 0). 
(c) f changes from decreasing to increasing at x = 0, so f(0) = —1 is a local minimum value. 


(@) f"(2) = (a? + 4)?(16) — 16x -2(a7 +4)(2x) — 16(a? +. 4)[(a? +4) — 427] _ 16(4 — 327) 
[(x? + 4)??? (x? + 4)4 (az qRAyre” 


f'(#)=0 & «=42/V3. f'(4)>0 © -2/V3 <a <2/V3 
and f"(41) <0 & «# <—2/V3 or 4 > 2/V3. Sof isCUon 
(-2/V3, 2/V/3) and f is CD on (—00, —2//3) and (2/V3, oo). 


There are inflection points at (+2 /V3, —3). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


61. 


62. 


63. 


SECTION 4.3. WHAT DERIVATIVES TELL US ABOUT THE SHAPE OF A GRAPH 


f(x) = e~2/* has domain (—oo, 0) U (0, 00). 


1 1 ; : ; 
(a) lim e-?/"= lim 3] == =Lsoy=1isaHA. lim e~?/* — 00, so a = Oisa VA. 
x— too a—too e4/t e x20 
2 2 : oe : ; ; 
(b) f'(z) = e7?/* (=) is aie f is always positive on its domain, so f increases on (—oo, 0) and (0, co). 


(c) f has no local maximum or minimum value. 


2 
262/@ 992. 2 2fe fe 2/@ 9 
is E ( =) +e = _ 4e7/"(1-a2)  4(1-2) 


(2262/2)? (2262/2)? v4 e2/e 


(d) f" (x) = 


f"(z7)>0 = x<1 [x0] and f"(z)<0 © (c) yA 
x > 1 [since «+ and e?/“ are positive for x 4 0], so f is 


concave up on (—oo, 0) and (0,1), and f is concave down on 


(1, 00). There is an inflection point at (1,e7*) = (1,0.14). y=1 
7 Xp (1, 1/e) * 
f(x) = i £ e has domain {a | 1—e” 40} = {ax|e” Al} ={a|xF 0}. 
: e* ; e* /e* 1 1 . 
l Se a as ee =—lisaHA. 
(a) Jim je = Js, (l—e*\/e im et 0-1 , SOY isa 
lim a se 0, so OisaHA. lim : =-—ooand lim a = 00, s0 x = Disa VA 
ea lser ESO! “aot ie oe kee 
(1 — e”)e” — e*(—e”) _ e”[(1—e”) +e? | e sd ; 
(b) f'(x) = = Lage = = Geen = adie f'(x) > 0 for x F 0, so f is increasing on 
(—o00, 0) and (0, co). 
(c) There is no local maximum or minimum. 
ney . Aa ete? — 6 -2(1—e*)(-e") ‘3 
(@) f"(2) ep es 
_ (l—e*)e”[ — e”)+2e7] _ e*(e” +1) 
= Ge) ~ Tae oe 
"(2)>0 & (1-e)®? 50 & e? <1 & x <Oand me 
f 
f"(z) <0 <= x>0. Sof is CU on (—oo,0) and f is CD on (0, 0c). 


There is no inflection point. 


f(x) = e~* has domain R. 


1 
(a) lim e* = lim —x = 0,s0 y = 0isa HA. There is no VA. 


Lt e 


(b) f(z) =e" = f'(e) =e" (-22). f(z) =0 & x=0. fi'(xz)>0 & r<Oandfi(z)<0 © 
xz>0. So f is increasing on (—oo, 0) and f is decreasing on (0, 00). 
(c) f changes from increasing to decreasing at x = 0, so f(0) = 1 isa local maximum value. There is no local minimum 


value. 
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(d) f"(x) = e~* (—2) + (—2x)e-* (—2a) = —2e~*” (1 — 22), 
f" (x) =0 or = 5 x=t1//2. f'(2)>0 6 
a<—1/V2ora >1/V2and f"(z) <0 & -1/V2<2<1/V2. So 
f is CU on (00, —1/V2) and (1/1/2, 00), and f is CD on (—1/V/2,1/V2). 


uy 


There are inflection points at (+1/v2, e¥?) ; 


64. f(x) =a — gx” — 3 Inz has domain (0, 00). 


(a) lim, (se - 4a = 2 Ina) = oo since Ina — —oo as x — 0*, so x = 0 isa VA. There is no HA. 
x—0 


2 2 a < = 
(b) f(x) =1 x a= = pee set?) W (2 De 2) a Sie es 


(e-1)\(@-2)<0 & 1<a<2and f'(1) <0 & O<a<1or2z>2. So f is increasing on (1,2) and 
f is decreasing on (0, 1) and (2, oo). 


(c) f changes from decreasing to increasing at x = 1, so f(1) = 3 is a local minimum value. f changes from increasing to 


decreasing at « = 2, so f(2) = $ — 3 1n2 = 0.87 isa local maximum value. 


(@) f'(e)=—3 + oe = f'(e)>0 © O0<a< V2 and (e) 


f"(@) <0 <= x>vV2. So f is CU on (0, V2) and f is CD on 


(V2, oo). There is an inflection point at (V2, J/2 _ 3 _ z In 2). 


65. f(x) = In(1 — Inz) is defined when x > 0 (so that In x is defined) and 1 — Inz > 0 [so that In(1 — Inz) is defined]. 


The second condition is equivalenttol >Inz <= «2 < e,so f has domain (0, e). 


(a) As x > 0*, naw — —oo, sol — nx — ooand f(x) — 00. Asa > e~, nz — 17,801 —Inaz — 0* and 


f(x) — —co. Thus, x = 0 and x = e are vertical asymptotes. There is no horizontal asymptote. 


(b) f’(2) = : —— (- x) = err <0 on (0,e). Thus, f is decreasing on its domain, (0, e) . 
(c) f’(x) 4 0 on (0, e) , so f has no local maximum or minimum value. (e) 


—=[zd— Inz)|’ — x(—1/x) + (1—Inz) 


(d) f (x) = [a(1 _ Ina)]* x?(1 = Ina)? 


Ing 
az?(1—Inx)? 


sof"(z)>0 = Inz<0 & O0<2< 1. Thus, f is CU on (0,1) 
and CD on (1, e) . There is an inflection point at (1, 0) . 
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66. f(x) = e**™**"* has domain R. 


a) lim arctanz = 2,so0 lim e**"* = e*/? [= 4.81], soy = e"/? isa HA. 
3 y 


LoCo LOO 


lim e2™t7” — e~*/? [x 0.21], soy = e~7/? is a HA. No VA. 


L——Co 
1 


(b) f(x) — earctan & => f'(2) = earctan & , i rs a 


> 0 for all x. Thus, f is increasing on R. 


(c) There is no local maximum or minimum. 


—2x 1 1 
uy — arctan x , parctan x | ya 
(d) f (x) =e pesca ices e 1+ 22 (ec) 
arctan © 
= eae (—22 + 1) 


f"(2)>0 = -224+1>0 |= «<gandf"(t)<0 © 


3 0 
x> 3,80 f is CU on (—00, 4) and f is CD on ($,00). There is an # : es 


inflection point at (3, f($)) = (dyettetena/)) = ($, 1.59). 


67. f(x) =a2*-ca,c>0 = fi(a)=4e2-c => fi(2)=0 & r= e/4. f'(x)>0 & ax> 2/c/4and 


f(a) <0 © a«< Wc/4. Thus, f is increasing on ( °/c/4, 0) and decreasing on (—co, , /4). f changes from 


decreasing to increasing at x = %/c/4. Thus, t( /c/ 1) is a local minimum value. f” (2) = 122? is positive except at « = 0, 
so f is concave up on (—co, 0) and (0, co). There are no inflection points. 


The members of this family have one local minimum point with increasing 


\ 
\ 
\ 
\ 
\ 


x-coordinate and decreasing y-coordinate as c increases. The graphs are 


concave up on (—oo, 0) and (0, 00). Since the graphs are continuous at 


: x = 0, and the graphs lie above their tangents, we can say that the graphs 
are concave up on (—oo, co). There is no inflection point. 
68. f(x) =a° —38ce?2+23,c>0 = f(x) = 3a? — 3c? = 3(a? — c?) f(z) >0 = |a| > cand 


f'(z) <0 © |a|<c. Thus, f is increasing on (—oo, —c) and (c, 00), and f is decreasing on (—c,c). f changes from 
increasing to decreasing at « — —c and from decreasing to increasing at « = c. Thus, f(—c) = 4c? is a local maximum value 
and f(c) = 0 isa local minimum value. 

f" (x) = 62,80 f"(x) >0 = x>Oand f"(z)<0 = «x <0. Thus, f is concave up on (0,00) and concave down 
on (—oo, 0). There is an inflection point at (0, 2c"). 

The members of this family have a local maximum point that moves higher 

and to the left as c increases, and there is a local minimum point on the 

x-axis that moves to the right as c increases. The graphs are concave down 

on (—oo, 0) and concave up on (0, 00). There is an inflection point on the 


y-axis that moves higher as c increases. 
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69. (a) Z From the graph, we get an estimate of f(1) ~ 1.41 as a local maximum 
| value, and no local minimum value. 
6 6 x+1 , 1-2 
& > 
f@)= Ta + £@- aie 
~3 f(a)=0 © r=1. fj= 3 = V2 is the exact value. 
(b) From the graph in part (a), f increases most rapidly somewhere between x = -i and x = —i. To find the exact value, 


we need to find the maximum value of f’, which we can do by finding the critical numbers of f’. 


2 
_ — +¥ . Ree . v1 
f"(2) = cee ea gS re By the First Derivative Test applied to f’, « = emma corresponds 
(x? + 1)°/? 4 4 
to the minimum value of f' and the maximum value of f’ occurs at x = 3=VIT ~~ —0.28. 
70. (a) 2 Tracing the graph gives us estimates of f(0) = 0 for a local minimum value 


and f(2) = 0.54 for a local maximum value. 


; Geaese f(a)=2°e" => f(x) =ae (2-2). f(z) =0 & x=O0or2. 
f (0) = Oand f(2) = 4e~* are the exact values. 


mil 


(b) From the graph in part (a), f increases most rapidly around « = 3. To find the exact value, we need to find the maximum 


value of f’, which we can do by finding the critical numbers of f’. f(x) =e~*(a? —4a+2)=0 => 


x = 2+ V2. By the First Derivative Test applied to f’, 2 = 2 + /2 corresponds to the minimum value of f’ and the 
maximum value of f’ is at (2 — V2, (2- V2)"e?+¥) ~ (0.59, 0.19). 
71. f(x) =sin2x+sindr => f’(x)=2cos2x+4cos4e => f(x) = —4sin 2x — 16sin 4x 


(a) From the graph of f, it seems that f is CD on (0, 0.8), CU on (0.8, 1.6), CD on 


(1.6, 2.3), and CU on (2.3, 77). The inflection points appear to be at (0.8, 0.7), 


(1.6, 0), and (2.3, —0.7). 


b) From the graph of f” (and zooming in near the zeros), it seems that f is CD on 
grap. 


(0, 0.85), CU on (0.85, 1.57), CD on (1.57, 2.29), and CU on (2.29, 7). 


Refined estimates of the inflection points are (0.85, 0.74), (1.57, 0), and 
(2.29, -0.74). 


72. f(x) = (« — 1)?(@ +1)8 
f'(@) = (w@—1)?3(@ + 1)? + (e& + 1)°2(@ — 1) 


= (a — 1)(a +1)? [3(a — 1) + 2(@ +: 1)] = (w — 1)(@ +1)? (5a — 1) 
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f(a) = (1)(@ + 1)? (5a — 1) + (a — 1)(2)(@ +1) (5a — 1) + (a — 1)(x + 1)?(5) 
= (x +1)[(x + 1)(5a — 1) + 2(@ — 1)(5@ — 1) + 5(a — 1)(@ +1)] 
= (x +1)[bx? +42 — 1+ 10x? — 122 + 2+ 5x? — 5] 
= (a + 1)(20ax? — 8a — 4) = 4(@ + 1) (5a? — 2x — 1) 


(a) From the graph of f, it seems that f is CD on (—oo, —1), CU on (—1, —0.3), 
CD on (—0.3, 0.7), and CU on (0.7, 00). The inflection points appear to be at 


(—1,0), (—0.3, 0.6), and (0.7, 0.5). 


(b) From the graph of f’’ (and zooming in near the zeros), it seems that f is CD on 


(—1,0), CU on (—1, —0.29), CD on (—0.29, 0.69), and CU on (0.69, 00). 


Refined estimates of the inflection points are (—1, 0), (—0.29, 0.60), and 
(0.69, 0.46). 


mil ia In Maple, we define f and then use the command 2 
Var +e4+1 = 


plot (diff (diff (f,x),x),x=-2..2) ;. In Mathematica, we define f 


f(x) = 


and then use Plot [Dt [Dt [£,x],x],{x,-2,2}]. Wesee that f” > 0 for 


x < —0.6 and x > 0.0 [= 0.03] and f” < 0 for —0.6 < x < 0.0. So f is CU 


on (—oo, —0.6) and (0.0, co) and CD on (—0.6, 0.0). 


x’ tan tae 


1+23 


f(x) = 


It appears that f” is positive (and thus f is concave 


upward) on (—oo, —1), (0, 0.7), and (2.5, co); and f” is negative (and thus f is 


concave downward) on (—1, 0) and (0.7, 2.5). 


—2 
(a) The rate of increase of the population is initially very small, then gets larger until it reaches a maximum at about 
t = 8 hours, and decreases toward 0 as the population begins to level off. 
(b) The rate of increase has its maximum value at t = 8 hours. 
(c) The population function is concave upward on (0, 8) and concave downward on (8, 18). 
(d) At t = 8, the population is about 350, so the inflection point is about (8, 350). 


If S(t) is the average SAT score as a function of time t, then 9’(t) < 0 (since the SAT scores are declining) and $”’(t) > 0 


(since the rate of decrease of the scores is increasing—becoming less negative). 
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77. If D(t) is the size of the national deficit as a function of time t, then at the time of the speech D’(t) > 0 (since the deficit is 


increasing), and D’’(t) < 0 (since the rate of increase of the deficit is decreasing). 


78. (a) I’m very unhappy. It’s uncomfortably hot and f’(3) = 2 indicates that the Th 
temperature is increasing, and f’’(3) = 4 indicates that the rate of increase 
is increasing. (The temperature is rapidly getting warmer.) 
“20|"-—— —wae-a ce 
(b) I’m still unhappy, but not as unhappy as in part (a). It’s uncomfortably hot Ph 
and f’(3) = 2 indicates that the temperature is increasing, but f”(3) = —4 
indicates that the rate of increase is decreasing. (The temperature is slowly ye 
getting warmer.) “Gla. = ye # 
(c) I’m somewhat happy. It’s uncomfortably hot and f’(3) = —2 indicates that Th 
the temperature is decreasing, but f’’(3) = 4 indicates that the rate of 
change is increasing. (The rate of change is negative but it’s becoming less 
negative. The temperature is slowly getting cooler.) Oo gt 
(d) I’m very happy. It’s uncomfortably hot and f’(3) = —2 indicates that the aR 
temperature is decreasing, and f’’(3) = —4 indicates that the rate of change 
is decreasing, that is, becoming more negative. (The temperature is rapidly nS 
getting cooler.) Oo 3 7 


79. Most students learn more in the third hour of studying than in the eighth hour, so K(3) — A (2) is larger than K(8) — K(7). 
In other words, as you begin studying for a test, the rate of knowledge gain is large and then starts to taper off, so K’(t) 


decreases and the graph of K is concave downward. 


80. At first the depth increases slowly because the base of the mug is wide. {: Sepiob cotter 


But as the mug narrows, the coffee rises more quickly. Thus, the depth auch 
d increases at an increasing rate and its graph is concave upward. The 
rate of increase of d has a maximum where the mug is narrowest; that is, 


when the mug is half full. It is there that the inflection point (IP) occurs. 
> 


Then the rate of increase of d starts to decrease as the mug widens and timeto 
fill mug 


the graph becomes concave down. 
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S(t) = At?e~™ with A = 0.01, p = 4, and k = 0.07. We will find the a 


zeros of f” for f(t) = t?e~*. 


f'(t) = 1 (hem) + eM (pte) = eF(— ke? + pt?) 


f"(t) =e (— kept? + p(p — 1)t?-?) + (— kt? + pt?*)(—ke“™) 


= 1P-2e—**|_kpt + p(p — 1) +k? — kpt] 
= tP-*e*t(k?t? — 2kpt + p* — p) 
Using the given values of p and k gives us f(t) = t?e~°°"* (0.0049t? — 0.56t + 12). So S’’(t) = 0.01” (¢) and its zeros 
are t = 0 and the solutions of 0.0049¢? — 0.56t + 12 = 0, which are t, = 72° = 28.57 and tz = 90° = 85.71. 


At t; minutes, the rate of increase of the level of medication in the bloodstream is at its greatest and at t2 minutes, the rate of 


decrease is the greatest. 


a) As |x| > 00, t = —2?/(207) — —oo, and e’ — 0. The HA is y = 0. Since ¢ takes on its maximum value at x = 0, so 
y 
does e*. Showing this result using derivatives, we have f(z) =e7®/@7") = f(x) = e~® /@2") (2/0). 
f'(c)=0 <= x=0. Because f’ changes from positive to negative at x = 0, f(0) = 1 is a local maximum. For 


inflection points, we find f” (a) = = jeer. a ne~ 120") (_2/o%)| = Te 62207) (4 — 27/o"). 
o 


f" (x) =0 x? =o? rato. f'(t1)<0 & <0? & -cK<arK<a. 


So f is CD on (—o,c) and CU on (—00, —c) and (a, 00). IP at (to, e71/?). 


(b) Since we have IP at x = -to, the inflection points move away from the y-axis as o increases. 


(c) 


From the graph, we see that as o increases, the graph tends to spread out and 


there is more area between the curve and the x-axis. 


f(x) =ax? + ba? +cen4+d > f'(x) = 3ax? + 2bx +c. 


We are given that f(1) = 0 and f(—2) = 3, so f(1) =a+b+c+d=Oand 


f(—2) = —8a + 4b — 2c +d = 3. Also f’(1) = 3a + 2b +c = Oand 


RY 


f'(—2) = 12a — 4b + c = 0 by Fermat’s Theorem. Solving these four equations, we get 


a 2,6 $5 $d £, so the function is f(x) = 4 (22° + 3x7 — 122 4 7) 


f(x) = ace™ => f(x) =a [et -2ba + eb. 1] = ae”™ (2ba? +1). For f(2) = 1 to be a maximum value, we 


must have f’(2) = 0. f(2) =1 1 = 2ae*? and f’(2)=0 = 0=(8b+4+1)ae*’.So8b+1=0 [a 40] = 


b = —} and now 1 = 2ae~1/? > a= Ve/2. 
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of SE oct ,_ (l+27)(1I)-(1+2)(Q22) — 1-2x2-2” 
oS T+ 2 i (+22? ~ G+22? 
n _ (L+2a7)?(—2— 22) —(1—2¢—27)-2(1+27)(2r) — 2(1+27)[(1+27)(—1— x) — (1— 22 — x”)(2z)] 
a [a +e PP 7 +a)" 
_ &-l-w—-2?—2?—-2e4+42? 422%) 2a? +3a7-3x-1)  2A(x—-1)(a? + 4e +1) 
> (1+ 2?)8 7 (1+ a?) . (1+ 2?)8 
Soy” =0 x =1,-24+ V3. Leta = —2— V3,b = —2+ V3, and c = 1. We can show that f(a) = <(1- V3); 


f(b) =F(1+ V3 ), and f(c) = 1. To show that these three points of inflection lie on one straight line, we’ll show that the 


slopes Mac and Mmb- are equal. 


vn, _ O=Ha) _ 1=3(1- V3) _ $+ hv5 1 
wea 1 (-2- 73) 384+V38 4 

vg, = f= H0) _ 1-3(01+V3) _ $= 351 
ne eb t(-2445) S538 


=f(x)=e *snzg => y' =e *cosx+sina(—e *)=e *(cosx—sinz) => 
y” =e *(—sinx —cosx) + (cosx — sinz)(—e *) =e *(—sinxz —cosx —cosz+sinz) =e *(—2cosz). 
Soy” =0 => cosr=0 x= 5+ nn. At these values of x, f has points of inflection and since 
sin(Z + nm) = +1, we get y = te”, so f intersects the other curves at its inflection points. 


Let g(x) = e~* and h(x) = —e~*, so that g’(x) = —e~* and h'(x) = e~*. Now 


f'(F + nm) =e ("/24nr) [cos(¥ + nt) sin(4 nn) | = —e7 ("/2+n7) sin(4 + nm). If n is odd, then 


f'(E+tnr) = e(t/2tnm) — h'(Z + nm). If nis even, then f’(% + nm) = Sg IF 9 (F+nr). 


Thus, at « = 5 + nz, f has the same slope as either g or h, and hence, g and h touch f at its inflection points. 


y=asing => y'=axcosxr+sing => y"’ =—axsinz+2cosxz. y’=0 => 2cosx=-zsinz [whichisy] => 


(2cosa)? =(asinx)? => 4cos’a=a2?sin’x => 4cos’x=2?(1—cos*x) = 4cos’x&+a?cos’2= 27 > 


cos*a(44+27)=a% = 4cos*a(a?+4)=42? = y?(x? +4) = 42? since y = 2cosx when y” = 0. 


(a) We will make use of the converse of the Concavity Test (along with the stated assumptions); that is, if f is concave upward 
on J, then f” > Oon J. If f and g are CU on J, then f” > Oandg” > OonJ,so(f+g)" =f" +g" >0onl = 
ft+gisCUon I. 

(b) Since f is positive and CU on I, f > Oand f” > Oon TJ. So g(x) = [f (x)]? g =2ff' 

g =2f' fi +2ff" =2(f P +2ff" >0 => gisCUonl. 
(a) Since f and g are positive, increasing, and CU on J with f” and g’’ never equal to 0, we have f > 0, f’ > 0, f” > 0, 


g >0,9' => 0,g" >OonT. Then (fg)’= f'g+ fo => (f9)" =f"9g+2f'9 + fo" = f"o+ fo" >0oml = 
fgis CU on I. 


(b) In part (a), if f and g are both decreasing instead of increasing, then f’ < 0 and g’ < 0 on J, so we still have 2f’g’ > 0 


on I. Thus, (fg)” = f’g + 2f'9' + fg" >f"g+fg" >Oonl = fgisCU on Jas in part (a). 
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(c) Suppose f is increasing and g is decreasing [with f and g positive and CU]. Then f’ > 0 and g’ < 0 on J, so 2f’g' < 0 
on J and the argument in parts (a) and (b) fails. 
Example 1. I = (0,00), f(x) = x, g(x) = 1/a. Then (fg)(x) = x, so (fg)' (x) = 2a and 
(fg) (x) = 2 > 0onT. Thus, fg is CU on I. 
Example 2. I = (0,00), f(x) = 4x Va, g(x) = 1/zx. Then (fg)(x) = 4 /z, so (fg)’(x) = 2/,/z and 
(fg) (@) = —1/vV 23 < 0on I. Thus, fg is CD on J. 
Example 3. I = (0,00), f(x) = x”, g(x) = 1/a. Thus, (fg)(x) = 2, so fg is linear on I. 


90. Since f and g are CU on (—00, 00), f” > Oand g” >00n(—co, 00). A(x) = f(g(x)) => 
hi(x) = f'(g(x)) g(a) => h(x) = f"(9(2)) 9 (x) g(a) + f'(G(@)) 9" (@) = F"(a(a))[9' (2)? + F'(g(@)) 9" (a) > 0 
if f’ > 0. So his CU if f is increasing. 

91. Let the cubic function be f(x) = az? +b2?+cxa+d => f' (x) =3ax?+2%r+e > f(x) = bax +20. 
So f is CU when 6az + 2b>0 < «x > —b/(3a),CD when x < —b/(3a), and so the only point of inflection occurs 


when x = —b/(3a). If the graph has three x-intercepts x1, 2 and x3, then the expression for f(x) must factor as 


f(x) = a(x — x1)(x — £2)(a — #3). Multiplying these factors together gives us 
f(x) = alx? — (a1 +224+ £3)x" + (102 + 4143 + ©23)U — 11 L203] 
Equating the coefficients of the x-terms for the two forms of f gives us b = —a(a1 + x2 + #3). Hence, the x-coordinate of 


—a(t1 4+ x2 + x3) — 1 +%2+ 43 
3a 3 


the point of inflection is 


92. P(x) =a*+ca*+a% => P'(x) = 427 + 3ca? + 2x P"(x) = 12x? + 6cx + 2. The graph of P’(a) isa 
parabola. If P’’(x) has two solutions, then it changes sign twice and so has two inflection points. This happens when the 


discriminant of P’’ (zx) is positive, that is, (6c)” —4-12-2>0 © 36c—96>0 


el > 248 ~ 1.63.1£ 


36c? — 96 = 0 c= +276 P"'(x) is 0 at one point, but there is still no inflection point since P’ (a) never changes 


sign, and if 36c? -96 <0 © |el< aye then P”’(z) never changes sign, and so there is no inflection point. 


100 20 0.5 
-6.5 25 
-3 2 
1.25 0.5 
—125 —5 0 
c=6 c=3 c=1.8 
0.5 3 05 
-0.5 Ls 
-1 ; 0.5 -1.5 7 1 aa 
—_ a8 c=0 c=-2 


For large positive c, the graph of f has two inflection points and a large dip to the left of the y-axis. As c decreases, the graph 
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of f becomes flatter for  < 0, and eventually the dip rises above the x-axis, and then disappears entirely, along with the 
inflection points. As c continues to decrease, the dip and the inflection points reappear, to the right of the origin. 

By hypothesis g = f” is differentiable on an open interval containing c. Since (c, f(c)) is a point of inflection, the concavity 
changes at x = c, so f(x) changes signs at x = c. Hence, by the First Derivative Test, f’ has a local extremum at x = c. 


Thus, by Fermat’s Theorem f” (c) = 0. 


f(a)=a4 => f(x2)=422 => f"(x2)=120? => f"(0) =0. Fora <0, f(x) > 0,80 f is CU on (—00, 0); 


for x > 0, f(x) > 0, so f is also CU on (0, 00). Since f does not change concavity at 0, (0, 0) is not an inflection point. 


Using the fact that |x| = Vx?, we have that g(z) = x|z) =aVx2? => g!(a) = Va2+V2? =2 V2? = 2|2| 


A 2 
oe) = 2a la") a ial <0 for x < Oand g’(x) > 0 for x > 0, so (0, 0) is an inflection point. But g’’(0) does not 


exist. 


mw ws 


There must exist some interval containing c on which f”” is positive, since f’”’(c) is positive and f’” is continuous. On this 


"" is positive), so f’”” = (f’)’ changes from negative to positive at c. So by the First 


interval, f” is increasing (since f 
Derivative Test, f’ has a local minimum at x = c and thus cannot change sign there, so f has no maximum or minimum at c. 
But since f” changes from negative to positive at c, f has a point of inflection at c (it changes from concave down to 


concave up). 


Suppose that f is differentiable on an interval J and f’(x) > 0 for all x in I except x = c. To show that f is increasing on I, 
let 21, 22 be two numbers in J with 71 < 22. 
Casel x1 < «2 <c. Let J be the interval {x € I | x < c}. By applying the Increasing/Decreasing Test to f 
on J, we see that f is increasing on J, so f(a1) < f (a2). 
Case2 c< x1 < X2. Apply the Increasing/Decreasing Test to f on K = {x € I | x > ch. 
Case 3 x1 < x2 =c. Apply the proof of the Increasing/Decreasing Test, using the Mean Value Theorem (MVT) 
on the interval [71, x2] and noting that the MVT does not require f to be differentiable at the endpoints 
of [x1, v2]. 
Case4 c= 21 < “2. Same proof as in Case 3. 
Case5 «41 <c< &2. By Cases 3 and 4, f is increasing on [x1, c] and on [c, x2], so f(a1) < f(c) < f(x2). 
In all cases, we have shown that f(71) < f (#2). Since 71, x2 were any numbers in I with x1 < x2, we have shown that f is 


increasing on I. 


2 2 
f(z) =c- way f(z) >0 = c> eae [call this g(x)]. Now f’ is positive 


fle) = cr + = 
(and hence f increasing) if c > g, so we’ll find the maximum value of g. 


(Oe (a? +3)? -2—2x-2(a7+3)-2@ — 2(@? +.3)[(w? +3) — 407] _ 2(3- 327) _ 6(1+2)(1—2) 
sa [(2? + 3)?]? - (2? + 3)? eC) ae (oe) 


g(z)=0 = w=41. g'/(x) > 0on (0,1) and g'(x) < 0 on (1, 00), so g is increasing on (0, 1) and decreasing on 
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. Also since g(x) < 0 if x < 0, the maximum value 


Cole 


(1, 00), and hence g has a maximum value on (0, 00) of g(1) = 4 = 


of g on (—oo, 00) is 3. Thus, when c > , f is increasing. When c = 3, f’(x) > 0 on (—oo, 1) and (1, 00), and hence f is 


increasing on these intervals. Since f is continuous, we may conclude that f is also increasing on (—oo, 00) ifc = z- 


Therefore, f is increasing on (—o0o, 00) if c > z. 


99. (a) f(x) = x* sin z => f'(«) =2* cos 2 (- =) + ates (4a3) = 423 ai — x’ cos = 
x rome ae x x x 


g(x) = (2 + sin ~) =2e4+ f(z) => g'(x) = 8a? + f'(a). 


h(x) = nal 2+ sin *) =—224+ f(z) => h'(x) = 8x3 + f' (2). 


1 
x* sin — — 0 


It is given that f(0) = 0, so f’(0) = lim Ma) ~ 10) = lim ———“— = lim a’ sin = Since 
x 


x—0 VS x20 x x2—0 


— |x| <2 sin < |x| and lim |x| = 0, we see that f’(0) = 0 by the Squeeze Theorem. Also, 


g' (0) = 8(0)? + f’(0) = 0 and h’(0) = —8(0)? + f’(0) = 0, so 0 is a critical number of f, g, and h. 


1 ; sel . 1 
For an = —— [nanonzero integer], sin —- = sin2nz = 0 and cos — = cos2nz = 1, s0 f' (xan) — —73, <0. 
2nt L2n L2n 
F Ba fi eS ose Oend Cuetes ai 
or Lan , sin = sin(2n 7m = 0 and cos = cos(2n nm = —1,s0 
emery (2n + 1)r Lan41 Lan41 


f' (€2n41) = #3n41 > 0. Thus, f’ changes sign infinitely often on both sides of 0. 
Next, g'(t2n) = 8¢3n + f’ (aan) = 843, — t3n = ¢3n(8@2n —1) < 0 for ren < = but 
9 (ton41) = 8a3n41 + 03mg. = 13n41(8%2n41 +1) > 0 for tan41 > —%, so g’ changes sign infinitely often on both 


sides of 0. 


Last, A! (ven) = —823,, + f' (ten) = —823, — €3_ = —€3,(8¢2n +1) < 0 for ren > —% and 


h! (@on41) = —803n41 + C341 = T3n41(—882n41 +1) > 0 for tan41 < z; so h’ changes sign infinitely often on both 


sides of 0. 


(b) f(0) = 0 and since sin ie and hence 4 sin i is both positive and negative inifinitely often on both sides of 0, and 
x x 


arbitrarily close to 0, f has neither a local maximum nor a local minimum at 0. 


Since 2 + sin - > 1, 9(2) = «4 (2 + sin x) > 0 for 4 0, so g(0) = 0 is a local minimum. 
x x 


Since —2 + sin Z < -1, h(x) = at (-2 + sin *) < 0 for x 4 0, so A(0) = 0 is a local maximum. 
x x 
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Indeterminate Forms and I'Hospital's Rule 


Note: The use of I’Hospital’s Rule is indicated by an H above the equal sign: # 


1. 


f(a) 
ae) 


is an indeterminate form of type o 


(b) lim fee = 0 because the numerator approaches 0 while the denominator becomes large. 


h : : ; 
(c) lim oot = 0 because the numerator approaches a finite number while the denominator becomes large. 


(d) If lim p(w) = oo and f(x) — 0 through positive values, then lim a = oo. [For example, take a = 0, p(x) = 1/2, 
@r—a @Lz—a x 
and f(x) = «?.] If f(x) — 0 through negative values, then lim i = —oo. [For example, take a = 0, p(x) = 1/2”, 


and f(x) = —x?.] If f(x) — 0 through both positive and negative values, then the limit might not exist. [For example, 


take a = 0, p(w) = 1/x?, and f(x) = 2] 


(e) lim a is an indeterminate form of type =. 
ore) 


eTra Q\x 


. (a) lim [f(x)p(a)] is an indeterminate form of type 0 - co. 


xL£—a 


(b) When z is near a, p(x) is large and h(x) is near 1, so h(x)p(a) is large. Thus, lim [h(a)p(a)] = co. 


(c) When z is near a, p(x) and q(x) are both large, so p(x)q(x) is large. Thus, lim [p(x)q(a)] = oo. 


. (a) When z is near a, f(x) is near 0 and p(x) is large, so f(x) — p(x) is large negative. Thus, lim [f(x) — p(#)] = —oo. 


@—a 


(b) lim [p(a) — q(x)] is an indeterminate form of type co — co. 


(c) When z is near a, p(x) and q(x) are both large, so p(x) + q(x) is large. Thus, lim [ p(x) + q(a)] = oo. 


. (a) lim [f(x)]? () ig an indeterminate form of type 0°. 


(b) Ify = [f(a pP, then In y = p(x) In f(a). When z is near a, p(x) — oo and In f(a) — —oo, so ny — —oo. 


Therefore, lim [f(a yPP = lim y = lim e™” = 0, provided f? is defined. 


La La 


(c) lim [h(a)|? is an indeterminate form of type 1°. 


xL£—-a 


(d) lim [p(2)]f (*) ig an indeterminate form of type 00°. 


xL£—-a 


(e) Ify = [p(x)|?, then In y = q(x) In p(x). When z is near a, g(x) — oo and In p(x) — oo, so ny — oo. Therefore, 


lim [p(x)]? = lim y = lim e™¥ =o. 


@LZ—a za La 


(f) lim */p(@) = lim [p(x)]'/2 is an indeterminate form of type 00°. 


@LZ—a La 
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10. 


11. 


12. 


13. 


14. 


15. 


. This limit has the form 2. lim “—3 = jim 


. This limit has the form 2. lim —————— = lim 


SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE 


. From the graphs of f and g, we see that lim f(x) = 0 and lim g(x) = 0, so l’Hospital’s Rule applies. 


Ie) 73 DO) — lim f'(@) _ f'(@) _18_9 
e2 g(x) «2 g'(x)  limg’(z) g/(2) B44 


x2 


. From the graphs of f and g, we see that lim f(x) = 0 and lim g(x) = 0, so l’Hospital’s Rule applies. 


vee FO dl PG) Se PO) a1. 8 
22 g(x) 2-2 9'(x)  limg’(x)  g/(2)— 1 2 


x2 


so we have the indeterminate form 2 and can apply |’ Hospital’s Rule. 


F@) 8 im F@) _1_, 


z—0 e& — 1 z—0 e* 1 


Note that lim f' (x) = 1 since the graph of f has the same slope as the line y = x at x = 0. 


a ee ere cee 
a3 07-9 2-3 (4+3)(u—-3) «25324+3 343 6 


Note: Alternatively, we could apply l’Hospital’s Rule. 


x24 z—A4 24 g—A 


Note: Alternatively, we could apply I’ Hospital’s Rule. 


3 2 

This limit has the form 2. lim, = See HE fag cD 
e>—2 g+2 0-2 ] 
Note: Alternatively, we could factor and simplify. 
7 6 
ae : —1 : 

This limit has the form 2. iim S ae i lim ie 3 
Note: Alternatively, we could factor and simplify. 
This limit has the form $. 
fig Og V2 ee dae ee 


Note: Alternatively, we could apply I’ Hospital’s Rule. 


v2, v2 a 
This limit has the form 2. a ee ee Eta eee ae lim —2 - ne 
O° gona tanz—1 aon/4 sec2x a4 (V2) 2 
ot nf ot : 2 1)? 
This limit has the form 2. lim = Be = lim LE = 3(1) = 3 
0° 230 sin2x 2-0 2cos2z 2(1) 2 
2t 2t 
eee P -1 ae 2 2(1 
This limit has the form 2. lim : - 4 lim ao (1) =2 
0° ¢50 sint t—0 cost 1 
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373 


. f and g = e* — 1 are differentiable and g’ = e* 4 0 on an open interval that contains 0. lim f(x) =0 and lim g(x) = 0, 


374 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


2 
16. This limit has the form 2. lim —"—— 3 jim "= jim 2 _ = 2 <9 
Oo «301—cosx «50sing «0(sinz)/x 1 
eee o 7, Ssin(a—1) Hn, cos(x—1) cosO0 _1 
17. This limit has the form 5. lim are, a iim 3m? +1 302 +1 a 
ae a . i+ 0 1 —1 
18. The limit can be evaluated by substituting 7 for 6. jim — 3 a aes = =0 
1 
19. This limit has the form =. lim * 2 lim avn = ili : =0 
O9. a—oo | + et woo «EF +00 ex. Wax 
2 
1 
20. This limit has the form &. im 2725 # jim <F** # tim 7 = —5. 
2 E +1 
Fe 1 1 
A better method is to divide the numerator and the denominator by x”: lim — 3 = lim i : as ae G 
Pe 2 
21. lim [(Inx)/x] = —oo since nz — —oo as x — 07 and dividing by small values of x just increases the magnitude of the 
x—0 
quotient (In )/x. L’Hospital’s Rule does not apply. 
: 1 
1) a 
2 Tia lethas totem iy YS Gi ee eg 
9, roo «2 @2—-oco 6 LOO 2x x—oo 4x? 
oa: Thislintihasie tone? “Hin OE?) Bigg YEAS) oe if =? 4 
oO 233 3-2 23 1 23 x 3 
tpt t __ gt 
24, This limit has the form °. lim S—® # jim 8 ™™8—9 M5 _ ing _in5=in8 
tot t0 1 5 
25. This limit has the form 2. 
lim ME t22@-VI-& a, 4(1 4 2r)~*/? 2 — 3(1 — 4x)~1/?(—4) 
x—0 ax a x2—0 1 
= li ae ee eee eee reer 
a0 142 Vl—-4e) VI ie 
26. This limit has the form =. 
u/10 u/10, 1 u/10 , 1 u/10 , 1 
at IE Heo € io Hi} © io Hi} © 10 ly pu/10 
Page es ears gg 1p ee cs 
27. This limit has the form 2. lim °_t® ~~? # jim © ~© By 2 Fe” _Itl_» 
0° 250 em™@—g—-—1 r>0 ev —] z0 = e® 1 
a: Thi ie tawihe tone. Tina ge COR i ee 
0° 0 x 20 = 3a? 20 6% 20 6 6 
2 2 
oo. hie tiene ras the tor, tn ee Eg 
0° g50 tanz a0 sec? x sec? 0 1 
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SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE 375 


30. This limit has the form 3. 


; Sx 
. e©-sing oy, 1l—cosx ,, —(—sin x) 1's. sina (*) 
lim ——— = lim ——— = lim ——-W——__ = — = lim ——~3'"+ 
e0¢—tang «-01l—sec?x x30 —2secax(secax tanz) 2 20 sec? x 
1 3 1/43 1 
= —s limcos’ # = —s(1)° = —-$ 
2 50 =a ) 2 
sin x 
t= 


Another method is to write the limit as lim ————2—. 
2-0 fo tan x 


Para 
31. This limit has the form 2. lim = Elim 


2 
32. This limit has the form 2. — lim EB gs 2 a foe See A Leet 
xr 00 bn xr CO zo 6 xr CO 
ss ites os Ae v3” ou, 2£38°ln3+3* _ 3°(aIn3+4+ 1) . «&ln3+1 1 
: a. = ='1 =I — 
33. This limit has the form 5 lim 37 1 iim 37 1n3 tt 37 n3 Bue! 3 n3 
34. This limit has the form °. 
. e+e ”*—2cosxru,. e*—e *+2sinz ,. e+e” +2cosx 14+14+2 4 
lim ———A—————K = lin ei “$@m = lim —— mor = — — = - =2 
xz—0 xsinx x30 xcosx+sin“r x0 —xsinx +cosx+cosxz 0O+141 2 
In(1 + 2) Inl 0 


35. This limit can be evaluated by substituting 0 forz. lim =0 


e0eese Det = 2. 


xcos(a—1)+sin(a—1)  cosO_ 1 


36. This limit has the form 2. lim Ao q1 3 


O° 21 Qe -—ge-1 


H ,. 
= lim 
zl 


37. This limit has the form 4, so l’Hospital’s Rule doesn’t apply. As x — 0*, arctan 2x — 0 and Inz — —oo, 


2 arctan 2x” 
so lim —— = 
zot Ine 


38. This limit has the form 2. 


. «sing wp... aw? cosa+2esineg w., —a? sing +2xcosx+2xecosx+2sing 
lim. = lim AANA. © Fi A 
z>0sing—2 «0 cosxz — 1 20 —sing 
_ (2—2?)sina + 4a cosa 
= lin ——— 
«20 —sing 
Hy; (2—a?)cosx —2xsinz —4rsina+4cosx — 2(1)—0—-0+4(1) 6 
= hn —__eoO SDF Ch 
z—0 —cosx —1 
a a—1 
BS 1 
39. This limit has the form 3. lim s I [for b ~ 0] lim aa a ne =< 


40. This limit has the form 


alo 
mn 
5 
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376 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


41. This limit has the form 2. 


eer) ; : 
* cosx—1+ 52 H li —sinz+a2u li —cosx+1lu i sinx H i cos x 1 
im = lim = lim = lim = lim = 

x2z—0 at xr—0 4x3 x2—0 12x? 2-0 24x z—0 24 24 


42. This limit has the form 2. 


F e—sint Hy 1—cosxz sogh 1—cosxz 
20 asin(x2) «30 xcos(#?)- 2a +sin(x2) 20 2x? cos(x?) + sin(x?) 


5 olim sin x ere sin x 
20 2a? [— sin(x?) - 2a] + cos(x?) - 4a + cos(a?)- 2a 2-0 6a cos(a?) — 4x3 sin(x?) 


Bolim COs & _ 1 ~ 
«0 6x [— sin(x?) - 2a] + cos(a#?) - 6 — 4x3 cos(x?) - 2a — sin(w?)- 12a? 04+1-6-0-0 6 


43. This limit has the form oo - 0. We’ll change it to the form 2. 
: |p 


44. This limit has the form oo - 0. We’ll change it to the form =. 


1,,-1/2 
lim /ge~*/? = lim Vow lim 2 = lim : =0 


z—0O Z—0o ex/2 zZ—0O der/2 @z— CO 7 ex/2 


i 1 
45. This limit has the form 0 - oo. We’ll change it to the form 3. lim sin 5x csc 3a = lim — oe im pepsin. 2 age 
z—0 z30sin3x2 «0 3cos3x 3-1 3 
46. This limit has the form (—co) - 0. 
us (1 x) I 5 i : 1 1 
lim xgln{l——)= lim 4 lim Be Sg lim —= =-1 
x@rz—-—oCo M i xwr——0o 1 xr——oCo ==. xwr——oCo 1 = i 1 
x xv? x 
3 2 
47. This limit has the form oo-0. lim xe~* = lim ae = lim a 5 = lim 5 = lim a 5 =0 
200 z—oo et a@—oo Qrer xz—oo Der too 4rerz 
48. This limit has the form oo - 0. 
in(1 int 1 
lim «°/? sin(1/x) = lim x1/?. SEE) im feu [where t = 1/2] = oo since ast > 0+, — > 00 
L000 xZ—0o 1/x t—0t vt t vt 
and mut > 1. 
t 
49. This limit has the form 0 - (—oo). 
: : Ing oH ,, 1/ax 1 2 
an pe tenne 2) Ne eaGa a) sk Daca De Ta 
ore : ; cosx H : —sing —1 1 
50. This limit has the form 0 - co. lim cosxsechbr= lim = im - — = 
2 (m/2)— 2—o(n/2)- COS5X = xa(n/2)- —OSindr —-5 5 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE 


This limit has the form co — oo. 


tim ( x -a)-8 gma—-—(@-1) un, a(1/x)+me-1 : Ing 
nz 


= lin — = lim — 
ol (c —1)Inz an (a —1)(1/z) +Inz a (1/x) +Inax 


lim 1/x ae x« 1 1 
a1 1/x?+1/a ue eo-llt+a 1+1 2 


|x 


This limit has the form 00 — oo. lim(csc x — cot x) = lim 


x—0 x—0 


sin x sin x 


1 cos x . l-—cosxu,. sing 
— ] = lim ———- = lim 


This limit has the form co — oo. 


tim, (4 - ~) = Jim, SOE 8 Ps hee Re ee 


gu er — 20+ x(e* — 1 


~S1}8 


This limit has the form co — oo. 


slytcs = 2\ = a 2 
fie (Z = ) ay Ge tan ©-@ Hu lim 1/(1+2*)-1 = 1-—(1+ 2") 
aot \x2 tan* 2x 


rT 
aot aetan-lax 20+ 2/(1+2?)+tan-!2 ae (1+ a?) tan-la 


‘ —x He “xs —22 
=] # 
rot + (+ 22)tanxz 20+ 1+(1+2)(1/(1 +22) + (tan 2) (22) 


ki —22 0 
= lim ae I, Se 0 
e-o+t 2+ 2xtan-- x 2+0 


This limit has the form co — oo. 


7 2secx-secxtanxr 


: 1 1 tanz—-—2 H sec*x — 1 H .. 
lim = = lim 7 = lim 2 2 
aot \ x tan x x ot xetanx x—>ot+ xsec“x + tanz x—-o+ ©-2secx-secxtanx + sec*x + sec?x 


0 
—-____ -9 
0+1+41 


The limit has the form co — co and we will change the form to a product by factoring out x. 


1 1 1 
lim (2 —Inx) = lim (1 a nt) =o since lim —~ = lim ae = 0. 
xr CO xz CO i xZz—oco xrz—-0O 
y=uv™ Iny = /z Ing, so 
lim ny= lim /zlnz= lim he = lim ie =-2 lim /#=0 => 
2—0Tr oe x—0t = a—0ot g—i/2 = x—0+F —4x-3/2 = a—ot 7 
lim «¥* = lim e™¥ =e° =1. 
x2—0T z—0t 
y =(tan2x)” => Iny=<a-Intan2z, so 
Intan 2 1/tan 2x)(2sec? 2 —2x” cos 2 
ON TE ere eee Festa re ek) cL 
a—ot x—ot aot = 1/a aot —1/x? «ot sin 2x” cos? 2x 
cea ee Ae =1.0=0 3 
230+ Sin2x% «0+ cos2xz 


lim (tan2x)” = lim e™¥ =e° =1, 
xz—0t x— ot 
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378 


59. 


60. 


61. 


62. 


63. 


65. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


1 : . Mm(1-22) 4, —2/(1- 2x) 
— (1 2on\/2 cae Ba ree conti = 
y = (1 - 22) Iny = ad 2x), SO lim Iny lim = iim i 
lim (1 — 2a)!/7 = lim e™¥ = e~?, 
x—0 xz—0 
a\be a 
y= (1+ °) > Iny = beIn(1 +“), so 
x x 
eres 
Tta/z)\ x 
lim Iny = lim pine a8) lim ais a Fr OD ab 
° a\ >be : In ab 
lim (1+ 5) = lim e"4¥ =e”. 
=L—- Co x xL—-+0O 
pee Ge 
: 1/(l-x) __ }; lny 31, = 1 
lim zx = lim e it eee 
ait az—olt e 
x 1/ax 1 x 
y = (e” + 10x) => Iny= ; inte + 10x), so 
In(e” + 10x) u e* + 10x eoean) 
lim Iny= lim —In(e* + 10x) = li 1 
LOO xZ00 LZ 0o x LZ—0o 1 
e’ +10 u eo: e 
=I = =I lim (1) =1 
Piece Woe oe a 
lim (e? + 10z)?/* = lim e™Y =e! =e 
y=xi/* Iny = (1/z) nz => lim Iny= lim a = lim Ma =0 
lim ¢!/* = lim e™¥ =e =1 
you Iny=e “Ing = lim ny= lim eaagss lim Dy lim : =0 
x00 zoo ev too ev @—oo Lev 
lim 2°” = lim e™¥=e°=1 
4 
: . M(4¢4t+1) un, 4e4l 
= (47 +1)” > Iny=cotz In(4 1),so lim ny= lim ———W—~ = ] = 
y = (4¢ +1) ny = cota In(4x + ), so lim, ny= lim Gas Jim, Seca 
lim (42 + 1)°*? = lim e™¥ =e’. 
2—0t x—0F 


=> 
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66. 


67. 


68. 


69. 


70. 


SECTION 4.4 INDETERMINATE FORMS AND L’HOSPITAL’S RULE 


y =(1—cosx2)*"” => Iny=sinaIn(1—cos-), so 


In(1— cosa) u 1—cosz “sing 
lim Iny= lim sinxzln(1—cosxz) = lim = lim 
x—0t x—ot aot csc x x30+ —cscxcotxr 
i sin x lim sin x sin? 
=- in —oeoOoOo—_ = ——EE——EE SS ——— 
«—0+ (1 — cosx) cscx cot x 20+ cscx cot x — cot?x sin?x 
; sin?a : sin?a 
=— lim oom = —- lin ———J—_ 
2—0+ COS xZ — cosa «0+ (1— cosa) cosx 
Him 3sin?2 cos x eee 3sin x cos x 0 0 
~ g0+ (1—cosx)(—sinx)+cosx(sinz) = «s0+ (cosr—1)+cose O+1 
lim (1—cosx)*"* = lim e™’ =e°=1 
xz—0t x—0+F 
: 1/x 1 : 
y = (1+ sin3z) => Iny=—-In(1+sin3z) => 
x 
Peteages ee In(1+sin3a) H lim [1/(1+ sin 3x)]-3cos3a _ ie 3cos3a 3-1 Bh 2 
aro y= 0k L = OF 1 «oot 1+sin3a 140 
lim (1+sin3x)/* = lim e™¥ =e? 
2—0T x—0+F 
1/2? 1 
y = (cosz) => Iny= = Incos 2, so 
: (— sin x) 2 
1 1 = —t _ 1 
lim Iny = lim —Incosx = lim cos? # jim £082 "= Him a nh ee 
x2—0 x0 x2 xz—0 x x2—0 2x4 z—0 22 x2—0 2 2 
lim (cos v)!/*" = lim e@¥ = e717? = ae 
20 20 Je 
: God ate oats a” —1 A 
The given limit is lim, ae ah Note thaty = 2” => Iny=aInz, so 
e0t Na+a— 
1 
1 2 
lim ny= lim gInxz= lim =" 4 lim = lim (—x) =0 lim 2” = lim e™¥ =e =1, 
x—ot x—0t x—ot I x—0t i x—ot x—ot aot 
x x 


Therefore, the numerator of the given limit has limit 1 — 1 = 0 as x — 0*. The denominator of the given limit — —oo as 


x — O* since na — —ooas x — 0+. Thus, lim re = 0. 
ze 0+ nta+a-—1 
BN 2x — 3 
y= (=) => Iny=(2x+1) n(= =) 
: _. InQQx—3)-InQQe+5) u ,, 2/(2x —3) — 2/(2r +5) F —8(2x% + 1)? 
lim Iny = 1 ead = | 
Cat Fee 1/(2z +1) are —2/(2@ +1)? 2oo (22 — 3)(2a + 5) 
= lim lth 1/2)? =-8 => lim 2x — 3)" = lim e™Y =e-® 
© @s00 (2— 3/x)(2+5/x) soo \ Qe +5 re — 
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71, My From the graph, if = 500, y + 7.36. The limit has the form 1°. 
——— 2\" 2 
14 ] Inf1l+-— 
Now y ( =) ny vm( +2) => 
a (-#) 
14+2/¢\ a? 


00 


Oo 
wn 


= 2 lim : =2(11)=2 => 
a rere | + 2/ax 
7 2 a In 2 
lim Lee = lim e"% =e* [= 7.39] 
72. 2 From the graph, as x — 0, y © 0.55. The limit has the form 2. 
_ 5°-47 9. 5°7m5—47In4_ Ind5—In4_ In# 
l =1 = = = 0.55 
je a0 3° — 22 20 3*In3 — 2*In2 In3 —In2 Ing 
1 1 
0 
0.35 : 
73. From the graph, it appears that lim f(x) = lim f (x) = 0.25. 
20 g(x) 20 g'(x) 
Pe C3) EP ice) Os e 1 
We calculate eat g(x) par a3 + 4x me; 3a? +4 4 
-0.5 0.5 
0.1 
/ 
74. 4.2 From the graph, it appears that lim F{(2) = lim f (2) = 4. We calculate 
20 g(x) 2-0 g(x) 
lim f(x) _ — 2rsing H im 2(xcosx + sinx) 
z>0g(%) «2 >0seca—1 2-50 seca tana 
H.. 2(—a sin x + cosxz + cos x) 4 
= lim =a =4 
-0.5 j 0.5 z—0 seca(sec? x) +tana(secxz tanz) 1 
; Ee e” H H zs 
6 Se a Pe nant te n(n — 1)ar-? ~ ~ a nl 
1 . 
76: This limitthas the form, im 2 2 qm V® — tn 1 —osince ps 0. 
Co 2-00 P wZ— 00 paxP-l ~Z— 00 pxP 
[72 
77. lim ¥ + lim 7 : = lim za a Repeated applications of |’Hospital’s Rule result in the 
aoo G24] asco 5 (a? +1)-1/2 (2x) x00 x 


original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator 


1 
by x: lim ike 


x 1 
= lim = lim = 
too fg? +] 200 y/p?2/e241/¢2 roo \/1 + 1/e2 1 


=1 
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‘ sect u ; secx tanx 7 tan x 
78. lim = lm mM = lim . 
x—(n/2)- tanx a—o>(m/2)- sec?x x—(n/2)- SeCX 


Repeated applications of |’Hospital’s Rule result in the 


original limit or the limit of the reciprocal of the function. Another method is to simplify first: 


im 22 — tim 1/cosa a ‘eo 1 
eo(n/2)- tang 24(n/2)- Sina/cosz 2s(n/2)- sing 1 


79. f(x) =e” —cx f(x) =e” -—c=0 e*=Cc x=Ine,c>0. f" (x) =e” > 0,80 f is CU on 


(—o0, 00). lim (e” —cx) = lim e(S - °)| = L,. Now lim — 4 lim + = 00, so Li = o0, regardless 


L000 LOCO x zoo £ xL—0o 


of the value of c. For = lim (e” — cx), e” — 0, so L is determined 


by —ca. Ifc > 0, —ca — oo, and L = o. If c < 0, —ca — —on, and 
L = —oo. Thus, f has an absolute minimum for c > 0. As c increases, the 


minimum points (Inc, c — clnc), get farther away from the origin. 


80. (a) lim v = lim MI (4 — enct/m) — I jim (1 — em et/™) = Oa =0) [because —ct/m — —oo ast > co] 
t—co t—co Cc 


Cc Cc too 

= ~, which is the speed the object approaches as time goes on, the so-called limiting velocity. 

mg v — aaet/m é 

b) li = lm —(l-e ’™)= lim ———_——. form is + 
aa a Aa a ee nee) 
(-e7%/™) - (—t/m) _ mgt 


c30t 1 m coor 


The velocity of a falling object in a vacuum is directly proportional to the amount of time it falls. 


nt nt 
81. First we will find lim (1 + “) , which is of the form 1°. y = (1 + “) => Iny= ntIn(1 + “), so 
n n n 


noo 


lim Iny= lim nt In( 


Jy 
1+") =¢ lim Initr/n) Hy yn ee ss ee ee re 
n n—0o 1/n n—0o (1+ r/n)(-1/n?) n—0o 1+i/n 


n—oco 


nt 
lim y =e". Thus, asn > 00, A = Ao(1 ~) » Age”. 
n 


2 
1-10"  1-10°°* 
82. A P= —— = —_—— 3» 0.62 t 62%. 
(a) r = 3, p = 0.05 or In 10 045in10 0.62, or about 62% 


(b) r = 2, p = 0.05 p= 1-10” 0.80, or about 80% 
ame mg. oe ee 


Yes, it makes sense. Since measured brightness decreases with light entering farther from the center of the pupil, a smaller 


pupil radius means that the average brightness measurements are higher than when including light entering at larger radii. 
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— 1070"? —1070r? = 
(c) lim, P= lim 1—10 Hess 10 (In 10)(—2pr) 
r—0 


1 
= = 1, or 100%. 
rot pr?in10 Pores 2er (In 10) rot 10°P? orn 


We might expect that 100% of the brightness is sensed at the very center of the pupil, so a limit of 1 would make sense in 


this context if the radius r could approach 0. This result isn’t physically possible because there are limitations on how 


small the pupil can shrink. 
: ‘ M M 
SO) Be eet pAee EEA 


It is to be expected that a population that is growing will eventually reach the maximum population size that can be 


supported. 
1 
(b) lim P(t) = lim ut = lim a = lim = Poe 
M-—oo M—oo 4 a M—Po echt Moo ie M ee M-—co 1 ok 
Po Po i Po 


Poe™ is an exponential function. 


2 im. im, [-«( 5) In) =e? tm, | (5) (G)] =o? mt =e 9 =0 


As the insulation of a metal cable becomes thinner, the velocity of an electrical impulse in the cable approaches zero. 


(b) eatin v= Ras (4) In (3)| = — pen [r? in(4)| [form is 0 - co] 


(2) RA 

c., R Ha dig POR = 9 5)= 

Fe ae De eG Rage te 2 R? tp, ( >) : 
7 re 


As the radius of the metal cable approaches zero, the velocity of an electrical impulse in the cable approaches zero. 
85. We see that both numerator and denominator approach 0, so we can use |’ Hospital’s Rule: 
i 282 — xi —arvfaat uy ,, $(2a°x—- gy ar = ay a(4) (aax)~?/3 a? 
ese Se m 
a— Vax3 za —t(ax?)—3/4(3az?) 


3 (2a°a — any Qe 4g?) — za" (aay 
—+(aa3)—3/4(3aa?) 


(a*)-12(=a5) = 193 (a3)-?/8 = ‘ 


re) 
a 
w 
— 
Q 
is 
Ww 
| 
w 
~ 
rs 


86. Let the radius of the circle be r. We see that A() is the area of the whole figure (a sector of the circle with radius 1), minus 
the area of AOPR. But the area of the sector of the circle is 4r70 (see Reference Page 1), and the area of the triangle is 


4r|PQ| = $r(rsin@) = Sr? sin. So we have A(0) = $r70 — dr? sind = 4r?(6 — sin@). Now by elementary 
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88. 


89. 


90. 
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trigonometry, B(@) = 4 |QR| |PQ| = 4(r — |OQ|) |PQ| = $(r — rcos0)(rsin9) = $r7(1 — cos6) sin 0. 


So the limit we want is 


s AG). x 370 —sin@) ee 1—cos@ 
o—0+ B(O) 90+ 4r?(1—cos@) sind ~ 90+ (1 — cos 6) cos @ + sin 6 (sin 6) 
sage 1 —cos@ 4H im sin 0 
60+ cos@ — cos?@+sin?@ 90+ —sin@ — 2cos6 (—sin@) + 2sin0 (cos 6) 
sin 0 1 1 1 


anes ii == li ro — 
geraee —sin@+4sin@ cos@ pana —1+4cos@ —1+4cosO0O 3 


The limit, 2 = lim [. vn (+42) = lim [p— atm (2 +1)]. Lert = 1/2, 088 2 — 00, t= OF. 


xr CO ie xr CO 


1 


fee es re 


. 1 1 . t—In(t+1) au ,, 
b= lim |24 = in@41)) Slim = 2 te = ee Se 
0k F ae ) ha re “ok OF inot OE tot 2041). 2 


Note: Starting the solution by factoring out x or x? leads to a more complicated solution. 


y = (f(a) => Iny = g(a) In f(a). Since f is a positive function, In f(z) is defined. Now 


lim Iny = lim g(a) In f(a) = —oo since lim g(x) = co and lim f(x) =0 = _ lim In f(x) = —oo. Thus, ift = Iny, 


@LZ—a 


lim y= lim e’ =0. Note that the limit, lim g(x) In f(z), is not of the form oo - 0. 


wa t—>+—oo 


(a) We look for functions f and g whose individual limits are 00 as x — 0, but whose quotient has a limit of 7 as x — 0. 


One such pair of functions is f(2#) = 5 and g(x) = =. We have lim f(x) = lim g(a) = oo, and 


x2—0 


(b) We look for functions f and g whose individual limits are oo as x — 0, but whose difference has a limit of 7 as x — 0. 


: sea 1 i 
One such pair of functions is f(x) = =) +7 and g(x) = = We have lim f(x) = lim g(a) = oo, and 


x—0 


ine SoG Sie (3 a 7) 3 imp y, 


xz—0 xz—0 x—O0 


in 2 b . 3 2 
i<=lim (= an ) jim sin2x + aa" + br u lim 2cos 2x + 3ax* +b 


_ Asx — 0, 3x7 — 0, and 


«z—0 x3 x—0 x3 x—0 3x2 


(2cos 2a + 3ax” + b) > b + 2, so the last limit exists only if b + 2 = 0, that is, b = —2. Thus, 


2 “Ac és Be 
lim PROS De AOE! EB lim SUN aE eee lim SOE ic 08 08 sf which is equal to 0 if and only 
x2—0 3x? x—0 6x xz—0 6 6 


ifa= $. Hence, L = 0 if and only if b = —2 anda = s. 
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91. (a) We show that lim f(@) = 0 for every integer n > 0. Let y = = Then 
2 LG He 


x 
-1/x n n-1 ! 
Sey ga eres ee ag Le 
a0 yen z—0 (a?) yoo ey yoo ey yoo ey 
lim FAG) lim 2” Ha) = lim x” lim F(@) = 0. Thus, f’(0) = lim ss FO) lim He) 0. 
z-0 gn x—0 gen x—0 230 yet x2—0 z—O z-0 2£ 


(b) Using the Chain Rule and the Quotient Rule we see that f (n) (x) exists for x 4 0. In fact, we prove by induction that for 
each n > 0, there is a polynomial p,, and a non-negative integer ky, with f( (a) = pn(x)f(x)/a*” for x 4 0. This is 


true for n = 0; suppose it is true for the nth derivative. Then f’(a) = f(a)(2/x3), so 


fO*Y (a) = [x [ph (0) Fe) + Pala) F(a] = fn “2 (x) f(x ee 
= [xh ph, (we) + pn (a)(2/2°) — kine" pm (0)] F(x) e? 
= [at>* pt, (0) + 2pm (ae) — kia”? pa a (2)a7 tnt) 


which has the desired form. 


Now we show by induction that f‘”) (0) = 0 for all n. By part (a), f’(0) = 0. Suppose that f‘”)(0) = 0. Then 


(n) _ £(n) (n) kn 
J002(0) = Jy LOD $00) < yy FOE) < yy Poe) HN yy pale) $0) 
= lim pa() lim 2. = p,(0)-0=0 


92. (a) For f to be continuous, we need lim f(x) = f(0) = 1. We note that for x 4 0, In f(x) = In|2|* = xln|q]. 


Infalu Ve Nigger ae 
So lim In f(x x)= lim «In |2| = lim La gas! Se ares Therefore, lim f(x) = lim e Sees, 


So f is continuous at 0. 


(b) From the graphs, it appears that f is differentiable at 0. 


2 1.1 1.01 


-1 1  -0.05 ~ 0.05 0.01 \ 0.01 


0 0.9 0.99 


- 
(c) To find f’, we use logarithmic differentiation: In f(x) = xIn|z| Fe x (z) + In |ar| 


f'(x) = f(x)(1+In|2]) = |2|"(1 + In|2|), « 4 0. Now f’(x) + —oo as x — 0 [since |x|” — 1 and 
(1 + In |x|) — —oo], so the curve has a vertical tangent at (0, 1) and is therefore not differentiable there. 


The fact cannot be seen in the graphs in part (b) because In |x| — —oo very slowly as x — 0. 
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4.5 Summary of Curve Sketching 


1. y= f(a) = 2° +32? =27?(4 +3) A. f isa polynomial, so D = R. H. 
B. y-intercept = f(0) = 0, x-intercepts are 0 and —3  C. No symmetry 


D. Noasympote E. f’(x) = 3a? +62 =32(a+2)>0 © 2<-2 or 


x > 0, so f is increasing on (—oo, —2) and (0,00), and decreasing on (—2, 0). 


F. Local maximum value f(—2) = 4, local minimum value f(0) = 0 


G. f" (2) =62+6=6(2+1)>0 = «> -—Il,s80 f isCU on (—1,00) and 
CD on (—oo, —1). IP at (—1, 2) 


2. y= f(x) = 2a? — 12a? + 18a = 2a(x? — 6 +9) = 2a(x — 3)? H. 
A. D=R _ B. z-intercepts are 0 and 3, y-intercept f(0) = 0 C.No symmetry 
D. No asymptote 
E. f'(x) = 6x? — 242 + 18 = 6(a? — 4a + 3) 
=6(a@-1)(«-3)>0 & «a«<lorrz>3 


and f'(z) <0 <= 1<.a<3,s0 f is increasing on (—o0o, 1) and (3, co), and 


decreasing on (1,3). F. Local maximum value f(1) = 8, local minimum value 


f(3)=0 G f"(x) = 127 —-24=12(r-2)>0 = x > 2,80 f isCUon 
(2,00), and f is CD on (—oo, 2). IP at (2, 4) 


3. y= f(x) =a*— 42 = a2(a2 —4) A. D=R BB. z-intercepts are 0 and W/4, H. a 


y-intercept = f(0) =0 C. Nosymmetry D. No asymptote 


E. f'(2) = 403 —4 = 4(23 —1) =4(@-1)(@? +241) >0 & «>1,50 


f is increasing on (1, 00) and decreasing on (—co, 1). F. Local minimum value 


f(1) = —3, no local maximum G. f(x) = 12a? > 0 for all x, so f is CU on (1,-3) 


(—o00, 00). No IP 


4.y = f(x) =2*-—827+8 A. D=R B. y-intercept f(0) = 8; -intercepts: f(z) =—0 => [by the quadratic formula] 


5 


w=tV/4+ = +2.61,+1.08 C. f(—x) = f(x), so f is even and symmetric about the y-axis D. No asymptote 


E. f(x) = 4a — 16a = 4a(a? — 4) = 4a(a@ + 2)(n@-2)>0 & -2<a2<Oore > 2,50 f is increasing on (—2, 0) 


and (2, 00), and f is decreasing on (—oo, —2) and (0, 2). H. yt (0, 8) 

F. Local maximum value f(0) = 8, local minimum values f(+2) = —8 

G. f(x) = 122? — 16 = 4(322 —4)>0 => |a| > 2/V/3 [1.15], so f is 5 - 
CU on (—00, —2/V3) and (2/V3, oo), and f is CD on (-2/V73, D3): 

IP at (+2/./3, —§) (-2, -8) (2,8) 
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5. y= f(x) =2(a— 4)? A. D=R B. z-intercepts are 0 and 4, y-intercept f(0) = 0 C. No symmetry 


Ay 


D. No asymptote H. 

E. f'(x) =@-3(a — 4)? + (a — 4)? - 1 = (a — 4)? [Ba + (a — 4)] 
= (x — 4)?(4e — 4) = 4(a@-—1)(x—- 4)? 50 6 

x > 1, so f is increasing on (1, 00) and decreasing on (—co, 1). 

F. Local minimum value f(1) = —27, no local maximum value 

G. f(x) = 4[(x — 1) - 2(@ — 4) + (a — 4)? - 1] = A(x — 4)[2(@ — 1) + (@ —4)] vere 
= A(a — 4)(8a — 6) = 12(a—4)(a@-2) <0 © 


2<a<4,so f is CD on (2, 4) and CU on (—co, 2) and (4, 00). IPs at (2, —16) and (4, 0) 


6. y= f(x) = 2° — 5a = x(x* —5) 


C. f(—«x) = —f(x), so f is odd; the curve is symmetric about the origin. D. No asymptote 


E. f'(x) = 5a* 
= 5(a + 1)(a 


5 = 5(a* — 1) = 5(a” 
1) (a? 4 


1)(a? +1) H. 
1)>0 s 


A. D=R B. «-intercepts + Y5 and 0, y-intercept = f(0) = 0 


x <—lorx > 1,s0 f is increasing on (—oo 


, —1) and (1, 00), and f is decreasing 


on (—1, 1). 


F. Local maximum value f(—1) = 4, local minimum value 


fd)=-4 G. f"(2) = 2027 >0 & 2x > 0,80 f is CU on (0,00) and CD 
on (—oo, 0). IP at (0,0) 


82° +162 = a(4a* _ 


7. y=f(e)= 92° - 5 


C. f(—«) = —f (x), so f is odd; the curve is symmetric about the origin. D. No asymptote 


E. f(x) = a — 8a? + 16 = (x? — 4)? = (@ + 2)?(@ — 2)? > 0 for all x H. 


except +2, so f is increasing on R. F. There is no local maximum or 


minimum value. 


89? + 16) A. D=R B. z-intercept 0, y-intercept = 


f(0) =0 


G. f" (2) = 423 4) = 4x(x + 2)(x 
—2 <a <0orz > 2,80 f is CU on (—2, 0) and (2, co), and f is CD on 


16a = 42(a? 2>0 ¢ 


(—oo, —2) and (0, 2). IP at (—2, — 238), (0,0), and (2, 32°) 


8 y= f(x) = 


(4-27)? A. D=R B. y-intercept: f(0) = 4° = 1024; x-intercepts: +2 C. f(—ax) = f(x) 


=> 


f is even; the curve is symmetric about the y-axis. D. No asymptote E. f’(x) = 5(4—a”)*(—22) 


= —10x(4 — 2?)*, 


so for x # +2 wehave f’(x) >0 <= x <Oand f’(z7)<0 = «x >0. Thus, f is increasing on (—oo, 0) and 


decreasing on (0,00). KF. Local maximum value f(0) = 1024 
G. f” (x) = —10x - 4(4 — x?)3(—2a) + (4 — w?)*(—10) H. 


= -10(4 x”)3(4 — 9a?) 


10(4 


so f"(z)=0 & x=+42,432. f"(x)>0 & -2<a<-—Z and 


2<a<2andf"(x)<0 @& x<-2,-2 <a < 2,anda > 2,50 fis 


CU on (—oo, 2), (—3, 3), and (2, 00), and CD on (—2, —2) and (2,2). 


IP at (+2, 0) and (+3, (2)°) ~ (£0.67, 568.25) 
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9 y=f(x)= — A. D={a|a 2} = (—00, —2) U(—2,00) B. a-intercept = — 3, y-intercept = f(0) = 2 
C. Nosymmetry D. lim BED ga = Oda A, lim PMID cess, im gOS 2 eeu 
zs>to £+2 e3-2- £+2 z3>—2t £+2 
DP (Oet By 1 
Ve ef ae a aay H. 
isa f(x) top @+ae > 0 for 


10. 


11. 


x # —2,so f is increasing on (—oo, —2) and (—2, 00). KE No extreme values 


Dat, Me ee © he pe i ek ne Se hip 2 0tC*«<‘«ét 


G. f(x) = wrap >0 = «< —2,s0 f is CU on (—oo, —2) and CD 


on (—2,00). NoIP 


et+se  a(@+5) — « 


UIE) oe GAG = a) os 


for x # —5. There is a hole in the graph at (—5, —$). 


A. D={«a|a4+5} = (—oo, —5) U(—5,5) U (5,00) +B. x-intercept = 0, y-intercept = f(0) =0 C. No symmetry 


D. lim —* = _1, soy =—lisaHA. lim =oo, lim = = —oo, so x = 5 isa VA. 
toto 9— 2# 2357 07D z35+ O- 
—ax)(1) -—a(-1 : : 
E. fi(e) = GEO OD) = a > 0 forall xin D, 80 fis H. 


increasing on (—oo, —5), (—5, 5), and (5,00). KF. No extrema 


G. f(z) =5(5-2)? = 


10 : 
=a <= «<5,so fisCUon 


(—oo, —5) and (—5,5), and f is CD on (5, 00). No IP 


f" (x) = —-10(5 — #)~*(—-1) = 


2 
— 1- ‘ : 
= Ta — qoawtA = = fora #1. There isa hole in the graph at (1, 1). 


y= f(x) 


A. D={«|« 41,2} = (—o,1)U (1,2) U (2,00) B. x-intercept = 0, y-intercept = f(0) =0 C. No symmetry 


D. lim sy = Th soy =—1isaHA. lim ge hi lim —* = 60, so = Dis a VA: 


a—>too2Z—2£ wo2- 42-2 z32+ 2-2 


_@-«)()-2(-1)_ 2 
(Q—ap Q—ap 


>0 [a 41,2], so f is H. 


increasing on (—oo, 1), (1,2), and (2,00). KF. No extrema 


G. f(z) =2(2-2)? = 


f’ (a) = —4(2 — x)~3(-1) = 3 > 0 =& x< 2,80 fisCUon 


(2-2) 
(—oo, 1) and (1, 2), and f is CD on (2,00). No IP 
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i, 2 : 1 
12. y= f(x) =14+ a + i — A. D = (—co,0)U (0,00) B. y-intercept: none [x 4 0]; 


x-intercepts: f(z) =0 <= x? +a +1 =O, there is no real solution, and hence, no z-intercept C. No symmetry 


D. lim (1454+) =tsou=lisana, lim f(x) = 00, sox = Disa VA. E. Feet acer 
x x xL— 


a—+too g2 8 x3 


f'(xz)>0 & -2<a2<Oand f'(z) <0 | x <-—2o0re2>0,5s0 f is increasing on (—2,0) and decreasing 


on (—oo, —2) and (0,00). F. Local minimum value f(—2) = 3; no local H. 
; 2 2. 
maximum G. f"(x) = 2 = oa f"(a)<0 = «<-—3and 
gow x 


f"(2)>0 = -3 <a <Oandz > 0,30 f is CD on (—oo, —3) and CU on 


(—3, 0) and (0, 00). IP at (—3, 2) 


13. y= f(x) = aaa al (e+ D)@—2) A. D = (—o0, —2) U (—2,2) U (2,00) B. 2-intercept = 0, 


y-intercept = f(0)=0 C. f(—ax) = —f(zx), so f is odd; the graph is symmetric about the origin. 


D. lim ——_ =oo, lim f(x) =—oo, lim f(r) =o0o, lim f(«) = —oo,so x = +2 are VAs. 
got 72-4 £2—2- w—>—2t 2——2- 


2 = 2 
lim = ie 0,soy=OisaHA. E. f’(x) = 2 ea =— e “5 < 0 for all x in D, so f is 


decreasing on (—oo, —2), (—2, 2), and (2, 00). 


F. No local extrema H. 
(x? — 4)? (2x) — (a? + 4)2(a? — 4) (2x7) 
[(a? — 4)?]? 
_ 2e(0? — 4)[(a? — 4) — (a? +4)] 
(= 4)" 
Qe(—x?-12)  —-2a(a + 12) 
(a? — 4)3 (x + 2)3(a — 2)3° 

f" (x) < Oifx < —2o0r0 < x < 2,80 f is CD on (—oo, —2) and (0, 2), and CU 


on (—2, 0) and (2, co). IP at (0,0) 


G. f"(2) 


14. y= f(x) = — = Goyal A. D = (—o0, —2) U (—2,2) U (2,00) +B. No x-intercept, 
y-intercept = f(0) = —; C. f(—zx) = f(z), so f is even; the graph is symmetric about the y-axis. 
Dz Jim, ae Tah ce jim f(x) =-©, Com f(x) = -c, ce f(x) = 00, so x = +2 are VAs. jim (x) = 0, 
soy=OisaHA. E. f’(x)= See [Reciprocal Rule] > O0ifa < Oand x isin D, so f is increasing on 
(—oo, —2) and (—2, 0). f is decreasing on (0, 2) and (2,00). KF. Local maximum value f(0) = —4, no local minimum 


value 
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” (a? — 4)?(—2) — (=22)2(a? — 4) (2x) 
G. f"(2) (@—aPp H. 
= 2(x? — 4) [(@? — 4) — 40:7] 
= (oF 
_ —2(—3a0?— 4) — 2(3a? + 4) 
(ao? ~ (aos 
f"(2)<0 = -2<2< 2,80 f is CD on (—2, 2) and CU on (—oo, —2) 
and (2,00). No IP 
2 2 _ 
y= f(a) = 23 = es =1- ry A. D=R B. y-intercept: f(0) = 0; 


x-intercepts: f(x) =0 <= x=0 C. f(—2x) = f(x), so f is even; the graph is symmetric about the y-axis. 


2 
F : . —2 
D. _ dim 23 =1,soy=1isaHA.NoVA. E. Using the Reciprocal Rule, f’(x) = —3- aust = Go 


f'(~7)>0 <= aw>Oand f'(z) <0 = «x < 0,80 f is decreasing on (—oo, 0) and increasing on (0, 00). 
F. Local minimum value f(0) = 0, no local maximum. 


(x? + 3)? -6 — 6x - 2(a? +3) - 2a 


G. f"(x) = [(a? + 3)2/2 A: 
6(a? + 3)[(w? +3) —4a7]  6(3— 3a”) — —18(a@ + 1)(x— 1) 
7 (x? + 3)4 Co) (x? + 3)8 


f’ (a) is negative on (—oo, —1) and (1, 00) and positive on (—1, 1), 


so f is CD on (—oo, —1) and (1, 00) and CU on (—1, 1). IP at (+1, $) 


_4)2 
y=f(«)= 4 > Owithequality = x=1. A. D=R B. y-intercept = f(0) = 1; x-intercept1 C. No 
2 2 
— 2. 1 1-2 1 ; 
ey. Di ee (x) a a Ss ~ Resse ranean - ts ee ne ONe VS 
fie) = SE DME 1) = (= 1)*@x) _ %e-V[e"+Y—~ee-V] _ Ae-Ye+I) 2, 


+i) @+1p +1? 
—1<«<1,s0 f is decreasing on (—1, 1) and increasing on (—oo, —1) and (1,00) EF. Local maximum value f(—1) = 2, 


local minimum value f(1) = 0 


G. f"(a) = FD? (4e) — (20? = 2)2(@? +1) 2x) _ dele? +1) [@" +1) — Cat —2)] _ 4e(3 - 2”) 
, [(@? +17 (+1) (@? +13 
f'(x@)>0 «= x<-V30r0 <2 < V3, 80 f is CU on (—c0, —V3) H. yt 


and (0, V3), and f is CD on (—V3, 0) and (1/3, 00). 
f (4V3) =2 (V3 #1)" =2 (45 2V3) = 15 4 V3 [~ 0.13, 1.87], 50 
there are IPs at (-v3, 1+ 473), (0,1), and (V3, 1- $V3). Note that 


the graph is symmetric about the point (0, 1). 
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17. 


18. 


19. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


y=f(x)= 7 A. D= {a |x #40} = (—co,0)U (0,00) +B. No y-intercept; x-intercept: f(x) =0 ©—& «x=1 
C. No symmetry D. jim. a =0,so y = OisaHA. lim —< : = —oo, sox = Nisa VA. 
E. f'(x) = x — Dea e: Ss ci e Ae ae) >0 &S O0<a<2and f(r) <0 © 
x <Oora > 2. Thus, f is increasing on (0,2) and decreasing on (—oo, 0) H. yA 
and (2,00). F. No local minimum, local maximum value f(2) = 4. 0.4) ay 
o| fA x 


3. (—1) — [-(x — 2)] - 32? xe? — Gar? os 
epee SNS ete ee 


8 a4 


f(a) is negative on (—oo, 0) and (0, 3) and positive on (3, 00), so f is CD 


on (—oo, 0) and (0, 3) and CU on (3, oo). IP at (3, 2) 


x 
xz —1 


y=f(x)= A. D = (-—oo,1)U(1,00) B. y-intercept: f(0) = 0; x-intercept: f(z) =0 = x=0 


C. Nosymmetry D. lim . i 0,soy=OisaHA. lim f(a) =—ooand lim f(x) = o,sox7 = lisa VA. 


rotoo 73 — x—1- 2—1 


re — —a(3a7) — —2a3 — 
E. Hie ears ) = Ef @)=0 c=—#/1/2. f(z) >0 = «2 <—8/1/2and 


f(z) <0 = —#/1/2<a<1andz > 1,s0 f is increasing on (—co, —# 172) and decreasing on (- ¥/1/2, 1) 
and (1,00). EK Local maximum value f (- V/1/ 2) = 3 4/1/2; no local minimum 


oso ea HO 


6x? (x? — 1)[(x? — 1) — (27 +1)] _ 6a? (x? + 2) 
= = Geass — oo = Gedy 


f'(2)>0 86 x<—-VQande>1,f"(4)<0 & —-W2<-a<Oand 


0 <a <1,s0 f is CU on (—00, — W2) and (1,00) and CD on (—*/2, 1). 
IP at (— V2, 3 V2) 


3 3 
y=f(x)= are = aes A. D = (—oo,-1)U(-1,00) B. y-intercept: f(0) = 0; x-intercept: 
x 1 
f(z)=0 <= x=0 C. Nosymmetry D. _Jim ae ta Ts = 1,soy=1isaHA. _im f(x) = co and 
3 2 3/9,,2 2 
; = ek 1) _ (@ +1)(8a°)—a° (807) 38a ) 
_lim , f(¢) = —00, soz = —lisa VA. E. f'(x) (o? + 1 Gi f(a) > 0 for #4 -1 


(not in the domain) and x 4 0(f’ = 0), so f is increasing on (—oo, —1), (—1, 0), and (0, co), and furthermore, by 


Exercise 4.3.97, f is increasing on (—oo, —1), and (—1,00). F. No local extrema 
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(gy — (@? +1)? 62) — 327[2(a* + 1)32")] “yA 
G. f"(2)= EaNoE H. P 
_ («? +1) 6x)[(w? +1) — 30°] _ 6x(1 — 22°) | | Wiz.) 
(a3 +14 Sp ce ae | ee se 
(0, 0) x 


f(z) >0 |= x<-lor0<2< Ve [= 0.79], so f is CU on (—oo, —1) and 


(0. V3) and CD on (—1, 0) and (*/3. 00). There are IPs at (0,0) and (4/3, +). x=-l | 


aD x2 4+20+44+ — [by long division] A. D = (—oo,2)U (2,00) B. x-intercept = 0, 
3 43 

y-intercept = f(0) =0 C. Nosymmetry D. lim = -—ooand lim 

er—2- L— x2t L— 


5 = 00, 80 x = 2 isa VA. 


There are no horizontal or slant asymptotes. Note: Since lim —_ = 0, the parabola y = x” + 2a + 4 is approached 


asymptotically as  — too. 


1, _ (@©—2)(3a?)— 23(1) — x?[B(w@—2)—a] 2? (2a—-6) 2a? (a — 3) 
E. f’(x) (© 22 (e— 2)? (@ 2p (@ — 22 >0 x > 3 and 


fi(a)<0 & x«<0or0<2<20r2 <2 < 3,50 f is increasing on (3, co) and f is decreasing on (—0o, 2) and (2, 3). 


3 9,2 
F. Local minimum value f(3) = 27, no local maximum value G. f'(r) = pe eee > 


@— 2p 
(a — 2)? (3a? — 6x) — (x? — 3x7) 2(a — 2) 


f"(@) =2 (le = 2)2R H. 
s 9 (t — 2)a[(a — 2)(3x — 6) — (a? — 32)2] 
(x — 2)4 
_ 2x(3x? — 12x + 12 — 2x? + 6x) 
(x — 2) 
a 2a (x? — 6a + 12) LG 


(@— 25 


xz <Oorz > 2,so0 f is CU on (—oo, 0) and (2, 00), and f is CD on (0, 2). IP at (0, 0) 


y = f(x) = (w — 3) fe = 2°? — 8301/2 A, D=(0,00) B. «-intercepts: 0,3; y-intercept = f(0) =0 C. No 


symmetry D. Noasymptote E. f’(x) = 31/2 8y71/? = 8y71/2(¢ -l= ee >0 xz>1, 
ZL 
so f is increasing on (1, co) and decreasing on (0, 1). He? 
F, Local minimum value f(1) = —2, no local maximum value 
a 24 = 3(a +1 7 
G. f(a) = 3a7/? 4 39-3? = Be /(¢41) = SEED 5 o fore > 0, 0 ‘A ~ 
so f is CU on (0, co). No IP (1, 2) 
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y = f(x) = (a@— 4) Ye = «4/8 —4c1/8 AL D=R B. y-intercept = f(0) = 0; x-intercepts: 0 and 4 


C. Nosymmetry D. No asymptote H. 


4(a — 1) 


BE. jf'@)=40 ° —g2F = se (@-1)= 3052/8 


3 f(a) >0 ¢ 
x > 1, so f is increasing on (1, co) and f is decreasing on (—oo, 1). 


F. Local minimum value f(1) = —3 


A(x + 2) 
Qa0/3 


f"(z) <0 = -2<2<0,s0 f is CD on (—2,0), and f is CU on (—o0, —2) 


G. f"(e) = ga 7 + Ba? = Sa 8a + 2) = 


and (0, co). There are IPs at (—2, 6/2) and (0, 0). 


y=f(e)=Ve?4+e—-2=/f/(e@4+2)(e@-1) A. D={x| (w+ 2)(x—1) > 0} = (—00, —2] U [L, 00) 


B. y-intercept: none; x-intercepts: —2 and1 C. Nosymmetry D. No asymptote 


2a+1 


2V2r2+2—-—2 


f'(c)>0 = w>-—dand f(z) <0 = «x < —4,s0 (considering the domain) f is increasing on (1,00) and 


E. f'(x) = $ (2? +2 —2)-/?7 (Qe +1) = , f(x) = Oif « = —4, but —3 is not in the domain. 


f is decreasing on (—oo, —2).  F. No local extrema 


Q(x? + x — 2)'/?(2) — (Qa +1)-2-4(@? +2 — 2)-¥/2 (22 + 1) 


G. f" (x)= 5 H. yh 
(2 Vx? +z2-—2) 
= (a? Hao)? [4(a? +a@—2)— (40? + 4a 4 1)| 
A(a? + 2 — 2) 
—9 

= —— <0 

A(q2 — 2)3/2 t > 

(x +x ) —2 0 1 x 


so f is CD on (—oo, —2) and (1, 00). No IP 


y=f(z)=Ve%Fa-z=/e(e+1—-2 A. D=(-c,-1]U (0,00) B. y-intercept: f(0) = 0; 
z-intercepts: f(z) =0 => Va? +a=a eta=2 x=0 C. No symmetry 
D. lim f(x) = lim, (Ja? + ¢— 2) a = jim ———- 
= lim, are rae 7 iB, ET =F Y= Bisa No VA 
E. f'(e) = 3(0? +0)*9Qe+1) -1= = 1 > 0 © Ww+l>VeP+r S 


xo+ 4 > (a + iy — i. Keep in mind that the domain excludes the interval (—1, 0). When x + 4 is positive (for x > 0), 


the last inequality is trwe since the value of the radical is less than x + 3. When x + 4 is negative (for x < —1), the last 


inequality is false since the value of the radical is positive. So f is increasing on (0, oo) and decreasing on (—oo, —1). 
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F. No local extrema 


Ge 7"(a) = 2 HANPO) = (2+ 1) 2-5? +2) *7Q0 +1) 
(2Va% +a)" 
ae) Oe ee ee 
= a? +2) AG? + a) 


f(x) < 0 when it is defined, so f is CD on (—oo, —1) and (0,00). No IP 


H. 4 


y = f(x) =2/V22+1 A. D=R B. y-intercept: f(0) = 0; x-intercepts: f(z) =0 => x«=0 


C. f(—x) = —f (x), so f is odd; the graph is symmetric about the origin. 
‘ ; x : x/x : x/a ; 1 1 
D. lim f(x) = lim = lim = lim = lim — =1 
Jim f( ) woo y/e2 + 1 woo a? + 1/x woo y/y? + 1/V ax? 200 J1t+ 1/2? V1+0 
and 
: . x . x/x : x/a : 1 
lim f(z) = lim = lim = lim = lim 
2-00 (2) w—00 G24] 2-0 fg? +1 /¢ 2-00 Vi? +1/(-v2?) e>—0o —,/T + 1/2? 
1 
= ——— =-1 soy=+lare HA. No VA 
—V1+0 
2x 
Va? +1-—2-——— 
E f(x) = 2Ve7+1 wv +1-2? _ 1 > Of ll fist , R 
: x a+ pep (4157 (2457 or all x, so f is increasing on R. 
F. No extreme values H. 
—3x 
238 (2:2 —5/2 = 
G. f"(«) =-3(a +1) / = Ea ey eee 


and f(x) < 0 for x > 0. Thus, f is CU on (—oo, 0) and CD on (0, 00). 
IP at (0,0) 


y=f(e)=aV2—2? A. D=[-vV2,V2] BB. y-intercept: f(0) = 0; -intercepts: f(z) =0 => 


x=0,+V2. C. f(—x) = —f(x), so f is odd; the graph is symmetric about the origin. D. No asymptote 


x iy Jor “u+2-2 _ 20+2)0 x) 


E. f'(z) =«: —— ——_. = 
V2— x? V2— x? V2— x? 
and 1 < x < V2, and positive for —1 < x < 1, so f is decreasing on (-v2, —1) and (1, V2) and increasing on (—1, 1). 
F. Local minimum value f(—1) = —1, local maximum value f(1) = 1. 
2 —22(—de) — (2 — 2x?) —= 
G. f"(x) = Mae 
[(O-ayP 
_ (2—27)(—4rz) + (2-2a7)a 2a? -6r __2ax(x? — 3) 
(2 — «2)3/2 (2—22)3/2 ~ (2—22)3/2 


Since a” — 3 < 0 for vin [—V/2, V2], f(x) > 0 for —V/2 < x < Oand 


f" (x) < 0 for 0 < x < V2. Thus, f is CU on (—V2,0) and CD on (0, V2). 
The only IP is (0, 0). 


f' (a) is negative for —/2 <a <—1 
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27. y= f(@) =V1l—22/e A. D={x| |z| < 1,4 40} = [-1,0)U(0,1] B. a-intercepts +1, no y-intercept 


: : : 12? ._ V1l-2? 
C. f(—«x) = —f (2), so the curve is symmetric about (0,0). D. lim, z , lim —— = —-O, 
x—0 2-0 
2 
a/V1 — x2 l— 2x? 1 
soxr=OisaVA. E. f(x) = Mee EE on ee = ——_—— . < 0, s0 f is decreasing 
z? x? J/1— x? 

on (—1,0) and (0,1). KF. No extreme values yA 
G. f(z) an 3 >0 6 -l<a<-,/20r0<a2<,/2 

. L)= Pape x 5 or x 5, SO ay 

ix 

F 2 2 2 2 

f is CU on ( 1,-/3) and (0. V3) and CD on (-/2. 0) and (/3: 1). 


28. y = f(a) =a2/Va2-1 A. D=(-co,-1)U(1,00) B. No intercepts C. f(—«) = —f(x), so f is odd; 
x x 
the graph is symmetric about the origin. D. lim -——-=1land lim -——— = ~—1,soy=+1]1 are HA. 
grap. ym 8 ~— 00 [2 — 1 LZ —0o /x2 —1 x 

lim, f(x) =+o0and lim f(x) = —co, sox = +1are VA. 

zl z—>—1— 
x 
Vere aa ee 

E. f'(x) = . Jr = = ee =! <0, so f is decreasing on (—oo, —1) and (1, 00) 

: = [(@? — 11/22 ~ (2 13/2 ~ (g2 — 13/72 > & ’ ped? 
F. No extreme values H. 

3x 
" _ 3 2 —5/2 <¥ 


29. 


f(x) < 0 on (—oo, —1) and f(x) > 0 on (1, 00), so f is CD on (—oo, —1) 
and CU on (1, co). No IP 


y = f(z) =x2-32/3 A. D=R B. y-intercept: f(0) = 0; 2-intercepts: f(z) =0 > x=30¢/2 S 


x? = 27x x? — 27% =0 x(a? — 27) =0 r=-0,43V3 C. f(—x) =—f(x), so f is odd; 
Ly oe ed 
the graph is symmetric about the origin. D. Noasymptote E. f’(x) =1 go 2/3 = 1 2s = 738 


f'(x) > O when |2| > land f’(x) < 0 when 0 < |z| < 1,80 f is increasing on (—oo, —1) and (1, 00), and 
decreasing on (—1,0) and (0,1) [hence decreasing on (—1, 1) since f is H. 


continuous on (—1,1)]. F Local maximum value f(—1) = 2, local minimum 


value f(1)=—2 G. f”(a) = 2a7°/* < Owhen a < Oand f"(x) > 0 


when x > 0, so f is CD on (—oo, 0) and CU on (0, 00). IP at (0, 0) 


5/3 


5x?/3 = 2?/3(7 —5) A. D=R _ B. x-intercepts 0, 5; y-intercept0 C. No symmetry 


E. f'() = 


= too, so there is no asymptote. 3?/ 3 


0 y-1/3 a 5g M3 (q -2)>0 = 
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x <0 or x > 2,80 f is increasing on (—oo, 0), (2, 00) and H. 


decreasing on (0, 2). 
F. Local maximum value f(0) = 0, local minimum value f (2) = —3 </4 


G. f(x) = RaW? oe 10 4/3 = Wy 4/3(g 4 1)>0 ©= «>-1,s0 


f is CU on (—1,0) and (0, 00), CD on (—oo, —1). IP at (—1, —6) 


y = f(x) = Ya? -1 A. D=R B. y-intercept: f(0) = —1; 2-intercepts: f(x) = 0 x—1=0 
x=+1 C. f(—«x) = f(a), so the curve is symmetric about the y-axis. D. No asymptote 
2x 

E. f’(x) = £(x? — 1)~?/9 (22) = —=_.. f'(x) >0 & x>Oand f'(x)<0 & 2x<0,s0 fis 
increasing on (0, oo) and decreasing on (—00,0). KF. Local minimum value f(0) = —1 
G. pia? SR DW =a: He — 1) H 

3 (1 "P 

2 (a? —1)73(B(@? —1)— 427] (a? +3) 
9 (x? — 1)4/3 O(a? — 1)8/8 


f"(z7)>0 = -l<a<landf"(r4)<0 |S x <-—lorz>1,s0 
f is CU on (—1, 1) and f is CD on (—oo, —1) and (1, 00). IP at (£1, 0) 


y= f(c)= Ve +1 A. D=R B. y-intercept: f(0) = 1; x-intercept: f(x) =—0 @& 2? 4+1=-0 => «=-1 


2 


C. Nosymmetry D. Noasymptote E. f’(x) = 4(a° + 1)-?/3 (327) = Wea f'(x) > Oifa < -1, 
V/ (a 
—-1<a<0,and2z > 0,s0 f is increasing on R. F. No local extrema H. yt 


(a® + 1)?/3 (22) — x? - 2 (0? + 1)71/3 (32) 


G. f"(x)= (a? +12 
a(x? + 1)~1/8[2(a + 1) — 225) = 2x 


f(z) >0 = x<-lorx>Oand f"(r) <0 |S -1l<2<0,s0f is 
CU on (—o0, —1) and (0, co) and CD on (—1,0). IP at (—1, 0) and (0, 1) 

y= f(z) =sin?x A. D=R B. v-intercepts: f(x) =0 <= «x =nz, nan integer; y-intercept = f(0) = 0 

C. f(—x) = —f (x), so f is odd and the curve is symmetric about the origin. Also, f(a + 27) = f(x), so f is periodic 
with period 27, and we determine E-G for 0 < x < 7. Since f is odd, we can reflect the graph of f on [0, 7] about the 
origin to obtain the graph of f on [—7, 7], and then since f has period 27, we can extend the graph of f for all real numbers. 
D. Noasymptote E. f’(x) =3sin?x cost >0 © cosa>Oandsing 40 © O<aK< 3, 80 f is increasing on 


(0, z) and f is decreasing on (3, T). F. Local maximum value f(4) = [local minimum value f(-3) = -1] 
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G. f(x) = 3sin?2 (—sinx) + 3cosa (2sinz cos) = 3sin x (2cos*x — sin?) 


= 3sin 2 [2(1 — sin?x) — sina] = 3sina(2—3sin°x)>0 © 
sin > Oand sin? < 2 S 0<#<mand0<sina < \/2 S O0<a<sin“\/2 [let a= sin“? \/2 | or 


T™-a<x< 7,80 f isCU on (0,a) and (7 — a, 7), and f is CD on (a, 7 — a). There are inflection points at x = 0, 7, a, 
andx =7—a. 


Ya yA 
: al 


7 4a 


° 
# 
I 
iS) 
) 
o 
N 
RS) 
« 


34. y= f(z) =x+cosx A. D=R B. y-intercept: f(0) = 1; the x-intercept is about —0.74 and can be found using 


Newton’s method C. Nosymmetry D. Noasymptote E. f’(2) =1—sinz > O except for x = 5 + 2nr, 


so f is increasing on R. FE. No local extrema H. 


G. f"(x) =—cosaz. f"(z) >0 = -cosx>0 => cosr<0 => 


vis in (5 + nm, 3 + 2n7) and f"(r) <0 => 


az isin (-4 +2n0,F + 2nr), so f is CU on (3 + 2nz, 3a + Qn) and CD on 


(-4 + 2nn, % + 2nm). IP at (z= tna, f (F +nr)) = (3 +n0, F + nr) 


[on the line y = x] 


35. y = f(x) =xtanz,-Z<a<F A, D=(—%,%) B. InterceptsareO C. f(—x) = f(x), so the curve is 


2 2° 2 
symmetric about the y-axis. D. lim g«tanx=ooand lim : xtanx = oo, 80x = 5 and x = —F are VA. 
xz—(m/2)— z——(m/2) 
E. f(x) =tanz+asec*x>0 <& 0<2< 4,50 f increases on (0, 3) H. ° 
and decreases on (—3,0). F. Absolute and local minimum value f (0) = 0. x=-% x=% 
G. y"” = 2sec*x + 2x tanz sec*x > 0 for -—% <a < 3, so fis 
CU on (—4, §). No IP 0 x 


36. y = f(x) =2e—tane,-% <a<% A. D=(-%,3) Bz. y-intercept: f(0) = 0; x-intercepts: f(r) =0 © 


2Qe=tang & «x«=Oorg~xX+1.17 C. f(—x) =—f(zx), so f is odd; the graph is symmetric about the origin. 


Dz. lim  (2e—tanx)=ooand lim (2x —tana) = —co,sox = +§ are VA. No HA. 
x—(—1/2)t x(n /2)~ 


E. f’(x) =2-sec?x<0 © |secx| > V2and f'(x) >0 = |seca| < V2, 50 f is decreasing on (—3, —4), 
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increasing on (-F, +), and decreasing again on (4, 5) F. Local maximum value f (4) Hg 7h 
local minimum value f(-) =-$t+1 H. 
G. f’(«) = —2seca-seca tang = —2tanx sec’ = —2tana(tan?s + 1) 


sof"(t)>0 —& tana<0 & -Z<a<O,andf"(4)<0 © 


tant >0 <= O<«a< §. Thus, f is CU on (—$,0) and CD on (0, $). 


IP at (0,0) 


y = f(x) =sing + V3cosx, -27 <a <2n A. D=([-27,27] B. y-intercept: f(0) = V3; x-intercepts: 


f(x) =0 sina = —/3cosx tan x V3 x a, ai 2t or “5 C. f is periodic with period 


1 
2x. D. Noasymptote E. f’(x)=cosa—V3sinx. f’(r)=0 & cosr=V3sing © eae ° 


x 82 for. f(z) <0 <a <— ort <a < %,50 f is decreasing on (—44*,- =) 
and (Z, =), and f is increasing on (—2r, —i), (—*, z), and (4, 2m). F. Local maximum value 


Ea i=) = f(#) =4 V3 (4V3) = 2, local minimum value f ( oz) = f(%) = 3 V3 ( $v3) =-2 


G. f"(z) =—sina — V3cosa. f’ (x) =0 sina =—V3cosr © H. 


L 
tan z x An nm 20 or 5a f" (2) >0 36 


J3 i = Se 3 


4a —Z or 22 bn i SAI ae 2m 5a 
Z<a<—Zor% <2 < %,s0 f is CU on (—-4,—) and (42, ), and 


f is CD on (—2r, —-=), (-&, 22), and (3,27). There are IPs at (—*,0), 


3 
(— 3,0), (5F,0), and (5, 0). 


y = f(a) =cscxa —2sinz,0<a<a A. D=(0,7) B. No y-intercept; x-intercept: f(z) =0 <= 


= 2s 1 ~ gin? i at —= 3m 
cscxz = 2sinax 5 = sin’x sin x ti/2 = r=7For = C. Nosymmetry 


D. lim f(x) = oo and lim f(x) = c,sox =0 and x = mare VAs. 


20+ LT 
j cos x ; 
E. f'(x) = —cscx cot x — 2cosa = ——5 2cosx =—cosx(— +2]. f'(x) >Owhen—cost>0 © 
sin?a sin?x 
cosr<0 & $<a<1,s0 f’ is increasing on (3,7), and f is H. ‘A 
decreasing on (0,4). F. Local minimum value f (4) = —1 
G. f(x) = (—escx)(— csc?x) + (cot x)(cscax cot xz) + 2sinz 37 
1+ cos*a + 2sin*a 
sin? 0 | > 
1 x 
f” has the same sign as sin x, which is positive on (0, 7), so f is CU on (0,7). (3 -1) 
x=! 


No IP 
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when 
sin x cost #1 ging l—cosx sina(1—cosxz)  1-—cosz 


2 


: - - =cscx — cotxz 
1+cosxz l+cosx l1-—cosxz sin*x sin x 


y=f(a)= 


A. The domain of f is the set of all real numbers except odd integer multiples of 7; that is, all reals except (2n + 1), where 
nis aninteger. B. y-intercept: f(0) = 0; x-intercepts: x = 2n7,n aninteger. C. f(—x) = —f(zx), so f is an odd 


function; the graph is symmetric about the origin and has period 27. D. When nis anodd integer, lim f(x) = co and 


@2—(n7r)— 


lim f(x) = —0o, so x = nz is a VA for each odd integer n. No HA. 


a—(na)t 


(1+ cos) - cosx — sinx(— sin) 1+ cosx 1 


E. f’ (2) = 2 = 


—_——_.~ = ——__.. [’ for all t Itiples of 
Guess)? cco?  Dbeose f'(x) > 0 for all x except odd multiples o 


m, so f is increasing on ((24 — 1)z, (2k + 1)7) for each integer k. FE. No extreme values 


G. f"(a) = Gnas > 0 > sint>0 = H. x : 3a a ae ace eet 

x € (2Qkr, (2k + 1)7) and f” (x) < 0 on ((2k — 1)z, 2k7) for each | | | | 

integer k. f is CU on (2kz, (2k + 1)m) and CD on ((2k — 1)z, 2k) : SF : > : a . 

for each integer k. f has IPs at (2k7, 0) for each integer k. | | 
-y=f(«)= 5 ta A. D=R B. y-intercept: f(0) = 0; x-intercepts: f(a) = 0 sing =0 L=nn 

C. f(—x) = —f (x), so the curve is symmetric about the origin. f is periodic with period 27, so we determine E-G for 

O0<a< 27. D. No asymptote 

E.7'@)= (2+ cos x) cos x — sinx(— sin) _ 2cosx+ cos*a + sin?a _ 2cosr+1 

(2 + cos)? (2+ cos)? (2+ cos x)? 


fi(e)>0 @ 22cost+1>0 & cosa >-% & isin (0, 22) or (¥,2n), so f is increasing 
on (0, 2) and (4, 2n), and f is decreasing on (= =). 


V3/2, _ VB 
a-(12) 3 


and local minimum value f(= ) = AG 5 eo! e 


F. Local maximum value f ( = ) = 


(2+ cosa)*(—2sinx) — (2cosa + 1)2(2+ cosx)(— sin) 


a [(2 + cos x)?]? 
—2sin x (2+ cosa)[(2+cosx)—(2cosa+1)] | —2sina (1 —cosz) 
— (2+ cosx)4 a (2 + cos x) 


f(z) >0 = -2sinz>0 © sint<0 © gisin(z,27r) [f isCU]and f"(rz) <0 © 
x isin (0,7) [f is CD]. The inflection points are (0,0), (7,0), and (27, 0). 


yA 


x — ar 0 Q0 4a x 
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y = f(z) =arctan(e*) A. D=R_ B. y-intercept = f(0) = arctanl = 4. f(x) > 0 so there are no x-intercepts. 


C. Nosymmetry D. lim arctan(e”) = Oand lim arctan(e”) = 4, so y = 0 and y = $ are HAs. No VA 


L——oCo xL—-0o 


1 x 
E. f’(x) = ite? oe =] er > 0, so f is increasing on (—oo,00). FE. No local extrema 
eG r"(a) _ (1+ e?*)e” — e” (2€?”) = e*[(1 + €?”) as 2") i 
. (1 + e2@)2 (1 + e2#)2 : 
e*(1 _ 2") 
= pep >0 


1->0 6 <1 & @wK<0 S « <0,s0fisCUon 
(—oo, 0) and CD on (0, 00). IP at (0, 7) 


y= f(x) =(1-a)e” A. D=R B. «-intercept 1, y-intercept = f(0) =1 C. Nosymmetry 


D. lim —* [form 2] = lim =! = 0, so y = 0isa HA. No VA 


@——0o xr—+—oco —e 


E. f'() = (1—a)e” + e?(-1) = e*[(1— x) + (-1)] =—re” >0 & «x <0,50 f is increasing on (—oo, 0) 


and decreasing on (0, co). H. 


F. Local maximum value f(0) = 1, no local minimum value 


G. f" (x) = —ve® +e? (-1) = e*(—x@ -1) =-(x#+ lle” >0 & 
x < —1,s0 f is CU on (—oo, —1) and CD on (—1, 00). IP at (—1, 2/e) 


y=1/(l+e*) A. D=R B. Noz-intercept; y-intercept = f(0) = 3. C. No symmetry 


D. lim 1/(1+e7*) = 4 =1and lim 1/(1+e7*)=Osince lim e~* = 00, so f has horizontal asymptotes 


Z—0o 1+0 xL—>— Co L—+—oCo 


y=Oandy=1. E. f’(a) =—(1+e7~*)~?(-e~”) = e7*/(1 + e~”)?. This is positive for all x, so f is increasing on R. 


F. Noextreme values G. f’ (x) = ee = eer 


The second factor in the numerator is negative for x > 0 and positive for x < 0, H. 
and the other factors are always positive, so f is CU on (—oo, 0) and CD 


on (0, 00). IP at (0, $) 


y=f(x) =e *sintz, 0<a<2n A. D=R B. y-intercept: f(0) = 0; x-intercepts: f(x) = 0 sing =0 


x =0,7,and27. C. Nosymmetry D. Noasymptote E. f’(x) =e *cosx+sinxz(—e *) =e * (cosxz —sinz). 


f(x) =0 cosx = sina c= 4,5. f'(x) > Oifzisin (0, $) or (2, 2m) [ f is increasing] and 


f' (x) < Oifzisin (3, ) [ f is decreasing]. F. Local maximum value f (4) and local minimum value f(¥) 


G. f" (x) =e -*(—sinz — cosx) + (cosx — sinz)(—e~-”) =e" *(—2cosz). f"(z) >0 = -2cosx>0 
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cost <0 = sisin (Z, 3) [f isCU] and f’(x)<0 © H. y 


cosx >O0 => x is in (0, 2) or (32, 27) [f is CD]. 2a 


IP at (F + nr, f(F + nm)) 


1 : ‘ 
4. y= f(x) = . +Inz A. D= (0,00) [sameasInz] B. No y-intercept; no x-intercept [1/xz > |Inz| on (0,1), and 1/a 


and In are both positive on (1,00)]  C. Nosymmetry D. lim, (a) = 00, so x = Oisa VA. 
z—0 


1 1 «-1 


1 _ 1 a 33 ; yA 
E. f'(z) aa th = f'(«) > 0 for x > 1, so f is increasing on H. 
4t 
(1, 00) and f is decreasing on (0, 1). a 
2 1 2-2 
aa wu + 
F. Local minimum value f(1)=1 G. f(a) a ae ae 2 
at (2, 4+m2) 
f" (x) > 0 for 0 < x < 2,80 f is CU on (0, 2), and f is CD on (2, 00). re aie 


IP at (2, 5 + In2) 


46. y=2(Inx)? A. D = (0,00) [sameas Ina] B. No y-intercept; x-intercepts: f(x) =0 => 


(In x)? = 0 [2 = O not in domain] Inz=0 z=1 C. Nosymmetry D. No HA; 

2 
lim ¢(Inz)? = lim Ca et lim PUNE SEAD cs im A es ee lim (2x) = 0, no VA. 
aot aot A/a 20+ = —1/x? a>0t —1/a xs0t Ifa? eot 


E. f(a) =2-2me- (4) + (ney? 1=2ne + (ney? = Ine @+Inz) 0 x=lorx=e’; 


f(a) >0 & O0<a<e?org> land f'(x)<0 = e-? <a <1,80 f is increasing on (0,e~”) and (1, 00), 


and decreasing on (e-?; 1). F. Local maximum value f(e~?) = 4e~?, local H. 
2 1 2(1+1 
minimum value f(1)=0 G. f(x) = ate (In x) - -= ( = ne a 


f'(#)>0 © 1l4+lnz>0 8 «>e land f"(r4) <0 6 


0 <a <e7'. Thus, f is CD on (0,e~*) and CU on (e~', 00). IP at (e~1, e+) 


=a 
(1 +e)? 
C. Nosymmetry D. lim f(#)=Oand lim f(#) =1,so0 y =O and y = 1 are HA; no VA 


47. y = f(z) = (1 +e")? = A. D=R _ B. y-intercept: f(0) = +. x-intercepts: none [since f(x) > 0] 


—2e” : ; 
z <0, so f is decreasing on RF. No local extrema 


E. f’(x) = —2(1 + e”)~e = tes 


G. f(x) = (1+ e”)~3(—2e”) + (—2e”)(—3)(1 + e?)~4e” H. 
ost et)\-4 e) — 3e7] = —2e*(1 — 2e”) 
= —2e"(1+e*) “[(1 +e") —3 Ieee 


f"(4)>0 — 1-2e7<0 @& e*>4 & x>Indand 


f(x) <0 <— x <In$,80 f isCU on (In $, 00) and CD on (—co, In $). 


IP at (In 3, 3) 
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x 


48. y = f(x) =e”/x? A. D=(—o00,0)U(0,00) B. Nointercept C. Nosymmetry D. lim = 0, so y = Ois HA. 


xL—-—oo v2 i 
x 22 x x x 
Bi Oe as 1) we” —e"(2Qx) _ we"(a@—2) _ e* (a — 2) 
lim “3 = 00, 80 = Disa VA. E. f(x) (@p = a >0 x<Oorge > 2, 
so f is increasing on (—oo, 0) and (2, 00), and f is decreasing on (0, 2). H. fy 
F. Local minimum value f(2) = e?/4 = 1.85, no local maximum value 
372 x x 2 
ney _ Ble*(1) + (w — 2)e"] — ew — 2)(32”) 
G. f"(«) = as aa 
3 . (2, €7/4) 
xe" [x(a — 1) — 3(a— 2)] | e* (a* — 40 + 6) 
= 7 = a >0 
x x t > 
7 te 
for all x in the domain of f; that is, f is CU on (—oo, 0) and (0, co). No IP ‘i 
49. y = f(x) = In(sinz) 
A. D={«inR|sing >0}= LU (2nm,(2n4+1) 7) =---U (—4a, —32) U (—22, —7) U (0, 7) U (277, 377) U--- 
B. No y-intercept; x-intercepts: f(z) =0 <= In(sinz) =0 sing =e°=1 x = 2nn + F for each 
integern. C. f is periodic with period 27. D. a o f(x) = —co and fe lim - f(x) = —oo, so the lines 
x2—(2n7 a—[(2n+1)7]— 
: : cos & ; 7 
x = nm are VAs for all integersn. E. f’(x) = ees cot x, so f"(x) > 0 when 2nm < x < 2na + F for each 


integer n, and f’ (2) <0 when 2nn + 3 <a < (2n+1)z. Thus, f is increasing on (2nz, 2nn + 3) and 
decreasing on (2na + 3, (2n + 1)m) for each integer n. H. a 


F. Local maximum values f (2nx + 5) = 0, no local minimum. 


G. f(z) = — csc? x < 0,80 f is CD on (2nm, (2n + 1)m) for 


each integer n. No IP 


50. y = f(x) =In(1 +23) A. 1+22>0 ge >—l x > —1,s0 D = (-1,00). B. y-intercept: 
f(0) =In1 =0; z-intercept: f(z) =0 © In(l+a2°)=0 © 1+2%=e° xz? =0 x=0 C. No 
2 
symmetry D. lim | f(x) =—-co,sox=—lisaVA E. f'(x) = — f'(x) > 0 on (—1,0) and (0,00) 
el 


[f’(x) = 0 at x = Oj, so by Exercise 4.3.97, f is increasing on (—1,00). F. No extreme values 


(1 + x?) (6x) — 3x?(32?) 


> 


G. fq) = Hoy 
- 3x[2(1 + 23) — 32°] = 3a(2 — x?) @/2, In 3) 
(1 + #3)? (1+ #3)? H = (1.26, 1.10) 


bay 


f"(@)>0 = O0<a< W2,s0 f is CU on (0, W2) and f is CD on (1,0) 


and. (v2, oo). IP at (0,0) and (v2, In3) 
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51. y = f(x) =ae7"/* A. D = (—00,0) U(0,00) +B. No intercept C. No symmetry 


—1/x —1/x 1 2 
D. lim © oe deat: 2 Cia — lim e~/* = —oo, s0 z = Oisa VA. Also, lim ze~!/* = 0, so the graph 
a—o- l/a a0- = — 1 / x? 207 2—ot 


approaches the originas > 0+. E. f’(x) =2e~1/* (=) fier WE) See (Z + 1) = z+. eo ee 


x < —lorz > 0,so0 f is increasing on (—oo, —1) and (0, 00), and f is decreasing on (—1, 0). 


F. Local maximum value f(—1) = —e, no local minimum value 


ay 


1 1 1 
" -1/a \ -l1/x ' 
f' (a) =e ( =) (Z + te (=) 00) 
1 eae 1 ee (-1,-e) 


x > 0, so f is CU on (0, 00) and CD on (—oo, 0). No IP 


] 
52. y= f(x) = =F A. D=(0,co) B. y-intercept: none; x-intercept: f(a) = 0 Ing =0 c=1 
: : . meu, I1/a : 
C. Nosymmetry D. lim, f(x) = —co, sox = Oisa VA; lim aes lim pac 0,so y = OisaHA. 
«2-0 w+ 0O ~—0O 
? - 1-21 1-21 
E. f’(x) = AU ig) ea) ae am fi(e)>0 ~— 1-2Inz>0 © Inae<it = 


(x2)? v4 73 


0<a<el/ and f'(x)<0 => «> e'/?,s0 f is increasing on (0, ve) and decreasing on (ve, 00). 


F. Local maximum value f (eV/ 2 if = - H. 
e€ € 
3 2 
ny yt (—2/x) — (1 — 2Inz)(32") 
G. f(a) + 
_ #[-2-3(1-2lnz)]  —-5+6lnz 
_ 76 _ 4 
f'(z)>0 @ -5+6Ine>0 & Ine>% S «>e*/?[ fis CU] 


and f’(x) <0 & O<a<e*/® [ f is CD]. IP at (e°/°, 5/(6e°/*)) 


53. y = f(x) =e" A. D=R B. y-intercept: f(0) = e° = 1; no x-intercept since e**"” is positive for all x. 


C. Nosymmetry D. lim f(x) =e7"/? [ 0.21],soy=e77/7 isaHA. lim f(a) =e7/? [= 4.81], soy = e7/? isa 


——o0o L—0o 


1 
1+ 2? 


HA. E. f’(x) = e™tan* ( ), f'(x) > 0 for all x, so f is increasing on R. F. No local extrema 
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arctan © 1 arctan © 
(1+ x7)eart (te) - tan = (27) 


G. fa) = qa af ar)? H. ee pretest NG D4 oe 


enrcian? (7 a, 22) 
(1 + @2)2 3+ 


Pf (1 arctanti/2) 
22S 


f" (x) > 0 for x < $, 80 f is CU on (—o0, $) and f is CD on (5, 00). 


IP at (3, emst#"2/2) re (0.5, 1.59) pa feeenpaeeepeenp Pence 


1 


54. y = f(x) = tan! (3) A. D={x|x#-—1} B. z-intercept= 1, y-intercept = f(0) = tan~'(—1) = —4 
x 
-1 1-1 
C. Nosymmetry D. jim tan} (5) = im tan! (Fe) =tan-t1= F,soy = 4 isaHA. 


Also lim tan! eee ae and lim tan! o—1 = uy 
2 gz——1- a+l1 2 


rl 


1 (x +1) —(x—1) 2 1 
es — ee ee ee ss | 
TO" [e-DetiP etl G++ @-iF Fa 
so f is increasing on (—oo, —1) and (—1,00). EF. No extreme values H. YA 


G. f" (w) = —2a/(x? +1)? >0 <= «<0,s0 f is CU on (—oo, —1) 


and (—1,0), and CD on (0, 00). IP at (0, —) 


55. g(x) = Vf (x) 


f'(@) 


1 
(a) The domain of g consists of all x such that f(a) > 0, so g has domain (—oo, 7]. g'(x) = -f'(z) = , 
2V f(x) 2V/ f(x) 


Since f’(3) does not exist, g’(3) does not exist. (Note that f(7) = 0, but 7 is an endpoint of the domain of g.) The domain 
of g’ is (—o0, 3) U (3, 7). 
(b) g(x) =0 = f(x) =Oonthe domain ofg = «x =5 [there is a horizontal tangent line there]. From part (a), g’ (3) 


does not exist. So the critical numbers of g are 3 and 5. 


f'(z) ee a 


(c) From part (a), g’(x) = aia g (6) = > JF) Dg = a = —0. 


(d) lim g(x)= lim \/f(z) = V2,s0 y = V2 isa horizontal asymptote. No VA 


56. g(x) = Vf (x) 


(a) Since the cube-root function is defined for all reals, the domain of g equals the domain of f, (—o0, 00). 


g (2) = ee -f'(z) = pad AON e Since f’(3) does not exist and f(7) = 0, g'(3) and g’(7) do not exist. 
3( VF) ) 3( VF) ) 


The domain of g’ is (—00, 3) U (3, 7) U (7, 00). 
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(b) g(x) =0 = f'(x) =0 x = 5 or ax = 9 [there are horizontal tangent lines there]. From part (a), g’(x) does not 


exist at x = 3 and x = 7. So the critical numbers of g are 3, 5, 7, and 9. 


/ £'(«) / £'(6) —2 2 
(c) From part (a), g'(~) = —~——.. g'(6) = —————.5, ® SE =~ aes © —0.32. 
3(/FG@)) (VF) vy 


(d) lim g(z)= lim Vf(x)= V2and lim g(x) = lim 3/f(x) = /—1 = —1,s0 y = V2 and y = —1are 


horizontal asymptotes. No VA 


57. g(x) = |f(#)| 
(a) Since the absolute-value function is defined for all reals, the domain of g equals the domain of f, (—co, 00). The domain 
of g' equals the domain of f’ except for any values of x such that both f(a) = 0 and f’(x) 4 0. f’(3) does not exist, 


f (7) =0, and f’(7) 4 0. Thus, the domain of g’ is (—00, 3) U (3, 7) U (7, 0). 


(b) g(x) =0 = f'(x) =0 x = 5or ax = 9 [there are horizontal tangent lines there]. From part (a), g’ does not 


exist at x = 3 and x = 7. So the critical numbers of g are 3, 5, 7, and 9. 


(c) Since f is positive near x = 6, g(x) = | f(x)| = f(a) near 6, so g'(6) = f’(6) & —2. 


1| = 1, so y = 2 and y = 1 are horizontal 


Z— Co 


(d) lim g(x) = lim |f(@)| = |2| = 2 and lim g(a) = lim |f(@)| 


asymptotes. No VA 


88. g(x) = 1/f(c) 


(a) The domain of g consists of all x such that f(x) 4 0, so g has domain (—oo, 7) U (7, 00). g(x) = iw =(f(z))' = 
—2 i f'(z) : hos : 
g(x) =—-1[f(2)|-?- f'(a) =—- fea) The domain of g’ will equal the domain of f except for any values of f such that 
£ 


f(x) =0. f’(3) does not exist, and f(7) = 0. Thus, the domain of g’ is (—00, 3) U (3, 7) U (7, 00). 


(b) g(x) =0 = f'(x) =0 x = 5orax = 9 [there are horizontal tangent lines there]. From part (a), g’ does not 


exist at x = 3 and x = 7. So the critical numbers of g are 3, 5, 7, and 9. 


(c) From part (a), g(x) = - 2. gi) = LO), ~ - (=) =2. 


2 


[F(@)P [FOP Ve) 9 
(d) lim g(x) = lim Ee ea and lim g(x) = lim : : l,soy a and y = —1 are horizontal 
L——O0o Z——oo f(x) 2 xz 0O0 Z—-00 f(x) —1 : 2 
asymptotes. lim = : =ooand lim g(x) = lim aes A = —00, 80 = 7 isa vertical 
Mase ee are ROBY im f(@) gate ee ie), Te Ca 


asymptote. 
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59. m= f(v) = ; a * The m-intercept is f(0) = mo. There are no v-intercepts. lim f(v) = 0o,sov =cisa VA. 
Af LUC voc 
’ Sel 2 //.2)—3/2 2) _ mou = Mov = Mmocuv . 
f'(v) = —4mo(1 — v?/c?) 3/7 (—2v/c?) Fl 2/ape — Ae—vp? — (@-wP > 0, so f is 
C3 

increasing on (0,c). There are no local extreme values. me 

fi") = (c? — v?)3/?2 (moc) — mocv - 3(2 — y)*/?(—2v) 
— [(e2 = y2)3/2)2 
_ moc(c? — v*)!/2[(c? — v?) + 30? __ moc(c? + 2v”) SU (0, mo) lo=e 
-— 2 q)2)3 = 2 q)2)5/2 > ' 

(F— 0) (? — 0) : : 


so f is CU on (0,c). There are no inflection points. 


2 [2 
60. Let a = mac‘ and b = h?c”, so the equation can be written as E = f(A) = V/a + b/d? = 4/ ae ae a a7 a 
_ Var? +b 
lim ———— 


rA=0tF r 


2 2 
van +? W ae Var +b/r\ _ lim 


A 00 A/X A> 0 


= oo, so A = Oisa VA. 


lim 
ACO 


Y at bln = Va,so FE = Va = moc’ isaHA. 


d+ Rad? + b)~1/2(2ad) — (ad? +.b)/2(1) (ad? +6)~/?[ad? — (ad? +d)]) = 
Ss ¥ Y Va 4s 


so f is decreasing on (0,00). Using the Reciprocal Rule, 


fa)= 


NSN + b)~1/2(2aX) + (ad? + b)1/?(22) 
2 
(Y Jar? + b) 
_ bA(adN? + b)7*/?[ad? + 2(ad* + )| __b(3a.? + 20) = 


( fae +b +b). d3 (ad? + b)3/2 


f"A)=b 


so f is CU on (0, co). There are no extrema or inflection points. The graph 


shows that as \ decreases, the energy increases and as \ increases, the energy 0 5 


decreases. For large wavelengths, the energy is very close to the energy at rest. 


fe, 24 
2° 1+ae-Ft 


—kt 


1 1 
61. (a) p(t) = 5 => & Itae“"=2 & ae“ =1 6 e€ rs 


1 Ina 


ae kt = —Ina t= at which is when half the population will have heard the rumor. 


Ine’ ** = Ina~ 


k —kt 
(b) The rate of spread is given by p’(t) = eae To find the greatest rate of spread, we’ll apply the First Derivative 


Test to p’(t) [not p(t)]. 


A ET ee Cas ae **)?(—ak?e—*) — ake~™ . 2(1 + ae~*")(—ake~**) 
[p (t)] =p (t) = (OY) | 


(1+ ae~**)(—ake~**)[k(1 + ae~**) — 2ake**| | —ake~**(k)(1—ae~**) _ ak?e~**(ae~™ — 1) 


(1 + ae-*t)4 (1 + ae—*#)3 (1 + ae-*t)3 
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] we . l : 
pi'(t)>0 6 ae“ >1 6 —-kt>Ina' © t< =. so p’(t) is increasing for t < = and p’ (t) is 


: l ] 
decreasing for t > asad Thus, p’(t), the rate of spread of the rumor, is greatest at the same time, oa as when half the 


k 
population [by part (a)] has heard it. 


1 ' 4 
(c) p(0) = =o and jim, p(t) =1. The graph is shown 


with a = 4andk = 4 


62. C(t) = K(e~™ — e~"*), where K > Oandb>a>0. C(0) = K(1—1) = Ois the only intercept. Jim C(t) = 0, so 


(a—b)t 


C=0OisaHA. C’(t)=K(-ae~%* +be"") >0 & be >ae%® & een ™ > - Se > ; S 
(a—b)t >In ; “= t> a, or mibia) [call this value D]. C is increasing for t < D and decreasing for t > D, so 
C(D) isa local maximum [and absolute] value. C”(t)= K(a?e~** — Be") 50 & wet >We & 

ete > ie & ebay (2) = (b-a)jt>In (; i t> 21n(0/a) = 2D, so C is CU on (2D, oo) and 
CD on (0, 2D). The inflection point is (2D, C(2D)). For the graph shown, Cin) s 


K=1,a=1,b=2,D=1n2,C(D) = i, and C(2D) = 2. The graph tells 
us that when the drug is injected into the bloodstream, its concentration rises 
rapidly to a maximum at time D, then falls, reaching its maximum rate of 


decrease at time 2D, then continues to decrease more and more slowly, 


0} D 2D t 
approaching 0 as t — oo. 
W 4, WL , WL? , W 9, 9 7 
=. y 
ao = Sap eT? SAE pape” (e ~ Abe +L") 
_ Woo. 2 2 2 0 ’ e: 
SABI = (a — L)* = ca*(x — L) L/2 Lx 
where c = — Wa is a negative constant and 0 < x < L. We sketch 
~~ 294ET . spit ial 


f(a) = cx? (a — L)? force = —1. f(0) = f(L) =0. 
f' (x) = cx? [2(a — L)] + (x — L)?(2cx) = 2ca(a — L)[x + (a — L)] = 2ca(a — L)(2x — L). So for0 <a < L, 


f(x) >0 x(a — L)(2a —L) <0 [sineec <0] & L/2<a<Landf'(z7)<0 S&S O<2<L/2. 


Thus, f is increasing on (L/2, L) and decreasing on (0, L/2), and there is a local and absolute 


minimum at the point (L/2, f(£/2)) = (L/2,cL*/16). f' (x) = 2cl[a(a — L)(2x — L)| 


f(x) = 2c[1(a — L)(2a — L) + #(1)(2a — L) + a(x — L)(2)| = 2c(6a? —6La+L?7)=0 6 
6L+V12L2 


£ = = 4L + Br, and these are the x-coordinates of the two inflection points. 
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k k 
64. F'( Ue ga gn ys  ere eetORU Oe, ore yA 
ta 
2k 2k F 
F'(x) = = - ——.\ > 0and F isi ing. lim F(x) =— d 
(a) = @—9F and Fis increasing. lim. (a) oo an 


lim F(a) = co, so x = Oand x = 2 are vertical asymptotes. Notice that when the 
2—2- 0: 1 


BY 


middle particle is at x = 1, the net force acting on it is 0. When x > 1, the net force is 
positive, meaning that it acts to the right. And if the particle approaches x = 2, the force 
on it rapidly becomes very large. When x < 1, the net force is negative, so it acts to the 


left. If the particle approaches 0, the force becomes very large to the left. 


2 
65. y= = a Long division gives us: x—1 
x 
e+} a? +1 
ete 
—axz+1 
—x-1 
2 
: 2 
1 2 2 i 
Thus, y = f(x) = a Seeds ag le) (e-1)= ese el [forz £0] —O0asa— +oo. 
x 
So the line y = x — 1 is a slant asymptote (SA). 
4x° — 1007 — 11a +1 ee 
66. y= ae . Long division gives us: 4x +2 
x” — 3x| 40° — 10x? — 1llz+1 
4a? — 12°? 
2a” — 11x 
Qa? — 6a 
—5x +1 
aa = f(x) = Ae? = Me +1 fgg ROE ails peas oe Ao ge 
oie 7 xu? — 3x = x? — 3x ~ g2 — 3a 1 3 
x 
[for x A 0] > o = 0as x — too. So the line y = 4x + 2 is a slant asymptote (SA). 
3 2 
67. (oe Long division gives us: 22 —3 
ge =D, 
x? —a — 2) 2a? — 5a? + 3a 
2a? — 2a? — Ax 
—3x? + Tx 
—3a? + 32 +6 
4x —6 
: : 4 6 
22° — 5a* + 3x 4x — 6 4x — 6 e £2 
Thus, y = f(x) = a) 2x 3+ a and F(x) — Qa — 3) = 3 — 5 ik 
Lu x? 


[for x A 0] > 9 = 0 as x — too. So the line y = 2% — 3 is a slant asymptote (SA). 
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Ryd 3 
y= exile Na Long division gives us: —3r7+1 
203 — x 
223 — «| —6x* + 20° +3 
—6a4 +32? 
227 — 3x? 
203 —2 
—3¢7 +443 
—6x4 + 227 +3 —327 +243 
a eae er a a rr a 
Sah, a8. 
f(x) — (-32+4+1)= at 2-2 a a [for #0] — 2=0asx— too. So the line y = —34 + 1 
ieee 
is a slant asymptote (SA). 
x? 1 : 
y = f(x) =o +1+ a A. D = (—oo,1)U(1,co) +B. z-intercept: f(x) =0 <= x«=0; 


y-intercept: f(0) =0 C. Nosymmetry D. lim f(x) = —oo and lim f(x) =co,sox =1isa VA. 


x21 xl 


s i = 0, so the line y = x + Lisa SA. 


ha Aie ns 1 _(@-1yP-1— 2-2 — 2(x—-2) 
hi O=L=G pps Galt = Gal. eats H. 


x <0 or x > 2,s0 f is increasing on (—oo,0) and (2,00), and f is decreasing 


on (0,1) and (1,2). E. Local maximum value f(0) = 0, local minimum value 


2 
f2Q)=4 G. f"(a)= G@-1: >0 for x > 1, so f is CU on (1, 00) and f 
is CD on (—ow, 1). No IP 
eee 
y=f(«)= d tet a 2x+14 = 3 5 A. D = (—oo,2)U(2,00) B. z-intercepts: f(x) =0 © 
1+ 5x2 — 22? =0 = = => «> —0.19, 2.69; y-intercept: f(0) =—4 C. No symmetry 
D. lim f(x) = —oo and lim, f(z) =c,sox=2isaVA. lim [f(x) — (—-2%+1)] = lim 5 : 5 0, so 
22 x2 L— CO Zoo = 


y = —24+1isaSA. 
3 —2(x? — 4x + 4) —3 


E. f’ = -2 — —_, = H. 
oe @— 3 @— 2) 
—227 + 82-11 

(@—2? <0 
for x # 2, so f is decreasing on (—oo, 2) and (2,00). KF. No local extrema 

6 : 
G. f(z) = Ea > 0 for x > 2, so f is CU on (2, 00) and CD on (—o0, 2). 
No IP 
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y=f(x)= =a+— A. D=(-oco,0)U (0,00) B. x-intercept: f(z) =0 = x =—~¥V/4;no y-intercept 


4 
C. Nosymmetry D. lim f(x) = 00, so a = Ois a VA. lim [f(x)-—2]= lim 72 0 80y = wisaSA. 


z= 3 > Oforz <0 or x > 2,80 f is increasing on H. 
x x 


(—oo,0) and (2,00), and f is decreasing on (0,2). F. Local minimum value 


e 24 F 
f (2) = 3, no local maximum value G. f” (x) = ia 0 for z #0, so f is CU 


on (—oo,0) and (0,00). No IP 


3 
2 ; ; 
y=f(r)= eae =x-2+ Sor A. D = (—oo,-1)U(-1,00) B. «-intercept: 0; y-intercept: f(0) = 0 
C. Nosymmetry D. lim f(a) = —oo and lim | f(x) = —0co, sox = —1isaVA. 


2-17 zal 


mfa ean ie in ee 


xw@—too gas (+1 — 0, soy=Xr— 2isaSA. 


1, _ (&©+1)?(3a7) — 2? -2ae+4+1)_ 2?(e@+1)B(a+1)—22] _ 2?(x +3) 
E. pos o= > aye ee ee & «<-—3or 


x >-—1 [x £0], so f is increasing on (—oo, —3) and (—1,0«), and f is decreasing on (—3, —1). 
F. Local maximum value f(—3) = — 22, no local minimum 


(a + 1)3 (3a? + 6x) — (a? + 3x?) - 3(a +1)? 


G. f"(x) = [(@ + 13? H. 
_ 3a(x +1)? [(x + 1)(x + 2) — (x? + 32) 
(«+1)° 
_ 8a(a?+3a4+2-—a47-32) ba 0 
er? rir? * 
x > 0, so f is CU on (0,00) and f is CD on (—oo, —1) and (—1, 0). IP at (0, 0) 


y=f(z)=l+4a+e* A. D=R B. y-intercept = f(0) = 2, no x-intercept [see part F] C. No symmetry 


D. No VAorHA. lim [f(x) — (1+ $2)|] = lim e* =0,soy=1+$aisaSA. E. f(z) =5-e°7 >0 © 


L—0o xL—0o 


t>e* @& -a<Ing & «>-In 2-1 «& «a >1n2,s0 f is increasing on (In 2, 00) and decreasing 


on (—oo,In2). F. Local and absolute minimum value H. 


f(m2)=14+ 3n2+e7™? =14 n2+ (e™?)" 
=14+$m2+$=23+41n2 1.85, 


no local maximum value G. f(x) =e * > 0 forall x, so f is CU 


on (—oo, co). No IP 
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4. y = f(x) =1—-a2+et*/3 A, D=R BB. y-intercept = f(0) = 1+, no x-intercept [see part F] 


75. 


76. 


C. Nosymmetry D. No VAorHA lim [f(z)—(1—2)] = lim e'+*/? =0,s0y=1-—isaSA. 


E..f'@o-1+ ge FF 0 sev tts lie ee Sd oS 1S 5 >In3 5 >In3-1 
x > 3(In3 — 1) = 0.3, so f isincreasing on (3 1n3 — 3, oo) and decreasing H. a 


on (—oo, 3In3 — 3). F. Local and absolute minimum value 


f(3In3—3) =1—(3In3—3) +e*1™3-1 = 4—-31n34+3=7-31n3 & 3.7, 


3 4 (3 In3 — 3, 7—3 In 3) 


no local maximum value G. f" (x) = gel te/3 > 0 for all x, so f is CU 
on (—oo, co). No IP Nye ip 
_ 1 l+a2?-1 x 
1 
Ba) =e ee) = ae ae ee 
f"(e) = (l+a7)(2c)—a?(2x)  Qa(1+a2?—2?) © 2x 
(1+ x2)? (14+ x2)? (14 x?)2" 
lim [f(x) — («— $)] = lim (§ tan~* x) 5-35 =0,soy=2—FisaSA. 
Also, lim [f(x) — («+ §)] = Jim (-% —tan™+ x) =—3 - (-§$) =0, yA 


soy =a+ FZ isalsoaSA. f’(x) > 0 for all x, with equality <= «=0,s0 f is 


increasing on R. f’’(a) has the same sign as x, so f is CD on (—oo, 0) and CU on 


BY 


(0,00). f(—x) = —f (x), so f is an odd function; its graph is symmetric about the 


origin. f has no local extreme values. Its only IP is at (0, 0). 


y=f(e) =V2?4+40= Je(et4). v(ex+4)>0 & «<< —4ore>0,s0 D = (—o, —4] U [0, 00). 
y-intercept: f(0) = 0; x-intercepts: f(z) =0 => x=-—4,0. 


an _ va? + 4a 5 (x +2) a +4et(e+2) (2? +4xr)— (x? +42 +4) 
PU Ga ae el 1 xu? + 4x + (a + 2) Vu? + 4x + (a + 2) 

—4 

Vu? + 4a + (x + 2) 


so lim [f(x) + (a + 2)] = 0. Thus, the graph of f approaches the slant asymptote y = x + 2 as x — oo and it approaches 


r+2 
the slant asymptote y = —(x + 2) as x — —oo. f’(x) = ——————, 80 f' (x) < 0 forx < —4 and f’(x) > 0 
ymptote y = —(x + 2) f(x) Jeo f(z) f(z) 
that is, f is decreasing on (—oo, —4) and increasing on (0, 00). There are no local . yA 


extreme values. f’(x) = (a + 2)(a7+42)-/?_ = 


f"(@) = (a+ 2): (-4)(@? + Ax)~9/? . (Qa + 4) + (a? + 4ax)~ V7? 


for x > 0; 


= (x? + 4x)~*/? [—(@ + 2)? + (a? + 4x)| = —4(2? + 4a) 9? < Oon D 


so f is CD on (—oo, —4) and (0, 00). No IP Pe 


av 
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2 2 
b 
Mee Gag y = £-V2? — a?. Now 
a2. a 
b b Faz + b —a 
lim v2 2 x lim ( x? — a? x) ciel eee re 2 = 0, 
zo | a a @—0O 2 = a2 +a Qa «2-00 ee = a2 +a 
which shows that y = —<2 is a slant asymptote. Similarly, 
b b b —a? Bis 
lim —V2x? — a? on | es 0, so y = ——2 is a slant asymptote. 
ZOO a a Q@ «£00 2 = a? +2 a 
3 3 3 
1 1— 1 1 
f(z) -2? = Page ws — ,and lim — =O. Therefore, lim [f(ax)—2x?] =0, 
4 Of x x xZ—>ro0o L w— 00 


and so the graph of f is asymptotic to that of y = x”. For purposes of differentiation, we will use f(a) = x? + 1/x. 


A. D={x|a40} B. No y-intercept; to find the x-intercept, wesety=0 ©& xw=-l. 


3 3 
1 1 
C. Nosymmetry D. lim oe =ooand lim = a —oo, H. 
2—0t x 207 x 


so x = 0 isa vertical asymptote. Also, the graph is asymptotic to the parabola 


y = x”, asshownabove. E. f'(x)=22—-1/a?>0 © «> ot so f 
is increasing on ( : 2°) and decreasing on (—oo, 0) and (0 ! ) 
g pe g , 5) 
3 
F. Local minimum value f us — 33 no local maximum 
fi) 2 
G. f(z) =242/27>0 & x <-lore>0,s80 f isCUon 
(—oo, —1) and (0, co), and CD on (—1, 0). IP at (—1, 0) 


et+1 a4 1 
lim [f(z) = al = lim = lim — 0, so the graph of f is asymptotic to that of y = x°. 


w%— 00 @— +00 x x @w— +00 


A. D={x|x40} B. Nointercept C. f is symmetric about the origin. D. lim (« + ) = —oo and 


x—07- 


xz—0t 


bn , 1 1 
En. j'(o) S32 1 0 << <*°S 4 S -lal> Re so f is increasing on (-20.-35) and (=z) and 


w B 


1 1 
decreasing on {| ——=,0 } and { 0, —= }. F. Local maximum value H. 


1 1 
——~]=-4. Ripe ee local minimum value (35) =4.375/4 
f ( A) Ne 


1 , F . ; 
lim (« + x) = 00, So % = O isa vertical asymptote, and as shown above, the graph of f is asymptotic to that of y = x”. 


G. f" (x) =6x+2/22 >0 <= x >0,s0 f is CU on (0,00) and CD 
on (—oo, 0). No IP 
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80. f(z) =sina+e*. lim [f(«) — sina] = lim e~” = 0, so the graph of 


LZ—OCO LZ Co 


f is asymptotic to the graph of sinz asa — oo. lim e ” =o, whereas 


LZ——cCo 


|sinz| < 1, so for large negative x, the graph of f looks like the graph of e~*. y=sinxte® 


ay 


4.6 Graphing with Calculus and Technology 


1. f(x) =a? —5a*—a3 4 280?-2 > f(x) = 5a*- 2023 —32?+56r-2 > f(x) = 20x3 — 60x? — 6a + 56. 
f(z) =0 S&S x=Oorr 2.09, 0.07; f'(z7)=0 & x —1.50, 0.04, 2.62, 2.84; f"(r) =0 & x x —0.89, 
1.15, 2.74. 


—100 


-100 +1 
From the graphs of f’, we estimate that f’ < 0 and that f is decreasing on (—1.50, 0.04) and (2.62, 2.84), and that f’ > 0 


and f is increasing on (—oo, —1.50), (0.04, 2.62), and (2.84, 00) with local minimum values f (0.04) = —0.04 and 
f (2.84) = 56.73 and local maximum values f(—1.50) ~ 36.47 and f(2.62) & 56.83. 


From the graph of f’’, we estimate that f’’ > 0 and that f is CU on (—0.89, 1.15) 


and (2.74, oo), and that f” <0 and f is CD on (—oo, —0.89) and (1.15, 2.74). 


There are inflection points at about (—0.89, 20.90), (1.15, 26.57), and (2.74, 56.78). 


2. f(z) = —208 + 52° 4+ 14027-11022 => f’(x) = —122° + 2524 + 4202? — 2202 > 


f(x) = —60x* + 100x7 + 8402 — 220. f(x) =0 & x =O0orae 0.77, 4.93; f(z) =0 & x =O0or 
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x & 0.52, 3.99; f"(z7) =0 = x 0.26, 3.05. 


4200 10 


—2000 —10 


2500 100 2000 


“ 


From the graphs of f’, we estimate that f’ > 0 and that f is increasing on (—oo, 0) and (0.52, 3.99), and that f’ < 0 and that 


—1000 —30 —5000 


f is decreasing on (0, 0.52) and (3.99, co). f has local maximum values f(0) = 0 and f(3.99) = 4128.20, and f has local 
minimum value f(0.52) ~ —9.91. From the graph of f’’, we estimate that f”’ > 0 and f is CU on (0.26, 3.05), and that 


f” <Oand f is CD on (—co, 0.26) and (3.05, 00). There are inflection points at about (0.26, —4.97) and (3.05, 2649.46). 


3. f(a) = x8 — 5a? + 25x? — 6x? — 48x 


f' (x) = 62° — 2524 + 75x? - 12a -48 => 


f"(«) = 302* — 10027 + 1502-12. f(r) =0 & x=0 or x & 3.20; 


f'(x) =0 x —1.31, —0.84, 1.06, 2.50, 2.75; f’(z)=0 = 
x & —1.10, 0.08, 1.72, 2.64. 


From the graph of f’, we estimate that f is decreasing on (—oo, —1.31), increasing 


on (—1.31, —0.84), decreasing on (—0.84, 1.06), increasing on (1.06, 2.50), 


decreasing on (2.50, 2.75), and increasing on (2.75,00). f has local minimum 


values f(—1.31) & 20.72, f(1.06) + —33.12, and f(2.75) + —11.33. f has 


local maximum values f(—0.84) = 23.71 and f(2.50) + —11.02. 


From the graph of f’’, we estimate that f is CU on (—oo, —1.10), CD on 
(—1.10, 0.08), CU on (0.08, 1.72), CD on (1.72, 2.64), and CU on (2.64, oo). There 


are inflection points at about (—1.10, 22.09), (0.08, —3.88), (1.72, —22.53), and 


(2.64, —11.18). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


414 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


vt — 2? —8 2(a° — 2a* — 11x? + 9x? + 8a — 4 
Wee OR eee 


_ 2(a® — 3x° — 15a* + 412° + 1742? — 840 — 56 
(a? —  —6)° 


f" (2) f(z) =0 © x -1.48 or x=2; f'(x)=0 © 


x & —2.74, —0.81, 0.41, 1.08, 4.06; f’(z) =0 = ax & —0.39, 0.79. The VAs are x = —2 and x =3. 


100 50 50 


yD From 


= -2 ~2 
the graphs of f’, we estimate that f is decreasing on (—oo, —2.74), increasing on (—2.74, —2), increasing on (—2, —0.81), 
decreasing on (—0.81, 0.41), increasing on (0.41, 1.08), decreasing on (1.08, 3), decreasing on (3, 4.06), and increasing on 
(4.06,00). f has local minimum values f(—2.74) = 16.23, f(0.41) = 1.29, and f(4.06) + 30.63. 
f has local maximum values f(—0.81) + 1.55 and (1.08) = 1.34. 

From the graphs of f”’, we estimate that f is CU on (—oo, —2), CD on (—2, —0.39), CU on (—0.39, 0.79), CD on 


(0.79, 3), and CU on (3, oo). There are inflection points at about (—0.39, 1.45) and (0.79, 1.31). 


Bi game 4 ei ae ae 
PSs Qe? +a° —1 a pity 2x(3x* + 3x" + x* — 6x — 3) 
(x3 + +1)? (a3 + x? + 1)8 


=3, =3 ree) 


From the graph of f, we see that there is a VA at z ~ —1.47. From the graph of /’, we estimate that f is increasing on 
(—oo, —1.47), increasing on (—1.47, 0.66), and decreasing on (0.66, 00), with local maximum value f (0.66) = 0.38. 
From the graph of f’’, we estimate that f is CU on (—0oo, —1.47), CD on (—1.47, —0.49), CU on (—0.49, 0), CD on 


(0, 1.10), and CU on (1.10, 00). There is an inflection point at (0, 0) and at about (—0.49, —0.44) and (1.10, 0.31). 
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6. f(x) =6sinzg—2?,-5<2<3 > f(x) =6cosr—2e > f" (x) =—6sina —2 


al 


-20 -15 -8 
From the graph of f’, which has two negative zeros, we estimate that f is increasing on (—5, —2.94), decreasing on 
(—2.94, —2.66), increasing on (—2.66, 1.17), and decreasing on (1.17, 3), with local maximum values f(—2.94) ~ —9.84 
and f (1.17) = 4.16, and local minimum value f(—2.66) = —9.85. 

From the graph of f’’, we estimate that f is CD on (—5, —2.80), CU on (—2.80, —0.34), and CD on (—0.34, 3). There are 
inflection points at about (—2.80, —9.85) and (—0.34, —2.12). 


. f(z) =6sinzg +cota,-t<a<n => f'(x)=6cosx—cesc’s = f(x) =—6sina + 2csc?x cota 
8 6 20 
f a f° 
TT T 
7 1 ; ; t | 7 1 7 
8 -10 ~20 
From the graph of f, we see that there are VAs atx = Oand a =+7. ff is an odd function, so its graph is symmetric about 


the origin. From the graph of f’, we estimate that f is decreasing on (—7, — 1.40), increasing on (—1.40, —0.44), decreasing 
on (—0.44, 0), decreasing on (0, 0.44), increasing on (0.44, 1.40), and decreasing on (1.40, 77), with local minimum values 
f(—1.40) = —6.09 and f(0.44) = 4.68, and local maximum values f(—0.44) =~ —4.68 and f(1.40) = 6.09. 

From the graph of f””, we estimate that f is CU on (—7, —0.77), CD on (—0.77, 0), CU on (0, 0.77), and CD on 
(0.77, 7). There are IPs at about (—0.77, —5.22) and (0.77, 5.22). 


. f(z) =e” —0.1862* => f(x) =e” —0.74402 = fl" (x) =e” — 2.2322? 


20 20 


‘{ y | 


5 —20 


From the graph of f’, which has two positive zeros, we estimate that f is increasing on (—oo, 2.973), decreasing on 
(2.973, 3.027), and increasing on (3.027, co), with local maximum value f (2.973) = 5.01958 and local minimum value 
(3.027) = 5.01949. 

From the graph of f’”, we estimate that f is CD on (—oo0, —0.52), CU on (—0.52, 1.25), CD on (1.25, 3.00), and CU 
on (3.00, co). There are inflection points at about (—0.52, 0.58), (1.25, 3.04) and (3.00, 5.01954). 
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1, 8 1 ' 1 16 3 1,2 
9. f(x) ae oat aa f' (2) ace a(t +16%+3) => 
: DAR: AT 3 
f(a) oat pa 7 5 (a + 24 + 6). 
1 75 
f 
f 
1 1 
-100 1 \ 

0.95 -10 


From the graphs, it appears that f increases on (—15.8, —0.2) and decreases on (—oo, —15.8), (—0.2, 0), and (0, oo); that f 
has a local minimum value of f(—15.8) = 0.97 and a local maximum value of f(—0.2) - 72; that f is CD on (—oo, —24) 
and (—0.25, 0) and is CU on (—24, —0.25) and (0, co); and that f has IPs at (—24, 0.97) and (—0.25, 60). 


—16+ V256—-12 | 
5 = 


—8+V6l [& —0.19 and —15.81]. 


To find the exact values, note that f’=0 => w= 
f’ is positive (f is increasing) on (-8 — V61,-8+ v61) and f’ is negative (f is decreasing) on (—00, —8-— V6l ys 


_ —24+ /576— 24 
2 


positive (f is CU) on (—12 — 138, -12 + V 138) and (0, oo) and f” is negative (f is CD) on (—co, —12 — 138) 
and (—12 + V/138, 0). 


(—8 + V61,0), and (0,00). f” =0 x =-12+V138 [& —0.25 and —23.75]. ff” is 


1 105 
10. f(x) = a 5 [e=2x10°5] = 0.04 0.04 
8 de 4 é 
f@=-5+=-5e-o%) 
72 Uc 4 2 
f(x) = a= sis (18 — 5cx*). - 


From the graph, it appears that f increases on (—0.01, 0) and (0.01, oo) and decreases on (—oo, —0.01) and (0, 0.01); 
that f has a local minimum value of f (0.01) = —10'°; and that f is CU on (—0.012, 0) and (0, 0.012) and f is CD 


on (—oo, —0.012) and (0.012, oo). 


To find the exact values, note that f’ = 0 x 2 et 2 =1+3, [c=2x 108]. _f’ is positive 
(f is increasing) on (—0.01, 0) and (0.01, 00) and f’ is negative (f is decreasing) on (—co, —0.01) and (0, 0.01). 


18 18 1 
W 4 Le. pis 
f 0 x Be w= tie 


and (0, 735 V1.8) and f” is negative (f is CD) on (—00, — zGg V1.8) and (335 V1.8, ov). 


V1.8 [& +0.0116]. f” is positive (f is CU) on (— 755 V1.8, 0) 


1 
11. (a) f(x) = x? Ina. The domain of f is (0, 00). 


. . mt u,, 1/ax : 3 
2 = ue = el = 
(b) lim 2° Ine = lim + Vae = oe Oes awe ( 5 0. 
There is a hole at (0, 0). —0.25 1.75 


—0.25 
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(c) It appears that there is an IP at about (0.2, —0.06) and a local minimum at (0.6, —0.18). f(x) =22Inz => 
f'(e) =27(1/z) + (Inz)(2z) =2(2nz+1)>0 = Int >-4 & x> e'/?. so f is increasing on 
(1/ve, 00) , decreasing on (0, \/ve). By the FDT, f(1/ve) = —1/(2e) is a local minimum value. This point is 
approximately (0.6065, —0.1839), which agrees with our estimate. 
f" (x) =2(2/z)+ (2inez+1)=2Ine+3>0 ©& Ing >-3 & 2 >e7*/?\50 f isCU on (e~*/?, 00) 
and CD on (0,e7°/?). IP is (e~°/?, —3/(2e*)) © (0.2231, —0.0747). 
12. (a) f(x) = xe/®. The domain of f is (—00, 0) U (0, 00). 


ele e'/* (—1/2”) a2 


: lfje _ }; Bie ae ae eee F 1/x _ 
(b) ar ie ae 1/x ao —1/ax? bat ms oe 
so x = Disa VA. 
Also lim ae?/? = 0 since 1/” — —oo el/® _, 0, 
2-07 


(c) It appears that there is a local minimum at (1, 2.7). There are no IP and f is CD on (—oo, 0) and CU on (0, 00). 
flamer SS) =2e¥2(—3) +e/# =eve(1— x) >0 6 <1 © «<0orr>1, 


so f is increasing on (—oo, 0) and (1, co), and decreasing on (0, 1). By the FDT, f(1) = e is a local minimum value, 


which agrees with our estimate. 
f(a) = e/*(1/a?) + (1 — 1/x)e!/*(—1/2?) = (e/* /2?)(1-—141/z) =e/"/22 >0 © 2«>0,s0f is 


CU on (0, oo) and CD on (—oo, 0). No IP 


” (x + 4)(a2 — 3)? 2 eer: : =, 
13. f(x) = Sea. ee ae 1 since lim f(a) = oo, 

lim f(x) =—ooand lim f(x) = oo. 

x1 zl 

e+4 («—3)? 
a ) es x Hie dividing numerator -_ (1 + 4/x)(1 =. 3/x)? 0 
a at and denominator by «* x(x 25 1) 
a (1) 


as x — too, so f is asymptotic to the x-axis. 


4 or x = 3, so f has 


Since f is undefined at x = 0, it has no y-intercept. f(z) =0 => (a#+4)(x—3)? =0 L= 


x-intercepts —4 and 3. Note, however, that the graph of f is only tangent to the x-axis and does not cross it at x = 3, since f is 


positive as x — 37 andas x — 3°. 


500 
0.02 0.03 
1 2 
—8 —3.5 


—0.04 —1500 0 


From these graphs, it appears that f has three maximum values and one minimum value. The maximum values are 
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approximately f(—5.6) = 0.0182, f (0.82) = —281.5 and f(5.2) = 0.0145 and we know (since the graph is tangent to the 


x-axis at x = 3) that the minimum value is f(3) = 0. 


(2a + 3)?(# — 2)° 


14. f(x) = za — 5) has VAs at « = 0 and x = 5 since Pee f(z) =~, 
lim, f(x) = —oo, and lim f(x) =0co. NoHA since lim f(x) =oo. 
xr—-0 xz LZ rCo 
Since f is undefined at x = 0, it has no y-intercept. 
f(z)=0 © (2¢4+3)? (4—2)° =0 z=—orz =2,80 f 


has x-intercepts at -3 and 2. Note, however, that the graph of f is only tangent to 


the x-axis and does not cross it at x = — 3, since f is positive as 7 > (- 3) ~ and 
as x (-3)*. There is a local minimum value of f(- 3) =0. 

The only “mystery” feature is the local minimum to the right of the VA a 

x = 5. From the graph, we see that f(7.98) = 609 is a local minimum 

value. 

5 10 
0 
x? (x +1)8 x(a + 1)?(x? + 18x? — 44x — 16) 
15. = : fi AS]. 
0.0011 0.00015 5000 


J fl 
-15 0 
2.2 3.2 
-30 -10 


—0.0002 —0.0001 —2000 
From the graphs of f’, it seems that the critical points which indicate extrema occur at x ~ —20, —0.3, and 2.5, as estimated 
in Example 3. (There is another critical point at « = —1, but the sign of f’ does not change there.) We differentiate again, 


(a + 1)(x® + 362° + 6a* — 628x7 + 684x? + 672 + 64) 


obtaining f”’ (x) = 2 (x — 2)4(x — 4/6 . 


0.00001 0.001 5000 
—40 10 —10 0 
—0,00001 —0.001 0 8 


From the graphs of f”, it appears that f is CU on (—35.3, —5.0), (—1, —0.5), (—0.1, 2), (2, 4), and (4, 00) and CD 
on (—oo, —35.3), (—5.0, —1) and (—0.5, —0.1). We check back on the graphs of f to find the y-coordinates of the 


inflection points, and find that these points are approximately (—35.3, —0.015), (—5.0, —0.005), (—1, 0), (—0.5, 0.00001), 
and (—0.1, 0.0000066). 
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2(a — 2)*(2a + 3)(2x? — 14a? — 10x — 45) 


16. From a CAS, ! = 
f(z) ri(e—5)8 
aaa f"(e) = 2(a — 2)3(4x° — 56a° + 216x* + 460x7 + 805x? + 17102 + 5400) 
x®(x — 5)4 
100 From Exercise 14 and f’(a) above, we know that the zeros of f’ are —1.5, 2, 


17. 


and 7.98. From the graph of f’, we conclude that f is decreasing on (—oo, —1.5), 


: increasing on (—1.5, 0) and (0, 5), decreasing on (5, 7.98), and increasing 
on (7.98, 00). a 
—100 
From f” (x), we know that 2 = 2 is a zero, and the graph of f” shows us that f 
x = 2 is the only zero of f”. Thus, f is CU on (—oo, 0), CD on (0, 2), CU on 5 15 
(2,5), and CU on (5, co). L = j 


f(z) = —— From a CAS, f(x) = SE Eee een “ad 
ft) < 2(x9 + 1508 + 1827 + 21¢° — 92° — 13544 — 76x? + 21a? + 6a + 22) 
(eta 2)? 
: 1 
f 
= 6 15 ; Jo 


=] -0.1 
The first graph of f shows that y = 0 isa HA. As x — oo, f(x) — 0 through positive values. As 2 — —oo, it is not clear if 
f(x) — 0 through positive or negative values. The second graph of f shows that f has an x-intercept near —5, and will have a 


local minimum and inflection point to the left of —5. 


0.01 


—0.01 

From the two graphs of f’, we see that f’ has four zeros. We conclude that f is decreasing on (—oo, —9.41), increasing on 
(—9.41, —1.29), decreasing on (—1.29, 0), increasing on (0, 1.05), and decreasing on (1.05, co). We have local minimum 
values f(—9.41) + —0.056 and f(0) = 0.5, and local maximum values f(—1.29) = 7.49 and f(1.05) = 2.35. 


[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


420 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


0.001 


0.001 
From the two graphs of f”, we see that f” has five zeros. We conclude that f is CD on (—oo, —13.81), CU on 
(—13.81, —1.55), CD on (—1.55, —1.03), CU on (—1.03, 0.60), CD on (0.60, 1.48), and CU on (1.48, 00). There are five 


inflection points: (—13.81, —0.05), (—1.55, 5.64), (—1.03, 5.39), (0.60, 1.52), and (1.48, 1.93). 


2/3 4 8 5 4 2 
x 10x" +2 —2 2(65x° — 142° — 802" + 2x* — 8a — 1) 
18. y= = . oF ‘AS, y’ .— 
y = F(z) l+a+24 ona ee 301/83 (a4 + a + 1)? dy 94/3 (a4 + a + 1)8 
2 13 
f 
: 0 
5 
3 as 3 
f" 
—18 


f’ (x) does not exist atx = Oand f’(z) =0 <= «x & —0.72 and 0.61, so f is increasing on (—0oo, —0.72), decreasing on 


(—0.72, 0), increasing on (0, 0.61), and decreasing on (0.61, 00). There is a local maximum value of f(—0.72) = 1.46 and a 


local minimum value of f(0.61) + 0.41. f’(x) does not exist at z = 0 and f(x) =0 x & —0.97, —0.46, —0.12, 
and 1.11, so f is CU on (—co, —0.97), CD on (—0.97, —0.46), CU on (—0.46, —0.12), CD on (—0.12, 0), CD on (0, 1.11), 
and CU on (1.11, 00). There are inflection points at (—0.97, 1.08), (—0.46, 1.01), (—0.12, 0.28), and (1.11, 0.29). 


19. y= f(x) =Va+5sing, x < 20. 


From a CAS, y’ = cosa + 1 and y”" 10 cosa + 25sin? x + 102 sinx + 26 
By) 2/x@+5sinx d A(x + 5sin x)3/2 


We’ll start with a graph of g(x) = x + 5sinz. Note that f(x) = ./g(z) is only defined if g(x) > 0. g(a) =0 = x=0 
or x © —4.91, —4.10, 4.10, and 4.91. Thus, the domain of f is [—4.91, —4.10] U [0, 4.10] U [4.91, 20]. 


15 5 5 


VU | 


g(x) =x+S5sinx 


20 


5 20 
—10 0 oe) 
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From the expression for y’, we see that y’ =0 <= 5cosr+1=0 r= cos” * ( =) & 1.77 and 


LQ = 2m — x1 & —4.51 (not in the domain of f). The leftmost zero of f’ is x1 — 20 ~& —4.51. Moving to the right, the 


zeros of f’ are v1, 21 + 27, vo + 2m, 21 +4z, and x2 + 47. Thus, f is increasing on (—4.91, —4.51), decreasing on 
(—4.51, —4.10), increasing on (0, 1.77), decreasing on (1.77, 4.10), increasing on (4.91, 8.06), decreasing on (8.06, 10.79), 
increasing on (10.79, 14.34), decreasing on (14.34, 17.08), and increasing on (17.08, 20). The local maximum values are 
f(—4.51) = 0.62, f(1.77) © 2.58, f(8.06) = 3.60, and f(14.34) = 4.39. The local minimum values are f (10.79) % 2.43 


and f (17.08) ~ 3.49. 11 


f is CD on (—4.91, —4.10), (0, 4.10), (4.91, 9.60), CU on (9.60, 12.25), 5 20 


CD on (12.25, 15.81), CU on (15.81, 18.65), and CD on (18.65, 20). There are 
inflection points at (9.60, 2.95), (12.25, 3.27), (15.81, 3.91), and (18.65, 4.20). 


=5 
=¢ 3 , wt —-Qe+1 if  2BEF = We os, 
y = f(x) =a«—tan ~ 2°. FromaCAS, y eg ee = tpi y=0 S&S «£0.54 or c=1. 
y"=0 & xx +0.76. 
3 : : 2 
f 4 


me) -1 2:5) 
From the graphs of f and f’, we estimate that f is increasing on (—oo, 0.54), decreasing on (0.54, 1), and increasing on 
(1,00). f has local maximum value f (0.54) % 0.26 and local minimum value f(1) ~ 0.21. 
From the graph of f’, we estimate that f is CU on (—co, —0.76), CD on (—0.76, 0.76), and CU on (0.76, 00). There are 
inflection points at about (—0.76, —1.28) and (0.76, 0.24). 


1—el/* ; Qel/* 4 —2e/" (1 —el/® 4 On + Qxe1/*) 
= cue From a CAS, y Pa +elep and y (+e ; 


5 
ros mid 
-1 -5 


f is an odd function defined on (—oo, 0) U (0, 00). Its graph has no x- or y-intercepts. Since lim f(a) = 0, the x-axis 


y= f(x) 


isaHA. f’(x) > 0 for x 4 0, so f is increasing on (—oo, 0) and (0, 00). It has no local extreme values. 
f(x) =0 for x = 40.417, so f is CU on (—o0, —0.417), CD on (—0.417, 0), CU on (0, 0.417), and CD on (0.417, 00). 
f has IPs at (—0.417, 0.834) and (0.417, —0.834). 
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3 6 cos x 6(2sin? + 4cos?a+3sinz) . : 
22. y= = ——_——_.. F CAS, y! = ->——— and yy” = ———_—_____—.. § 
y= F(x) 3+2snz a (3 + 2sin x)? ee (3 + 2sina)3 ince 78 
periodic with period 27, we’ll restrict our attention to the interval [0,27). y’=0 <= 6cost=0 @& «=F or 3a 


y’ =0 & «£4.16 or 5.27. 


2 
f 0 
0 t vn 
2 6 
T 


From the graphs of f and f’, we conclude that f is decreasing on (0, z), increasing on (3, 3) , and decreasing on (=, Qn). 


0 


2 


f has local minimum value f (3) = 3 and local maximum value f (=) = 3. 
From the graph of f”, we conclude that f is CU on (0, 4.16), CD on (4.16, 5.27), and CU on (5.27, 27). There are 
inflection points at about (4.16, 2.31) and (5.27, 2.31). 


1 — cos(x*) 


8 


23. f(a) = 


>0. fis an even function, so its graph is symmetric with respect to the y-axis. The first graph shows 


that f levels off at y = 3 for |x| < 0.7. It also shows that f then drops to the x-axis. Your graphing utility may show some 
severe oscillations near the origin, but there are none. See the discussion in Section 2.2 after Example 2, as well as “Lies My 


Calculator and Computer Told Me” on the website. 
The second graph indicates that as || increases, f has progressively smaller humps. 


0.01 


0.6 
IT | 
0 0 


24. f(x) =e* + In|xz— 4]. The first graph shows the big picture of f but conceals hidden behavior. 


The second graph shows that for large negative values of x, f looks like g(x) = In|z|. It also shows a minimum value and 


a point of inflection. 


The third graph hints at the vertical asymptote that we know exists at = 4 because lim (e* + In|x — 4]) = —oo. 


5 70 
10 30 0 3.54 4. 


A graphing calculator is unable to show much of the dip of the curve toward the vertical asymptote because of limited 


20 


10 


5 
0 


resolution. A computer can show more if we restrict ourselves to a narrow interval around « = 4. See the solution to 


Exercise 2.2.46 for a hand-drawn graph of this function. 
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= 


] ; 
(b) Recall that a? = e? ™¢, lim, gl® = lim, ef/z)inz Ag g —. Qt, soar —oo, so x1/? = e(l/*) nz _, 9. This 
x—0 x—0 x 


° lim #/* = lim e@/*) Ine, 


Z— Co Z— Co 


indicates that there is a hole at (0,0). As  — oo, we have the indeterminate form oo 


but lim wi lim zie 0, so lim «!/* = e° = 1. This indicates that y = 1isaHaA. 


x2—-co 2X xL—0o ~—0Oo 


(c) Estimated maximum: (2.72, 1.45). No estimated minimum. We use logarithmic differentiation to find any critical 


1 ' 1 1 1 = 
numbers. y 2 Iny x In ; - x 2 + cmir)( =) y! =aie(* +") =0 


Ina=1 > w=e.For0<a<ey' > Oand fora >e,y' <0,s0 f(e) = e'/° is a local maximum value. This 


point is approximately (2.7183, 1.4447), which agrees with our estimate. 


(d) 0.1 From the graph, we see that f”’ (x) = 0 at x & 0.58 and x & 4.37. Since f” 


changes sign at these values, they are x-coordinates of inflection points. 


0 6 
-0.1 
: 1.2 
26. (a) f(a) = (sinx)*”"” is continuous where sin x > 0, that is, on intervals 
of the form (2n7, (2n + 1)7), so we have graphed f on (0,7). 
(b) y = (sinz)""* => Iny=sinz Insinz, so 
Insinx cot & 
lim Iny= lim sing Insing = lim = lim 9 “ 
x—0t x—0t x +0t+ CSCX z—30+ —cscx cotx 
= lim (-sinz) =0 lin ys e° = 1, 
x—O0T x—0+F 


(c) It appears that we have a local maximum at (1.57, 1) and local minima at (0.38, 0.69) and (2.76, 0.69). 


y =(sinz)"* => Iny=singInsing > as (sinc) (=*) + (Insinz) cosx =cosx(1+Insinz) > 
y sin 


/ 


y = (sina) L 


™*(cosz)(1+Insinz). y’=0 = cost=Oorlnsing=-1 > 22 =4orsinx=e'. 


1 


On (0,7), sina = e~ x1 =sin~*(e~') and v3 = m —sin~‘(e~"). Approximating these points gives us 
(a1, f(x1)) & (0.3767, 0.6922), (x2, f(x2)) & (1.5708, 1), and (x3, f(x3)) = (2.7649, 0.6922). The approximations 


confirm our estimates. 
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(d) 2 From the graph, we see that f(x) = Oat x © 0.94 and x 2.20. 
Since f” changes sign at these values, they are x-coordinates of inflection 
points. 
0 7 
-2 
1.2 4 15 


0 er, 7 0 an 0 Qa 


1.2 -4 =I5, 


From the graph of f(x) = sin(x + sin 32) in the viewing rectangle [0, ] by [—1.2, 1.2], it looks like f has two maxima 
and two minima. If we calculate and graph f’(x) = [cos(x + sin 3z)] (1 + 3cos3z) on [0, 27], we see that the graph of f’ 
appears to be almost tangent to the x-axis at about x = 0.7. The graph of 

f” = —[sin(a + sin 3x)] (1 + 3cos 3x)? + cos(x + sin 32)(—9 sin 32) 


is even more interesting near this x-value: it seems to just touch the x-axis. 


0.1 0.002 
0.58 0.7 0.58 59 
-0.3 —0.004 
1 1.2 
ac 
—20 Qa 
0.55 0.73 
0.9997 =1.2 


If we zoom in on this place on the graph of f’’, we see that f” actually does cross the axis twice near x = 0.65, 

indicating a change in concavity for a very short interval. If we look at the graph of f’ on the same interval, we see that it 
changes sign three times near x = 0.65, indicating that what we had thought was a broad extremum at about « = 0.7 actually 
consists of three extrema (two maxima and a minimum). These maximum values are roughly f(0.59) = 1 and f(0.68) = 1, 
and the minimum value is roughly f (0.64) = 0.99996. There are also a maximum value of about f (1.96) = 1 and minimum 
values of about f(1.46) = 0.49 and f(2.73) = —0.51. The points of inflection on (0, 77) are about (0.61, 0.99998), 

(0.66, 0.99998), (1.17, 0.72), (1.75, 0.77), and (2.28, 0.34). On (7, 277), they are about (4.01, —0.34), (4.54, —0.77), 
(5.11, —0.72), (5.62, —0.99998), and (5.67, —0.99998). There are also IP at (0,0) and (7, 0). Note that the function is odd 


and periodic with period 27, and it is also rotationally symmetric about all points of the form ((2n + 1)z, 0), n an integer. 
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28. f(x) =a? +cex=a(a? +c) => f(a) =32? +c => f" (x) =6a 


20 20 20 

5 5 5 5 5 5 
—20 —20 —20 
c=-6 c=0 c=6 


x-intercepts: When c > 0, 0 is the only x-intercept. When c < 0, the x-intercepts are 0 and +/—c. 
y-intercept = f(0) = 0. f is odd, so the graph is symmetric with respect to the origin. f(x) < 0 for x < 0 and 
f(x) > 0 for x > 0, so f is CD on (—o0o, 0) and CU on (0, 00) . The origin is the only inflection point. 

If c > 0, then f’(x) > 0 for all x, so f is increasing and has no local maximum or minimum. 


If c = 0, then f’(x) > 0 with equality at x = 0, so again f is increasing and has no local maximum or minimum. 


If c <0, then f’(«) = 3[x? — (—c/3)] = 3(« 4 =<[3 ) (« = =[8), 80 f' (x) >0on (—co, = =c[8 ) 
and ( =¢f8, 00); f' (z) <0on (-V=<f3, /=</3). It follows that 
t( c/3) = —2c \/—c/3 is a local maximum value and 


t( =<f8 | = 3c \/—c/3 isa local minimum value. As c decreases 


5 5 
(toward more negative values), the local maximum and minimum move 
further apart. 
a ff —20 
There is no absolute maximum or minimum value. The only transitional aa 
c=6 


value of c corresponding to a change in character of the graph is c = 0. 


29. f(x) =a? +6r+c/e => f'(x)=2a+6-c/2? fl" (#) = 24 2c/23 
c = 0: The graph is the parabola y = x” + 6a, which has «-intercepts —6 and 0, vertex (—3, —9), and opens upward. 


c # O: The parabola y = x” + 6z is an asymptote that the graph of f approaches as x —> +oo. The y-axis is a vertical 
asymptote. 


c < 0: The «-intercepts are found by solving f(z) =0 = 2° +6x2?+c= g(r) =0.Nowg'(x1)=0 & x=-4 


or 0, and g (not f) has a local maximum at = —4. g(—4) = 32+, soifc < —32, the maximum is negative and there are 
no negative x-intercepts; if c = —32, the maximum is 0 and there is one negative x-intercept; if —32 < c < 0, the maximum 
is positive and there are two negative x-intercepts. In all cases, there is one positive x-intercept. 

Asc — 0, the local minimum point moves down and right, approaching (—3, —9). [Note that since 


_ 2x3 +62? —c 
nr 


f'(x) , Descartes’ Rule of Signs implies that f’ has no positive solutions and one negative solution when 
2(a? +c) 


c<0. f"(x)= a > 0 at that negative solution, so that critical point yields a local minimum value. This tells us 
x 


that there are no local maximums when c < 0.]_ f’(x) > 0 for x > 0, so f is increasing on (0,00). From 
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2(x8 ; Bhs ie a as 
f"(2) = zea we see that f has an inflection point at (¥v —C¢, 6 ¥/—€ ). This inflection point moves down and left, 
x 


approaching the origin as c > 0-. 
f is CU on (—00,0), CD on (0, Y/—c ), and CU on (4/—e, 00). 
c > 0: The inflection point (Y —c, 67 =e) is now in the third quadrant and moves up and right, approaching the origin as 


c—0*. f isCU on (—oo, /—c), CD on (¥/—e, 0), and CU on (0,00). f has a local minimum point in the first 


quadrant. It moves down and left, approaching the origin as c + 0*. f’(2) =0 2x7 + 6a? — ce = h(x) = 0. Now 


h'(z) =0 <= x = —2 or 0,and h (not f ) has a local maximum at zx = —2. h(—2) = 8 —c, soc = 8 makes h(x) = 0, 
and hence, f’(x) = 0. When c > 8, f’(x) < Oand f is decreasing on (—oo, 0). For 0 < c < 8, there is a local minimum that 


moves toward (—3, —9) and a local maximum that moves toward the origin as c decreases. 


30. With c = Oiny = f(x) = x Vc? — z?, the graph of f is just the point (0,0). Since (—c)? = c”, we only 
consider c > 0. Since f(—x) = —f (zx), the graph is symmetric about the origin. The domain of f is found by 
solving c? —2? >0 & a <c? © |a| < which gives us [—c, c]. 


C7 — 2x? 


\/c2 — x2 


fi(a) =a 3(2 — a7)? (22) + (P — 2?)/7(1) = (ce? — 2)? [-2? +(e? — 2”) = 


f(t) >0 & @-22?>0 6 w& </2 © |2| < c/V2,50 f is increasing on 
(-c/V2, c/V2) and decreasing on (—c, —c/V2) and (c/V2, c). There is a local minimum value of 
f(-e/V2) = (-c/V2) fc? — 2/2 = (—c/V2) (c/V2) = —c? /2 and a local maximum value of f(c/V2) = c? /2. 


~ (c? — 2)1/?(—42) — (c? — 2”) 3 (? - i ie (—22) 


f(a) [(c2 — 22) 1/272 
_ a — 27) P(e = 2?)(-4) + (7 — 207) _ 2x (2x? — 3c”) 
(2 — a2)! (2 — 223/72 * 
so f(x) =0 x=Oorgr +4/3 c, but only 0 is in the domain of f. 


f" (x) < 0 for0 < x < cand f(x) > 0 for —c < x < 0,80 f is CD on (0, c) 


and CU on (—c, 0). There is an IP at (0, 0). So as |c| gets larger, the maximum and 


minimum values increase in magnitude. The value of c does not affect the 


concavity of f. 
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f(~)=e7+ce". f=0 => ce” e* c e* 2x = In(—c) z = 4 In(—c). 


f(x) =e —ce®. f’ =0 ce“ =e c=e 2x = Inc c= sine, 


f"(x) =e? + ce™ = f(z). 


The only transitional value of cis 0. As c increases from —oo to 0, 4 In(—c) is both the the x-intercept and inflection point, 


and this decreases from oo to —oo. Also f’ > 0, so f is increasing. When c = 0, f(x) = f’(x) = f” (x) =e’, f is positive, 


increasing, and concave upward. As c increases from 0 to oo, the absolute minimum occurs at x = 3 Inc, which increases 


from —oo to oo. Also, f = f” > 0, so f is positive and concave upward. The 
value of the y-intercept is f(0) = 1 + c, and this increases as c increases from 


—O to co. 


Note: The minimum point (3 Inc, 2 ve) can be parameterized by « = 4 Inc, 


y=2 Ve, and after eliminating the parameter c, we see that the minimum point 


lies on the graph of y = 2e”. 


We see that if c < 0, f(a) = In(2? + c) is only defined fora? > —c = |a| > V—c, and 


lim 5 f(z) = lim __ f(a) = —o, since Iny — —oo as y — 0. Thus, for c < 0, there are vertical asymptotes at 
a/c g2—>—/—c_ 


x = +,/c, and as c decreases (that is, |c| increases), the asymptotes get further apart. For c = 0, lim f(x) = —oo, so there is 
2 
a vertical asymptote at x = 0. Ifc > 0, there are no asymptotes. To find the extrema and inflection points, we differentiate: 


xe) =In(2a?+c) => (x) = = 2x), so by the First Derivative Test there is a local and absolute minimum at 
rte y 


x = 0. Differentiating again, we get f’” (x) = a2) + 2a[—(a? + c)-?(2x)] = 


2(c— x) 
Crm 


Now if c < 0, f” is always negative, so f is concave down on both of the intervals 


on which it is defined. If c > 0, then f” changes sign whence = 2?  & 


x = +vce. So for c > 0 there are inflection points at x = +Vc, and as c increases, 


the inflection points get further apart. 


Note that c = 0 is a transitional value at which the graph consists of the x-axis. Also, we can see that if we substitute —c for c, 


Cx 


the function f(a) = Then will be reflected in the x-axis, so we investigate only positive values of c (except c = —1, asa 
cx 
demonstration of this reflective property). Also, f is an odd function. _ lim (x) = 0, so y = 0 is a horizontal asymptote 
1, (L+e?a*)e—cx(2c?x) — c(e?a? -1) ,, 22 
for all c. We calculate f (x) =  d+ea2y = 4 a2)?" f (x) =0 Cx 1=0 
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x = +1/c. So there is an absolute maximum value of f(1/c) = 4 and an absolute minimum value of f(—1/c) = —3. 


These extrema have the same value regardless of c, but the maximum points move closer to the y-axis as c increases. 
f"(x) = (—2c3x)(1 + c?x?)? — (—c8a? + c)[2(1 + c?x?) (2c? 2)] 
(1+ 222)4 


(—2c?x)(1+ ca?) +(x? —c)(4c?2) — 2c3x(c?x? — 3) 
(1 + x23 (1+ e223 


f'(z) =0 ©& «=0ortV3/c, so there are inflection points at (0,0) and 


—0.6 


at (£V3 /c, +/3 / 4). Again, the y-coordinate of the inflection points does not depend on c, but as c increases, both inflection 


points approach the y-axis. 


sin 7(ccos x — C+ 2) 
cos? x + 3ccos? x + 3c? cosx + 3" 


sin x 1+ccosx 


f'@)= 


Notice that 


fl) = f"(a) = 


c+cosx cos? x + 2ccosx + c? 


f is an odd function and has period 27. We will graph f for 0 < a” < 27. 


|c| < 1: See the first figure. f has VAs when the denominator is zero, that is, at 7.5 


x = cos’ (—c) and « = 2x — cos~*(—c). So for c = —1, there are VAs at 
x = 0 and x = 27, and as c increases, they move closer to x = 7, which is the : nf 
single VA when c = 1. Note that if c = 0, then f(x) = tan. There are no 
=7.5 
. . : : : ° + ry A 
extreme points (on the entire domain) and inflection points occur at san i o| aay iP o| 


multiples of 7. 


-1 
c > 1: See the second figure. f’(x) =0 < x=cos! (=) or 


x = 2n—cos 4 ( a ) . The VA disappears and there is now a local maximum 
c 


and a local minimum. As c > 17, the coordinates of the local maximum 


approach 7 and oo, and the coordinates of the local minimum approach 7 
and —oo. 

As c — oo, the graph of f looks like a graph of y = sin x that is vertically compressed, and the local maximum and local 
minimum approach (3,0) and (37,0), respectively. 


C2 


f'(2)=0 © sing=0 ([Psatx =nr) or ccosx —c* +2 =0. The second condition is true if cos = 


2 


: ; : —2 
c # OJ. The last equation has two solutions if —1 < i <1 c<c 2<c c<c’ —2and 
q 
Cc 


e-2<c > C?+c—-2>O0ande?—c-2<0 |S (c+2)(c—1) >O0and(c—2)(e+1)<0 => 
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c-—1>0 [sincec>l]andc—2<0 = c>Iandc < 2. Thus, for 1 < c < 2, we have 2 nontrivial IPs at 


vi 2 
w= eos*($ *) and x = 27 cos?($ 2), 
c c 


c < —1: See the third figure. The VAs for c = —1 at x = O and x = 27 in the 7.5 


first figure disappear and we now have a local minimum and a local maximum. 


As c — —1*, the coordinates of the local minimum approach 0 and —oo, and 


the coordinates of the local maximum approach 27 and oo. As c — —oo, the 


graph of f looks like a graph of y = sin x that is vertically compressed, and the =e 


local minimum and local maximum approach (3, 0) and (=, 0), respectively. As above, we have two nontrivial IPs 
for —2<c<-—l. 
_f(z)=cra+sinzg => f'(x)=c+cosx => f" (x) =—sing 


f(—«x) = —f (a), so f is an odd function and its graph is symmetric with respect to the origin. 


f(x) =0 sin = —cz, so 0 is always an x-intercept. 

f(a) =0 cos x = —c, so there is no critical number when |c| > 1. If |c| < 1, then there are infinitely 
many critical numbers. If x1 is the unique solution of cos = —c in the interval [0, 7], then the critical numbers are 2na + «1, 
where n ranges over the integers. (Special cases: When c = —1, x1 = 0; when c = 0, x = $; and when c = 1, 21 = 7.) 


f(z) <0 <= sing > 0,so f is CD on intervals of the form (2n7, (2n + 1)z). f is CU on intervals of the form 
((2n — 1)z, 2nz). The inflection points of f are the points (n7, nc), where n is an integer. 

If c > 1, then f’(x) > 0 for all x, so f is increasing and has no extremum. If c < —1, then f’(x) < 0 forall z, so f is 
decreasing and has no extremum. If |c| < 1, then f’(z) >0 <= cosx>-—c © wisinan interval of the form 
(2nn — 21, 2nm + x1) for some integer n. These are the intervals on which f is increasing. Similarly, we 


find that f is decreasing on the intervals of the form (2n7 + #1, 2(n + 1)m — 21). Thus, f has local maxima at the points 


2na + x1, where f has the values c(2na + 21) + sina = c(2na7 + 21) + V1 — c?, and f has local minima at the points 


2nm — x1, where we have f(2na — x1) = c(2na — x1) — sina = c(2n7 — 21) 1—c?, 
The transitional values of c are —1 and 1. The inflection points move vertically, but not horizontally, when c changes. 
When |c| > 1, there is no extremum. For |c| < 1, the maxima are spaced 


2n apart horizontally, as are the minima. The horizontal spacing between 


maxima and adjacent minima is regular (and equals 77) when c = 0, but 


the horizontal space between a local maximum and the nearest local 


minimum shrinks as |c| approaches 1. 
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36. For f(t) = C(e~** — e~), C affects only vertical stretching, so we let C’ = 1. From the first figure, we notice that the 
graphs all pass through the origin, approach the t-axis as t increases, and approach —oo as t — —oo. Next we let a = 2 and 


produce the second figure. 


| 
wWra.e 


ftj=e*-—e™ fi (t) = be~’ — 2e~**._ f’(0) = b — 2, which increases as b increases. 
fi(t)=0 => be ™=27-%* = ; = e(6-2)t in = (b—2)t t=ty ~ ~ ne which decreases as 


(b — 2)2?/(-2) 


p142/(6=2) We can show that this value increases as b 


b increases (the maximum is getting closer to the y-axis). f(t1) = 


increases by considering it to be a function of b and graphing its derivative with respect to b, which is always positive. 


37. Ife <0, then lim f(z)= lim re = lim = = lim = =0,and lim f(x) =o. 
Ife >0,then lim f(x) = —oo, and lim f(z) = lim = =0 


Ifc =0,then f(x) =2,so lim f(a) = oo, respectively. 


So we see that c = 0 is a transitional value. We now exclude the case c = 0, since we know how the function behaves 


in that case. To find the maxima and minima of f, we differentiate: f(z) = we" > 


f'(@) = a(-ce") +e = (1—cx)e~™. This is 0 when 1 — cx = 0 x =1/c. Ifc < 0 then this 
represents a minimum value of f(1/c) = 1/(ce), since f’(a) changes from negative to positive at x = 1/c; 
and if c > 0, it represents a maximum value. As |c| increases, the maximum or 


minimum point gets closer to the origin. To find the inflection points, we 


differentiate again: f’(x) = e “(1 — cx) 


f(a) =e “(—c) + (1— ex)(—ce~) = (cx — 2)ce~*.. This changes sign 


when cz — 2 = 0 x = 2/c. So as |c| increases, the points of inflection get 


closer to the origin. 


=3 


38. (a) f(x) = ca* — 4a? +1 f' (x) = 4ca® — 8x = 4a(ca? — 2). If c < 0, then the only real solution of f’ (2) = 0 


is x = 0. f’ changes from positive to negative at x = 0, so f has only a maximum point in this case. If c > 0, then 


f'(a) = 4a(cx? — 2) = 4x (vee + v2) (vee - v2), and f changes from negative to positive at « = +/2/,/c. 


Thus, if c > 0, the curve has minimum points. 
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: 4 8 4 
) +1=-—-=41=-—=+1. Fory = g(x) = —22? +1, we have 
co c 


2 
(222) = -2(42 ) +1= = +1. Also, f(0) = 1 and g(0) = 1. Thus, the minimum points 
c c 


(2 


4 : ‘ : ; : 
BPs + 1) and the maximum point (0,1) of every curve in the family f(x) = ca* — 4x? + 1 lie on the 


parabola y = —2x” +1. 


39. For c = 0, there is no inflection point; the curve is CU everywhere. If c increases, the curve simply becomes steeper, and there 
are still no inflection points. If c starts at 0 and decreases, a slight upward bulge appears near x = 0, so that there are two 


inflection points for any c < 0. This can be seen algebraically by calculating the second derivative: 


f(@)=att+er? +a => f'(x)=4e24+2cea+1 > f" (x) = 122? + 2c. Thus, f”(x) > 0 when c > 0. For c < 0, 


there are inflection points when x = +, /— ze. For c = 0, the graph has one critical number, at the absolute minimum 


somewhere around 7 = —0.6. As c increases, the number of critical points does not change. If c instead decreases from 0, we 
see that the graph eventually sprouts another local minimum, to the right of the origin, somewhere between x = 1 and x = 2. 


Consequently, there is also a maximum near x = 0. 


After a bit of experimentation, we find that at c = —1.5, there appear to be two critical numbers: the absolute minimum at 
about x = —1, and a horizontal tangent with no extremum at about x = 0.5. For any c smaller than this there will be 
3 critical points, as shown in the graphs with c = —3 and with c = —5. _3 


2 
+3 
: : : 2 5 
To prove this algebraically, we calculate f’(a) = 4a? + 2cx + 1. Now if 8 OLY a. 


we substitute our value of c = —1.5, the formula for f’(x) becomes 
4x*® — 3x +1 = (x + 1)(2x — 1)’. This has a double solution at x = 3, oe ae 
indicating that the function has two critical points: « = —1 and x = 3 just as 
we had guessed from the graph. oe 
_ -c#vc? — 12 


40. (a) f(z) = 2a° + cx? +20 > f'(x) = 6x? + 2cr +2 = 2(3e? +cxa4+1). f(x) =0 


6 


So f has critical points = c?—-12>0 © |e >2V3. Fore = +2 V3, f’(x) > 0 on (—co, 00), so f’ does not 


change signs at —c/6, and there is no extremum. If c? — 12 > 0, then f’ changes from positive to negative at 


—c— Vc? — 12 : a —c+vc? — 12 : 

r= —=—= = and from negative to positive atc = ——— So f has a local maximum at 
—c—vVc? —12 a —c+vc? —12 

L= oak ar and a local minimum at 7 = — 
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(b) Let ao be a critical number for f(x). Then f’(%) =0 => 


—1- 32g 
32% + cro +1=0 c= = *0 Now 
0 


—1 — 372 
f (ao) = 208 + cxp + 2x0 = 2a3 + a(—*) + 229 
ne) 


= 203 — wo — 3x8 + 2x0 = 20 — 28 


So the point is (vo, yo) = (xo, Lo — x); that is, the point lies 


on the curve y = « — 2. 


4.7 Optimization Problems 


We needn’t consider pairs where the first number is larger 


4. (a) 


First Number | Second Number | Product : re 
than the second, since we can just interchange the numbers 


BR 


in such cases. The answer appears to be 11 and 12, but we 


have considered only integers in the table. 


2 
3 
4 
5 
6 
7 
8 
9 


aon 
ee Oo 


(b) Call the two numbers x and y. Then x + y = 23, so y = 23 — a. Call the product P. Then 


P= ay = 2(23— x) = 23a — 2”, so we wish to maximize the function P(x) = 232 — x”. Since P’(x) = 23 — 2a, 


we see that P’(x) = 0 x = #3 = 11.5. Thus, the maximum value of P is P(11.5) = (11.5)? = 132.25 and it 
occurs when « = y = 11.5. 
Or: Note that P(x) = —2 < 0 for all x, so P is everywhere concave downward and the local maximum at x = 11.5 


must be an absolute maximum. 


2. The two numbers are x + 100 and x. Minimize f(x) = (x +100)¢ =a? +1002. f’(2) =2e+100=0 => 2x=—50. 


Since f(x) = 2 > 0, there is an absolute minimum at 7 = —50. The two numbers are 50 and —50. 
2 —. 
3. The two numbers are x and ~, where x > 0. Minimize f(x) = a+ = f(x) =1 a =# — The critical 


number is x = 10. Since f’(x) < 0 for0 < x < 10 and f’(x) > 0 for x > 10, there is an absolute minimum at x = 10. 


The numbers are 10 and 10. 
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. Let the vertical distance be given by 
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. Call the two numbers x and y. Then x + y = 16, so y = 16 — z. Call the sum of their squares S. Then 


S=e+y=2?+(16—-2)? = S’ = 224 2(16—«x)(—1) = 2a — 324 2x = 4x — 32. 5’ =0 x= 8. 
Since S’(x) < 0 for 0 < % < 8 and S’(x) > 0 for x > 8, there is an absolute minimum at x = 8. Thus, y = 16 — 8 = 8 


and S = 87 + 8? = 128. 


u(x) = 1-22 =0 x 


1) ed 
S 
— 
e 
Ww 
| 
2S 
S 
—— 
iw) 
SS” 
| 
ALO 
fob) 
=) 
a 
Se 
— 
bo 
YS 
II 
2S 
wD 
° 


there is an absolute maximum at x = i. The maximum distance is 


og) =a+2-g=7 


u(x) = (a? +1) — (w@ — 2?) = 22? —2 +1. v(x) =4r-1=0 © 


c=4. v(x) <0 fora < tandv'(x) > 0 for x > 4, so there is an absolute 


minimum at x = i. The minimum distance is v($) = z — + 4+1= Z. 


. If the rectangle has dimensions x and y, then its perimeter is 2x + 2y = 100 m, so y = 50 — «. Thus, the area is 


A= ay = «(50 — x). We wish to maximize the function A(x) = (50 — 2) = 50a — 2”, where 0 < 2 < 50. Since 


A'(x) = 50 — 2a = —2(x — 25), A’(x) > 0 for 0 < x < 25 and A’(x) < 0 for 25 < x < 50. Thus, A has an absolute 


maximum at « = 25, and A(25) = 25” = 625 m?. The dimensions of the rectangle that maximize its area are x = y = 25 m. 
g 


(The rectangle is a square.) 


. If the rectangle has dimensions x and y, then its area is xy = 1000 m?, so y = 1000/x. The perimeter 


P = 2x + 2y = 2x + 2000/x. We wish to minimize the function P(x) = 2x + 2000/zx for x > 0. 
P'(x) = 2 — 2000/x? = (2/a”)(a? — 1000), so the only critical number in the domain of P is 2 = 1000. 
P" (x) = 4000/2? > 0, so P is concave upward throughout its domain and P(v 1000 ) = 4/1000 is an absolute minimum 


value. The dimensions of the rectangle with minimal perimeter are x = y = 1000 = 10 10 m. (The rectangle is a square.) 


ee kN 
. We need to maximize Y for N > 0. Y(N) = TN? => 
2), _ 2 _ 
OS AMANO eR) ans oth 2 end ONO 


(+N?) (+N?) (1+ .N2y 


for N > 1. Thus, Y has an absolute maximum of Y(1) = $k at N = 1. 
1001 


We need to maximize P for I > 0. P(I) = Pale 


I? +144)(100) — 1007(22 +1) — 1000? + 1+4- 21? —1) 100717 —4) _ —100( + 2)(J — 2) 
(I?+1+ 4)? 7 (i?+1+ 4)? (P4244)? (24144)? ° 


P(r) =$ 


P’(1) > 0 for0 < I < 2and P’(I) < 0 for J > 2. Thus, P has an absolute maximum of P(2) = 20 at J = 2. 
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11. (a) 
50 100 120 
250 
125 
75 
The areas of the three figures are 12,500, 12,500, and 9000 ft?. There appears to be a maximum area of at least 12,500 ft?. 
(b) Let x denote the length of each of two sides and three dividers. 

Let y denote the length of the other two sides. x 

(c) Area A = length x width = y- ax 

(d) Length of fencing = 750 = 5x +2y = 750 

(e) 54 + 2y = 750 y = 375 — 3a A(x) = (375 — 3a) a = 375a — 32? 

(f) A’(x) = 375 —5a2 =0 x = 75. Since A” (x) = —5 < 0 there is an absolute maximum when x = 75. Then 
y= 3 = 187.5. The largest area is 75(22) = 14,062.5 ft?. These values of x and y are between the values in the first 
and second figures in part (a). Our original estimate was low. 

ee) ; Bo i: eee im 
Peaoaens i eee ta eee | eee meee eal 3 i 
Tees 4 ae aes, ae 
The volumes of the resulting boxes are 1, 1.6875, and 2 ft®. There appears to be a maximum volume of at least 2 ft®. 

(b) Let x denote the length of the side of the square being cut out. Let y x 
denote the length of the base. i ‘ 

(c) Volume V = length x width x height > V=y-y-a=«xy’ 

(d) Length of cardboard =3 => e+y+e=3 > yt2e=3 bese ercercescescceeend a 

(e) y+ 22 =3 y=3-22 V(a) = «(3 — 2x)? 

(f) V(x) = a(3 — 22)? => 
V' (a) = a - 2(3 — 2x)(—2) + (3 — 2x)? -1 = (3 — 2) [—4a + (3 — 2x)] = (3 — 2x)(—6x + 3), 
so the critical numbers are x = 3 and x = 3. Now0<a< 3 and V(0) = V(3) = 0, so the maximum is 
V(5) = (5) (2)? = 2 ft®, which is the value found from our third figure in part (a). 

13. xy = 1.5 x 10°, so y = 1.5 x 10°/x. Minimize the amount of fencing, which is 


3a + 2y = 3x + 2(1.5 x 10°/x) = 34 +3 x 109/a = F(a). 
F'(x) =3—3 x 10°/ax? = 3(a? — 10°) /a?. The critical number is « = 10° and 


y F'(a) < 0 for 0 < x < 10° and F’(x) > Oif xz > 10°, so the absolute minimum 


occurs when a = 10° and y = 1.5 x 10°. 


The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field. 
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14. See the figure. We have 4x + y = 1200 y = 1200 — 4a. The trapezoidal 
3x 
x area Ais 3(a + 3a)y = 2xy = 2x(1200 — 4x) = 2400x — 8a”, 0 < x < 300. 


A'(x) = 2400 — 16z = 0 x = 150. Since A’(x) > 0 for 0 < « < 150 and 


A'(x) < 0 for 150 < x < 300, there is an absolute maximum when x = 150 by the First Derivative Test for Absolute 


Extreme Values. « = 150 y = 1200 — 4(150) = 600. The maximum area is 2xy = 2(150)(600) = 180,000 ft”. 
15. ; a See the figure. The fencing cost $20 per linear foot to install and the cost of the 
if a fencing on the west side will be split with the neighbor, so the farmer’s cost C’ will 
BARN be C = 4$(20x) + 20y + 20x = 20y + 302. The area A will be maximized when 
C = 5000, so 5000 = 20y + 30x 20y = 5000 — 30x 
y = 250 — 3a. Now A = zy = « (250 — 3x) = 250 — 3x? A’ = 250-32. A'=0 — x = 2% and since 
A” = —3 < 0, we have a maximum for A when x = 250 ft and y = 250 3 (73°) = 125 ft. [The maximum area is 


125 (23°) = 10,416.6 ft?.] 


16. 7 » See the figure. The fencing cost $20 per linear foot to install and the cost of the 
if a fencing on the west side will be split with the neighbor, so the farmer’s cost C' will 
BARN be C = $(20x) + 20y + 20x = 20y + 30x. The area A to be enclosed is 
8000 
8000 ft”, so. A = xy = 8000 a 
1 
Now C' = 20y + 302 = 20( 2°) + 30z = = + 30x Cc" “oe +30. C'’=0 © 


so = 190000, gr 18000, g _ /T800 _ go, [10 _ 419.55 singe cr = 320000 5 9 fore > 0 


x? 3 
rae 40 8000 8000 3 = ¥30 § . 
we have a minimum for C when x = —v/30 ft and y = —— = —— - ——=- —= = 20V30 ft. [The minimum cost is 
3 y x 40 /30 30 [ 


20(20V/30 ) + 30 (230) = 800/30 + $4381.78.] 


17. (a) Let the rectangle have sides x and y and area A, so A = xy or y = A/a. The problem is to minimize the 


perimeter = 2a + 2y = 2a + 2A/ax = P(x). Now P’(x) = 2—2A/a* = 2(a? — A)/ax?. So the critical number is 
a = VA. Since P’(x) < 0 for 0 < x < VAand P’(x) > 0 for « > VA, there is an absolute minimum at 2 = VA. 


The sides of the rectangle are VAand A / V/A = VA, so the rectangle is a square. 


(b) Let p be the perimeter and x and y the lengths of the sides, so p = 2x + 2y 2y = p— 2x y= sp x. 
The area is A(x) = a(5p x) = dpx x. Now A'(x) = 0 ip 22 = 0 22 ip x tp. Since 
A" (x) = —2 < 0, there is an absolute maximum for A when « = $p by the Second Derivative Test. The sides of the 


rectangle are + pand 3 pr 4 p= + p, so the rectangle is a square. 
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18. 


19. 


20. 


21. 


22. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


Let b be the length of the base of the box and h the height. The volume is 32,000 = b?h => h= 32,000/b?. 
The surface area of the open box is S = b® + 4hb = b? + 4(32,000/b7)b = b? + 4(32,000) /b. 
So S"(b) = 2b — 4(32,000)/b? = 2(b® — 64,000) /b° =0 <= b= 64,000 = 40. This gives an absolute minimum 


since S’(b) < Oif 0 < b < 40 and S’(b) > Oif b > 40. The box should be 40 x 40 x 20. 


Let b be the length of the base of the box and h the height. The surface area is 1200 = b? ++ 4hb => h = (1200 —?)/(4b). 
The volume is V = b?h = b?(1200 — 6?) /4b = 3000 — 63/4 V’(b) = 300 — 20°. 


v'(b) =0 300 = 30° b? = 400 b = V400 = 20. Since V’(b) > 0 for 0 < b < 20 and V’(b) < 0 for 
b > 20, there is an absolute maximum when b = 20 by the First Derivative Test for Absolute Extreme Values. If b = 20, then 


h = (1200 — 207)/(4 - 20) = 10, so the largest possible volume is b?h = (20)?(10) = 4000 cm’. 


= «(4 —2x)(3 — 3x) = 122 — 182? + 62, OS @ <1. 
V' (a) = 12 — 36x + 182? = 6(2 — 6x + 32”). 
[3% 
Vi(«z)=0 > v= 2 3 by the quadratic formula (rejecting 7 = ay 


3 
3-/3 
3 


Py 


since it is greater than 1). V" (x) = —-36+362 => "(a ) = —36+ 30( ) = —36 + 36 — 12/3 < 0, 


so there is an absolute maximum at 7 = 


(5) = 8 


sinice V(0) = V(1) = 0. The maximum volume is 


~ 2.31 ft?. 


V=lwh => 10= (2w)(w)h = 2w7h, soh = 5/w?. 
= The cost is 10(2w?) + 6[2(2wh) + 2(hw)] = 20w? + 36wh, so 
O(w) = 20w? + 36w(5/w) = 20w? + 180/w. 
C'(w) = 40w — 180/w? = (40w* — 180)/w? = 40 (w* — $)/w? => w= 3 is the critical number. There is an 


Vv 


absolute minimum for C' when w = ft since C’(w) < 0 for0 < w < ¥/$ and C’(w) > 0 for w > V3. The minimum 


a 


8/9/2 


lwh 10 = (2w)(w)h = 2w?h, soh = 5/w?. 
The cost is 10(2w”) + 6[2(2wh) + 2(hw)] + 6(2w?) = 32w? + 36wh, so 
(w) = 32w? + 36w(5/w?) = 32w? + 180/w. 


OC’ (w) = 64w — ne = (64w* — 180)/w? = 4(16w? — 45)/w2 > w= */# is the critical number. There is an 


cost is c( = = 20( eae ~ $163.54. 


absolute minimum for C when w = */# since C’(w) < 0 for0 <w < ¢/2 and C’(w) > 0 forw > ¢/. The minimum 


cost is C( ¢/#8) = 32/8) + yaeag ~9L28 
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24. 


25. 


26. 


27. 


28. 
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Let x > 0 be the length of the package and y > 0 be the length of the sides of the square base. We havex + 4y=108 => 


x = 108 — 4y. The volume is V = xy” = (108 — 4y)y” = 108y” — 4y? [for 0 < y < 27]. 


V'(y) = 216y — 12y” = 12y(18 — y) = 0 y = 18 [since y 0]. Since V'(y) > 0 for 0 < y < 18 and V’(y) <0 
for y > 18, there is an absolute maximum when y = 18 by the First Derivative Test for Absolute Extreme Values. If y = 18, 
then z = 108 — 4(18) = 36, so the dimensions that give the greatest volume are 18 in x 18 in x 36 in, giving a greatest 


possible volume of 11,664 in?. 


Let x > 0 be the length of the package and r > 0 be the radius of the circular base. We have x + 27r = 108 => 


x = 108 — 2rr. The volume is V = rr?a = mr?(108 — 2ar) = 1(108r? — 2nr?) [for 0 <r < 54/r). 


V'(r) = 1(216r — 6rr?) = 6rr(36 — rr) = 0 r= ae [since r 4 0]. Since V(r) > 0 forO <r < - and 
Tv TT 


V'(r) < 0 forr > 20. there is an absolute maximum when r = a6 by the First Derivative Test for Absolute Extreme Values. 
7 T 


Ifr = oe then x = 108 — 2z (=) = 108 — 72 = 36, so the dimensions that give the greatest volume are a length of 36 in. 
1 T 


46,656 ‘ 
T 


and a base radius of = ~ 11.46 in., giving a greatest possible volume of n’ [= 14,851.1 in®]. 
TT 


The distance d from the origin (0, 0) to a point (a, 2x + 3) on the line is given by d = \/(a — 0)? + (2x + 3 — 0)? and the 
square of the distance is S = d? = x? + (2a + 3)”. S’ = 2a + 2(2% + 3)2=10x+12andS’=0 «= «= ~—$. Now 


S” = 10 > 0, so we know that S$ has a minimum at x = -§. Thus, the y-value is 2(-£) +3= 3 and the point is (-&, 3). 


The distance d from the point (3, 0) to a point (x, ,/z ) on the curve is given by d = Ve — 3)2 + (/@ — 0)? and the square 


of the distance is S = d? = (a — 3)? +a. S’ = 2(x —3) +1=2x—5andS’=0 = x= 3.NowS” =2>0,s0we 


know that S has a minimum at 7 = 3. Thus, the y-value is Vi and the point is (3. ge ) 


Pai yA From the figure, we see that there are two points that are farthest away from 
A(1,0). The distance d from A to an arbitrary point P(x, y) on the ellipse is 
AL, 0) d= \/(a — 1)? + (y — 0)? and the square of the distance is 
S=@=2? -I414y? =2? —2+14 (4-42?) = —3a? — Qe 4 5. 
4x? ty?=4 1 ! 1 " 
S'=—6x—2andS°=0 => x=— 3. Now S” = —6 < 0,80 we know 
that S' has a maximum at x = —}. Since -1 <a <1, S(-1) =4, 
S (- 3) = 8, and S(1) = 0, we see that the maximum distance is 8. The corresponding y-values are 


y=4y/4 4( 1P =4,/8 =4+4 V2 +1.89. The points are (—4,+4 V2). 


The distance d from the point (4, 2) to a point (z, sin z) on the curve is given by d = \/(x — 4)? + (sina — 2)? and the 
square of the distance is S = d? = (2 — 4)? + (sina — 2)”. S’ = 2(a — 4) + 2(sin x — 2) cos. Using a calculator, it is 
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clear that S has a minimum between 0 and 5, and from a graph of $’, we find that S’ =0 = 2 & 2.65, so the point is 
about (2.65, 0.47). 


20 


0 10 
29. The area of the rectangle is (2x)(2y) = 4ay. Also r? = x? + y? so 
y = Vr? — x”, so the area is A(x) = 4x V/r? — 22. Now 
2 2 9,2 
A'(2) = a( r2 — x = z) =47 5 = The critical number is 
r2— r?—¢ 
c= mr Clearly this gives a maximum. 
2 
y=4/r2— (=) a 4r? = Sar = «x, which tells us that the rectangle is a square. The dimensions are 2x = //2r 
and 2y = V2r. 
30 yh The area of the rectangle is (2x)(2y) = 4ary. N “ =1gi 
; i gle is (2a)(2y) = 4ay. OW cyt ae = gives 
y= oy a? — x7, so we maximize A(x) = 4-2 Va? — z?. 
/ 4b 1/2 _ ,,2)-1/2 2 .2)1/2 
Al (x) = |e. 1 (q? — ?)-1/2(_2) + (a? — 2?) 1] 
4b 
4b (a? ae fra +a x] [a? 227] 
a an| Ge =e 


So the critical number is 7 = Aw a, and this clearly gives a maximum. Then y = w b, so the maximum area 
: 1 1 = 
is 4( a) (= b) = 2ab. 


31. The height h of the equilateral triangle with sides of length L is eS L, 


since h? + (L/2)? = L? =D? - 40? = 3]? 


Mt-y SL 
L/2 


V80= BL—y y= BL-v3e y = B(L— 22). 


V3 


h= a, Using similar triangles, 


The area of the inscribed rectangle is A(x) = (2x)y = /3a(L — 22) = V3 La — 2/32”, where 0 < x < L/2. Now 


0=A'(z)=V3L-4V3¢ > «= V3L/(4 V3) = L/A. Since A(0) = A(L/2) = 0, the maximum occurs when 


x = L/4,and y = Br - 3p = Tr, so the dimensions are L/2 and 31, 
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32. aot The area A of a trapezoid is given by A = th(B + b). From the diagram, 
(% y) h=y, B=2,andb = 22, so A= 4y(2+ 2x) = y(1 +2). Since it’s easier to 
[ \ fe substitute for y”, we'll let T = A? = y?(1 +2)? = (1— 2”)(1+2)?. Now 
x 


T’ = (1—27)2(14+-2)4 (1+2)?(-22) = -2(114 2)[-(1— 2?) + (14 2)a] 


way a = —2(1+ 2)(2x? +a —1) = —2(1+2)(2x —1)(e@ +1) 


T’ =0 x=-lorz= i. T’ >Oifa< 4 and T” < O0ifx> 4, so we get a maximum at x = 4 [x = —1 gives us 


A = 0]. Thus, y = \/1— eg = 8 and the maximum area is A = y(1+ 2) = a8 (1 +4$)= Bey 


33. | The area of the triangle is 


r+x 


2 
x +re 
anaes r2 — x etre =r? — 2? 0= 22? +ra—r? =(Qe—-r\(a+r) => 
r2— a 
x = 4rorx =—r. Now A(r) =0 = A(—r) = the maximum occurs where x = 41, so the triangle has 


height r + 4r = 3r and base 2 Nie - (4ry =2 Nee = V/3r. 


34. From the figure, we have x? + h? = a? h = Va? — x?. The area of the isosceles 
4 7 triangle is A = $(2x)h = ch = xa? — x? with O < x < a. Now 


A=x- $(a? a a?)—1/2(_927) + (a? = x?)1/2(1) 
a? — 2x? 


a2 — 72 


x x = (a? — 2) a 4 (a? “°)| = 


A’ =0 f=] oe x = a//2. Since A(0) = 0, A(a) = 0, and A(aA/2) = (a//2)\/a?/2 = $7, we see that 


x = a/\/2 gives us the maximum area and the length of the base is 22 = 2(a//2) = 2a. Note that the triangle has sides a, 


a, and /2 a, which form a right triangle, with the right angle between the two sides of equal length. 


35. The area of the triangle is A = 4.a(2a) sind for 0 < 0 < 7. A’(0) =a? cosd =0 cos? = 0 0 = §. Since 
A'(0) > 0 for 0 < 0 < § and A’(0) < 0 for = < 6 < 7, there is an absolute maximum when 6 = § by the First Derivative 


Test for Absolute Extreme Values. (The maximum area of 4.a(2a) sin 5 = a” results from the triangle being a right triangle.) 
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36. The area of the rectangle is A = 2ay = 2a(4 — x”) = 84 — 22°, O< a <2. 
2 
A'(x) = 8 — 6a? = 2(4— 327) =0 x since x > 0]. Since 
(x) ( ) Fa [ ] 
A'(xz) > Ofor0< a2 < a and A’(x) < 0 for z < ax < 2, there is an absolute 
v3 v3 
maximum when « = = by the First Derivative Test for Absolute Extreme 
Values. Thus, the largest possible area of the rectangle is A = 2( z ) 4-— ( z ) = ( : ) (3) eae 6.16 
7 v3 v3 Ve a ne 
37. ae The cylinder has volume V = wy?(2x). Also 2? + y? = r? y’ =r? — 2x”, 80 
V(a) = n(r? — 2?) (2x) = 2n(r?a — x), where O <a <r. 
P V' (x) = 2n(r? — 3a?) =0 x =1r/\/3. Now V(0) = V(r) = 0, so there is a 
maximum when x = r/\/3 and V(r/V3) = n(r? — r?/3) (2r/\/3) = Anr? /(3 V3). 
——— 


38. By similar triangles, y/x = h/r, so y = ha/r. The volume of the cylinder is 
AN na? (h — y) = wha? — (th/r)x® = V(x). Now 
CF 4 V (a) = he (Bah/ na? S aha(2= 32)r): 
ee | So V'(x) = 0 x = 0ora = $r. The maximum clearly occurs when 
x = =r and then the volume is 


tha? —(rh/r)a? = tha?(1—2/r) = a(2ry A(1—2) = Anrh. 


39. _—— The cylinder has surface area 
2(area of the base) + (lateral surface area) = 27 (radius)? + 27(radius) (height) 
= 2ry” + Ary(2x) 
Ae Now «7? +y? =r? yi =r'—-2z? y = Vr? — x?, so the surface area is 
——_ 


S(x) = 2n(r? — 2?) + dra Jr? —2?, OS a <r 
= Qnr? — Ana? + 40 (a Vr2— a) 


Thus, S'(e) =0—4ne + 4a [x 1 (p? — 9?)-1/2(_90) + (r? — 9?)4/?. 1] 
2 2 2 2 
Se ai cen = tae lg ee ae 
pope yay) 


x? (r? — a?) = r* — 4r? x? + dat rea? — ot = r* — Ar? a? + 44 5a* — br?a? +r4 = 0. 


This is a quadratic equation in x”. By the quadratic formula, 2? = © + V5 r”, but we reject the solution with the + sign since it 


doesn’t satisfy (x). [The right side is negative and the left side is positive.] So x = ,/2 =78 r. Since S(0) = S(r) = 0, the 
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5-V5,.2 2 2 5-V5,2 _ 5+V75,2 
to” i To 7 To! 


maximum surface area occurs at the critical number and 2? = Yy 


the surface area is 
5—V5)(5+V5 
an (S48)? + 4m /5s—v8 [Sgr = nr? | a. stv 4 4V al | mr? | Stv5 4 2790) 


= ar? [Seep | = ar? [Ss] = mr? (1 + V5) ; 


40. Perimeter = 30 => dy +a+n(=) =30 => 
y ; (30 x ~) 15 5 a The area is the area of the rectangle plus the area of 
2 
the semicircle, or vy + 3n(=) , so A(x) = w(15 — 5 = =) + ama? = 152 da? =a", 
A'(x) = 15 - (1+ 7)2# =0 L= i = — Al (x) = — (1 + *) < 0, so this gives a maximum. 
The dimensions are 7 = a, ftand y = 15 20 mn GOES USA ft, so the height of the 
4+a 4J+a 447 4+a 44a 
rectangle is half the base. 
4. xy = 384 => y = 384/z. Total area is 
A(x) = (8+ #)(12 + 384/x) = 12(40 + a2 + 256/2), so 
y+12 A'(x) = 12(1 — 256/22) =0 = «w =16. There is an absolute minimum 
when « = 16 since A’(x) < 0 for0 < x < 16 and A’(z) > 0 for x > 16. 
When «x = 16, y = 384/16 = 24, so the dimensions are 24 cm and 36 cm. 
42. xy = 180, so y = 180/z. The printed area is 
(a — 2)(y — 3) = (a — 2)(180/a — 3) = 186 — 3x — 360/x = A(z). 
A'(x) = —3 + 360/x? =O when x? =120 = «a = 2/30. This gives an absolute 
maximum since A’(2) > 0 for 0 < x < 2/30 and A’(x) < 0 for z > 2/30. When 
x = 2/30, y = 180/(2 30 ), so the dimensions are 2 30 in. and 90/ 30 in. 
43. b 10 : Let x be the length of the wire used for the square. The total area is 
x 10—-x 
z\? 1/10—2\V3/10—2 
= ao)= GF +3872) 
Ailes PD) alos. aa) 
10=s = +2? + B(10-2)?, 0< 2 < 10 
V3 V3 V3 40V3 
A'(x) = 32 ¥3 (10 xz) =0 3r+ Br ays 0 a= oe 


— (% sy — 100 _ 40V3_) ~ 
Now A(0) = (#) 100 ~ 4.81, A(10) = 122 = 6.25 and A( 4, ) ~ 2.72, so 
(a) The maximum area occurs when x = 10 m, and all the wire is used for the square. 


in] — 40V3_ ~ 
(b) The minimum area occurs when « = a 4.35 m. 
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2 _ p\2 2 = V2 
10 Total area is A(x) = (=) + ee eee - ee ,0<a2<10 
T 10>-x7 4 20 16 4n 
x , x 10-x2 /1 1 5 
z (4 Al(n) = == (+5 s->=0 @ = 40/(A-+-n). 
_ 10-x 
PUR A(0) = 25/7 = 7.96, A(10) = 6.25, and A(40/(4 + 7)) = 3.5, so the maximum 
occurs when « = 0 mand the minimum occurs when x = 40/(4+ 7) m. 
: be ak 32 — 2r 
From the figure, the perimeter of the slice is 2r + r? = 32, so 0 = ao The area 
ro 
\, A of the slice is A = $170 = $r? (= *) =r(16—r) = 16r — r? for 
r 
D 


O0<r<16. A’(r) =16-2r,so A’ = 0whenr = 8. Since A(0) = 0, A(16) = 0, 
and A(8) = 64 in.”, the largest piece comes from a pizza with radius 8 in. and 


diameter 16 in. Note that 0 = 2 radians ~ 114.6°, which is about 32% of the whole 


pizza. 


dL 
DL =8cscé + 4sec0,0 <0 < §, FT i —8csc 0 cot @+ 4sec@ tan@ = 0 when 


sec@ tand=2csc@ cot =& tan°@=2 Ss tand=72 Ss @O=tan! 7. 
dL /d0 < Owhen 0 < 6 < tan”! ¥/2, dL/d0 > 0 when tan”! ¥/2 < 6 < 4, s0 Lhas 


an absolute minimum when 6 = tan! ¥/2, and the shortest ladder has length 


JT 22/38 
L= sa +471 + 22/3 = 16.65 ft. 


8 

- Another method: Minimize L? = x? + (4+ 2. where La =. 

x ( y) 4+y y 
y 


cD h? +r? = R? V =Srth= F(R’ —h?)h=F(R7A—h?). 
ms, V'(h) = £(R? — 3h?) = 0 when hh = AR. This gives an absolute maximum, since 
R 


V'(h) > Ofor0<h< wk and V'(h) < 0 for h > Ak. The maximum volume is 


V (sg) = (SR? - gh?) = Sgt. 


The volume and surface area of a cone with radius r and height h are given by V = anr7h and S = arr? + h?. 


We'll minimize A = S? subject to V = 27. V = 27 am rh = 27 r= = (1). 
T 
= 2.97 22 2, af 81 81 2 _ 8? free —2%81" = 
A= r*(r* +h*) (5 ae 72 + 81rh, so A’ = 0 73 + 817 =0 
2 
gies se pate h= 4 10s 3/8 3.722. From (1), r? = OE eae woke 
h 7 7 1 Th 2-38/6/7 39 W6r? 


fw 2.632. A” = 6-81?/h* > 0,80 A and hence S has an absolute minimum at these values of r and h. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


49. 


50. 


51. 


52. 


53. 


SECTION 4.7. OPTIMIZATION PROBLEMS 


ae H H-h 


so we’ll solve (1) for h. = =H-h => 


H 
h—-H Be r) Q). 


—_, R R R 
_ 2) A TH 2 3 
ra Ne Thus, V(r) 3° RP (R—-r) 3R (Rr* — r°) 


V'(r) = Sr — 3?) = TE o(aR — 39). 


A 
Vi(r)=0 +S r=00r2R=3r => r= Rand from(2),h= wie 2R) = —=(iR) = 
V'(r) changes from positive to negative at r = 2R, so the inner cone has a maximum volume of 
Vegirh= 1,(2R)? (SH) = =~ $nR?H, which is approximately 15% of the volume of the larger cone. 


EW 


- _ —pW (pcos 6 — sin #) 
psin @ + cosé 


(usin 0 + cos 0)? 


We need to minimize F' for0 <0 < 7/2. F(6) F'(6) [by the 


Reciprocal Rule]. F’(0)>0 = ycosO—sind<0 => pcosd<sind > p<tand > @>tan "yp. 
So F is decreasing on (0, tan! Lt) and increasing on (tan7* LL, z). Thus, F attains its minimum value at 0 = tan~+ pu. 


This maximum value is F(tan~*) = sci as 
wet 
EPR 


PR) = Rane 


P'(R) = (Rar) BR Rr) (Rt eRe er) Ee) 28’ = 2k Re 
[(R+r)?? (R+r)* 


— BrP R Er? —R?) EX(r+R)\(r—R) _ E*(r—R) 
~  (R+r)4 7 (R4+ rt (R+r)4 ~ (R+r)3 
E*r E?r _ EP 


P’(R) 0 R r Gage ae ae 


The expression for P’(R) shows that P’(R) > 0 for R < rand P’(R) < 0 for R > r. Thus, the maximum value of the 


power is £?/(4r), and this occurs when R = r. 


aLv® 


(@) E(w) = 


v — u)3v? — v3 


xs Biv) = ab LE — 0 when (bo) Ft Le 


Qu? = 3uv? 2v = 3u Vv u. 


The First Derivative Test shows that this value of v gives the minimum 0 Stu 


value of E. 


S =6sh — 35? cot @ + (23 s’) csc 0 


(a) a — 38° csc?6 — (2V3 87) csc @ cot 0 or $8” esc 0 (csc 0 — v3cot 9). 
ae 1 cos 0 
(b) a 0 when csc 6 — V/3cot@ = 0 sin@ sin 0 


that the minimum surface area occurs when 6 = cos~* (=) ~ 55°. 
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55. 


56. 


57. 


CHAPTER 4 = APPLICATIONS OF DIFFERENTIATION 
(c) If cos @ = wan then cot 0 = Ww and csc #0 = 4, so the surface area is 
V3 2 S=6sh 357 Jq + 357 BB 6sh ze + 558 
= 6sh+ pao = 6s(h + 35) 
Co 
15 km/h N Let ¢ be the time, in hours, after 2:00 PM. The position of the boat heading south 

Ww o> | >E at time ¢ is (0, —20¢). The position of the boat heading east at time t is 
(—15 + 15t, 0). If D(t) is the distance between the boats at time t, we 

20 km/h | minimize f(t) = [D(t)]? = 204? + 15?(t — 1)?. 


f'(t) = 800¢ + 450(¢ — 1) = 1250t — 450 = 0 when t = 4% = 0.36 h. 


0.36h x 7" = 21.6 min = 21 min 36s. Since f”’(t) > 0, this gives a minimum, so the boats are closest together 


at 2:21:36 PM. 
Var2+25 5-2 ; x 1 
Here T(x) = + ,0<x<5 = T(r)= 0 8t =6V2r24+25 Ss 
(2) 6 8 ies () 6Vx? +25 8 
16a? = 9(a? + 25) L= woe But = > 5, so T has no critical number. Since T'(0) + 1.46 and T(5) & 1.18, she 
should row directly to B. 
B In isosceles triangle AOB, ZO = 180° — 6 — 0, so ZBOC = 20. The distance rowed is 


O 
aN 4 cos @ while the distance walked is the length of arc BC’ = 2(20) = 40. The time taken 
A C _ 4cos 0. 40 


is given by T(0) 5 7 = 20088 +0, 0<@0< §. 


T’(0) =—2sin0+1=0 sind = 4 0 


OA 


T 


Check the value of T at 9 = % and at the endpoints of the domain of T;; that is, 60 = Oandé = §. 


T(0) = 2, T(z) =VJV3+ % © 2.26, and T(Z) = 5 © 1.57. Therefore, the minimum value of T is 5 when 6 = 5; that is, 


the woman should walk all the way. Note that T”"(@) = —2.cos 6 < 0 for 0 < 0 < 5, so 0 = % gives a maximum time. 
There are (6 — x) km over land and Vx? + 4 km under the river. panty J Pp 
em, x 

We need to minimize the cost C' (measured in $100,000) of the pipeline. it = . T 
C(x) = (6— x)(4) + (V2? $4) (8) = see ee 

: 8 6 a 
C’ (a) =-44+8.- 4 (x? + 4) 1/2 (22) =—-4+ = storage tanks 

x 

C'(z)=0 => ies ES Vu? +4 = 2x x? +4 = 49? 4 = 32? ioe 


x2 +4 
xz =2/V3 [0 < x < 6]. Compare the costs for x = 0, 2/./3, and 6. C(0) = 24+ 16 = 40, 
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C(2/V3) = 24 — 8/V/3 + 32/V3 = 24 + 24/3 ~ 37.9, and C(6) = 0 + 8 V40 ~ 50.6. So the minimum cost is about 


$3.79 million when P is 6 — 2/V3 =~ 4.85 km east of the refinery. 


58. The distance from the refinery to P is now \/(6 — x)? + 1? = V2? — 122 4 37. 


Thus, C(x) = 4Va? — 12a 4+374+8V0?+4 > 

4(x — 6) 4 8x 
Vx? 12a +37) Va? +4 
C'(x) =0 = «1.12 [froma graph of C’ or a numerical rootfinder]. C'(0) + 40.3, C(1.12) ~ 38.3, and 


C' (a) = 4-3 (a? — 12x + 37)? (2a — 12) + 8- $ (a? +4) 1/7 (2x) = 


C(6) = 54.6. So the minimum cost is slightly higher (than in the previous exercise) at about $3.83 million when P is 


approximately 4.88 km from the point on the bank 1 km south of the refinery. 


: Ss hee Saree 3k k 
59. 3k ‘ The total illumination is [(a) = 2 + (0-2? 0 <a < 10. Then 
zc ; — I'(x) = a + cr mee 6k(10 — x)? = 2ka® => 
I 10 4 8 (10—2)3 + 


300-22 =22 = ¥3800-2)=2 => 10978-Wr=2 = 10¥3B=24+%382e = 


3 
OVS (1+ 13)2° = = oe ~ 5.9 ft. This gives a minimum since I(x) > 0 for0 < x < 10. 
60. vt The line with slope m (where m < 0) through (3, 5) has equation y — 5 = m(a — 3) or 


y = mx + (5 — 3m). The y-intercept is 5 — 3m and the x-intercept is —5/m + 3. So the 


triangle has area A(m) = $(5 — 3m)(—5/m + 3) = 15 — 25/(2m) — 3m. Now 


NO 

or 

Ke) 
iS) 
iS) 
oO 


al A'(m) 0 m 5 m 3 (since m < 0). 


2 : ae . er 

A"(m) = ae > 0, so there is an absolute minimum when m = — 3. Thus, an equation of the line is y— 5 = —3(a — 3) 
m 

ory= —8a + 10. 


61. Every line segment in the first quadrant passing through (a, b) with endpoints on the x- 
and y-axes satisfies an equation of the form y — b = m(a — a), where m < 0. By setting 


x = O and then y = 0, we find its endpoints, A(0, b — am) and B(a — %,0). The 


distance d from A to B is given by d = [(a 7) 0]? + [0 — (b-— am)}?. 


m 


bi ie OOD, UP se te 2 
S(m) = |a-——] +(am-—b)* =a + —, tam — 2abm + b*. Thus, 
m mom 
i 2ab 2b? 2 = 2 2,4 3 
S’( )= a me bam — 2ab = — 5 (abm — b + a“m* — abm”) 
2 


Ta blam — b) +am3(am — b)] = (am — b)(b+ am?) 


‘ 2 
Thus, S’(m) =0 = m=b/aorm= —*/2. Since b/a > 0 and m < 0, m must equal — 9/2. Since ae < 0, we see 
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that S’(m) < 0 form < — fe and S’(m) > 0 form > — oe Thus, S has its absolute minimum value when m = — ft. 


That value is 
s(- 


The last expression is of the form x? + 3a7y+3ay?+y*? [=(e¢+y)3] witha = a?/3 and y= Pe, 


b 


B\=(a+oi/¢) + (ay 6) (a+ Vai?) + (Ya +0) 


= a2 + 2a4/3p2/3 +4 g2/3H4/3 4. @4/342/3 4 242/3H4/3 + B2 = a? + 3a4/3H2/3 + 3a2/3H4/3 + b? 


so we can write it as (a?/3 + b?/°)° and the shortest such line segment has length VS = (a?/3 + b?/3)3/2. 


32° 


y =1+4+ 402? y’ = 120x? — 152%, so the tangent line to the curve at x = a has slope m(a) = 120a? — 15a’. 


60a? = 


Now m’(a) = 240a 60a(a? — 4) = —60a(a + 2)(a — 2), 80 m'(a) > 0 for a < —2, and 0 < a < 2, and 


m'(a) < 0 for —2 < a < Oanda > 2. Thus, m is increasing on (—0oo, —2), decreasing on (—2, 0), increasing on (0, 2), and 


decreasing on (2, 00) . Clearly, m(a) — —oo as a > +00, so the maximum value of m(a) must be one of the two local 


maxima, m(—2) or m(2). But both m(—2) and m(2) equal 120 - 2? — 15. 2* = 480 — 240 = 240. So 240 is the largest 
(—2) or m(2) q g 


slope, and it occurs at the points (—2, —223) and (2, 225). Note: a = 0 corresponds to a local minimum of m. 


y y’ 5 , So an equation of the tangent line at the point (a, 3) is 
3 3 3 6 : ‘ 
ar ~ sale —a),ory= at + a The y-intercept [z= 0] is 6/a. The 
x-intercept [y= 0] is 2a. The distance d of the line segment that has endpoints at the 
; F 36 
intercepts is d = \/(2a — 0)? + (0 — 6/a)?. Let S = d?, so S = 4a? + a 
2 2 
S" = 8a e S’=0 i 8a a*=9 a =3 a= V3. 
a a 


21 
SY” =8+ * > 0, so there is an absolute minimum at a = V3. Thus, S = 4(3) + 38 = 12+ 12 = 24 and 


hence, d = 24 =2 V6. 


.y=4-2° y' = —2z, so an equation of the tangent line at (a, 4 — a”) is z 
y — (4— a?) = —2a(x — a), or y = —2ax + a? + 4. The y-intercept [ax = 0] 
2 i 
isa? +4. The x-intercept [y= 0] is a . The area A of the triangle is 
ee Sipac theta = bey et Oe OT cig 80 
42 OO De 4 a 4 a) 
/ 1 2 16 4 2 
A=0 => 4 3a +8— 75 =0 => 3a°+8a°—-16=0 => 
5 . 2 4 2 yn 1 32 : ee 
(3a* — 4)(a* +4) =0 oa a Wr Al = ci 6a + — } > 0, so there is an absolute minimum at 
a 
2 1 4/3+4 (4 1 4V3 16 32 
a = —. Thus, A= =- + 4 : : = V3. 
V3 2 2(2/vV3) € ) 2. TS. ce t= 8 
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xC" (x) — C(x) 


2 


65. (a) Ifc(x) = oe then, by the Quotient Rule, we have c’ (x) = . Now c’(x) = 0 when 
xL 


xC" (x) — C(x) = 0 and this gives C’(x) = co) 


= c(«). Therefore, the marginal cost equals the average cost. 


(b) (i) C(x) = 16,000 + 2002 + 4x°/?, C(1000) = 16,000 + 200,000 + 40,000 10 ~ 216,000 + 126,491, so 
_ 16,000 
= x 


C(1000) ~ $342,491. c(x) = C(x) /x + 200 + 4a7/?, c(1000) + $342.49/unit. C’(x) = 200 + 621/?, 


C’ (1000) = 200 + 60 V10 © $389.74/unit. 


: 16,000 1/2 3/2 
(ii) We must have O’(x) = c(a) <= 2004 6a!/? = —— + 200 + 4r 2 227/? = 16,000 = 


a = (8,000)?/* = 400 units. To check that this is a minimum, we calculate 


d(x) = =e + — = Eat (a?/? — 8000). This is negative for x < (8000)?/* = 400, zero at « = 400, 
x L x 


and positive for x > 400, so c is decreasing on (0, 400) and increasing on (400, co). Thus, c has an absolute minimum 


at x = 400. [Note: c"(x) is not positive for all x > 0.] 


(iii) The minimum average cost is c(400) = 40 + 200 + 80 = $320/unit. 


66. (a) The total profit is P(~) = R(x) — C(a). In order to maximize profit we look for the critical numbers of P, that is, the 


numbers where the marginal profit is 0. But if P’(2) = R’(a) — C’(x) = 0, then R’(x) = C’ (x). Therefore, if the profit 


is a maximum, then the marginal revenue equals the marginal cost. 


(b) C(x) = 16,000 + 500x — 1.6x? + 0.004, p(x) = 1700 — 7x. Then R(x) = xp(x) = 1700x — 7x”. If the profit is 


maximum, then R’(x) = O’(x) 1700 — 14a = 500 — 3.22 + 0.0122? = 0.01227 + 10.8% -1200=0 © 


x? +9002 — 100,000 =0 <= (#+1000)(2 — 100) = 0 x = 100 (since x > 0). The profit is maximized if 


P" (x) <0, but since P’” (x) = R" (x) — CO” (x), we can just check the condition R” (x) < C’ (x). Now 


R" (x) = —-14 < —3.2 + 0.024% = C" (x) for x > 0, so there is a maximum at x = 100. 


67. (a) We are given that the demand function p is linear and p(27,000) = 10, p(33,000) = 8, so the slope is 


10—8 1 


3700033000 = — 3000 and an equation of the line is y — 10 = (—soa5) (@ — 27,000) => 


y = p(x) = — gag + 19 = 19 — (x /3000). 


(b) The revenue is R(x) = xp(x) = 19x — («?/3000) = R’(x) = 19 — (@/1500) = 0 when x = 28,500. Since 
R" (x) = —1/1500 < 0, the maximum revenue occurs when x = 28,500 =-_ the price is p(28,500) = $9.50. 


68. (a) Let p(x) be the demand function. Then p(x) is linear and y = p(x) passes through (20, 10) and (18, 11), so the slope is 


—+ and an equation of the line is y — 10 = —4(a — 20) y 4a + 20. Thus, the demand is p(x) = —4a + 20 


and the revenue is R(x) = p(x) = —$a7 + 20z. 


(b) The cost is C(x) = 62, so the profit is P(x) = R(x) — C(x) = —427 + 14a. Then0 = P(x) =-r+14 > 


x = 14. Since P(x) = —1 < 0, the selling price for maximum profit is p(14) = —$(14) + 20 = $13. 
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69. (a) As in Example 6, we see that the demand function p is linear. We are given that p(1200) = 350 and deduce that 


340 — 350 1 
—=, 80 


p(1280) = 340, since a $10 reduction in price increases sales by 80 per week. The slope for p is 12801200 ~~ 8° 


an equation is p — 350 = —2(a — 1200) or p(x) = — $a + 500, where x > 1200. 


(b) R(x) = ap(x) = —$a7 +5002. R'(x) = —4x + 500 = 0 when x = 4(500) = 2000. (2000) = 250, so the price 


should be set at $250 to maximize revenue. 


(c) C(x) = 35,000 + 120x P(a) = R(x) — C(a) = —ga? + 500x — 35,000 — 1202 = — $a” + 380x — 35,000. 
P'(«) = —}a + 380 = 0 when x = 4(380) = 1520. (1520) = 310, so the price should be set at $310 to maximize 


profit. 


70. Let w denote the number of operating wells. Then the amount of daily oil production for each well is 


240 — 8(w — 16) = 368 — 8w, where w > 16. The total daily oil production P for all wells is given by 


P(w) = w(368 — 8w) = 368w — 8w?. Now P’(w) = 368 — 16w and P’(w) = 0 w = 388 — 93, 


P"(w) = —16 < 0, so the daily production is maximized when the company adds 23 — 16 = 7 wells. 


71. Here s? = h? + 67/4, so h® = s” — b’/4. The area is A = $b \/s? — 67/4. 


Let the perimeter be p, so 2s + b = por s = (p— b)/2 
A(b) = $b \/(p — 6)?/4 — 7/4 = b y/p? — 2pb/4. Now 


A'(b) = Vp? —2pb bp /4 = —3pb + p? 
b 4 \/p? —2pb = 4.4/p? — 2pb 


Therefore, A’(b) =0 = —3pb+p?=0 => b=p/3. Since A’(b) > 0 for b < p/3 and A’(b) < 0 for b > p/3, there 


is an absolute maximum when b = p/3. But then 2s + p/3 = p, so s = p/3 s=b the triangle is equilateral. 


72. From Exercise 57, with K replacing 8 for the “under river” cost (measured in $100,000), we see that C’(r) =0 = 


A/a? +4= Ka 16a? +64= K*x? & 64=(K? —16)2? c= = TH Also from Exercise 57, we 


have C(x) = (6—2)4+ Vax? + 4K. We now compare costs for using the minimum distance possible under the river 
[x = 0] and using the critical number above. C(0) = 24+ 2K and 


8 32 64 32 [ 4k? 
C{ ————— } = 24- — +, / ———_ 4. 4 KK = 24- — 2 + |/ —_ kK 
(a=) JK? — 16 Kk? — 16 JK? — 16 K? — 16 
2K? 


32 2(K? — 16) 
24 + = 24+ = 244+2V/k?—16 
VK? — 16 VK? — 16 Kk? — 16 
8 
Since / Kk? — 16 < K, we see that C| —————— } < C0) for any cost K, so the minimum distance possible for the 
(=) ne 


“ander river’ portion of the pipeline should never be used. 
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2 2 
Bee iid fete a me 2 2 
73. (a) Using implicit differentiation, _ a =1 > a =0 
2y y! 2 be? be 
i = y’ ay At (p,q), y =—- ae and an equation of the 
oe be b? bp? 
tangent line is y — q P (a — p) y 7 P +q 
a*dq a“d a“d 
Be B22 2,2 
| y=- “Pe + ie aes The last term is the y-intercept, but not the term we 
a“qd a“qd 
a a 
want, namely b? /q. Since (p,q) is on the ellipse, we know = + ries 1. To use that relationship we must divide b?p? 
a 
bp? + a2q?)/a2b? pp? /a? + q?2/b? 1 Be 
the y-intercept by ab’, so divide all terms by ab’. ( = = = —. So th 
e y-intercept by a so divide all terms by a (a2q)/a282 qe Ve ; o the 
bp 2 bp b? 
tangent line has equation x4 . Let y = 0 and solve for x to find that x-intercept! —-x = — © 
g q y y p 
a’q q a’q q 
= b?a2q = a? 
qe’p pp 


(b) The portion of the tangent line cut off by the coordinate axes is the distance between the intercepts, (a? /P; 0) and 


a2 2 b2 2 at b4 p ¢ 
(0, b?/q): —} +(-—)}) =4/4 +-. To eliminate p or gq, we turn to the relationship —+——>=1 © 
D q P| @ PY) 


449 


in 


2 2 b2n2 b2 (a2 — v2 
q 1 P g=? P g= ee!) . Now substitute for q” and use the square S of the 
b? a? a? a? 
at b4¢2 a a2b2 
distance. S(p) = eo + Paz) = - + aoe for 0 < p <a. Note that asp > 0 or p— a, S(p) > ~, 
ae oe . 2a* 2a7b*p , 
so the minimum value of S must occur at a critical number. Now S"(p) 2 + (a — dS"(p)=0 © 
2a* 2a7b"p D8 2)2 2,4 2 2 2 3 2 2 a® 
tee a*(a” — p*)” = b’p a(a* — p*) = bp a” = (a+ b)p cree enemies 
Substitute for p* in S(p): 
at 4 ab? a‘(a +b) i ab’(a+b) _ a(a+b) ¥ a”b?(a +b) 
a 3 a — a az(at+b)—a 1 a2b 
a 
a+b a+b 


=a(a+b)+b(a+b) = (a+b)(a+b) = (a+b)? 


Taking the square root gives us the desired minimum length of a + b. 


2 


1 (a?\ (0? 
(c) The triangle formed by the tangent line and the coordinate axes has area A = = (<) (=) . As in part (b), we’ll use the 


a*b4 a*bta? a®b? 


f th dsubstitute for'g?: -§ = ——— =§ ——_— | 
square O e€ area and substitute for q ape? 4p?6*(a2 = P) Ap (a = P) 


is equivalent to maximizing p*(a? — p”). Let f(p) = p*(a? — p*) = ap? — p* for 0 < p < a. As in part (b), the 
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74. 


75. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


minimum value of S' must occur at a critical number. Now f’(p) = 2a?p — 4p? = 2p(a? — 2p”). f'(p)=0 => 


2 2 : 2: a°b? a®b? 272 
p?=a?/2 > p=a/V2 [p> 0]. Substitute for p? in S(p): = = ab 


Taking the square root gives us the desired minimum area of ab. 


See the figure. The area is given by 


A(x) = 3 (2a? — x? )a+ 5 (2Va? — £7) (Va? + B? —a?) 
= Va? — 2? (2 + Va? +B? — a?) 


for 0 < x < a. Now 


Al(x)= TH (1+ es) + (+ VTE) —2x£ 


Jz? + 6? — a2 a2 — x2 
=0 $ 
x atx? + b? — a? 
————_ (x + Vx? + b? — a?) = Va? =( ) 
aaa! ) Va? +b? — a2 


Except for the trivial case where x = 0, a = band A(x) = 0, we have x + Vx? + b? — a? > 0. Hence, cancelling this 


z 2 
: x a2— 2x 
factor gives ———— = — at V2? FP? = a? — x? 


2 

2/2 2 2 4 2.2 4 2/72 2 4 2.2 277.2 2 4 a 
a*(a* + b° —a*) =a* — 2a°a* +a* => aw’ (b* —a*) =a —-2a*x => w(b’+a*)=a x ; 
( ) ( ) ( ) 72 a GP 


Now we must check the value of A at this point as well as at the endpoints of the domain to see which gives the maximum 


value. A(0) = a/b? — a?, A(a) = O and 


2 2 2 2 2 
A( 5) = o- (5) a (=F) Paw 
/q? + b2 Va? + b2 Va? + b2 /q?2 + b2 


2 24 72 
ab b |-4 pol) eae 


2 
a 
ee a 
Va’ + 62 | aes Va? + b? a? + 6? 
2 


Since b > Vb? — a?, A(a?//a? + 6? ) > A (0). So there is an absolute maximum when x = a In this case the 
ZN. (a"/v kee) Vere 


2ab a2 +b? 
horizontal piece should be ————— and the vertical piece should be —————. = _ \/a? + B?. 
P / a2 + b2 P /q2 + b2 


Note that |AD| = |AP| +|PD| 5=a2+ |PD| |PD| =5- <2. 2 


Using the Pythagorean Theorem for APDB and APDC gives us 


L(x) =|AP|+|BP|+|CP| =2+ /(5- 2)? + 27+ (5-2)? + 3? 


=a+ Jax? — 102 + 29+ Va? — 102 +34 => 0 5 
¥ = 0.3 
L'(z) =1+ met + ZEA . From the graphs of L 
Vx? —10%a+29 Va? — 10x + 34 
and L’, it seems that the minimum value of L is about L(3.59) = 9.35 m. ft 
-0.3 
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76. We note that since c is the consumption in gallons per hour, and v is the velocity in miles per hour, then 


77. 


78. 


c _ gallons/hour __ gallons 


gives us the consumption in gallons per mile, that is, the quantity G. To find the minimum, 


v miles /hour mile 
‘ dc : du o dc P 
dG _ die dy__dv du 
we calculate aa —(<) SS 
a dc dc c¢ odes tte : 
This is 0 when v — —c=0 — = -. This implies that the tangent line 
dv dv ov 


of c(v) passes through the origin, and this occurs when v % 53 mi/h. Note that 


the slope of the secant line through the origin and a point (v, c(v)) on the graph 


is equal to G'(v), and it is intuitively clear that G is minimized in the case where 


the secant is in fact a tangent. 


A The total time is 
7 T(x) = (time from A to C’) + (time from C' to B) 
C d-x 
J? 4 pe Rt id-a2P 
* ae aa eX Ueeed 
U1 U2 
b 
x d-—2 sin@, sin@e 
B (ge) Se ee 
r d | @) viVvar +z? v2e./b? + (d— a)? U1 v2 
hs ‘ sin 0, sin 6 
The minimum occurs when T"(z) =0 => —— = —, or, 
U1 U2 
equivalent salsa [Note: T(x) > 0] 
4 Y sin. v2" : 
P If d = |QT|, we minimize f (61) = |PR| +|RS| = acscO; + besc Oz. 
, d 

Differentiating with respect to 01, and setting oe equal to 0, we get 

a 1 
b 

8 =0=-—acsc@, cot 01 — besc 62 cot 62 dO 2 

Q R T dé, do, 


: do ; : 
So we need to find an expression for at We can do this by observing that |QT| = constant = acot 6; + bcot 62. 
1 


; rig : bonus Sets ahaa : dé 
Differentiating this equation implicitly with respect to 01, we get —acsc? 6, — bcsc? 2 —? 0 


d01 
dO2 acsc? 6; . it . df 
— = ——.—. We titute th to th for —— t t 
0, bese? Oo e substitute this into the expression for qo, 0 ge 
2 2 
—acsc 61 cot 61 — besc 62 cot 62 aenene =0 —acsc 6; cot dé; 4 qo ma coue =0 
bcsc? A. csc 02 


cot 64 _ cot 02 


cot 61 csc 62 = csc §1 cot O2 
csc 0, csc A 


cos, = cos @3. Since 6; and 62 are both acute, we 


have 0; = 02. 
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79. xB A y’? = x? + 2”, but triangles CDE and BCA are similar, so 
N 4x — 4 2/8 =2/(4Vz—4) z = 2a /./x — 4. Thus, we minimize 
yc f(a) =y? = 2? + 4a? /(a@ — 4) = 23 /(a@ — 4), 4< <8. 
ry a) a 
D ee © when x = 6. f’(x) < O when x < 6, f’(x) > O when x > 6, so the minimum 


occurs when x = 6 in. 


80. Paradoxically, we solve this maximum problem by solving a minimum problem. 
Let L be the length of the line ACB going from wall to wall touching the inner 
corner C’. As 6 — 0 or 6 — $, we have L — oo and there will be an angle that 


makes [a minimum. A pipe of this length will just fit around the corner. 


From the diagram, LD = Ly; + L2 =9csc0+6secO6 = dL/d0 = —9cscO cot d+ 6secO tand = 0 when 


6secO tand =9cscO cotd = tan?d=2=15 Ss tand = W/1.5. Thensec?@ = 1+ (Q2° 


i and 


1/2 


S = 1/2 
esc?9 = 1+ (3) ar so the longest pipe has length L = 9 2 + (3) sl +6 E + (3)7| & 21.07 ft. 


Or, use 0 = tan7'(W1.5) ¥0.853 = L=9cscO + 6secO © 21.07 fi. 


3t t 3 1 
81. 0= (6+) — = arctan > arctan + rege Te: 
' 3 1 2 2 2 

1 “=0 > = => 343 =149t 2= 6t 


1+912  1+# 
P= => t=1/V3. Thus, 


6 = arctan 3/V/3 — arctan 1/3 = a= 


82. We maximize the cross-sectional area 
A(0) = 10h + 2($dh) = 10h + dh = 10(10sin@) + (10 cos @)(10 sin 4) 


= 100(sin@ + sin# cos), O< 0< F 


A'(0) = 100(cos @ + cos?@ — sin?) = 100(cos@ + 2cos?0 — 1) 


= 100(2cos@ — 1)(cos@ +1) =Owhen cosO=4 @G O=% [cos@ A —1since0 <0< §.] 


Now A(0) = 0, A(=) = 100 and A(=) = 75 V3 © 129.9, so the maximum occurs when 6 = 4. 
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B 2 5 2 ; 
83. From the figure, tana = = and tan 6 = 3-2: Since 
3 = 
‘ a+6+0=180° =7,0=7 tant (2) — tan ( z ) 
x 3-2 
PK do 1 ( 5 ) 1 2 | 
dx 2\ 9 21(3-—2)2 
| og Gey 
x 3-2 
: 5 .# 5 (3-2)? 2 
~ a? 425 22 (3-2)? +4 (3-2)? 
dé 5 2 
N = = 257 = 5a? — 
DW ioe 0 aos  @obep xz +50 = 5a2* — 30% +65 => 
3a? -— 302 +15=0 => 2? -102+5=0 S x=5+2V5. We reject the solution with the + sign, since it is 
larger than 3. d0/dx > 0 for x <5 —2/5and d0/dx < 0 for x > 5 — 2/5, so @ is maximized when 
|AP| =2#=5-2V/5 80.53. 
84. Let x be the distance from the observer to the wall. Then, from the text figure, 
6 =tan + (+) —tan7! (5). zt>0 => 
x x 
do 1 h+d 1 d h+d 4 d 
dx 1+ |(h+d)/a]? x 1+(d/x)? | 2? a2+(h+d)2— «+d? 
_ dia? +(h+d)7|—(h+d)(x?+d*)_—h?dt+hd?—ha® ‘ 
[e? + (h + a ](@? + ) [je + (h+ da? + @) 
ha? = h?d + hd? a? =hd+d x =/d(h+d). Since d0/dx > 0 for all a < ,/d(h + d) and d6/dx <0 


for alla > ,/d(h + d), the absolute maximum occurs when x = ,/d(h + d). 


85. In the small triangle with sides a and c and hypotenuse W, sin @ = 7 and 


d 
cos@ = In the triangle with sides b and d and hypotenuse L, sin = L and 


cos) = >. Thus, a = W sin0, c= W cos, d = Lsin9@, and b = L cos 8, so the 


area of the circumscribed rectangle is 


A(@) = (a+ b)(e+ d) = (Wsin#é + Lcos6)(W cosé + Lsin@) 
= W’sin@ cos0 + WL sin?0 + LW cos”6 + L? sin@ cos 0 
= LW sin?6 + LW cos?0 + (L? + W?) sin@ cos 0 
= LW(sin”6 + cos6) + (L? +W?)-4-2sin0 cos0 = LW + 3(L? + W?)sin20, 0<0<£ 


This expression shows, without calculus, that the maximum value of A(@) occurs when sin 20 = 1 20 


NA 


0 = &. So the maximum area is A(4) = LW + 4(L* + W?) = $(L? + 2LW + W?) = 3(L+W)?. 
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86. (a) Let D be the point such that a = |AD|. From the text figure, sin0 = => |BC| = bescé and 


b 
|BC| 
|BD| _ a—|AB| 
[BC| [BC] 


cos 6 = |BC| = (a — |AB}) sec 6. Eliminating | BC| gives 


(a —|AB]) sec? = bcsc9@ => bcot@=a—|AB| = |AB|=a-— bcot8. The total resistance is 


R(0) =o?) BO) =o(s-e i “ce, 
r r 


q q 
1 2 ry T 


2 
(b) R'(0) = o( a wate _ wesc (Se? 7 ae 
2 


ré r rt rg 
csc@ cot 0 rg coté 
Ri(@)=0 © r= ¢ j= = cos0 
rt TS rt escé 
csc@ _ coté r3 r3 : fo 
R'(0) >0 7 7 cos 6 < = and R’(0) < 0 when cos @ > = so there is an absolute minimum 
" "2 TY "1 


when cos 0 = r3/Tt. 


(c) When r2 = 211, we have cos @ = Cy. so 0 = cos~1(2)* = 79°. 


87. (a) If k = energy /km over land, then energy/km over water = 1.4k. 

5 Vx? + 25 So the total energy is F = 1.4k./25+ 27 +k(13-—2), O0< a2 < 18, 

dE 1.4ka 
and so —— = ————__,. — 

dx (25 +. «2)'/? 

dE 2)1/2 2 2 2 5 

Set — = 0: 1.4ka = k(25 + 2*) => 196¢° =a2°4+25 => 0.96x* = 25 LS 5.1. 
dx 0.96 


Testing against the value of E at the endpoints: E(0) = 1.4k(5) + 13k = 20k, E(5.1) = 17.9k, E(13) © 19.5k. 


Thus, to minimize energy, the bird should fly to a point about 5.1 km from B. 


(b) If W/L is large, the bird would fly to a point C that is closer to B than to D to minimize the energy used flying over water. 


If W/L is small, the bird would fly to a point C that is closer to D than to B to minimize the distance of the flight. 


dE Wa W  V254 2? 
B= 2 2+ £(13 — = L h = . By th t of 
WV25+ a? + L(13— 2) Es oR 0 when I = y the same sort o 


argument as in part (a), this ratio will give the minimal expenditure of energy if the bird heads for the point x km from B. 


(c) For flight direct to D, x = 13, so from part (b), W/L = yoo = 1.07. There is no value of W/L for which the bird 
should fly directly to B. But note that Ane (W/L) = ov, so if the point at which F is a minimum is close to B, then 
W/L is large. 

(d) Assuming that the birds instinctively choose the path that minimizes the energy expenditure, we can use the equation for 


dE/dx = 0 from part (a) with 1.4k = c, 2 = 4, and k = 1: c(4) =1- (25447)? > c=V41/4216. 
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ORO RS strength of source 


(dist 5 P . Adding the intensities from the left and right lightbulbs, 
istance from source 


I(x) = + B = + E 
x2 + d2 10—2)?+d2 x2 +d? x? — 202+ 100+ d?2° 
( ) 


(b) The magnitude of the constant / won’t affect the location of the point of maximum intensity, so for convenience we take 


2a 2(x — 10) 
(a? + d?)? (a — 20x + 100 + d?)?° 


k=1. I'(2) 


Substituting d = 5 into the equations for I(x)and I’ (x), we get 


1 1 Qa 2(x — 10) 

Te (op ae ee EEG ee EM 

oe) oe? Bowes 5(*) =— Tayo G2 —20n + 1p 
0.06 0.005 

Is From the graphs, it appears that [5(x) has a 

off | 10 minimum at ¢ = 5m. 

0 10 
-0.01 0.005 


(c) Substituting d = 10 into the equations for I(x) and I’ (x) gives 


wO=s mt Foe lo) eer ee aes 
Coit sonoe From the graphs, it seems that for d = 10, the 
I'o intensity is minimized at the endpoints, that is, 
0 10 x = Oand x = 10. The midpoint is now the 
. i most brightly lit point! 
0.014 —0.0006 


(d) From the first figures in parts (b) and (c), we see that the minimal illumination changes from the midpoint (« = 5 with 
d = 5) to the endpoints (c = 0 and x = 10 with d = 10). 
0.0365 0.023 0.01 


I I I 
I, 1(0) — (5) 


Is 


0 0 10 
0.0325 x 0.0215 x —0.01 d 


So we try d = 6 (see the first figure) and we see that the minimum value still occurs at 7 = 5. Next, we let d = 8 (see the 
second figure) and we see that the minimum value occurs at the endpoints. It appears that for some value of d between 6 
and 8, we must have minima at both the midpoint and the endpoints, that is, [(5) must equal [(0). To find this value of d, 
we solve [(0) = (5) (with & = 1): 


1 1 = 1 rm 1 = 2 2 2 2 2) 472 2 
et iwore = ype tee = Ee (25 + d?)(100 + d?) + d?(25 + d2) = 2d?(100 +d?) > 


2500 + 125d? + d* + 25d” + d* = 200d” + 2d* 2500 = 50d? d? = 50 d=5/2% 7.071 
[for 0 < d < 10]. The third figure, a graph of [(0) — I(5) with d independent, confirms that [(0) — I(5) = 0, that is, 
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I(0) = I(5), when d = 5 V2. Thus, the point of minimal illumination changes abruptly from the midpoint to the 


endpoints when d = 5 V2. 


APPLIED PROJECT The Shape of a Can 


1. In this case, the amount of metal used in the making of each top or bottom is (2r)? = 4r?. So the quantity we want to 


minimize is A = 2mrh + 2(4r?). But V = mr?h h = V/xr?. Substituting this expression for h in A gives 


A =2V/r + 8r?. Differentiating A with respect to r, we get dA/dr = —2V/r?+16r =0 => 


h d?A 4 
16r? = 2V = 2ar7h es ae = 2.55. This gives a minimum because —— ae = 16+ ale > 0. 
T 
2. We need to find the area of metal used up by each end, that is, the area of each 
hexagon. We subdivide the hexagon into six congruent triangles, each sharing one 
side (s in the diagram) with the hexagon. We calculate the length of 
s=2rtang = = ile so the area of each triangle is dsr = mr and the total 
area of the hexagon is 6 - ar = 2,/3r”. So the quantity we want to minimize 
is A = 2nrh + 2-2\/3r. Substituting for h as in Problem 1 and differentiating, we get a =-— aa 8V3r. 
ir 
. 3 9 h 43 Bt Sai A 
Setting this equal to 0, we get 8./3r? = 2V = 2nr7*h a ee s 2.21. Again this minimizes A because 
T 
aA 
Gaz =8v3 3+" dee) 


3. LetC =4V3r? + 2nrh+k(4ar +h) =4V3r? 4 2ar( is +) +k(4nr+ +). Then 
mr? Tr 


2 2k 
ae =8V3r y + Ako Yo Setting this equal to 0, dividing by 2 and substituting us = whand 
dr Te ars r2 
4 h. . kh 
Pee the second and fourth terms respectively, we get 0 = 4./3r — mh + 2k — am ° 
h k 2n—h/r VV _.. Vk 3/V — 3/ah 
k| 27 -—) =7h-4 =1.W tip] ——., noting that = = 4 
(2 *) T V3r GLAS e now multiply by Z > hoting that [— — 3 eo 
VV 3/th = 2n-h/r 
and get = : : 
k r  gh/r—4V3 
4. 25 Let VV /k = T and h/r = x so that T(x) = */ra- aes . We see from 
rz —-4/3 


the graph of T that when the ratio W/V /k is large; that is, either the volume of 


the can is large or the cost of joining (proportional to k) is small, the optimum 


or value of h/r is about 2.21, but when </V/k is small, indicating small volume 


or expensive joining, the optimum value of h/r is larger. (The part of the graph for VV /k < 0 has no physical meaning, but 


confirms the location of the asymptote.) 
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5. Our conclusion is usually true in practice. But there are exceptions, such as cans of tuna, which may have to do with the shape 
of a reasonable slice of tuna. And for a comfortable grip on a soda or beer can, the geometry of the human hand is a restriction 
on the radius. Other possible considerations are packaging, transportation and stocking constraints, aesthetic appeal and other 
marketing concerns. Also, there may be better models than ours which prescribe a differently shaped can in special 


circumstances. 


APPLIED PROJECT Planes and Birds: Minimizing Energy 


BL? BL? BL? BL? 
eer = 2 a 2 4 
1. P(v) = Av? + rea P'(v) = 3Av? — aE P'(v)=0 & 3Av7 = 7 i a 
pA BEPs No 2BL? ae ie “BEEN 
ata aero P"'(v) = 6Av + 3 > 0, so the speed that minimizes the required power is up = aa 
2. E(v) = ae Av? + Bae E'(v) = 2Av— ae E'(v) =0 2Av = ane v4 oe 
, v v2 = ve - v3 A 
gies bag 6BL? ae ; 
v= =f EY’ (vw) = 2A+ = > 0, so the speed that minimizes the energy needed to propel the plane is 


BL? 1/4 
ve =( A ) A 


ae)" Br2\ 4 


VE A 1/4 os : 
3, — = = = x 1.316. Th x 1.31 th f t 
ie BP Br 3 316. Thus, vz 316 vp, so the speed for minimum energy is abou 
( 3A ) 3A 


31.6% greater (faster) than the speed for minimum power. 


4. Since z is the fraction of flying time spent in flapping mode, 1 — z is the fraction of time spent in folded mode. The average 
power P is the weighted average of Paap and Pyoia, 80 


B(mg/x)* 


P= LPaap + (1 — £)Proia = x] (Ay + Aw) v4 7 +(1 x) Apu? 
2,2 2,2 
=A +rAyprtez et + Apv® — x Agv? = Apu? + cAwv? + bmg 
xv xv 
a B 22 Py B 2 2 a B 2,2 
5. P(x) = Apu? + tAwv? 4 ay = P (2) SW ac P (a) =0'.& “Age? = =2 5 es 
xv xu xv 
B 22 _ 2B 22 ; at ; 
= haat t= aa / = Since P’ (2) = — > 0, this critical number, call it xp, gives an absolute 


minimum for the average power. If the bird flies slowly, then v is smaller and x z increases, and the bird spends a larger 
fraction of its flying time flapping. If the bird flies faster and faster, then v is larger and x p decreases, and the bird spends a 


smaller fraction of its flying time flapping, while still minimizing average power. 
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— P 1 = = 
6. E(x) = Poo) => E(«)= _P (2), so E(x) =0 < P(x) = 0. The value of x that minimizes F is the same value 
bustage s (see mg |B 
f ~ that P ly tp = —\/—. 
of x that minimizes P, namely ap = — > ZX, 
4.8 Newton's Method 
1. (a)| ~* The tangent line at x; = 6 intersects the x-axis at x & 7.3, so 2 = 7.3. The 


tangent line at x = 7.3 intersects the x-axis at x © 6.8, so 3 & 6.8. 


sy 


(b) x1 = 8 would be a better first approximation because the tangent line at x = 8 intersects the x-axis closer to s than does 


the first approximation 71 = 6. 


The tangent line at x; = 1 intersects the x-axis at x © 3.5, so v2 = 3.5. 


The tangent line at x = 3.5 intersects the x-axis at x & 2.8, so 73 = 2.8. 


HY 


3. Since the tangent line y = 9 — 2z is tangent to the curve y = f(x) at the point (2,5), we have 71 = 2, f(x1) = 5, and 


f' (x1) = —2 [the slope of the tangent line]. Thus, by Equation 2, 


(b) 


If x; = 0, then x2 is negative, and x3 is even more If x; = 1, the tangent line is horizontal and Newton’s 
negative. The sequence of approximations does not method fails. 


converge, that is, Newton’s method fails. 
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(c) 


If x; = 3, then x2 = 1 and we have the same situation 


as in part (b). Newton’s method fails again. 


SECTION 4.8 NEWTON'S METHOD 


459 


(d) 


If x; = 4, the tangent line is horizontal and Newton’s 


method fails. 


(e) If x; = 5, then x2 is greater than 6, x3 gets closer to 6, and 
the sequence of approximations converges to 6. Newton’s 


method succeeds! 


5. The initial approximations x; = a, b, and c will work, resulting in a second approximation closer to the origin, and lead to the 
solution of the equation f(x) = 0, namely, x = 0. The initial approximation x; = d will not work because it will result in 


successive approximations farther and farther from the origin. 


6 f(z) = 973 a 372 +2 => f'(a) = 6x7 — 62, 80 in+41 Ln 6x2 bis Nowz1=-1 => 
2(—1)8 — a(—1)? +2 —3 3 
a2 =-1 —=-- 
6(—1)2 — 6(—1) 12 4 
o(22) 2) eo 17/30). & 
13 : ( a) 5 ( a) : We — -3 ~ —0.6825. 
G(=4) 6-7) 
= 7 2 2/tn —22 +1 > 
7. f(v)=--a*4+1 > f'(@) = — sy — 2a, 80 tn41 Ln Dig = Be Now#i=2 => 
2 
ae es er Bares ae x3 Le ELUTION EY og S51, 
—1/2-4 —9/2 9 9 —2(14/9)*° — 2 (14/9) 
oe —a2—1 
8. Solving xv” = x? + Lis the same as solving f(x) = ov —2?-1=0. f(a)= bat — 2x, 80 In41 = In Sad =oR : 
(oe 24 -1 4 4  (4/3)° — (4/3)? —1 
N. <a 56 Se Pe ee ee = _ Ale) TNE I8) Te 1.2240. 
OW, 1 r2 5(1)? — 20) 3 3 v3 3 5(4/3)4 — 2(4/3) 
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9. 


10. 


11. 


12. 


13. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 
f@@)=2? +243 = fi(e) = 32? 41,80 tn41 = on — Ty ; 
Nowx,;=-l1 => 
(-1)? +(-1) +3 —1-1+3 1 
Si 8 ee ee Se eS 08, 
so 3(-1)? +1 341 4 


Newton’s method follows the tangent line at (—1, 1) down to its intersection with 


the x-axis at (—1.25, 0), giving the second approximation x2 = —1.25. 
4 
4 ’ 3 Ln —In—1 
= 1 =4 1 n n 
f(x) =a" -—2 f'(x) x ,80 fn41 =x es —1 
4-1-1 -1 4 
Now x1 = 1 t2=1 it = 1- rae Newton’s method 


follows the tangent line at (1, —1) up to its intersection with the x-axis at (3, 0) F 


fa fuinfionee, 
giving the second approximation 72 = 3. 


To approximate « = ~/75 (so that x* = 75), we can take f(x) = x* — 75. So f’(x) = 42°, and thus, 


4 — 
ros Since 7/81 = 3 and 81 is reasonably close to 75, we'll use x1 = 3. We need to find approximations 


Tn4+1 =n — 


until they agree to eight decimal places. 21 =3 = «2 = 2.94, x3 & 2.94283228, 24 ~ 2.94283096 & x5. So 
V75 & 2.94283096, to eight decimal places. 
To use Newton’s method on a calculator, assign f to Y1 and f’ to Y2. Then store x; in X and enter X — Y; /Y2 — X to 


get x2 and further approximations (repeatedly press ENTER). 


8 —5 


f(z) =a8 -500 => f'() = 82",s0an41 = on — Sat DO sities 4/256 = 2 and 256 is reasonably close to 500, 


we'll use x1 = 2. We need to find approximations until they agree to eight decimal places. 21 =2 = a2 % 2.23828125, 


x3 % 2.18055972, xa & 2.17461675, v5 © 2.17455928 & x6. So W500 & 2.17455928, to eight decimal places. 


(a) Let f(x) = 30% — 8x + 2. The polynomial f is continuous on [2, 3], f(2) = —14 < 0, and f(3) = 29 > 0, so by the 
Intermediate Value Theorem, there is a number c in (2,3) such that f(c) = 0. In other words, the equation 
3x* — 82° + 2 = 0 has a solution in [2, 3]. 


3a4 — 802 +2 
12”3 — 2422 


(b) f’(x) = 1227 — 24x? Cnt. = In . Taking x1 = 2.5, we get v2 = 2.655, x3 & 2.630725, 


ta © 2.630021, x5 & 2.630020 & xg. To six decimal places, the solution is 2.630020. Note that taking 71 = 2 is not 


allowed since f’(2) = 0. 
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14. (a) Let f(x) = —2a° + 9a* — 7x? — 112. The polynomial f is continuous on [3, 4], f(3) = 21 > 0, and f(4) = —236 < 0, 
so by the Intermediate Value Theorem, there is a number c in (3, 4) such that f(c) = 0. In other words, the equation 


—2a° + 9x4 — 7x? — 11x = 0 has a solution in [3, 4]. 


—2a° + 904 — 7x? — 11a 


nr GaSe ser Si Se. ea ee ee 
(>) f@) eee - Pat te 10et + 3608 — alee — I 


Taking x1 = 3.5, we get 


r2 & 3.329174, x3 = 3.278706, v4 © 3.274501, and x5 & 3.274473 = xg. To six decimal places, the solution is 


3.274473. 


15. From the graph, we see that the negative solution of cos z = x” — 4 is near « = —2. 


Solving cos « = x” — 4 is the same as solving f(x) = cosx — a? +4=0. 


COS Ln — x, +4 
—sina, —2¢,~ 


v2 © —1.915233, x3 » —1.914021 = xa. Thus, the negative solution is —1.914021, 


f' (x) =—sing — 22,80 %n41 =2n v=-—2 


to six decimal places. 


16. From the graph, we see that the positive solution of e?” = # + 3is near x = 1. 
Solving e?” = x + 3 is the same as solving f(x) = e?* — x —3=0. 


—%n—-3 
2Qe2%n — 1 


x2 & 0.754026, x3 > 0.658965, x4 = 0.647110, x5 = 0.646945 = xe. Thus, the 


f' (x) = 2e” — 1,80 tn41 =2n w=1 


positive solution is 0.646945, to six decimal places. 


17. From the graph, we see that there appears to be a point of intersection near x = 2. 


Solving sin = x — 1 is the same as solving f(x) = sinzx -x+1=0. 


SsiINZn —Irn +1 
f' (x) = cosa — 1,80 an41 = np — ———" —. om = 2 5 
cosxtn — 1 


tq & 1.935951, 13 & 1.934564, 74 & 1.934563 = x5. Thus, the solution is 
1.934563, to six decimal places. 


18. From the graph, we see that there appears to be a point of intersection near x = 0.5. 


Solving cos 2x = «° is the same as solving f(x) = cos 2a — x? = 0. 


cos 2%n — x2 


f'(x) = —2sin 2a — 327,80 @n41 = 2n v1 = 0.5 


—2sin 22, — 322° 


x2 & 0.670700, x3 = 0.648160, x4 > 0.647766, x5 = 0.647765 = xe. Thus, the 


solution 0.647765, to six decimal places. 
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19. Ba From the figure, we see that the graphs intersect between —2 and —1 and 
between 0 and 1. Solving 2” = 2 — 2? is the same as solving 


f(x) = 2° —2+a7 =0. f'(x) = 2" n2 + 22, so 


Qn 24 92 


Se See DAO 


g=-l a=i1 


x2 & —1.302402 x2 = 0.704692 
v3 % —1.258636 x3 © 0.654915 
v4 —1.257692 ta © 0.653484 


@5 & —1.257691 & x6 @5 & 0.653483 & x6 


To six decimal places, the solutions of the equation are —1.257691 and 0.653483. 


20. From the figure, we see that the graphs intersect between 0 and 1 and between 3 


and 4, Solving Ina = : 3 is the same as solving f(a) = Inxz — we 0. 
is 


xz—3 


Wet al 1 Ingpn — 1/(an — 3) 
DOU 5 Gaya Oe Oe ee ae 
r= 1 “= 4 
r2 & 0.6 x2 & 3.690965 


x3 © 0.651166 
v4 © 0.653057 


x3 © 3.750726 
ta & 3.755672 


5 & 0.653060 & x6 L5 © 3.755701 & xe 


To six decimal places, the solutions of the equation are 0.653060 and 3.755701. 


21. yA From the figure, we see that there appear to be points of intersection near 


ysaretan x = —land x = 2. Solving arctan x = «? — 3 is the same as solving 
if 1 
2 x = arct —27+3=0. f'(x) = —— — 22,50 
f(x) = arctana — a7 + f' (x) age 
yaxt-3 2 
arctan 2, — 77,4+3 
En+1 Xn T . 
aT a. 
1+ 22 ‘ 
ay=-l1 v1 7 


rq = —1.485841 
a3 = —1.429153 
v4 —1.428293 = x5 


x2 & 2.028197 
x3 © 2.027975 & x4 


To six decimal places, the solutions of the equation are —1.428293 and 2.027975. 
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From the figure, we see that there appear to be points of intersection near 
x = —2,2 = 1, and x = 2. Solving x? = 52 — 3 is the same as solving 


f(z) =2°—5¢4+3=0. f'(x) = 32? —5,s0 


gah ye aba One 
302 —5 
v=-2 al & v1=2 
tq & —2.714286 re = 0.5 v2 & 1.857143 
x3 & —2.513979 x3 & 0.647059 x3 & 1.834787 
t4 = —2.491151 t4 & 0.656573 ta © 1.834244 
5 & —2.490864 = x6 x5 © 0.656620 = x6 @5 © 1.834243 = x6 


To six decimal places, the solutions of the equation are —2.490864, 0.656620, and 1.834243. 


23. f(x) =—-22" —5a*4+9234+5 => fl (x) = 142° — 202° 4 272? = 
: = _ 2a) — 5a, +90, +5 
Sty in T14a8, — 2008 + 2703, 
From the graph of f, there appear to be solutions near —1.7, —0.7, and 1.3. 
—20 
w= —1.7 w= —0.7 t= 1.3 
£2 = —1.693255 tq & —0.74756345 £2 = 1.268776 
x3 © —1.69312035 23 & —0.74467752 £3 © 1.26589387 
L4 % —1.69312029 & x5 ta © —0.74466668 & x5 ta © 1.26587094 & x5 
To eight decimal places, the solutions of the equation are —1.69312029, —0.74466668, and 1.26587094. 
24. f(a) =2° —32*+23-2?-24+6 = 


f' (x) = 5a* — 1243 + 327 — 29 —1 


x — 304 +03 — 2? —an+6 


a Sad — loss +302 —20,—-1° From the graph of Es there 


Tn+1 =n 


appear to be solutions near —1, 1.3, and 2.7. 


ey —1 y= 1.3 w= 2.7 
w2 ~ —1.04761905 r2 © 1.33313045 v2 © 2.70556135 
w3 % —1.04451724 v3 & 1.33258330 x3 & 2.70551210 


ta —1.04450307 © ts arg 1332583162 @5 apy & 270551209 & as 


To eight decimal places, the solutions of the equation are —1.04450307, 1.33258316, and 2.70551209. 
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25. 7 Solving = a “i 1 — x is the same as solving 
x 1-2? 1 
= 1 = ! 
: , f@=g--F=0 f@=aS tS 
Ln 
a2 /1 — Zn 
. rose x2+1 . 
2 BOR eae 1 


From the graph, we see that the curves intersect at about 0.8. 21 =0.8 = 2&2 &% 0.76757581, x3 ~ 0.76682610, 


x4 & 0.76682579 & x5. To eight decimal places, the solution of the equation is 0.76682579. 


26. Solving cos(x? — x) = a°* is the same as solving 
f(x) =cos(a? — x) — at =0. f'(2) = —(24 — 1) sin(2? — x) — 422 = 
En41 = Ln — a From the equations 
y = cos(x* — x) and y = x“ and the graph, we deduce that one solution of the 
equation cos(x? — x) = x* is 2 = 1. We also see that the graphs intersect at 
approximately x = —0.7. x1 = —0.7 te © —0.73654354, x3 + —0.73486274, x4 © —0.73485910 & a5. 


To eight decimal places, one solution of the equation is —0.73485910; the other solution is 1. 


From the graph, we see that the curves intersect at approximately x = —0.8 


and x = 0.8. Solving V4 — x23 = e® is the same as solving 


f(a) = V4-—a3 -e” =0. 


on = __ 3a? — 2xe” Tnt1 =In ane ee 
2/4 — x3 = 302 _ 2, e?% 
2/4 — 23 
x1 = —0.8 x, = 0.8 
r2 = —0.88815983 x2 = 0.79186616 
x3 % —0.87842996 x3 & 0.79177078 
v4 —0.87828296 v4 0.79177077 © x5 


@5 & —0.87828292 = x6 


To eight decimal places, the solutions of the equation are —0.87828292 and 0.79177077. 
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29. 


30. 


31. 


32. 


SECTION 4.8 NEWTON'S METHOD 


3x 
Solving In(x? + 2) = —— is the same as solvin 
3x 
xv) = In(x? +2 = 
f(z) = In(a? +2) - 
f(e) 2x (x? + 1)'/2(3) — (3a) 4 (x? + 1)-1/7 (22) 
e)= Fe ee Re cr La 
ye 42 [(a? + 11? 
ee: (a? + 1)71/?[3(a? + 1) — 327] 
x? +2 (a? +1)! 
3x 
In(v2 + 2) — —S 
_ 2a 3 - nea) a+1 
“to (ele OE ee 


a2+2 (a2 +1)3/2 


From the figure, we see that the graphs intersect at approximately x = 0.2 and x = 4. 


v1 = 0.2 m=4 

£2 & 0.24733161 x2 & 4.04993412 
x3 & 0.24852333 x3 % 4.05010983 

wa © 0.24852414 & a5 wa & 4.05010984 & x5 


To eight decimal places, the solutions of the equation are 0.24852414 and 4.05010984. 


(a) f(z) =2*-—a = f'(x) = 2x, so Newton’s method gives 


é 7 Tmroa_ bi dete at esp te ee 
nS Oe Sag oy De Ie tay ye 


465 


(b) Using (a) with a = 1000 and x1 = /900 = 30, we get x2 © 31.666667, 73 © 31.622807, and x4 © 31.622777 © as. 


0 V1000 & 31.622777. 


1/2, —a 
/ =n + Un — ax = 2a — ax? 


@) fe)==-a + fi) =-F, 90m =n 


(b) Using (a) with a = 1.6894 and x1 = 3 = 0.5, we get x2 = 0.5754, x3 & 0.588485, and x4 © 0.588789 & a5. 


So 1/1.6984 = 0.588789. 


f(z) =2°—34+6 = f'(x) = 32? —3. Ifa = 1, then f’(r1) = 0 and the tangent line used for approximating «2 is 


horizontal. Attempting to find x2 results in trying to divide by zero. 


“2 —-r=1 «2? —¢—-1=0. f(z) =2°-2-1 f' (a) = 32? — 1,80 an41 = fn — 


(a) ry = 1, t= 1. 5, v3. 347826, tare il. 325200, tl. 324718 & x6 


(b) v1 = 0.6, x2 = 17.9, v3 © 11.946802, v4 © 7.985520, x5 & 5.356909, re & 3.624996, x7 & 2.505589, 
tg © 1.820129, ro & 1.461044, x10 & 1.339323, v11 & 1.324913, rio & 1.324718 & x13 
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(c) 41 = 0.57, v2 © —54.165455, x3 Y —36.114293, v4 % —24.082094, x5 ~ —16.063387, xe & —10.721483, 
t7 © —7.165534, rg & —4.801704, ro Y —3.233425, x19 & —2.193674, x11 & —1.496867, x12 ~ —0.997546, 
£13 &% —0.496305, x14 © —2.894162, r15 + —1.967962, x1g & —1.341355, x17 & —0.870187, x13 ~ —0.249949, 
Lig © —1.192219, x20 & —0.731952, a1 & 0.355213, veo & —1.753322, x23 & —1.189420, roa & —0.729123, 
25 © 0.377844, x26 Y —1.937872, ro7 & —1.320350, x2g ~ —0.851919, x29 Y —0.200959, x30 & —1.119386, 
t31 © —0.654291, x32 & 1.547010, x33 & 1.360051, x34 & 1.325828, x35 & 1.324719, x36 & 1.324718 & x37. 


(d) 1 From the figure, we see that the tangent line corresponding to 7; = 1 results 


in a sequence of approximations that converges quite quickly (v5 ~ x6). 


The tangent line corresponding to x1 = 0.6 is close to being horizontal, so 


X2 is quite far from the solution. But the sequence still converges — just a 


little more slowly (x12 & 413). Lastly, the tangent line corresponding to 


x1 = 0.57 is very nearly horizontal, x2 is farther away from the solution, 


and the sequence takes more iterations to converge (%36 & X37). 


33. For f(a) = gil, f' (x) = 1272/8 and 


F(@n) _ zn 
pew saa eg 8 


gun 


= 245. — 30n= =—224H: 


Therefore, each successive approximation becomes twice as large as the 
previous one in absolute value, so the sequence of approximations fails to 
converge to the solution, which is 0. In the figure, we have x1 = 0.5, 


x2 = —2(0.5) = —1, and #3 = —2(—1) = 2. 


34. According to Newton’s Method, for x, > 0, 


Int1=Ln — eee ae Ln — 2p = —Xy and for x, < 0, 
ty (2Van ) 
Intl =In oe Ln — [—-2(—an)] = —2n. So we can see that 


1/ (2v = ) 
after choosing any value x; the subsequent values will alternate between —x1 


and x and never approach the solution. 


35. (a) f(x) = 2° — 2+ 4+ 32° — Qe f'(«) = 62° — 42 +92? -2 = 


f(x) = 30a* — 12x? + 18a. To find the critical numbers of f, we'll find the 


zeros of f’. From the graph of f’, it appears there are zeros at approximately 
x = —1.3, —0.4, and 0.5. Trya; =-13 => 

f'(1) 
f"(@1) 
Nowtry7,; =—-04 = wo —0.443755 = 23 % —0.4417385 => «4% —0.441731 % az. Finally try 


r= 21 — & —1.293344 => 2x3 & —1.293227 = x4. 
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m=05 => «220.507937 => 23 0.507854 = x4. Therefore, x = —1.293227, —0.441731, and 0.507854 are 


all the critical numbers correct to six decimal places. 


(b) There are two critical numbers where f’ changes from negative to positive, so f changes from decreasing to increasing. 
f(—1.293227) = —2.0212 and f (0.507854) ~ —0.6721, so —2.0212 is the absolute minimum value of f correct to four 


decimal places. 


36. f(z) =axcosx => f'(x) =cosx—azsinz. f’(zx) exists for all x, so to find 


the maximum of f, we can examine the zeros of f’. From the graph of f’, we 
see that a good choice for x1 is x1 = 0.9. Use g(x) = cosa — xsin x and 


g(x) = —2sinx — xcosz to obtain rz © 0.860781, x3 © 0.860334 x4. 


Now we have f(0) = 0, f(a) = —7, and f (0.860334) = 0.561096, so 


0.561096 is the absolute maximum value of f correct to six decimal places. 


& 


37, you sing => y' =2* cosx+(sinz)(22) > 


y” = a? (—sinx) + (cosx)(2x) + (sin x)(2) + 2a cos x 


=-2’?sine+4ecost+2sing => 


yl!’ = —x? cosa + (sinx)(—2x) + 4a(— sinz) + (cosx)(4) + 2cosax 


T . 
0 = —x* cosx — 6a sinx + 6cosz. 


From the graph of y = x” sin x, we see that x = 1.5 is a reasonable guess for the x-coordinate of the inflection point. Using 
Newton’s method with g(x) = y” and g'(x) = y'", we getz1 =1.5 => wo & 1.520092, x3 © 1.519855 & va. 


The inflection point is about (1.519855, 2.306964). 


38. 2 f(a)=—-sinzg => f'(x) =—cosa. Atx =a, the slope of the tangent 
< line is f’(a) = — cosa. The line through the origin and (a, f(a)) is 
a i PX 2a y= —Snee. If this line is to be tangent to f at « = a, then its slope 
must equal f’(a). Thus, — osc =-cosa => tana=a. 
Py) a 


: : : tan tn — x 
To solve this equation using Newton’s method, let g(a) = tana — x, g'(x) = sec?ax — 1, and @n41 = tn — aaa 
sec?tn — 


with 2; = 4.5 (estimated from the figure). r2 ~ 4.493614, «3 = 4.493410, a4 % 4.493409 © a5. Thus, the slope of the 


line that has the largest slope is f’(x5) 0.217234. 
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39. 


4. 


42. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


We need to minimize the distance from (0, 0) to an arbitrary point (a, y) on the 
curve y = (#—1)?.d=/a2?+y? = 
d(x) = \/u? + [(a@ — 1)?]? = Vax? + (2 — 1)4. When d’ = 0, d will be 


minimized and equivalently, s = d? will be minimized, so we will use Newton’s 


method with f = s’ and f’ = s”. 
2tn +4(an — 1)° 
2+ 12(¢, — 1)? 


f(a) =2@+4(2-1)3? = f’(x) =24+12(@ —1)?, 80 an41 = an 


.Try7, =0.5 => 


x2 = 0.4, 73 & 0.410127, x4 & 0.410245 & a5. Now d(0.410245) = 0.537841 is the minimum distance and the point on 


the parabola is (0.410245, 0.347810), correct to six decimal places. 


. Let the radius of the circle be r. Using s = r0, we have 5 = r@ and so r = 5/6. From the Law of Cosines we get 


Par? +r?—2-r-r-cosd 16 = 2r?(1 — cos0) = 2(5/0) (1 — cos@). Multiplying by 6? gives 
166? = 50(1 — cos 6), so we take f(0) = 166? + 50cos 0 — 50 and f’(0@) = 320 — 50sin@. The formula 


1662, + 50. cos@n — 50 
320, — 50sin On 


10 


for Newton’s method is 6n41 = 0n — . From the graph 


of f, we can use 0; = 2.2, giving us 02 + 2.2662, 03 © 2.2622 ~ 04. So 


correct to four decimal places, the angle is 2.2622 radians = 130°. 


= 15 


In this case, A = 18,000, R = 375, and n = 5(12) = 60. So the formula A = a — (1+ %)~”] becomes 


18,000 = ase —(1+2)~%] = 48% =1-—(1+2)~® [multiply each term by (1+ 2)®] © 


48a(1 + )°° — (1+ 2)® +1 =0. Let the LHS be called f(a), so that 


f' (x) = 48a(60)(1 + x)°? + 48(1 + x)® — 60(1 + 2)°? 


= 12(1 + x)°°[4x(60) + 4(1 + x) — 5] = 12(1 + x)°9 (2442 — 1) 


— 48an(1+ an) — (1+ an)? +1 


12(1 + n)9(24de, — 1) . An interest rate of 1% per month seems like a reasonable estimate for 


Tn4+1 =n 


x =i. So let x; = 1% = 0.01, and we get x2 © 0.0082202, x3 ~ 0.0076802, x4  0.0076291, x5 & 0.0076286 & x6. 


Thus, the dealer is charging a monthly interest rate of 0.76286% (or 9.55% per year, compounded monthly). 


(a) p(w) = @ — (24+ r)a*+ (14 2r)a? —- (1 —r)2?4+2(1-—r)e+r—1 


p(x) = Sat — 4(2 + r)a? + 3(1 + 2r)a? — 2(1 — r)e + 2(1 — 1). So we use 


wv, —(2+4+r)0% + (14+ 2r)a? — (1 — rj)? +2(1—r)an+r—1 
| 
T 


ie ae bat —4(2+r)a3 + 3(1 + 2r)x2 — 2(1—r)an + 20-71) 


We substitute in the value r ~ 3.04042 x 10~° in order to evaluate the approximations numerically. The libration point 


I is slightly less than 1 AU from the sun, so we take x1 = 0.95 as our first approximation, and get x2 ~ 0.96682, 
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x3 & 0.97770, x4 & 0.98451, x5 & 0.98830, x6 & 0.98976, x7 & 0.98998, rg ~ 0.98999 & xo. So, to five decimal 
places, L1 is located 0.98999 AU from the sun (or 0.01001 AU from the earth). 


(b) In this case we use Newton’s method with the function 


p(x) — 2ra®? = 2 — (24+ r)att+ (1+ 2r)e2 —(1+r)e?4+20—-r)et+r—-1 = 


[p(x) _ 2re?|' = hat — 4(2+ r)x? 3(1 2r)x? 2(1+r)¢+2(1—1). So 


xe, —(Q+4+r)0%, + (1+ Ir)ak — (14 ra? +2(1—r)an +r — 
5a4 — 4(2+ r)x3 + 3(1 + 2r)e2 — 2(14+ r)a, + 2(1- 1) 


1 : ; 
Tit — Ln . Again, we substitute 


r & 3.04042 x 10~°. Le is slightly more than 1 AU from the sun and, judging from the result of part (a), probably less 
than 0.02 AU from earth. So we take 7; = 1.02 and get v2 © 1.01422, x3 = 1.01118, x4 © 1.01018, 


«5 1.01008 & a6. So, to five decimal places, Lz is located 1.01008 AU from the sun (or 0.01008 AU from the earth). 


4.9 Antiderivatives 


1. (a) f(x) =6 = F(x) = 6c is an antiderivative. 


241 
(b) g(t) = 3t? G(t) =3 = haa t? is an antiderivative. 
gith 
2. (a) f(z) = 2% =22' > F(x) =2 a te x” is an antiderivative. 
-241 
(b) g(x) = -1/2? = —a~? G(x) = a = x1 = 1/z is an antiderivative. 


3. (a) h(q) =cosq = H(q) =sinq is an antiderivative. 


(b) f(a) =e” => F(x) =e? isan antiderivative. 


4. (a) g(t) =1/t G(t) = In| t| is an antiderivative. 
(b) r(@) = sec? R(@) = tan @ is an antiderivative. 
141 


5. f(e)=4e+7=40°4+7 = F(x) =42>—+724+C = 227 4+724+C 


(at 
Check: F'(x) = 2(2e) +7+0= 424+ 7 = f(x) 


pra 2 


6 f(r) =2?-37%+2 5 F(a) =F - 35 + 2e+C = 32° - 3a? +2040 


(3x7) — $(2z) +24+0= 27 —3x4+2= f(z) 


Check: F"(x) = 


7. f(a) = 203 — 22? +52 > F(x) =2 


8. f(x) = 6x? — 8a* — 9x? F(x) =6 8 9 tC = 2° — 82° — 32° +C 
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3 2 
9. f(x) = 2(12¢ + 8) = 122? + 8x F(x) = 125 +85 +0 =4a° + 40? +0 


3 


2 
10. f(z) =(@—5)? =2?-10r+25 = F(x) = — 105 + 25+ C = 32° — 50” + 252+ C 


11. g(x) = 4a-2/3 — 25/8 G(x) = 4(301/3) — 2( 22°) +C =125'/3 — 38/8 4.0 


12. h(z) _ 370°8 3g 25 H(z) = yee + oe = 518 = 2-18 ner 8) 
1.8 —1.5 3 3 


13. f(x) = 3a — 29e = 30/7 — 9/3 => F(a) = 3(32*/?) — 2(20*/) LC = 23/2 34/8 tC 


14, g(x) = Va (2 — 2+ 6x?) = Qe? — 29/7? 4 6e5/? > 


ge/% — gP/? gil? 4 2 12 
2 3/2 5/2 7/2 
G(x) 3/2 5/2 +6 7 C 3 5 tae +C 
2 —44+3V7t F a 13/2 p/? 4 
15. f(t) = —>—— = 2? — atl? F(t) =2—~ —-4—~4+3t = — {8/2 — g¢/? t 
f(t) A +3 (t) 373 173 3t+C 5 8t'/* + 3t+C 
; ao/4 4 
2 3 ; 
9 3 OS] 5in(-a) +7 +Cr if«<0 
17. f(2) = — — = = 2( — ) — 327? has domain (—00, 0) U (0, 00), so F(x) = 7 
5a a?) Ba 2 : 
set To if «>0 


See Example 1(b) for a similar problem. 


_ 5a*—6r+4 


= ,@>0 => f(x) =5-6e714+427,2>0 => 


18. f(x) 


F(a) =5a —6Inz +4(-a7')4+C =52—-6lne = OS 0 
x 


19. g(t) = Te’ —e? G(t) = Te’ — Bt +C 


10 =z 2e7+3x+C1 ifa<0 
20. f(x) = eo 2e* + 3 has domain (—oo, 0) U (0, 00), so F(x) = He 


——-2e7+3r+Cy if xr>0 
x 


21. f(0) =2siné —3secOtand = F(0) = —2cos@ — 3sec0@ + C, on the interval (nn - = nm +2), 


2 2 
22. h(x) =sec*x+mcosx = H(x) =tanxz+msinz + Cy on the interval (nx = Sinn Ee *). 
23. f(r) = = Vrt=4 = pee F(r) = 4arctanr — 59/8 +C 
1+ r? 1+r? 9 
3 : usd 
24. g(v) = 2cosv = G(v) = 2sinv —3sin-°v+C 
=v 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


x 


f(z) =2%+4+4sinha => F(a)= 
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Zz +4cosha+C 


In2 
Qa? +5 &(a?+1)+3 3 i 
f(a) = OE eg te ae) => F(x) =2¢+3tan*r+C 
2 
f(z) =2e*-6x# => F(x) = 2e" —6- > +C = 2c” — 32° + C. = 


F(0)=1 > 2e°-3(0?+C=1 5 C=-1, 
The graph confirms our answer since f(x) = 0 when F has a local maximum and 


when F has a local minimum, f is positive when F is increasing, and f is negative 


so F (2) = 2e” — 3a? — 1. 


when Fis decreasing. 2 

= 3 
f(z) =4-3(1+ 27) i Ge grerrs => F(x) =42—3tan2+C. it 
F(1) =0 4—3(7)+C=0 C = = —4,s0 


F(x) = 4a —3tan7* 2 + 3m — 4. Note that f is positive and F is increasing on R. 


Also, f has smaller values where the slopes of the tangent lines of F' are smaller. 


1 4 2 
—at* — 2t t+D 
o +Ct+ 


—10 
x x 
f"(a)=242 => f'(x)= 2( 5) +C=1227+C f(z) = 12( 3 ) +Cx+D=4e°+Car+D 
i at. Haye ape a pe EN aa( & \ eee 
3. 3\4 2 7 
x x 
f'(e) = 403 +24r-1 > f'(x) = (=) +u(5) e+C=a44122?-2+C => 


2 


5 3 2 
f(a) = 5 + 12(5) ~ 5 +Cr+D=E2° +405 


5 3 


se +Cr+D 


ra) =6(5) - 5 


Cx+D 


x 1 (2% 1/2? 3 1 ¢ 
f(z) 3(4) (5) +5(4) teerd ar +7gt 


f"(e) =2a+3e? => fi(x)=2?+3e7+C0 = 


-1/et+C 


f"(e)=1aer=e? = rey= {7 ie 


f(t) =12+sint => f"(t) =12t—cost+ Ci 


f(t) = 2t? + cost + Ct? + Dt + E, where C = $C1. 


f'"(t) = Vt-—2cost =#/? -2cost > 


f"®= 


f(t) = it” +2sint+ Ct? + Dt + E, where C = 


2/2 2sint+C, => fi(t)= 


f(z) = $2" + 3e7 + Cx+D 


if « <0 ’ eee teste 
P|) = 


if xz >0 —Inz+Coxr+ Do 


=> fi(t)=6?—-sint+Cit+D = 


1 
5C1. 


ifx <0 
if x >0 


A/? +2cost+Cit+D > 
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37. f(a) =80 + —,0>0 => f(a) =224+Ine+C. f(1)=2(1)*+m1+C=24Cand f(l)=-3 = 


C =—5,so f(x) = 224 + Ina — 5. 


38. f’(x) =V2—2 f(a) = 3a°/? 22+. 
f(9) = 2(9)9/? —2(9) + C = 18-18+C =Cand f(9)=4 > C=4,80 f(x) = 30°/? — 224-4. 


_ 4 
1+ ¢ 


39. f’(t) f(t) =4arctant+C. f(1) = 4(7) + Cand f(1) =0 T+O=0 C=—a, 


so f(t) = 4arctant — 7. 


Wate Foils — - _ 
40. f'(t) =t+ a, t>0 f(t) =5?-s5t0. f)=5-5+Candf)=6 + C=6,50 
scl d 
f= se Sah. 


M1. f'(x) =572/3 = f(x) = 5( 22°?) 40=32 40. 


f(8) =3-324 Cand f(8)=21 > 96+C=21 => C=-—75,s0 f(x) = 32°/ — 75. 


BG ot Bra f(a) = 203/? 4.20? 40. 
fQ) =3+2+C=$+Cand f(1) =5 C=5-8 £80 f(a) = 20°/? +2/r4+f. 

43. f’(t) = sect (sect + tant) = sec*t + sect tant, -2 <t<Z f(t) =tant+sect+C. f(%)=1+V2+C 
and f(4) =-1 > 14V24+C=-1 C=-2 /2, so f(t) = tant + sect — 2— V2. 


Note: The fact that f is defined and continuous on (- oe =) means that we have only one constant of integration. 


3'/In3—3ln(-t)+C if t<0 
44, f'(t) = 3° — = f®= 
t 3'/In3-—3lnt+D if t>0 
PED aa =o wd et FS: : 
~ 3in3 3In3" 
Piet co Mite and eye): Con Deas pe 
~ In3 7 = In3° 
3°/In3— 3In(—t)+1-—1/(3In3) if t<0 
Thus, f(t) = / (-t) /(3In3) 
3¢/In3 —3lnt+2-—3/In3 if t>0 
45. f(x) = -24+ 12” — 122? f' (x) = —2a + 6x? — 42° + C. f’(0) = Cand f’(0) =12 + C=12,s0 


f(x) = —2a + 6x? — 4° + 12 and hence, f(2) = —a? + 223 —a4+122+D. f(0)=Dand f(0)=4 => D=4, 


so f(a) = —a? + 223 — a4 4129 4 4, 


46. f"(x) =8e° +5 => f(z) = 24 +5a+C. f'(1)=24+5+Cand f'(1)\=8 => C=1,s0 


39 


f'(a) = 204 + 5a+41. f(x) = 20° + 3a? +a4+D. fl) =2+24+14+D=D+ 8 and f(1) =0 D 


so f(x) = 2”° + 32? +a - 3. 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 
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f" (0) =sin0+cos®@ => f'(0) =—cos6+sin6+C. f’(0) =—-14+ Cand f’(0)=4 => C=5,s0 


f'(@) = —cos6 + sin 6 +5 and hence, f(0) = —sin@ — cos0+50+ D. f(0)=—1+Dand f(0)=3 => D=4, 


so f(0) = —sin@ — cos + 50 + 4. 


1 1 
f"(t) Si he =P+t7, t>0 fOs20 7 +0. f')=3-14+C and f’(1I)=2 = 
1 
C-2=2 C = §,s0 f’(t) = 40 - = + 3 and hence, f®)= pt —nt+8t+D. f(2)=4-n2+¥24+D 
and f(2) =3 7% —In2+D=3 D=In2— ¥,s0 f(t) = 4t* —Int + 8t+In2- 4. 
f" (x) =44 6x + 242? f'(x) =4e4+32? +8 +C => f(a) = 22? +a°+224+Cr+D. f(0) = Dand 


f0)=3 => D=3,s0 f(z) = 2x? +22 +224+Cxr+3. f(l)=8+Candf(I)=10 > C=2, 


so f(a) = 2a? + a + 2a4 + 2a + 3. 


f"(e)=e2+sinhe => f'(x) = Fat+coshea+C => f(x) = ye°+sinhe+Cr+D. f(0) = Dand 


f(0)=1 > D=1,50 f(x) = ya? +sinha+Cr+1. f(2)= 2 +4+sinh2+2C+1and f(2)=26 = 


sinh2+2C=0 = C=—$sinh2,s0 f(x) = —2° +sinhaz — $(sinh2)x +1. 


f"(a)=e* -2sinz = f'(x)=e*+2cosx+C = f(x) =e*+2sinz+Cax+D. 


f(0) =1+0+D and f(0)=3 +> D=2,s0 f(x) =e" +2sinx+Cx+2. f(%) =e? +24+3C+42 and 


f(%) =0 > e/?+4+4+4C=0 EC = -e"/? —4 C = —2(e"/? +4), so 


f(x) =e” +2sina — 2(e"/? + 4)x + 2. 


f(t) = Yt— cost = t'/? — cost fi) =8t*8—-sint+C => f®) = St + cost + Ct + D. 


f(0) =04+1+4+0+D and f(0)=2 => D=1,s0 f(t) = At" + cost +Ct+1. f(1) = &+cos1+C+1 and 


f(1) =2 C=2-%-cos1-1=#8 cos 1, so f(t) = &t"/* + cost + (42 — cos1)t +1. 


f'(@)=a27,¢4>0 => f'(a@)=-1/e+C = f(x) =—-In|a|+Cre+D=—-Inz+Cr+D [since x > 0]. 
fQ)=0 => C+D=0Dand f(2)=0 => -n24+2C+D=0 => -mn2+2C—C=0 [sinee D=-C] = 


In2+C=0 C =1n2and D = —In2. So f(a) = —Inz + (In2)z — In2. 
f"(2)=cosx => f" (2) =sina+C. f"(0)=Cand f"(0)=3 => C=3. f"(z)=sinz+3 => 
f(x) =-—cosx+3x+D. f'(0)=—-1+Dand f’(0)=2 => D=3. f'(z) =—-cosx+3r+3 => 
f(x) =—sine + 327+ 32+ E. f(0)=Eand f(0)=1 = E=1. Thus, f(x) =—sing + 32? +3r4+1. 
“The slope of its tangent line at (x, f(a)) is 3 — 4a” means that f’(x) = 3— 4a, so f(x) = 3a — 247 + C. 
“The graph of f passes through the point (2,5)” means that f(2) = 5, but f(2) = 3(2) — 2(2)? +C,so5=6—-84+C => 


C = 7. Thus, f(x) = 3a —22?+7 and f(1)=3-2+7=8. 
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56. f'(x) = 2° f(z) = 4a*+C. r+y=0 y x m 1. Now m = f'(x) 1=2° 


x=-—1 => y=1 (from the equation of the tangent line), so (—1, 1) is a point on the graph of f. From f, 


1=4(-1)*+C = C=. Therefore, the function is f(x) = }2* + 2. 


57. b is the antiderivative of f. For small x, f is negative, so the graph of its antiderivative must be decreasing. But both a and c 
are increasing for small x, so only b can be f’s antiderivative. Also, f is positive where b is increasing, which supports our 


conclusion. 


58. We know right away that c cannot be f’s antiderivative, since the slope of c is not zero at the x-value where f = 0. Now f is 


positive when a is increasing and negative when a is decreasing, so a is the antiderivative of f. 


59, (YA The graph of F’ must start at (0, 1). Where the given graph, y = f(x), has a 
local minimum or maximum, the graph of F will have an inflection point. 
Where f is negative (positive), F’ is decreasing (increasing). 

Where f changes from negative to positive, F’ will have a minimum. 

Where f changes from positive to negative, F' will have a maximum. 


Where f is decreasing (increasing), F’ is concave downward (upward). 


min. 


60. Where v is positive (negative), s is increasing (decreasing). 


Where v is increasing (decreasing), s is concave upward (downward). 


Where v is horizontal (a steady velocity), s is linear. 


61. 
2 if0<a<1 27+C if0<a<1 


f(@)=41 ifl<a<2 5 f(@)=(r+D ifl<a<2 
-1 if2<a<3 —-@+E if2<a4<8 


f(0)=-1 2(0)+C=-1 C = —1. Starting at the point 


(0, —1) and moving to the right on a line with slope 2 gets us to the point (1, 1). 


The slope for 1 < x < 2 is 1, so we get to the point (2, 2). Here we have used the fact that f is continuous. We can include the 
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point « = 1 on either the first or the second part of f. The line connecting (1, 1) to (2, 2) is y = x, so D = 0. The slope for 


2<a<3is—1,sowegetto (3,1). f(2)=2 2+h=2 E =A. Thus, 


2e—-1 f0<a<1 
f(@) = 42 ifl<x<2 
—@~+4 if2<a"<3 


Note that f’(a) does not exist at x = 1, 2, or 3. 


62. (a) : 


-2 


(b) Since F'(0) = 1, we can start our graph at (0,1). f has a minimum at about y 
x = 0.5, so its derivative is zero there. f is decreasing on (0, 0.5), so its 
1 
derivative is negative and hence, F' is CD on (0, 0.5) and has an IP at : 
0 x 


x = 0.5. On (0.5, 2.2), f is negative and increasing (f’ is positive), so F’ is 


decreasing and CU. On (2.2, 00), f is positive and increasing, so F' is 
increasing and CU. 


(c) f(z) = 24 -3,/z F(a) =2° —3- 22°? +0. (d) 2 


~ 


F(0) =C and F(0)=1 => C=1,s0 F(x) =a? — 227/? +1. 


S 


-2 


sin x 
= — 7, -2n <a< 20 0 
1+2? 


63. f(x) 


Note that the graph of f is one of an odd function, so the graph of F' will 


27 


be one of an even function. 


yA 


t > 


1 
oo 
0.5 
F 
27 x 


21 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 
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f(a) = Vat — 2a? 42-2, -3< 4 <3 7 


Note that the graph of f is one of an even 


function, so the graph of F' will be one of an 3 tA 3 
odd function. 
-3 
u(t) = s'(t) = 2cost + 4sint s(t) =2sint—4cost+C. s(0)=—44+Cands(0)=3 => C=7,s0 


s(t) = 2sint — 4cost +7. 


v(t) = s(t) = t? —3Vvt = #? — 34)? s(t) = 44° — 20°/7 +C. s(4) = 4 -164+C and s(4)=8 > 
C=8— 2416 = 8, s0 s(t) = 943 — 2t9/? + §. 

a(t) = vu'(t) = 2t+1 v(t) =t? +¢+C. v(0) =C and v(0) = —2 C = —2,s0 u(t) = t? +t — 2 and 
s(t) = 44° + 407 -2t+D. s(0) = Dands(0)=3 > D=3,s0 s(t) = 40° + 40? —2t+3 

a(t) = v'(t) = 3cost — 2sint v(t) = 3sint+2cost+C. v(0)=2+Candv(0)=4 => C=2,s0 


v(t) = 3sint + 2cost + 2 and s(t) = —3cost+2sint+ 2t+ D. s(0)=-—3+ Dands(0)=0 => D=83, 


so s(t) = —3cost + 2sint + 2t 4+ 3. 


a(t) = v'(t) = sint — cost v(t) = s(t) cost—sint+C => s(t)=-—sint+cost+Ct+D. 

s(0) =14+ D=0and s(t) = -1+Cr+D=6 D= id= Ths SC) Sane eee ead, 
7 uy 

a(t) =t? —4t+6 v(t) = 40 -—2-+6t+C => s(t) = St* -— 31° +3074+Ct+D. s(0) = Dand 


s(0)=0 => D=0. s(1)=23+Cands(1)=20 > C= 2. Thus, s(t) = $t* — 30° 4+30? + At. 


(a) We first observe that since the stone is dropped 450 m above the ground, v(0) = 0 and s(0) = 450. 


vu’ (t) = a(t) 9.8 v(t) = —9.8t + C. Now v(0) =0 => C=0,sov(t)=—-9.8t > 
s(t) = —4.9t? + D. Last, s(0) = 450 D = 450 s(t) = 450 — 4.927. 
(b) The stone reaches the ground when s(t) = 0. 450 — 4.94? = 0 t? = 450/49 => t1 = \/450/4.9 © 9.585. 


(c) The velocity with which the stone strikes the ground is u(t;) = —9.8,/450/4.9 =~ —93.9 m/s. 


(d) This is just reworking parts (a) and (b) with v(0) = —5. Using v(t) = —9.8t + C,v(0) =-5 => 04+C=-5 => 


v(t) = —9.8t — 5. So s(t) = —4.9t? — 5t + D and s(0) = 450 D = 450 s(t) 4.9¢? — 5t + 450. 


Solving s(t) = 0 by using the quadratic formula gives us t = (5 + 8845 )/(-9.8) => t1%9.09s. 


vu’ (t) = a(t) =a u(t) = at + C and vp = v(0) = C v(t) =at+u => 


s(t) = dat? + vot + D 8) = s(0) =D s(t) = dat? + vot + so 
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73. By Exercise 72 with a = —9.8, s(t) = —4.9t? + vot + so and v(t) = s’ (t) = —9.8t + v0. So 


[v(t)]? = (—9.8¢ + vo)” = (9.8)? t? — 19.6vot + vg = v9 + 96.04t? — 19.6v0t = vp — 19.6(—4.9¢? + vot). 


But —4.9t? + vot is just s(t) without the so term; that is, s(t) — so. Thus, [u(t)]? = v2 — 19.6 [s(t) — so]. 


74, For the first ball, s1(t) = —16¢? + 48¢ + 432 from Example 7. For the second ball, a(t) 32 v(t) 32t + C, but 
v(1) = -32(11) +C =24 > C=56,s0 v(t) = -32t+56 = s(t) = —16t? + 56t+ D, but 


s(1) = —16(1)? + 56(1) + D= 432 = D =392, and so(t) = —16t? + 56t + 392. The balls pass each other 


when s1(t) = so(t) = —16t? + 48t + 432 = —162? + 56t + 392 8t = 40 t=5s. 


Another solution: From Exercise 72, we have si(t) = —16t? + 48¢ + 432 and s2(t) = —16¢? + 24¢ + 432. 


We now want to solve si(t) = s2(t — 1) 16¢? + 48t + 432 = —16(t — 1)? + 24(t-1) + 432 = 


48t = 32t — 16 + 24t — 24 40 = 8t t=5s. 


75. Using Exercise 72 with a = —32, vo = 0, and so = h (the height of the cliff), we know that the height at time ¢ is 


s(t) = —16t7 +h. v(t) = s’(t) = —32t and v(t) = —120 32t = —120 t = 3.75, so 


0 = s(3.75) = —16(3.75)? +h => h = 16(3.75)? = 225 ft. 


76. (a) Ely” = mg(L — x) + 4pg(L — x)? Ely! = —img(L — 2x)? — ipg(L-2)?+C => 


Ely = }4mg(L— x)? + 4pg(L — x)* + Cx + D. Since the left end of the board is fixed, we must have y = y’ = 0 


when x = 0. Thus, 0 = —tmgL? - zpgL* + C and 0 = amgL* + apgL* + D. It follows that 


Ely = amg(L —x)?+ dpg(L—2)*+ ($mgL? + zpgL*)« — (4mgL* + apgL*) and 
1 
fa) = = sylamg(L — 2)’ + szpg(L — 2)" + (gmgl? + gpgL*)x — (gmgL* + szp9L")] 


(b) f(L) < 0, so the end of the board is a distance approximately — f (L) below the horizontal. From our result in (a), we 


calculate 


—1 —1 gL? (m pL 
—f(L)= ar [smgL*® + zpgL* — ¢mgL* — a pgL*| ay (gmgL* + =pgL*) ( + 


Note: This is positive because g is negative. 


77. Marginal cost = 1.92 — 0.0022 = C’(z) = C(x) =1.92x —0.001x2? + K. But C(1) = 1.92 -0.001+ K =562 => 
K = 560.081. Therefore, C(x) = 1.922 — 0.001”? + 560.081 = C(100) = 742.081, so the cost of producing 
100 items is $742.08. 

78. Let the mass, measured from one end, be m(a). Then m(0) = 0 and p = am =a¢-¥?2 = m(x) = 22/7 +C and 
m(0) = C = 0, so m(x) = 2 Vx. Thus, the mass of the 100-centimeter rod is m(100) = 2 100 = 20 g. 


79. Taking the upward direction to be positive we have that for 0 < ¢ < 10 (using the subscript 1 to refer to 0 < t < 10), 


ai(t) = — (9 — 0.9t) = vi (t) v1(t) = —9t + 0.45¢? + vo, but v1(0) = v9 =-10 => 
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83. 
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vi(t) = —9t + 0.45t? — 10 = si(t) =  si(t) = —$¢? + 0.15¢? — 10¢ + so. But s1(0) = 500 = 50 => 


si(t) = —S¢? + 0.15t? — 10¢ + 500. s1(10) = —450 + 150 — 100 + 500 = 100, so it takes 


more than 10 seconds for the raindrop to fall. Now fort > 10, a(t) =O=v'(t) => 


u(t) = constant = v, (10) = —9(10) + 0.45(10)? — 10 55 v(t) 55. 


At 55 m/s, it will take 100/55 ~ 1.8 s to fall the last 100 m. Hence, the total time is 10 + 2 = 4° ~ 118s. 


v(t) = a(t) = —22. The initial velocity is 50 mi/h = 42780 = 22° ft/s, so u(t) = —22¢ + 222. 


The car stops when v(t) = 0 t= 270, = 12. Since s(t) = —11t? + 72%¢, the distance covered is 


s(22) = —11(48)? f 230 = UO = 122.2 ft. 


a(t) = k, the initial velocity is 30 mi/h = 30- 3282 — 44 ft/s, and the final velocity (after 5 seconds) is 
y 3600 


50 mi/h = 50 - 3280 — 22° ft/s. So u(t) = kt + C and v(0) = 44 => C= 44. Thus, o(t)=kt+44 => 


v(5) = 5k + 44. But v(5) = 72°, so 5k + 44 = 720 5k = 88 k = 88 ~ 5.87 ft/s”. 


a(t) 16 v(t) 16¢ + vo where vo is the car’s speed (in ft/s) when the brakes were applied. The car stops when 


—16t+ v0 =0 = t= v0. Now s(t) = $(—16)t? + vot = —8t? + vot. The car travels 200 ft in the time that it takes 


to stop, so s(<5v0) = 200 200 = —8(+4 v0)” + vo( v0) = v2 vo = 32-200 = 6400 => 


vo = 80 ft/s [54.54 mi/h]. 


Let the acceleration be a(t) = k km/h”. We have v(0) = 100 km/h and we can take the initial position s(0) to be 0. 
We want the time t for which v(t) = 0 to satisfy s(t) < 0.08 km. In general, v’(t) = a(t) = k, so v(t) = kt + C, 
where C' = v(0) = 100. Now s’(t) = v(t) = kt + 100, so s(t) = $kt? + 100¢ + D, where D = s(0) = 0. 


Thus, s(t) = kt? + 100¢. Since v(t¢) = 0, we have kt + 100 = 0 or tr = —100/k, so 


1 100 \” 100 coe 5,000 sisoed 
s(tp) = 5k (-*) + 100 (-*) = 10,000 (x; :) a The condition s(¢y) must satisfy is 
2 <0.08 => -=~ >k [kisnegative] = k < —62,500 km/h’, or equivalently, 

k < —328 ~ —4.82 m/s’. 

(a) For 0 < t < 3 we have a(t) = 60¢ v(t) = 3007 + C v(0) =0=C u(t) = 308”, so 
s(t) = 10 +C s(0) =0=C s(t) = 10%. Note that v(3) = 270 and s(3) = 270. 
For 3 <t < 17: a(t) = —g = —32 ft/s v(t) = —32(f- 3) +C v(3) = 270 =C 
u(t) = —32(t — 3) + 270 s(t) = —16(t — 3)? + 270(t — 3) +C s(3) = 270 =C 


s(t) = —16(t — 3)? + 270(¢ — 3) + 270. Note that v(17) = —178 and s(17) = 914. 


For 17 < t < 22: The velocity increases linearly from —178 ft/s to —18 ft/s during this period, so 
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Av _ -18—(-178) _ 160 _ 
Ro ae 32. Thus, u(t) = 32(¢ — 17) — 178 


s(t) = 16(t — 17)? — 178(t — 17) + 914 and s(22) = 424 ft. 


For t > 22: u(t) 18 s(t) 18(t — 22) + C. But s(22) = 424 =C s(t) 18(t — 22) + 424. 


Therefore, until the rocket lands, we have 


30t? if0<t<3 
ats =32(t=3)+270 if 3<t<17 
32(t—17)=178 if 17<t< 22 
—18 if t > 22 
and 
10¢° if0<t<3 
ie —16(¢— 3)? + 270(t—3) +270 if 3<t<17 
16(t — 17)? —178(t-17) +914 if 17<t< 22 
—18(t — 22) + 424 if t > 22 
vA sh 


15007 
12004 


my 


(b) To find the maximum height, set v(t) on 3 < t < 17 equalto0. —32(t—3)+270=0 = ti = 11.4375s and the 


maximum height is s(t1) = —16(t: — 3)? + 270(ti — 3) + 270 = 1409.0625 ft. 


(c) To find the time to land, set s(t) = —18(t — 22) + 424 = 0. Then t — 22 = “4 = 23.5, sot © 45.6s. 


85. (a) First note that 180 mi/h = 180 x eae ft/s = 264 ft/s. Then a(t) = 2.4 ft/s? => v(t) = 2.4t+ C, but 
264 : . 
v(0)=0 => C=0. Now2.4t = 264 when t = oa = 110s, so it takes 110 s to reach 264 ft/s. Therefore, taking 


s(0) = 0, we have s(t) = 1.2t?, 0 <¢ < 110. So s(110) = 14,520 ft. 20 minutes = 20(60) = 1200s, so for 
110 < t < 1310 we have v(t) = 264 ft/s = (1310) = 264(1200) + 14,520 = 331,320 ft = 62.75 mi. 

(b) As in part (a), the train accelerates for 110 s and travels 14,520 ft while doing so. Similarly, it decelerates for 110 s and 
travels 14,520 ft at the end of its trip. During the remaining 1200 — 2(110) = 980 s it travels at 264 ft/s, so the distance 
traveled is 264 - 980 = 258,720 ft. Thus, the total distance is 14,520 + 258,720 + 14,520 = 287,760 ft = 54.5 mi. 

(c) 60 mi = 60(5280) = 316,800 ft. Subtract 2(14,520) to take care of the speeding up and slowing down, and we have 
287,760 ft at 264 ft/s for a trip of 287,760/264 = 1090 s at 180 mi/h. The total time is 


1090 + 2(110) = 1310s = 21 min 50s = 21.83 min. 
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(d) 37.5(60) = 2250 s. Then 2250 — 2(110) = 2030 s at maximum speed. 2030(264) + 2(14,520) = 564,960 total feet or 


564,960/5280 = 107 mi. 


4 Review 
TRUE-FALSE QUIZ 


1. False. For example, take f(a) = a, then f’(a) = 3x? and f’(0) = 0, but (0) = 0 is not a maximum or minimum; 


(0, 0) is an inflection point. 
2. False. For example, f(x) = |2| has an absolute minimum at 0, but f’(0) does not exist. 
3. False. For example, f(x) = x is continuous on (0, 1) but attains neither a maximum nor a minimum value on (0, 1). 


Don’t confuse this with f being continuous on the closed interval [a, b], which would make the statement true. 


1)—f(-1 
4. True. By the Mean Value Theorem, f’(c) = eae = ; = 0. Note that |c| <1 <= ce (-1,1). 


5. True. This is an example of part (b) of the Increasing/Decreasing Test. 


6. False. | For example, the curve y = f(x) = 1 has no inflection points but f”’(c) = 0 for all c. 


7. False. — f’(x) = g' (a) f(x) = g(a) +C. For example, if f(a) = x +2 and g(x) = x +1, then f’(x) = g' (x) = 1, 
but f(x) # g(x). 
8. False. | Assume there is a function f such that f(1) = —2 and f(3) = 0. Then by the Mean Value Theorem there exists a 


= (9 =10) 9-2) ypu 


number c € (1,3) such that f’(c) (x) > 1 for all x, a contradiction. 


9. True. The graph of one such function is sketched. 


10. False. | At any point (a, f(a)), we know that f’(a) < 0. So since the tangent line at (a, f(a)) is not horizontal, it must cross 
the x-axis—at x = b, say. But since f(x) > 0 for all x, the graph of f must lie above all of its tangents; 


in particular, f(b) > 0. But this is a contradiction, since we are given that f(x) < 0 forall x. 


11. True. Let x1 < x2 where 41,22 € I. Then f(x1) < f (x2) and g(a1) < g(x2) [since f and g are increasing on J], 
so (f + g)(v1) = f(#1) + g(@1) < f(t2) + g(v2) = (f + 9) (a2). 

12. False. f(x) =a and g(x) = 2a are both increasing on (0, 1), but f(x) — g(x) = —2 is not increasing on (0, 1). 

13. False. Take f(a) = x and g(x) = x — 1. Then both f and g are increasing on (0,1). But f(x) g(x) = x(x — 1) is not 


increasing on (0, 1). 
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True. Let x1 < x2 where 71,22 € I. Then0 < f(x) < f(x2) and 0 < g(x1) < g(x2) [since f and g are both positive 


and increasing]. Hence, f (21) g(v1) < f(x2) g(a1) < f(x2) g(x2). So fg is increasing on J. 


ae : 1 ‘ me 
True. Let x1,2%2 € Tand x < x2. Then f(x1) < f(x2) [f isincreasing] => > —— [fis positive] => 
2 


g(t1) > g(@2) => g(x) =1/f(z) is decreasing on I. 


False. _If f is even, then f(x) = f(—a). Using the Chain Rule to differentiate this equation, we get 


ee) £( = CS ian CaS <P Oso oda. 


True. If f is periodic, then there is a number p such that f(a + p) = f(p) for all x. Differentiating gives 


f(a) =f'(a@+p)-(a@t+p) = f'(«@+p)-1= f'(a@ +p), so f’ is periodic. 


False. The most general antiderivative of f(a) = «~? is F(x) = —1/a# + Ci for x < 0 and F(x) = —1/a4+ C2 


for x > 0 [see Example 4.9.1(b)]. 


True. By the Mean Value Theorem, there exists a number c in (0, 1) such that f(1) — f(0) = f’(c)(1 — 0) = f'(c). 
Since f’(c) is nonzero, f(1) — f(0) 4 0, so f(1) 4 f(0). 


False. Let f(x) =1+ = and g(#) = x. Then lim f(x) =1and lim g(x) = oo, but 
x 


Zoo Zoo 


lim [f(a)]9@ = lim (1 + x) =e,not 1. 
LOCO ~L—-0o x 


F ax —=0 
False. lim — = = = —=0,not 1. 
xz—0 ev lim e* 1 
xz—0 


EXERCISES 


. f(x) = x? — 9x? + 24x — 2, [0,5]. f’(x) = 3a? — 18a + 24 = 3(a? — 62 + 8) = 3B(a@ — 2)(a — 4). f'(x)=0 © 


c=2orv=4. f'(x)>O0for0<2 < 2, f’(x) < Ofor2 < x < 4, and f’(x) > Ofor4 < x < 5,80 f(2) = 18 isa local 


maximum value and f(4) = 14 is a local minimum value. Checking the endpoints, we find f(0) = —2 and f(5) = 18. Thus, 


f(0) = —2 is the absolute minimum value and f(2) = f(5) = 18 is the absolute maximum value. 
1-3 
fe) =2VT=%, [11 fe) =2- $0 2)-/(-1) + (1-2) = 0-2) 1? [-de t 1-2] = SE, 
£ 


f(e)=0 > x=. f'(x) doesnotexist = x=1. f(x) >O0for—1 <a < Zand f(x) < O for? <x < 1,80 
f(3) = 2/4 = 2 V3 [0.38] is a local maximum value. Checking the endpoints, we find f(—1) = —V/2 and f(1) = 0. 


Thus, f(—1) = —V2 is the absolute minimum value and f (2) = FT 3 is the absolute maximum value. 
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3a —4 (a? + 1)(3) — (8a — 4)(22) (3a? — 8x — 3) (3a +1)(a — 3) 
3. ao BE pico ae NE) oe ae ee Se), 
IONS payee oe (@? +1? @ + 1p (@ +1? 
f(z) =0 x = —% or x = 3, but 3 is not in the interval. f'(x) > 0 for —} < a < 2and f'(x) < 0 for 
—2<4"4< $5 so f( 3) = ae = —$ isa local minimum value. Checking the endpoints, we find f(—2) = —2 and 
f (2) = 2. Thus, f(—}) = —3 is the absolute minimum value and f(2) = 2 is the absolute maximum value. 


2r+1 1 


————.. f'(x)=0 = =--. 
2/22 +241 F(x) 7 


4. f(x) = Ve? +a+l, [-2,1. f'(e) = $e? +241) 17 (2241) = 5 
f'(x) > 0 for —$ <a < Land f'(x) < 0 for —2 < x < —4, so f(—4$) = V3/2 isa local minimum value. Checking the 


endpoints, we find f(—2) = f(1) = V3. Thus, f(-$)= /3/2 is the absolute minimum value and f(—2) = f(1) = V3 is 


the absolute maximum value. 


5. f(z) =a2+2cosa, [—-7,7]. f(x) =1—-2sinz. f'(x) =0 sina = $ c= 2,3. f'(x) > 0 for 


(—7, z) and (=,7), and f'(x) < 0 for (Z, at), so f(%) = Zt /3 & 2.26 is a local maximum value and 


f() a on — V3 & 0.89 is a local minimum value. Checking the endpoints, we find f(—7) = —a — 2 —5.14 and 
f(x) =x-—2% 1.14. Thus, f(—7) = —m — 2 is the absolute minimum value and f (=) = = + V3 is the absolute 


maximum value. 


6. f(x) = a%e~*, [-1,3].  f’(x) = 2?(-e7”) +e * (2a) = we" (—2 +2). f'(x) =0 x =O0orrg =2. 
f'(x) > 0 for0 <a < 2and f’(x) < 0 for -1 < x < Oand 2 < x < 3,80 f(0) = 0 is a local minimum value and 
f(2) = 4e~? & 0.54 is a local maximum value. Checking the endpoints, we find f(—1) = e © 2.72 and 


f(3) =9e7 & 0.45. Thus, f(0) = 0 is the absolute minimum value and f(—1) = e is the absolute maximum value. 


ore . e_ 7 , 1 
7. This limit has the form 2. lim s 4 lim = Se 
2-0 tanzx z—0sec2x2 1 


Bee ‘ tan4da ou ,, Asec? 4x 4(1) 4 
9 9 penta ae = 
8. This limit has the form >. lim Pago iim Tocaeis T+ 2X) 3 


e2t —e 22 H.. Qe2" 4+ Qe 2% iS 242 = 


9. This limit has the form 2. lim —————— = lim ——————- = ——" = 4 
1S limit has the rorm 0 aon In(z + LD ats L/(« a 1D 1 
22 ~,—2x D) 2x 2 —2a 
10. This limit has the form 2, lim “——© jj “© FE = tim 2(@ 4. 1) (22 + 72") = 00 


since 2(a + 1) > 00 and (e?” + e~?”) > coas a4 — oo. 


11. This limit has the form oo - 0. 


2 gc — 3 2a — 3a? 


jim (2? —a8)e** = lim —— [$form] = lim —S—S> [§ form] 
Hie 2 2-62 fo —6 
= _jim | 4de-22 E form] ae _jim —8e-22 = 
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a isa : _ £- 
This limit has the form 0-00. lim («—7m)cscx= lim — [? 
aon zon SINT zon cosx —l 


This limit has the form co — oo. 


. x 1 é x«me—-x“24+1\u4u,. x: (1/x)+Inz-1 : Ina 
lim —— )= lim (| ——— ] = lim ——__ _ = lim —WW 
(a —1)Ingz aolt (w@-1)-(1/a)4+Ine@ 251+ 1-1/xe4+lna 


eit 


1 a | 
ait l/a2?+1/e 1+1 2 


y = (tanz)°** => Iny=cosz Intang, so 


1/t 7 
lim Iny= _ lim lim (ij sane) see 2 pine) see 2 = lim a= lim = ae = 0, 
a—(m/2)~ a(r/2)- Secx a—(n/2)- secx tangx v—(n/2)~ tan 


Intanz 


L aea(r/2)- sinr?x 1? 


so. lim (tana = lim e™¥=e9=1. 


@w—(m/2)— ) x—(m/2)— 


f(0) = 0, f'(-2) = f°) = F'(9) =0, Jim f(a) =0, lim, fle) = -, 
f' (x) < 0 on (—oo, —2), (1,6), and (9, 00), f’(x) > 0 on (—2, 1) and (6,9), 


f(x) > 0 on (—oo, 0) and (12, 00), f” (x) < 0 on (0,6) and (6, 12) 


For 0 <a <1, f’(x) = 2a, so f(x) = x” + C. Since f(0) = 0, 


f(x) = x? on (0, 1]. For1 < a <3, f’(x) = —-1, 80 f(a) = —#4+ D. 


1=f(1)=-14+D D=2,s0 f(x) =2— <2. For x > 3, f'(z) = 1, 


so f(x) =a+F. -1=f(3)=3+E£ E=-—4,so f(x) =a#-4. 


Since f is even, its graph is symmetric about the y-axis. 


f is odd, f’(x) <Ofor0<x<2, f'(x)>Oforz > 2, YA 
f(a) >O0ford0<a<3, f" (x) < 0 for x > 3, 


limz—oo f(x) = —2 


(a) Since f’(x) > 0 on (1,4) and (4, 7), f is increasing on these intervals. Since f’(x) < 0 on (0,1) and (7,8), f is 
decreasing on these intervals. 
(b) Since f’(7) = O and f’ changes from positive to negative there, f changes from increasing to decreasing and has a local 


maximum at x = 7. Since f’(x) = Oat x = 1 and f’ changes from negative to positive there, f changes from decreasing 


to increasing and has a local minimum at x = 1. 
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() *t (d) *f 
possible graph of f 


19. y= f(x) =2-—2x-—23 A. D=R B. y-intercept: f(0) = 2. H. ye 
The x-intercept (approximately 0.770917) can be found using Newton’s 


Method. C. Nosymmetry D. No asymptote 


E. f’(x) = —2 — 3a? = —(32? + 2) < 0,80 f is decreasing on R. 


F. No extreme value G. f(x) = —6x < 00n (0,00) and f”(x) > 0 on 


(—oo, 0), so f is CD on (0, 00) and CU on (—oo, 0). There is an IP at (0, 2). 


20. y = f(x) = —2a7 — 347 +122 +5 A. D=R BB. y-intercept: f(0) = 5; a-intercept: f(x) =0 © 


x = —3.15, —0.39, 2.04 C. Nosymmetry D. No asymptote 


E. f'(x) = —6x? — 6x + 12 = —6(x? + a — 2) = —6(a + 2)(a — 1). H. 
f'(x) > 0 for —2 < x < 1,80 f is increasing on (—2, 1) and decreasing on 


(—oo, —2) and (1,00). KF. Local minimum value f(—2) = —15, local 


maximum value f(1) = 12 G. f(x) = —12% —6 = —12(x + $). 


f(x) > 0 for « < —$, 80 f is CU on (—oo, —4) and CD on (—$, 00). There 
is an IP at (—3, -8). 


21. y = f(z) = 3a -— 42° +2 A. D=R B. y-intercept: f(0) = 2; no z-intercept C. No symmetry D. No asymptote 


E. f’(x) = 122° — 12%? = 12x?(a — 1). f'(x) > 0 for x > 1,50 f is H. yA 
increasing on (1, co) and decreasing on (—00, 1). F. f’(a) does not change 
sign at x = 0, so there is no local extremum there. f(1) = 1 is a local minimum 


value. G. f” (x) = 36x? — 24a = 122(3x — 2). f(a) < 0 for0 <a < 2, 


so f is CD on (0, 3) and f is CU on (—00, 0) and (2, 00). There are inflection 


points at (0, 2) and (2, 38). 


x 


al rage? A. D = (—oo,-1)U (-1,1) U (1,00) B. y-intercept: f(0) = 0; x-intercept: 0 


22. y = f(x) 


C. f(—ax) = —f (x), so f is odd and the graph is symmetric about the origin. D. iim | = =0,so y = OisaHA. 


x—too | 
ee fa—t oo and ey re —oo, so x = —1isa VA. Similarly, bet Zant oo and 
tS 2 _ a 1 2 
lim —"— = —oo, so x = lisa VA. E. Fina 0 ee) z > Ofor x # +1, so f is 


(2p (1-2) 


xoit1l— xv? 
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increasing on (—oo, —1), (—1, 1), and (1,00). EF. No local extrema 


ney — (1 2)?(Q2) — (1 +2?) 2(1 = 2?)(—22) : 
G. f (x) [((l — #?)?]? H. x=1 
— 2e(1—2*)[(1—2?)+2(1+27)] — 22(3+ 27) 
7 (1 — x?)4 ~ (1—2#?)3 
0 x 
f" (a) > 0 for x < —land0 <a <1,and f” (x) < 0 for -—1 < x < Oand 
x > 1,80 f is CU on (—oo, —1) and (0,1), and f is CD on (—1, 0) and (1, co). x=ol 


(0, 0) is an IP. 


il 
y=f(x)= ae — 3) A. D={x|«#0,3} = (—oo,0) U (0,3) U (3,00) B. No intercepts. C. No symmetry. 
D. lim : =0,soy=0 isaHA. lim eto es i, = oo, lim =0o 
* eStoo a(a — 3)? rh *  g50t a(@ — 3)? a s0- a(n — 3)2 > 23 a(x — 3)? ‘ 
(a — 3)? + 2a(x — 3) 3(1 — 2) 
sox =Oandax=3are VA. E. Le) = ae ae —— mae > f(a) >0 = l<2<3, 
so f is increasing on (1,3) and decreasing on (—o0o, 0), (0, 1), and (3, 00). H. vn 
ie 6(2a? — 4x + 3) 
ava = 
F. Local minimum value f(1) =; G. f”(«) = Ca 
0 x 


Note that 22” — 4a + 3 > 0 for all x since it has negative discriminant. 


So f"(z) >0 = x>0 = fis CUon (0,3) and (3,00) and 


1x=3 

CD on (—oo, 0). No IP 

f(x) : : A. D={x|x#0,2} B. y-intercept: none; x-intercept: f(x) =0 = 
y oe . Gaae ee ; . y-intercept: none; ercept: = 
awe : (a — 2)? = 2” a? —4¢+4+4 = 2? 4c = 4 x=1 C. Nosymmetry 
zu?  (x— 2)? : 
D. lim f(x) = oo and lim f(x) = —00, sox =Oandx =2are VA; lim f(x) =0,soy=OisaHA 

2 2 —(@— 2)? +23 —a? + 6x? — 127 +8+2° 

E. f(z) = -— + —~— pa ay See ea See 

f(x) a ea => Bla >0 S Ae 2) >0 6 


2(3a? — 6x + 4) 


eo > 0. The numerator is positive (the discriminant of the quadratic is negative), so f'(x) > Oifa < Oor 


x > 2, and hence, f is increasing on (—oo, 0) and (2, co) and decreasing on (0, 2). 


6 6 5 


F. No local extreme values G. f”(x) = Mm Gah >0 = H. x=2 
(z= 2)*-2t Ly os wt — 824 + 24a? — 32a + 16-24 | 1 és 
a(x — 2)4 a(x — 2)4 : h0) : 
x 
—8(a° — 3x? + 4a — 2) —8(a — 1)(x? — 2a + 2) ns 
wa)" >0 wa — 2/4 > 0. So f” is 


positive for « < 1 [a # 0] and negative for x > 1 [x ¥ 2]. Thus, f is CU on 
(—oo, 0) and (0, 1) and f is CD on (1, 2) and (2, 00). IP at (1,0) 
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a-1)?  «—307+3x-1 32 —1 
y= f(a) = SO ee Fed yay a A. D= {x |x 40} = (—co, 0) U (0, 00) 
’ i) (SEI) 
B. y-intercept: none; x-intercept: f(z) =0 <= x=1 C. Nosymmetry D. lim = = —oo and 
x—07- 
, : 3a —1 : 
lim, f (2) = —o0, sox = Disa VA. f(x) — (a4 — 3) = = >Oasx > too, soy=ax—3isaSA. 
x—0 
2 2 3 2 2 
3(x — 1)" — (x — 1)°(2 —1)*[8a —2(2-1 -—1 2 
nese ae AAT CED) Be es De es ) p(n) <Ofor-2< «<0, 
so f is increasing on (—oo, —2), decreasing on (—2, 0), and increasing on (0, 00). H. oh 
24 
, 3 1 
F, Local maximum value f(—2) = -2 G. f(z) =2-3+ age —5 0 
are 6 6 G6r-6_ 6(x-1 es ee aa 
P@=1-3+5 + M@-3-pe aS Ze 
f" (x) > 0 for x > 1, s0 f is CD on (—oo, 0) and (0,1), and f is CU on (1, 00). ~2, - 42) 


There is an inflection point at (1, 0). 


y=f(«)=Vl-a4+vVl+a A.1-—a@>0andl4+x2>0 => «< lands > —-1,s0 D= [-1,]1]. 
B. y-intercept: f(0) = 1+ 1 = 2; no x-intercept because f(a) > 0 for all x. 


C. f(—ax) = f(x), so the curve is symmetric about the y-axis. D. No asymptote 


=i 1 —JI1 VI- 
Bey @) i021 gy ee ES oS 
2V1l—-a 2/142 2Vl-avlt+ea 


-Vl+a4+Vl-2¢>0 => Vl-a>V1l4+e2 l-a>14+2 22 >0 => «<0,s0 f’(x) > 0 for 
—1<a<Oand f(x) < 0 for0 < x < 1. Thus, f is increasing on (—1,0) H. a 
and decreasing on (0,1). F. Local maximum value f(0) = 2 oN 
G. fe) =-}(-4$)G- 2) 97(-1) + 3(-$) +2)? Oe St. RE 
— = + =1 < 0 + 0 + > 
A(1 — x)3/2 © 4(1 + «3/2 ral | . 


for all x in the domain, so f is CD on (—1,1). No IP 


y=f(«)=a2V/2+a A. D=[-2,00) B. y-intercept: f(0) = 0; x-intercepts: -2 and0 C. No symmetry 


x 1 3a +4 : 
D. Noas tote E. f’(v) = — 4 24+ a¢ = ——— [ce + 2(2 4+ x)] = ——— = Owhenz = —F, 50 f is 
ore P@) = Sats SR rr ali a ee 0d 
decreasing on (-2, —$) and increasing on (—$, 00). F. Local minimum value if 3) = $ 3 = 4v6 =~ —1.09, 
no local maximum H. yA 
1 
2J/24+2-3-—(34+4 
: 4(2+2) 4(2 + x)3/2 
= 324+ 8 if 
— A(2+ 2) 8/2 (4-48) 
37 «9 


f" (x) > 0 for x > —2, so f is CU on (—2, 00). No IP 
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y = f(x) =2?/3 (2 — 3)? A. D=R B. y-intercept: f(0) = 0; x-intercepts: f(r) =0 = x=0,3 

C. Nosymmetry D. No asymptote 

E. f'(z) = 27/8 . 2(a — 3) + (x4 — 3)? - 2¢71/8 = 2g V3 (x — 3)[3a + (x — 3)] = 2g 1/3 (¢ — 3)(4a — 3). 
f'(e7)>0 =~ 0<2< Zora > 3,50 f is decreasing on (—oo, 0), increasing on (0, #), decreasing on (2,3), and 
increasing on (3,00). KF. Local minimum value f(0) = f(3) = 0; local maximum value 

£(3) = 8 (-9) = BYR = BY as 


G. f(x) = eae (42? 152 +9) => H. yA 


f"(2)= (30-1) (Bx — 15) + (40? — 152 +9)(-2 2 r¥) 


= 2x~4/9[3x(8a — 15) — (4x” — 152 + 9)] 


= 22~4/3(202? — 302 — 9) Jp ienlas ) 


f"(a2)=0 = wx —0.260r1.76. f(x) does not exist at x = 0. 


| 
ran 
S 
= 
eae 
i) 
ww 
B 
=v 


f is CU on (—co, —0.26), CD on (—0.26, 0), CD on (0, 1.76), and CU on 
(1.76, 00). There are inflection points at (—0.26, 4.28) and (1.76, 2.25). 


y=f(«) =e*sinz,-7<a<a A. D=([-7,7] B. y-intercept: f(0) =0; f(x) =0 sing = 0 


x=-—mT,0,7. C. Nosymmetry D. Noasymptote E. f’(x) =e* cosx+sinz-e* =e*(cosx+sinz). 


f'(x) =0 cos x = sina 1=tanz x man f'(a) > 0 for —2 <a < 3 and f'(x) < 
for —1 < a < —Z and 3 <x < 7,80 f is increasing on (—4, 3#) and f is decreasing on (—7, —4) and (32, 7). 
F. Local minimum value f(—4) = (— V2/2)e—"/* = —0.32 and H. 

local maximum value f (27) = (/2/2) 27/4 ~ 7.46 a CB) 


G. f" (x) = e"(—sinz + cosz) + (cosx+sinxz)e” =e*(2cosz) >0 => 


| 
NA 
/\ 
8 


< and f"(r4) <0 => -a<a<-—Fand = <a <7,50 f is 
CU on (-4, 5), and f is CD on (—7, —$) and (3,7). There are inflection 


+ + + > 
—1T 0 Tw Xx 
points at (-3,-e-7/) and (4,e7/”). 


y = f(z) =4¢-tanz,-5<a<F A. D=(-§,F). B. y-intercept = f(0)=0 C. f(—x) =—f (2), so the 


curve is symmetric about (0,0). D. lim (4r—tanz)=-—oo, lim (4%—-tanx) =00,sow = S$ anda = —F 
won /2- r>—7/2 


are VA. E. f’(z) =4-sec’a >0 © seca<2 © cost >4 © — 3 <«< 4, 80 f is increasing on 


(- =, =) and decreasing on ( ms as F. f(%) = * - v3is H. 


a local maximum value, f (- z)= J/3 — is a local minimum value. 


G. f"(x) =—2sec*xtanz>0 & tanv<0 @& -3<2<0, 


so f is CU on (—%,0) and CD on (0, 3). IP at (0, 0) 
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32. 


33. 


CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


y= f(x) =sin-'(1/xz) A. D={x| -1<1/x <1} = (—co,—-1] U[1,0o). B. No intercept 


C. f(—x) = —f(x), symmetric about the origin D. lim sin-'(1/z) = sin~! (0) = 0, so y = Oisa HA. 


1 1 = 
E. f'(x) = <0, so f is decreasing on (—oo, —1) and (1, 00). 
f"(@) = aes (-) = oe <mes g on (00, -1) and (1,00) 
F. No local extreme value, but f(1) = § is the absolute maximum value H. 
and f(—1) = —4 is the absolute minimum value. 
— 2a* — 1 
G. f" (x) = gee 28 as ) > 0 for > Land f" (x) <0 


(at — @2)3/? (at — @2)3/? 


for x < —1, so f is CU on (1, 00) and CD on (—oo, —1). No IP 


y=f(x)= et" A D=R B. y-intercept 1; no x-intercept C. Nosymmetry D. lim ere 0, soy =0 


L— Co 


isaHA. E. y= f(x) = ere Ly f(x) =2(1- a)err—® >0 <= «<1,s0 f is increasing on (—oo, 1) and 
decreasing on (1,00). KF. f(1) =e isa local and absolute maximum value. 


G. f(x) = 2(2x? — 4a + jer =0 g=14+¥. H. 


=e}: 


f"(2)>0 ¢ x <1— Zora >1+ B50 f is CU on (00,1 - ) 


and (1+ 00), and CD on (1- i+ 2), IP at (1 + Je) 


y=f(«)=(a@-2)e"" A. D=R B. y-intercept: f(0) = —2; x-intercept: f(z) =0 @& w=2 


C. Nosymmetry D. lim = = lim a = 0, so y = 0isa HA. No VA 
xZ—oo er w—oo Et 
E. f'(x) = (a — 2)(—e-*) +e *(1) =e *[-(@ — 2) + 1] = (8-z)Je”. H. 


f'(x) > 0 for x < 3, so f is increasing on (—oo, 3) and decreasing on (3, 00). 
F. Local maximum value f (3) = e~%, no local minimum value 
G. f"(2) = (8 —2)(—e-*) $e-*(-1) =e *[-(8— 2) + (-D)] 

= («—4)e"? > 0 


for « > 4, so f is CU on (4, 00) and CD on (—o«, 4). IP at (4, 2e~*) 


.y=f(a)=2+In(2?+1) A. D=R B. y-intercept: f(0) = 0+1n1 = 0; 2-intercept: f(z) =0 © 


Ina? +1)=-¢ & 2? +1=e-* => « =Osince the graphs of y = x? + 1 and y = e~® intersect only at « = 0. 


2x w?+2¢+1 _ (z+1)? 


= 1d : = 
ea are] ae ee as 1 and 


C. Nosymmetry D. Noasymptote E. f’(z) =1+ 


f isincreasing on R. F. No local extreme values 


(a? +1)2—2x(2r) — 2[(x? +1)— 2x7] — 2(1 — 2?) 
(x? + 1)? (x? + 1)? (x? +1)?" 


G. f"(«) = 


f"(@)>0 & -l<a<landf"(x)<0 & x <-—lorx>1,50 f is (11m 2) 


av 


CU on (—1, 1) and f is CD on (—oo, —1) and (1, 00). IP at (—1, —1 4+ In2) 


and (1, 1+ In2) 
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(ee age ss 
f"(a) = x*(—2x) — S - a”) 40° _ Qn? = 12 ? 
x x 
Estimates: From the graphs of f’ and f”, it appears that f is increasing on : 3 
(—1.73, 0) and (0, 1.73) and decreasing on (—co, —1.73) and (1.73, co); 65 
f has a local maximum of about f (1.73) = 0.38 and a local minimum of about 0.2 


f(—1.7) = —0.38; f is CU on (—2.45, 0) and (2.45, co), and CD on 
(—oo, —2.45) and (0, 2.45); and f has inflection points at about 8 8 
(—2.45, —0.34) and (2.45, 0.34). 


2 


Exact: Now f'(x) = 2 = is positive for 0 < x” < 3, that is, f is increasing ane 
1.5 
on (-v3, 0) and (0, V3); and f’() is negative (and so f is decreasing) on 
(—co, —V3) and (/3, 00). f’(x) = 0 when x = +3. 5 5 
f' goes from positive to negative at « = 3, so f has a local maximum of 
f(v3) = ivs)et = 2/8. and since f is odd, we know that maxima on the 
(v3) 0.25 


interval (0, 00) correspond to minima on (—oo, 0), so f has a local minimum of 
eae 2 ee 
f(-v3) = — 273 Also, f(x) = —— is positive (so f is CU) on 
(-v6, 0) and (V6, oo), and negative (so f is CD) on (—00, —v6) and =4 -13 


(0, V6). There are IP at (v6. 58) and (-v6, -5%8), 


3x? (a® + 2x3 — 1) 
@+1p 


ee +1 


6x(2a7? + 7x? — 92° — 5a? + 1) 
xe +1 ‘ 


@ +p 


f(a)=0 & w=-Lf'(z)=0 & vc=O0orz es —1.34, 0.75. f"(z)=0 & x=Oorr = —1.64, —0.82, 0.54, 


f'(@) 


f"(@) = 


1.09. From the graphs of f and f’, it appears that f is decreasing on (—oo, —1.34), increasing on (—1.34, 0.75), and 
decreasing on (0.75, co). f has a local minimum value of f(—1.34) + —0.21 and a local maximum value of f(0.75) = 1.21. 
From the graphs of f and f’, it appears that f is CD on (—oo, —1.64), CU on (—1.64, —0.82), CD on (—0.82, 0), CU on 

(0, 0.54), CD on (0.54, 1.09) and CU on (1.09, 00). There are inflection points at about (—1.64, —0.17), (—0.82, 0.34), 
(0.54, 1.13), (1.09, 0.86), and at (0, 1). 
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f(x) = 3a — 5a° 4+ 2 — 53 — 22? +2 fi (w) = 180° — 2524 4+ 4x? — 15a? -—4e => 
f(x) = 90x* — 100x? + 122? — 30x — 4 


75 


75 1 
—0.5 0.5 
-1 2 f! —0.5 15 
—50 —4 


—50 


From the graphs of f’ and f”, it appears that f is increasing on (—0.23, 0) and (1.62, oo) and decreasing on (—oo, —0.23) 
and (0, 1.62); f has a local maximum of f(0) = 2 and local minima of about f(—0.23) = 1.96 and f(1.62) = —19.2; 

f is CU on (—oo, —0.12) and (1.24, 00) and CD on (—0.12, 1.24); and f has inflection points at about (—0.12, 1.98) and 
(19499 1): 


100 2.5 


—0.5 0.5 
-25 0.8 


f(a) =2°4+6.5sine, 5<a2<5 = f(z) =244+6.5coser => f(r) =2-65sinz. f(z)=0 © 
xx —2.25andx=0; f(r) =0 & x —-1.19,2.40,3.24; f(r) =0 & x —3.45, 0.31, 2.83. 


5 
From the graphs of f’ and f”, it appears that f is decreasing on (—5, —1.19) and (2.40, 3.24) and increasing on 
(—1.19, 2.40) and (3.24, 5); f has a local maximum of about f (2.40) = 10.15 and local minima of about 


—14 —5 


f(—1.19) = —4.62 and f (3.24) = 9.86; f is CU on (—3.45, 0.31) and 22 


(2.83, 5) and CD on (—5, —3.45) and (0.31, 2.83); and f has inflection points 


at about (—3.45, 13.93), (0.31, 2.10), and (2.83, 10.00). d; 


aa }5 
—§ 


From the graph, we estimate the points of inflection to be about (0.82, 0.22). 


f(x) = eve oy f(x) = a a 


f(a) = 2[aF (2a Je Lfa? 4 t/a" (—327*)] = 20 Se- 1/2" (2 — 327). 


This is 0 when 2 — 3x? = 0 c= +,/2, so the inflection points 


0 
are (+/2.e°?). 
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1.1 1 


: J al ae 
1. 1 1 1 
li Ba a SS Sy 
oe TO) Ga pe Oa oe 
hoes asx > 0t,1/a — oo,s0e'/* +00 => lim f(x) =0, 
10 10 a2—0t 


—0.1 
1 
pt —oo,soe/* 50 => ii Sh 
asx — /x— —00, s0 e!* > im f(x) [50 
(c) From the graph of f, estimates for the IP are (—0.4, 0.9) and (0.4, 0.08). 
3 
@) f(a) e/*[el/* (27 —1) 4+ 24+ 1] 
x4(el/e + 1)3 
3 3 
(ce) From the graph, we see that f’’ changes sign at x = 0.417 
(x = 0 is not in the domain of f). IP are approximately (0.417, 0.083) = 
and (—0.417, 0.917). 
2: 2 2 
cos" x cos x [(2% + 1) cosa + 4(a* + x + 1)sing] 
SS < < —2 f a 
f(z) “Je eI TOUT f'(x) Aa? +a + 1/3/72 
f(a) (Sa* + 16x3 + 16x? + 8a + 9) cos?a — 8(2? + @ + 1)(2e + 1)sina cosa — 8(a? +241)? sin? 
A(x? + x + 1)5/2 
f(z) =0 ©& w=+5; f(x) =0 x & —2.96, —1.57, —0.18, 1.57, 3.01; 
f(z) =0 x & —2.16, —0.75, 0.46, and 2.21. 


1.5 1.5 2.5 
fo 
f f" 
T 7 
T T 
T T 
-0.5 -15 -3.5 


The x-coordinates of the maximum points are the values at which f’ changes from positive to negative, that is, —2.96, 


491 


—0.18, and 3.01. The x-coordinates of the minimum points are the values at which f’ changes from negative to positive, that 


is, —1.57 and 1.57. The x-coordinates of the inflection points are the values at which f” changes sign, that is, —2.16, —0.75, 


0.46, and 2.21. 


en ole [(2? — 1) In(a? — 1) - 202] 


fe) =e nz? -1) > f(z) = To) 


e791 [(a? — 1)? In(a? — 1) — 40(a? + 52? — x + 5)] 


ie) 100(«? — 1)? 


The domain of f is (—o0, —1) U (1,00). f(z) =0 & wx=+4V2; f'(x7)=0 & «5.87; 
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f"(e)=0 = ws —4.31 and 11.74. 


5 5 0.1 


f" 


=D) —5 -0.1 
f' changes from positive to negative at x ~ 5.87, so 5.87 is the x-coordinate of the maximum point. There is no minimum 


point. The x-coordinates of the inflection points are the values at which f”” changes sign, that is, —4.31 and 11.74. 


. The family of functions f(x) = In(sin x + c) all have the same period and all 2 c=3 c=2 


have maximum values at « = 5 + 27n. Since the domain of In is (0,00), f has 7 Ie 


a graph only if sin z + c > 0 somewhere. Since —1 < sina < 1, this happens 


ifc > —1, that is, f has no graph if c < —1. Similarly, ifc > 1, then 


sinxz +c > Oand f is continuous on (—oo, 00). As c increases, the graph of = 26 6 : 


f is shifted vertically upward and flattens out. If —1 <c < 1, f is defined where sina +c>0 © sine >-c © 


sin~'(—c) < « < —sin~‘(—c). Since the period is 27, the domain of f is (2na + sin~*(—c), (2n + 1)m — sin~*(—c)), 


n an integer. 


. We exclude the case c = 0, since in that case f(x) = 0 for all x. To find the maxima and minima, we differentiate: 


This is 0 where —2cz?+1=0 © a2 =+1/vV/2c. So ifc > 0, there are two maxima or minima, whose x-coordinates 


approach 0 as c increases. The negative solution gives a minimum and the positive solution gives a maximum, by the First 


2 
Derivative Test. By substituting back into the equation, we see that f(£+1/V 2c) = e(+1/V 2c) eo(#1/v2e)" 4 /c/2e. 


So as c increases, the extreme points become more pronounced. Note that ife > 0,then lim f(x) =0. Ifc < 0, then there 


Z—roCo 


are no extreme values, and lim f(x) = -Foo. 


L100 


To find the points of inflection, we differentiate again: f’(x) = ceo" (—2cx? + 1) > 


f'(2) = cle“ (—4e) + (—2ca? + 1)(—2exe=**")] = 2 re~ (3 — 2ca?). This is 0 at 2 = 0 and where 


3 —2cx? = 0 x=+,/3/(2c) => IPat (+V3/@0), +4/3c/2 ae Ifc > 0 there are three inflection points, 


and as c increases, the x-coordinates of the nonzero inflection points approach 0. If c < 0, there is only one inflection point, 
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Let f(a) = 3a +2cosx+5. Then f(0) = 7 > Oand f(—7) = —37 —-24+5 = —37 +3 = —3(a — 1) < 0, and since f is 
continuous on R (hence on [—7,, 0]), the Intermediate Value Theorem assures us that there is at least one solution of f in 
[—7, 0]. Now f’(x) = 3 — 2sinx > 0 implies that f is increasing on R, so there is exactly one solution of f, and hence, 


exactly one real solution of the equation 32 + 2cosx +5 = 0. 


By the Mean Value Theorem, f’(c) = a ~ £0) = Af'(c) = f(4) — 1 for some c with 0 < c < 4. Since 


4— 
2 < f’(c) < 5, we have 4(2) < 4f’(c) < 4(5) = 4(2)< f(4)-1<4(5) @ 8< f(4)-1<20 = 
9< f(4) < 21. 


Since f is continuous on [32, 33] and differentiable on (32, 33), then by the Mean Value Theorem there exists a number c in 


33 — +/32 
(32, 33) such that f’(c) = 4e~4/5 = ao 7/33 —2,butdc 4/7 >0 > ¥33-2>0 > 33> 2. Also 


f' is decreasing, so that f’(c) < f’(32) = (32)~4/5 = 0.0125 = 0.0125> f’(c) = 733-2 => V33 < 2.0125. 


Therefore, 2 < 1/33 < 2.0125. 


Since the point (1,3) is on the curve y = ax® + bx”, we have 3 = a(1)?+0(1)?> => 3=a+b (1). 


—2b bg. 
y =3ax? +22 => y"” =6ar+2b. y” =0 [for inflection points] c= a Since we want x = 1, 
b 23 : ; 
1= a b = —3a. Combining with (1) gives us 3 = a — 3a 3 2a a 3. Hence, 
b = —3(—2) = 2 and the curve is y = —32° + 227. 


(a) g(x) = f(x?) = g'(x) = 2axf' (x?) by the Chain Rule. Since f’(x) > 0 for all x 4 0, we must have f’(a”) > 0 for 
x#0,sog'(x)=0 <= x=0. Nowg’(z) changes sign (from negative to positive) at x = 0, since one of its factors, 
f' (x), is positive for all «, and its other factor, 2”, changes from negative to positive at this point, so by the First 
Derivative Test, f has a local and absolute minimum at x = 0. 

(b) g(x) = 2x f’(a?) => g(x) = 2[a f" (x?) (2x) + f'(x?)] = 4a? f(a?) + 2f' (x?) by the Product Rule and the Chain 
Rule. But x? > 0 for all 2 4 0, f(x”) > 0 [since f is CU for x > 0], and f(x”) > 0 for all x ¥ 0, so since all of its 
factors are positive, g’’ (x) > 0 for « # 0. Whether g’’ (0) is positive or 0 doesn’t matter [since the sign of g” does not 


change there]; g is concave upward on R. 


Call the two integers x and y. Then x + 4y = 1000, so x = 1000 — 4y. Their product is P = xy = (1000 — 4y)y, so our 
problem is to maximize the function P(y) = 1000y — 4y”, where 0 < y < 250 and y is an integer. P’(y) = 1000 — 8y, so 


P(y)=0 = y=125. P"(y) =—8 < 0,80 P(125) = 62,500 is an absolute maximum. Since the optimal y turned 


out to be an integer, we have found the desired pair of numbers, namely x = 1000 — 4(125) = 500 and y = 125. 


If B = 0, the line is vertical and the distance from x = —— to (a1, y1) is Ja1 + , SO assume 


A 


<|= |Av1 + Byi + C| 
A V A? + B2 


B # 0. The square of the distance from (21, y1) to the line is f(a) = (a — a1)” + (y— y1)” where Ax + By + C =0, so 
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2 
we minimize f(a) = (a — 21)? + ( on c n) f'(@) =2(a@—-—a1) + 2f aa c n) ( 4). 
B’x,; — ABy, — AC ee = A nae 
f'(z) =0 c= aR and this gives a minimum since f” (x) = 2{ 1+ em} > 0. Substituting 


(Avi + By: + C)? 


4B , so the minimum distance is 


this value of x into f(x) and simplifying gives f(x) = 


= |Av1 + Byi + C| 
JA? + B2 - 


On the hyperbola xy = 8, if d(x) is the distance from the point (x, y) = (x, 8/z) to the point (3,0), then 


f(x) 


[d(x)]? = (a — 3)? + 64/a? = f(x). f'(x) = 2(a — 3) — 128/x° =0 x’ — 3x3 — 64 =0 


By similar triangles, oS es so the area of the triangle is 
x xu? — Qrax 
A(a) = 32y) ia 
u)=5 L=xrzy= 
ae o Vu? — 2rax 


_ Qra Vx? — Ore —ra?(x—7)/Ve2—2ra rx? (x —3r) 


xu? — 2ra (x? — 2ra)?/? 


A'(x) 


when x = 3r. 


2 
A'(x) < 0 when 2r < x < 3r, A’(xz) > O when x > 3r. So x = 8r gives a minimum and A(3r) = ce 3V3r. 


V3r 


The volume of the cone is V = 4y?(r + a) = 4n(r? —a*)(r +2), —r <a <r. 


NS 
= 
8 
~o 
II 
ool 


[(r? — 2?) (1) + (r + 2)(—22)] = §[(r + 2)(r — & — 2)] 


= $(r+2)(r — 32) =Owheng = —rore =r/3. 


\ = 
JAILS, Now V(r) = 0 = V(—r), so the maximum occurs at « = r/3 and the volume is 
|” 
2 3 
r\ fe Tr 4r _ 32nr 
Ula) aC >) (=) = 81 


We minimize L(a) = |PA|+|PB|+|PC| =2Va2?2+16+4+ (5-2), 


——e 
y 
Cc 
| O0<a¢ <5. L(x) = 2r//c? +16 —-1=0 Qa=Vx?2?+16 © 
5 
: Ag? = 4? 216 = +5. (0) = 13, L(~) ~ 11.9, L(5) © 12.8, so the 
B 


i ao RAG 
4 D 4 minimum occurs when « = J ~ 2.3. 
Cc If |CD| = 2, the last part of L(a) changes from (5 — x) to (2 — x) with 
eae O<a< 2. Butwestill get L’(x7)=0 & x= aa which isn’t in the interval 
a [0, 2]. Now L(0) = 10 and L(2) = 2/20 = 4/5 & 8.9. The minimum occurs 
‘A 4 D 4 B 
when P = C. 
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C du K 1 C6 1 A 
uv Ss eens 2 L?=C? L=C. 
L db 2,/(L/C) + (C/L) G B) 


This gives the minimum velocity since v’ < 0 for0 << L < Candv’ > Ofor L > C. 


58. We minimize the surface area S = wr? + 2nrh + 4(4ar?) = 3nr? + 2arh. 
V — 2ar3 
as Solving V = mr7h + ear? for h, we get h = aa = a - Sr, so 
Tr 


V 
=> 2 2 \ 
S(r) = 3ar* + 2nr| zr| ght = 


2V0 a irr? —2V 


ea ait ke 2 
r2 a r2 3 57 57 


S‘(r) 


2 3V 
a Vor ee 2 (V —2V) 3 (5m)? - 3V 8/(5ir)? a3 BV = 
3 (3V)? m /(3V)? 5m ¥/(3V)? 57 
“\ Grp 


59. Let x denote the number of $1 decreases in ticket price. Then the ticket price is $12 — $1(a), and the average attendance is 
11,000 + 1000(a). Now the revenue per game is 
R(x) = (price per person) x (number of people per game) 


= (12 — x)(11,000 + 10002) = —1000x? + 1000x + 132,000 


for 0 < x < 4 [since the seating capacity is 15,000] = R’(x) = —2000x + 1000 = 0 x = 0.5. This isa 
maximum since R” (x) = —2000 < 0 for all x. Now we must check the value of R(x) = (12 — x)(11,000 + 1000z) at 
x = 0.5 and at the endpoints of the domain to see which value of x gives the maximum value of R. 

R(0) = (12)(11,000) = 132,000, R(0.5) = (11.5)(11,500) = 132,250, and R(4) = (8)(15,000) = 120,000. Thus, the 


maximum revenue of $132,250 per game occurs when the average attendance is 11,500 and the ticket price is $11.50. 


60. (a) C(x) = 1800 + 252 — 0.2x? + 0.00127 and 12,000 


be 


R(x) = xp(x) = 48.2” — 0.032. 
The profit is maximized when C’(x) = R'(z). 


From the figure, we estimate that the tangents are parallel when x = 160. a 
0 300 


(b) C(x) = 25 — 0.42 + 0.0032? and R’(a) = 48.2 — 0.06x. C’(z) = R'(x) => 0.0032? — 0.342 — 23.2 = 0 


v1 © 161.3 (a > 0). R” (x) = —0.06 and C(x) = —0.4 + 0.006z, so R” (x1) = —0.06 < C" (x21) 0.57 => 


profit is maximized by producing 161 units. 
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62. 


63. 
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C 1800 ; : 
(c) c(x) = oe) = — +25 — 0.2% + 0.0012? is the average cost. Since ae 
x x 


the average cost is minimized when the marginal cost equals the average 
cost, we graph c(x) and C’() and estimate the point of intersection. 


From the figure, C’(x) =c(z) = wv 144. 


xe — a4 + 302 — 32, —2 
5a4 — 43 + 62n —3 


f(a) =2° —a*432?-382-2 = f'(x) = 5a* — 403 + 6a — 3,80 tn41 = an 


Now z= 1 v2 = 1.5 v3 © 1.343860 => wa 1.300320 => «v5 2 1.297396 => 


x6 & 1.297383 & x7, so the solution in [1, 2] is 1.297383, to six decimal places. 


Graphing y = sin x and y = x” — 3a + 1 shows that there are two 


solutions, one about 0.3 and the other about 2.8. 


f(a) =sinag-—2?+3¢—-1 3. f'(x) =cosx 


i) 
8 
ww 


‘ 2 
sinzt, — 47,+ 3% —-1 
Cnt. = Ly_ — "Now 1 = 03 = 
+ 
COSLn — 2%, 4+ 3 


v2 & 0.268552 => 23 © 0.268881 + v4 anda; =2.8 => 


L2 © 2.770354 = 2x3 & 2.770058 & x4, so to six decimal places, the 


solutions are 0.268881 and 2.770058. 


f(t) =cost+t-?? f(t) =—sint+1—2t. f’(t) exists for all 3 

t, so to find the maximum of f, we can examine the zeros of f’. \ 

From the graph of f’, we see that a good choice for ¢1 is t1 = 0.3. 3 3 
Use g(t) = —sint + 1 — 2t and g’(t) = — cost — 2 to obtain 


to © 0.33535293, tz ~ 0.33541803 ~ ta. Since f(t) = —cost —-2 <0 
for all t, f(0.33541803) ~ 1.16718557 is the absolute maximum. 


.y=f(x)=arsinz, O<a<2r7. A. D=(0,27] B. y-intercept: f(0) = 0; z-intercepts: f(z) =0 <= w=Oor 
sinz = 0 x =0,7,0r27. C. There is no symmetry on D, but if f is defined for all real numbers x, then f is an even 
function. D. Noasymptote E. f’(x) = xcosx+sinz. To find critical numbers in (0, 27), we graph f’ and see that there 


are two critical numbers, about 2 and 4.9. To find them more precisely, we use Newton’s method, setting 


Ln COSXn + SiN 


g(x) = f'(x) = xcosx+sinz, so that g(x) = f" (x) = 2cosx — xsinx and @n41 = Tn — 


%=2 => 22h 2.029048, x3 & 2.028758 } x4 and71 =4.9 > 22 4.913214, x3 & 4.913180 & x4, so the 
critical numbers, to six decimal places, are r1 = 2.028758 and rg = 4.913180. By checking sample values of f’ in (0,71), 
F. Local 


(r1, 12), and (r2, 27), we see that f is increasing on (0,71), decreasing on (r1, 72), and increasing on (r2, 27). 


maximum value f (ri) © 1.819706, local minimum value f(r2) ~ —4.814470. G. f(x) = 2cosx — xsinz. To find 
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points where f’’(x) = 0, we graph f” and find that f’’ (x) = 0 at about 1 and 3.6. To find the values more precisely, 


we use Newton’s method. Set h(x) = f(x) = 2cosx — xsinz. Then h’(x) = —3sinxz — xcosz, so 


2COSLn — Xn SiINTy 


Cant =x %=1 x2 & 1.078028, x3 & 1.076874 + x4 andz, =3.6 => 


—3sin&n — Ln COSLn 
XL © 3.643996, x3 ~ 3.643597 ~ wa, so the zeros of f’”, to six decimal places, are r3 = 1.076874 and ra = 3.643597. 
By checking sample values of f” in (0,73), (rs, 74), and (4,27), we see that f  H. 


is CU on (0,73) , CD on (r3, 14), and CU on (14, 27). f has inflection points at 


(rs, f (rs) ~~ 0.948166) and (ra, f (ra) ~ —1.753240). 


7 
0 20 
-4 
f(x) = 4/a — 6a? + 3 = 4a1/? — 62? +3 F(x) = 4 (32°?) —6 (40°) +3a+C = §0°/? — 22° + 324+C 
1 1 Inz +tan7*2+Cy if«>0 
g(“@)=-+>=— = G(a)= = ; 
ge xe +) In(—#)+tan-°r+C, ifa<0 
f(t) = 2sint — 3e* F(t) =—2cost — 3e°+C 


—1/(2x?)+sinha+C, if x>0 
—1/(2x7)+sinha+C, if «<0 


f(a) =27*+cosha => re)={ 


f'(t)=2t-3sint > f(t) =t?+3cost+C. 


f(0) =3+C and f(0)=5 => C=2,s0 f(t) =t?+3cost+2. 


(uy) = 444 = 


utul/? f(u) = $u? 4 Qui/? +.C, 

f(1) =4+2+C and f(1) =3 => C = 4,50 f(u) = du? +2 fut 5. 

f'(e) =1-62 +482? => f'(x) =x—32?41622+C. f’(0) = Cand f'(0) =2 > C=2,s0 
f(x) =a — 3x? + 16x + 2 and hence, f(x) = $2? — x? + 4x4 + 2x + D. 


f(0) = Dand f(0)=1 => D=1,s0 f(z) = $2? —2° + 40* +2041. 


f"(e) = 5a? +607 +2 = f'(x)=3a4+20° +224+C => f(x) = 40° +$a4+27?+Cx+ D. Now f(0) =D 


and f(0) = 3, s0 D =3. Also, f(1) =4+44+14+C0+3=C +4 and f(1) =—-2,s00 + 2 = -2 Cc=-4. 


Thus, f(x) = 42° + 424 +a? — 2x +3. 
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v(t) = s(t) = 2t — s(t) =t? —tan 't+C. 


s(0) =0-04+C=Cands(0)=1 > C=1,sos(t)=t?—-tan't+1. 


a(t) =v'(t)=sint+3cost = v(t) =—cost+3sint+C. 


v(0) =-1+0+Candv(0)=2 => C=3,s0 v(t) =—cost + 3sint +3 and s(t) = —sint — 3cost + 3t+ D. 


s(0) =-3+ Dands(0)=0 => D=3,and s(t) = —sint — 3cost+ 3t+3. 


(a) Since f is 0 just to the left of the y-axis, we must have a minimum of F' at the same place since we are increasing through 


(0,0) on F’. There must be a local maximum to the left of ¢ = —3, since f changes from positive to negative there. 


5 


(b) f(x) =0.le? +sinz => (c) 5 


F(x) =0.le? —cosx+C. F(0)=0 => 


0.1-1+C=0 C = 0.9, so 
F(x) = 0.le” — cosaz + 0.9. = ss 4 


=1 


f(a) =a*+a3+cx? =>  f'(x) = 40? + 3x? + 2cx. This is 0 when (4a? + 3a + 2c) =0 z=0 


—3+ V9 — 32c 
— 3. 


or 4a” + 3a + 2c = 0. Using the quadratic formula, we find that the solutions of this last equation are « = 


Now if9—32c <0 <= c> s then (0, 0) is the only critical point, a minimum. If c = s: then there are two critical 
points (a minimum at x = 0, and a horizontal tangent with no maximum or minimum at 7 = — 3) and ifc < s. then there are 


three critical points except when c = 0, in which case the solution with the + sign coincides with the critical point at x = 0. 


ForO<c< 2. there is a minimum at x = -; _ aa a maximum at 7 = -; + eo and a minimum at 

x = 0. For c = 0, there is a minimum at x = —3 and a horizontal tangent with no extremum at x = 0, and for c < 0, there is 
a maximum at x = 0, and there are minima at x ; =r 2 = a6 Now we calculate f(a) = 12”? + 6x + 2c. 

The solutions of this equation are x = =a. Soif36—96¢<0 @S cS 3, then there is no inflection 
point. Ifc < 3, then there are two inflection points at x ; de : | 


[continued] 
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9 
Value of c | No. of CP | No. of IP 1253 
er, 3 2 2-10 2: 32 \ 168 1 0.03 
lee [la VIZ 
0<c< 3 3 2 2.25 2 
a) / 
c= 5 2 2 -0.8 . 0.3 
9 3 
32 ae 6a 3 1 2 
3 =3 —0.01 
Choosing the positive direction to be upward, we have a(t) 9.8 v(t) 9.8¢ + vo, but o(0) =O=v => 
v(t) 9.8t = s(t) s(t) 4.9t? + so, but s(0) = so = 500 s(t) 4.9t? + 500. When s = 0, 
—4.9t? + 500 = 0 t= 1/98 210.1 = v(t) =—9.8 ,/ 5 ~ —98.995 m/s. Since the canister has been 


designed to withstand an impact velocity of 100 m/s, the canister will not burst. 


Let s(t) and s(t) be the position functions for cars A and B and let f(t) = sa(t) — s(t). Since A passed B twice, there 
must be three values of t such that f(t) = 0. Then by three applications of Rolle’s Theorem (see Exercise 4.2.26), there is a 
number c such that f”’(c) = 0. So s‘4(c) = s‘G(c); that is, A and B had equal accelerations at t = c. We assume that f is 


continuous on [0, 7] and twice differentiable on (0, 7’), where T is the total time of the race. 


(a) The cross-sectional area of the rectangular beam is 
A = 2a - 2y = 4ry = 42 V/100 — x?,0 < x < 10, 80 
oe 4a(4) (100 — x?)~1/?(—2ar) + (100 — x?)*/? - 4 
dx 7 
—Ag? A[—a? + (100 — x7)] 
_ 4(100 — x2)1/2 = 
(100— a)v72 7 ee) (100 — x?)1/2 
dA 2 2 2 2 
Fo =O when —2? + (100 — 2”) =0 a = 50 c= V50%7.07 = y= 1/100-(V50) = V50. 
Since A(0) = A(10) = 0, the rectangle of maximum area is a square. 
(b) yh The cross-sectional area of each rectangular plank (shaded in the figure) is 
A = 2x(y — 50) = 2x[/100 — 2? — V50], 0< x < V50, so 
dA 
» Fe = 2(v100 = 2? — V5) + 2a(5) (100 — 2?) ~"/?(—2ar) 
x 
= 2(100 — «?)!/? — 2/50 eee 
(100 — x?)1/2 
dA 2 2)1/2 2 2 2)1/2 
Set = ol (100 — x”) — V50 (100 — x”) x =0 100 — 20° = V50 (100 — «*) > 
10,000 — 4002? + 4a* = 50(100 — x”) 4o* — 35027 +5000=0 > 2a*—175¢?+2500=-0 => 
175 + /10,62 
= Lie 1082) x 69.52 0r 17.98 => «a & 8.34 or 4.24. But 8.34 > V50,so x7, 4.24 > 


4 


y — V50 = 1/100 — 2? — V50 © 1.99. Each plank should have dimensions about 84 inches by 2 inches. 
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(c) From the figure in part (a), the width is 2x and the depth is 2y, so the strength is 


S = k(2x)(2y)? = 8kay? = 8kx(100 — 2”) = 800ka — 8kx?, 0 < a < 10. dS/dx = 800k — 24ka” = 0 when 


24kx* = 800k x ue x a y= 4/ aye love 2x. Since (0) = S(10) = 0, the 


maximum strength occurs when « = oy The dimensions should be 7 & 11.55 inches by ae = 16.33 inches. 


80. (a) y = (tan 0)x — __9 2 The parabola intersects the line when 
2? cos?0 
(tana)x = (tan 0)x on aris 


(tan 0 — tan a)2v? cos? 


g 


x sind sina \ 2v’cos?6 sind sina 2v” cos 0 
R(@) = =i — ——_ = — (cos 6 cos @) ——— 
Cos a cos@ cosa g cosa cos@ cosa g cos?a 
2 2 2 
= (sin@ cosa — sina cos 6) a eld sin(0 — a) id ae 
g cos? g cos?a 
Qu? 2 
(b) R’'(0) = pees [cos 8 - cos(@ — a) + sin(@ — a)(—sin@)] = FOr Ss cos[# + (9 —a)| 
Qv? 
= 20 a 
Reowta cos( a) =0 
7 T/2+a mT a : a : 
when cos(26 — a) = 0 20-a=F d= page + 3" The First Derivative Test shows that this 


gives a maximum value for R(@). [This could be done without calculus by applying the formula for sin x cos y to R(0).] 


__ 2v7 cos sin(@ + a) 


Replacing a by —a in part (a), we get R(0) 5 
g cos?a@ 


Proceeding as in part (b), or simply by replacing a by —a in the result of 


part (b), we see that R(O) is maximized when 0 = “ — =: 
81. 
) —1(e* —e-*) — i Ee” + Ee~® —e® +e-® forinae® 
(ec? —e-®)E 4 Ee® — Ke-® Henne ol 
( en?) te? .1—e® 4 ( e.*) 
Ee® +e” -1—[E(-—e-”)+e-#-1] 
: Ee” — Ee-® . ef =e # aa fs 
7 Sac Ee® +e®#+ Ee —e-= eas - mes papadeey 2 
CPt Or Ss 
0 _ ef —e* aa uo, @8+e" 1+1 
= ZL 7 where L = oe a7 al [form 1S 2] = ae a = TT = 2 
Thus, lim P(E) = Oye 0 
i E—o+ a, +2 AS 
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CHAPTER 4 REVIEW 501 


c30t c30+t co 0+ Cc 


lim s(t)= lim (incon y £) =m lim Incosh Vac [let a = g/(mt)] 


fe 


“) mva ,, tanhVac 
= — lm —— 


- _ cosh Saba fan vac) (; 


es ee A 
le: 1 ie tat ae 
2, /— 
Hm VS? lim Sia Ge) = ™* jim sech? Vac = “* (1)? a 2 
2 e0t 1/(2/c) 2 0+ 2 Qmt = 2t 
We first show that i as 7S tan’ x fora > 0. Let f(x) = tan7* # — ae Then 
1 1(1+27)—a(2r) (1427) — (1-27) 2a? ae 
f(x) = i — ae - (sa = G+3) > 0 for ¢ > 0. So f(x) is increasing 
n (0,00). Hence,O<2 => O=f(0) < f(z) =tan ‘2 i rat So 7 i < tan! x for 0 < x. We next show 
-1 -1 ’ 1 oe ar : 
that tan~* x < x forx > 0. Let h(x) = x — tan“ «. Then h'(x) = 1 —- ——~ = ——,; > 0. Hence, h(z) is increasing 


lta? 1+2? 
on (0,00). So for 0 < 2,0 = A(0) < h(x) = x — tan~’ x. Hence, tan~' x < x for x > 0, and we conclude that 
x -1 
—, <tan«<xforr>0. 
14+ x? 
If f’(x) < 0 forall x, f(x) > 0 for |x| > 1, f(a) < 0 for |x| < 1, and 


lim [f(«) +2] = 0, then f is decreasing everywhere, concave up on 


wt iroCo 


(—o0, —1) and (1, co), concave down on (—1, 1), and approaches the line 


y = —x as x — too. An example of such a graph is sketched. 


Let c be the diameter of the semicircle. Then, from the given figure and the Law of Cosines, c” = a? + a? — 2a-a-cos@. 


The radius of the semicircle is de, or 4/20? — 2a? cos @. The area of the figure is given by 


A(6) = area of triangle + area of circle 


= $a-a-sind + $0($V2a? — 2a? cos)” = $a’ sind + $m (2a? — 2a? cos 0) 


; F 2 
A'(0) = $a’ cos0 + 47a’ sind = 0 ima’ sind =—3a’cos0 => tand=-— => 
T 


2 
6 =tan* (-2) + nm (nan integer). We let n = 1 so that 0 < 6 < n, giving @ = tan (-2) +7 & 147.5°. 
T 


A" (0) = —4a’ sin + 47a” cos@ < 0 [6. is a second-quadrant angle, so sin > 0 and cos @ < OJ], so this value of 0 gives 
a maximum. 
(a) V(t) is the rate of change of the volume of the water with respect to time. H’(t) is the rate of change of the height of the 


water with respect to time. Since the volume and the height are increasing, V’(t) and H’(t) are positive. 
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(b) V’(t) is constant, so V’’ (£) is zero (the slope of a constant function is 0). 

(c) At first, the height H of the water increases quickly because the tank is narrow. But as the sphere widens, the rate of 
increase of the height slows down, reaching a minimum at t = t2. Thus, the height is increasing at a decreasing rate on 
(0, t2), so its graph is concave downward and H’’(t,) < 0. As the sphere narrows for t > ta, the rate of increase of the 


height begins to increase, and the graph of H is concave upward. Therefore, H’’ (t2) = 0 and H’(t3) > 0. 


_ keosO  k(h/d) ih _ h - h 
Se) ge ee ae ( a0? + h)* a (1600 + h2)3/2 e 
dt, (1600 + h?)*/? — h3 (1600+ h?)'/? 2h &(1600 + h?)'/?(1600 + h? — 3h?) 
dh [(1600 + h2)3/2]2 (1600 + h?)3 
= 2 
= ran a [k is the constant of proportionality] 
Set dI/dh = 0: 1600 — 2h? = 0 h? = 800 h = 800 = 20 V2. By the First Derivative Test, I has a local 


maximum at h = 20/2 = 28 ft. 


(b) es eos? _ kl(h oid _ mn 4) 

dx 
— =4 ft/s —__Fh=4) _ 4)? 4 22) 73/? 
i mars ae HO MI 9 +2 

dI_ dl dz 2 2-5/2 dx 

oe Be soy 8/2, ge —12xk(h — 4) 
= k(h — 4)(—3a) [(h — 4)? + 2?| 4 (4? nar? 
dl 480k(h — 4) 


dt |, — 40 [(h — 4)2 + 1600]°/? 
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Z 


1. Letty = f(x) = e~*”. The area of the rectangle under the curve from —2x to x is A(x) = 2xe7 * where x > 0. We maximize 


A(z): A'(x) = Qe-® —dee-™ = 2e-™ (1 2a”) =0 a wa This gives a maximum since A’(x) > 0 


for0<a< a and A’(x) < 0 for x > a We next determine the points of inflection of f(x). Notice that 
f'(x) =—2xe-" = — A(z). So f(x) = —A'(x) and hence, f’ (x) < 0 for “Zs <a< a and f’ (x) > 0 fora < -ay 


1 1 
UR? 


and x > yon So f(x) changes concavity at « = 4 and the two vertices of the rectangle of largest area are at the inflection 


points. 
2. Let f(a) = sin x — cos on (0, 27] since f has period 27. f’(x) = cosz + sinx = 0 cosx = — sing 
tanz = —1 w= 3a or Tr Evaluating f at its critical numbers and endpoints, we get f(0) = —1, f(¥) = V2, 


f(¥) = —/2, and f (27) = —1. So f has absolute maximum value 2 and absolute minimum value —\/2. Thus, 


—J/2<sinx—cosx< V2 => |sin x — cosa| < V2. 


3. f(x) has the form e% (*) so it will have an absolute maximum (minimum) where g has an absolute maximum (minimum). 


g(x) = 10|a — 2| v= = 
10[—(z — 2)] — 2? ife-—2<0 —a* — 10x + 20 ifa <2 


eee ife-—2>0 ern ifa >2 


? —22+10 ifa >2 
g(x) = ; 
—2¢-10 ifx<2 


g(x) = Oif = —5 or x = 5, and g’(2) does not exist, so the critical numbers of g are —5, 2, and 5. Since g’ (x) = —2 for 
all « F 2, g is concave downward on (—oo, 2) and (2, 00), and g will attain its absolute maximum at one of the critical 
numbers. Since g(—5) = 45, g(2) = —4, and g(5) = 5, we see that f(—5) = e*° is the absolute maximum value of f. Also, 


lim g(x) = —co, so lim f(x) = lim e9) = 0. But f(x) > 0 for all «, so there is no absolute minimum value of f. 


ZL CO @Z—0o Z— Co 


4. x? y? (4 =) (4 y) =x (4 aly (4 — y’) = f(x) f(y), where f(t) =? (4 — e). We will show that 0 < f(t) <4 


for |t| < 2, which gives 0 < f(x) f(y) < 16 for |x| < 2 and |y| < 2. 


f(t) = 4t? — t* f'(t) = 8t — 40? = 4t(2- 27) =0 t=O0or+v2. 


f (0) = 0, f(£V2) = 2(4— 2) = 4, and f(2) = 0. So 0 is the absolute minimum value of f(t) on [—2, 2] and 4 is the 
absolute maximum value of f(t) on [—2, 2]. We conclude that 0 < f(t) < 4 for |t| < 2 and hence, 0 < f(x) f(y) < 4? or 


0<2? (4 - oly (4 = y) < 16. 
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sin x ,  “£cosx—sinag , «sina —2xecosx+2sinz F ‘ ? ‘ 
y = > = Ff (2, y) is an inflection point, 
x x x 


2 


theny” =0 => (2—27)sing =2rcosa => (2-27)? sin?2 = 42? cos’2 > 


(2-27)? sin?a = 4a?(1—sin?x) = (4-42? + 2*)sin?a2 = 42? — 42? sin?2 > 


sin x 


+2 
a4 = y’(x* + 4) = 4since y = = 


n 
2 


(44+-a*)sin’?2 = 4a? > (24+4) 


. Let P(a, 1 — a”) be the point of contact. The equation of the tangent line at P is y — (1 — a”) = (—2a) (x — a) 


y—-1l+a? =-2ar+2a2 => y=-—2ax +a? +1. To find the x-intercept, put y = 0: 2ax =a? +1 => 


2 
a=* = - To find the y-intercept, put « = 0: y = a? + 1. Therefore, the area of the triangle is 
lfa?+1 (a? +1)? (a? +1)? 
= (a? +1) = ~——~.. Therefore, we minimize the function A(a) = ~————, a > 0. 
2 2a 4a 4a 


tj ee) eee Se) oe) 
7 16a? = daz = Tae . 


A'(a) =Owhen3a2-1=0 > a=-4. A’(a) <Ofora< ye A'(a) > 0 for a > vee So by the First Derivative 


al 


Test, there is an absolute minimum when a = Va The required point is (=: 2) and the corresponding minimum area 
i 1) = 4v3 
is A( =z) =". 


ax” + sin bx + sincr + sindz 


. Let 2 = lim ——_.—_—_—_———_. Now L has the indeterminate form of type 2, so we can apply |’Hospital’s 


z—0 3a? + 5a* + 7x6 


2ax + bcosbx + ccoscx + dcosdx 


6x 4 20n3 4 4x8 . The denominator approaches 0 as x — 0, so the numerator must also 


Rule. L = lim 
approach 0 (because the limit exists). But the numerator approaches 0 + b+ c+ d,sob+c+d= 0. Apply l’Hospital’s Rule 


Santak Getta 2a — b’ sinba — c? sincx — d? sindx _ 2a—0 _ 2a Sie a paniaie 
ae ae | 6+ 60x? + 210x4 6+0 6° ers 


a8 => a=24. Thus,a+b+c+d=a+(b+c+d) =244+0=24. 


. We first present some preliminary results that we will invoke when calculating the limit. 


x2—0 


(D Ify = (1+ az)”, then ny = xIn(1 + az), and lim, Iny = lim, x In(1+ax) = 0. Thus, lim (1+ ax)” = e° = 1. 
x20 x—0 


, 


(2) Ify = (1+ az)”, then Iny = xIn(1 + az), and implicitly differentiating gives us - =e — + In(1 + az) 
— = +In(1+az)|. Thus, y= (l+azr)” => y’ =(1+az)* = +In(1 + az) 
v9 VT ae ; aes ao 1+azx ; 
ax (l+az)a—ax(a) ata?x— ax a 
Ify= , then y’ = S27 OL 
ny ieeage (1 + ax)? (1+ ax)? (14+ ax)? 
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an EDN a ave | Vel 4 2/a)¥* 1] 1/2 
im (e+ 3)" — aie Jim 2Va[(1 43/2)? —1] [factor out «°/*] 
fe 1/ 
eae. (1 + 2/x) 1 
asoo (1+ 3/x)'/* —1 
4. (L4+2t)'-1 - 
a (14+ 3t)t-1 [let t = 1/2, form 0/0 by (1)] 
(1 +20)! F a +In(1 + 2) 
7 [by (2)] 
t—0 t 
+ — +lIn(1+ 3t 
(1 + 3¢) E rary: n(1+3 ) 
2t 
— +In(1 + 2t 
— im Gt. yy 1+2¢ need 
~ BO ae aeye | eg ae 
—0 a 7 =f. “ij? 
ae In(1 + 3¢) 
= -- In(1 + 2t) 
Bae lim, 3F [by (1), now form 0/0] 
t—0 
In(1 4+ 3¢ 
Ta + In(1 + 3¢) 
2 2 
Hoy. (1+2t)? 1+ 2t 
i aa ere a [by (3)] 
(14 3t)? 14 3¢ 
_—24+2 4 2 
3+3 6 3 
. wand deh i a , : d d d 2 
9, Differentiating x? + xy + y? = 12 implicitly with respect to x gives 2a + y +a = + 2y 7 = 0, so - == = 
At a highest or lowest point, a =0 S$ y=-—2z. Substituting —2z for y in the original equation gives 
v 


x? + 2(—2x) + (—2x)? = 12, so 3x? = 12 and x = +2. If x = 2, then y = —2a = —4, and if « = —2 then y = 4. Thus, 


the highest and lowest points are (—2, 4) and (2, —4). 


10. Since 


holds for all real numbers x and all positive integers n, we have 


f(x +n) — f(a) _ 


f(x + 2n) — f(x) 


n 2n 
for every real number ~. It follows that 
f(x + 2n) — 2f(a +n) = —f(x) 
Now, again from (1), we can write 


nf'(x) = f(a +n) — f(a) 


(2) 


The right-hand side of this equation is differentiable by hypothesis, so the left-hand side is also differentiable. Differentiating 
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and then using (1) again— twice this time—we get 
nf" (ae) = fi'(@+n) — f'(2) 
_ fl@+2n)—f+n)  fle+n)—fle) _ fle+2n)- 2f(a@ +n) + f(z) 


n n n 


Rearranging this last equation and simplifying using (2), we get 


n? f(a) = f(a + 2n) — 2f(@ +n) + f(z) = —f(2) + f(x) =0 


Thus, f’ (x) = 0 for all x, so f is a linear function. 


Sate 1 
11. (a)y=a2? = y’ = 2x, so the slope of the tangent line at P(a, a”) is 2a and the slope of the normal line is —— for 
y y 


Sah 1 : : 
a # 0. An equation of the normal line is y — a? = — 3a — a). Substitute x? for y to find the x-coordinates of the two 
: ; i ‘ 2 2 x ol 2 1 1 2 
points of intersection of the parabola and the normal line. x* — a* = — Fa + 3 S&S vt 5a t= 5 a’ = 0. We 
a a 


; ; : : ; 1 
know that a is a root of this quadratic equation, so x — a is a factor, and we have (x — a) (2 + Sa + a) = 0, and hence, 
a 


a the x-coordinate of the point @. We want to minimize the y-coordinate of Q, which is 
a 


BN ae 1 ; it -. det. (2a? 41a? 1) 
(-« i) =a t1+ 73 = y(a). Now y'(a) = 2a- 55 = a Sa =0 => 


1 : ee ds 
a= Va for a > 0. Since y(a) = 2+ as > 0, we see that a = —= gives us the minimum value of the 


2a4 J2 


y-coordinate of Q. 


1 t\ 
(b) The square S' of the distance from P(a, a’) to Q ( a a ( a x) is given by 


Ge gga Gee all 


1 iV 1 2 1 
9, 2. ame alae = 2 =e eae 
= (4a +2475) +(1+z3) (40 +24 gp) +14 ota 


3 1 
= 4q? pate Cree 
las aa rT 
6 4 3 1 32a°—6a?—1 (2a? — 1)(4a” + 1)? “i 
S’ = 8a dee Teas 8a a ae EAE ma ue ) . The only real positive zero of 


9 5 


. . hie 12: 1 : 
the equation S’ = 0 is a = Va Since S$” = 8+ ol + 708 >0,a= a corresponds to the shortest possible length of 


the line segment PQ. 
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12. yoor®+te’ => yi =3cx?+e7 => y” =6cx +e”. The curve will have 
inflection points when y” changes sign. y’ =0 = —6cx = e*,so y” will change 


sign when the line y = —6cz intersects the curve y = e” (but is not tangent to it). 


BY 


Note that if c = 0, the curve is just y = e*, which has no inflection point. 


The first figure shows that for c > 0, y = —6cz will intersect y = e” once, so 


y = cx® + e” will have one inflection point. 
The second figure shows that for c < 0, the line y = —6cz can intersect the curve 


y = e” in two points (two inflection points), be tangent to it (no inflection point), or not 


intersect it (no inflection point). The tangent line at (a, e*) has slope e*, but from the 


x a a 


: sate : 
diagram we see that the slope is —. So — =e* = a= 1. Thus, the slope is e. 
a a 


The line y = —6cx must have slope greater than e,so -—6c >e => c< —e/6. 


13. bai AC is tangent to the unit circle at D. To find the slope of AC at D, use implicit 


I / 


differentiation. 2?+y?=1 => 2r+2yy' =0 yy x y 


e118 


b 
Thus, the tangent line at D(b, c) has equation y = =e +a. At D, x =bandy=c, 


BY 


b P 7+? 1 1 
BO, —1) C soc=—=(b) +a => a=c+— =o" = =, and hence c = —. 


2 
=f a/@2=7 
Since B? +? =1,b = VI—- 2 = 1 —-1/a? g — — , and now we have 


2 
; b b 

both b and cin terms of a. AtC, y = —1,so-l=--x4%+a => -xr=a+1 = 
c c 


a+l1 


us ot Get yo and C has coordinates ( —., -1). Let S be 


wate = \/(a + 1)(a— 1) Vga 


the square of the distance from A to C. Then S(a) = (0 - 


Cc 
x 5 (e+ 1) a 


sGQ)= (a- ae HQ) 


_ —24+2(a2-—a?-a+1)  2a?-2a?-2a  2a(a? —a—1) 
- (a—1) eee oe) ee Coe 


14+V5 1475 


2 »,SO0 Qa, = 2 


+ 2(a+1)= 


Using the quadratic formula, we find that the solutions of a? — a — 1 = 0 area = (the “golden 


mean”) since a > 0. For 1 < a < ai, S’(a) < 0, and for a > ai, S’(a) > 0, so ai minimizes S. 


_ /11+5v5 


5 = 3.33 and the corresponding length of the 


Note: The minimum length of the equal sides is \/.S(a1) =--- 
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third side is 2, / “1+ a 
ai — 1 


-++ =2V72+/5 = 4.12, so the triangle is not equilateral. 


Another method: In AABC, cos@ = cane so AC = oe 2 In AADO, sin 6 = ae so 
AC cos 0 a 

cos = V/1—sin?@ = \/1— 1/a? Aiea 1. Thus AC = aa eee!) = f(a). Now find the 
a : (1/a)Va2—1 Va? —1 


minimum of f. 


To sketch the region {(x,y) | 2xy < |x — y| < 2” + y”}, we consider two cases. 


Case 1: x >y This is the case in which (z, y) lies on or below the line y = x. The double inequality becomes 


Qey <a —y <a? +y?. The right-hand inequality holds if and only if? --x+y?+y>0 


( 


The left-hand inequality holds if and only if2ay—-x+y<0 & asy- da + hy <0 s 


1 
9. 


1 


\F + (y+ aye > = (z,y) lies on or outside the circle with radius Ww centered at (4, 


-3). 


(a 5) (y 3) < + (x, y) lies on or below the hyperbola (@ + 3) (y _ 5) = -i, which passes through the 
origin and approaches the lines y = 4 and x = —4 asymptotically. 
Case 2: y>x This is the case in which (x, y) lies on or above the line y = x. The double inequality becomes 


Qey <y—a <2? 4+ y’. The right-hand inequality holds if and only ifa?+a2+y?-y>0 6 


2 1 


es Va 


>l 


5 (a, y) lies on or outside the circle of radius 


centered at (—$, 4). The left-hand 


(+3) +(¥-3) 3 
inequality holds if and only if2ry+a2—y<0 @ xy+4x-—4y<0 © (x - 3) (y + 3) <-i © (z,y) lies 
on or above the left-hand branch of the hyperbola (a = 3) (y + 3) =— i: which passes through the origin and approaches the 
lines y = —4 and « = 3 asymptotically. Therefore, the region of interest consists of the points on or above the left branch of 


the hyperbola (a _ 3) (y ai 3) 
(w+ 4)? + (y- 4)? 
branch of the hyperbola (x + 3) (y = 3) 


( 


and y are interchanged, so the region is symmetric about the line y = x. So we 


—+ that are on or outside the circle 


3, together with the points on or below the right 


—4 that are on or outside the circle 


1 
ncaa) 


5 a z. Note that the inequalities are unchanged when x 


yP+(yt 


need only have analyzed case | and then reflected that region about the line 


y = 2, instead of considering case 2. 


A = (21,27) and B = (a2,23), where x1 and x2 are the solutions of the quadratic equation x? = mz + b. Let P = (2, 2”) 
and set A; = (a1,0), Bi = (x2, 0), and P; = (x,0). Let f(a) denote the area of triangle PAB. Then f(x) can be expressed 
in terms of the areas of three trapezoids as follows: 

f(a) = area (A, ABB}) — area(Ai APP,) — area(Bi BPP,) 


2 ( 


1 


2 


2 
a x4 


2 


(xj + 25) (x2 — «1) 1) 
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After expanding and canceling terms, we get 


2 2 1 


— aon? + we3) = 5 [xi (ee — 2) + 23(e — 21) +: 2? (21 — 2)| 


f(x) = $ (x27 £483 — Bry + 01 


f'(x) = $[-27 + 03 + 2a(a1 —22)]. f(x) = §[2(a1 — x2)] = 21 — 22 < Osince x2 > x1. 


f'(~)=0 = 2x(21 — 22) = 2{ — 23 tp = (a1 +22). 
f(ap) = 4 (aj [$ (a2 - «1)| +23 [$ (a2 - «1)| + 4 (a4 + x2)*(a1 - r2)) 


= [3 (@2 - a1) (aj + 23) = + (x2 —21)(«1 + x2)”| = 3 (@2 = a1) [2(x7 + 23) — (@ 


rb 
-- 
i) 
8 
n 
8 
Ny 
+ 
8 
vy 
“~~ 


2 2 


= 3 (a2 21) (x2 21) = 3 (a2 X1) 


= 3(x2 v1) (xj Qaix2 + 23) = $(x2 x1)(a1 — £2) 


To put this in terms of m and b, we solve the system y = xj and y = mai + 8, giving us x? — mai — b = 0 


m= 3(m— Vm? + 4b). Similarly, r2 = 3(m+ Vm? + 4b). The area is then 3 (a2 — a1)° = (vm? +46)", 


and is attained at the point P(ap, tp) — P($m, +m’). 
Note: Another way to get an expression for f(x) is to use the formula for an area of a triangle in terms of the coordinates of 


the vertices: f(x) = $[(v2x} - @123) + (a12? - wai) + (x25 = meee) 
Let x = |AE|, y = |AF| as shown. The area A of the AAEF is A = dary. We 
need to find a relationship between «x and y, so that we can take the derivative 


dA/dz and then find the maximum and minimum areas. Now let A’ be the point 


on which A ends up after the fold has been performed, and let P be the intersection 


of AA’ and FF. Note that AA’ is perpendicular to EF since we are reflecting A 
through the line EF to get to A’, and that |AP| = |P.A’| for the same reason. 
But |AA’| = 1, since AA’ is a radius of the circle. Since |AP| + |PA’| = |AA’|, we have |AP| = 4. Another way to express 
the area of the triangle is A = 4 |EF||AP| = 4/2? + y? ($) = Vee ty? . Equating the two expressions for A, we get 
day = 4/0? + y? => 47 y=a?+y = y? (4a? le y = 2/V/4x? — 1. 

(Note that we could also have derived this result from the similarity of AA’ PE and AA’ FE; that is, 


A'P A'F A iy, 
aA = aA —— eS a y= — a ——) Now we can substitute for y and 
[PE] |A’E| Boa? * 47 —1/2 Vaz? —1 
2 V4a? — I (2x) — x? (2) (40? — 1)~/? (8 

calculate cae A= : es aa i Cas® (3)( a ) is) . This is 0 when 

dx 2 /az?2 —1 dx 2 4x? — 1 
Qe 4a? — 1 — 403 (402-1)? =0 & 2x (40? —1)7/? [(4e? — 1) — 227] =0 (4x? — 1) — 227 =0 
(x > 0) Qa? = 1 x +. So this is one possible value for an extremum. We must also test the endpoints of the 


interval over which x ranges. The largest value that x can attain is 1, and the smallest value of x occurs wheny=1 = 


1=2/V/4x2 —1 x? = 4¢? —1 307 = 1 x me This will give the same value of A as will 


x = 1, since the geometric situation is the same (reflected through the line y = x). We calculate 
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2 
1 (1/72) 1 1 17 1 . , 
A(-) = = — = 0.25, and A(1) = = = 0.29. So the maximum area is 
V2 . 
( ) 2 4(1p/2)" -1 4 2,/4(j2-1 23 


A(1) = A( <5) a aA and the minimum area is A( <5) = 3s 


Another method: Use the angle 6 (see diagram above) as a variable: 


1 1 edie te : . F : 
A= day = (5 sec 0) (5 csc 0) = "Saag Gose Dea A is minimized when sin 20 is maximal, that is, when 


sin 20=1 20= 5 0 Z. Also note that A’/E = x = dsec@ <1 => secO<2 > 


cos9>k => 0 < 4%, and similarly, A’F = y = 5 cscO <1 => cscPd<2 > sind <3 => O0>%. 


‘ he ; 1 1 1 
As above, we find that A is maximized at these endpoints: A(Z) = faae 5 a aa A(¥); 


3 3 


1 1 


and minimized at 0 = 4: A(3) = ine =F 


17. Suppose that the curve y = a” intersects the line y = x. Then a®° = xo for some xo > 0, and hence a = xa! "0 We find the 


x 


maximum value of g(x) = a/*, x > 0, because if a is larger than the maximum value of this function, then the curve y = a 
: : ! (1/z) Ina 1 A 1/x 1 us 
does not intersect the line y = x. g'(x) =e —-zlntz+—-—--)=¢2 — }(1—Inz). This is 0 only where 
x Li 60 x 


ax =e, and for 0 < x <e, f’(x) > 0, while for x > e, f’(a) <0, so g has an absolute maximum of g(e) = e1/°. So if 


y = a* intersects y = x, we must have 0 < a < e!/°. Conversely, suppose that 0 < a < e!/°. Then a® < e, so the graph of 


y = a” lies below or touches the graph of y = x at x = e. Also a = 1 > 0, so the graph of y = a” lies above that of y = x 
at x = 0. Therefore, by the Intermediate Value Theorem, the graphs of y = a” and y = x must intersect somewhere between 


x =Oandz =e. 


18. If L = lim (: a <) , then L has the indeterminate form 1°, so 


1 1 
inp des (Ee) Se il eat nla 2) Sine a Hy z+aq 2-4 
xz 0oO xr-a ~—0o _— x00 1/x e=S6G —1/a? 
; (cg—a)—(4+a) —2? 2ax : 2a 

1 1 1 2 

paren (x + a)(x — a) 1 aa Pa aaa ee] a?/x? ie 
Hence, In L = 2a, so L = e?*. From the original equation, we want L el 2a=1 a 3. 

19. Note that f(0) = 0, so for « 4 0, Pe) = FO)! _ | f@)) _ F@) < jsine| _ sing 
x—O0 x |x| |x| x 
Therefore, | f’(0)| = | lim f(z) - a — lin (x) aa <1 sing _ | 
xz—0 oS x20 A bara z—-0 & 


But f(z) =a, sine +agsin2x4+---+a,sinnzx => f'(#) =aicosx + 2ag cos2z +--+ + Nan cosnz, so 


| f’(0)| = jar + 2a2 +--+ + nan| <1. 


Another solution: We are given that |) 7_, ax sinkx| < | sin z|. So for x close to 0, and x 4 0, we have 
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7 sin kx ; we sinkx sinkx . 
ak— <1 => lm/>SSa— <1 > lim < 1. But by l’Hospital’s Rule, 
fa1.~—s Sin & 20 | fry sin z—0 sing 
. sinks . kcoskx - 
lim — = lim =k,so| >> kax| <1 
z—0 sing z—0 COSx c= 


20. 


ZOPR isa right angle, so tan 40= = 


Let the circle have radius r, so |OP| = 


|PR| 


|OQ| =r, where O is the center of the circle. Now ZPOR has measure $0, and 


| and the area of AOPR is 4 |OP||PR| = $r? tan 40. The area of the sector cut 
r 


by OP and OR is 4r? ($0) = 4770. Let S' be the intersection of PQ and OR. Then sin $9 =—— bad and cos $0 = cea and 
r r 
the area of AOSP is 5 |OS||PS| = $(rcos $0) (rsin $0) = sr? sin $0 cos $0 = tr? sind. 
So B(0) = 2(5 r? tan 40 — +176) =7 (tan 50 — $0) and A(@) = 2($r *9—4r * sind) = $7r°(0 —sin@). Thus, 
_ A(O) ; $r*(0 — sin 0) : Q-sind ut), 1—cos0 
90+ BO) 90+ r2(tan50— 30) 9-0+ 2(tan $0 — 30) eau 2(4 sec? $0 — 3) 
mali l—cos? _ om 1—cos@ 4 ae sind 
e—0+ sec249—1 60+ tan? 40 ~~ 90+ 2(tan 30) (sec? 30) 5 
in@ cos® 46 2sin 46 46)cos® 40 
= lim —_ ae 2 = im (eagles weet —=2 lim cos* ($0) — 2(1)4 =2 
60+ sin 50 got sin 50 0-0 
21. (a) Distance = rate x time, so time = distance/rate. T; = = Th = zee: + Ee eee + Peak tang 
C1 C1 C2 C1 c2 


2/h? + D?/4 _ 


V4h2 + D? 


T3 = 
C1 C1 
(b) ata = cle - sec tand — zie sec” 9 = 0 when 2h sec 0 Sean oo secO)=0 => 
dé C2 C1 C2 

a sy oie, = eng = = = sind =<. The First Derivative Test shows that this gives 

c1 cosO~—s ca. cos8 c1 cos 0 c2 cos 0 C2 

a minimum. 

: ; /th2 + D2 
(c) Using part (a) with D = 1 and T; = 0.26, we have JT, = = ee ae = 3.85 km/s. T3 = oe 
1 ; 1 
4h? + D? = T3ci h = 4\/T3c? — D? = $,/(0.34)?(1/0.26)2 — 12 = 0.42 km. To find c2, we use sin # = 7 
from part (b) and T2 = avec’ + podem from part (a). From the figure, 
C1 c2 
sind = — sec 0 = and tan @ = a , SO é 
C2 3 Cy 3 Cf : ¢ 
,Pve — 2h 
Th = as ae DG oa 2he a . Using the values for T> [given as 0.32], 


a/a—a ae 


h, c1, and D, we can graph Y; = 


C2V/ cs — Cj 


To and Yo = 


Va-4 
2hee 


4 DV - ae 2hei 
aVv/a-c¢ 


cay/C3 — Cj 


and find their intersection 
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points. Doing so gives us cz © 4.10 and 7.66, but if cp = 4.10, then @ = arcsin(c1/c2)  69.6°, which implies that point 


S is to the left of point R in the diagram. So cz = 7.66 km/s. 


22. A straight line intersects the curve y = f(x) = x* + cx? + 12%? — 5x + 2 in four distinct points if and only if the graph of f 
has two inflection points. f’(a) = 4a? + 3ca? + 24a — 5 and f(x) = 12x? + 6ca + 24. 


—6e + (6c)? — 412) (24) 
2(12) 


f"‘(2)=0 & v= . There are two distinct roots for f(x) = 0 (and hence two inflection 


points) if and only if the discriminant is positive; that is, 36c? —1152>0 <= c?>32 © |c| > V32. Thus, the desired 
values of care c < —4,/2ore > 44/2. 


23. d Let a = |EF'| and b = |BF| as shown in the figure. 
Since = |BF| + |F'D|, |F D| = 2 — 6. Now 


|ED| =|EF|+|FD| =a+l—6b 
Vr2 — a2 +l—/(d—2)? +a? 


Let f(a) = Vr? — a? + £— Vd? + r? — 2dz. 


S — — d 

"(x)= 4 (7? — 2)~/? (-22) — (a? +7? — 2de)~/?(—2d) = a i 
f(x) mal ) ( ) 3 ( ) ( ) Vr2 — x? Vd? +r? — 2dx 

x d x d? 

= So —s ——<—<——SS_ OS > 

Pe) Ws r2—g2 fd? + r2 — Qdx r2— a2 d? +r? — 2dax 
a? x? + r?x? — 2da? = d?r? — d?x? 0 = 2dx? — 2d? — 722? +d?r? = 
0 = 2dx? (ax — d) — r? (x? — d?) 0 = 2dx* (x — d) — r?(a + d)(x — d) 0 = (a — d)[2dz? — r?(« + d)] 


But d >r > «,so a 4 d. Thus, we solve 2dx” — r?x — dr? = 0 for x: 


2 2 
—(-r*) 4 4/(—r?)° — 4(2d)(—dr?) 24/4 B72 
ew) Vv _ re tvrt + 8d?r . Because \/r4 + 8d2r? > r?, the “negative” can be 


2(2d) 4d 
24 3 fee 2 [72 Bde 
discarded. Thus, « = oe = oye [r>0] = a (r + Vr? + 8d? ). The maximum 
value of |E'D| occurs at this value of «. 
24. 
E 
b 
4D 


k—a — 


Let a = CD denote the distance from the center C’ of the base to the midpoint D of a side of the base. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


25. 


CHAPTER 4 PROBLEMS PLUS 513 


Since APQR is similar to ADCR, © oN Vh 


i noe: soe ae. 


Let b denote one-half the length of a side of the base. The area A of the base is 


A = (area of ACDE) = 8($ab) = 4a(atan $) = 4a?. 


2 
2 
The volume of the pyramid is V = zAh = + (4a?) h= : (: pe h= $7? — ae with domain h > 2r. 
= _ pe 2 
hoe Ce ae OD) kee ae) 
dh 3 (h — 2ry2 3. (h—2r2 3. (h—2r/p? 
d PV 44 (h—2r)?(2h— 4r) — (h? — 4hr) (2)(h — 2r)(1) 
an SSS SS Ee 
de 3 [(h = 2r)?P 
2(h — 2r)[(h? — 4hr + 4r?) — (h? — 4h 
SA Ca Be) 
3 (h — 2r) 
8 5 Ar? S265 1 


> Cer 


The first derivative is equal to zero for h = 4r and the second derivative is positive for h > 27, so the volume of the pyramid 


is minimized when h = 4r. 


To extend our solution to a regular n-gon, we make the following changes: 


(1) the number of sides of the base is n 


(2) the number of triangles in the base is 2n 
(3) 2pCB == 
n 


T 
(4) b= atan 


2 ne d 2 h(h—4 
We then obtain the following results: A = na? tan 7 V= a : tan(=) Serre) ld = - : tan(=) : aes 
2 4 
and GM ue : tan(=) : : . Notice that the answer, h = 4r, is independent of the number of sides of the base 
dh? 3 n/ (h— 2r)8 
of the polygon! 
V= an 3 7 Arr? ae But 7“ is proportional to the surface area, so a = = k- 4nr? for some constant k. 
2 dr 2 dr Bh td sag : : 
Therefore, 47r = k-4ar a k = constant. An antiderivative of k with respect to t is kt, sor = kt +C. 


When ¢ = 0, the radius r must equal the original radius ro, so C = ro, and r = kt + ro. To find k we use the fact that 


when t = 3,r = 3k+roandV=43Vo = 4n(3k+1r0)?=4-40r6 => (8k+70)? =4ra => 


a! = 
3k +170 are k= wn(Z 1). Since r = kt+70,r = 370 (3 -— 1) t +10. When the snowball 
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3 
: ‘ V2 ‘ 
has melted completely we haver =O => $70 (+ = 1) t+ ro = 0 which gives t = eee Hence, it takes 
v2 v2—-1 
3 
3v2 -3= 2 & 11h 33 min longer. 
V2—-1 V2—-1 


26. By ignoring the bottom hemisphere of the initial spherical bubble, we can rephrase the problem as follows: Prove that the 
maximum height of a stack of n hemispherical bubbles is \/n if the radius of the bottom hemisphere is 1. We proceed by 
induction. The case n = 1 is obvious since v1 is the height of the first hemisphere. Suppose the assertion is true for n = k 
and let’s suppose we have k + 1 hemispherical bubbles forming a stack of maximum height. Suppose the second hemisphere 
(counting from the bottom) has radius r. Then by our induction hypothesis (scaled to the setting of a bottom hemisphere of 


radius r), the height of the stack formed by the top k bubbles is kr. (If it were shorter, then the total stack of k + 1 bubbles 


wouldn’t have maximum height.) 


The height of the whole stack is H(r) = Vkr + V1 — r?. (See the figure.) a =A 
We want to choose r so as to maximize H(r). Note thatO <r <1. 
kr 
/ = r n _ —l + 
We calculate HH (r) = Vk a aae and A (r) = G_ rp | 
+ 


2 


| k 
, 2 2 2 = 
H'(r) =0 rr =k(1—-r*) (k+1)r° =k r ae 


V 1-r 
This is the only critical number in (0, 1) and it represents a local maximum e 


k 
(hence an absolute maximum) since H’(r) < 0 on (0,1). When r = ,/ rae 


Vk Piles Was noe od 
Vk+1 k+l Vk+1 VE+I 


it is true for n = k. By induction, it is true for all positive integers n. 


H(r) = Vk = Vk +1. Thus, the assertion is true form = k + 1 when 


Note: In general, a maximally tall stack of n hemispherical bubbles consists of bubbles with radii 


; n—-1 /[n-2 vee 
? n n : Seam | n’ n- 
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5.1 The Area and Distance Problems 


1. (a) Since f is decreasing, we can obtain a /Jower estimate by using right endpoints. We are instructed to use five rectangles, 


son = 5. 
5 = = 

Rs = >> f(ai) Ax ae et ea 
i=l n 5 


= f(xi)-2+ f(a2)-2+ f(ws)-2+ f(a) - 2+ f(as)-2 
= 2[f(2) + f(4) + £(6) + f(8) + f(10)] 


ry 2(3.2 + 1.8 + 0.8 + 0.2 + 0) x 
= 2(6) = 12 
Since f is decreasing, we can obtain an upper estimate by using /eft endpoints. 
S » 
Ls = a f(ai-1) Ax 
are y= f(x) 
= f(o)- 2+ f(t1)-2+ flw2)- 2+ f(xs)- 2+ f(wa)- 2 ial 
= 2[f(0) + F(2) + F(A) + F(6) + F(8)] ~ 
we 2(54+3.2+1.840.8 + 0.2) 0 4 8 s 
= 2(11) = 22 
10 ye 
(b) Rio = a f (xi) Ax [Aa = 10-9 = 1] 
— 4 y = f(x) 
= If(x1) + f(w2) +--- + f(a10)] 
2 
= f(1) + f(2) +--+» + f(10) 
¥44+3.24+2.541.8413+08+0.54+0.2+0.1+4+0 0 4 8 x 
=144 
10 
I10 = Ss f(ai-1) Ax y 
Pe 4 Nap = fe) 
= F(0) + PA) roe 19) 
2 
= add leftmost upper rectangle, 
= Rio + 1- F(0) it F(10) subtract rightmost lower em >! 
0 4 8 x 
=14.4+5—0 
= 19.4 
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= 2[f(xo) + f(a1) + f(w2) + fxs) + f(va) + f(xs)] 
= 2[f(0) + f(2) + f(4) + f(6) + f(8) + f(10)] 
ww 2(9+8.84+8.2+7.3+5.9+4.1) 


= 2(43.3) = 86.6 0 4 8 12* 
(ii) Re = Le + 2- f(12) — 2- f(0) yt 
gt y= F(x) 
= 86.6 + 2(1) — 2(9) = 70.6 
[Add area of rightmost lower rectangle 47 
and subtract area of leftmost upper rectangle. ] 
0 4 8 i2* 
yr 


(iii) Me = S f(x;) Ax 


= 2[f(1) + F(3) + £(5) + £0) + £(9) + FOI) 
2(8.9+8.5+7.8+6.6 +5.1 + 2.8) 4t 


2 


2(39.7) = 79.4 


(b) Since f is decreasing, we obtain an overestimate by using left endpoints; that is, Le. 
(c) Since f is decreasing, we obtain an underestimate by using right endpoints; that is, Re. 
(d) Me gives the best estimate, since the area of each rectangle appears to be closer to the true area than the overestimates and 


underestimates in Lg and Re. 


3. @ Ra = = Flas) Ae [ac is -— = ‘| “ b> Fle) Ag v4 


= [f(v1) + f(x2) + f(ws) + f(va)] Ax 
fit hs Hs. A = Healt 
5/4 6/4 7/4 4 


/4 8/4 
Since f is decreasing on [1, 2], an underestimate is obtained by using the 


—f4 2 4 1h 3 
[$+34+44 4] Z 0.6345 


right endpoint approximation, R4. 
(b) Da = > f(ai-1) Ax = by Flea) Ax yt 
= [f(wo) + fl@1) + f(w2) + f(wa)] Ax 


re ares 1g a ne ne ae 
=|=+ teat Ta] g— + + 84+ §] 4 07595 


D4 is an overestimate. Alternatively, we could just add the area of the 


leftmost upper rectangle and subtract the area of the rightmost lower 


rectangle; that is, La = Ra + f(1)- + — f(2)- 4. 
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4 - 4 
4. (a) Ra = D> f(ai) Av Ag = mr ve | = [= Fle) Ax A f(x) = sin x 
i=l i=l + 
= [f(a1) + f(w2) + f(s) + f(ea)] Ax 
1 [sin 2 + sin 2 + sin +sin =] 3 
= 1.1835 
Since f is increasing on (0, S|, Rg is an overestimate. 0 2 « 3a tm Sie ie 
8 4 °8 2 8 
4 4 : 
(b) I4g= > f(ai-1) Ag = pb Fa-)| Ax ‘ f(x) = sin x 
i=l i=1 t 
= [f(xo) + f(x1) + f(x2) + f(xs)] Ax 
= [sin 0 + sin z + sin aE + sin 37 7 
= 0.7908 
Since f is increasing on (0, S|, Lg is an underestimate. 0 7 2 Bn Sa . 
8 4 8 2 8 
ay ae yA yA 
5. (a) f(x) = 1+? and Ax = ed) =1s 
R3 =1-f(0)4+1- f(1)4+1- f(2)=1-141-241-5=8. 
SPEND, 
Ax 6 0.5 x ‘5 
Re = 0.5[f(—0.5) + f(0) + f(0.5) + f(1) + f(1.5) + f(2)] 
= 0.5(1.25 +14 1.25 +2+43.25+4 5) 
= 0.5(13.75) = 6.875 ey | ee | 
yA yA 
(b) L3 = 1- f(—1) + 1- f(0)+1-f(1) =1-241-141-2=5 
Le = 0.5[f(—1) + f(—0.5) + f(0) + f(0.5) + f(1) + f(1.5)] 
= 0.5(2 + 1.25 + 1+4 1.25 + 2 + 3.25) 2 2 
= 0.5(10.75) = 5.375 
0 1 x 0 1 x 


(c) Mg =1- f(—0.5) +1- f(0.5) +1- f(1.5) 
=1-1.2541-1.254+1-3.25 =5.75 


Me = 0.5[f(—0.75) + f(—0.25) + f (0.25) 
+ (0.75) + f(1.25) + f(1.75)] 
= 0.5(1.5625 + 1.0625 + 1.0625 + 1.5625 + 2.5625 + 4.0625) 


= 0.5(11.875) = 5.9375 


(d) Me appears to be the best estimate. 
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6. (a) f(a) =e", OS a <2 15 
0 2 
(0) fl) =" and An = "TP => 
yR 
@ Ra=3-F(3) +5 -f0) +3 -f09) +32) Zoe 
1 
= 3[f(a) + f@) + (3) + FQ) 
= alee ree high et Oe eel 0.5 
~ 1.446 
9 0.5 1.0 15 20 % 
yr 
Gi) Ma= $-1() + 4-408) + 8-0) #4008) | 
= 3lf(a) +f) + f(D) +f) 
cs, blevactiy 4 @8/4-(3/4)? 4 @2/4-(8/4)? + et/4-r/4)"| 7 
= 1.707 
9 0.5 1.0 15 20 2 
(c) f (c) =e? and Ax = —— > , fy 
yA 
(@) Rs = 3[f(z) + f(a) +--+ F(2)] 1 
a h[ele-are” 4 et/2-(1/2)? top er] 
0.54 
~ 1.576 
0 0.5 1.0 1.5 20 % 
yh 
Gi) Ma = $L(8) #408) +B) ; 
= 2 = 2 _ 2 
= t[ews (1/8)? 4. 63/8-(3/8)” 4... 4 @15/8-(15/8) 
0.54 
=~ 1.695 
0 0.5 1.0 1.5 20 2 
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n nm 


n= 2: 


The maximum values of f on both subintervals occur at 
x = 0, so 
upper sum = f(0)-2+ f(0)-2=6-246-2=24. 


The minimum values of f on the subintervals occur at 


x = —2 and x = 2, so 


lower sum = f(—2)-2+ f(2)-2=2-24+2-2=8. 


= 1 0 1 2 x 
n=A; 
upper sum = [f(—1) + f(0) + f(0) + f(DJC) ‘d 

= [5+6+6+5](1) 

—~29 4 
lower sum = [f(—2) + f(—1) + f(1) + f(2)]Q) 

= (2+5+5+2](1) ai 

=14 

= =1 0 2% 


n=8: 
upper sum = [f(—1.5) + f(—1) + f(—0.5) + f(0) 
+ f(0) + f(0.5) + f(1) + f(1.5)](0.5) 
= 20.5 


lower sum = [f(—2) + f(—1.5) + f(—1) + f(—0.5) 
+ f(0.5) + f(1) + f(1.5) + f(2)](0.5) 


= 16.5 
—2 —l 0 1 2 x 
8. f(x) =1+cos(x/2), -m<au<a, At= a 
yA 

n=3: 2 
upper sum = [f(—4) + (0) + f(4)] (2) 

= 12.005 : 
lower sum = [f(—7) + f(+%) + f(x)] (25) 

= 8.097 —T _r 0 uy Ti; x 

3 3 
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yA 
n=A: = 
upper sum = [f(—3) + f(0) + f(0) + f(%)] (4) 
= 11.646 ai 
lower sum = [f(—7) + f(-—3) + (3) + f(m)| (4) 
= 8.505 ee 7 a 
2 2 
n=6: yt 
upper sum = [f(—22) + f(—4) + f(0) : 
+f(0) + £(§) + F(F)IG) 
= 11.239 : 
lower sum = [f(—7) + f(-#) + f(-4) 
f(s) + (3) + f()](¥) —q7 27 1 0 7 27 T x 
3 3 3 3 


= 9.144 


. Since v is an increasing function, L¢ will give us a lower estimate and Re will give us an upper estimate. 


Le = (0 ft/s)(0.5 s) + (6.2)(0.5) + (10.8)(0.5) + (14.9) (0.5) + (18.1) (0.5) + (19.4) (0.5) = 0.5(69.4) = 34.7 ft 


Re = 0.5(6.2 + 10.8 + 14.9 + 18.14 19.4 + 20.2) = 0.5(89.6) = 44.8 ft 


(a) The velocities are given with units mi/h, so we must convert the 10-second intervals to hours: 


10seconds _ 1 


MeCN 3600 seconds/h 360 - 


distance © L¢ = (182.9 mi/h)(345 h) + (168.0) (355) + (106.6) (345) + (99.8) (35) 
+ (124.5) (95) + (176.1) (45) 


= a = 2.383 miles 
, 7 850.6 _ ; 
(b) Distance = Re = (345) (168.0 + 106.6 + 99.8 + 124.5 + 176.1 + 175.6) = aan 2.363 miles 


(c) The velocity is neither increasing nor decreasing on the given interval, so the estimates in parts (a) and (b) are neither 


upper nor lower estimates. 


Lower estimate for oil leakage: Rs = (7.6 + 6.8 + 6.2 + 5.7 + 5.3)(2) = (31.6)(2) = 63.2 L. 
Upper estimate for oil leakage: L5 = (8.7 + 7.6 + 6.8 + 6.2 + 5.7)(2) = (35)(2) = 70L. 


We can find an upper estimate by using the final velocity for each time interval. Thus, the distance d traveled after 62 seconds 


can be approximated by 


6 
= Yo o(t;) At; = (185 ft/s)(10 s) + 319-5 + 447-5 4+ 742-124 1325-274 1445-3 = 54,694 ft 
i=1 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


SECTION 5.1. THE AREA AND DISTANCE PROBLEMS 521 


For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an underestimate. 


We will use Mg to get an estimate. At = 1, so 
Me = 1[v(0.5) + v(1.5) + v(2.5) + v(3.5) + (4.5) + v(5.5)] © 55+ 40+ 284 184+ 10+4 = 155 ft 
For a very rough check on the above calculation, we can draw a line from (0,70) to (6,0) and calculate the area of the 


triangle: 4(70)(6) = 210. This is clearly an overestimate, so our midpoint estimate of 155 is reasonable. 


For an increasing function, using left endpoints gives us an underestimate and using right endpoints results in an overestimate. 
We will use Mg to get an estimate. At ae O = 5g ra h <5 h. 


= (31.25 + 66 + 88 + 103.5 + 113.75 + 119.25) = 4 


Me = qglv(2.5) + v(7.5) + v(12.5) + v(17.5) + v(22.5) + v(27.5)] 
= (521.75) ~ 0.725 km 


720 
For a very rough check on the above calculation, we can draw a line from (0, 0) to (30, 120) and calculate the area of the 
triangle: 4(30)(120) = 1800. Divide by 3600 to get 0.5, which is clearly an underestimate, making our midpoint estimate of 


0.725 seem reasonable. Of course, answers will vary due to different readings of the graph. 
12-0 
f(t) = —t(t — 21)(¢ + 1) and At = => = 2 


Me = 2- f(1) +2: f(3) +2- f(5) +2- f(7) + 2+ f(9) +2- fC11) 
=2-40+2-21642-480+2-784+ 2- 1080+ 2- 1320 
= 7840 (infected cells/mL) - days 
Thus, the total amount of infection needed to develop symptoms of measles is about 7840 infected cells per mL of blood 


plasma. 


f(a) =27e", O0< a <4. Ax =(4—0)/n=4/nand a2; =0+iAa = 4i/n. 


A= lim Ry, = lim Y fei) Ae = lim ns (4i/m)retiln = 


n—0co NCO 5 CO j=] 


f(a) =2+sin?x, O0<a<n. Ar =(n—0)/n=2/nand a; =0+iAg = ri/n. 


A= Jim R, = lim Y fle) Ae = Jim, 3 [2 + sin? (ri /n)] . = 


N00 j OO j= 


f(~)=a4+lng, 3<a4<8 Av=(8-—3)/n=5/nand a; =3+1 Ar =3+4 5i/n. 


A= lim Rn = lim ss f(w:) Aw = lim. ¥> [(3 + 5i/n) +1n(3 +5i/n)] 2 


f(z) =aV22 48, 1l<a<5. Av=(5—-1)/n=4/nand a; =1+1 Av =1+4 4i/n. 
A= lim Rn = lim 3 f(ai) Ae = lim Yo [(1 + 4i/n) 14+ Bn +8 - i 
n—0o N00 jT4 n—0o 


i=l n 
n1/fi\? eee , 
lim So = (=) can be interpreted as the area of the region lying under the graph of y = x” on the interval (0, 1], 
NCO j7=1 1 n 


; ; 1-0 1 ; li a ‘ ! : 
since for y = x? on (0, 1] with Ax = —— = —, x; =0+i Axe = — = —, and x} = aj, the expression for area is 
n n non 
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nO 5 NCO j=] n 


-\3 
is 1 ; ; : 
= lim > f(aj) Ac = lim > (=) - =. Note that this answer is not unique. We could use y = (x — 1)? on [1, 2] or, 
n 


in general, y = (a — n)? on [n,n + 1], where 7 is any real number. 


1. D, 1 1 
lim ——-~ can be interpreted as the area of the region lying under the graph of y = on the interval {0, 2], 
pes HF CT) ] eevee al aaa 0,2] 
: 1 : 2-0 2 : 2% ; : : 
since for y = ies on [0, 2] with Ax eal = x,=0+iAr= a and x; = x;, the expression for area is 


its kts 1 2 : : : 1 
A= lim )/ f(zj) Av = lim 7 (<7) = Note that this answer is not unique. We could use y = =~ on [1,3] 


: 1 : : 
or, in general, y = on [n + 1,n + 3], where n is any real number. The given answer results from the general case 
g y pan ry g g 


with n = —1. 


lim » 2 1+ a can be interpreted as the area of the region lying under the graph of y = \/1 4+ « on the interval (0, 3}, 
n 


NOOO j=1 


3-0 3 30 : : 
since for y = 1 + « on (0, 3] with Ax 7 a vw =0+iAr= =, and x; = x;, the expression for the area is 


A= lim a f(a7) Ac = lim y 1+ = cg Note that this answer is not unique. We could use y = \/< on [1, 4] or, 
nn 


NCO j= NCO j= 


in general, y = \/z — non [n + 1,n + 4], where n is any real number. 


n 


lim SO — tan = can be interpreted as the area of the region lying under the graph of y = tan x on the interval [0, =] . 


NCO j=1 4n 


7/4 —0 T . an 7 : . 
/ = a; =0+%7Ac = —, and x; = 2;, the expression for the area is 
n 


since for y = tan x on (0, #| with Ax = An’ 4n 


im \ 7 : ; : : i : 
A= lim a f (a7) Ac = Jim, > tan( ) cE Note that this answer is not unique, since the expression for the area is 
n 


NCO j= =1 4n 


the same for the function y = tan(x — kz) on the interval [krr, ka + ZI , where k is any integer. 


. Coy RoR 
(a) Ax = t=" =F anda: =0+iAe = *, A= lim R, = lim % flay de = lim > (<) see 
1 


ng 1 2 1 1)]? ‘Vee eS ao 
(b) lim yas lim = #= lim G aa = im SEM = 5 tim (1+ 5) =5 
(a) Since f is an increasing function, L,, is an underestimate of A [lower sum] and R,, is an overestimate of A [upper sum]. 
Thus, A, L,,, and R,, are related by the inequality L, < A < Rn. 


(b) Rn = f(ai1)Ax + f(v2)Au +--+ + f(an)Aa 


Ly = f(ao)Ax + f(a1)Ax +--+ + f(an-1)Ax 


Ry — Ln = f(an)Ax — f(ao)Ax 
= Ax[f(en) — f(«0)) 
= 24) #0) — f(a)] 


n 


n [continued] 
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In the diagram, R, — L,, is the sum of the areas of the shaded rectangles. By sliding the shaded rectangles to the left so 


that they stack on top of the leftmost shaded rectangle, we form a rectangle of height f(b) — f(a) and width as = 
Oe I ee Oa Ea Te re eee eee — 41 F(b) — Fla) 
b—a poe eae 
26. From Exercise 25, we have R, — A < 5 [f(b) — f(a)] = —_IF(3) -f@= ole —e). 
Anse Dita . 3 2(e? — e) 
Solving ke —e) < 0.0001 for n gives us 2(e* — e) <0.0001In => n> “E0001 => n> 347,345.1. 


Thus, a value of n that assures us that R, — A < 0.0001 is n = 347,346. [This is not the /east value of n.] 
27. Here is one possible algorithm (ordered sequence of operations) for calculating the sums: 
1 Let SUM = 0, X_MIN = 0, X_ MAX = 1, N = 10 (depending on which sum we are calculating), 
DELTA_X = (X_MAX - X_MIN)/N, and RIGHT ENDPOINT = X_MIN + DELTA X. 
2 Repeat steps 2a, 2b in sequence until RIGHT_ENDPOINT > X_MAX. 
2a Add (RIGHT_ENDPOINT)4 to SUM. 


2b Add DELTA_X to RIGHT ENDPOINT. 
At the end of this procedure, (DELTA_X)-(SUM) is equal to the answer we are looking for. We find that 


1 10 4 # 1 30 4 4 1 50 i 4 
40 aq} ™ 02 = 7 =x) ¥0.21 ee —) 0.2101 
Rio 0 & (=) 0.2533, R30 30 2 (5) 0.2170, Rso 50 (=) 0.2101, and 


1 100 i 
Rioo = io0 > ea) = 0.2050. It appears that the exact area is 0.2. The following display shows the program 
i=1 


SUMRIGHT and its output from a TI-83/4 Plus calculator. To generalize the program, we have input (rather than 
assign) values for Xmin, Xmax, and N. Also, the function, «*, is assigned to Yi, enabling us to evaluate any right sum 


merely by changing Y, and running the program. 


PROGRAM: SUMRIGHT 
7845 


PPromet amin 
PPromet aMax 
PPromet Hl 
:CaAMax—aAMind “40 


Pram SUMP TIGHT 
as 7H 


PAM ints 
Forel, 1:H3 
rey CRISS 


28. We can use the algorithm from Exercise 27 with X_MIN = 0, X_MAX = 7/2, and cos(RIGHT_ENDPOINT) instead of 


; m/2 10 in m/2 30 in 
(RIGHT ENDPOINT)" in step 2a. We find that Rig = —— > cos 20 = 0.9194, R30 = 30° >> cos 60 = 0.9736, 
i= i=1 


50 


and R59 = a > cos (335 J = 0.9842, and Rioo 


m/2 100 


= Io ys cos( 3m} ~& 0.9921. It appears that the exact area is 1. 
i=1 
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29. In Maple, we have to perform a number of steps before getting a numerical answer. After loading the student package 
{[command: with (student) ;] we use the command 
left_sum:=leftsum(1/ (x*2+1),x=0..1,10 [or 30, or 50]) ; which gives us the expression in summation 
notation. To get a numerical approximation to the sum, we use eval f (left_sum) ;. Mathematica does not have a special 
command for these sums, so we must type them in manually. For example, the first left sum is given by 
(1/10) *Sum[1/ (((i-1) /10) *2+1) ],{i,1,10}], and we use the N command on the resulting output to get a 


numerical approximation. 


(a) With f(x) = aa 


ee 0 <a <1, the left sums are of the form L,, = zt Ss Z . Specifically, D190 & 0.8100, 
1 n j=4 (4 +1 


: eek 1 : 
L309 & 0.7937, and Ls50 = 0.7904. The right sums are of the form R, = . > @ at Specifically, Rig ~ 0.7600, 
w=1 (2) + 


R30 ~ 0.7770, and Rs0 = 0.7804. 


(b) In Maple, we use the left box (with the same arguments as left_sum) and rightbox commands to generate the 


graphs. 
11 11 11 
Ss 
0 1 0 1 0 | 1 
left endpoints, n = 10 left endpoints, n = 30 left endpoints, n = 50 
1.1 1.1 1.1 
i.e 
—_ 
a 
0 1 0 1 0 | 1 
right endpoints, n = 10 right endpoints, n = 30 right endpoints, n = 50 


(c) We know that since y = 1/(a? + 1) is a decreasing function on (0, 1), all of the left sums are larger than the actual area, 
and all of the right sums are smaller than the actual area. Since the left sum with n = 50 is about 0.7904 < 0.791 and the 
right sum with n = 50 is about 0.7804 > 0.780, we conclude that 0.780 < Rso < exact area < D590 < 0.791, so the 
exact area is between 0.780 and 0.791. 
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30. See the solution to Exercise 29 for the CAS commands for evaluating the sums. 


(a) With f(a) =Inz, 1 <a < 4, the left sums are of the form L, = cs > in(1 + we), In particular, Lip © 2.3316, 
nM j=1 nm 


n 


L309 & 2.4752, and D590 & 2.5034. The right sums are of the form R,, = 2 > in(1 + >). In particular, 
Tj nm 


=1 
Rio ~~ 2.7475, R30 ~ 2.6139, and Rso & 2.5865. 


(b) In Maple, we use the left box (with the same arguments as Left_sum) and rightbox commands to generate the 


graphs. 


left endpoints, n = 10 left endpoints, n = 30 left endpoints, n = 50 


right endpoints, n = 10 right endpoints, n = 30 right endpoints, n = 50 


(c) We know that since y = In z is an increasing function on (1, 4), all of the left sums are smaller than the actual area, and all 
of the right sums are larger than the actual area. Since the left sum with n = 50 is about 2.503 > 2.50 and the right sum 
with n = 50 is about 2.587 < 2.59, we conclude that 2.50 < Ls9 < exact area < R50 < 2.59, so the exact area is 
between 2.50 and 2.59. 


2-0 2 Qi 
31. = =a he = = NG 
(a)y = f(a) =a x = 5 and x 0+72Ax = 
rs 5 “5 
n n 2 n 2 n 
A= Ji, Bo = Jim, 3 fle) Ae = im (7) 2 = Jim So = im Oe 
2 29,2 
n no (n+ 1)*(2n* 4+ 2n -1 
1 12 
2 25,2 2 2 
1)*(2n* + 2n -1 n° +2 1)(2 2n-1 
oti, 4 OEP 20) _ 64 (Pea? d=) 
noo n§ 12 12 n-00 n2.n? 
1 1 2 1 16 32 
= F tim (1 + =) (2+= =) z 1-2=4 
2m» 0 ayn _ 2-1) 
32. From Example 3(a), we have A= lim = > e~?*/". Using a CAS, $3 e7?*/" = Raq and 
noo N j=] i=1 eh, 
_ 2 e*(e 1) 2/2 ‘ . 
lim . espe e (e - 1) = 0.8647, whereas the estimate from Example 3(b) using M10 was 0.8632. 
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33. y = f(z) =cosx. Ar = Tea OEY ome ee as 
n n n 


A= lim R, = lim DO f(a) Av = lim ¥ 0os(2) 2 


NOOO j=4 1 
CAS 


bsin| b on +1 
oA 2n b | cas 
~ n—00 ; ( b ) 2n 
2nsin{ — 
2n 


34. (a) O The diagram shows one of the n congruent triangles, A AOB, with central angle 


sinb 


Ifb = §, then A =sin 5 = 1. 

27/n. O is the center of the circle and AB is one of the sides of the polygon. 
Radius OC is drawn so as to bisect ZAOB. It follows that OC intersects AB at 
right angles and bisects AB. Thus, AAOB is divided into two right triangles with 
C legs of length (AB) = rsin(7/n) and rcos(1/n). AAOB has area 


2. s(r sin(a/n)|[r cos(a/n)] = r? sin(a/n) cos(a/n) = 3r? sin(27/n), 


so An = n-area(AAOB) = $nr? sin(2m/n). 


sin 0 


(b) To use Equation 3.3.5, lim = 1, we need to have the same expression in the denominator as we have in the argument 


of the sine function—in this case, 27/n. 


f i ; : in(2 2 : 2 
lim Ay = lim gnr?sin(2m/n) = lim 3nr? eaten Deis lim enn) t) mr”, Let 9 = — 
n—oco n— co n— co Qr/n n n—- co a /'n, 
2 0 
Then as n — co, 9 > 0,so lim An = lim anal) 32 = lim “ar? = (1) ar? = ar 
n—0oo n—0o a /'n, 6—0 0 


5.2 The Definite Integral 


1. f(x) =2-1,-6<2<4. Ag = P= = 29) <5 


Since we are using right endpoints, «7 = x;. 


Rs = > f (xi) Ax 


= (Ax)[f(21) + f(w2) + flea) + flava) + f(a) + f(%6)] 
= 2[f(—4) + f(-2) + F(0) + F(2) + F(4)] 

= 2/-5 + (-3) + (-1) +143) 

= 2(-5) = -10 


The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the 


three rectangles below the x-axis; that is, the net area of the rectangles with respect to the x-axis. 
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_b-a_ 3n/4—0 _ yA 


2. = <a< 32a =. 
f(x) =cos#,0<a< 3 x A 6 8 f(x) = cos x 


Since we are using left endpoints, x7 = x;_1. 


Le = > f (ai-1) Az 


= (Az) [f(xo) + f(r) + f(w2) + f(ws) + f(wa) + f(as)] 
Z(f(0) + f(%) + £(¥) 
1.033186 —l+ 


The Riemann sum represents the sum of the areas of the four rectangles above the x-axis minus the area of the rectangle below 


2 


the x-axis; that is, the net area of the rectangles with respect to the x-axis. A sixth rectangle is degenerate, with height 0, and 


has no area. 


3. f(z) = 2? —4,0< a4 <3. Ar = r 
Since we are using midpoints, «7 = 7; = 4 (xi-1 + 23). 
Me = 53 f (i) Ax 
= (Ax)[f(t1) + f(E2) + fs) + f(s) + f(Zs) + f(Ge)] . 
= slf(a) + F(3) + £(2) +7) +f) + (2)] 
1/_63 55 39 15 , 17 4 387 1/_ 98 49 
=9(-te- is te ae fe tte) = a(“ie) = ae 


The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the four 
rectangles below the x-axis; that is, the net area of the rectangles with respect to the x-axis. 


baa: Ped dh a 
A =A 


4. (®) f(a) ==,1< <2 Ae 


‘ F : F ly 
Since we are using right endpoints, x7 = 2;. foey=t 


= 0.634524 


The Riemann sum represents the sum of the areas of the four rectangles. 


(b) Since we are using midpoints, c} = %; = $(xi-1 + 23). 


II 
—~ > 
> Il 
8 
Se 


f(@1) + f (2) + f(%s) + f(%a)] 
at ts) Poa iG ate) 
a($ tit a + as) © 0.691220 


The Riemann sum represents the sum of the areas of the four rectangles. 
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5. (a) fo” f(w) da = Rs = [f(2) + f(4) + f(6) + £(8) + f(10)] Aw 


(b) fo° f(x) da = Ls = [f(0) + f(2) + f(4) + f(6) + f(8)] Az 
= [-14+ (-1)+14+3+(-1)|(2) =1(2) =2 
(c) fo° F(x) dx = Ms = [f(1) + f(3) + (5) + £(7) + fQ)] Ae 
= (2+0+2+1+ (—2)](2) =3(2) =6 


6. (a) f*, g(a) de = Re = [g(—1) + g(0) + 9(1) + 9(2) + 9(3) + g(4)] Az 


(b) [*, g(a) dx © Le = [g(—2) + g(—1) + g(0) + 9(1) + 9(2) + 9(3)] Ax 
= [0+ 5+0+(-3)+35+(-)]() = 
) 


| : 
(c) 2, 9(@) de % Me = [9(—$) + 9(-3) + 9(3) + 9(8) +.9(8) +.9(3)] Az 


7. Since f is increasing, D5 < ees f(x) dx < Rs. 


Lower estimate = Ls = > f(ai-1) Av = 4[f(10) + f(14) + f(18) + f(22) + f(26)] 


= 4[-12 + (-6) + (—2) + 1+ 3] = 4(-16) = —64 


Upper estimate = Rs = = f(a)Ax = 4[f(14) + f(18) + f(22) + f(26) + £(30)] 


= 4[-6 + (-2) +1434 8] = 4(4) =16 


8. (a) Using the right endpoints to approximate f. : f(x) dx, we have 


Me 


ll 
na 


f (as) Ax = 2[f(5) + f(7) + f(9)] = 2(—0.6 + 0.9 + 1.8) = 4.2. 


a 


Since f is increasing, using right endpoints gives an overestimate. 


(b) Using the left endpoints to approximate /, : f(x) dx, we have 


f(ai—1) Ax = 2[f(3) + f(5) + f(7)] = 2 (—3.4 — 0.6 + 0.9) = -6.2. 


Mes 


ll 
na 


a 


Since f is increasing, using /eft endpoints gives an underestimate. 


(c) Using the midpoint of each interval to approximate : f(x) dx, we have 
3 
So f (Gi) Av = 2[f(4) + (6) + f(8)] = 2 (—2.14+ 0.34 1.4) = -0.8. 
i=1 


We cannot say anything about the midpoint estimate compared to the exact value of the integral. 


9. Ax = (8 — 0)/4 = 2, so the endpoints are 0, 2, 4, 6, and 8, and the midpoints are 1, 3, 5, and 7. The Midpoint Rule 


8 4 
gives [ a’ da > f (Xi) Ax = 2(17 +3? +5? +77) = 2(84) = 168. 
0 i=1 
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Ax = (2—0)/4= 3, so the endpoints are 0, 2 a1, 3, and 2, and the midpoints are + 3. 3. and q The Midpoint Rule gives 


[0+3)de S> f(a) de = [(8- +3) + (8-43) + (8 $48) + (8: +3)](B) = UN() =. 
0) 


i=l 


Az = (3 — 0)/6 = 4, so the endpoints are 0, 4, 1, 2, 2, 3, and 3, and the midpoints are +, 3, 3, £, 2, and 44. The Midpoint 


6 
Rule gives [/ ev" dx & SS f(Gi) Ac = (eV 74 $ eV94 4 eV 4 eV 4 4 V4 4 eV 14) ( 
0 i=l 


= 
2 


) © 10.2857. 


Ax = (1—0)/5= 2, so the endpoints are 0, 4 = 2, 3,2 g, and 1, and the midpoints are >> 4, a ia nd <. The Midpoint 


Rule gives 


[ verFlae~ & fe) o=3( (Ry 41+ Gy P+itV(B) Pris (hy 41+ Vay +1) 


x 1.1097 


Ax = (3-—1)/5= 2, so the endpoints are 1, z, 2, 4, 2, and 3, and the midpoints are $ : 3, 25 2 , and + The Midpoint 


Rule gives 


3g eres - 6/5 8/5 2 12/5 14/5 2 
| pag eT Re (aor + 75248 | 248 (2/5248 (14/5)? + 3) (3) 


Ax = (x — 0)/4 = §, so the endpoints are 7, a ; 2 , and = 13 , and the midpoints are 7, az st and a The Midpoint Rule 


" 5 
[ asin?x dx = ps f(®i) Ax = *(3 sin” : + = sin? = + = sin” = + a sin” =) = 2.4674 


Using Mathematica and the Riemann Sum notebook from MathWorld, we obtain the following for f(x) = x/(x? + 8): 


Ms ® 0.318595 Mio © 0.318144 Mao & 0.318032 


0.177 0.177 0.177 


1 3 1 3: 1 3 
0 0 0 


For f(x) = x/(a + 1) on (0, 2], we calculate Lino + 0.89469 and Rioo + 0.90802. Since f is increasing on [0, 2], Lioo is 


2 2 
an underestimate of [ us i dx and Rio is an overestimate. Thus, 0.8946 < i : os I dx < 0.9081. 
0 0 


We’ll create the table of values to approximate f, i sin x dx by using the 


n Rn 
program in the solution to Exercise 5.1.27 with Y; = sinz, Xmin = 0, 
5 | 1.933766 
Xmax = 7, and n = 5, 10, 50, and 100. 10 | 1.983524 
The values of R,, appear to be approaching 2. sional aaah e 
100 | 1.999836 
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18. f° e~®” da with n = 5, 10, 50, and 100. 


19. 


20. 


21. 


22. 


23. 


24. 


The value of the integral lies between 0.872 and 0.892. Note that 


n Ln Rn 
5 | 1.077467 | 0.684794 f(x) = e~® is decreasing on (0, 2). We cannot make a similar statement 
10 | 0.980007 | 0.783670 for jes e~* da since f is increasing on (—1, 0). 
50 | 0.901705 | 0.862438 
100 | 0.891896 | 0.872262 
hd ez 1 ez 
On Se oa de= f Toe 
On [2,5], lim S- viv/1 +23 At = fpevi +23 dex. 
i=l 
On [2,7], lim 57 [5(a*)? — 4x7] Aa = Loe — 4x) dex. 
N00 j=] 
n * 3 r 
1 l A d 
On S|) in. 2 Gey x ‘| e244 x 
if 2 4—0 
For | (a — 2°) dx, Ax = —— = —,andxz; = 0+7Aa = —. Then 
0 


4 . A a2, P -2 
2 on 6G a 4i\4_,. ia) dt di 4. 42/42 162 
fe tem jim, (#8) 4 = 3m ¥ | (4) (2) aim 23 [4 | 


tim, 23 [FB] = tim S/S eS Oe] = im, [SY eee | 
= lim [Fin+1)- nt yen+a| 
= lim [s(+ x) 2 (1+ x) (2+ ~)| =8(1) - S()(2) = 
3 


3 
For [ (a? + 5x”) da, Ar = 
1 


—1 2 21 
= and 2, =1+iAre=—1+—. Then 
n n 


ae 5 n 2\ 2 n 
Je +52°)dx= lim > (1+ )2- lim SO 
1 


NOOO j=]1 n N—O0O j=] 


Lge m 6i 12778? 201 2077 
= tin (+ S+ +S) 4 (4 BS 


(1-2) +0(1+2)] 


) 
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8 B23 


oe cana nerd] } 


=n 216) is A (nt 1) + (nt 1)(2n +1) + Sint 1)| 


2 
12+26(1+ 2) +F(+2) (2+) +4(1+2) 
n 3 n n n 


= 12+426(1) + = (2) pag 


= lim 


n— oo 


25. f(x) = V44+27,a=1,b =3, and Ax = a = Using Theorem 4, we get 27 =a =1+iAe=1+~,s0 


tos dt YB 
V4+22 dx= lim Rn = lim 55 14/44+(1+—] --. 
1 n—oo NCO Fay nm nm 


1 —2 } 
26. f(w) = 2° + —,a=2,b=5, and Ar = 7 = . Using Theorem 4, we get 0? = = 2+ Ar =2+,s0 


5 2 
2, 1 . : n 34 1 3 
[ (@+3 By BE Me ae an orl a 


2+= 

Fr Nola tint Nae = eg eo ee 
nm n n 

2 . r : 

Le 21 \ 2 De xt 20 2 2 64 

3xde= 1 :) Ag = Ii NS ee ea Ie 

[f seae= jim, 3 sles) Ae = tim So ¢(2)2 = tim 2 3() = tim 2 HS 

+ 


28. Note that Ax = oa Bs die PARR 
n n n 


9 -\ 2 n > 
fe dx = lim % fle) Ae = Jim n, 3 #(#)3 = lim 235 (=) = lim — oe 
0 i= = 


N00 j=4 


3/9\ Ba ee ae!) n(n + 1)(2n + 1) 
= im 2(3) eS = jim, 2(3) 
8 jig eee age (1+) (2+) 
n—oo n n—oo 
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29. Note that Az = ae anda; =0+iAz = at 
n n n 


[o2+2)4e= lim % fei) Ae = lim 3D [5(=) +2] 3 ds Ds (1% +2) 


NOOO 5 N00 j=] n—0o i=l 
wef LO ee go . 45n(n+1) 3 
= lim —(— +302) = 1 ae NE ee 7 (9 
tim (Pit 2) =a [BO + Tne) 
. 5 ‘ 45 1 45 57 
peri m+ nee 3(2) a E (1 - x) +6] get) Oe pe 


30. Note that Az = Salis andxz; =0+iAz = ag 
n n n 


[e-2?)da= jim S fle) Ae = im © ¢(2) 4 Pll (3) 


a 16%? ! Ae 64 2. 
= lim +3 (s- +) - lim (F0-SE8) 


E09. i=1 noo \N i=1 w=1 
oe 4 64 n(n + 1)(2n + 1) . 32 
Jim E n(6) "3 6 Jim 4(6) 3,3 (2 + Yn + 1) 
=n [as ae (a+ x) (2+ +)| oa 22 yy - 
31. Note that Ax = 2 a - andz; =1+iArv=1+4+ = 
4i\ 4 
were + 7x) dx = lim Y fle) Ae = lim i Lea = 
‘A NCO 7 Nn—-CO 4 
“ \2 
= lim aS 3(1+ 2) +7(1+4) 
noo T j=1 n 
L 
Aes], 8i 16:7 Ai 
= lim = (ee ee eee 
ee 3( at >) +7(1+ )| 
42 24i 48:7 282 of Ae 52a 482 
tS Ste ee ae ln 5 [toe + oe 


= lim A[e10+ 2 vis Sve 


noo T | j=4 Hy 


2. ae A 208 n(n+1)  192n(mn+1)(2n+1) 
= a ln eal) n2 2 Ht n3 6 

eal | _ 104 _ 32 
= jim, 4 (10) 4 7 (n+ 1)4 72 (n+ 1)(2n + 1) 


= lim 40+ 104(1+ =) +32(1+ 2) (2+2)| 
n—-oco L n n n 


= 40 + 104(1) + 32(1)(2) = 208 
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32. Note that Az = zit) = u andx; =—-1+7iArv=—-1+ a 
n n n 


J? (40? +. +2) de = lim B Has) Ae = jim, > ¢(-14#) 3 


n— oo 


a r iv 2 a 
Sota a(-1+ 4) +(143) 42 
nN ; n nm 


. 82 21i 36:7 : n 21”. 36% » 
eae 5 a jim 2) 35 tit See 
_ [3 63 n(n +1) . 108n(n+1)(2n+4+ 1) 
= | 4 gE fe ET 
ge ae a ae 6 


noo | 2n n2 
= lim 5-F(1+2) p18(a+ x) (2+2)| = 15 — 88 (1) 4 18(1)(2) = = 
n— oo n 


33. Note that Az = ——* = = and; = 0+ 6 Ar = 


1 : -\3 -\ 2 
3 sg? oe hE a ; =. 4S ik a aga n a a 1 
[8 909) ae= jim SS Fes) Ba = im SS (£) a= sm, & |(2) (2)]2 


a 


lim 


n— oo 


n n 2 en 


Jim z(1++) (1 | x) (1 | x) (2+3)| = 5) - 5 a)@) = -4 


2- 2 21 
34, ois angen | (Gea Ae aes 
n n n 


[@2-25)ae= fe 5S FG) Ae Tek 7 (=) 


: — A 
N— OO j= NOOO f=4 


2 2 E ~ 


n? 2 nt 2 n—0o n n2 


= lim la( *) ye = “fini [a(1+2) a(1+2)(1+2)| 
noo n n n n—-0o n n n 


= 4(1) — 4(1)(1) = 0 


pes {sae 16 ey - ie [ath _ goer) 
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35. (a) Think of hime j x) dx as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A = 4(b + B)h, 


so [> f( aes, =4, 


5 
(b) ar x) dx = fovt x) dx + joy a)dx + fy f(x) dx 
trapezoid oe triangle 
= $(14+3)2+ 3-1 + $-2-3 =44+34+3=10 
(c) Se £( x) dx is the negative of the area of the triangle with base 2 and height 3. Se FC x) dx = -4 °2-3=-3. 
(d) 1g 3 f(x) dz = ee 3 f(a) dx + (ee 5 eee 3 / (x) dz is the area of the triangle with base 2 and height 3. 
> F(x dx = 4-2-3 =3. From part (c), ” F(x) d. x = —3. Thus, x) dx = 3+ (-3)=0. 
3 5 : 
Or: Since he 7 x) dx is the same figure as in part (c), but with opposite sign, it has value 3. Thus, 


Sx f(a) dz = 34 (-3) =0. 


(e) Ss |f(@)| dx = f. | f(x)| dx + fi |f(«) )| ae a) dx + fi [- x)| dx. From part (d), Dae A dx = 3. 
From part (c), JeK x) dx = —3, so f[- x)| dz = —(—3) = 3. Thus, - |f(a)| dx =3+3=6. 
(f) ip f(x) dz = =— fo f( x) dx. From part (a), fet dx = 4, so {7 f(a) dx = —4. 


36. (a) ie g(a) dx = 4-4-2=4 [area ofa triangle] 


(b) fog > g(x) dx = —4$7(2)” = —2n — [negative of the area of a semicircle] 


(c) [7 g(a) dx =4-1-1=2 [area ofa triangle] 


iat x) dx = f* g( a) de + fy g(x )da + fi g( a)dx=4—-In+4=45 27 


37. (a) Note that Ax = se and x; =0+iAr= a 
n n n 


[scae= lim ¥ fle) Ae = Jim ns 7(¥) Rs = lim . = 4(=) 
0 n i— 


N—- 00 5 


3 12% 3 /12\ 36 [n(n +1) 
_ foe i mc (ae = oe. 
a ee n jim 3(2) jim, 3 2 
1 
= lim s(“+*) = lim 1s(1+ =) = 18(1) = 18 


(b) f. . 4x dx can be interpreted as the area of the shaded 


triangle; that is, 3(3)(12) = 18. 
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38. (a) Note that Ax = ele!) ae anda; = —1+71Aev =—-1+ ot 
n n n 
. (2- 5°) dz = Jim, D fle.) Ae = jim, 3 r(-1+ =< = Jim 2 [2— 5 —1+ *)| 
= tim fp+5- Fea e Bae] am RLS oe 
= lim E (5) = mas 2 = lim, E ain +1)| 
_ lim EF > ( fe )| = > (1) > 


4 
(b) / (2 — 5) dx can be interpreted as the area of the 
=i 


shaded triangle; that is, 5(8) (3) = 2a 


39. (a) Ax = (8 — 0)/8 = land a} = 2; =0+1i =i. (b) ay 
3 
(GC — 2x) dx \ 
3S flat) Ac 0 
1=1 


= H[8— 2(1)] + 3 — 2(2)| +--+ [8 — 2(8) 


—13+ 


ijiNeictarage = 2 = © pad 20 4 Nes 
n n n 


‘Gate eS ake ts 93 (2) Sa 
Oe ONS Tn) ea? 


(8%, 182). [8 128 n(n +1) 
= Jim [5 So 3— SF Si] = tm [Fn - ee 
ite [s@) - Swr+y) 2 ia [es—oa(1+=)| 

N—0o n n— Co n 
= 24 — 64(1) = —40 
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(d) nha: — 2x) dx = A; — Ag, where Aj is the area marked + and Az is the a 


area marked —. 


40. (a) Av = (4—0)/8 = 0.5 and aj} = x; = 0.51. (b) 
So (2? —3x)dx = > f (aj) Ax 
i=l 


= 0.5{ [0.57 — 3(0.5)] + [1.07 — 3(1.0)] +--- 
+ [3.5 — 3(3.5)] + [4.0? — 3(4.0)] } 


1 9 5 4 7 a5 
= 3(-$ -2- $-2-$40+4+4+4) =-15 


n3 6 n2 2 


(d) A, — 3a) dx = A; — Ag, where A, is the area marked + and 


Ag is the area marked —. 
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41. feat (10 — 52:) dx can be interpreted as the difference of the areas of the two yh 
y+ 20 


shaded triangles; that is, $(4)(20) — 4(3)(15) = 40- 8 = 2% 


3: 


eo) 
a cd 
=9 |0 x 
—-15 = i 
42. feat (2x — 1) dx can be interpreted as the difference of the areas of the two yy 
5 ae 
shaded triangles; that is, — (3) (3) + $(3)(5) =-3+2=2=4 
—1 | 
| iA 4c 
2 
—3 ai 


43. jc : | $2 dz can be interpreted as the sum of the areas of the two shaded 


triangles; that is, $(4)(2) + $(3)(3) =4+ 3 = 2. 


44. s |2a — 1| dx can be interpreted as the sum of the areas of the two shaded of 
d. 
triangles; that is, 2(5)($)(1) = 3. =[2x-1] 
0.5 
9 0.5 1 x 
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45. f = (1 + J/9— x? ) dx can be interpreted as the area under the graph of 


f(x) =1+ V9 — x? between x = —3 and x = 0. This is equal to one-quarter 


the area of the circle with radius 3, plus the area of the rectangle, so 


fP,(1+ V9— a?) dx = in- 3? 1-3=3+4 $n. 


46. f, (22 — /16 — x?) dz = Ace Qu dx — Hig? /16 — x? dz. By symmetry, the value of the first integral is 0 since the shaded 


area above the x-axis equals the shaded area below the x-axis. The second integral can be interpreted as one-half the area of a 


circle with radius 4; that is, 47 (4)? = 87. Thus, the value of the original integral is 0 — 87 = —87z. 
yA 
8+ 
y 
4 
a —4 0 4 f 


n—0o Ne G=1 n n—-0o n f=1 n2 i=l 
= — 2 a 2 
= lim Le a) tg 4) att =a(b—a)+ lim peo) ( + x) 
n— co n n 2 n—0co n 


4. [2° de = jim * oy lat? “i ae 2 [at +20” Bg (Oe) a 


n—-oo Tt i=1 


P (b—a)? @% 5 2a(b—a)? 2. a? (b—a) & 
= | 1 
neo | n°? aa ar n2 pat n = 
- ‘ ‘ ; 
Site) [PSOne On) abo emia) gabe), 
noo | n3 6 n2 9 a 
r(h — 7)3 
2 ie: | (142) (242) bab-at1-(14+2) +22 0-a] 
noo | 6 n n n 
—~a) 3 9,72 D3 
= COW + a(b—a)? +02 (b— a) = 8 FBO ate 926 4 a? + a? — a? 
3 3 3538 
= 5-5 a 0% + ab? — 0 =? 7 
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49. Av = (x —0)/n = n/nand x} = x = Ti/n. 


/ sindadx = lim > (sin 52;) (=) = lim > (sin sms 7S 5 lim : cot( 3") AS 
0 n n 


ROO 4 NCO j=1 n n no Nn 


50. Av = (10 — 2)/n = 8/nand xj = x; = 24 8i/n. 


10 -\ 6 -\6 
6 87 8 : 8. 87 
dx = | 2 =8 | 24 

[fee = ime F045) Fs te hG+T) 


nee 64(58,593n® + 164,052n° + 131,208n* — 27,776n? + 2048) 
=> Nn -.: OOOO 
n>co nN 21n> 


 1,428,553.1 


CAS aa) 9,999,872 
S a a 


51. f, . V1+ «4 dx = 0 since the limits of integration are equal. 


52. fe sin? 9 d0 = — f o. sin’ @ d@ [because we reversed the limits of integration] 


=—f e sin* x dx [we can use any letter without changing the value of the integral] 


=— an [given value] 


53. f. (5 — 6x?) dx = f) 5dx —6 f) 2? dx =5(1—0) —6(4) =5-2=3 


54. [? (2e" —1) dx =2 f ce” da — f° 1da = 2(e* — e) —1(3 — 1) = 2e3 — 2e -2 


55. eres (ese die? . e* dx = e’(e? —e) = —& 


56. fr? (Qcosx — 5a) dx = f"/? 2cosada — [*/? 5a dx = 2 a cosadax —5 fad 


(1/2)?-0? 5x? 
2 comes 


= 2(1) 


57. Ne f(a) dx + ier x) dx — foe f(a) dz = cae f(x) dx + ie f(a) dx [by Property 5 and reversing limits] 


= ie f(x) dx [Property 5] 


58. Ee a) dx + fF f( a) da = fi f x) da, so fy f( a) da = fs f a) da — fy f( z)dx =7.3—-5.9=1.4. 


59. f [2f (x) + 3g(a)| da = 2 fy f(x) dx +3 f> 9( = 2(37) + 3(16) = 122 
3 forx <3 

60. If f(x) = , then So FC x) dx can be interpreted as the area of the shaded yA 
a forx> 3° 5+ 


region, which consists of a 5-by-3 rectangle surmounted by an isosceles right triangle 


whose legs have length 2. Thus, ie f(x) dx = 5(3) + $(2)(2) = 17. 
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Uae ‘ x) dz is clearly less than —1 and has the smallest value. The slope of the tangent line of f at z = 1, f’(1), has a value 
between —1 and 0, so it has the next smallest value. The largest value is Se FC (x) dx, followed by Aba 4 J (2) da, which has a 
value about 1 unit less than : f(a) dz. Still positive, but with a smaller value than f * f(x ) dx, is TF o J (x) dx. Ordering these 


quantities from smallest to largest gives us 


So f(x) da < f'(l) < fp f(a) da < f? f(a) dz < ff f(x) dx or BS EXA<D<C 


62. F(0) = Be f(jdt=—- ea t) dt, so F'(0) is negative, and similarly, so is F'(1). F'(3) and F(4) are negative since they 
represent negatives of areas below the x-axis. Since F'(2 eee 9 J (t) dt = 0 is the only non-negative value, choice C is the 
largest. 

63.2 = [7 [f(x)+204+5]de=f?, f(a)de+2f?,cde+ ff? 5de=h+2h+Is 


68. 


69. 


70. 


71. 


J; =-—3 [area below z-axis] +3-—3=—-3 


In = —4(4)(4) [area of triangle, see figure] _ + 4(2)(2) 


. Using Integral Comparison Property 8, m < f(z) <M => m(2-—0)< lek x)dx< M(2-0) => 


2m < fr f( xz)dx < 2M. 


a? —4¢4+4= (a —2)? >00n [0, 4], so f(a? — 4a + 4) dx > 0 [Property 6]. 
. 2? <xon(0,1],s0 /1+ a2 < /1 +2 on (0, 1]. Hence, [> V1+ 2? da < > Vl+adzx_ [Property 7]. 


.If—-1 <a <1, then0 < 2? < land1l <1+27 <2,s01 < V1 +2? < V2 and 


11 —(-D] < yee V1+ a? dx < /2[1 — (—1)] [Property 8]; that is, 2 < ee JV1i+ 22 dx < 2/2. 


1 ‘ 3 i ee ; rere 
then 5 <sing < oe (sina is increasing on [z, 4]), so 


n/3 n/3 
) < / sina dx < v3 (= - *) [Property 8]; that is, D sef sing dx < OE 
wT n/6 


If0 <a <1, then0 < 2? < 1,80 0(1—0) < le x°® dx <1(1—0) [Property 8]; that is, 0 < So x? dx <1. 


3 
(3-0) < [ = dz < 78- 0) [Property 8]; that is, 


If <a@< F,then] <tanz< /3, so 1(4 _ a)< Jr/} tana da < V3 (z _ 4) or 5 < [7/) tana da < < Sv3. 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 
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Let f(z) = 2? — 3a + 3 for 0 < & < 2. Then f’(x) = 32? — 3 = 3(a + 1)(a — 1), so f is decreasing on (0, 1) and 
increasing on (1,2). f has the absolute minimum value f(1) = 1. Since f(0) = 3 and f(2) = 5, the absolute maximum 
value of f is f(2) = 5. Thus, 1 < 2? — 32 +3 < 5 for z in (0, 2]. It follows from Property 8 that 


1-(2—0) < fe (2 — 34 + 8) dx <5 - (2— 0); thatis, 2< f> («® — 32+) dx < 10. 


The only critical number of f(x) = xe~* on (0, 2] is 2 = 1. Since f(0) = 0, f(1) = e7! & 0.368, and 
f (2) = 2e~? = 0.271, we know that the absolute minimum value of f on [0, 2] is 0, and the absolute maximum is e~. By 


Property 8,0 < 2e~* <e' for0< <2 > 0(2-0)< ie re *dx<e (2-0) => O< Hie ze * dx < 2/e. 


Let f(x) = a — 2sina for 7 < x < 2x. Then f’(x) = 1 — 2cosa and f’(x) =0 cosa = 4 ee 


f has the absolute maximum value f(¥) = 5" — Qsin 22 = oa +V/3 & 6.97 since f(a) = m and f(27) = 27 are both 


3 3 
smaller than 6.97. Thus, 7 < f(x) < *F+V3 => n(Qr-—7)< igs f(a) da < (32 + V3) (2x — 1); that is, 


r< fi" (a — 2sinz) dx < 307+ V3. 


Vri+1> Vat = 27,80 f° Va*+1dx> fierde= 4 (3° - 1°) = 28. 


2 


? ; ‘ 2 
O<sine <1lforr0<a<f,sorsine<a¢ => Jo’? wsine de < fo? dx = 3|(§) 07] ae 


sing < /«x <x for1 < x < 2 and arctan is an increasing function, so arctan(sin x) < arctan ,/z < arctan 2, and hence, 


f 5 arctan(sin x) dx < f, is arctan /« dx < f, arctan x dx. Thus, f i arctan x dz has the largest value. 


x? < ./x for 0 < x < 0.5 and cosine is a decreasing function on (0, 0.5], so cos(a”) > cos \/z, and hence, 


in cos(x*) dx > ag cos \/x dx. Thus, for cos(a”) da is larger. 


Using right endpoints as in the proof of Property 2, we calculate 


Jo cf(a) dx = lim >: cf (#:) Ae = lim c 


NCO jay 


Y f(xi) Ax =c lim oF f(ai) Av = cf” f(x) da. 
i=1 n—00 j=} 


i= 


(a) See the figure. 


Jo f(x) de| = |x — Aa + Ag — Aa + As| 


<|Ai + Ao + Az + Aa + As| 
= 2 |F(2)| de 


(b) Since —|f(x)| < f(x) < |f(x)], it follows from Property 7 that 


—f@lde < fi fede s fo \f@lae > [fo f@)dx] < [2\F@)|ae 


Note that the definite integral is a real number, and so the following property applies: -a<b<a => |b| <a forall 


real numbers b and nonnegative numbers a. 
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(c) I f(x) sin 2x da| < fe | f(x) sin 2x| dx [by part (b)] = is |f(a)| |sin 2a| dx < ie | f(x)| dx by Property 7 since 


jsin2a|<1 => |f(ax)||sin2a| < |f(a)|. 


Suppose that f is integrable on [0,1], that is, lim S~> f(a) Az exists for any choice of xj in [x;~-1,x;]. Let n denote a 
M00 G4 
bes S : rg a ee ea . 
positive integer and divide the interval [0, 1] into n equal subintervals | 0, oa) peed a ar 1|. If we choose x; to be 
a rational number in the ith subinterval, then we obtain the Riemann sum )> f(a?) - pee 0, so 
i=l n 

lim SO f(a?) - = lim 0 = 0. Now suppose we choose 2; to be an irrational number. Then we get 

n—-oo i=l n—-oco 

n : n 1 1 3 : 

SS f (27) > = 1 foreach n, so lim oy f(a7)-— = lim 1 = 1. Since the value of 

i=l nM G=1 n n TOO TE Mr 220 

lim S f (aj) Ax depends on the choice of the sample points x}, the limit does not exist, and f is not integrable on [0, 1]. 

7 ul 1 
Partition the interval [0, 1] into m equal subintervals and choose «j = ae" Then with f(x) = -, 
So f(a) Ag > f(aj)Ar = Wa . 7 = n. Thus, ps f (xj) Ax can be made arbitrarily large and hence, f is not integrable 
i=1 
on [0, 1] 
n if n jt 4 afi\1 

jim, du — = Jim, yu ve Jim > (<) A At this point, we need to recognize the limit as being of the form 
lim 3 f (ai) Ax, where Ax = (1 —0)/n =1/n, 2; =0+iAxr =i/n, and f(x) = x*. Thus, the definite integral 
: 14 
is (ade: 

lim : ss d = lim ys J ae lim Y fle) Ae, where Ax = (1—0)/n = 1/n, 

. noo 1 j= 1 14 (é/n)? ~ n—00 £4 1+ (i/n)? n no . 


85. 


1 a 
x, =0+1Ar =i/n, and f(x) = Tee Thus, the definite integral is | ar 
: 1 ; 
Choose @; = 1+ ~ and af = Vf m= ) (2+ 5). Then 
i 1 1 


ey (ee) Bao & (nt+i-Dint+i 


= lim n ae : } ! + . a 

2-300 n n+l 2n-1 n+l 2n—1 2n 
. 1 1 1 1 

= Jim n(> ms) = ea) 
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DISCOVERY PROJECT Area Functions 


1. (a) e y=2t+1 


Area of trapezoid = 3(b1 + be)h = $(3 4 7)2 


= 10 square units 


Or: 
Area of rectangle + area of triangle 


DISCOVERY PROJECT AREAFUNCTIONS 543 


(b) YA y=2t+1 


As in part (a), 
A(x) = $[3 + (2a + 1)|(@ — 1) = $(2a + 4)(a —- 1) 
= (#+2)(e-—1) = ate-2 square units 


= brhy + sbrht = (2)(3) + $(2)(4) = 10 square units 


(c) A'(x) = 2x +1. This is the y-coordinate of the point (x, 2x + 1) on the given line. 


2. (a) vA 
y=1+?/ 
(x, 1 +x?) 
A(x) 
=] 0 1 x 7 
(d) t yo1tP 


(x +h, 1+ (x + hy?) 


A(x +h) —A(x) 


| > 
-1 0 x xth ¢ 


A(x + h) — A(z) is the area 


under the curve y = 1+ #? 
fromt=axtot=ax2+h. 


(b) 


(c) 


(e) 


A(z) = f*, (1+?) dt = f?,1dt+ f*, t? dé [Property 2] 


ge — (=4)* Property 1 and 
1[x —(-1 =: 
[x ( I an Exercise 5.2.48 


at+1+ia%+h 
— 1,3 4 
Sg eg 


A'(x) = a? + 1. This is the y-coordinate of the point (,1+ a) 


on the given curve. 


y=1+? 


T > 
-1 0 x xth ¢ 


An approximating rectangle is shown in the figure. 
It has height 1 + a”, width h, and area h(1 + x”), so 


A(a +h) — A(x) % h(1 + 2?) = me 1+ 22, 
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(f) Part (e) says that the average rate of change of A is approximately 1 + x. As h approaches 0, the quotient approaches the 


instantaneous rate of change—namely, A’ (a). So the result of part (c), A’(x) = x? + 1, is geometrically plausible. 


3. (a) f(x) = cos(x?) (b) g(a) starts to decrease at that value of x where cos (t?) changes from 
1.25 positive to negative; that is, at about 7 = 1.25. 
0 2 
S125 


(c) g(x) = f cos(t*) dt. Using an integration command, we find that 
g(0) = 0, g(0.2) & 0.200, g(0.4) = 0.399, g(0.6) & 0.592, 
g(0.8) © 0.768, g(1.0) = 0.905, g(1.2) + 0.974, g(1.4) + 0.950, 


(1.6) © 0.826, g(1.8) ¥ 0.635, and g(2.0) © 0.461. 


(d) We sketch the graph of g’ using the method of Example 1 in Section 2.8. 


The graphs of g(x) and f(a) look alike, so we guess that g'(x) = f(z). 


4. In Problems 1 and 2, we showed that if g(z) = f” f(t) dt, then g'(a) = f(a), for the functions f(t) = 2t + 1 and 
f(t) =1+ 2’. In Problem 3 we guessed that the same is true for f(t) = cos(t”), based on visual evidence. So we conjecture 


that g(x) = f(x) for any continuous function f. This turns out to be true and is proved in Section 5.3 (the Fundamental 


Theorem of Calculus). 


5.3 The Fundamental Theorem of Calculus 


1. One process undoes what the other one does. The precise version of this statement is given by the Fundamental Theorem of 


Calculus. See the statement of this theorem and the paragraph that follows it. 
2. (a) g(x) = Jo" f(t) dt, so (0) = fy f(t) dt =0. 


g(1) = . f(t) dt = 4 -1-1 [area of triangle] == 4. 


9(2) = ( f(t) dt = ie f(t) dt + ee f(t) dt [below the taxis | 
=4_-1.1.1=0. 
9(3) = 9(2)+ fp f(t)dt =0-42-1-1=-2 
4 


9(5) = 9(4) + fp f) dt =041.5 = 15. 


g(6) = 9(5) + fe ft) dt =15425=4. 
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(b) g(7) y+ pe 6 t) dt ~ 4+ 2.2 [estimate from the graph] = 6.2. (d) i 
(c) The answers from part (a) and part (b) indicate that g has a minimum at g 
ax = 3 anda maximum at x = 7. This makes sense from the graph of f 
1 
since we are subtracting area on 1 < x < 3 and adding area on 3 < & < 7. 
Oo; 1 7x 
3. (a) g(x) = Jo f 
= pe f(t) dt = 
a ie f(dt=1-2=2 [rectangle], 
2 
= fo Fe) dt = fy FO) at + fP FO) dt = g(1) + JP FO at 
=2+1-2 +3 5:°1-:2=5 — plus triangle], 
= fo f(t) dt = 9(2) + fe f@dt=543-1-4=7, 
g(6) = g(3) + ey f(t) dt [the integral is negative since f lies under the t-axis] 
=7+([-($-2-24+1-2)]} =7-4=3 
(b) g is increasing on (0,3) because as x increases from 0 to 3, we keep (d) yt 
adding more area. g 
(c) g has a maximum value when we start subtracting area; that is, 
atx = 3. 
1 
ol 1 x 
4. (a) g(a = fy F( t)dt = g'(x) = f(x) by FTC. yA 


Thus, the graph of g’ is the graph of f. 


ay 


(b) g(3 So =4$-2-54+4(5+3)-1=9 [triangle plus trapezoid] 
g'(3) = f(3) = 3 by FTCI. 
From part (a), g’’(3) = f’(3), which is the slope of the given graph at x = 3. 


Thus, g’’ (3) = ——> = —- = —2 [slope of line between (2, 5) and (4, 1)]. 


(c) g has a local maximum at x = 6 because f = g’ changes from positive to negative there, so g changes from increasing to 


decreasing there. (We start subtracting area at x = 6). 
(d) g has a local minimum at x = 9 because f = g’ changes from negative to positive there, so g changes from decreasing to 


increasing there. (We start adding area at x = 9.) 
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5. (a) g(x) = fe f(t) dt = 3a [area of a rectangle with base x and height 3] 
(b) g(x) =32 = g'(x) =3= f(z), so g is an antiderivative of f. Since f(t) = 3, 3 is the integrand in part (a), and 3 is 
the integrand evaluated at upper limit of integration x (since 3 is constant), verifying FTC1. 
6. (a) g(x) = fo f(t) dt = ae es 3a? [area of a triangle with base « and height 32] 
(b) g(x) = 3a? => g(x) = 3-22 = 32 = f(x), so g is an antiderivative of f. Since f(t) = 3t, 3¢ is the integrand in 


part (a), and 3z is the integrand evaluated at upper limit of integration x, verifying FTC1. 


7. (a) By FTC1 with f(t) =@? anda=1,9(z)=f/ dt => 
g(x) = f(x) = 2”. 
(b) Using FTC2, g(x) = ft? dt = [st] = 5x°— 3 g' (x) = 2”. 
7 
8. (a) By FTC1 with f(t) = 2+sint and a = 0, g(x) = fy (2+sint)dt => 


y=2+sint g(x) = f(a) =2+sina. 


(b) Using FTC2, 


g(a) = Jo (2 +sint) dt = [2¢ cost]g = (2x — cosx) — (O— 1) 


=2xr-—cosr+1 > 


~Y 


g(x) =2—(-sinz) +0=2+sinz 
9. f(t) = Vt+® and g(x) = [Y Vi + # dt, so by FTCI, g(x) = f(x) = Vz + 2%. 
10. f(t) =In(1+#?) and g(x) = f," In(1 +27) dt, so by FTC1, g’(x) = f(x) = n(1 + 2”). 
11. f(t) = sin(1 + ¢°) and g(w) = J,” sin(1 + 2°) dt, so by FTCL, g’(w) = f(w) = sin(1 + w*). 


12. f(t) = ae and h(u) = [ a dt, so by FTC1, h’(u) = f(u) = 


0 x x 
13. Fe) = f ViFsect at =~ f VI+sect dt ‘2S! P@=-¢ V1+sect dt =—V1+seca 
x 0) 0 


w 


S His Cpu + 
14. A(w) = f° et? d= — 7a eft?” gy THE! A'(w) = as do ett?” = evtu 


15. Let u = e”. Then du =e”. Also, — = —— 
dx AG 


d f° d [* du du 
h'(e)=— | mtdt=* | intate-“ =mu™ = (inc) -€? = ze®. 
(x) =f n af n ig Ys, (Ine*)-e” = xe 
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du 1 dh dhdu 
16. Letu = . Then — = ——=—. Also, — = ——, so by FTC1, 
Swe nee dt 2/z Waa cde 
ve 42 ui 2 2 
h(a) = d | = Ae d / Ee ro du _ ke du _ a2 Ts. a 
dz J, z+1 du J, 2441 dx ut+ilda 22412 /re  2(a?+1) 
d d dy d 
47. Let u = 3a + 2. Then —~ =3. Also, 4 = %™ 50 by FTC, 
dx dx dudz 
ook Sera Mp Ap d f[" ¢ a. we K udu _ 3a 42 gq _ 3(38x +2) 
9 Gc}, +8 du J, 148° de 1+wdxe 1+(3e+2) 1+ (3a + 2)3 
= du» dy _ dy du 
18. Let u = tana. Then a sec“ x. Also, Ag = ta ae so by FTCl1, 
d tan x d U d 
y == ae ee / eo! die Set dese Se es 
dx Jo du Jo dx 
du 1 dy U 


19. Letu = . Th = ——_. = 
etu=/x en Ja 80, 7 


a 
dx JE 


4 1/ax 
20. v=f yitza=- | [1+ 5 dt. Leta = +. Then 4 =—. Also, SY =U, so by FICI, 
1x 4 x x x dx dudzx 
ae ee d [* f 1. du 
_ 1+-dt)| =-— 1+ -dt-— 
iF oe du J4 ae dx 


1 1 1 1 1 
= 1h: 1 . = T 
"u ( =) Te ( =) x? ae 


4 VE 
y atano dp =——— [ Die = She See ie = 
du Jr/a dx dx 


,_ d 
ame 


2M. [2 ede |te| aa a SH B95 
x 
22. @ 4x) dx = [42° 2u7]5 yt 
4 
= (¥-32) -0=-2 : 
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27 : on A 
23. Sr j2(2 sin) dx = [-2 cos x - a 
= (—2cos2m) — (—2cos $) 


= —2(1)+ 2(0) = —2 


24. [? (e* +2) da = |e* : 
ef (eee) pale +20] 


= [e? + 2(2)] — [e~' + 2(-1)] 


=e? —e14+6 


26. f2, 2 de = [sxe")*, = ae - (i) = 38 


27. fo (402 — 34? + 24) dt = [Be — 109 + 17]5 = (28-24 4) -0=2 


28. [> (1 — 89 + 16v") du = [v — 2u4 + 2v8]) = (1-242) -0=1 


9 9 3/279 9 
a. vets = | oar = [Fe = 2[2°/?] = 3(0°? - 19) = 207-1) = 8 
a 


8 gi/3 8 8 
ao. a 2/3 dz = | 2 =a[z"*| SQV 1) S302 13 
i 1/3 |, 1 


4 4 
31. / (t? +. 47/*) dt = pe + ee" = (+5) Shee 
0 0 


3/1 1 ee Oe ie lo a 1 10 
2. | ( 5) a Zz man ( 3 3) ( 3) 9 


0 ; 0 : sat 
33. Jaj2 0080 d0 = [sing] =sin0 sin 5 0-1 1 


n/2 


34. (gédn= [ex] = 5e — (—5e) = 10e 
—5 
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i) 


43. 


45. 


a 


4 


for) 


47. 


48. 


49. 


50. 
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4 4 4 
_ f 4-ovia = f (nears f (4¢1/? — 49/7) dt = [ge 2¢°/?| 


4 2 4 2 4 
24+2 / ( 2 6: ) / —1/2 3/2 
dx = + dx = 22 +2 dx 


4 
= [400 + 20°?) = [4(2) + 2(32)] — (4+ 2) =8+%-4-2=8 


. f?, (Bu 2)(u+ 1) du = f?, (8u? + u— 2) du = [u? + du? — Qu]? 
[ (2+) dx = [2? + m|ar] = (9+In3) —(1+In1) =8+In3 


. {2 VB + sint dt = F(5) — F(5) [where F is any antiderivative of Vf — 5t] = 
5 


/3 


Jo/° sec tan 646 = | secd] see sec0Q =2-—-1=1 


T 
0 


* = 8(8) — 3(92) = sais = 8 
5 5 
= (8+2-4)-(-14+$+2) =6-2= 
=0 
In3 


3 3 _ O42 — 3 1 
[ PE y= fF (v2 - 2) ay = [ae - 29 — mulls = (G6 m3) - (2-0) = 


SoA tr) dr = fo(1+3r + 3r? +79) dr = [r+ 8r? +73 4 drt] = (14+3414+4)-0=% 
3 3 

sin @ e v= COS © e€ = cos e = cos e 

2si * d 2 ‘ 2cos3 — e® 2—1)=3-2cos3—e° 
0 0 


2 43 6 2 
/ a= / (5 +5) dv = [In|v| + v°]] = (In2 +8) — (nl +1) =In2+7 
1 1 


18 18 is 
jr [Sa = ‘ V32? dz = V3 [22/?| = 2/3(igl? = 1/7) =9,/3(8/2 = 1) 
1 z 1 1 


gett i; 1 1 
“+e")d te | = + —(0+1) = ——+e-1 
fe e”) dx E 17 al (; i c) (0+ 1) =a Te 


ie cosht dt = [sinh ¢] 5 =sinhl—sinhO=sinh1 [or $(e—e°*)] 
v3 v3 
/ e 5 dz = [8 arctan | a(2 7 ) a(2 ) bal 
yvgl+ez 1/V3 3. («C6 6 3 


3 414)2 3 2 3 1 1 3 
| (ceva a= [ ue tea f (2+5+ z) dx = [oinja|- 2-5 
1 x 1 x a NSEe x ce 2x7], 


= (9n3-2- 4) — (9n1-6- §) =9n3+4 


4 4 
1 16 1 15 
. 2° ds = |—~2*| = — —- —~ = —— 
[ . Fe ie In2  In2 = In2 
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if0<a<7/2 
if 7/2<au<q7 


then 


n/2 


Jo. f(x) da = A sina dx + Srye cos «dx = [— cosa] > 


=-0+1+0-1=0 


Note that f is integrable by Theorem 3 in Section 5.2. 


if —2<a<0 
if0<xr<2 


then 


2 
54. If f(a) = 


4-2? 
fee f(x) dz = fo, 2da t+ fe(4— 2) dx = [22]° , 


Note that f is integrable by Theorem 3 in Section 5.2. 


4 4 4 
m8. Area= f° Vode = [ o'? de = [3x*] = 3(8)-0= 9 


1 
56. Area = xe dx = [424], =4-0=4 
) 


52 / rae ee [4aresina] 4(7 =) =4( a ) = 
‘ag PEK 1/2 4 6 12/3 


us 


2 
57. Area= f (4 a*) dx = [4x 193]? = (8- 3) - (-8+8 


2 
58. Area = [ (22 — x”) dx = es 143)* =(4 ) 
0 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


+ [sing] 7. = cos 5 + cos0 + sin 7 sin 5 
+ [4 — 42°]° = [0 - (-4)] + (28 —0) = 38 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 
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w 


From the graph, it appears that the area is about 60. The actual area is 


27 
J?" 2 Pde = [go*9) | = 2.810 = 48 = 60.75. Thisis 2 of the 
area of the viewing rectangle. 
27 
From the graph, it appears that the area is about z The actual area is 
6 —376 6 
Ad x -1 1 1 215 
dx = = f= = = 0.3318. 
fe @ El El 3-216 ' 3 648 | 
6 
It appears that the area under the graph is about 2 of the area of the viewing 
rectangle, or about an ~& 2.1. The actual area is 
Jo sina dx = [—cosa]j = (— cosa) — (—cos0) = —(—1)+1=2. 
7 


_ 


oO 


0 
Splitting up the region as shown, we estimate that the area under the graph 3 
is = + 4(3- z) & 1.8. The actual area is 
Hs sec? «dx = [tana]*/* = V3 —0 = V3 © 1.73. 
0 3 


f(a) = 2~* is not continuous on the interval [—2, 1], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at 


Tene ; 
z=0,so f',2 * dx does not exist. 


f(x) = — is not continuous on the interval [—1, 2], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at 


ge 


2 

4 , 

x = 0, so if = dx does not exist. 
1 wv 


f(@) = sec @ tan 0 is not continuous on the interval [7 /3, 7], so FTC2 cannot be applied. In fact, f has an infinite 


discontinuity at x = 7/2, so dg sec 6 tan 0 dé does not exist. 


f(a) = sec? x is not continuous on the interval [0, 7], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at 


x = 7/2, so J sec” x da does not exist. 


3a ,.2 0,2 32 2 2x2 ,2 on. 2 
u—i1 ui —1 u—il u—1 u—il 
= du = d du = — d du => 
ae) a weie" ea ut f wy" i wel ut f wel 
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1422 0 1422 1-22 1422 
68. g(x) =| tsintdt= [ tsineat + [ tsintdt =~ f tsintdt+ f tsintdt => 
1 1-20 0 ) 0 


—2a 


ON A Sey sin Oe) fa ba) 4. Oeil 4 Ue) (1+ 2c) 


= 2(1 — 2x) sin(1 — 2x) + 2(1 + 22) sin(1 + 22) 


2 2 2 


x 0 x x x 
69. P(e) = f a= f att [ at=— f att f e dt => 
x x 0 0 0 


d 
2 el”)? . 


(2?) = —e* +2re™ 


2x 0 2x Vr 2x 
70. F(x) = i) arctant dt = / arctant dt +f arctant dt = -{ arctan t dt +f arctantdt => 
VE VE 0 0 0 


F' (x) = — arctan /2 - = (fz) + arctan 2z - £ (22) ao arctan ./z + 2 arctan 2x 
x x x 


OS © cos x 


sin x 0 sin x 
71. v= | In(1 + 2v) a= f In(L +20) do+ f In(1 + 2v) du 
c 0 
--f In(1 + 2v) av+ f In(l+2v)dv => 
0 i) 
i d : d. ‘ ; 
y = —In(1+2cosz) - Tm ost +In(1+2sinz) - Gz ine = sine In(1 + 2cosa) + cosx In(1 + 2sinz) 
x x 
72. f(x) = / (1- ter dt is increasing when f’(x) = (1 — a?)e is positive. 
0 


Since e® > 0, fi(tz)>0 © 1-27>0 © |2| < 1,50 f is increasing on (—1, 1). 


x i a? 
B. y= dt — 
¥ i ?+t4+2 YP +aet2 
» — (@? +242)(2c)—2?(2e+4+1)_ 2e2 420? +4e—-229-2? a? 440 x(a +4) 
- (a? + @ + 2)? 7 (a? + 4 + 2)? (x2 +a +2)? (42? +a +42)?" 


The curve y is concave downward when y” < 0; that is, on the interval (—4, 0). 


74. If F(x) = fy f(t) dt, then by FTC1, F’(x) = f(a), and also, F(x) = f'(x). F is concave downward where F”” is 


negative; that is, where f’ is negative. The given graph shows that f is decreasing (f’ < 0) on the interval (—1, 1). 


15: d ae) er fe e dt => F'(x) = e” , so the slope at x = 2 is e? =e*. The y-coordinate of the point on F' at x = 2 is 


2 22 : ae : Cees 4 4 4 
F(2) = fy e’ dt = Osince the limits are equal. An equation of the tangent line is y — 0 = e*(a — 2), or y = e*a — 2e*. 


76. gy) = fz f(v)da => g'(y)= oe ee 


(4) (4) (4) 3 _ v15 
so g” (&) = ,/1+sin?( 5) -cosG = 4/1 (5)? 5 rie 


2t dt 2x 
z | [73 
77. lim — zt dt = lim 22 im [form 3] = lim ver = lim = 
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if In(1 + e’) dt et 
te Gey aii YO eo ge EE ee 
r—oo X 0 xz—-0O bY xr OO to xr OO 
; e . e*/e* ‘ 1 1 1 
= lim —— = lim ——— = lim —— = —— = = 
a—oo 2(1 + e7) woo 2(1 + e*)/e @Z—00 1 2(0+ 1) 2 
2( +41 
ex 
79. By FTC2, f° f’(x) dx = f(4) — f(1), so 17 = f(4) — 12 f(4) =17+12 = 29. 


80. (a) erf(x) = = i: edt => | e* dt= va erf(a). By Property 5 of definite integrals in Section 5.2, 
™ Jo 0 


i edt = ih edt + ip e-® dt, so 
b b a 

/ Pap / a ee / EP qe ve ditisy = VE exi(a) 2 a ek (8) SO), 
a 0 0 


(b) y= e erf(z) > y= Qee” erf(x) + e" erf’(x) = 2xy + e® ape [by FTC1] = 2ay+ 


Vit 


81. (a) The Fresnel function S(x) = fi sin(Zt?) dt has local maximum values where 0 = $’(x) = sin(Zt?) and 


sis 


S’ changes from positive to negative. For x > 0, this happens when Za? = (2n—1)nr [odd multiples of 7] © 


x? = 2(2n — 1) x = V/4n — 2, n any positive integer. For x < 0, S’ changes from positive to negative where 
Ey? =2nz [even multiples of 7] x? =4n x 2Vn. S’ does not change sign at x = 0. 


(b) S is concave upward on those intervals where S’’(x) > 0. Differentiating our expression for S’(x), we get 


S" (x) = cos(Za*) (222) = ra cos(Za”). For x > 0, S$” (x) > O where cos(Z2?) >0 <= O< 3a? < Zor 


553 


(Qn — $)a < Za? < (2n+4)z, nany integer = O0<a<lorV/4n—1<2< V4n +1, nany positive integer. 


For x < 0, $”"(x) > 0 where cos(32”) < 0 (2n — 3)m < Sa” < (2n—4)z, nany integer = 


4n—-3 <a? <4n-1 8 V4n—3<|a|<V4n—1 V4n—3<-a<V/4n-1 = 
—V4n —3 > a > —V/4n — 1, so the intervals of upward concavity for x < 0 are ( V4n —1,-V/4n 8); n any 


positive integer. To summarize: S is concave upward on the intervals (0, 1), (-v3, —1), (V3, v5), (-v7, —v5), 
ges) Perens 

(c) In Maple, we use plot ({int (Sin(Pi*t*2/2),t=0..x),0.4,x=0..2);. Note that 
Maple recognizes the Fresnel function, calling it Fresne1S (x). In Mathematica, we use 


Plot[{Integrate[Sin[Pi*t*2/2] ,{t,0,x}],0.2},{x,0,2}]. In Derive, we load the utility file 


FRESNEL and plot FRESNEL_SIN (x). From the graphs, we see that So sin(3t?) dt = 0.2 at x & 0.74. 


0.75 0.25 


0.6 0.8 
0.1 
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82. (a) In Maple, we should start by setting si:=int (sin(t)/t,t=0..x);. In 


Mathematica, the command is si=Integrate[Sin[t]/t,{t,0,x}]. 

Note that both systems recognize this function; Maple calls it Si (x) and 

Mathematica calls it SinIntegral [x]. In Maple, the command to generate ages, 

the graph is plot (si, x=-4*Pi..4*Pi);. In Mathematica, it is 

Plot[si,{x,-4*Pi, 4*Pi}]. In Derive, we load the utility file EXP_INT and plot SI (x). 


(b) Si(x) has local maximum values where Si’ (a) changes from positive to negative, passing through 0. From the 


; d f* sint sin : : 
Fundamental Theorem we know that Si’ (x) = 7 / : dt = , SO we must have sin x = 0 for a maximum, and 
x Jo x 


for x > 0 we must have x = (2n — 1)z, n any positive integer, for Si’ to be changing from positive to negative at x. 


For x < 0, we must have x = 2n7, n any positive integer, for a maximum, since the denominator of Si’ (x) is negative 


for x < 0. Thus, the local maxima occur at x = 7, —27, 37, —47, 57, —67,.... 


cosx sing 


(c) To find the first inflection point, we solve Si’ (x) = = 0. We can see from the graph that the first inflection 


x v2 


point lies somewhere between x = 3 and x = 5. Using a rootfinder gives the value x + 4.4934. To find the y-coordinate 
of the inflection point, we evaluate Si(4.4934) ~ 1.6556. So the coordinates of the first inflection point to the right of the 
origin are about (4.4934, 1.6556). Alternatively, we could graph S’’(a) and estimate the first positive x-value at which it 


changes sign. 


(d) It seems from the graph that the function has horizontal asymptotes at y + 1.5, with lim Si(a) % +1.5 respectively. 


Using the limit command, we get lim Si(x) = 3. Since Si(z) is an odd function, lim Si(x) = —4. So Si(x) has the 


horizontal asymptotes y = + 


w/a 


(e) We use the £solve command in Maple (or FindRoot in Mathematica) to find that the solution is x © 1.1. Or, as in 


Exercise 81(c), we graph y = Si(x) and y = 1 on the same screen to see where they intersect. 


83. (a) By FTC1, g’(x) = f(x). So g'(x) = f(x) = Oat x = 1,3,5,7, and 9. g has local maxima at x = 1 and 5 (since f = g’ 
changes from positive to negative there) and local minima at x = 3 and 7. There is no local maximum or minimum at 


x = 9, since f is not defined for x > 9. 


(b) We can see from the graph that Iie fat| < I fat| < 8 fat| < 2 Fae] A ie fat) So g(1) = lie fat|, 


9(5) = fo ft = g(1) —|fP feat] + [fF Feat], and g(9) = fo fat = 9(5)— [fF fat] +| fp fat]. Thus, 


g(1) < g(5) < g(9), and so the absolute maximum of g(x) occurs at x = 9. 


(c) g is concave downward on those intervals where g” < 0. But g’(x) = f(z), (d) 


so g'(x) = f" (a), which is negative on (approximately) (5,2), (4,6) and 


(8,9). So g is concave downward on these intervals. 
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84. (a) By FTC1, g'(x) = f(x). So g'(x) = f(x) = Oat x = 2, 4, 6, 8, and 10. g has local maxima at x = 2 and 6 (since f = g’ 
changes from positive to negative there) and local minima at x = 4 and 8. There is no local maximum or minimum at 


x = 10, since f is not defined for x > 10. 

(b) We can see from the graph that Je fat| > ie f at| > J fat| > Ne fat| > ie" fat) So g(2) = Iie fat|, 
g(6) = f° f dt = 9(2) — |e Fae] bi |. fae], and g(10) = f° f dt = 9(6) — le Fae] 4 le” Fae. Thus, 
g(2) > g(6) > g(10), and so the absolute maximum of g(x) occurs at x = 2. 


(c) g is concave downward on those intervals where g” < 0. But g’(x) = f(x), 
so g(x) = f'(x), which is negative on (1,3), (5,7) and (9, 10). So g is 


concave downward on these intervals. 


n (jt 5 n (it G\14 1-02 iv’ i 
85. i —+4+-)= i —42)== lim —— = 
tim, © (+5) = im & (+t) = tim 2S (=) + 


II 
— 
ole 

8 
on 
+ 
NIF 
8 
1S) 
os 

II 
— 
oR 

+ 
Nie 
wa 

| 
j=) 

I 
ak 


ih Ge hee 7 1-om fi_ fp ey 8 gi 
ij pisy li = = 
a (Foy 8) eae StF ose toe 


87. Suppose h < 0. Since f is continuous on [x + h, x], the Extreme Value Theorem says that there are numbers u and v in 


[x + h, a] such that f(w) = mand f(v) = M, where m and M/ are the absolute minimum and maximum values of f on 


[x + h, a]. By Integral Property 5.2.8, m(—h) < J", f(¢)dt < M(—h); that is, f(u)(—h) < — io f(t) dt < f(v)(-h). 


ath 
Since —h > 0, we can divide this inequality by —h: f(u) < . i f (t) dt < f(v). By Equation 2, 


= ath = 
ge + 0) ge) _ if f () dt for h £ 0, and hence f(u) < eae) < f(v), which is Equation 3 in the 


case where h < 0. 


d d g(x) 


h(x) h(x) 
88. Jo art f f(t) al = rea f(t) dt — oF f(t) dt. 


=| fata 


d h(x) d 0 
~ dx 


g(x) g(x 


Using the Chain Rule in conjunction with FTC1 twice gives us f(h(x)) h'(x) — f(g(«)) g’ (x). 
89. (a) Let f(x) = Vz => f(x) =1/(2/z)>O0forx>0 =f is increasing on (0,00). If x > 0, then 2° > 0, so 


1+° > 1and since f is increasing, this means that f(l + a?) >fQ1) => Vl+a3 >1 for x > 0. Next let 


g(t) =t? —t g(t) =2t—-1 g'(t) > Owhen ¢ > 1. Thus, g is increasing on (1, 00). And since g(1) = 0, 
g(t) > Owhent > 1. Now lett = /14 23, wherex > 0. V14+ 2° >1(fromabove) > t>1 5 g(t)>0 => 


(1+ 2°) —-V1+23 > 0 fora > 0. Therefore, 1 < /14+ 23 <1+4+ 2° fora > 0. 
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(b) From part (a) and Integral Property 5.2.7: des ldx< ie JV1l+a3 dx < ie (l+a°)dx 
[z]¢ < i V1+23 dx < [e+ 144] 5 eo il< ie V1+a3 dx < 1+ 5 =1.25. 
90. (a) For 0 < a < 1, we have 2” < «x. Since f(x) = cos is a decreasing function on (0, 1], cos(a) > cosz. 


(b) 7/6 < 1, so by part (a), cos(x”) > cosz on [0, 7/6]. Thus, 


Ee cos(x*) dx > fia cos xz dx = [sin 2]*”° = sin(7/6) — sin0d=4-0=}3. 
x x 1 
1. a 1 
9 OS sa ae gs oon 5, 0], so 
ars SMe ape ee 1 1 1 
ae a | ies SE) oe a) See hat 
<[ v4+a2+1 a< f iad =|. 10 ( =) 10 
92. (a) Ifa <0, then g(a) = fy f(t) dt = fy Odt=0. (b) YA 
If0 <# <1, then g(x) = fy f(t) dt = fy tdt = [3t7|5 = 32”. 
Ifl <a < 2, then 
g(a) = [2 f(t) dt = fe f(t) at + f% f(t) dt = g(t) + f2(2— that 2. 
= $(1)? + [2t — $27] = 4 + (Qe — $07) — (2—§) = Qe $27 -1. uy g 
Ifa > 2, then g(x) = fy f(t) dt = g(2) + fy Odt =1+0=1.S0 
0 1 2% 
0 if «<0 
ta? ifO0<a<l 
g(x) = aoe 
2e—5x2°—-1 ifl<ar<2 
1 if xe >2 


(c) f is not differentiable at its corners at x = 0, 1, and 2. f is differentiable on (—oo, 0), (0,1), (1, 2) and (2, 0). 


g is differentiable on (—co, 00). 


93. Using FTC1, we differentiate both sides of 6 + i, a dt =2Vx to get 1a) =2 5 ~~ => f(x) =25/?. 
a x 


* f(t 
To find a, we substitute x = a in the original equation to obtain 6 + 1 dt=2Va => 64+0=2Va = 


a 


3=Va > a=9. 


%.B=3A => ie Sata sf) ede: = \(easles e° —1= 3(e* —1) e° = 3e* —2 


b = In(3e* — 2) 


95. (a) Let F(t) = fe f(s) ds. Then, by FTC1, F’(t) = f(t) = rate of depreciation, so F'(t) represents the loss in value over the 


interval (0, ¢]. 
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(b) C(t =;|4 + is f(s s)as| = Aer represents the average expenditure per unit of ¢ during the interval (0, t], 
assuming that there has been only one overhaul during that time period. The company wants to minimize average 
expenditure. 

(c) C(t) =z [4+ 40) f(s as] Using FTC1, we have C’(t) =-3[4+f f(s )ds] +> — f(t). 


C'(t)=0 + tf) = A+ [ Hs) fie. ie ee [4+ [ f(s) ds] = CW) 


5.4 Indefinite Integrals and the Net Change Theorem 


1. < [rne—2+C]=a-—+(n2)-1-140=1+Ine-1=Ine 
x x 


2. £ (tana —2+C) =sec?2—1+0=tan?x 
go Ve fg) 8 (Re 1). ees tr) Oa ee Ed 
. dx x = dx x — (xP 
eee 
= xv? a (1 + a?)1/2y2 ~~ eeVlt+ ae 
: - aie eae 3 1/2 3/2 
é dx Se (3b — 2a)(a + bx) +¢] ~ 15b2 [(3be — 2 a)5(a + ba) (b) + (a+ ba) (30) +0| 


= — (3b)(a + ba)'/? [(3ba — 2a) 4 + (a + b)| 


= = (a + bo)? (Ste) =aVa+t br 


5. f (3a? + 4a + 1) dz =3- 40° +4- 40? +24+C=0° +207 +24+C 


6. [@+2Va) dx = [(5+2x'/?) da = 5a +2- 30°? 4+C =5at4 42°? +C 


7. [(a+cosz) dx = $27 +sinz+C 


= oot 4. so 40 


co 
a 
= 
8 
+ 
+ 
8 
NL 
Q 
8 
| 
fen, 
8 
as 
w 
+ 
8 
A 
Se 
w 
3 
Q 
8 
| 


9. hae + Tx?) da = at 4 Logs EGE 1 23 4298 40 


10. f We da = f x°/4 da = 409/440 


1. f (5+ 3 2? 4 20°) dx =5a+3-50°+3-$a°+C =5a+ 32° + 3c'* +C 


12. [(u® — 2u> — u? + 2) du = 4u" — 2- du — gu + 2u+C = tu — du — du* + 2utC 
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13. 


14. 


15. 


1 


for) 


17. 


Ni 


18. 


19. 


20. 


So 


21. 


22. 


23. 


oo 


24. 


25. 


a 


26. 


CHAPTERS INTEGRALS 


3 ur 


[ur a@u+aydu= fav? + 9u 4 4) du = 2 95 + 4u+C = Su + Su? + 4u4C 


J Vi? + 3t + 2) dt= fe? (e? + 3t + 2) dt = f(e8/? + 3t9/? + 2¢"/?) dt 


_ 2247/2 2 45/2 2 43/2 _ 2247/2 , 645/2 ; 443/2 
= 247/72 43.20/72 42-287 40 = 247/72 4 S74 2? +O 


[PE ag f (e+ E+ )a- [Gre stlar 
x x x x x 


=In|a| +20? +¢+C=In|2|+2/e+e2+C 


3 


[ (e+) dx =e" + In|z|+C 
x 


x 


& = 3 
f(2+3 )de = 2e+ a +C 


3 
_f (#414555) dps ee ee 


f (sina + sinh x) dx = —cosx + cosha + C 


1 : 1+2r +r? 1 
I( +") ar = [ —— dr = f(r? +2r} +1) dr =r? + 2infe| +r + C= 2 +2In lr] +r +C 


J (2+ tan? 0) do = [ [2+ (sec? 6 — 1)] dd = [(1+sec? 6) dd =0+tan0+C 


f sect (sect + tant) dt = [(sec”t + sect tant) dt = tant + sect +C 


f 3csc7t dt =-—3cott+C 


| eee [RE ee frcosear= arsine +o 
sin x sin 
J (cosa + 4a) dx = sina + 42” + C. The members of the family “s pp z 
in the figure correspond to C = —5, 0, 5, and 10. 

10 10 

—6 
(er - 2x7) dx = e? — 2a + C. The members of the family in the WA 
4—- —5 


figure correspond to C = —5, 0, 2, and 5. 
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. fo, (2? — 8) da = [303 — 32]*, = (9-9) — ( 


. [7 (403 = 32? +22) dx = [x* — 2? + 2]? = (16 8 +4) 


. 6 


(l1—14+1)=12-1=11 


3 1011 


4 
gt? — 6t~?) dt = |2t*+ —| =(2-4*4 oe +—)-(2+6)= = 505. 
; \d reer e eae? 512 2+6 505.5 
A tl, 4 1 2 
8 
Io ($+ 4w+ $w'/*) dw = [dw + fw? + pw] = (1416 +4)-0=21 
0 
. fo (2a — 3) (40? + 1) da = J (8a* — 12? + 2x — 3) da = [22% — 42° + x? — 3x]} = (32 -32+4-6)-0=-2 
Sei, A 24 th , at da~?)? 1 2" Le ou 
oats hake 2 _ 4g-8) de = |—— - Seo ahh eee Sy = (ke) Sot 
y ee ee) eee ar a) 


3 2 3 3 
/ ee a= | eae dz = BP ie Lisa = aE io les fk eel 
1 x 1 z 2 1 2 2 
= 20+1n3 
1 a 1 1 
fot — 4)? dé = fl, t(1— 26+ #7) dt = f(t -— 20? +8) dt = [$0 — 20° + 5e7] 


4 6u 


4+ 6u 4 
Ju Vu 


Ja 


Reo eae ar 


4 
) du = [But/? 4 4u/?] = (16 + 32) — (8+ 4) = 36 


7 1 
[| Pp tee [Barctanp] = daretant — davetand 4(7) 4(0) = 
«/3 T T 1 4/3 8V3 8 
n/3 2 
Capea dy = [4tany]” =4tan 2 —dtan2 <4. V3—4.— =4y3— SX" =X" or = 
cera sec“ y) dy any oi ans an ¢ V3 5 J3 qo Fa 
T wT n/2 
ee (vi-Seost) a= f™ (1? — 30ost) dt = | Fee"? — aint -|5()"- sin] —0 
‘ : 3 3\2 D 
2 (13/2 2 (13/2 
gig) Saag) 8 
1 
 foa(Ya+ vz) dx = f)(a*/? +2°/4) dx = [3o7/ + ga%/4] =(2+$)-0=-8 
4 4 4 4 
y—yY y y = = = 2 
Sf tae [ (4-4) a= Por? way = [90 -mial = [- =n] 
1 
= (—1—1n4) —- (—2—In1) =1-1n4 
2 2 
| £2) = (Lome 2 asomey | bao | Soin’ 
poe) 4 7 4 4 
1 al 
BS 52 95 i) 5 1 5 4 
[ c oa E ae € ss) (0 as) 2 Ind 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or 


duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTERS INTEGRALS 


2 
: J?, (sinha + cosh x) dx = [ cosh x + sinh x| = (cosh 2 + sinh 2) — (cosh(—2) + sinh(—2)) 


= (cosh 2 + sinh 2) — (cosh 2 — sinh 2) = 2sinh2 


n/4 


. (4 (ae —Asecax tanx) dx = [3e* - Asee| 


= mw/A Tv 0 
0 = (3e / — 4sec =) — (3e° — 4sec0) 


0 


= (37/4 — 4. v2) (3-1-4-1) =3e7/4 4/241 


7/4 14+ cos? 6 m/4 1 cos” 0 7/4 2 
. —.—_ d0 = do = 6+1)d0 
| cos? 6 [ (= 0 5 cos? 3) i ioee ard) 


= [tan +0]7/* = (tan? +7) -(0+0)=1+5% 
7/3 sin 8 + sin tan? @ ip _ 7/3 sin O (1 + tan? 0) db = 7/3 sin 8 sec” ay _ an 
 h6 sec? 0 0 sec? 0 0 sec? 0 6 
7/3 
= [-cosd]z/*=-$-(-1)=3 


Lf Baws [viet ae = vi [20] = 25 [2 v3) =4v3 6 


10 x 10 x 10 5,2 10 

2e 2e 2e 10 

i oh 7 ae= [ —= = — ae= f = de = f 2da = [22], 
_1o9 Sinha + coshx -10 & —e e+e -10 © —10 


V3/2 V3/2 
‘ i aioe — [aresin r| = aresin(V3/2) — arcsin0 = ; -0= 5 
0 0 


1/V3 2-1 1/V3 #21 1/V3 1 
: / aaa f aapecn =f dt = [arctan ¢])/* = arctan (1/v3 ) — arctan0 
) 0 = 0 


4-1 + 1)(# +1 
=%-0=% 

2x —1 if2x-—1>0 2e-1 ife>4t 

—(2e—-1) if2e-1<0 1-22 if*< 


mA ie (x —2|a|)de = f° [x 2(—2x)] dx 4 ole 2(x)| dx = f°, 3edx + f° (—«) dx = 3[327]° - [4a?]* 


= 3(0- §) - (2-0) =-$ =-3.5 


; isa |sin | dx = fy sina da + fo sina) dx = [- cosa] > + [ cosa] ave 


= [1- (-1)]+ [0- (-1)] =24+1=3 
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The graph shows that y = 1 — 2a — 5a“ has x-intercepts at as 
x =a % —0.86 and at x = b © 0.42. So the area of the region that lies 
under the curve and above the x-axis is 2 2 
fa — 2x — 5a*) da = [x — 2? — ad 

= (b—  — b°) — (a— a? — a?) & 1.36 5 
The graph shows that y = (a? + 1)~! — a“ has x-intercepts at 2 
x =a x —0.87 and at x = b © 0.87. So the area of the region that lies 
under the curve and above the x-axis is 2 2 
pr [(@? + 1)~* — 4] da = [tan7* x — ia? 

= (tan~* b- 20°) - (tan~* a- 2a”) 5 


= 1.23 


If w’(t) is the rate of change of weight in pounds per year, then w(t) represents the weight in pounds of the child at age t. We 
know from the Net Change Theorem that ferw é t) dt = w(10) — w(5), so the integral represents the increase in the child’s 


weight (in pounds) between the ages of 5 and 10. 


ie I(t) dt = if Q’(t) dt = Q(b) — Q(a) by the Net Change Theorem, so it represents the change in the charge Q from time 
t=atot=b. 

Since r(t) is the rate at which oil leaks, we can write r(t) = —V’(t), where V(¢) is the volume of oil at time t. [Note that the 
minus sign is needed because V is decreasing, so V'(t) is negative, but r(t) is positive.] Thus, by the Net Change Theorem, 
foo’ r(t) dt = — 57° V(t) dt = — [V (120) — V(0)] = V(0) — V(120), which is the number of gallons of oil that leaked 


from the tank in the first two hours (120 minutes). 


By the Net Change Theorem, os 0 t) dt = n(15) — n(0) = n(15) — 100 represents the increase in the bee population in 


15 weeks. So 100 + Joon t) dt = n(15) represents the total bee population after 15 weeks. 


By the Net Change Theorem, f- oe (x) dz = R(5000) — R(1000), so it represents the increase in revenue when 


production is increased from 1000 units to 5000 units. 


The slope of the trail is the rate of change of the elevation E, so f(x) = E’(x). By the Net Change Theorem, 
Ages x) dz = jee x) dx = E(5) — E(3) is the change in the elevation E between x = 3 miles and x = 5 miles from the 


start of the trail. 


The function h gives the rate of change in the total number of heartbeats H, so h(t) = H'(t). By the Net Change Theorem, 


f ~ h(t) dt = H(30) — H(0) = H(30) — 0 = H(30) represents the total number of heartbeats during the first 30 minutes of 


an exercise session. 
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66. The units for a(x) are pounds per foot and the units for x are feet, so the units for da/dx are pounds per foot per foot, denoted 


(Ib /ft)/ft. The unit of measurement for fea 9 (2x) da is the product of pounds per foot and feet; that is, pounds. 


67. In general, the unit of measurement for [ : f(x) dz is the product of the unit for f(a) and the unit for x. Since f(x) is 


; : : ; 100 . 
measured in newtons and x is measured in meters, the units for 9 J («) dx are newton-meters (or joules). (A newton-meter 


is abbreviated N-m.) 


68. (a) At t = 2, the distance from the charging station (the displacement) is given by f, . v(t) dt = 4 -2-5 [triangle] = 5m. 


At t = 4, the displacement is fo v( t)dt =5+ fp vf t)dt =5+2-2 [square] + 3 51-3 [triangle] = > m. 


At t = 6, the displacement is 24 + {. v(t) dt = 24 4.2-2 [triangle] = 2 m. 


At t = 8, the displacement is 22 + fe v(t) dt = 22 4+0= 2 m. 


At t = 10, the displacement is 22 + hae v(t) dt = 2 —4.2-4 [triangle] = 42 m. 


Att = 12, the displacement is 4 + v(t) dt = 44 — 4-2-4 [triangle] = 3 m. 


(b) The vehicle is farthest from the charging station when the absolute value of the displacement is greatest. The displacement 
of this autonomous vehicle is never negative, so we look for the largest values of the displacement integral (or, 
equivalently, the places where the area above the t-axis is the greatest). This occurs from t = 6 to t = 8, so the vehicle is 


farthest from the charging station then. 


(c) The total distance traveled is given by fo lv (t)| dt = fe v( t)dt+ i ea (t)|)dt= 2+4+4-4-4= 4m. 


69. (a) Displacement = Jp (3t 5) dt = [30 Bt], =27-15=-3m 
(b) Distance traveled = f |3t — 5| dt = [°/°(5 — 3t) dt + f2,,(3t — 5) dt 


= [st ge]V" + (9? -9]2,, = B-3-B+F—-19-(F-B-B)= 4m 


70. (a) Displacement = fee 2t—3)dt= [30-0 3t]; (4-16-12) -($-4-6)=im 
(b) v(t) = 0? — 2t — 3 = (t + 1)(t — 3), so v(t) < 0 for —1 < t < 3, but on the interval [2, 4], v(t) < 0 for2 <t <3. 


Distance traveled = GE \t? — 2t — 3| dt = ie (t? — 2t— 3) dt+ ie — 2t — 3) dt 


= [-402 +0? +3¢]) + [409 — ¢? — 3¢]} 


=(-9+949) —-(-3+4+6) + (4-16-12) -(9-9-9)=4m 


71. (a) v(t) = a(t) =t+4 v(t) = $t? + 4t+C v(0) =C=5 v(t) = $0? + 4t +5 m/s 


(b) Distance traveled = f° |v()| dt = fo° |4t? + 4¢ +5] dt = f° (0? + 4¢ +5) dt = [243 + 20? + Bt] 


ae 


72. (a) v(t) =a(t)=2t+3 => v(t)=t?4+3t+C v(0) =C=-4 v(t) = + 3t—4 
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(b) Distance traveled = f° |t? + 3t — 4| dt = f° |(t+4)(t— 1) dt = f) (-t? — 3¢ +4) dt + f(t? +.3t — 4) dt 


= [-48- 3 +4¢]) + [408+ 32 — ae]! 


=(-3-3+4)+(9+ 7 -12)-(3+3-4) = Fm 
Since m'(x) = ,n= fe 0 (x) dx = [i (9+2Vz) dx = [9x4 4 4057] = 36+ 2-0 = 4° = 462 kg. 


By the Net Change Theorem, the amount of water that flows from the tank during the first 10 minutes is 


Jo° r() dt = f2°(200 — 4t) dt = [2008 — 247] ,° = (2000 — 200) — 0 = 1800 liters. 


Let s be the position of the car. We know from Equation 2 that s(100) — s(0) = f, a (t) dt. We use the Midpoint Rule for 


Sa hour = TTT hour. 


0 <t < 100 with n = 5. Note that the length of each of the five time intervals is 20 seconds = 
So the distance traveled is 


fo? v(t) dt © Aq [v(10) + v(30) + v(50) + v(70) + v(90)] = 745 (38 + 58 + 51453 +47) = 4% ~ 1.37 miles. 


(a) By the Net Change Theorem, the total amount spewed into the atmosphere is Q(6) — Q(0) = f, ° +(t) dt = Q(6) since 


Q(0) = 0. The rate r(t) is positive, so Q is an increasing function. Thus, an upper estimate for Q(6) is Re and a lower 


estimate for Q(6) is Le. At : . 2° 3 - * 


6 
Re = Y¢ r(ti) At = 10 + 244 36 + 46 + 54+ 60 = 230 tonnes. 

6 
Le = YO r(ti-1) At = Re + r(0) — (6) = 230 + 2 — 60 = 172 tonnes. 


(b) At 


2. Q(6) & M3 = 2[r(1) + r(3) + r(5)] = 2(10 + 36 + 54) = 2(100) = 200 tonnes. 


From the Net Change Theorem, the increase in cost if the production level is raised from 2000 yards to 4000 yards is 


C(4000) — C(2000) = fern C'(a 


4000 4000 4000 
| C' (x) dx = fe (3 — 0.01” + 0.000006a”) da = [30 — 0.00527 + 0.0000022°] 
2000 2000 2000 


= 60,000 — 2,000 = $58,000 
By the Net Change Theorem, the amount of water after four days is 


25,000 + fio r(t) dt © 25,000 + Ma = 25,000 + 47° [r(0.5) +: r(1.5) + r(2.5) + r(3.5)] 


e 25,000 + [1500 + 1770 + 740 + (—690)] = 28,320 liters 
To use the Midpoint Rule, we’ll use the midpoint of each of three 2-second intervals. 


v(6) — v(0) = f° a(t) dt © [a(1) + a(3) + a(5)] 2=® ~ (0.6 + 10 + 9.3)(2) = 39.8 ft/s 
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80. Use the midpoint of each of four 2-day intervals. Let t = 0 correspond to July 18 and note that the inflow rate, r(t), is in ft?/s. 


8—0 


Amount of water = le r(t) dt = [r(1) + r(3) + r(5) + 7(7)] = [6401 + 4249 + 3821 + 2628](2) = 34,198. 


Now multiply by the number of seconds in a day, 24 - 60”, to get 2,954,707,200 ft?. 


81. Let P(t) denote the bacteria population at time t (in hours). By the Net Change Theorem, 


(21 — 2°) = ~ we 1443. 
n 


_ 1000 
In2 


P(1) — P(0) = [ro dt -| (1000 - 2') dt = 1000 2" i 


1 
0 In2}, 
Thus, the population after one hour is 4000 + 1443 = 5443. 
82. Let M(t) denote the number of megabits transmitted at time t¢ (in hours) [note that D(t) is measured in megabits/second]. By 
the Net Change Theorem and the Midpoint Rule, 
M(8) — M(0)= f, 3600D(t) dt ~ 3600 - 852[D(1) + D(3) + D(5) + D(7)] 
= 7200(0.32 + 0.50 + 0.56 + 0.83) = 7200(2.21) = 15,912 megabits 


83. Power is the rate of change of energy with respect to time; that is, P(t) = E’(t). By the Net Change Theorem and the 
Midpoint Rule, the electric energy used on that day is 


24—0 
12 


(24) — B(0) = [ " Plt) dt ® [P(1) + P(3) + P(5) +--+ P(21) + P(23)] 


= 2(114+10.54+11414415.14+15.5+4+15.14+15+4+154161415+4 13) 
= 2(166.3) = 332.6 gigawatt-hours 


84, (a) From Exercise 4.1.78(a), v(t) = 0.00146t? — 0.11553t? + 24.98169¢ — 21.26872. 


125 


9 © 206,407 ft 


(b) h(125) — h(0) = f° v(t) dt = [0.000365t4 — 0.03851¢3 + 12.490845t? — 21.26872¢] 


5.5 The Substitution Rule 


1. Let u = 2x. Then du = 2 dx and dx = 4 du, so [cos 2a dx = fcosu (5 du) = dsinu+C = 4 sin 2x + C. 


2. Let u = —a”. Then du = —2x dx and x dx = —4 du, so fxe~™ de = fe? 3 du) =—te%+C=-fe” +C. 
3. Let u = x? + 1. Then du = 3x? dz and x? dr = + du, so 


3/2 


fe BH 1de= [| Vu(hau) = 55> +0 = 


4. Let u = sin. Then du = cos@ 0, so f sin? 0 cos@d0 = fu? du = sue +C= sin? 0+C. 


5. Let u = x* — 5. Then du = 4x? dz and x? dr = + du, so 


x? 1/1 1 1 7 
[we-/[tG4) = {inl +C= Fine —5/ +0. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


. Let u = Vt. Then du = 


SECTION 5.5 THE SUBSTITUTION RULE 


. Letu = 1+ = Then du 2 dx and dx = —du, so 
x £ x 


3/2 
fayitses [va du) = qwt+o=-3(142) +C. 
Ae x 3 3 x 


i dt and 
t 


2/t 


1 
d= 
vi 


. Letu = z— 1. Then z = u+ 1 and du = dz, so 


f2/z—l1dz= f(utl)Judu= f(u3? + ul/?) du = 2u8/? + 23? +0 


= 2(z2-1)9/? + 2(2-1)9? +0 


. Let u = 1 — x”. Then du = —2x dz and x dz = —4 du, so 


favl—2? dz = f[ Ju (—$ du) = 4-29? 405-411-278? +0, 
Let u = 5 — 3x. Then du = —3dz and dx = —$ du, so 


S(S— 3x) dx = ful (-j du) =-}- Gu" +C=-3%(5-32)"4+C. 


Let u = —t*. Then du = —4t? dt and t? dt = —4 du, so fee de> fet ; du) = te"+C=-te* +C. 


Let u = 1+ cost. Then du = —sintdt and sint dt = —du, so 


fsint /1+ cost dt = [ /u(—du) = 2u3/? + C = —2(1+ cost)? +C. 


Let wu = ae Then du = = dt and dt = 2 du, so 
3 3 T 


[»(¥) at= f sinu (2a) = oy cosu) +C = 5 cos(Z1) +C. 
3 T T T 3 


Let u = 206. Then du = 2d6 and dé = 4 du, so f sec? 20 d0 = f sec? u (4 du) = ttanu+C =} tan20+C. 


1 dx 1/1 1 1 
= ; = SS Ai, SE eS aa 2 — <= Inl4 : 
Let u = 42 + 7. Then du = 4 daz and dx Z uso f [3G u) qzinlul +e qinl4e +7 +0 


Let u = 4—y°. Then du = —3y? dy and y? dy = —#du, so 
fyP4—yyP? dy = fw? (-4du) =-4- 3072 4+C0=-2(4-y)? +0. 


Let uw = 1+ sin@. Then du = cos@ dé, so 


eos’ dé = : du = In|u| + C = In|1+ sin6| + C = In(1 +sin@) + C [since 1 + sin @ is nonnegative]. 
1+sin@ u 


Let u = 2? + 1. Then du = 32? dz and 3 du = z? dz, so 


2? 1/1 1 1 a 
[FRe-[2G) = ginlul+C = gln|z +1) +C. 
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Let u = cos@. Then du = —sin@d0 and sin@ d@ = —du, so 


J cos* @ sind dd = f[u?(—du) = —ju* + C = —4c0s*0+C. 


Let u = —5r. Then du = —5dr and dr = —#du, so fe" di fe + du) =—ge"+C= —te +0. 


Let x = 1 — e”. Then dz = —e” du and e” du = —dz, so 


e” - 1, ~~ So ge oe he _l — 1 
| op" - | 3 dx) = fe dz = —(-z ite Chast Ces ay es 


1 1 in(1 
Let u = 1/a. Then du =—— dirand dr = —-duso f OP) ae =f sinw(— du) = cosu+ C = cos(1/x) +C 


Let u = 3ax + ba?. Then du = (3a + 3ba?) dx = 3(a + bx?) dz, so 


b tdu 1 - 
ote = an = sagt 1? du =2-2u/? 4+ = 2./3ax + br? + C. 
V3ax + ba 


Let u = 3¢? + 6t — 5. Then du = (6t + 6) dt = 6(t + 1) dt and (t+ 1) dt = 2 du, so 


t= fe 1 a = + inju| +C = 5 In|3e? +65] +C. 
u\6 6 6 


3t? + 6t —5 
2 
Let u = Ing. Then du = oe so | (in) dx = fw du=4ue+C = f(Inz)?+C 
x x 
Let u = cosa. Then du = — sina dz and —du = sinx dz, so 


f sina sin(cosx) dx = f sinu(—du) = (— cosu)(—1) + C = cos(cosz) + C. 
Let u = tan. Then du = sec” 0 dO, so f sec? 6 tan? 0d0 = fu? du= tut +C= ; tan* O+C. 


Let u = «+ 2. Then du = dx and x = u — 2, so 


fovz+2da = f[(u—2)/J/udu= f(u3/? — 2u!/?) du = 2u®/? — 2. 2u3/? + C = 2(a + 2)°/? — 4(2 + 2)7/7 +. 


eee tie owe eee Sine dx = 2 ee dx and oa dx = — du, so 
x aw? x? v2 2 
1 sn ON ay il 11.8 7 > BY 
eat = = aa \ = oes ae = 
[ =) (« +2) dx ic 5 du 5 rae +C ae oe +C 
Let u = az + b. Then du = adz and dx = (1/a) du, so 
ax +b U aj wu a a 
Let u = 2+ 3e”. Then du = 3e” dr and e" dr = du, so 
fe" (24 3e")9? dr = fui? (5 du) = 3 . 2u9/?+C= 2 (2+ 3e")°/? +C. 
Let wu = arcsinx. Then du = ————— ae 0 f —— = dx = e“ du=e"+C =e" 40, 
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2 
Let u = tan. Then du = sec?6 do, so [ = 549 = f © du =In|u|-+C = In|tand| +C. 
an u 


Let u = tanz. Then du = sec? x dx, so 


2 1 1 
| Sha= [gue ftwa-w'+e=- +O = cote C; 
tan’ x u tan x 


2 2 
sec* x ub cos’ x 

Or: x dx = —- dz = | csc? xdx =—cotx+C 
tan? x cos?x sin? x 


2 
Let wu = arctanz. Then du = = z= I dx, so / iercengy dz = fe du = zu +C= 3(arctanz)° +C. 
iL 
Let wu = arctanz. Then du = dx = ——— dz, so 
142? x?+1 
1 1 
dx = du = In|u| + C = In|arctana| + C. 
(a? + 1) arctanz u 


1 
Let u = 5°. Then du = 5‘ ln5dtand 5° dt = ins so 


pth. > Opes 1 1 od : 
fe sin(s'yat= f sinu (525 au) = mp cosut C= mp Cos(5) + ©. 


Let uw = 1+ sin?0. Then du = 2sin 6 cos 6 dé and sin @ cos 6 d0 = 4 du, so 


sin 6 cos 0 1/1 1 1 ds 
Tees hao = =In|1 
(ye AG u) 5 Injul +C 5 In| + sin*6| + C 


= 4n(1+ sin? 6) +C [since 1 + sin?6 is positive] 
Let u = 1+ 5t. Then du = 5 dt and dt = + du, so 


fcos(1 + 5t) dt = J cosu(4 du) = ¢sinu+C = ¢sin(1+5t)+C. 


Leta “Cheha at a a ss 
x x? x? T 
1 1 1 
[P5P ae= f cosu(-2 au) =—“sinu+C=—-sin2+C 
x T T wT x 
Let uw = cot. Then du = — csc? x da and csc? x dx = —du, so 
3/2 


[ veotaese? eae = [ Vu( du) = +C =—-2(cotz)*/? +0. 


U 
3/2 


1 
Let u = 2° + 3. Then du = 2° In2d¢ and 2° dt = na so 


2 A ae 1 1 aero 
/rae [t(e) 7 In |u| + C aa In(2°+3)+C. 


Let wu = sinh x. Then du = cosh x dz, so f sinh? x cosha dx = fw du = sue +C= 3 sinh®x +C. 
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Let u = 1+ tant. Then du = sec? t dt, so 


dt sec? t dt du -1/2 ull? 
Se EE Se | Se] a aes SOS oT at 
== /1 + tant Vu / 1/2 


. 9) ; 
>| pee dz =2 | = dx = 21. Let u = cosa. Then du = — sina dz, so 
x 


1+ cos? x 


a= -2 f ae =—-2-4in(1t+w’)+C=—In(1+u7) +C =—In(1+ cos? 2) +C. 


Or: Let u = 1+ cos? a. 


Let u = cosa. Then du = — sin x dz and sinx dx = —du, so 
Ee ge ae tan7}u+C =—tan!(cosz)+C 
= =-—tan wu =-—tan (cosx ‘ 
1+ cos? x 1+u? 


frootzae = f Sax Let u = sing. Then du = cos da, so f cot ede = f © du =Inju| + C =In|sinal +C: 


Let u = Int. Then du = + at,so f SY ae — f cosudu =sinu +C =sin(Int) + 6. 


1 
Let u = sin7! x. Then du = ————= 


dx 
dx, so 
V1— 2x? =e 


=| > du = In|ul +C =In|sin- 2| +C. 
u 


il 
5 du 


14+u2 


Let u = x”. Then du = 2x da, sof oe ae= f = itantu+C= i tan7*(27) +C. 


Let u = 14+ 2. Then du = 22 dz, so 


1l+2 1 x 24 4 du i 1 
[tee-[ eet [pert o+ f r =tan 2+ $lnjul +C 


=tan"'c+4Injlt+2?|/+C =tan-'c+4ln(1+2?)+C [since 1 +2? > 0]. 


Let u = 2+. Then du = dz, = u — 2, and x” = (u — 2)”, so 
ferV/2Fa dx = f(u—2)?fadu = f(u? —4u+ 4)ul/? du = f(u®/? — 4u3/? 4 4u4/?) du 


= Fu? — gu? + Bu? £0 = 30 +0)? — $049) + $240)? +0 


53. Let u = 2x + 5. Then du = 2da and x = $(u — 5), so 


f (2c +5)8 da = f d(u—5)u (4 du) = f(u? — 5u8) du 


= 4(4u — 809) +0 = Br +5)? — S(22 +5)° +0 


54. Letu = 2? +1 [so x” = u—1]. Then du = 2x da and x dx = + du, so 


foe Va? +1de= fa? Ja? +1 edz = f[(u—1)/u (§ du) = 2 f(ue/? — ul/?) du 


= 3 (2u°/? = 29/2) st es 
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Or: Letu= Vx? +1. Thenu? =27+1 > 2Qudu=2¢dx => wudu=xdz,so 
feva% +1 dxe= fa? Vx? +1aedx = f(u? —1)u-udu= f(u* —u?) du 
= pu’ — du 4+C = b(2? +179? — 3 (2? +177 +0 


Note: This answer can be written as + Vx? + 1(3a* + x? — 2) +C. 


55. f(x) =a(a?—-1)?. u=2?-1 du = 2x dx, so : 


fv(a? — 1)? de = fu (du) = gu4*+C=4(a?-1)4+C 
2 2 
Where f is positive (negative), F’ is increasing (decreasing). Where f 
changes from negative to positive (positive to negative), F’ has a local 


=I 
minimum (maximum). 
56. f(0) = tan? 6 sec? 6. u = tand du = sec* 6 dO, so 2 
J tan? @ sec? dO = fu? du = $u° + C = 3 tan? 0+C / 
-1.1 1.1 
Note that f is positive and F' is increasing. At x = 0, f = O and F hasa / 
horizontal tangent. 5 
57. f(x) = e°°** sinx. u = cosa du sin x dx, so ; 
f 
fee* sina dx = fe“ (—du) = -e"+C = —-e7 4+C - 


Note that at 2 = 7, f changes from positive to negative and F has a local 


} 
nN 
q 


maximum. Also, both f and F are periodic with period 27, so at x = 0 and 


at x = 27, f changes from negative to positive and F’ has a local minimum. =e 
58. f(z) =sinacos‘z. u=cose = du=—sinadz, so 02 
J sina cos*zdz = fu‘ (—du) = —$u° + C = —Ecos*r + C . 
0 Qa7 
Note that at 2 = 7, f changes from positive to negative and F has a local F 
maximum. Also, both f and F are periodic with period 27, so at x = 0 and 
at x = 27, f changes from negative to positive and F’ has a local minimum. oe 
59. Let u = $t, so du = § dt. Whent = 0, u = 0; whent = 1, u = §. Thus, 
{ cos(mt/2) dt = te cosu (2 du) = 2 [sin u]3/? = 2 (sin —sin0) = 2(1-0) = 2 
60. Let wu = 3¢ — 1, so du = 3dt. When t = 0, uw = —1; whent = 1, u = 2. Thus, 
1 On — [2 4,50 (1 LL fed S12! 9. sa 51 51] — _1 (951 
Jo (St — 1) dt = fT, uP? (3 du) = 3 [gru™]_, = aes [2° — (-D"") = es + Y 
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61. Letu = 1+ 7x,so du = 7dx. When x = 0, u = 1; when x = 1, u = 8. Thus, 


1 8 8 
i: YT+ Ta dx =| u/3(2 du) = +[gu/s]_ = 3(g*/? — 14) = 36-1) = #8 
62. Let u = it, so du = 3 dt. When t = 3,u= %; whent = aru = 3. Thus, 


27/3 n/3 n/3 
i csc” (5t) dt = / csc? u(2du) = 2 [- cot ul = 2(cot 7 _ cot =) 
n/3 oe n/6 3 6 


= -2( 4 - v8) = -2(v3— v3) = $v3 


63. Let u = cost, so du = —sintdt. When t = 0, u = 1; whent = 7, u = J3/2. Thus, 
7/6 sint v3/2 4 113? 

x7 dt = — (-du) = - = —-1. 

9 cos? t 1 u ul, J3 


ae ey eee eee Ay When x = 1, u = 3; when x = 4, u = 4. Thus, 


Wear Vax 


[Ra fea [50°] Get = 0-98) Ba 


64. Let u = 24 a. Then du = 


65. Let u = 1/2, so du = —1/2? dx. When x = 1, u = 1; when a = 2,u = z. Thus, 


2 pl/e 1/2 ere ie 
/ dx = / e (—du) — [e ibs = (e €) =e Ve. 
1 1 


2 


66. Let uw = e”. Then du = e* dx. When x = 0, u = 1; when x = 1, u = e. Thus, 


1 2 e 
e 1 e T 
} 5 dx = / 5 du = [ arctan ul = arctane — arctan 1 = arctane — —. 
9 L+e* 1 lt+u 1 4 


67. Je ae. + a“ tan) dx = 0 by Theorem 7(b), since f(a) = 2° + a* tan is an odd function. 


68. Let wu = sinz, so du = cosxdz. When x = 0, u = 0; when x = oe u = 1. Thus, 


ae cosx sin(sinx) dx = ie sinudu = [ cos], = —(cos1—1)=1-cosl. 
69. Let u = 14 22,s0 du = 2dx. When x = 0, u = 1; when x = 13, u = 27. Thus, 


27 
“7/83 du) = [2 -3u"/9] | = 3(3- 1) =3. 


70. Assume a > 0. Let uv = a? — x”, so du = —2x dx. When x = 0, u = a”; when x = a, u = O. Thus, 


a a2 i 
Joe VPA de = f°, u'/?(—3 du) =} ff" ut? du= 4. [2u8]" = bo. 


71. Letu = 2? +a”, so du = 2a dx and x dx = 4 du. When x = 0, u = a7; when x = a, u = 2a’. Thus, 
a 2a? 2a2 2a2 
| Ghd pasa? =| ul/?(2 du) - 3 [2u/?| — [gue] nae | (207)*”? = (a) _ $(2v2- 1)a° 
0 a2 a a 
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72. kes x sina dx = 0 by Theorem 7(b), since f(x) = a‘ sin x is an odd function. 
73. Letu = a2—1,sou+1=-2 and du = dx. When x = 1, u = 0; when x = 2, u = 1. Thus, 


2 1 1 7 
[oevertae= f (utavudu= f(t? +l) du= [Zu + 30°] =24+2=4#. 
1 ) 0 0 

74, Let u = 1+ 2x, so x = 4(u— 1) and du = 2dz. When x = 0, u = 1; when x = 4, u = 9. Thus, 


i cdx HED deg Pout? wt?) au = 43 
o Vitae Jy Vu 2 4s, oie 


= 127-9) (1-3)] = @ = 2 


d 
75. Let u = Ina, so du = ae When x = e, u = 1; when x = e*; u = 4. Thus, 
x 


4 
. dx iy —1/2 1/2]4 
ca ee ee du =2u = 2(2—1)=2. 
[ avVinax [ 1 ( ) 


76. Let u = (x — 1)*, so du = 2(a — 1) dx. When x = 0, u = 1; when x = 2, u = 1. Thus, 


2 1 
/ (a — Lee dx = / e" (4 du) = 0 since the limits are equal. 
0 1 


77. Let u = e* + z, so du = (e* + 1) dz. When z = 0, u = 1; when z = 1,u =e +1. Thus, 


al ez +1 etl 4 e+1 
i a= f —du= [in ul] = InJe+1|-In|1| =In(e+1). 
0 1 u 1 


er7+z 
78. Let u = \/@. Then u? = x, 2udu = dz, du = : dx, and : dx = 2du. When x = 1, u = 1; when x = 4, u = 2 
. = : = a, ’ 2./e ’ Va ¥ i ee) ne a 


Thus, 
A Deg ia Loge) 2| * = 2 1) 
—— dz = ——— U) = arctan u| = 2(arctan 2 — arctan 
1 («© +1)Vv2 1 w+ 1 
= 2(arctan 2 — *) = 2arctan2 — _ 


1 


2/x 


79. Letu = 1+ /2, so du = dx => 2/rdu=dz 2(u — 1) du = dx. When x = 0, u = 1; when x = 1, 


u = 2. Thus, 


80. Let u = 14 2°/*. Then 23/4 = u—1,du= 3271/4 dx, and x—'/4 da = $ du. When x = 1, u = 2; when x = 16, u = 9. 


16 1/2 16 3/4. »,-1/4 Oe 9 
x alt a u-1/4 4 1 4 9 
a dy = dg = —du) == 1——)d == 1 
[ 1+ a3/a [ Ifave [ u (; “) s/f, ( 7) Sas 


= $[(9— In9) — (2—In2)] = $(7 —In9+ n2) = $(7+ In2) 


Thus, 
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81. From the graph, it appears that the area under the curve is about 2 
1+ (a little more than 3 -1- 0.7), or about 1.4. The exact area is given by 
A= Te V2“ 4+ 1dza. Let u = 27+ 1, so du = 2 dz. The limits change to y 


2-0+1=1and2-1+1=3, and 


3 
A= f? Vu(4 du) ss 3[3u°/?] = 4(8v3-1) = V3 — 5 © 1.399. 


—-0.5 1.5 
82. From the graph, it appears that the area under the curve is almost 4 7+ 2.6, 2.7 
or about 4. The exact area is given by 
A= fj (2sina — sin 2x) dx = —2 [cosa]) — ff" sin 2x dx 
2(-1-1)-0=4 
0 T 
Note: fy sin 2x dx = 0 since it is clear from the graph of y = sin 2a that Sea sin 2x dx = — ie? sin 2x da. 


83. First write the integral as a sum of two integrals: 


T= [?,(@+3)V4—@ de =h+h = f[?,eVF—2 de t+ [7,3 V4— 2 de. I, = 0 by Theorem 7(b), since 
f(x) = x V/4 — 2? is an odd function and we are integrating from x = —2 to x = 2. We interpret I as three times the area of 


a semicircle with radius 2,sol =0+3- (7 : 2”) = 67. 


84. Let u = 27. Then du = 2a dx and the limits are unchanged (0? = 0 and 1? = 1), so 


T= f)aoVJ1—2 dx = i [* /1— Ww du. But this integral can be interpreted as the area of a quarter-circle with radius 1. 
0 2 Jo g 


Sol = 3 : (a : 1*) = aT. 
85. First Figure Letu = /2, sox = u? and dz = 2udu. When x = 0, w = 0; when x = 1, u = 1. Thus, 
Ai = ies ev” dx = ie e"(2udu) = 2h: ue" du. 
Second Figure A2 = f[, a Qre* dx = 2 i ue” du. 


Third Figure Let wu = sin, so du = cosx dx. When x = 0, u = 0; when x = ws u = 1. Thus, 


A3 = ts e* sin 2a dx = {ee e™"(2sinax cosa) dx = ie e"(2udu) = af. ue" du. 


Since Ay = Ag = As, all three areas are equal. 


t 
86. Let u = a Then du = s dt and 


24 24 at 2a 12 12 Qn 
R(t) dt = i 85 — 0.18cos( — }| dt = / (85 — 0.18 cos uw) du) = — [85u — 0.18sin u] 
0 0 12 0 T 7 0 


12 
el 


(85 - 2 — 0) — (0 — 0)] = 2040 kcal 
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The rate is measured in liters per minute. Integrating from t = 0 minutes to t = 60 minutes will give us the total amount of oil 


that leaks out (in liters) during the first hour. 


50 (¢) dt = [°° 100e79-2* dt u = —0.01t, du = —0.01dt 
(0) (0) 


= 100 f,°°e"(—100 du) = —10,000 [e“]5°° = —10,000(e~° — 1) 4511.9 ~ 4512 liters 


Let r(t) = ae with a = 450.268 and b = 1.12567, and n(t) = population after t hours. Since r(t) = n’'(t), 


ti * (t) dt = n(3) — n(0) is the total change in the population after three hours. Since we start with 400 bacteria, the 
population will be 


a 


n(3) = 400 + Jo r(t) dt = 400 + f> ae” dt = 400 + > 


fe], = 400+ (ec — 1) 


~ 400 + 11,313 = 11,713 bacteria 


The volume of inhaled air in the lungs at time t is 
t t Int /5 
V(t)= | f(u) du = | : sin( 22 u) du = | sein (= av) [substitute v= Zu, dv= 2a du] 
5 


le [- cos v] sue — ~ - cos( Zr) + | = z — cos( 1) | liters 


The rate G is measured in kilograms per year. Integrating from t = 0 years (2000) to t = 20 years (2020) will give us the net 


change in biomass from 2000 to 2020. 


20 60,000e~°-% 14+5e7"? 69,000 , , tia leeawee 
—0.6t)2 dt = 2 (=a du) du — —3e—°:St 
9 (14+ 5e-°-6) 6 U u = —3e dt 
_ [20,000]**°* 20,000 ——-20,000 
- 14+ 5e-12 6 


= 16,666 
ude 


Thus, the predicted biomass for the year 2020 is approximately 25,000 + 16,666 = 41,666 kg. 


e—30r/V 


ae ale —rt/V x=e tv 
[ u(t) a= 7 Coe dt = co | CG). Seo its 


The integral ie u(t) dt represents the total amount of urea removed from the blood in the first 30 minutes of dialysis. 
Number of calculators = «(4) — x(2) = abs 5000 [1 — 100(¢ + 10)~?| dt 
= 5000 [¢ + 100(¢ + 10)~*]> = 5000 [(4 + 482) — (2 + 392)] ~ 4048 


Let u = 22. Then du = 2 dz, so de f(2x) dz = fo f(u)($ du) = if, f(u) du = $(10) =5. 


Let u = x”. Then du = 22 da, so ie xf (x?) dx = Ne f(u)($ du) = 5 fo f(u) du = $(4) =2. 
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95. Let u = —x. Then du = —dz, so 


y= f(x) y=f(-x) 
So f(-a) dx = fo) f(u)(—du) = Joy fu) du = Joy f(w) de 
From the diagram, we see that the equality follows from the fact that we are 
reflecting the graph of f, and the limits of integration, about the y-axis. a = | : b * 


96. Let u = x +c. Then du = dz, so y ey ee eer ie) 


b b+c b+c 
te f(et+todr= sees f(u)du= Jae f(x) dx 
From the diagram, we see that the equality follows from the fact that we are 


translating the graph of f, and the limits of integration, by a distance c. 


97. Letu = 1— 2. Then xz = 1 — wand dx = —du, so 


So x*(1— 2)? da = fr (1 — u)* u?(—du) =f. u(1—u)? du = fi x°(1—«)* de. 


98. Let u = a — x. Then du = —dx. When x = 7, u = 0 and when x = 0, u = 7. So 


Jo tf (sina) dx = = [@ —u) f(sin(a — u)) du = fo (a — u) f(sinu) du 
=r fp f(sinu) du— ff uf(sinu) du =n fy f(sina) dx — [jx f(sinx)de => 


2fo ef(sine)dx =n ff f(sna)de => ff a f(sina) dx = § [> f(sinx) de. 


xsinx sin x ; t . 
99. laucte * S=ace = x f (sina), where f(t) = eos By Exercise 98, 
"  gsinax . n [7 a {" sing 
—_ dx = i dx = = i dx = d 
[ T+ costa i x f(sinx) dx ah f(sina) dx | Th costa 
Let u = cosa. Then du = — sina dx. When x = 7, u = —1 and when x = 0, u = 1. So 


an [" sing ie a fo du _t T du ee 
2 Jo 1+cos? a 2J/, I+tue 2f_,1+u? 2 re 


= $ [tan 1 — tan™*(—1)] abr (-3)| T 


100. (a) ie f(cosx) dx = [ee f [sin($ — x)] da [u=% — 2,du=-—dz| 


= [oy f(sinu)(—du) = 7? f(sinu) du = fi”? f (sina) de 


Continuity of f is needed in order to apply the substitution rule for definite integrals. 


(b) In part (a), take f(x) = 2”, so te cos? «dx = jen sin? « dx. Now 


am /2 
0) 


m/2 


i cos? x da + ee sin? «dx = =! (cos? x +sin? x) dx = i 


ldx= [x] 


NIA 


so 2 ['7/? cos? xdx = = => fe’? cos? x dx = 2 [= Jo? sin? x dz]. 
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Review 


. False. 


. False. 


. False. 


True. 


. False. 


. False. 


False. 
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TRUE-FALSE QUIZ 


. True by Property 2 of the Integral in Section 5.2. 


Try a = 0, b = 2, f(x) = g(x) = 1 as a counterexample. 


. True by Property 3 of the Integral in Section 5.2. 


You can’t take a variable outside the integral sign. For example, using f(x) = 1 on [0, 1], 


i x f(a) dz = Ps xvdxz = [427] 5 = 4 (a constant) while x J; 1dx = x(x], =x-1= 2 (a variable). 


For example, let f(a) = 2”. Then ie Va? dx = ales «dx = 5, but ‘ide x2 dx = vi = a 


The definite integral is a number; it does not depend on the choice of variable name. See Note 2 of Section 5.2. 


. True by the Net Change Theorem. 


For example, let u(t) = 1— t. On 0 < t < 2, the distance traveled is 
fe vo] dt = fo(1—t) dt + f2-1dt=444=1, but f? v(t) dt = f?(1— 2) dt =0. 


The given integral represents net displacement. 


ie f'(a) [f(w)|* da is a definite integral and, thus, is a number; 2[f(a)]° + Cis a family of functions. 


The statement would be true without the limits of integration. 


For example, let a = 0, b = 1, f(x) = 3, g(x) = x. f(x) > g(x) for each z in (0, 1), but f’(z) =0 < 1=g'(x) 
for x € (0,1). 


True by Comparison Property 7 of the Integral in Section 5.2. 


True. f2,(ax? + bx + c) dx = f*,(ax? +6) dx + f°. bx dx 

=2 fe (ax +c) dx +0 [because az” + c is even and ba is odd] 
False. For example, the function y = |2| is continuous on R, but has no derivative at x = 0. 
True by FTC1. 


True by Property 5 of Integrals. 


False. 


False. 


False. 


False. 


For example, fe (a — 4) da = [327 1] 5 = (§ — 3) — (0-0) =0, but f(z) =x-— 5 £0. 


ups f(a) dx is a constant, so 4 ( f(x) dx) = 0, not f(x) [unless f(a) = 0]. Compare the given statement 


carefully with FTC1, in which the upper limit in the integral is x. 
See the paragraph before Figure 4 in Section 5.2, and notice that y = « — 2° <Oforl <a <2. 


The function f(x) = 1/2* is not bounded on the interval [—2, 1]. It has an infinite discontinuity at x = 0, so it is 
not integrable on the interval. (If the integral were to exist, a positive value would be expected, by Comparison 
Property 5.2.6 of Integrals.) 
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1 if 0<a<l 


then f has a jump discontinuity at 0, but : a) dx exists and is 
Oe ad ere ns ee ty S-1 f@) 


20. False. For example, if f(a) = 


equal to 1. 


EXERCISES 
6 
1 Le =o f(tin)Ac [Ar= $39 =1] 
i=1 
= f(xo)- 1+ f(ei)-1+ f(v2)- 1+ f(s): 1+ flea) - 14+ f(es)-1 
%24+3.5+4+4+2+(-1)+(-2.5) =8 
x 
The Riemann sum represents the sum of the areas of the four rectangles 
above the x-axis minus the sum of the areas of the two rectangles below the 
x-axis. 
6 
(b) vs Me =>) f@,) Ae. “(Ag So = 7] 
i=1 
= f(@1)- 1+ f(@2)-1+ f@s)- 1+ f(@4)-1+ f@s)-14+ fee) +1 
| = f(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5) 
x 
= 34+3.94+3.4+0.3 4 (—2) + (-2.9) =5.7 
The Riemann sum represents the sum of the areas of the four rectangles 
above the x-axis minus the sum of the areas of the two rectangles below the 
a-axis. 
2. (a) yA f@)=Sx* =eand A= 25° =05. > 
Ra = 0.5f (0.5) + 0.5f(1) + 0.5f(1.5) + 0.5f(2) 
: = 0.5(—0.25 + 0 + 0.75 + 2) = 1.25 
The Riemann sum represents the sum of the areas of the two rectangles 
, > above the x-axis minus the area of the rectangle below the x-axis. (The 
1 2 Xx 
second rectangle vanishes.) 


n 


(b) jee Ps x) dx = jim SS f(ai) Ax [Aw = 2/n and x; = 2i/n] 


=> f 
CO f=4 


4 n+1 2n+1 9 n+1 
3 n n n 


= Jim, | 
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(d) yA hs (ae _ x) dx = A, — Ag, where A; and Ag? are the areas shown in the 


diagram. 


3. fo (at V1— a? )de = foxdet fo V1l-2?dr=h+Io. 
J; can be interpreted as the area of the triangle shown in the figure 


and Iz can be interpreted as the area of the quarter-circle. 


Area = $(1)(1) + 4(m)(1)? = 444. 


4. On [0,7], lim Losing: Ae = fy sin x dx = [—cosa]j = —(—1) — (-1) =2. 


n—oo 


5. iT a)dx = f° f( a) dat fi f( x)dxr > 10=7+ fF fC z)dx => Lx x)dzx =10-7=3 


6. (a) fP@ + 22°) dx = lim D flea [ax ies ie 14 a 
N00 5 n nm n 
n ; \ 5 4 3 2 
= tim $ (1+ s +2(14 *) | 4S yoy 1805n* + 3126n" + 2080n? — 256 4 
NCO j=4 nm n n n—0o nm n 


= 5220 
(b) [P(e + 2x°) de = [2x + 20°] 5 = (28 + 18825) — (241) = 12+ 5208 = 5220 


3 


7. First note that either a or b must be the graph of [° f o J (t) dt, since Hoa o f(t) dt = 0, and c(0) 4 0. Now notice that b > 0 when c 
is increasing, and that c > 0 when a is increasing. It follows that c is the graph of f(a), b is the graph of f’(z), and a is the 
graph of f° f(t) dt. 

td 1 
8. (a) By the Net Change Theorem (FTC2), ik aa (eons) dx = ere | o= ieee 


d f? . 7 ere 
(b) a / etan®  — 0 since this is the derivative of a constant. 
v So 


d * arctan t arctan © 
(c) By FTC1, =f e€ dt=e ; 
dx Jo 
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21. 
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= te f(t) =o t)dt+ Leg t)dt+ foal t) dt + it 


area of triangle, 
ae : 
below t-axis 


i +4-1-241-244-1-2=3 
By FTC1, g’(x) = f(x), so g'(4) = f(4) = 0. 


=Jo ft)dt = g'(v)=f(e) [byFTCl] + g"(x) = f'(x), 80 9"(4) 


the line segment at x = 4. 


0 
f°, (x? +52) de = [50° + $2°| =0 (-$4+3)= 2 


-1 


0 


fa(1—2°) de = [e— so"), = (1-4) -0= 4 


Let u = 1 — x, so du = —dz and dx = —du. When x = 0, u = 1; when x = 1, u = O. Thus, 


fo x)? dx = {. u?(—du) = So u? du = a [ut], — al —0)= a: 


= —2, which is the slope of 


So (wt — 8x +7) de = [ba — 40? + 72] 5 = (47° — 47? +77) —0 = 47° — 47? +77 


9 _ 9,,2 9 9 
/ Ju — 2u au= [ (Sit [2u'/? w] = (6— 81) — (2—1) = -76 
1 U ' 


1 


a 
fo (Ye+ 1)? du = [O(ul/? + Qu! +1) du = [Bu + Su +u] = (3 4+84+1)-0-8 


Let u = y”® +1, so du = 2y dy and y dy = 4 du. When y = 0, u = 1; when y = 1, u = 2. Thus, 


Soy (roe iy )P dy = fru? ($du) = [Au]? iy (64 = 5 = 7. 


Let u = 14 y%, so du = 3y? dy and y? dy = 3 du. When y = 0, u = 1; when y = 2, u = 9. Thus, 


9 
2 2/7 +p dy = fo ul/?(4 du) = 3[2u?] = 2007-1)= 2 


5 
dt : : 1 
| E_» does not exist because the function f(t) = C4 
that is, f is discontinuous on the interval [1, 5]. 


Let u = 3zt, so du = 3x dt. When t = 0, u = 1; when t = 1, wu = 32. Thus, 


1 30 
/ sin(37t) dt = / sin u es du) = a [— cos u| oe a 1-1)= 2 
0 0 30 30 0 30 30 


Let wu = v?, so du = 3v? dv. When v = 0, u = 0; when v = 1, u = 1. Thus, 


i v? cos(v?) du = ie cos u (5 du) = 3 1Tsinu] = 4(sin1 — 0) = #sin1. 


1 . 
|, Fee de = by Theorem 5.5.70), since f(z) = Fry isan odd function 
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T/4 t4 tant t‘ tant 
is edie cealaty, ee by Theorem 5.5.7(b), since f(t) = ai" is an odd function. 
n/a 2+ cost 2+ cost 


1a] = 1 er = 1 3 
I, 5 a= f (2+2)a=[5: +injel] = (54m 1/) (2 + In | 2|) = 7 In2 


1 
Let u = 27 +1. Then du = 2x dz and «dz = 3 du, so 


ee 
8 
ie) 
L|8 


1 1 1 1 
= d= | =(5 au) = 5inlul+C = 5 In|x” I]+C = sl’ +1)+C [since x? + 1 is positive]. 


/su-/m dx = arctanz + C 


Let u = 2? + 4x. Then du = (2a + 4) da = 2(a + 2) dx, so 


| Fé «- u*/? (2 du) =1.u? 405 Vu+C= Va? +4040. 


2 
Let u= 1+ cot.. Then du = —csc* ede, so [ ET fe du) Injul| + C = —In|1+4+ cota|+C. 
1+ cotz u 


Let u = sinwt. Then du = 7 cost dt, so f sinwt cosnt dt = fu(4du) = 4-4w+C = d(sinat)? +C. 


Let u = cosa. Then du = — sinx dx, so f[ sina cos(cosx) dz = — f cosudu = —sinu+C = —sin(cosz) + C. 


Let u = a. Then du = = sof Sade =2 f ot du = 20" 40=207 +0 
sone 2/2’ Ja — - , 


Let wu = Inz. Then du = = de, sof SN ae = [sinudu = -—cosu+ C = —cos(Inz) +C. 
Let wu = In(cosx). Then du = a de = —tanez dx, so 
cos x 


f tan z In(cosz) dx = — fudu=—4u?+C= —4[In(cos x)]? +C. 


Let u = x”. Then du = 2x dz, so | 4 sin” 'u +C= $ sin” ' (x?) +C. 


x ar=5 | du - 
Mea oo) aaa 


3 
_ 4 _ 3 x nah 1 es wi 4 
Let u = 1+ 2°. Then du = 4a dx,so | 2 de ifm ;mlu| + C = ¢ln(1+2*) +C. 


Let u = 1+ 4a. Then du = 4dz, so f sinh(1 + 4x) dx = + f sinhudu = 4 coshu + C = 4 cosh(1 + 4x) + C. 


Let u = 1+ sec@. Then du = secé@ tan 6 dé, so 


sec # tané 1 1 
ip seen do | eaqq ret tana) =f * du =In|u) +6 = In] + seed] +C. 
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38. Let u = 1+ tant, so du = sec” t dt. When t = 0, u = 1; whent = > u = 2. Thus, 


Prd + tant)? sec? tdt = ia u® du = [Fu]; = +(2* 1) = }(16-1)=¥. 
39. Letu = 1— 2. Thenx = 1— u, du = —dz, and dx = —du, so 


fx—2)?3 dx = f(1—u)-u?/3 (-du) = f(u?/? — u?/8) du = Su8/3 — 3u5/2 +0 


= §(1—2)°/8 — 81-2) +0 


40. Let u = x — 3. Then x = u+ 3 and du = dz, so 


if Hae = f a= f (1+2) du=ut+3lnljul +Ci =«-3+3In|2 —-3/4+C, =2#+4+3ln|xz —3)/+C 


rT 


[where C = C} — 3]. 


M1. Since x? — 4 < 0 for0 < x < 2anda* —4 > 0 for2 < x < 3, we have |2” 4| = (x? —4) = 4— 2? for0 <x < 2and 


|2? —4| =a? —4 for2 <x <3. Thus, 


34 2 A 3, 23 Pe 

i |x aac = f (4— 2°) dx 4 i (a* — 4) dx a0 | ts] 

) 0 2 3 Jo 3 2 
= (8- $)-0+ (0-12) - (f-8) = #-34 ¥- 8-2-8 


42. Since YE —1 <0 for0 <x <1and Ve—1> 0 forl <2 <4, wehave |Vx i (Vve-1) =1-va 


for 0 <@ < Land |Vz—1| = V/x—1forl <x < 4. Thus, 


= (1- #)-0+ (8-4) -(G-) =3+ B-44 b= 6-4=2 


43. Letu = 1+ sinz. Then du = cos x dz, so 


Fz = fu? du= uw? +0 =2V1i+sng+ OC, 


iE) 
N 


44, Let u = x? +1. Then x? = u—1 and xdzx = 4 du, so 4 


[ase-| “oe (5 du) = 5 fw? —u/?) du i Bs 
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45. From the graph, it appears that the area under the curve y = x \/x between x = 0 8 
and « = 4 is somewhat less than half the area of an 8 x 4 rectangle, so perhaps 
about 13 or 14. To find the exact value, we evaluate 
4 
fo xVJVaedx = is a3/? dx = ee. = 2(4)°/? = ¥ = 12.8. 
0 4 
46. From the graph, it seems as though f, cos? x sin x dz is equal to 0. To evaluate 05 
the integral, let u = cosx du sin x dx. Thus, I = Ais u’ (—du) = 0. 
0 27 
—0.5 
47, Area = [2 (a? +5) dx = [}2° + 52]5 = (S$ +20) -0 = 24 
n/2_. a [2 T 
48. Area = [J sina dx = [—cos 2] = 008 (—cos0) =0+1=1. 
0 
49. (a) ff az) dx = f° f a) da + fF f( x) da + LF z)dx=3-241=2 
(b) f |f (w)| dx = fP f(x) de + fol-f(@)] da + J? f(a) de =3+24+1=6 
50. (a) fof a) dat fF f( a)da = f? f x) da + feet a) da + fF f( x) dx + Se f( dx =3-—2-—2+1=0 
(b) f° 2f (x) dx + [2 6 f(a) de =2 | JP f(a) de] + 6[ f} f(a) ae] 
= 2|f? f(x) de +6) fy £( a)da+ fi f( (x) d| 
= 2(3) + 6(-24+ 1) =6+6(-1) =0 
x id d x id a? 
51. F(x) = dt F'(a)= dt = 
(2) [ +8 (x) a i+ I+23 
1 
52. F(a) = f Vt+sint dt = -[ Vt+tsintdt => F’'( @=-5f Vt+sintdt = —Va+sing 
du dg _ dg du 
_ ,4 8 
53. Let u = 2°. Then re 4x’. Also, — eta a ae so 
at UU 
g(x) = a, cos(t”) dt = < ; cos(t”) dt - a = cos(u’) a = 42° cos(«*). 
d d. dg d 
54. Let wu = sinz. Then = = cos. Also, a= = =; so 
; a fe = 47 d [“1-# du 1—w? du 1-sin?« cos® x 
g(z) == dt = : = : = 77 Cosa = a 
da 1+¢ du J, 1+ dx 1+u* dx 1+sin*z 1+sin* x 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


CHAPTER 5 INTEGRALS 


a ot 3 Ne Dt Vz pt aD rt. 
y= ar= [ Sart | <ar=~ <at+ | fit = 
Jet wat at 1 ot ar 


dy d Veg d Pret 
= = -— — dt — — dt). Letu= Va. Th 
dx e(/ t ies | t etu = V2. Then 


y= ha sin(t*)dt = i sin(t*) dt + a sin(t*) dt = bane sin(t*) dt — ra sin(t*)dt => 


y' =sin[(3z + 1)*] - < (3a + 1) —sin[(2x)*] - = (2x) = 3sin[(3a + 1)*] — 2sin[(2z)*] 


wo 


Ifl <a < 3, then V127 43 < Va? 4+3< V3?743 3S 2< V2? +3 < 23,50 


2(3—1) < fP Va? +3dz < 2-/3(3 — 1); thatis,4 < f? Va? +3de < 4 V3. 


1 1 1 

If2<a <4, then 2? +2<2°942< 4742 3 10 < 2° +2 < 66and & < Goa S 70’ &° 
4 4 

gs f t dx < : (4 — 2); that is, : | : dx < a 

66 > 42 10 33 — Jo 342 5 


O0<a<1 => O<cosr<1 = wvesx<a? = Jo v coseda < fj a? dx = 4[a°]5 = 4 [Property 5.2.7]. 


sin x 


From a graph we see that is decreasing on the interval E 5 . Therefore, the largest value of me on E | is 
x 


sin(r/4)  V2/2_ 2V2 


7A 74 . (Alternatively we could apply the Closed Interval Method to find the maximum value.) By 
1 T 


n/2 


se ee ee 
TT 


‘ 2V2 
Property 5.2.8 with M = 2v2 we have if Sear” 
TT 


n/4 v 


x x 1 sz 1 2 — [z2])) 
cosx<1 => e*coszr<e” => fi e*cosxdx < f, e* dx =[e"],=e-1 


ForO<a«<1,0<sin-ta2< so f, asin” ada < fo x(4) dx = [Za], =f. 


Az = (3—0)/6 = 3, so the endpoints are 0, 3, 1, 3, 2, 3, and 3, and the midpoints are i, 3 3, q 3 and 4. 


The Midpoint Rule gives 
6 
aes sin(x?) dx = >> f(%;) Ar = 4 [sin(3)" + sin(2)’ + sin(&)° + sin(2)° + sin(2)° + sin(44)’| = 0.2810. 


i=l 
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64. (a) Displacement = nbs (¢? —t) dt = [30° 1)7 18 _ 28 — 1 — 29.16 meters 


(b) Distance traveled = ie |e? —t| dt = Nes jt(t — 1)| dt = ie (t—t?) dt+ le (t? — t) dt 


= [ye - 20) 


+ [34° — 327] = 3-3 0+ (4B — 8) — (G — 2) = 2H = 29.5 meters 


65. Note that r(¢) = b’(t), where b(t) = the number of barrels of oil consumed up to time ¢. So, by the Net Change Theorem, 


20 


ts 7(t) dt = b(20) — b(15) represents the number of barrels of oil consumed from Jan. 1, 2015, through Jan. 1, 2020. 


66. Distance covered = f° u(t) dt ~ Ms = =°=2[v(0.5) + v(1.5) + v(2.5) + v(3.5) + v(4.5)] 


= 1(4.67 + 8.86 + 10.22 + 10.67 + 10.81) = 45.23 m 


67. We use the Midpoint Rule with n = 6 and At = a = 4. The increase in the bee population was 
[r(2) + r(6) + r(10) + (14) + (18) + r(22)] 


= 4[50 + 1000 + 7000 + 8550 + 1350 + 150] = 4(18,100) = 72,400 


68. Ay = sbh = $(2)(2) = 2, Ao = 4bh = 4(1)(1) = §, and since —1 


hee 
a 


y = —V1— 2? for 0 < x < 1 represents a quarter-circle with radius 1, 2 


A3 imr? tn(1)? 5. So 


Jog f(@) de = Ay — Ap— As = 2-4-5 =4(6-7) 


69. Let u = 2sin@. Then du = 2cos6 dé and when @ = 0, u = 0; when 0 = 3, u = 2. Thus 


ian f(2sin 0) cos 0 dé = ie f(u)($ du) = aa f(u) du = 5 fo f(x) dx = 4(6) =3. 


70. (a) C is increasing on those intervals where C’” is positive. By the Fundamental Theorem of Calculus, 
gs Pp y 


C'(x) = A fps cos(£t?)dt] = cos(2*). This is positive when =? is in the interval ((2n — 4), (2n + 4)x), 
dx 0 2 2 2 2 2 


n any integer. This implies that (2n — $)m < Za* < (2n+$)"m @& O<|2|<lorV4n—1< |x| < V4n FI, 


n any positive integer. So C is increasing on the intervals (—1, 1), (V3, V5 ), (-v5, -V3), (V7, 3), (-3, -v7), bdctes 


(b) C is concave upward on those intervals where C’”” > 0. We differentiate C’ to find C’’: C'(x) = cos($a2”) => 


C" (x) sin(Z2?)(%- 2x) = —rasin(%2”). For x > 0, this is positive where (2n — 1)m < Za? < 2nz,n any 
positive integer <= 4/2(2n—1) <x < 2./n, nany positive integer. Since there is a factor of —a in C”, the intervals 
of upward concavity for x < 0 are (- \/2(2n + 1),-2./n ) , n any nonnegative integer. That is, C' is concave upward on 


(—v2,0), (V2,2), (-V6,-2), (V6,2V2),.... 
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(c) 08 0.8 From the graphs, we can determine 
that f° cos($t”) dt = 0.7 at 
x © 0.76 and x & 1.22. 
0.7 Ls3) 
0 2 0.6 
(d) 1 The graphs of S(x) and C(x) have similar shapes, except that S’s flattens out 


near the origin, while C’s does not. Note that for x > 0, C is increasing 


where S is concave up, and C is decreasing where S is concave down. 


Similarly, S is increasing where C' is concave down, and S is decreasing 


where C is concave up. For x < 0, these relationships are reversed; that is, C’ 


-l is increasing where S' is concave down, and S is increasing where C is 


concave up. See Example 5.3.3 and Exercise 5.3.81 for a discussion of S(x). 


71. Area under the curve y = sinhcx between x = Oandx = 1lisequaltol => 


fo sinh ex dx = 1 => 1[coshea], = 1 => t(coshc-—1)=1 => 
coshe—1l=c = coshc=c-+l. From the graph, we get c = 0 and 


c & 1.6161, but c = 0 isn’t a solution for this problem since the curve 


y = sinhczx becomes y = 0 and the area under it is 0. Thus, c = 1.6161. 


72. Both numerator and denominator approach 0 as a — 0, so we use |’Hospital’s Rule. (Note that we are differentiating with 


respect to a, since that is the quantity which is changing.) We also use FTC1: 


C ft en w)/(ARE) day —(a—a)?/(4kt) —a?/(4kt) 
lim T(a,t) = lim Jo = lim os me: 


a0 avV4rkt a0 VArkt VArkt 


73. Using FTC1, we differentiate both sides of the given equation, f;" f(t) dt = (a — 1)e”* + f ve" f(t) dt, and get 


e?* (24 — 1) 


f(a) =e? +. 2(a —1)e?® +e" f(x) => f(a)(1—e7*) =e?” + 2(a — 1)e?* f(x) = = 


74. Note that h’(w) is an antiderivative of h’’(u), so by FTC2, f7r(u) du = ie (h’)'(u) du = h'(2) —h'(1) =5-2=3. 


The other information is unnecessary. 


75. Let u = f(x) and du = f'(x) dx. So Ble f(x) f' (a) dz = aie udu = tale = [f(o)]? — [f(@)]?. 


2+h 


76. Let F(x) =| V1+#3 dt. Then F’(2) = lim pCa eae 3) = lim V1 + #3 dt, and F’(x) = /1 + 23, so 
2 


h—0 h—-0 2 


2+h 
tim =f 1+ dt = F'(2)= V1+2 =v9=3. 
2 


hooh 
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77. Let u = 1— 2. Then du = —dz, so So f(l—2)dz= fw f (u)(—du) = So f(u) du = iF f(x) da. 


9 9 9 9 9 -\9 1 1071 
78. lim 1 (+) + (=) + (2) a (=) = lim ive (=) =| xe dz = Fa = i 
noon|\n n n n nooo n <1 \n 0 10}, 10 


The limit is based on Riemann sums using right endpoints and subintervals of equal length. 
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L] PROBLEMS PLUS 


1. Differentiating both sides of the equation x sina = f, f(t) dt (using FTC1 and the Chain Rule for the right side) gives 
sinta + rx cosma = 2a f(x”). Letting 2 = 2 so that f(a”) = f(4), we obtain sin 27 + 2m cos 2a = 4f (4), so 


fd) = 40+20-1) = 5. 
2. The shaded region has area So f(x) dx = %. The integral (es foi (y) dy 


gives the area of the unshaded region, which we know to be 1 — z = 3. 


So f) f7*(y) dy = 2. 


= [4 re(e-2)* yh = = 
3. For I = f, xe dx, let u = x — 2 so that x = u + 2 and dx = du. Then 


T= f?,(u+2)e" du = f?, ue" dut f?, 26" du =0 [by 5.5.7(b)] + 2 [4-2 de = 2k. 


Qca— 2? 
4. (a) From the graph of f(x) = 3 it appears that the areas 
c 
are equal; that is, the area enclosed is independent of c. 
(b) We first find the x-intercepts of the curve, to determine the limits of integration: y = 0 2Qcx — 2? =0 xz=0 


or x = 2c. Now we integrate the function between these limits to find the enclosed area: 


2c 2 
2cx — & 1 2 39 2c 1 2 3 1 3 3 
A =| a dx = a [ca* — $2 lo og [c(2c)" — §(2c)°| a [4c* — $c"] = $,a constant. 
(c) 5 The vertices of the family of parabolas seem to determine a 


branch of a hyperbola. 


(d) For a particular c, the vertex is the point where the maximum occurs. We have seen that the x-intercepts are 0 and 2c, so by 


2e(c) — 


symmetry, the maximum occurs at x = c, and its value is 3 
c 


1 : : bye 
= —. So we are interested in the curve consisting of 
c 


1 
all points of the form («. *) , c > 0. This is the part of the hyperbola y = 1/z lying in the first quadrant. 
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f(z) - =a dt, where g(x) = i : [1+ sin(t”)] dt. Using FTC1 and the Chain Rule (twice) we have 
f(z) = rao g («) = aor [1 + sin(cos” x)](— sin x). Now g(3) = 3 [1 + sin(t)] dt = 0, so 
f(%)= a (I + sin 0)( 1) =1-1-(-1) =-1. 

_ If f(x) = fy 2 sin(t?) dt = x? f¥ sin(t?) dt, then f’(x) = 2” sin(a”) + 2x f> sin(t?) dt, by the Product Rule and FTC1. 


. As in Exercise 5.3.82, assume that the integrand is defined at t = 0 so that it is continuous there. By l’Hospital’s Rule and the 


Fundamental Theorem, using the notation exp(y) = e”, 


m Jo — tan 2t) 1/t dt 4 a (1 —tan2zx)1/* ( 
= lim = exp 
a x x—0 1 


H li —2sec? 2x 2-1? oa 
=e im ————— ] = ——_ ]= 
se z—0 1—tan2x P 1-0 


lim In(1 — tan =) 


«z—0 x 


. The area A(t) = Es sin(a”) dx, and the area B(t) = tsin(t?). Since lim A(t) =0= lim B(t), we can use 


tot tot 


l’Hospital’s Rule: 


PaCaY 
lim A) it lim =~ ante ) [by FTC1 and the Product Rule] 
tso+ B(t) ts0+ $ sin(t?) + $t[2t cos(t?)] 
H 2t cos(t”) 2 2cos(t?) 2 2 
me pal SnD eOSTAY ee eos SP Ieee Ss 
to+ tcos(t?) — 2t3 sin(t?) + 2tcos(t?) — t0+ 3cos(t?) — 2t? sin(t?) 3-0 38 
. f(t) =2+a—-—2? = (-#4+2)(x+1)=0 x=2oren 1. f(x) > 0 for x € [—1, 2] and f(x) < 0 everywhere 


else. The integral 2 + a — 2) dx has a maximum on the interval where the integrand is positive, which is [—1, 2]. So 

a = —1, b = 2. (Any larger interval gives a smaller integral since f(a) < 0 outside [—1, 2]. Any smaller interval also gives a 
smaller integral since f(a) > 0 in [—1, 2].) 

This sum can be interpreted as a Riemann sum, with the right endpoints of the subintervals as sample 


points and with a = 0, b = 10,000, and f(a) = Vx. So we approximate 


10,000 


n % 10,000 
2 Var im, 10000 yo fC = 0 Verde = [3x°/2] ~~ = 2(1,000,000) ~ 666,667. 
i=l 0 


Alternate method: We can use graphical methods as follows: y 


Area of each 
rectangle is 


From the figure we see that 1 Vidz <vVi< pe Vx dx, so 


10,000 


for” Vda < = Vi fe Ve de: Since 


J Vade = 2x°/? + C, we get [°° Vx dx = 666,666.6 and TE 


10,001 /F dae — 2 10,001)?/2 — 1] ~ 666,766. 
1 3 


10,000 
Hence, 666,666.6 < > Vi < 666,766. We can estimate the sum by averaging these bounds: 
i=1 
10,000 a 
Se A GOGNOD =~ 666,716. The actual value is about 666,716.46. 
i=1 
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11. (a) We can split the integral [;" [x] da into the sum }> i ae [z] dx| . But on each of the intervals [i — 1,2) of integration, 
i=1 


[x] is a constant function, namely 7 — 1. So the ith integral in the sum is equal to (¢ — 1)[i — (¢ — 1)] = (é — 1). So the 


n n-1 
original integral is equal to )*(¢-—1) = SD i= 
i=l i=1 


(n—1)n 
Te: 


(b) We can write [” [x] dx = fy [a] da — f° [2] de. 
Now fj [x] dx = fi" [x] dx + fr.) [2] dx. The first of these integrals is equal to 4 ([b] — 1) [6], by part (a), and since 
[x] = [2] on [fb] , 6], the second integral is just [b] (b — [b]). So 
Je [x] da = 4([b] — 1) [6] + fo] (6 — (2) = 4 (] (20 — [0] — 1) and similarly f* [x] de = 3 [a] (2a — [a] — 1). 


Therefore, pr [x] da = 4 [b] (2b — [b] — 1) — 4 [a] (2a — [a] — 1). 


x sint sin x 
12. By FTC1, < / ( 1+ut4 au) dt = V1+u‘ du. Again using FTC1, 
x Jo 1 1 
d? x sint d sin x 
— 1+ u4 du |dt = — VY1l+utdu= V1+sin* xcosz. 
dx? Jo ; dx J, 
: bie c,3 , dia ‘ be c¢3,d4 
13. Let Q(x) = P(t) dt = jat+ at + 3¢ rh ax + 5a + 32 +a . Then Q(0) = 0, and Q(1) = 0 by the 
0 ty) 


d : 
given condition, a + + 7 + i 0. Also, Q’(a) = P(x) = a+ ba + ca” + dx by FTC1. By Rolle’s Theorem, applied to 


Q on (0, 1], there is a number r in (0, 1) such that Q’(r) = 0, that is, such that P(r) = 0. Thus, the equation P(x) = 0 has a 


solution between 0 and 1. 


More generally, if P (x) = ao + aya + agn? +++» +an2x” and if ao + = + et free de 


— = 0, then th ti 
5 3 Aasi 0, then the equation 


P (a) = 0 has a solution between 0 and 1. The proof is the same as before: 


Let Q(x) = i P(t) dt = agx + > a? + > geet a x”. Then Q(0) = Q(1) = Oand Q’ (xz) = P(x). By 
0 
Rolle’s Theorem applied to Q on [0, 1], there is a number r in (0, 1) such that Q’(r) = 0, that is, such that P(r) = 0. 


14. Let x be the distance between the center of the disk and the surface of the liquid. 
The wetted circular region has area rr — a” while the unexposed wetted region 


(shaded in the diagram) has area 2 [ os Vr? — t? dt, so the exposed wetted region 


has area A(x) = mr? — ra? — 21. Vr? —t? dt,0 <a <r. By FTCI, we have 
A'(x) = —2ra4+2Vr? — x. 


Now A'(z) >O0 = —-2na+2Vr?—2?>0 3 Vr2-a@ one => r—a? >7?e? = 


2 


2 yee 2 2 2/2 2 r r , : 
ro>mwaet+ae => r>a(rt+l1) > ave w< , and we’ll call this value «*. 
( ) m2 +1 Vre2+1 


Since A’(x) > 0 for 0 < x < x* and A’(x) < 0 for x*< x <r, we have an absolute maximum when x = x*. 
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590 
15. Note that a (/ ff f(t) a au) = / f(t) dt by FTC1, while 
dz \Jo LJo 0 


a [[ reoe— au] =< ef flu) au] -<£ if Fu) dl 
= f° f(u)du+af() — f(x) = fe f(u) du 


Hence, [5 f(u)(a — u) du = fy [Jo' f(t) dt] du + C. Setting x = 0 gives C = 0. 


The parabola y = 4 — «” and the line y = x + 2 intersect when 
2)(a-—1)=0 


16. 


4—-a=274+2 6 2? +e2-2=0 (a 


x = —2or 1. So the point A is (—2,0) and B is (1,3). The slope of the line 


y = x + 2is 1 and the slope of the parabola y = 4 — x? at x-coordinate « is 


L i ; 1 
—4, so the point C' is (—5, 2). 


—2zx. These slopes are equal when x = 


The area A; of the parabolic segment is the area under the parabola from 


x = —2 to x = 1, minus the area under the line y = x + 2 from —2 to 1. Thus, 
371 1 2 1 
dx — 30 ete [a2 + 2a] ", 


Ai = f7(4 x”) dx fo, (e+ 2) dz = [ 
(2—4)|} =9-3 =. 


= 8 1 
= [4-3)-(-8+ 3)] -[G +2) 
The area A2 of the inscribed triangle is the area under the line segment AC plus the area under the line segment C'B minus 


15/4 — 
the area under the line segment AB. The line through A and C has slope ee = and equation y — 0 = 3 (x + 2), or 


: — 15/4 1 ; 
y= 3a + 5. The line through C' and B has slope ae =—5 and equation y — 3 = —i(a —1),ory= —ka+ z 
Thus, 
alas: 7 1 7 : 52 =1/2 Wa ye 9 
A= | (Se+s)de+ fi (-g2+ )de— f (@+2)de= [$a +52]_, + [-$a Por eis 
_ 54 _ 27 


= (ag 8 O(a a) le a) ae re a ee 


4,27_ 9 
2 


$ Ap, which is verified in this case since 3 - 3 


Archimedes’ result states that A; = 


Let c be the nonzero x-intercept so that the parabola has equation f(x) = kx(a —c), 


Ate. 7 
(a, b) 
or y = kx? — cka, where k < 0. The area A under the parabola is 
A= [> ka(z —c)da =k fy (x? — cx) dx =k [4 a° 5cx" | 5 
0, = (Jeo — $e) = fhe 
(0, 0) x 
The point (a, b) is on the parabola, so f(a) = b b = ka(a —c) 
k = ———.. Substituting for k in A gives A(c) a 
~ a(a—c) . : 6a a-—c 

b  (a—c)(3c?) — c?(-1) b ce? [3(a—c) +] _ be? (3a — 2c) 
6a(a — c)? 


2) 6a (a—c)? 6a (a—c)? 
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Now A’=0 = c= 2a. Since A’(c) < 0 fora < c < 3aand A’(c) > 0 for c > 2a, so A has an absolute 


minimum when c = 3a. Substituting for c in k gives us k = y 7 Lee so f(x) = a2 a(x = 3a), or 
a(a — 3a) a a 
2b 5 . 3b (3, 9 saat 
f(x) =- qe aa 7 Note that the vertex of the parabola is (3a, 2b) and the minimal area under the parabola 


We restrict our attention to the triangle shown. A point in this triangle is 
1 closer to the side shown than to any other side, so if we find the area of 
the region R consisting of all points in the triangle that are closer to the 
center than to that side, we can multiply this area by 4 to find the total 


area. We find the equation of the set of points which are equidistant 


> from the center and the side: the distance of the point (x, y) from the 


side is 1 — y, and its distance from the center is \/x? + y?. 


So the distances are equal if /x2 +y2 =l-y @& #4+y?=1-Qy+y oS y= (1 — x”). Note that the area 


we are interested in is equal to the area of a triangle plus a crescent-shaped area. To find these areas, we have to find the 


y-coordinate h of the horizontal line separating them. From the diagram, 1 — h = /2h h nw V2—1. 


We calculate the areas in terms of h, and substitute afterward. 


The area of the triangle is $(2h)(h) = h?, and the area of the crescent-shaped section is 


fr, [Q— 2) — hl] de =2 "(4 —a— 42?) de = 2[(2 — hb) — 40°]* =n — 2h? — 1h. 


So the area of the whole region is 


4[(h — 2h? — Eh) + h?] = 4h(1 — A — $n?) = 4(V2—1) [1 - (V2 -1) - $(v2-1)"| 


lim 


in ( ama t yest te) 


: 1 n n n 
lim — +,/ tees ty] 
Jim, +( n+1 n+2 | 


1 1 1 


1 
lim —| ———— + ———— . + --- +. ——— 
sm 3( /1+1/n /1+2/n a] 


Jim 75) [where f(x) = —— 


[ ea [2 VI+2], =2(v2-1) 
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20. Note that the graphs of (a — c)” and [(a — c) — 2]? intersect when | — cl = |a — c — 2 


c-Z£=x2-c-2 x =c-+1. The integration will proceed differently depending on the value of c. 


Casel: —2<c<-l 


In this case, f.(a) = (a — c— 2)” for x € [0, 1], so 


g(c) = Jo (w — ¢— 2)? dx = 3[(a — e— 2)3], = 4[(-e — 1) — (-e - 2)*| 


= 5(3° + 9c4+7) = 


3c+ £ = (c+ 3) +3 


This is a parabola; its maximum value for 


—2<c<—lis g(—2) = 4, and its minimum 


value is g(—3) = +. 


Case 2: -1<c<0 


(a — c)? ifO0<a<c+l 
In this case, f.(x) = 
(x-—c—2)? ifc+1<a2<1 


Therefore, 


g(c) = fo f(a) da = ne c)? da + f*(«@—c—2)? dx 


= 1(e—o)*]o + 2 [(@—e—2))],, = 8+ + (-e-1)?-(-0)] 


(c+3) +8 


Again, this is a parabola, whose maximum value 
for —1 <c < 0is g(—4) = , and whose 


minimum value on this c-interval is g(—1) = 4. 


Case 3: 0<c<2 
In this case, f(x) = (a — c)? for x € [0, 1], so 
1 
[(@- "J, 
1 
2 


+ a 


This parabola has a maximum value of g(2) = £ 


and a minimum value of 9(3) = >: 


We conclude that g(c) has an absolute maximum value of g(2) = z, and absolute minimum values of g(- 3) = 9(3) = 
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L] APPLICATIONS OF INTEGRATION 


Areas Between Curves 


a=2 2 2 
= = = 2 = 2 
1. @ A= / ‘ (yr — yp) da i, [(3a — a) — a] dx if (2a — 2°) dx 
2 
(b) ; (2a — x”) dx [2 cal (4 5) 0 ; 


_ A= i [(a? — 3a) — a] dx 4 [ee (a? — 3a)| dx symmeny 2 fe — (a® — 32x)] dx 


0 


asf |(Fe+ >) | do f (2048) — 2° de 


lo) 
Ny 
——N 
e 
+ 
(oe) 
wlR 
Ny 
ud 
ow 
WR 


Ge G Ge 


. By inspection, we see that the curves intersect at x = 0. 


1 
A= | (3” — 2”) dx 
0 


0 1 Be 
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8. By inspection, we see that the curves intersect at x = 1. 


A= [ome — Ina] dx 


9. The curves intersect when 2 — x = 2x7 — x 


x? —32+2=0 (x — 2)(2—1) =0 


x=lorx=2. 


A= f [ex x’) —(2—2)|dx 


10. The curves intersect when y* = 2 — y 


yi +y?—-2=0 (y? + 2)(y? — 1) =0 


y=+1 


y=(?+2)—(-x-1) 


ioe . A i ot 
= |F2 BE es +8) (§+5+3) 0 
23 - 
=— Ax 
6 
0 
2. A= [ [((2—a)— (1+ 2°)}dx yt 
a1 


y=2-x 


y=(2—x)-(1 +24) 
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14. By inspection, we see that the curves intersect at 
xr=0. 


n/2 


A= ie —cosx) dz = [e* _ sinc] 


0 


y=e*—cosx 


Stel sin 5) (e° — sin 0) 


= [(e*/? -1) - (1-0) =e"? -2 


15. The curves intersect when (a — 2)? = x x? — 4x 4 
(a — 1)(a — 4) =0 z=lord. 


a= fe (a aan = fo a” +52 —4)dx 


16. The curves intesect when x? — 4a = 2x x? —62 =0 
A= fp lex — (x* — 4x)] dx 
6 2 2 1,316 Va 
= fy (6x a) de = (3x 32°] 5 
= [3(6)” — 3(6)*] — 0-0) 2x — (x? — 4x) 
= 108 — 72 = 36 
Y'| 
Ax 
17. The curves intersect when 1 — y? = y? — 1 2 
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18. da +y?=12anda=y > 4r+2?=12 (a + 6)(a — 2) =0 z=-6orr#=2,soy= 


2 _ 64 
=22-3=95 
19. 12a? =a? -6 2a? = 18 
e=9 & «=+3,s0 
3 
A= | [(12 — 2”) — (x — 6)] dx 
3 


3 
a af (18 = 2a") dx [by symmetry] 
0 


= 2[18% — 2a3]° = 2[(54— 18) — 0 
= 2(36) = 72 
20. x? = 4x — 2? 227 — 4x = 0 
2a(a — 2) =0 x =Oor2,so 


Az [ (4a x”) a” | a= f(a 2x7) da 


= (2x? — 30°] =8- B= 


21. 2? =4+y? yi =A y 


+2, so 


= 2[4y — 3°], = 2(8- $) = 2 


22. The curves intersect when f/x —l=ax-1 => 
g-l=2?-%+1 86 0=2?-3r4+2 6 
0 = (a —1)(a — 2) x =lor2. 


as |Ve=1-(@-1)] ae 


2 


= [(e-1)? -3@-17] =(-3)- 0-9) =3 


1 
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6 ory = 2 and 


SECTION 6.1 AREAS BETWEEN CURVES 597 


23. W/2x 5@ 2x (42)° t2% 
162 = «3 x? — 162 =0 
x(a? — 16) =0 x = —4, 0, and 4 
By symmetry, 
4 
A= 245 (W/2a — $a) dx = 2 [$ (20) — 40° 


= 2[(6 — 4) -0] =4 


24. The curves intersect when x? = x v—x=0 
x(a? —1) =0 x(a#+1)(a—1)=0 
x«=Oorrx=1. 


1 
A= 2f (x —a*)dx [by symmetry] 
0 


= 2[30? — 304] =2(3- 2) =3 


25. /x = $a 


8 


9 16 
= Faw 307] + [ga 30%?) | 
= [18 — 3) — 0] + [3° — 4) — (F — 18)] =9 


20 
=| (2 — 2cosx) dx 
0 


Qn 
— [20 —2 sina] 
0 


= (4n —0) -0=4n 


27. cosx = sin2x =2sinxcosx <= 2sinxcose—cost=0 & cosa(2sinv—1)=0 = 


= i i z = z 
cosx =O or sing 5 x 5 Ore s on [0, 3] 


A J" (cos x — sin 2x) dx + J/g (sin 2a — cos x) dx yf 


1| y=cosx 


/6 /2 


= [sin + 5 cos 22> /6 


. TF 
+ [-5 cos 2% — sin «| 
Tv 


= [(sin = + 4 cos =) _— (sin + 3 cos 0) | 


+ [( + COs T sin 3) (—$ cos Z sin 2) 
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28. The curves intersect when cosa = 1— cosa (on [0,7]) <= 2cosx 


n/3 T 
A= [cos x — (1 — cos x)] ac+ | [(1 — cosa) — cos x] dx 
0 wT 


/3 
n/3 T 
=| (cosa —1)de+ f (1 — 2cosx) dx 
(0) n/3 
n/3 T 
= [2sinx — a + [x - 2sina| 
0 n/3 


(v3- 2) -0+(-0- (2 


=2V3+5 


v3) 


29. The curves intersect when 8cosx = sec?x => 8cos?x=1 => 


x= % for0<a2< 4. By symmetry, 
n/3 

a=af (8cosa — sec” x) dx 
0 


n/3 
0 


=2(8- 8 — v3) = 2(3 v3) 
=6 V3 


=2 [Ssinx - tan 2] 


1 


NI 


4x? = 0 
x? (a? — 4) =0 eH 0,8 S 2 


4 LA)? 32 «32 
2| =2° 2 2 


31. By inspection, we see that the curves intersect at ¢ = +1 and that the 


area of the region enclosed by the curves is twice the area enclosed in 


the first quadrant. 


1 
a=2f [(2— x) a*| da = 2[22 4n? 1,5) 
0 


=2[(2-3-5) 


8 cos x — sec?x 
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32 

2_ 2 (2 a 

32. 2 = 244 S&S «w(e*4+4)=32 © 
x +42? -32=0 © (2? +8)(a? —4) =0 x=+2 
By symmetry, 


33. 


34. 


2 
a2 ( Bo 
o \#+4 
2 
= 2| 16arctan(5) - 524 = 


2] (s6arctan — 3) -— 
" 3 


nr 8 16 
2(16-2 =) 87 3 


SECTION 6.1. AREAS BETWEEN CURVES 


By inspection, we see that the curves intersect at x = —1, 0, and 1. 
By symmetry, 
1 1 
A=2 [sin(=*) _ 2° dx = 2 a2 cos(=*) — ar 
0 2 T 2 4° Jo 
2 nr od 
2] (—= cos 3 i) ( = 0080) 0) 
1 2 2 1 4 1 
=2 2 
(0-3) C39) 03-4) 8-3 
Te e+e” 1fe*-e* “ Sieced: gt Us 
4—2coshx = =sinhz 4 of 5 ) at 5 ) 4-—e e 7° 7° 
x x —2 x 1 x 1 —2x x 2x 2x 2a x 
4e*(4—e” —e-*) = 4e i ae 16e” — 4e 4=e 1 5e 1l6e* +3 =0 
(5e” — 1)(e* — 3) =0 =, ore =3 z=In= Ind or ¢ =1In3 
In 3 1 In3 
A= | (4 20osha) - 5 sinha dx = [4x — 2sinhe — 5 cosh. 
—In5 —In5 


‘| 


In3 _ e ins ers 4 e ins —In5d _ ,In5d —In5 In 5 
ody get NS Tl ies apes rig eee yf es 
2 2 2 2 
1 1 1/1 
= fams-( ») (s43)] Gs ee 
=41n15—7 
yA 
2 


y=4-2coshx 
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35. 1/e =a 1=2? w= and l/s ce SS 


4d=27 & x«=+2,soforr>O0, 


2)1 , 2 
= [$27], + [nlel— ge"), 
= 2+ (In2-4)- (0-3) =In2 
36. fe? =-2+3 & a7 +4r-12=0 © (x+6)(u—2)=0 x =—6or2and 22? =-2+3 6 
207 +a2—-3=0 (2a + 3)(a — 1) =0 a = —2 or 1, s0 for x > 0, 


1 2 
A= f (22-40%) ae + f [(-a +3) — d0?] ae 
0 1 


= + (-3-2+6) -(-y- 3 +3) =3 
37. (a) Total area = 12 + 27 = 39. 
(b) f(x) < g(x) forO < # < 2and f(x) > g(x) for2 <x <5,s0 


Self (@) — g(a) de = fo Lf (x) — g(x) da + JP [F (x) — g(x)] dx 
=~ fo'lg(x) — f(a) dx + J Lf(x) - g(a)] de 


= (12) +27 =15 
x x 
38. = zx=0 or Vl+2? = VJV9- 2? 
Vl+a2 V9-—2? 
l+a?=9-2? 22? = 8 v2 =4 x =2 («> 0). 
2 2 
x x 
A= dx = | JI ¥a? + 9-2? | 
i Ge a=) 0 
= (V5 + V5) — (143) =2V5—4 
39 ae a et+et*=e2727+a* S&S cx=2? © 
“1+e2 1423 
O=2°-2@ 0 = a(x —-1) e=O0orv=1. 
ff (2 oe ries a a 9 eI 
b NGigeae eas En [5 n(l+a°)—3 n(l+2°)], 


= ($ln2— 4n2) — (0-0) = Fln2 
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2 

40. ms (ng) © Ina = (nz)? 0 = (Inz)? —Inz yf 

x x 1+ 
0=Ina(Ing—-1) & Ine=O0orl & «=e ore’ [lore] 

°Ting (Ina)? 2 3]° 0 

(=o) 0 Wiss i 


41. An equation of the line through (0,0) and (3, 1) is y = 2; through (0, 0) and (1, 2) is y = 2a; 
through (3, 1) and (1, 2) is y = —$a 4 3. 


y=—tx+3 

1 3 1 y 
= [ §ede+ [ (e+ $) de = [82] + Le? + Sel) yas 
=§+(-#+8)-(CH+8)=3 ——_——_— 


42. An equation of the line through (2, 0) and (0, 2) is y = —a + 2; through (2,0) and (—1,1) isy = —}a + 3; 
through (0,2) and (—1,1) isy =a +42. 


0 2 
A= [i [e+2)-(-$2+§)]de+ f [(-2+2)- (he §)] ae 


— [2y2 1 4,)9 132 4 
= [32° + 32]_,+[-30° + 32], 
een 2 
=0-(9-+(-44+9)-0-2 Janbee? 
43. The curves intersect when sina = cos2x (on [0, 7/2]) sing =1-2sin?x © 2sin?x+sinx—1=0 
(2sinag — 1)(sina+1)=0 sing = 4 L=% 
a /2 
A= f |sin x — cos 22| dx 
0 
n/6 m/2 
=| (cos 2x — sin x) ac+ [ (sin x — cos 22) dx 
0 n/6 
= [4 sin 2x + cosa]"/° + [—cos a — 4 sin 2a] */¢ 
= (3 V3 + 3 V3) — 0+1) + (0-0) — (-3 V3 - 3 v3) 
=3 
=iV3-1 
1 ) 1 
44, A= f ia —2*| de= f Qr-s)dr+ f (3° — 2”) dx 
-1 -1 0 


~ [In? In? ]_, ° [m3 In2], 


1 at 1 1 (3 2 1 1 
In2 In3 2In2 3In3/  \In3. In2 In3. In2 


_—2-1-44+2  -34+14+9-3_ 4 1 
21n2 31n3 3ln3 21n2 
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From the graph, we see that the curves intersect at x = 0 and x = a & 0.896, with 


x sin(x?) > 2* on (0,a). So the area A of the region bounded by the curves is 
A= ‘| [x sin(x”) — | dx = [-3 cos(2”) — 2° |5 
0 


= —4 cos(a”) — 4a° + 5 0.037 


46. From the graph, we see that the curves intersect (with x > 0) at x = 0 and 


x =a, where a © 1.052, with x/(a? +1)? > 2° — x on (0,a). The area A 


of the region bounded by the curves is 


id x 5 1 1 1 6 1 2 
A= d. . 
I wip . “) : | 241 6 12" |, 


= 0.59 


47. From the graph, we see that the curves intersect at 


y =3x°-2x : 
et=ar—-1.11,¢=b 1.25, anda =c® 2.86, with 


a? — 3a +4 > 3a? — 2a on (a,b) and 3x? — 2a > # — 34 +4 


n (b,c). So the area of the region bounded by the curves is 


a= fo [(a® — 3a + 4) — (3a — 22)| ac+ | [(3a7 — 2x) — (a® — 32 + 4)| dx 


b c 
-| (a? — 32? —24 Ayde+ f (—a? + 3x? +” — 4) dz 
a b 
= [$27 —2? — Le? 4 Ae]? + [—$a*+a°+ 4a° — 4a); = 8.38 


From the graph, we see that the curves intersect at x = a © 0.29 and 


x =b® 6.08. y = 2v/’z is the upper curve, so the area of the region bounded by 


the curves is 


b 
Aw / (2v2— 1.3°) a= [get ~ 1.3") 5.11 
a n a 


Graph Y1=2/(1+x*4) and Y2=x*2. We see that Y; > Y2 on (—1, 1), so the 


1 


ae 2 : ‘ 
area is given by / (4 = “*) dx. Evaluate the integral with a 


= 
command such as fnInt (Y1-Y2,x,-1,1) to get 2.80123 to five decimal 


places. 


Another method: Graph f(x) = Y1=2/(1+x* 4) -x* 2 and from the graph 


evaluate [ f(x) dx from —1 to 1. 
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50. 


51. 


52. 


53. 


54. 


x =cw 0.607946. 


& 1.70413 


As the figure illustrates, the curves y = x and y = 2° — 6a? + 4x 
enclose a four-part region symmetric about the origin (since 

x — 62° + 4a and « are odd functions of x). The curves intersect 
at values of x where x° — 6° + 4x = 2; that is, where 


x(a* — 6x? + 3) = 0. That happens at = 0 and where 


The curves intersect at 7 = +1. 


SECTION 6.1 AREAS BETWEEN CURVES 603 


1 2 
A= if (e\-* — a) dx © 3.66016 


The curves intersect at 7 = 0 and x = a © 0.749363. 


A= i: (Vz —tan?x) dex = 0.25142 
0 


The curves intersect at 7 = a } —1.911917, x = b } —1.223676, and 


b to 
A= / [(x + 2sin*z) — cos x] dx + / [cos x —(a@+ 2sin*x)| iiss 
a b 


y=x— 6x7 + 4x 


= Cl Cay ot re V34+ V6, V3 V6, 0, /3 — V6, and \/3 + V6. The exact area is 


|(a° — 62° + 4x) — a| dx =—2 


oe 


0 


3-V6 V3+V6 
=a (a — 60" +32) de +2 [ 
0 V3-V6 


The inequality « > 2y” describes the region that lies on, or to the right of, 

the parabola « = 2y”. The inequality « < 1 — |y| describes the region 
1l-y ify >0 

that lies on, or to the left of, the curve x = 1 — |y| = ; : 
l+y ify<0 


So the given region is the shaded region that lies between the curves. 


|x° — 6a? + 3a dx 


(—a® + 62° — 3x) dx 


[continued] 
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The graphs of « = 1 — y and x = 2y’ intersect when 1 — y = 2y? © 


2y7+y-1=0 (Q2y—1)\(y+1)=0 = y= [fory > 0]. By symmetry, 


A=2ft!* (1 —y) = 207] dy = 2[-2y? ~ by? tal}? =2[(-- $48) 0) =H) = SB 


a 


55. 1 second = 3455 hour, so 10s = 35 


aa h. With the given data, we can take n = 5 to use the Midpoint Rule. 


At = 1360-0 _ _1 


5 Tg007 8° 


distance Kelly — distance chris = oe uK dt — ha uc dt = poo (vk — vc) dt 


Ms = gaqq [(v« — ve)(1) + (UK — ve)(3) + (v« — vc)(5) 
+ (vK — ve)(7) + (vu — ve)(9)) 


= zag [(22 — 20) + (52 — 46) + (71 — 62) + (86 — 75) + (98 — 86)] 


= gpg (2 +6494 114 12) = 355 (40) = % mile, or 117} feet 


56. If x = distance from left end of pool and w = w(x) = width at x, then the Midpoint Rule with n = 4 and 


= es 
Ag = a = a Z ae 4 gives Area = ie wdx x 4(6.2+ 6.8 +5.0 + 4.8) = 4(22.8) = 91.2 m?. 


57. Let h(x) denote the height of the wing at x cm from the left end. 


200 — 0 
5 


= 40(20.3 + 29.0 + 27.3 + 20.5 + 8.7) = 40(105.8) = 4232 cm? 


Ax Ms = 


[h(20) + h(60) + h(100) + h(140) + h(180)] 


58. For 0 < t < 10, b(t) > d(t), so the area between the curves is given by 


10 10 10 
/ [b(t) - d(t)] d= / (2200e°°?4# _ 1460e°-°18*) dt = 2200 e0:024t _ 1460 sl 
0 0 


0.024 0.018 ¥ 


_ (275.00 0.24 _ 730,000 os) (275.00 730,000 


Pa) 1 
3 9 3 9 ) 8868 people 


This area A represents the increase in population over a 10-year period. 


59. (a) From Example 8(a), the infectiousness concentration is 1210 cells/mL. g(t) = 1210 <= O.9f(t)=1210 <= 
0.9(—t)(t — 21)(¢ + 1) = 1210. Using a calculator to solve the last equation for t > 0 gives us two solutions with the 
lesser being t = tz = 11.26 days, or the 12th day. 

(b) From Example 8(b), the slope of the line through P; and P2 is —23. From part (a), P3 = (t3, 1210). An equation of the 
line through P3 that is parallel to P, Pz is N — 1210 = —23(t — ts), or N = —23t + 23t3 + 1210. Using a calculator, we 
find that this line intersects g at t = ta © 17.18, or the 18th day. So in the patient with some immunity, the infection lasts 
about 2 days less than in the patient without immunity. 


(c) The level of infectiousness for this patient is the area between the graph of g and the line in part (b). This area is 


ta 17.18 
i: [a(t) — (—23t + 23ts + 1210)| dt = / (—0.9¢3 + 184? + 41.9 — 1468.94) dt 


ts 11.26 


17.18 
= [—0.225¢4 + 6t? + 20.95t? — 1468.94¢| ~ 706 (cells/mL) - days 
11.26 
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60. From the figure, g(t) > f(t) for 0 < t < 2. The area between the curves is given by 


fo lo — Ff] dt = fe [(0.174? — 0.5¢ + 1.1) — (0.7343 — 2¢? + ¢ + 0.6)] dt 


2 
= / (—0.73¢? + 2.17¢? — 1.5¢ + 0.5) dt 
0 


2 


= [- + ir oe 0.75t7 + 0.5t 
4 (0) 
= —2.92+ a 3+1—0=0.86 = 0.87 


Thus, about 0.87 more inches of rain fell at the second location than at the 


first during the first two hours of the storm. 


605 


61. We know that the area under curve A between t = 0 andt = wis {5 va(t) dt = s(x), where v(t) is the velocity of car A 


and sa is its displacement. Similarly, the area under curve B between ¢ = 0 and t = a is [> up(t) dt = sp(a). 
(a) After one minute, the area under curve A is greater than the area under curve B. So car A is ahead after one minute. 


(b) The area of the shaded region has numerical value s4(1) — sp(1), which is the distance by which A is ahead of B after 


1 minute. 


(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve A from t = 0 


to t = 2 is still greater than the corresponding area for curve B, so car A is still ahead. 


(d) From the graph, it appears that the area between curves A and B for 0 < t < 1 (when car A is going faster), which 


corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars will be side by side 


at the time x where the area between the curves for 1 < t < x (when car B is going faster) is the same as the area for 


0 <t<1. From the graph, it appears that this time is x © 2.2. So the cars are side by side when t + 2.2 minutes. 


62. The area under R’(x) from x = 50 to x = 100 represents the change in revenue, and the area under C’(x) from x = 50 
to x = 100 represents the change in cost. The shaded region represents the difference between these two values; that is, the 
increase in profit as the production level increases from 50 units to 100 units. We use the Midpoint Rule with n = 5 
and Ax = 10: 
Ms = Ax{[R’(55) — C’(55)] + [R’(65) — C’(65)] + [R’(75) — C’(75)] + [R'(85) — C’(85)] + [R’(95) — 0” (95)]} 
= 10(2.40 — 0.85 + 2.20 — 0.90 + 2.00 — 1.00 + 1.80 — 1.10 + 1.70 — 1.20) 
= 10(5.05) = 50.5 thousand dollars 


Using M;, would give us 50(2 — 1) = 50 thousand dollars. 
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To graph this function, we must first express it as a combination of explicit 


functions of y; namely, y = +2 ./x + 3. We can see from the graph that the loop 
extends from x = —3 to x = 0, and that by symmetry, the area we seek is just 


twice the area under the top half of the curve on this interval, the equation of the 


top half being y = —x x + 3. So the area is A = ofes (= Vat 3) dx. We 


substitute u = x + 3, so du = dz and the limits change to 0 and 3, and we get 


A=-—2 Se [(u me 3) Ju] dus =2 Kw? _ 3ut/?) du 


= ~2[3u'/? — 2u°/?] | = —2[3 (8? vB) — 2(8 v8)] = # V3 


We start by finding the equation of the tangent line to y = x? at the point (1, 1): 
y’ = 2z, so the slope of the tangent is 2(1) = 2, and its equation is 
y — 1 = 2(a — 1), or y = 2a — 1. We would need two integrals to integrate with 


respect to x, but only one to integrate with respect to y. 


1 
A= fi [Fy +1) - vi] dy = [3y? + dy - 22/9)" 


By the symmetry of the problem, we consider only the first quadrant, where 


yor > gH Jy. We are looking for a number b such that 


b 4 b 4 
[ vow= f vow > [|= 3 [7], = 
(0) b 
03/2 = 48/2 _ 93/2 2p3/? = 8 p3/? = 4 b= 47/3 ~ 252. 
a 4 
Saye. ed cl is 5 2 gut 
x a xz I, a ~ A 4@ 4 oa 5" 


(b) The area under the curve y = 1/2? from « = 1 to x = 4is 3 [take a = 4 in the first integral in part (a)]. Now the line 


y = b must intersect the curve = 1/,/y and not the line x = 4, since the area under the line y = 1/ 4? from x = 1 to 
x = Ais only 4, which is less than half of 3 We want to choose b so that the upper area in the diagram is half of the total 


area under the curve y = 1/a” from x = 1 to x = 4. This implies that 


MOME-Yau=3-2 > Bye-ai=z s 1-aveto=b = 
b—2Vb+% =0. Letting c = Vb, we get c? — 2c + 3 =0 > 

8c? — 16c + 5 = 0. Thus, c = S#v*8- 160 14 8 Butc=Vb<1 => b 
e=1-%8 b= ce? =14+28- = 1(11-4V6) = 0.1503. 
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69. 


70. 


SECTION 6.1 AREAS BETWEEN CURVES 


We first assume that c > 0, since c can be replaced by —c in both equations without changing the graphs, and if c = 0 the 
curves do not enclose a region. We see from the graph that the enclosed area A lies between « = —c and x = c, and by 


symmetry, it is equal to four times the area in the first quadrant. The enclosed area is 


A=4f> (? —2?)dx =4[c?x 32°] 5 = 4(c? — tc) = 4(2c*) = 8° 
So A = 576 Sc? = 576 C= 218 e= 7/216 = 6, 
Note that c = —6 is another solution, since the graphs are the same. 
Yt + y=cos(x—c) It appears from the diagram that the curves y = cos x and y = cos(x — c) 


intersect halfway between 0 and c, namely, when x = c/2. We can verify that 


ain 


this is indeed true by noting that cos(c/2 — c) = cos(—c/2) = cos(c/2). The 


point where cos(x — c) crosses the x-axis is x = $ + c. So we require that 


fom [cosx — cos(x — c)| dx = 


i ate cos(x — c)da [the negative sign on 


the RHS is needed since the second area is beneath the x-axis] [sin « — sin (@ ole? =—|sin(t—c)T 4. => 
[sin(c/2) — sin(—c/2)] — [— sin(—c)] = — sin(m — c) + sin[($ +c) —c] & 2sin(c/2) —sinc = —sinc +1. 


[Here we have used the oddness of the sine function, and the fact that sin(7 — c) = sinc]. So2sin(c/2)=1 <= 


sin(c/2) = 4 c/2=F c 


wa 


Let a and b be the x-coordinates of the points where the line intersects the 


y =8x—-—27x3 


curve. From the figure, Ri = Ro => 


A [e- (8a - 272°) | dx = ‘is [ (82 - 272°) - c| dx 


ac — 4a? + 27 q4 = (40? 274 be) (4a? 27 q4 ac) 


0 = 4b? — 22b* — be = 4b? — 2254 — b(8b — 270°) 
= 4b” — 275" — 8b? + 27b* = Stb* — 4b? 


= 07 (SL? — 4) 


So forb>0,b° = 32 = b= %. Thus, c= 8b — 27° = 8(4) —27($5) = 2-#a28. 


The curve and the line will determine a region when they intersect at two or 


more points. So we solve the equation x/(a?++1)=ma => 


r=a(ma?+m) > a(maz?+m)—-x2#=0 => 


xz(ma* +m-—1)=0 x=0orma?+m—-1=0 > 
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1- / 1 : : F ; 
x=Oore? = ve x«=Oorrz=+ 1. Note that ifm = 1, this has only the solution x = 0, and no region 
m m 


is determined. Butif1/m—-1>0 <= 1/m>1 <& 0O<m <1, then there are two solutions. [Another way of seeing 
this is to observe that the slope of the tangent to y = 2 /(x? + 1) at the origin is y'(0) = 1 and therefore we must have 
0 < m < 1.] Note that we cannot just integrate between the positive and negative roots, since the curve and the line cross at 


the origin. Since ma and «/(x? + 1) are both odd functions, the total area is twice the area between the curves on the interval 
[o. 1/m—1 iF So the total area enclosed is 


i 


0 


2 


ay _ ma| dx = 2[$ In(a? +1) — 3mx?| ¥ UE [In(1/m — 1+ 1) — m(1/m-— 1)] — (In1—0) 


=In(1/m) -—1+m=m—-—Inm-1 


APPLIED PROJECT The Gini Index 


area between Landy =a _ ae [x — L(x)] dx 
i 


area under y = x 5 


1. (a) G= 


=2 fe Lede 


(b) For a perfectly egalitarian society, L(x) = x, so G = 2 f[, i [x — a] dx = 0. For a perfectly totalitarian society, 


rc) = soG = xL- ex = 2)sx = 2(5) =1. 
0 if0<a2<1 i a0 c 


2. (a) The richest 20% of the population in 2016 received 1 — L(0.8) = 1 — 0.485 = 0.515, or 51.5%, of the total US income. 


(b) A quadratic model has the form Q(x) = ax® + bx + c. Rounding to 
six decimal places, we get a = 1.341071, b = —0.411 929, and 
c = 0.028 571. The quadratic model appears to be a reasonable fit, but 
note that Q(0) 4 0 and Q is both decreasing and increasing. 


1 
(c)G= 2 f [x — Q(a)] dx = 0.4607 


Q(x) = ax? + br +e 
Year 
1980 | 1.149554 | —0.189696 | 0.016179 | 0.3910 The Gini index has risen 
1990 | 1.214732 | —0.265589 | 0.020393 | 0.4150 steadily from 1980 to 2016. 
2000 | 1.280804 | —0.345232 | 0.025821 | 0.4397 The trend is toward a less 
2010 | 1.312946 | —0.378518 | 0.026679 | 0.4499 egalitarian society. 
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4. Using TI’s PwrReg command and omitting the point (0, 0) gives us 


P(x) = 0.839 312a?1°3'°4 and a Gini index of 
G=2 So [x — P(x)] dx ~ 0.4591. Note that the power function is nearly 


quadratic. 


6.2 Volumes 


1. (a) al (b) A cross-section is a disk with radius x? + 5, so its area is 


A(x) = n(x? +5)? = r(x* + 10a? + 25). 


He V= i: A(x) dx = is a(x + 10x? + 25) dx 


3 3 
(c) / a(a* + 10a” + 25) dx = n| Ee" g Ate 4: 262] = (22 + 90+ 75) ase 
0 5 3 . 5 5 
2. (a) yf (b) A cross-section is a washer (annulus) with inner radius ha and outer 


“A; radius /2, so its area is 
Aa F Ate) = «[(v#)? ~ (32)'] = #(@- 2). 


3. (a) yt (b) y=a? +1 y-1l=2 x = ~/y — 1. Therefore, a 


17 cross-section is a disk with radius ~/y — I, so its area is 
2 
Sees eee A(y) =2(Y%y—1)° = a(y—1)?”. 


v= faway= fry vay 


1 
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4, (a) ai (b) y= 2/2 x= 2y;3y = 2/x x = 2/y. A cross-section 


is a washer (annulus) with inner radius 2/y and outer radius 2y, so its 


V5 


7. 8y=2? > ¢£=V8yforr>O;y=Ve > «=y' fory>0. 


y? = Vy y* = 8y y* — 8y =0 y(y> — 8) =0 
y =Oory =2. 


v= [=[(vay - wy] dy 


8. (« —2)? =x4+10 x? —4r+4=2+4+10 yf 
z?—5r—-6=0 > (#+1)\(e-6)=0 = 


x=-lorr=6. 


6 
V= / e+ 10)? — [(a — 2)?]?} dx 
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= rf [(sin a + ree: 27] dx 
0 


10.y=Ve > x=y'? fory>0. 


V = fF a[(6 — y?)? — (6 — 4)? ] dy 


11. A cross-section is a disk with radius x + 1, so its area is 
A(x) = n(a +1)? = n(x? + 2a +1). 


V= fe A(x) dx = fo n(x? + 22 + 1) dx 


[da +27 +2]5 


n($+4+2) = 


re : : . 1 
12. A cross-section is a disk with radius A so 


13. A cross-section is a disk with radius Vx — I, so its area is A(x) = 1 (Vx 1)" = n(x — 1). 


1)] = 8r 


5 5 
v=[ Ala) de = f a(e — 1) de = 1[30? — a] = a[(2 —5) — (2 
a 1 
y yA 
y=vx-1 
y « 
0] 1 y=0 5. 0 
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14. A cross-section is a disk with radius e”, so 


its area is A(z) = m(e”)? = me”. 


15. A cross-section is a disk with radius 2 Jy. , SO its 


area is A(y) = n(2 Vi): 
v= f awav= [a(evuy ay =ae [vay 


= An [Ay] 5 = 27(81) = 1627 


16. A cross-section is a disk with radius $y”, so its 


17. A cross-section is a washer with inner radius ay and 


outer radius Jy. , SO its area is 


V= fo r(y— $y?) dy =a[dy? — dy] 


= n{(8— 38) —0] = $ 


H 


18. A cross-section is a washer (annulus) with inner radius 
2 and outer radius 6 — x”, so its area is 


A(x) = n[(6 — x”)? — 27] = n(x* — 12x? 4 32). 


2 2 
V= / A(a) dx = 2 f n(a* — 12a” + 32) dx 
-2 0 


2 
= 2n|tx° - 4a* + 32a 
0 


= In(# — 324 64) = 2n (2) = 
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19. A cross-section is a washer with inner radius x° and outer radius Jz, so its area is 


A(x) = (ve) = @y| = n(x — 2°). 


20. 
m(y*)? = 1(4—4y? +y4—y°). 


A(y) = 1(2—y?)? 


= 2n(4— $+ 4 §) = 20(Bt) = 2H 


21. 
A(z) = r|(1— 27)? — (1- vey 
L)y=7 x x 
= a((1— 2a? + «*) - (1-2 /¢4+2)| 
= n(a* — 22? + 2./a—2). 
V= hes A(a) dx = fo n(a* — Qe? + 2a1/? — 2) dex 
1 
=a|[}a®— 30° + $09? — 0] 
=m(5—3+ 3-3) = 307 
22. 


A(a) = (a? +3)? — 1(4)? = n(x® + 6x3 — 7). 


2 2 
V= ‘h A(x) dz = i. n(a® + 62° — 7) dx 
1 1 
2 
7 1 


= n[ ta” + 3a* — 72| 


= n[(38 + 24-14) - ($4 


A cross-section is a washer with inner radius y* and outer radius 2 — y’, so its area is 


SECTION 6.2. VOLUMES 


613 


RY 


Vv 


A cross-section is a washer with inner radius 1 — ,/z and outer radius 1 — a”, so its area is 


A cross-section is a washer with inner radius 1 — (—3) = 4 and outer radius x” — (—3) = x 


3 


+ 3, so its area is 
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23. A cross-section is a washer with inner radius (1 + seca) — 1 = sec x and outer radius 3 — 1 = 2, so its area is 


A(x) = x[2? — (secz)?] = 1(4— sec? x). *Ly=3 


(3.3) (3.3) 

n/3 n/3 
V= Ala) de = f a(4 — sec” x) dx y=1+secx 

—1/3 —1/3 

n/3 
=2r i} (4— sec” x) dx [by symmetry] 9000 wrrrrrrrrrrrrrntreee portent yet 
) 
n/3 * + > 
= 2r| 4x — tana] =2n|(= V3) 0] 0 x 
r) 


A(x) = (cos. +1)? — (sing + 1)?| yA yA 


= r(cos? « + 2cosa — sin? x — 2sin x) 


= m(cos 2% + 2cosx — 2sinz). 


v= fo" A(x) dx = oe m(cos 2x + 2cosx — 2sin x) dx 0 = x 
Te ee = =/. 
0 y 


=n[(4+V24+ V2) —(0+0+2)] = (2V2—- 2) 


= | 5 sin 2a +2sinz + 2cos 2] 


25. A cross-section is a washer with inner radius 2 — | and outer radius 2 — 3/y, so its area is 


Aly) = 7[(2- 99)? - 2-17] =2[4-499 + Yo? - J]. 


1 1 i 
v=/ Aly) dy = f m(3— 4y"/* 4-4/5) dy = m[8y — 3y*/S + 2y°/9] = a(3 343) = 8n. 
0 0 


26. For 0 < y < 4,a cross-section is a washer with inner radius 1 — (—1) and outer radius 2 — (—1), so its area is 


A(y) = 1(37 — 2?) = 57. For 4 < y < 1, a cross-section is a washer with inner radius 1 — (—1) and outer radius 


1/y — (—1), so its area is A(y) = m[(1/y + 1)? — (2)?] = n(1/y? +2/y+1—4). 


yA H yA 
xy=1 
x=-1 x=-li 


n 
fH 


[continued] 
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ea : ee 1/2 1 
v=f ordy + [ (+23) dy=s0[s] +r]-2 4 2iny— 34) 
0 1/2 y y 0 y 


(—2+2In$ - 3)| = bn+n(-$ + 21n2) 


= 5r(5 — 0) +2[(-1+0-3)- 


= (24+ 2In2)r = 2n(1 + In2) 


27. From the symmetry of the curves, we see they intersect at x = 4 and so y” = 7 


washer with inner radius 3 — (1 — y”) and outer radius 3 — y’, so its area is 


=a, 


—(2+y°)?| 
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1 


1/2 


4/3. A cross-section is a 


[(3 
eae 6y? + y*) — (44 4y? + y*)] 
(5 — 10y?). 


—/1/2 vi 


ay 


y 


28. For 0 < y < 2, a cross-section is an annulus with inner radius 2 — 1 and outer radius 4 — 1, the area of which is 


Ai(y) = (4-1)? — (2-1). 


173 


radius 4 — 1, the area of which is Ao(y) = 7(4 — 1)? — x(y 


V= SoA y) dy = m fe [(4 — 1)? 


ae ae 


—(2—-1)?] dy+n fp [(4—-1)? — 


= 167 + n [8y +y’- 143)" 


29. KR, about OA (the line y = 0): 
1 1 1 
V= / A(x) dx = i n(x)? dx = 7 [32°] = 5 
0 0 0 
30. 9 about OC (the line x = 0): 


1 a 
1 
v= f A@yay= fo m0? - aay = aly Bug = 2 (0-4) = Br 
0 0 


31. KR about AB (the line x = 1): 


(y — 1)?] dy 


For 2 < y < 4, a cross-section is an annulus with inner radius y — 1 and outer 


i: 
l) 


| 


E 


I 
H 


: 


(ay 


aD 1 1 
1 
v= f A(y)dy = f n(l—y)Pdy=a f (1-2y+y")dy =a[y—y’ + $y], = 32 
0 (0) 0 
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32. R1 about BC (the line y = 1): 


v=[ A(a)ae = [ m(1 —0)* — (1 o))|de=n f b- (1-20-42 )] dx 


1 
=f ( x? + 20) de = [-22° +02]} = 2(-2 +1) = 21 
0 
33. Rez about OA (the line y = 0): 
1 1 F 1 1 
v=[ A(a) de = f m|1? — (¥z) Jaan f (1— 2") dx = [x — 22°?) =n(1—#)=49 
0 0 0 
34. Re about OC (the line x = 0): 
: ‘ 4y2 : 8 1,9)1 1 
v=[ Aly) dy = f m(y") Jdy=a f y dy =n gy], = 57 
0 0 0 
35. Rez about AB (the line x = 1): 


v=f A(y)ay = [ nf? —(-s')"]ay =x f [L— (1 2y4 +49 )]dy 


1 
=n f (ay! y®) dy = 2 [2y° — dy°]} = (2 - 4) = Ba 
0 


36. Rez about BC (the line y = 1): 


37. Rz about OA (the line y = 0): 


1 


v= [Aedes fa[( Ye)? 2] ae=n fe? -2")de = x09” 12°] eee =3) 


0 


Note: Let R=R1 U Ro U Ks. If we rotate R about any of the segments OA, OC, AB, or BC, we obtain a right circular 


cylinder of height 1 and radius 1. Its volume is z rh=t (1)? -1=7. Asacheck for Exercises 29, 33, and 37, we can add the 


1 


answers, and that sum must equal 7. Thus, 37 + am + $7 =T. 


38. Sz about OC (the line x = 0): 


1 1 1 
1 
V= / A(y) dy =| nly” — (y*)?] dy = rf (y? —y°) dy =x[4y° — gy], =2(5 - 3) = 3a 
0 ) 0 
Note: See the note in the solution to Exercise 37. For Exercises 30, 34, and 38, we have a1 + au + am =. 


39. Rz about AB (the line x = 1): 


v= [Away = fna fP Stsaan | (ae = tae 
0 0 0 


oun 
| 


s+1)=i0 


il 
1 
=n f (y® — 2y* — y? + 2y) dy = m[Sy? — 2y° — dy? +7], =a(3 iS 
(0) 


Note: See the note in the solution to Exercise 37. For Exercises 31, 35, and 39, we have aT + z T+ zx T= T. 
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40. Kz about BC (the line y = 1): 


SECTION 6.2. VOLUMES 


me a x) dx = - —2)?-(1- ¥z)"|de=r ; — 2x + %7) — (1— 221/44 21/?)| de 
v= [ awa [ m0 y= (- vz) Jd fu Qn +0?) — (1-204 +0¥)] a 


1 1 
=n f (2? — 20-2? + 20'/*) de = 2 | 40° — 0? — 20°! + Ba] = 1( 
Fs 0 


41. (a) About the x-axis: 


1 1 
v= f ne" Pde = an f e 2” de [by symmetry] 
4 0 
& 3.75825 
(b) About y = —1: 
1 
v=/ x {[e-™” — (1)? — [0- (-1)}*} de 


-1 


1 2 7 2 
= an f [(e*® +1)? — 1] dx = 2a i (e?* 4+2e7* ) da 
) ) 
& 13.14312 
42. (a) About the x-axis: 
n/2 n/2 
V= / n(cos’x)” da = 2n i cos‘ada [by symmetry] 
0 


—1n/2 


= 3.70110 


1 


2 8 4 
at sh at 


(b) About y = 1: 


m/2 
V= i, a{(1 — 0)? — (1 — cos*ar)?] dx 


—1n/2 


m/2 
a anf [1 — (1 — 2cos*a + cos*ax)] dx 
0 
n/2 
= anf (2cos’x — cos*x) dx % 6.16850 
i) 


43. (a) About y = 2: 


x? +4y? =4 


y=t/1—27/4 
v= fo x{B-( i—a/4)|" — (2- i= a)’ } as 


2 
=2n / 8 \/1 — «2/4 dx © 78.95684 
0 
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618 


(b) About « = 2: 
x? =4—4y/? v= +,/4 — 4y? 


a? +4y? =4 


v= fo r{B-( Ta )] - (2- Vimae) ay 
= on [ 3TH dy = 78.95684 
0 


[Notice that this is the same approximation as in part (a). This can be explained by Pappus’s Theorem in Section 8.3.] 


44. (a) About the x-axis: 
yor? anda? +y?=1 etet=1 gt+e?-1=-0 > 
pit NS yield i EEE oe 
2 2 
a 2 a 
v=f | (Vi=#) - | de = 20 f (1—2? —2*) dx 
—a 0 


= 3.54459 
yA 


(b) About the y-axis: 
a? 1 2 
v=f (Vy)? ay +f (VI-#) dy 
0 a2 
0a 
2 2 


2 


a 1 
=n f yay+n f (1 — y”) dy & 0.99998 
0 a2 


45. y = In(a® + 2) and y = 3 — 2? intersect at « = a = —4.091, 


x =bz —1.467, and x = c# 1.091. 


van f {fin(e® +29)? (Va=a8)’ bar tn f" {(va=a8)’ - [in(a® + 2)]° de = 89.023 


4. y=1+ ae and y = arctan x? intersect at x = a = —0.570 


andx = bx 1.391. 


b 2 
V= rf (1 + xe") — (arctans*)*| dx % 6.923 
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49. 


50. 


51. 


52. 


53. 


54. 


55. 


SECTION 6.2. VOLUMES 


van | {[sinte (-1)]’ — [0 - (-1)?} ax v4 


y = sin’x 


T ie * sin? a dx = + fi a 3 (sin x)? dz describes the volume of the solid obtained by rotating the region 


R= {(x,y) |0O< a <7/2,0< y < sina} of the xy-plane about the x-axis. 


T ie ? 6" de = 7 fi he 2 (6)? dx describes the volume of the solid obtained by rotating the region 


R= {(xz,y)|0O< a <In2,0< y < e*} of the ry-plane about the x-axis. 


T i (a* — «°) dx = 17 de [(x?)? — (a3)?] da describes the volume of the solid obtained by rotating the region 


R= {(x,y)|O<a<1,23 < y < 27} of the xy-plane about the z-axis. 


nf . (1 — y?)? dy describes the volume of the solid obtained by rotating the region 


R= {(x,y)|-1<y<1,0< a2 <1-—y’} of the xy-plane about the y-axis. 
4 4 3 
T / ydy=7 i (vy ) dy describes the volume of the solid obtained by rotating the region 
) 0 
R= { (2, y)|0<y<4,0<a< vu} of the xy-plane about the y-axis. 
. 2 
T / [3? — (3- Vz) dx describes the volume of the solid obtained by rotating the region 
1 
R= {(x,y) l\1<2%<43-Va<y< 3h of the xy-plane about the x-axis. 


There are 10 subintervals over the 15-cm length, so we’ll use n = 10/2 = 5 for the Midpoint Rule. 
V = fo? A(a) da » Ms = 8=8[A(1.5) + A(4.5) + A(7.5) + A(10.5) + A(13.5)] 

= 3(18 + 79 + 106 + 128 + 39) = 3-370 = 1110 cm? 
V = f° A(a) da & Ms = 19=9[A(1) + A(3) + A(5) + A(7) + A(9)] 


= 2(0.65 + 0.61 + 0.59 + 0.55 + 0.50) = 2(2.90) = 5.80 m3 
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57. 


58. 


59. 


CHAPTER6 APPLICATIONS OF INTEGRATION 


(a) V= for [f(a)P de = r= {[F(3))? + FOP? + LEP + [FP } 


mw Qm [(1.5)? + (2.2)? + (3.8)? + (3.1)?] © 196 units? 
(b) V= te. x [(outer radius)” — (inner radius)”| dy 
wm m= {[(9.9)? — (2.2)?] + [(9.7)? 


= 838 units? 


315 


(3.0)?] + [(9.3)? — (5.6)?] + [(8.7)? — (6.5)?] } 


(a) V= a | (az* + bar” + ca + d) vi-#] dx 4S Byes T Segoe 81 sey hee Nee {5a Bice 3/30" eee uC 5d”) j z= 


-1 


(b) y = (—0.06a? + 0.04a? + 0.1a + 0.54)./1 — 2? is graphed in the 


figure. Substitute a = —0.06, b = 0.04, c = 0.1, and d = 0.54 in the 


cas 37697 


f rt t t = & 1.263. 
answer for part (a) to get V 9375 63. 


We’ll form a right circular cone with height h and base radius r by 


revolving the line y = +x about the x-axis. 
h 2 h 2 2 h 
varf (F<) de=nf ay Pde =m Fa 


0 
r?(1is ioe 
=n (4) = ar“h 


Another solution: Revolve x = se y +r about the y-axis. 


ee Bey hpp2 , 
varf (-ry+r) ayn f EE 


Or? 
* y+r?| dy 


2 2 h 
= Le ees Sie er fide 2 2p) _ 1,2 
=*| sau — ay +r uo) = (dr h—-r-h+r h) = 30r*h 
* Or use substitution with u =r — 7 y and du =—> dy to get 


0 0 
rf’ e(—Ban) -—n [Le] =n 2 (4) = Lave 
- r r{13 of FE 3 3 


=n[R°?h—- R(R-r)h+2(R-r)Ph] 


—0.5 


ay 


[continued] 
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ay 


Another solution: = = Hen by similar triangles. Therefore, Hr = HR—hAR hR= H(R-r) 
AR 
H = ——.N 
Ro- ow 
V = 40R7H — inr?(H —h) [by Exercise 59] 7 
AR rh rH rhR = 
= 17 R? ~~ Lay? ahaa 
gt ape Reg R RR-1 | 7 
1 R foes h 
= 9th = gah(R? + Rr +1?) | 
= 3 [nF + nr? + (@R?) (wr?) |h = (Ar + Ao + VArAB)h R 
where A; and Ag are the areas of the bases of the frustum. (See Exercise 62 for a related result.) 
61. a2? +y? =r? gear? —y? 
r 37° 3 _ py3 
V= my ie y”) dy = ty a - =T { [ 5 [rr h) ea: aD \ 
3 2 2 il 
= n{2r z(r h) [3r (r—h) ib <p 
= 3m {2r? — (r —h)[8r? — (r? — 2rh +h’)]} ic 
= 40 {08 —(r—h) [2r? + 2rh — h?] } 
= an (2r? — 2r? — Qr?h + rh? + 2r7h + Arh? — h?) 
= VP+ye=r 


A : 
62. An equation of the line is 7 = — y + (x-intercept) = 


an (3rh? _ a) = aah? (3r — h), or, equivalently, wh? (: - *) 


Ay 


h—-0 


rT /a—b  b\)? hTa—b 
7) peas yoegneg |e ye Be Sy tl od 
f P(Sater ay] ave ff Gea a 


(a? +ab+b)h 


(a — b)?h + b(a— b)h+ Bh = F(a? — 2ab + b? + 3ab)h 


a/2—b/2 


y+ 


[Note that this can be written as 3 (Ai + Ao t+ V/A Ao )h, as in Exercise 60.] 


If a = b, we get a rectangular solid with volume bh. If a = 0, we get a square pyramid with volume 4b? h. 
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. : ne : a/2 h-y y 
63. For a cross-section at height y, we see from similar triangles that 3/2 ree ae soa = o( - 2). 
Similarly, for cross-sections having 20 as their base and ( replacing a, 3 = 2v(1 _ 2). So 
h h 
V =| A(y) dy = / [o(1 = #)) [20(1 = *)] dy 
0 0 h h 
h 2 h 2 2 
=| w(i-#) a=2 | (1-24+4 ja 
[ n) P ht ay 


2 y? y : 2 1 
= 2b p- 5+ Sa] = 20?[h—h+ Sh] 


3h? 


— 2p2 ee | : : : 
= 3b°h [= Bh where Bis the area of the base, as with any pyramid.] 


64. Consider the triangle consisting of two vertices of the base and the center of the base. This triangle is similar to the 
corresponding triangle at a height y, soa/b=a/8 => a=a/b. Also by similar triangles, b/h = 8/(h — y) > 
B = b(h — y)/h. These two equations imply that a = a(1 — y/h), and 


since the cross-section is an equilateral triangle, it has area 


A(y) = ; “a: 434 = au <ul) V3, so 


v= Away= oe [0- ba 


-“BC-D] <a 


2 V3 2 
a’ h( Ij= aah 


0 


65. A cross-section at height z is a triangle similar to the base, so we’ll multiply the legs of the base triangle, 3 and 4, by a 


proportionality factor of (5 — z)/5. Thus, the triangle at height z has area 
1 5—z 5-2 22 
MV 98 4 = 6(4 ) : 
@=5 ( 5 ) ( 5 ) yaa 


Ve a A(z) dz = ff (i- 2)" dz= 6f u? (—5 du) ene 


= —30[4u3]) = —30(—4) = 10 cm? 


66. A cross-section is shaded in the diagram. 


A(x) = (2y)? = (2Vr? = 2? 15 so 


V= dos, A(x) dx = 2 A(r? — x?) dx 


= 8[r22— 3°] = 8(2r°) = 2249 
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67. If / is a leg of the isosceles right triangle and 2y is the hypotenuse, y typical cross- 
section of length 
then /? + 1? = (2y)? 21? = Ay? I? = 2Qy?. 2y = 36 — 9x? 


V = f?, A(x) de = 2 f° A(x) de = 2 f° LO) () de = 2 f? y? de 


> 
x 


a 2fy + (36 — 927) dz = 2 f2(4— x) dx 


= 3 [40 — 52°] = 3 (8 — §) = 24 


68. The cross-section of the base corresponding to the coordinate y has length x = 1 — y. The corresponding equilateral triangle 


with side s has area A(y) = s” (2) =(1-y) (2) . Therefore, 


4 
YA 
1 1 V3 
v= [ away=f a-w (SF) a on 
0 ) 
3 1 V3 ‘ x+y=1 
miei (1-29 + y*)dy = > [y—y" + gy], 
_¥3(1\_v8 (0.0) (1,0) 
4 \3 12 
, v3 v3 f° V3 [1.3]°_ v3 
: 1—y)? dy = ?(-d 1 2 li 
on [aw (2) a 7 if eau) tw y] [| -% 
69. The cross-section of the base corresponding to the coordinate x has length yt 
y = 1—.. The corresponding square with side s has area (0,1) 
A(x) = s? =(1—2)? = 1-224 2”. Therefore, ae 
1 1 . 
v= A@ar= [ a-2+e ) dx (0.0) (0) 
=[e-2?+ ho" = (0-148) -0=3 
) 
Or: / (1 ) de = f w(—du) [u=1-—a] = [Au] = 
) 1 
70. The cross-section of the base corresponding to the coordinate y has length a 
1 = 
2c =2/T—y. [y=1—2? a =+,/1—y] The corresponding square pale e 
with side s has area A (x) = s? = (2 val vy) = 4(1 — y). Therefore, 
1 > 
V =f, Ay) dy = fo 4 y) dy = Aly sy], =4[(1 3) —0] =2. -| 0 1x 


71. The cross-section of the base b corresponding to the coordinate x has length 1 — «?. The height h also has length 1 — x, 


so the corresponding isosceles triangle has area A(x) = $bh = $(1 — x7)’. Therefore, 


yA 
1 1 
ie = 1/4 p2)2 
v= A@dr= f 30 xu) dx 1 eee 
1 
=25/ (1 — 2a? + x*) dex [by symmetry] 
0 
=[e- $a + $9] = (1-944) -0- 8 rr ne 
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72. The cross-section of the base corresponding to the coordinate y has length 2r = 2,/2—y. [y=2- 2? 


x = +,/2—y] The corresponding cross-section of the solid S 


is a quarter-circle with radius 2 \/2 — y and area 
A(y) = 4n(2./2—y)? = 7(2— y). Therefore, 


v= f awa= [ne-vay 


73. The cross-section of S at coordinate x, —1 < x < 1, isacircle 
centered at the point (a, $(1 — a) with radius $(1 — 2”). 


The area of the cross-section is 


A(x) =m [3(1 —27)]? = 51 — 20? + 2°) 


The volume of S' is 


1 1 
Va fo Atede=2 fo 31-22? +0%)de = Ble 30° + $e] = F—9 +8) = 98) = 8 
0 


-1 
74. The cross-section of S at coordinate x, 0 < x < 4, isa circle centered at the point (x, +(3 Ve+Va )) with radius 


2 2 
3(ve- iva). The area of the cross-section is A(x) = m3 (ve- iVvz)| =m-t. (3vz) = = The volume of S 


isV = [a ode = [oo = 3 [e],= 505-9 = 


75. (a) The torus is obtained by rotating the circle (x — R)? + y? = r? about yh 
the y-axis. Solving for x, we see that the right half of the circle is given by 


a= R+ /r?—y? = f(y) and the left half by 2 = R— \/r? — y? = g(y). 0 
So 


Vers", {If — lol?} dy 
= 2n fy |(R? + 2B = +7? 4") - (RP-2R P= +7? - 9?) ] dy 
= 2n fy 4R4/r? — y? dy = 8aR fF Vr? — yp dy 


(b) Observe that the integral represents a quarter of the area of a circle with radius r, so 


8rR fy Vr y? dy = 8r7R-Z tgp? = Qn? r? R, 
76. (a) V= f", A(x) dx = 2 [J A(x) dx = 2 f) $h(2vr? — 2?) da = 2h fl Vr? — 2? dex 


(b) Observe that the integral represents one quarter of the area of a circle of radius r, so V = 2h- amr? — thr’. 
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77. The cross-sections perpendicular to the y-axis in Figure 17 are rectangles. The rectangle corresponding to the coordinate y has 


a base of length 2 ,/16 — y? in the xy-plane and a height of + y, since ZBAC = 30° and |BC| = A |AB|. Thus, 


V3 
A(y) = Fay /16 — y? and 


4 4 0 
V= Alu) dy = 35 f Vib~Fudy = % [ u'/?(—} du) [Put u = 16 — y”, so du = —2y dy] 
0 0 16 
eae a wl? du= +2 [us/2]”° —. (64) = 28% 
v8 fy v3 3 0 3Vv3 ~ 3Vv3 


78. (a) Volume(S1) = i A(z) dz = Volume(S2) since the cross-sectional area A(z) at height z is the same for both solids. 


(b) By Cavalieri’s Principle, the volume of the cylinder in the figure is the same as that of a right circular cylinder with radius r 


and height h, that is, wr7h. 


79. 


By similar triangles, the radius x1 of the cross-section at height y of the cone removed from the cylinder satisfies 


XY 
y 


r : : er : 
= x1 = y. Thus, the area of the annular cross-section at height y remaining once the cone is removed from the 
e 


cylinder is 1(r? — y?). 


The radius x2 of the cross-section at height y of the hemisphere satisfies 73 + y? = r? Lo = 1/7? — y?. 


2 
The area of the circular cross-section at height y is then 7 (, /r2 — y? ) =n(r? —y?). 


Each cross-section at height y of the cylinder with cone removed has area equal to that of the corresponding cross-section at 


height y of the hemisphere. By Cavalieri’s Principle, the volumes of the solids are then equal. 


80. Each cross-section of the solid S' in a plane perpendicular to the 
x-axis is a square (since the edges of the cut lie on the 


cylinders, which are perpendicular). One-quarter of this square 


and one-eighth of S are shown. The area of this quarter-square 


is |PQ|? =r? — a. Therefore, A(x) = 4(r? — a) and the 
volume of S' is 


V =f", Ala) de =4f", (0? = 2) dex 


= 8(r? — 2?) de = 8[r?x 32°] 5 ar 
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81. 


82. 


83. 


CHAPTER6 APPLICATIONS OF INTEGRATION 


The volume is obtained by rotating the area common to two circles of radius r, as y 
shown. The volume of the right half is ile 
Viight = a for? y? dz = a for? ie — (r+ 2) | dx Ces, x 


r/2 
=n[rex—3(br+20)'] = 0[(3r - 319) — (0- dr°)] = Arr 


So by symmetry, the total volume is twice this, or oar. 


Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can use the formula from 


Exercise 61 with h = 4r: V =2- dh? (3r -—h)= 2n(4r)?(3r —gr)= Sar’, 


We consider two cases: one in which the ball is not completely submerged and the other in which it is. 


Case 1:0 <h< 10 The ball will not be completely submerged, and so a cross-section of the water parallel to the surface 


will be the shaded area shown in the first diagram. We can find the area of the cross-section at height x above the bottom of the 


bowl by using the Pythagorean Theorem: R? = 15? — (15 — x)? and r? = 5? — (a — 5)”, so A(x) = n(R? ) = 207a. 


The volume of water when it has depth h is then V(h) = Nee A(x) dx = dee 207a dx = [10727]; = 10rh? cm’, 
0<hA< 10. 

Case 2:10 <h< 15 In this case we can find the volume by simply subtracting the volume displaced by the ball from 
the total volume inside the bowl underneath the surface of the water. The total volume underneath the surface is just the 


volume of a cap of the bowl, so we use the formula from 


Exercise 61: Veap(h) = ah? (45 — h). The volume of 


+ 
; 4 3 _ 500 2 r Loe 
the small sphere is Voan = 37(5) = = 5-7, so the total | 
R y. 
volume is Veap — Voan = 47(45h? — h® — 500) cm?. if 


Take the x-axis to be the axis of the cylindrical hole of radius r. 


A quarter of the cross-section through y, perpendicular to the 
y-axis, is the rectangle shown. Using the Pythagorean Theorem 


twice, we see that the dimensions of this rectangle are 
x= /R? —-y? and z = \/r? — y?, so 
ZA(y) = 22 = y/r? — y? \/ R? — y?, and 


V =f! AW) dy = [4 VPP VPP dy =8 [0 VPP VPP ay 
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84. The line y = r intersects the semicircle y = VR? — x? whenr = VR? — x? r? = R?— 2 
xe? = R?— x = +R? — r?. Rotating the shaded region about the x-axis gives us 


J R2—r2 


V= T 
—4/R2—r2 


ae 


0 


(R? — 2? — r?) dx [by symmetry] 


(R? ry?) =e 2(R? a = 4n (A? gaye 


Our answer makes sense in limiting cases. As r — 0, V — arR°, which is the volume of the full sphere. As r > R, 


V — 0, which makes sense because the hole’s radius is approaching that of the sphere. 


85. (a) The radius of the barrel is the same at each end by symmetry, since the YA page 
function y = R — ca? is even. Since the barrel is obtained by rotating 
the graph of the function y about the x-axis, this radius is equal to the f\ 
value of y at a = 4h, which is R—c(4h)? =R—d=r. : \) i 


627 


(b) The barrel is symmetric about the y-axis, so its volume is twice the volume of that part of the barrel for x > 0. Also, the 


barrel is a volume of rotation, so 


Me 2 Me 2)2 2 2 3, 1,2, 57h/2 
V=2 my dx = 21 (R- cx”) dx =2n|R x— Rex eee le 
0 0 


= 2n(2 Rh — 4Reh? + DyPh5) 


Trying to make this look more like the expression we want, we rewrite itas V = gah [2R? + (R? - 4 Reh? + Ze h*)| : 


But R? — 2Rch? + Sc7h* = (R— 4ch?)? — Dc?h4 = (R— d)? — 2 (4ch?)? =r? — 22. 


Substituting this back into V, we see that V = amh(2R? 477 — 2d as as required. 


86. It suffices to consider the case where R is bounded by the curves y = f(a) and y = g(x) fora < x < b, where g(x) < f(x) 


for all x in [a, b], since other regions can be decomposed into subregions of this type. We are concerned with the volume 


obtained when & is rotated about the line y = —k, which is equal to 
Va =m f? ([f(x) +k]? — (g(x) + k]?) dex 


=f? (f(a)? — [o(a))?) de + 2k f° [f(x) — g(a)] da = Vi + 2nkA 
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2 
7%. ays > c= V/yV =fir(V) dy = f° ry?! dy = an [y"*| 


8 


; 37(32—1) = Bn 


(b) If each y is replaced with cy, then y = 1 will be mapped to y = 1c = c, and y = 8 will be mapped to y = 8c, each as 
shown. If each « is replaced with ca, then y = (cx)? /c? = c3x*/c? = cx, so y has again been mapped to cy. A dilation 


with scaling factor c therefore transforms the region R, into Ro. 


(ce) y= 23/2 Cy = 2 x= </c*y. Then 
2 8c 
= feen(9/eu) diy = 86 op . AB y?2/3 dy — aq. A/3 eek = in. c#/3 (3205/3 — ¢3/3) 
= an ct/8 3107/3 = an -313 = Birc3 =3V, 
(d) V2 =5L = mc? = 5000 cm? = a c=? _— x 4.41 


If we were to use the “washer” method, we would first have to locate the 
local maximum point (a, b) of y = x(a — 1)? using the methods of 


Chapter 4. Then we would have to solve the equation y = «(a — 1)? 


for x in terms of y to obtain the functions x = gi(y) and x = goa(y) 
shown in the first figure. This step would be difficult because it involves 


the cubic formula. Finally we would find the volume using 


seme V= mJ {lou(w)l? — lva(u))?} ay, 


Using shells, we find that a typical approximating shell has radius «, so its circumference is 27. Its height is y, that is, 


x(a — 1)”. So the total volume is 


1 1 5 4 371 
v=/ 2na[x(x — 1)| da =2n f (x* — 2a° + x?) ae = 20/5 a ae =< 
0 0 


2. Yt A typical cylindrical shell has circumference 27 and height sin(x”). 


V= {ce Qrx sin(a”) dx. Let u = x”. Then du = 2x dz, so 


V =7 fy sinudu = 7[—cosu]§ = x[1 — (—1)] = 27. For washers, we 


would first have to locate the local maximum point (a, b) of y = sin(x”) 
using the methods of Chapter 4. Then we would have to solve the equation 


y= sin(«”) for x in terms of y to obtain the functions x = gi(y) and 


pee - XZ = go(y) shown in the second figure. Finally we would find the volume 


L—x— 


using V = wf. {in(y)]? — [ge (y)]?} dy. Using shells is definitely 


preferable to using washers. 
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afm /2 c 
3. (a) yh ; a) 4 -| 2rax cos(x~) dx 
a) y =cos(x*) ) 


0 7/2 x 


i Va/2 = 
ae 


afm /2 4 
(b) v=f 2x cos(a”) dx = 2n 
i) 0 


acos(x”) dx = 2n - 3 [sin(w”)] ve =T [sin(=) — sin 0| 


yA 


y=2-2 e=2-y; 
y=Vve > r=y? 
1 
Va] 2ny[(2—y) —y"] dy 
0 
x x 
(b) Vi= fo 2my[(2— y) — y?] dy = 20 f, ay alll 
2n{(1- } = 3) <0] =20(&) = $n 
5. V =f? Qnalnede By=0 > c= fy 


V= ie Qmy ¢/y dy 


7Zy=sin ts > x=siny 


V= fees 27(3 — y) sin y dy 


y= 7/2 


y=sin'y 
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8. V = fo 2n(7 — 2)[(4e — 2?) — a] dx 


9. The shell has radius x, circumference 272, and height V2, so 


4 4 Z 
V= i onav x daz = / Ina?!? dar = 2n [22°] =27- 
0 0 0 


yA 
at 


10. The shell has radius x, circumference 272, and 


height x°, so 


2 2 
v=[ 2a die = 2m f x dx 
1 1 


11. The shell has radius x, circumference 27x, and height 1/2, so 


4 1 4 4 
V= i 2na( =) dx = f 2r dx = 2n [2] = 2n(4— 1) = 6. 
1 t 1 1 


12. The shell has radius x, circumference 272, and 
. 2 : age 
height e~” ,soV = / 2nxze ~ dx. 
) 


Let u = x”. Thus, du = 22 dz, so 


var é deaal e]o=r(1 1/e). 


yA 
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13. The shell has radius x, circumference 272, and height //5 + x?, so 


2 
v= f Qrarv/5+ x2 dx [u=5+27,du = 2xdz| yA y=V54+2x? 
0 
ye de aye 27 3/219 
=| Qn - =u! du=n-=lu 
5 2 3 5 
= 2n(27 — 53/2) 
ol 2 x 
14.4¢-—a? =x ©& O=2?—3¢ 0=a(r-3) & x=0or3. 


The shell has radius x, circumference 272, and height [(4a — x”) — a], so 


3 
v=f Qna[(4x — 2?) — a] dx yA ‘ 
0 y=4x-x 
3 
=2n [ (—2x? + 3a”) dx (3, 3) 
0 
y=x 
= In [-1a2* + 2°]5 
= Qn ( au + 27) = Qn (22) = ar 
0 3 ON 


16. cy=1 > £H= 7 The shell has radius y, 


circumference 27ry, and height 1/y, so 


3 1 
v=f Qn (+) 
: 7] y Y 


0}—x—| 3 


3 
=2n [ dy = 2n[y]; 
1 


= 2n(3—1) = 40 


16. y= => «=y’. The shell has radius y, 


circumference 27y, and height y”, so 


oa 


2 2 
v= f 2ny(y?) dy = 20 f y? dy 
0 0 


= 2n[ du]? 


= 2n(4) = 87 
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3/2 


7. y=x => «=y’!?. The shell has radius 


y, circumference 27y, and height y?! 3 so 


8 8 
v=f 2ry(y!*) dy = 2m f yr? dy 
0 0 


= 2n- 2.256 = 1927 


18. The shell has radius y, circumference 27y, and 
height —3y” + 12y — 9, so 
V = f? 2rry(—3y? + 12y — 9) dy 
= Qn f?(—3y? + 12y? — 9y) dy 


= —6r Cu — dy? + 3y) dy 


19. The shell has radius y, circumference 27y, and height 


2— [1+ (y-2)?] =1-(y-2)? =1-(y? 
= —-y? + dy — 3, so 


V= fe Qry(—y* + 4y — 3) dy 


= 2n fP(—y* + 4y? — 8y) dy 


| 
wo 
Sy 
a 
on, 
a2 
+ 
w 
a 
wl 
—~ 
tee. 
Ale 
+ 
cope 
No 
—~ 
os 


20. The curves intersect when 4-— y= y?—4y+4 © 


0=y’ —3y 0 = y(y—3) y =0 or 3. 


The shell has radius y, circumference 27ry, and height 


(4—y) —(y? —4y + 4) =—y? + 3y, so 


x=—3y?+12y-9 


4y + 4) 
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1. x? =8Vz a = 642 x — 642 = 0 


(a) By cylindrical shells: 


V= ibs 2x (8vz me *) dx 


= As Qn (8a9/? — x) dx 
= an | 1805/2 - Lat)” 
- 5 a7 |, 


= 2n| (2? — 64) — 0] = Bn 


5 
yA 
(b) By washers: 
16 2 2 
v-f “|(v0) — (ave ay 
0 
16 16 
4 2 5 
=| «(y— aeeeu*) dy = «| 20° — aeisod*] | 
0 Xi 


= 7 (128 — 38) = 34a 


22. 2? = 4x? x? — 4a? = 0 x(a —4) =0 


x=Oorx=4 


(a) By washers: 


= ee 27)? — (x3)? xL= en vt — ® x 
v= ff nla?) ede =f muse" — 2°) 


7/185 1,7 ? 16,384 16,384 
=> TT 

5 cael 5 7 
32,768 

~ 35 
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(b) By cylindrical shells: 
64 64 
v=f 2any( Vu - 3vu) av = [ an(y'/? — 3y*!?) dy 
0 0 
3 7/3 _ 1 2 5/2 “ 
—_ 2 ds 
n EB Bn, ale 
(AH ae 32,768 
— on a, 


Tv 


7 5 35 


23. (a) The shell has radius « — (—2) = x + 2, 


circumference 27(a + 2), and height 4a — 2”. 


(b) V= [ Qn(a + 2)(4a — x?) dex 


4 
(c) V= / Qn(a + 2)(4a — x?) dex 
0 
i 2 1 . 
= / Qn(Qx” — 2 + 8x) da = 2n Ea - ra + a:?] 
0 


128 256 
= 2r|( — —64+64] —0] = 7 
( a Oar 6 ) o 


24. (a) y= Va e=ysy=? a= Vy. 
The shell has radius y — (—1) = y+ 1, 


circumference 27(y + 1), and height Sy —y?. 


to V =f antu + (Va 2") a 


(v= f 2ny+1)(Vo-v) dy 


1 
=| an(y*/? — y3 + y*/? — y?) dy 
0 


wl 
~ 


1. 
= on [0779 — dy! + By"! — gu]! —an[(B- +3 
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25. The shell has radius 3 — x, circumference 
27(3 — x), and height 8 — x. 
V= ie 2n(3 — x)(8 — 23) dx 
= In f(x — 30° — 8a + 24) dx 


2 
= an| a — 34 — Ag? + 24.r| 
0 


= 2n (3 — 12-16 + 48) = 2n( 432) = 2 


26. The shell has radius x — (—1) = x + 1, circumference 27(x + 1), and height 4 — 2a. 


V = fe Q(x + 1)(4 — 22) de 


= 4n {?(a + 1)(2— 2) dx 
=4r So (-2? +a+2)dx 
=4r [—32° + 4a” + 2x] 


= 4r ( $42 4) =4n (2)=% 


27. The shell has radius a — 1, circumference 27(a — 1), and height (4% — 2) — 3 = —a? + 4a — 3. 


Va fi? 2n(a — 1)(—a? + 4x — 3) dx 


= 2n[—Fa* + 37% — fa? + 32]; 


an|(—H +45 - B49) —(-b+$-F+3)] 
= 2n($) = fx a 


28. The shell has radius 5 — x, circumference 27(5 — x), and height \/x — da. 
V = fo 2n(5 — 2) (fe — 3x) dx = 2m fi" (5al/? — Sa — 23/2 + 12?) de 
3 3 


4 
= 2n|'2a°/? — $n? — 30°? + 2a] = 20 (M2 —20- B+ B) 


= 2n($) = 1880 
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29. The shell has radius 2 — y, circumference 27(2 — y), and height 2 — 2y?. 
V = fp 2n(2 — y)(2 — 2y?) dy 
= 4r J) (2—y)(1— y?) dy 
= 4n fo (y® — 2y — y + 2) dy 


1 
= day" — gy" — 59° + 2], 


30. The shell has radius y — (—2) = y + 2, circumference 27(y + 2), and height (y? + 1) — 2y? =1—y’. 
Vs ft, 2m(y + 2)(1—y?) dy 
= 2n f',(—y* — 2y? + +2) dy 
= 4 f)(—2y? +2)dy [by Theorem 5.5.7] 
= 8r {> (1 — y?) dy = 8a[y — 4y*]5 
= 8r(1— 3) = 87 (3) = > 


2 2 
31. (a) V = an f x(re*) dx = an f xe * dx 
0 0 


(b) V © 4.06300 


SY 


m/4 
32. (@) V=20 f (5-2) tan x dz yf a> 
0 


(b) V © 2.25323 


x/ 
33. (a) V= an f ; (1 — x)[cos*x — (— cos*a)| dx 
—1/2 
m/2 
(7 — a) 
—1/2 


4 
=4r nm — 2x) cos «dx 


[or 87” fs cos*z dx using Theorem 5.5.7] 


(b) V = 46.50942 
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2x L 4 4 
34. Oe Tass a+a2" = 2a «a —x#=0 
x(a? —1) =0 a(a—1)\(e?7+a+1)=0 > x=0orl 


(b) V + 2.36164 


35. (a) V = ff 27(4— y) Vsiny dy (b) V & 36.57476 
yA 


0 1 x 
36. (a) V = [3, 2n(5 — y) (4 =a 7) dy (b) V © 163.02712 
=5 

37. V = i QnaV1+a3 dx. Let f(x) =aV14 23. ye YEvltx? 

Then the Midpoint Rule with n = 5 gives pus 

Jo f(x) dx = 15° [f(0.1) + £(0.3) + f(0.5) + f(0.7) + f(0.9)] 

& 0.2(2.9290) 
Multiplying by 27 gives V © 3.68. 0 i oC 


38. V = le” Qrax f(x) dx. Let g(x) = xf (x), where the values of f are obtained from the graph. 
Using the Midpoint Rule with n = 5 gives 


10 
: g(x) da “2 [g(1) + g(3) + 9(5) + 9(7) + 9(9)] = 2[LF (1) + 3f(3) + 5f(5) + 7F(7) + 9F(9)] 


= 2[1(4- 2) + 3(5- 1) + 5(4—1) + 7(4- 2) + 9(4 — 2)] 
= 2(24+12+4+154 144 18) = 2(61) = 122 
Multiplying by 27 gives V = 2447 ®& 766.5. 
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39. i Qna®? dx = 2n ft : x(a) dx. By the method of cylindrical shells, this integral represents the volume of the solid obtained 


by rotating the region 0 < y < «*,0 < a < 3 about the y-axis (2 = 0). 


40. . 2ry In y dy. By the method of cylindrical shells, this integral represents the volume of the solid obtained by rotating the 


region0 < x < Iny,1< y < 3 about the z-axis. 


4 4 
41. 27 i y a8 2 dy = 2r ¥ (y+ 2) (=) dy. By the method of cylindrical shells, this integral represents the volume of the 
1 Y 1 y 


solid obtained by rotating the region 0 < x < 1/ y’, 1<y <4 about the line y = —2. 


42. : 2n(2 — x)(3” — 2”) dx. By the method of cylindrical shells, this integral represents the volume of the solid obtained by 


rotating the region 2” < y < 3°,0 < x < 1 about the line x = 2. 


43. From the graph, the curves intersect at x = 0 and x = a & 2.175, with 


2 I > x? — 2a on the interval (0, a). So the volume of the solid 


obtained by rotating the region about the y-axis is 


Vaan f [hy - (e? - 20) da = 14.450 
0 


44. From the graph, the curves intersect at x = a & 0.906 and x = b & 2.715, 
with e!"* > x? — 4x +5 on the interval (a, b). So the volume of the solid 
obtained by rotating the region about the y-axis is 


V = 20 f? x [e%™* — (a? — 4x +5)] de ~ 21.253 


m/2 
45.V = an f [(F — x) (sin?x — sin*z) | dx 
0 


46. V = 2n fy {[x — (—1)](z? sin z)} dz 


= Qn(x* +73 — 120? — 60 + 48) 


= Qn? + Qt — 2Ax? — 1207 +. 96 
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47. (a) Use shells. Each shell has radius x, circumference 27, and height le _ 


48. (a) Use washers. 2 — 2? = 2” Qa” = 2 z=1[«#>0] 


V = fo [(2- 2?) — (2)? J dx 


(b) V = fo m[(2— 27)? — (a)? da = fi) n(4 — 4x?) da = m [4a —4-42°]) = 4n[(1 — 4) — 0] = 82 


2 
49. (a) Use disks. V = [> (sina ) dx 


Tv 


2 
(b) V = Jf" «(vsing’) dx = Jf nsina dx = n[ coset] ” = 1[|—cos 7 — (—cos0)| = 7(1+1) = 2a 


50. (a) Use shells. Each shell has radius , circumference 272, and height [(4a — x) — a]. 


4c — 2? =@ x? — 32 =0 x(a —3)=0 c=O0orr=3 


VS Je Qra|(4a — 2”) — a] dx 


(b) V = ie Qra|(4a — x?) — 2] dx = abe Qn (3a? — 2°) da = 2n[x° 1,4]¢ = 2n|(27- 3) —0] = 20 


51. (a) Use shells. Each shell has radius « — (—2) = x + 2, circumference 27(x + 2), and height x? — «°. 


V= foe? Qn(a + 2)(a? — x3) dx 


(b) V= jee Qn(ax + 2)(a? — x?) dx = fo? Qn(—a? — 24 + Qa?) dx = an | qu* — $a? 4 2°] 


2r|( aa sao Fas) 0] iso? 


52. (a) Use shells. Each shell has radius 3 — y, circumference 27(3 — y), and height [(3y — y”) — 2]. 


3y —y? =2 y’ —3y+2=—0 (y—1)(y— 2) =0 y=lory=2 


V = f? 2n(3 — y)[(3y — y?) — 2] dy 


(b) V= JP 2n(3 — y)[(8y — y?) — 2 dy = f? 2n(y? — 6y? + 1ly — 6) dy 


= In[ty* — 2y? + Ly? — by]! = 2n[(4— 16 + 22 -— 12) — (1-24 22 -6)] = 4a 


53. Use shells: oh 
=-x? + 6x -8 
V= ie Qnx(—x? + 6x — 8) dx = 27 fea x? + 6x? — 8x) dx 1 ae 
a 14 3 214 > 
= 2n [-$x + 2x — 4y7], 0 , A 


= 2n[(—64 + 128 — 64) — (4 + 16 — 16)] 
= 27(4) = 8a 
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54. Use disks: : 
=—x? + 6x —8 
V= aie n(—a? + 6x — 8)? dx 1 ae 
= 47,4 3 2 
=n fi (at — 120° + 520? — 96a + 64) dx 5 / \ :) 


=n [da° — 304 + B23 — 482? + 64z]$ 


TS ~ 15 Ts ™ 
55. Use washers: y” — x? = 1 y=tVve? +1 *t 
=2 
v3 ; y 
v=f ale 0)? ( w+] 0) "| ae 
_V3 2 + 


F fe cel comes 
=2n [ [4 — (a? + 1)| dx [by symmetry] ya) * 
0 
V3 
=2n [ (3 a) da = In [3a eee 
0 
= 2n(3V3 — V3) =4V30 
56. Use disks: y* — 2? = 1 t=t/y?-1 Ail 
cS 
2 2 2 3 y=2 
var ( yt) ay =n fy —1)dy ~~ i@ 
1 1 a= 
3 2 1 
=n[3y° — 9], =7[(5 -2)-(g-D] =a" a 
0 V3 x 
57. Use disks: 27 + (y—1)? =1 x=+,/1—(y— 1)? oh 
2 2 2 ce + (YH I= 
v=} | 1-1) ay =n | (2y — y*) dy 
) 
=n[y? — 3u°]o = (4-8) = 5 
0 x 
cl> 


58. Use shells: 
V= fp 2n(y - 1)[4- (y - 3)?] dy 
= 2n fP(y — 1)(-y? + 6y — 5) dy 


=n Lew + Ty? — lly +5) dy 


5 
= 2n[-ay + gy" — sy" + Sy), 
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9ytl=(y—l1)? Ss ytl=y?-2y4+1 0=y? —3y 
0 = y(y—3) y = Oor3. 


Use washers: 


3 
ven f {ly+1)- CP -[y- 1? - CaP} dy 
0 


3 
«| [(y + 2)° — (y” — 2y + 2)*] dy 


3 3 
nf [(y? + 4y +4) — (y* — 4y? + 8y? — 8y 4 aldy=n | y* + 4y® — Ty? + 12y) dy 
0 (0) 


=n[-$y? + y* — Sy? + 6y?]5 = n(—-242 + 81-63 +54) = 


60. Use cylindrical shells to find the volume V. a 1.2) emg 
1 1 
V = f, 2n(a— x)(2x) dx = 4n f) (ax — 2?) dx y=2x 
1 
= 4n| Lax a = An($a 3) 
Now solve for a in terms of V: : x 
aa ae hi Al 4 ee 
eigtacd eer es ijesz ee. as | 
mae) 2° (3 5 aE 8 
. V " 2 
ey ee 
61. Use shells: oh 
se § os 2 oe do 
V=2 fo Ina Vr? — x? dx = —2n ff} (r? — x?)'/?(—22) da rt YON 
= [-2n- 2(r? _ ca ali = $n(0 r?) = éar® 
0 ps r . 
62. V = fat" dna -2/r? — (@— R)? dx als 
—_ 2 2p 22) 
=f" 4n(ut+ R)Vr?-wdu = [letu=a2—- R] Gama ae ae 
=4nR f" Jr? —u? dut+4n f[" ur? — u? du . 
0 % 
The first integral is the area of a semicircle of radius r, that is, amr’, 


and the second is zero since the integrand is an odd function. Thus, 


V= 4nR( Snr) + 4-0 = 20? Rr?. 


vi h r a? ri 
63. V = 27 x at+h) dx =2rh —-+42)dz y 
0 r 0 r a>) 


3 2 2 2 
re 48 aes _ 7mreh 
3r 2 


0 x (r, 0) x 
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64. By symmetry, the volume of a napkin ring obtained by drilling a hole of 


radius r through a sphere with radius R is twice the volume obtained by 


rotating the area above the x-axis and below the curve y = V R? — x? 


(the equation of the top half of the cross-section of the sphere), between 


x =rand x = R, about the y-axis. This volume is equal to 


outer radius R 
2f erhde = 2-2n f av R? 1 de = 4 


inner radius 


(R? wy)" = 4n(R? — p2)3/? 


But by the Pythagorean Theorem, R? — r? = (sh) ss so the volume of the napkin ring is 4n(2h)° = amh?, which is 
independent of both R and r; that is, the amount of wood in a napkin ring of height h is the same regardless of the size of the 


sphere used. Note that most of this calculation has been done already, but with more difficulty, in Exercise 6.2.84. 
Another solution: The height of the missing cap is the radius of the sphere minus half the height of the cut-out cylinder, that is, 


R- th. Using Exercise 6.2.61, 


Vnapkin ring = Vophere Veylinder 2Veap = an R? Tl rh 2-2 (R tn)? [3R (R sh) = am n3 


6.4 Work 


1. The force exerted by the weight lifter is F = mg = (200 kg)(9.8 m/s”) = 1960 N. The work done by the weight lifter in 


lifting the weight from 1.5 m to 2.0 m above the ground is then 


W = Fd = (1960 N)(2.0 m— 1.5 m) = (1960 N)(0.5 m) = 980 N-m = 980 J 


2. W = Fd = (1100 Ib)(35 ft) = 38,500 ft-lb. 


10 


3. W = J? f(a)de = fy? 50? de =5]—2 "| = (Fg +1) = 4.5 feb 


1 


p 


b 16 16 
: wf f(e)dx = f 4Vr de = 4[20%/?| = $(64-8) = 48 Nm= J. 
a 4 4 


5. The force function is given by F(x) (in newtons) and the work (in joules) is the area under the curve, given by 


fp F(a) dx = [> F(x) dx + [? F(x) dx = 4(4)(30) + (4)(30) = 180 J. 


> 


W = f7° f(a) da &% Ma = Az[f(6) + f(10) + f(14) + f(18)] = 22=*[5.8 + 8.8 + 8.2 + 5.2] = 4(28) = 112J 


~“ 


. According to Hooke’s Law, the force required to maintain a spring stretched x units beyond its natural length (or compressed 
x units less than its natural length) is proportional to x, that is, f(x) = ka. Here, the amount stretched is 4in. = z ft and 


the force is 10 Ib. Thus, 10 = k(4) => k= 301b/ft, and f(x) = 30x. The work done in stretching the spring from its 


1/2 


natural length to 6 in. = 4 ft beyond its natural length is W = Er 302 dz = [152] 5 


5 = 4 fib. 
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8. According to Hooke’s Law, the force required to maintain a spring stretched x units beyond its natural length (or compressed 
x units less than its natural length) is proportional to x, that is, f(a) = ka. Here, the amount compressed is 


40 — 30 = 10 cm = 0.1 m and the force is 60 N. Thus, 60 = k(0.1) = k=600N/m, and f(x) = 600x. The work 


0.1 
required to compress the spring 0.1 mis W = jee 6002 dx = [30027] = 300(0.01) = 3 N-m (or J). The work required 
0 


0.15 
to compress the spring 40 — 25 = 15cm = 0.15 mis W = f°? 600x dx = [30027] = 300(0.0225) = 6.75 J. 


9. (a) If f)? ka da = 2J, then 2 = [3kx?])'* = 1k(0.0144) = 0.0072k and k = = 2500 -y 277.78 N/m. 


0. Te 


Thus, the work needed to stretch the spring from 35 cm to 40 cm is 


Joo 2900.0 day = [225042] 1/20 _ 1250 (2) = 28 1.04), 


9 1/20 9 100 400) ~~ 


(b) f(x) = ka, so 30 = 28x and « = 29 m= 10.8 cm 


10. If 12 = i ka dx = [ska], = tk, then & = 24 lb/ft and the work required is 


fe/4 240 de = [1207]°/* = 12. & = % = 6.75 fb. 
11. The distance from 20 cm to 30 cm is 0.1 m, so with f(a) = kx, we get Wi = Nie ka dx = k[ 52 ay = saa k: 


2 3_k Thus, Wo = 3W,. 


Now W2 = 5 ka dx = [32704 = K( a50 700) = 300 


12. Let L be the natural length of the spring in meters. Then 


— f0.12—-L sft 2710.12-L 1 2 2 

6 = foio_t Ke da = [$ka] 015-7 = 3k [(0-12 — L)* — (0.10 — L)*] and 
_ 0.14-L _ 714,.,210:14-L 1 2 2 

10 = foio_, keds = [fhe [eagee = $k|(0.14— L)° — (0.12— L)*]. 


Simplifying gives us 12 = k(0.0044 — 0.04L) and 20 = k(0.0052 — 0.04L). Subtracting the first equation from the second 


gives 8 = 0.0008k, so k = 10,000. Now the second equation becomes 20 = 52 — 400L, so L = sm = 8cm. 


In Exercises 13—22, n is the number of subintervals of length Az, and a; is a sample point in the ith subinterval [w;-1, xi]. 


13. (a) The portion of the rope from zx ft to (x + Az) ft below the top of the building weighs 4 Az |b and must be lifted «7 ft, 


so its contribution to the total work is ia? Az ft-lb. The total work is 


W = lim ta} Ar = Oo ledr = [ 


NOOO j=] Oo 2 


x] 5) = 2502 = 625 ft-lb 


1 
4 
Notice that the exact height of the building does not matter (as long as it is more than 50 ft). 


(b) When half the rope is pulled to the top of the building, the work to lift the top half of the rope is 


Wi= 4 5rdx= [427] . = sae ft-lb. The bottom half of the rope is lifted 25 ft and the work needed to accomplish 
that is W2 = - 4 -25dzr = 2a | 7 = 838 ft-lb. The total work done in pulling half the rope to the top of the building 


isW =W,+W. = $2 + SS = 3.625 = 3 ft-lb. 
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(a) The 60 ft cable weighs 180 lb, or 3 lb/ft. If we divide the cable into n equal parts of length Ax = 60/n ft, then for large 
n, all points in the ith part are lifted by approximately the same amount. Choose a representative distance from the winch 
in the ith part of the cable, say xj. If x} < 25 ft, then the ¢th part has to be lifted roughly xj ft. If x} > 25 ft, then the th 
part has to be lifted 25 ft. The ith part weighs (3 lb/ft)(Az ft) = 3 Az lb, so the work done in lifting it is (3 Ax) a7 if 
xj; < 25 ft and (3 Ax)(25) = 75 Aa if x} > 25 ft. The work of lifting the top 25 ft of the cable is 


W, = lim a 3a} Ag = [0° 3adx = [3a?]°° = 3(625) = 937.5 ft-lb. Here nj represents the number of 


N00 j= 0 


parts of the cable in the top 25 ft. The work of lifting the bottom 35 ft of the cable is 


W2 = lim » 75 Ag = 75 dx = 75(60 — 25) = 2625 ft-lb, where nz represents the number of small parts in the 


bottom 35 feet of the cable. The total work done is W = W + W2 = 937.5 + 2625 = 3562.5 ft-lb. 
(b) Once «x feet of cable have been wound up by the winch, there is (60 — x) ft of cable still hanging from the winch. That 


portion of the cable weighs 3(60 — x) lb. Lifting it Ax feet requires 3(60 — x) Az ft-lb of work. Thus, the total work 


needed to lift the cable 25 ft is W = f° 3(60 — x) dx = [180x — 327] 5° = 4500 — 937.5 = 3562.5 ft-Ib. 


ee 


2x dx = [x ak 500 


The work needed to lift the cable is lim $7", 2a7 Av = = 250,000 ft-lb. The work needed to lift 


the coal is 800 Ib - 500 ft = 400,000 ft-lb. Thus, the total work required is 250,000 + 400,000 = 650,000 ft-Ib. 


16. Assumptions: 


17. 


18. 


1. After lifting, the chain is L-shaped, with 4 m of the chain lying along the ground. 

2. The chain slides effortlessly and without friction along the ground while its end is lifted. 

3. The weight density of the chain is constant throughout its length and therefore equals (8 kg/m)(9.8 m/s”) = 78.4 N/m. 
The part of the chain x m from the lifted end is raised 6 — x mif0 < x < 6m, and itis lifted O mifx# > 6m. 


Thus, the work needed is 


W = lim > (6—2t)-78.4Aa = fy (6 — 2)78.4dx = 78.4[6x — 32? ]§ = (78.4) (18) = 1411.2] 


> ¢ 
N— 00 j= 


ay : .. 251b 
The chain’s weight density is 10 ft 


2(a — 5) ft, so the work needed to lift the ith subinterval of the chain is 2(a@; — 5)(2.5 Az). The total work needed is 


= 2.5 lb/ft. The part of the chain x ft below the ceiling (for 5 < a < 10) has to be lifted 


W = lim 3 (at — 5)(2.5) Az= f: °[2(@ — 5)(2.5)| da = 5 f° — 5) dx 
= 5[4a? — 5a],° = 5[(50 — 50) — (2 — 25)] = 5(22) = 62.5 ft-lb 


The work needed to lift the model rocket itself is Fd = (mg)d = (0.4 kg)(9.8 m/s*)(20 m) = 78.4 N-m = 78.4 J. At 


time t (in seconds) the rocket is x = 4t m above the ground, but it now holds only (0.75 — 0.15t) kg of rocket fuel. In terms 
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of distance, the rocket holds [0.75 — 0.15 (427 ) kg of rocket fuel when it is xj m above the ground. Moving this mass of 


rocket fuel a distance of Ax m requires (9.8)(0.75 — 0.03752) Ax J of work. Thus, the work needed to lift the rocket fuel is 


W = lim >> 9.8(0.75 — 0.037527) Aa = [°° 9.8(0.75 — 0.03752) dx 


NCO jay 


20 
= 9.8 [0.752 - 0.018752" | = 9.8[(15 — 7.5) — 0] = 73.5 J 
Adding the work of lifting the model rocket itself gives a total of 151.9 J of work. 


Ata height of x meters (0 < x < 12), the mass of the rope is (0.8 kg/m) (12 — x m) = (9.6 — 0.82) kg and the mass of the 


water is (38 kg/m) (12 — x m) = (36 — 3a) kg. The mass of the bucket is 10 kg, so the total mass is 


(9.6 — 0.82) + (36 — 3a) + 10 = (55.6 — 3.82) kg, and hence, the total force is 9.8(55.6 — 3.82) N. The work needed to lift 


the bucket Ax m through the ith subinterval of [0, 12] is 9.8(55.6 — 3.8a7) Az, so the total work is 


n 12 
W = lim ¥> 9.8(55.6 — 3.87) Ax = f?(9.8)(55.6 — 3.8) de = 9.8 [55.62 = 1.92°| = 9.8(393.6) © 3857 J 
0 


> ? 
N00 j= 


A horizontal cylindrical slice of water Ax ft thick has a volume of ar?h = 1 - 12? - Ax ft® and weighs about 
(62.5 Ib /ft*) (1447 Az ft?) = 90007 Az Ib. If the slice lies x} ft below the edge of the pool (where 1 < a} < 5), then the 


work needed to pump it out is about 9000727 Ax. Thus, 


W = lim > 900072} Ax = f? 9000 da = [450072"]? = 4500m(25 — 1) = 108,000z ft-lb 


N— OO j= 


A “slice” of water Ax m thick and lying at a depth of xf m (where 0 < x} < 4) has volume (2 x 1 x Ax) m*, a mass of 


2000 Ax kg, weighs about (9.8)(2000 Ax) = 19,600 Az N, and thus requires about 19,6002; Ax J of work for its removal. 


ar m * _ pl/2 _ 271/2 

SoW = lim > 19,6002 Aa = f,/~ 19,6002 da = [980027] ,’° = 2450 J. 

We use a vertical coodinate x measured from the center of the water tank. ae os (aR\ Water 
x= 

The top and bottom of the tank have coordinates x = —12 ft and x = 12 ft, x=12 Nee 

respectively. 60 ft 

tower 

x=72 


A thin horizontal slice of water at coordinate x is a disk of radius 


12? — a? as shown in the figure. The disk has area mr? = (12? — x”), 


so if the slice has thickness Az, the slice has volume (12? — x?) Ax and 


weight 62.57(12” — x?) Ax. The work needed to raise this water from 


ground level (coordinate 72) to coordinate x, a distance of (72 — x) ft, is 


62.57 (12? — a”)(72 — x) Az ft-lb. The total work needed to fill the tank is 
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approximated by a Riemann sum S~ 62.57[(12? — (a7)?)|(72 — 27) Aw. Thus, the total work is 
i=1 


W = lim 3 62.57[(12? — (x7)?)|(72 — 27) Aw = [74, 62.50(12? — x?)(72 — x) dx 


—_ i 
N00 jay 


= 62.50 f27,[72(12” — 2?) — x(12” — x”)] dx = 62.5(2) fo? 72(12? — a?) dx [by Theorem 5.5.7] 
ee 


even function odd function 
= 125m(72) [12?a — 32°] 5° = 9000m(12° — 3 - 128) = 9000m(2 - 12°) 
= 10,368,0007 ft-lb 
The 1.5 horsepower pump does 1.5(550) = 825 ft-lb of work per second. To fill the tank, it will take 


10,368,0007 ft-lb 


~ 481s 2% 10.97h > 
825 ft-lb/s 39,481 s ~ 10.97 hours 


23. A rectangular “slice” of water Ax m thick and lying x m above the bottom has width « m and volume 82 Ax m?. It weighs 
about (9.8 x 1000) (8a Az) N, and must be lifted (5 — x) m by the pump, so the work needed is about 


(9.8 x 10%)(5 — x)(8a Az) J. The total work required is 


3 


W = J. (9.8 x 10%)(5 — 2)8a da = (9.8 x 10°) f-’(40x — 82") dx = (9.8 x 10°) [20x? — $.x°]> 


= (9.8 x 10°)(180 — 72) = (9.8 x 10°)(108) = 1058.4 x 10° ~ 1.06 x 10° J 
24. Let y measure depth (in meters) below the center of the spherical tank, so that y = —3 at the top of the tank and y = —4 at the 
spigot. A horizontal disk-shaped “slice” of water Ay m thick and lying at coordinate y has radius ,/9 — y? m and volume 
mr? Ay = 1(9 — y”) Ay m®. It weighs about (9.8 x 1000)7(9 — y”) Ay N and must be lifted (y + 4) m by the pump, so the 
work needed to pump it out is about (9.8 x 103)(y + 4)m(9 — y”) Ay J. The total work required is 
Ww °,(9.8 x 10*)(y + 4)m(9 — y?) dy = (9.8 x 10°) f°, [y(9 — y*) + 4(9 — y*)] dy 
= (9.8 x 10°)(2)(4) f(9—y?) dy [by Theorem 5.5.7] 


= (78.4 x 10°) [9y — 1y3]° = (78.4 x 10°)r(18) = 1,411,2007 = 4.43 x 10° J 


25. Let x measure depth (in feet) below the spout at the top of the tank. A horizontal 


disk-shaped “slice” of water Ax ft thick and lying at coordinate x has radius : : 

3 (16 — x) ft («) and volume rreAr=T: 4 (16 _ x)? Az ft?. It weighs Ala / 

about (62.5) 2 (16 — x)? Az lb and must be lifted x ft by the pump, so the x 

work needed to pump it out is about (62.5)a 24 (16 — x)” Az ft-lb. The total ; 

work required is atte : a -— i 

W = fp (62.5)a 24(16 — x)? dx = (62.5) 2% [> (256 — 32a + x?) da ey ee ae 
= (62.5) 2% fy’ (256a — 32x? + 2°) dx = (62.5) 24 [12827 — 203 + t24]F = 6) se (8 = 
= (62.5) (25*) 33,000m © 1.04 x 10° ft-lb =e 2) 
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Let x measure the distance (in feet) above the bottom of the tank. A 


12 
horizontal “‘slice” of water Ax ft thick and lying at coordinate « has aus ee 


volume 10(2a) Az ft*. It weighs about (62.5)20a Az Ib and must be 
lifted (6 — x) ft by the pump, so the work needed to pump it out is about 


(62.5)(6 — x)20x Az ft-lb. The total work required is 
W ~ fo (62.5)(6 — 2) 20a da = 1250 [¥ (6x — 2”) dx = 1250[3x? — $43] = 1250(36) = 45,000 ft-lb. 
If only 4.7 x 10° J of work is done, then only the water above a certain level (call 50 


it h) will be pumped out. So we use the same formula as in Exercise 23, except that 


the work is fixed, and we are trying to find the lower limit of integration: 


4.7 x 10° & f?(9.8 x 10°)(5 — x) 8x dx = (9.8 x 10°) [20x? — 829]? 


$2 x 10? = 48 = (20-3? — 3. 3°) — (20h? - 8h?) —40 
2h? — 15h? + 45 = 0. To find the solution of this equation, we plot 2h? — 15h? + 45 between h = 0 and h = 3. 


We see that the equation is satisfied for h ~ 2.0. So the depth of water remaining in the tank is about 2.0 m. 


The only changes needed in the solution for Exercise 24 are: (1) change the lower limit from —3 to 0 and (2) change 1000 
to 900. 
W & J? (9.8 x 900)(y + 4)m(9 — y?) dy = (9.8 x 900) 7 [> (9y — y? + 36 — 4y*) dy 


= (9.8 x 900)m [247 — Fy* + 36y — 43 ]6 = (9.8 x 900)(92.25) = 813,6457 
& 2.56 x 10°J [about 58% of the work in Exercise 24] 


V=nr? x, so V is a function of x and P can also be regarded as a function of x. If Vi = mr?a, and Vo = wrx, then 
x2 x2 
W= F(a) dx = eS ar? P(V(«)) dx = [or P(V dV (x) [Let V(x) = ar?x, so dV(x) = mr? dx. 
Ly Ly 
V2 
= / P(V) dV _ by the Substitution Rule. 


Vi 


160 Ib/in? = 160 - 144 Ib/ft”, 100 in? = 72% ft®, and 800 in? = 82 f°. 


PV" = (160- 144) (492) "* = 23,040(25)'* ~ 426.5. Therefore, P ~ 426.5V~14 and 


800/1728 
W = 426.5V-" dV = 426.5) 4V~°"] 
100/1728 ; 


x2 ta ae 

w= f° fe)de- 2 ooeyuyar [220 | 
u= v(t), 

“I, ma(t) v(t) dt = I" mudu Fee 


25/54 = 32\0.4 54\0.4 ay 3 
sjasy = (269)(2. 5) [(42)°* — (3)°"] = 1.88 x 10° feb. 
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32. The mass of the bowling ball is ae = = slug. Converting 20 mi/h to ft/ s” gives us 
s 
20 mi 5280 ft 1h 
h Imi 3600s? 


= = ft/ s°. From part (a) with v; = 0 and v2 = 58 the work required to hurl the bowling ball is 


W=1.2(88)? 2. 8(0)? = 484 = 1613 ft-lb. 
33. The work required to move the 800-kg roller coaster car is 


60 
W = f0°(6.72? + 1.52) de = [192° + 0.7527] |, = 410,400 + 2700 = 413,100 J. 


2(413,1 
Using Exercise 31 with vi = 0, we get W smvy5 v2 =4/ an 4/ ( 13.100) = 32.14 m/s. 


34. W = [? cos(41z) dx = 3 [sin(+ma)]* 2(4 8) =0ONm=OJ. 


~~ 3 


Interpretation: From x = 1 to x = 3, the force does work equal to ies 2 cos (47x) dx = 3 (1 _ 4) J in accelerating the 


particle and increasing its kinetic energy. From x = 3 to x = 2, the force opposes the motion of the particle, decreasing its 


kinetic energy. This is negative work, equal in magnitude but opposite in sign to the work done from « = 1 tox = 3 


b 


b b = 
35. (a) W =| F(r) dr =| Gale dr =Gmim2 =| = Gmime2 (Z - i) 


r 


1 1 
R  R-+1,000,000 


(b) By part (a), W = GM m( ) where M = mass of the earth in kg, R = radius of the earth in m, 


and m = mass of satellite in kg. (Note that 1000 km = 1,000,000 m.) Thus, 


1 1 
6.37 x 10° 7.37 x 106 


W = (6.67 x 1071')(5.98 x 107*)(1000) x ( 


) = 8.50 x 10° J 


36. (a) Assume the pyramid has smooth sides. From the figure for 


0 < a < 378, an equation for the side is y = = 2+481 <¢ 


378 


c= — 31 


(y — 481). The horizontal length of a cross-section is 


2x and the area of a cross-section is 


378° 
a 25 2 
A= (2x)* = 4x =4 Rp 


Ay at height y has volume AV = A Ay ft? and weight 


(y — 481)”. A slice of thickness 


150 AV Ib, so the work needed to build the pyramid was 


481 3782 : 3782 48l , 2 : 

378? [ig 24814 . ABIe ay 3787 (481* 2-481? 481" 
= paced Used ==600 ee 
000 82 Fe ant oe le a \4 a YD 

3787 4814 : a5 
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10h _ 340 days __20yr_ 200 ft-lb 1.36 x 107 ft-lb 


(b) Work done = W2 = day year | laborer hour laborer’ 


Dividing W; by W2 


gives us about 121,536 laborers. 


6.5 Average Value of a Function 


1. foe = goa Jy f(w) de = Sy J, (Ba? + 8x) dar = $ [x + 4x7]? = $[(8 + 16) — (-14+ 4] =7 


4 
b 4 
2 fo = pe I Fla) de = zy ft VEde = 3 [20°?*]* = 3(2-8) = 4 


b nm /2 3.2 m/2 
3. dave = | g(x) dx = 7/2 —(an]2) ie 3cosa dx = =f cosxdx [by Theorem 5.5.7(a)] 


1 6 if 4 el/2 1 1/4 ae w= 1/z 
4. fue= gz | fle)da= ao f Sunz/ © (—du) Becker] 


1/4 
=-3[e"] = Ca HZ2E el/4) 
1 


5 ee ; (t) dt = : = dt = 5 |9arctant] = 5 (arctan 2 — arctan0) = $ arctan2 
Cue pare. |. OJ, 1+# 2 gD 3 


1 1 3? 1 (41/1 u=2 43 
6. avg — dx = ——_—~ —— —_dr=- — —d i; , 
fee graf fe= oy feof ae (GH) [arene 


7. hag = EEA h(x) dx = 1, fF cos* x sina dx = an u‘(—du) [u=cosa,du = —sinz da] 


=2. (0 dua 2% vais u‘ du [by Theorem 5.5.7(a)] = 2fu®]) ee 


1 2 1 > Inu NY es y=Inu, 
8. hes = 5=— | h(u) du = aif u du = il ydy Pa 


= a[3u7]o° = 3(n5) 


0 
1 37 17 173 a 
%@) fee= 53 f at Al |. (©) 
1 1 1 1 
— y= 79 
5[-f- C0] =3 : 
il (3.1/3) 
1 1 3, 1/3 
(b) f(c) = fave aos c= 3 = 
0 1 °2 3.x 


c= V3 since —V/3 is not in [1, 3). 
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2 


2 
@) me= Fay ff @rte=sliern'] © 


0 


= =(3" 14) = 5-80=10 


(b) g(c) =gvg & (c+1)?=10 & c+1= Y10 
S& c=-14+ VY1081.154 


1 Tv 
(a) favg = —; | (2sin x — sin 2x) dx (c) 3 
mt —O0Jo 
=+[- 2cosx + $ cos 2a]" 


) 
=212 +4) = (-243)] = \ 
(b) f(c) = fag <& 2sinc—sin2c= z Se | 


C= cy & 1.238 or c= ce & 2.808 


42 
(a) foe = shy f? 2me-™” de () | 


(b) f(e) = favg = Qce~° = 4(1 = e*) S 
c= Cc, & 0.263 or ¢ = ce & 1.287 ; 


f is continuous on [1, 3], so by the Mean Value Theorem for Integrals there exists a number c in [1, 3] such that 


feF x) dx = f(c)(3—1) 8 = 2f(c); that is, there is a number c such that f(c) = $ = 4. 


1 b 
The requirement is that bo / f(x) dx = 3. The LHS of this equation is equal to 
VU So 


b 
5 f (2460 ~ 32") de = 520 +32? — 2°], = 2 + 3b ~ 1°, so we solve the equation 2 + 3b ~ b* = 3 S 
0 


b? —3b+1=0 b= 


. Both roots are valid since they are positive. 


3 (-3)?-—4-1-1 345 
2-1 a) 


Use geometric interpretations to find the values of the integrals. 


ee a des fl a)da+ fr f x) dx + f> f x) da + J} f( x) dx + fr fi x) da + J f( x) dx + fr f( dx 
=-$4+444414+44+2+4+2=9 


Thus, the average value of f on [0,8] = favg = 34g ie f(x) dx = 3(9) = 2. 


(a) vg = ag v(t) dt = $1. Use the Midpoint Rule with n = 3 and At = = Ato estimate I. 


I = Mg = 4[v(2) + v(6) + v(10)] = 4[21 + 50 + 66] = 4(137) = 548. Thus, dave & 7 (548) = 452 km/h. 


(b) Estimating from the graph, u(t) = 452 when t = 5.2. 
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17. Let t = 0 and t = 12 correspond to 9 AM and 9 PM, respectively. 


Toe = ety fo” [50+ 14sin Eat] dt = 4 [50t-14- 2 cos bat], 


7 [50-124+14-2 414.4] =50+ 3 = 59°F 


18. East Coast: Tr avg = 575 64 Ta(t ) dt = SE; West Coast: Twas = =745 ma Tw (t) dt = +W 


Use the Midpoint Rule with n = 12 and At = 24>" = 2 to estimate E and W. 


Ex My = 2[Tp(1) + Te(3) +--+: + Te (23)] = 2(60 + 60 + 65 + 65 + 75 + 70 + 65 + 70+ 55 + 65 + 60 + 55) 
= 2(765) = 1530 

W & Miz = 2[Tw (1) + Tw(8) +--+: + Tw (23)] = 2(65 + 55 + 50 + 55 + 60 + 65 + 80 + 65 + 60 + 55 + 50 + 50) 
= 2(710) = 1420 

Thus, Tz avg = 37 (1530) = 633 °F, and Tw avg = 3q (1420) = 594 °F. 

While the West Coast city had the highest temperature that day, 80°F, the East Coast city was “warmer” overall, because the 


East Coast city had the higher average temperature. 


a i 1/24 
9. Pg + [ Agu =5/ @+ 1)? dx = [BVa+1 if =9-3=6kg/m 


1 ft 1 # P 2 2 P re R P 3 PR? 
vig ee ph aenay gaia G26. Wr = eS 5: ed 
“eG a us) ar al a OOH Gals lo gap a)” ea 
; PR? 5 

Since u(r) is decreasing on (0, R], Umax = v(0) = nt Thus, Vavg = 5 Umax. 
21. Pare = aig fo. P(t) dt = & Jo? 2560e" dt [with b = 0.017185] 


1) = 4056 million, or about 4 billion people 


50 
_ 2560 [1 re] _ 2560 (son 
50 |b |,  50b 


22. (a) Similar to Example 3.8.3, we have T; = 20°C and hence “ = c(T — 20). Let y = T — 20, so that 


y(0) = T(0) — 20 = 95 — 20 = 75. Now y satisfies (3.8.2), so y = 75e°. We are given that T(30) = 61, so 


y(30) = 61 — 20 = 41 and 41 = 75e°9) ae 30c =In 2 c= pIn# & —0.020131. 


Thus, T(t) = 20 + 75e~**, where k = —c © 0.02. 


(©) Tne = sphy [2° T(t) dt = & f2(20-+ T5e™) dt = 3B [200 ~ Bem M]2” = 3, [(G00~ Be) — (0 - 8] 


4 (600 — P75 + FE) = 39 (600 + SP) = 20+ agp © 76.3°C 


23: Vag == [Vite e 7 [1—cos(2mt)] dt = 4 JP [1 —cos(2nt)] dt 


II 
+ 
—s 
Jor 
a. 
=) 
ae 
es 
ran 
_ 
oO 
S 
i 
i 
UC 
oO 
> 
om 
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24. 


25. 


26. 


27. 


28. 


CHAPTER6 APPLICATIONS OF INTEGRATION 


s = 4gt? => t= /2s/g [since t > 0]. Nowv = ds/dt = gt = g,/2s/g = 29s v 29s s=—. 


We see that v can be regarded as a function of ¢ or of s: v = F(t) = gt and v = G(s) = \/2qs. Note that vr = F(T) = gT. 


2 
Displacement can be viewed as a function of t: s = s(t) = $gt?; also s(t) = mE = — . When t = T, these two 
formulas for s(¢) imply that 
29s(T) = F(T) = vr = gT = 2($9T)/T = 28(T)/T (x) 


The average of the velocities with respect to time ¢ during the interval [0, T] is 


T 
eee, ee — i F(t) dt = 4 [s(T) — s(0)] [by FTC] = st) mcea(o) Sop = ser (by GO] 


But the average of the velocities with respect to displacement s during the corresponding displacement interval 


[s(0), s(Z’)] = [0, s(7)] is 


1 s(T) 1 s(T) J2g s(T) r 
s-avg — ‘ave FS OT G d = 2. d = /2q 
eee see aa Oe ape vgs ds ie ee 


_ VG 2/9/23] _ 2 VB fy]? _2 =; 
=3ay 31"), =a PO) = pV = Fer Oo 


fave =— — fe f(x) dx 
> — (area of trapezoid ABDF) 
= yoo (area of rectangle ACE F’) 


= AG (4) 6- al] 
= #(2$2) 


b c b 
foalas8] = 5—— f flayde= pf fe)ae+ a | sla)ae 
Cc 
=f te ) de] + P= 


Since f is continuous, we can apply l’Hospital’s Rule. 


Cc 


©[ A [star] = 8 fr ase) + FS foaled 


f(a) da f(t) 
Ae fave[a, t] = = a”, af f(a ) dx = Arce . isa [form al pi Rie =f = f(a) 
Let F(x) = f” f(t) dt for x in [a,b]. Then F is continuous on [a, b] and differentiable on (a, b), so by the Mean Value 


Theorem there is a number c in (a, b) such that F(b) — F(a) = F’(c)(b — a). But F’(x) = f(a) by the Fundamental 


Theorem of Calculus. Therefore, fe f(t) dt —0= f(c)(b—-a). 
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APPLIED PROJECT Calculus and Baseball 


d 
1. (a) F=ma=m ae so by the Substitution Rule we have 


ty ty UL 
/ F(t) dt = / m(Z) dt = m [ dv = [mv] i = mvi1 — Mvo = p(ti) — p(to) 
to to vo 


(b) (i) We have v; = 110 mi/h = ages) ft/s = 161.3 ft/s, v0 = —90 mi/h = —132 ft/s, and the mass of the 


5/16 __ 
32 aes 


baseball ism = ~ = So the change in momentum is 
g 


p(ti) — p(to) = mv1 — mvo = <F5 [161.3 — (—132)] © 2.86 slug-ft/s. 


(ii) From part (a) and part (b)(i), we have ie sat F(t) dt = p(0.001) — p(0) = 2.86, so the average force over the 


interval [0,0.001] is qdoy fo-°"* F(t) dt  ggz (2.86) = 2860 Ib. 
=. d du d d she 
2. (a) W= j. F'(s) ds, where F'(s) =m = =m -- = = mv -- and so, by the Substitution Rule, 


81 $1 dv v(s1) Te ee a ee ne 
W= F(s)ds = mv —ds = mv du = [$mv*]° = mvj — $mvo 
ds a4 2 So 2 2 
so sO v(so 


(b) From part (b)(i), 90 mi/h = 132 ft/s. Assume vo = v(so) = 0 and v1 = v(s1) = 132 ft/s [note that s1 is the point of 


5 
512? 


so the work done is W = mvj — $mvp = 


release of the baseball]. m= 132)? 85 ft-lb. 


1 
roa rihl 


3. (a) Here we have a differential equation of the form du/dt = kv, so by Theorem 3.8.2, the solution is v(t) = v(0)e**. 
In this case k = — and v(0) = 100 ft/s, so v(t) = 100e~*/!°. We are interested in the time t that the ball takes to travel 


280 ft, so we find the distance function 


t 
s(t) = fi v(@) da = f' 100e~*/° da = 100 [aoe 2/29) = —1000(e7*/29 — 1) = 1000(1 — e~*/2°) 


Now we set s(t) = 280 and solve for t: 280 = 1000(1 — e~‘/?°) 1-e Oe 


ou 


at =In(1— $) t = 3.285 seconds. 


(b) Let x be the distance of the shortstop from home plate. We calculate the time for the ball to reach home plate as a function 
of x, then differentiate with respect to x to find the value of x which corresponds to the minimum time. The total time that 
it takes the ball to reach home is the sum of the times of the two throws, plus the relay time (5 s). The distance from the 


fielder to the shortstop is 280 — z, so to find the time ¢; taken by the first throw, we solve the equation 


1 e-ti/10 _ 280-2 ois Peary een 


ty) = 280 
si() . 1000 1000 


. We find the time t2 taken by the second 


throw if the shortstop throws with velocity w, since we see that this velocity varies in the rest of the problem. We use 
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—t/10 zt 


v= we and isolate 2 in the equation s(t2) = 10w(1 — e229) =a @ e72/ =1-— wa 
10w — Bae yi 1 720 10w — 
tg =—10In a so the total time is t,,(x) 5 10 [in ——- + In Oe *] 
To find the minimum, we differentiate: ee —10 J a : which changes from negative to positive 
( dx 720+2 10w—a2]’ . . , 
when 720 + x = 10w — x x = 5w — 360. By the First Derivative Test, ¢,, has a minimum at this distance from the 


shortstop to home plate. So if the shortstop throws at w = 105 ft/s from a point « = 5(105) — 360 = 165 ft from home 


plate, the minimum time is t195(165) = 4 — 10(In PO4AS8 + Jn +8185) ~ 3.431 seconds. This is longer than the 


time taken in part (a), so in this case the manager should encourage a direct throw. If w = 115 ft/s, then « = 215 ft from 


home, and the minimum time is ¢115(215) = 4 — 10(In P0428 + Jn 480—215) ~ 3.242 seconds. This is less than the 


time taken in part (a), so in this case, the manager should encourage a relayed throw. 


i ean 1 360 + 5w 360 + 5w 1 (w + 72)? 
ie 10}1 l 101 
(c) In general, the minimum time is t., (5w — 360) 5 O}In 1000 + In ios ; 0 0w 
We want to find out when this is about 3.285 seconds, the same time as the 345 
direct throw. From the graph, we estimate that this is the case for 
w ®% 112.8 ft/s. So if the shortstop can throw the ball with this velocity, 
then a relayed throw takes the same time as a direct throw. . M5 
APPLIED PROJECT Where to Sit at the Movies 
1. |VP| =9+ «cosa, |PT| = 35 — (4+ «sina) = 31 — xsina, and Te. 


|PB| = (4+ xsina) — 10 = xsina — 6. So using the Pythagorean Theorem, 


we have |VT| =/|VP|? +|PT/? =1/(9+ cosa)? + (31 —zsina)? =a, 7 (GV. 14’ 


2 2 2 : 2 10’ i x sin a 
and |VB| = ,/|VP|° +|PB|° = 4/(9+ xcosa)* + (asina — 6)" =b. a dl 


& 
f 


k- 9’ +-—— x cos a ——>| 
7 B85 a? + b? — 625 
Using the Law of Cosines on AV BT, we get 25° = a“ + b* — 2abcos0 <= cosé= — 
a? +b” — 625 
0 = arccos| ———————— ], as required. 
2ab 
2. From the graph of 6, it appears that the value of x which maximizes 6 is 1 
x & 8.25 ft. Assuming that the first row is at x = 0, the row closest to this 
value of x is the fourth row, at x = 9 ft, and from the graph, the viewing 
angle in this row seems to be about 0.85 radians, or about 49°. 
60 
0 
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. With a CAS, we type in the definition of 0, substitute in the proper values of a and b in terms of x and a = 20° = § radians, 


and then use the differentiation command to find the derivative. We use a numerical rootfinder and find that the root of the 


equation d0/dx = 0 is x © 8.253062, as approximated in Problem 2. 


. From the graph in Problem 2, it seems that the average value of the function on the interval [0, 60] is about 0.6. We can use a 


CAS to approximate <5 Jen 0(x) dx & 0.625 = 36°. (The calculation is much faster if we reduce the number of digits of 


accuracy required.) The minimum value is 0(60) ~ 0.38 and, from Problem 2, the maximum value is about 0.85. 


Review 
TRUE-FALSE QUIZ 


. False. For example, let f(x) = x, g(x) = 2x, a = 1, and b = 2. The area between the curves for a < x < bis 


A= 1. (g(x) — f(x)] dx. The given integral represents area when f(x) > g(x) fora <a <b. 


. False. _ Ina solid of revolution, cross-sections perpendicular to the axis of rotation are circular. A cube has no circular 


cross-sections. 


. False. Cross-sections perpendicular to the x-axis are washers, and we find cross-sectional area by subtracting the area of 


2 2 
the inner circle from the area of the outer circle. Thus, A(x) = 7 (vz) —a(2)Y =n (vz) _ a , and the 


1 1 2 
volume of the resulting solid is V = | A(x) dx = fF 1 (vz) - al dx. 
0 0 


True. See “The Method of Cylindrical Shells” in Section 6.3. 
True. See “Volumes of Solids of Revolution” in Section 6.2. 


True. See “Volumes of Solids of Revolution” in Section 6.2. 


. False. Cross-sections perpendicular to the y-axis are washers. 


. False. | Using the method of cylindrical shells, a typical shell of the solid obtained by revolving & about the y-axis has 


radius «x, and the volume of the solid is V = A 2rx f(x) dx. Again using the method of cylindrical shells, a typical 
shell of the solid obtained by revolving about the line « = —2 has radius x — (—2) = x + 2, and the volume of the 
solid is V = ? 2n(a + 2) f(a) da. 

True. A cross-section of S' perpendicular to the x-axis is a square with side length f(x), so each cross-section has area 
A(x) = [f(x)]? and volume V = fe A(x) dx = fPif@)l? dx. 

False. | The work done to pull up the top half of the cable will be more than half of the work required to pull up the entire 
cable. When the top half of the cable is being pulled up, the bottom half is still attached, and extra work is required 


to pull that bottom half up as the top half is pulled up. There is no such extra work required as the remaining bottom 


half is pulled up. 
True. By defnition of the average value of f on the interval [a, b], the average value of f on [2, 5] is 


sts Je f(x) dx = 4(12) = 4. 
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EXERCISES 


1. The curves intersect when x? = 8x — 2” 2x7 — 84 = 0 


2x(a — 4) =0 x=0or 4 


A= fo [(8a — x?) — x7] da = fo (8a 2x") dx 


= [40? — 32°], = [(64- 8) -] =$ 


2. The line y = x — 2 intersects the curve y = \/Z at (4, 2) and it intersects 


the curve y = — </a at (1, —1). 


1 4 
= 3a”? fe 20%/3| + [3x*/? —1y? + 2a 


=i 


3. If a > 0, then | «| = 2, and the graphs intersect when 2 = 1 — 22° Qe7+e2—-1=0 (Qa—-1)(@+1)=0 = 


t= 3 or —1, but —1 < 0. By symmetry, we can double the area from x = 0 tox = 5. 


A=2p" [a 2x”) a] dx = 2 f./?( Qn? —a +1)dx 


4.y2+3y=-y & y?+4y=0 y(y +4) =0 
y =0 or —4. 


A= f°, [-y— (y? + 3y)] dy = [°,(-y? — 4y) dy 


= [-$u*-2v']2, =0- (-32) = 9 
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6. A=f> (va - 2?) da + f? (x? - vo) da yA (2,4) 


8 14+y=y4+3 y?>—-y—-2=0 (y-2)(y+1)=0 © 
y=2 or -1. 


Verf?, [(Y+3)? -—(4y?)?] dy=a f?,(y? + 6y +9 —1—2y? — y4) dy 


2 
mf? (8+ 6y —y? — y*) dy = m[8y + 3y? — $y? — ty)", 


=n[(16+ 12-8 — #2) —(-8+3+4+424)] =7(33- 2-38) =42n 
9V= {le 2 1)]’ - [0 yp ha yt 
mt f"54 19-9) -(-D] - (0 - (DP pay als 
=n f, [(10 yy 1] dy = 2n f° (100 — 20y? + y* — 1) dy - x=9-y? 
= In f-(99 — 20y? + y*) dy = 2n[99y — Py? + By*]) Ss — 
i x 
= 2n(297 — 180 + 28) = +887 
13 
x=-1 


10. V =x f?, {[(9— 2%) — (-1)}? ~ [(e? +1) -(1)}*} ae 
=m f?, [(10— 02)" — (e? +2) de 


= 2n [?(96 — 24a?) da = 48m f° (4 — x?) da 


= 487 [4a — 42°]% = 48m (8 — 8) = 2560 
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11. 


12. 


13. 


14. 


15. 


CHAPTER 6 APPLICATIONS OF INTEGRATION 


The graph of «? — y? = a? is a hyperbola with right and left branches. 
Solving for y gives us y” = x” — a” =+/22 — a?. 
We’ ll use shells and the height of each shell is 


Vx? — a2 (—V2? eo) = 227 a’. 


The volume is V = io" Qna - 2./x? — a? dz. To evaluate, let u = x? — a?, 


so du = 2x dx and «dx = 4 du. When x = a, u = 0, and whena = a+h, 


u=(ath) —a? =a? + 2ah+h? — a? = 2ah+h?. 


2ah+h? Qah+h2 
Thus, V = 4x Vel ail el oer = on(2ah + h2)*?, 
0 2 3 7 3 


A shell has radius x, circumference 272, and height tan x — x. 


V= Ee Qrax (tanaz — x) dx 


A shell has radius 5 — 2, circumference Qn(F - x) , and height cos?a — +. y x= 
1 
4 


y = cos’ intersects y = + when cos?a = © 


cost=t3g [|2|< 7/2] = 2= 24. 


n/3 
v=[ an (5-2) (costs - +) dx 
—1/3 2 4 


A shell has radius « — (—1) =a +1, 


circumference 27(a + 1), and height In a. 


V= 1. Qn(a +1) nadzx 


[continued] 
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(a) With x as the variable of integration, we use the method of cylindrical shells. 


3 3 
V= i Qn(a + 1)(3a” — x*) dx = / Qn(2x° — «* + 3x7) da = 2n [32° - da? + x*], 
0 0 


= 2n| (4 eee +27) o =27- re Bue 


2 5 10 5 


(b) With y as the variable of integration, we use washers with inner radius 7 + 1 and outer radius Sy +1. 


The area of a cross-section is 


n(%/y+1) ( [84 1) =" ut + 2y4/ +1) - (f+ 3r"+0)| 
2 


va fo n(a tay 2 2 r) ay =| ye 3 4/3 qe 4 rl 
Gj 3 3 2 6 3V3 0 
729 243 243 189 
eg | [eae eRe) SOs 
oe + ae Ban) a = 
16. Vx = 2 c= x ct —x2#=0 yt 
Sree aie Denn 
x(xz* —1)=0 c=O0orrg=1 
y=Vae > z=y'? (x>0) 
(BGS) Rasy 
14 y=ve 
yax? 
0 } z 


a) With x as the variable of integration, we use washers with inner radius 3 — Vx and outer radius 3 — x?. The area of a 
g 


659 


2 
cross-section is 7(3 — 2”)? — (3 vz) = n[(9 — 6x? + «*) — (9 — 62)/? + «)] = x(—6a? +. ot + 62"/? — 2). 


1 
v=f n(—62" + 2° + 6a'/? — x) dx = r| 2a3 + 14° + 493! a°| 
0 
(b) With y as the variable of integration, we use the method of cylindrical shells. 


1 1 
ie / 2n(3 — y) (vy v’) dy = / 2n(By/? — 3y? — y3/? + y9) dy 
(0) (0) 


1 
= 2m [2y/? — y? — 2y%? + ty] = 2m [(2 1-242)-0] =a7-H=U5 


17. (a) A cross-section is a washer with inner radius a? and outer radius «. 


V= ie a \ (a)? - (x?)?] dx = (ss n(x? x’) dx = n[gx° 145] ) =T [3 =| = an 
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(b) A cross-section is a washer with inner radius y and outer radius Jy. 


v=Jfan[(vu)’- P| ay= fm (y—y”) dy =a[4y? — 4y°]) =7[4-4] =% 


(c) A cross-section is a washer with inner radius 2 — x and outer radius 2 — x*. 


V= fo a[(2-2?) - (2-2)? dx = f) x(a‘ 5a” + 4a) dx =1 [32° — $03 + 227] 5 n[zg—-2+2)=3 


18. (a) A= fo (2a a? — «*) dx = |x? — 32° 14] =1-3;-47=% 


b) A cross-section is a washer with inner radius «° and outer radius 27 — x?, so its area is 7(2x — x”)? — m(x)?. 
> 


V= SoA a)dx = f> a[ [(Qa — x)? — (a3)?] dx = n(4x? — 4a? + a* — 2°) da 


Lee ge? — gar") = (§ — 1+ 5 — 2) = aps 


(c) Using the method of cylindrical shells, 


4 =e Qra(Qe — x? def. Qn(2Qa* — «° — «*) da = In[2a? — Fa* za°) 5 Qn(Z-F-#)= 
19. (a) Using the Midpoint Rule on (0, 1] with f(a) = tan(x?) and n = 4, we estimate 
A= i tan(a) da = ;|tan((3)°) - tan((3)”) + tan((3)”) + tan((Z)”)| ® (1.53) + 0.38 


(b) Using the Midpoint Rule on [0, 1] with f(x) = tan? (a) (for disks) and n = 4, we estimate 


VeJe f(x) dx = yr] tan?( (4)? ) + tan? (2 ) *) + tan? ((3 ) *) + tan? ((3)”)| we $(1.114) ~ 0.87 


20. (a) 1 From the graph, we see that the curves intersect at x = 0 and at 


x =a 0.75, with 1 — 2? > 2° — x +10n (0,2). 


Z\ 


0 0.8 


(b) The area of Ris A = f° [(1 — 27) — (w@® —2+1)| de = [—§2° - Fa" + 527) 5 ~ 0.12. 
(c) Using washers, the volume generated when & is rotated about the x-axis is 
Ven fol —27)? — (@® —2 41) | dx =n fo (—a2"? + Qa” — 22° + 2* — 32? + 2x) dx 
= a[—fa + ga° — 22" + fa? — a? + 27] 0.54 


(d) Using shells, the volume generated when & is rotated about the y-axis is 


V = fp 2na[(1 — 2?) — (2° —2 +1)) dae = 2n fo(-2® —2" +2 ?) du = 2n[—fa* — ja® + G2")? 0.31. 


21. ee 2nx cosx dx = 2 (ona) cos x dx 


The solid is obtained by rotating the region R = { (a y)|O0<a<F,0<y<cos x} about the y-axis. 
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22. fee Qn cos2a dx = , n(/2 cos x) dx 

The solid is obtained by rotating the region R = { (2, y)|O<@#<F,0<y< V2 cos x} about the x-axis. 
23. [5 (2 — sina)? dx 

The solid is obtained by rotating the region R = {(x,y) |0< a <7,0< y < 2—sinz} about the x-axis. 

4 

24. Jo 2n(6 — y)(4y — y*) dy 

The solid is obtained by rotating the region R = { (2, y) |O<a<4y-y?,0<y< 4} about the line y = 6. 
25. Take the base to be the disk 2? + y? < 9. Then V = fies A(x) dx, where A(xo) is the area of the isosceles right triangle 


whose hypotenuse lies along the line x = xo in the xy-plane. The length of the hypotenuse is 2/9 — x? and the length of 


each leg is /2. /9 — 2?. A(x) = 3(V2V9— ze)” = 9— 27,80 


V=2f A a) dx =2 f° (9 a”) dx = 2[9x 
26. V= ft, A(z) )da =2f> A a) dx = 2 fo [( [(2 — 27) — 2?)? dx =2f> [2(1 — 2”)]” de 


=8f (1 — 2a? + w*) de = 8[x — 22° + 42°] = 8(1- 2 +2) = 


27. Equilateral triangles with sides measuring ta meters have height ta sin 60° = wer, Therefore, 
a A VB WB AD se hegre — V371,,3)20 _ 8000 V3 _ 125 V3 13 
A(x) = 3+ ja Baa Go? Ve f° A@)de = GZ fa? de = Blo], = SRY 3 mM 


28. (a) By the symmetry of the problem, we consider only the solid to the right of the origin. The semicircular cross-sections 


perpendicular to the x-axis have radius 1 — x, so A(x) = $7(1 — x)”. Now we can calculate 


Vso fs a) dx =2f> 4 m1 — 2x) daa at x)? dx Z[(1—2)*], =. 


(b) Cut the solid with a plane perpendicular to the x-axis and passing through the y-axis. Fold the half of the solid in the 
region x < 0 under the xy-plane so that the point (—1, 0) comes around and touches the point (1,0). The resulting solid is 


a right circular cone of radius 1 with vertex at (x, y, z) = (1,0, 0) and with its base in the yz-plane, centered at the origin. 


e volume of this cone is sm7r“h = s7-1°-1=2 
The volume of th gmrr*h = 4n-1?-1=F 


29. f(x) = kx 30N=k(15-—12)cm => k=10N/cm=1000N/m. 20cm—12cm=0.08m => 


0.08 


= fo ka dx = 1000 > «dx = 500[x?] °° = 500(0.08)? = 3.2N-m = 3.2]. 


30. The work needed to raise the elevator alone is 1600 lb x 30 ft = 48,000 ft-lb. The work needed to raise the bottom 
170 ft of cable is 170 ft x 10 lb/ft x 30 ft = 51,000 ft-lb. The work needed to raise the top 30 ft of cable is 
ie 10x dx = [5a7|2 = 5-900 = 4500 ft-lb. Adding these, we see that the total work needed is 


48,000 + 51,000 + 4,500 = 103,500 ft-lb. 
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31. (a) The parabola has equation y = ax” with vertex at the origin and passing through 


y 
8 ft 
(4,4). 4=a-4 a= F gaan x? = 4y a 


x=2 Jy. Each circular disk has radius 2 Jy and is moved 4 — y ft. | 


w= fir (2Vvu) 62.5(4 — y) dy = 250m [4 y(4 — y) dy | 


= 250m [2y? — 43] = 250m(32 — $4) = 8000" wy 9378 ft-lb x 


(b) In part (a) we knew the final water level (0) but not the amount of work done. Here 7 
we use the same equation, except with the work fixed, and the lower limit of 


integration (that is, the final water level—call it h) unknown: W = 4000 <= 0 4 


2507 [2y? a 4000 16 _ [(32 — 4) — (2h? - 2h3)] © 


h® — 6h? + 32 — 48 = 0. We graph the function f(h) = h® — 6h? + 32 — 48 mae 
on the interval [0, : to see where it is 0. From the graph, f(h) = 0 for h = 2.1. 


So the depth of water remaining is about 2.1 ft. 


32. A horizontal slice of cooking oil Az m thick has a volume of mr?h = 7 - 2? - Ax m3, a mass of 920(47 Az) kg, 
weighs about (9.8)(36807 Ax) = 36,0647 Az N, and thus requires about 36,06472; Ax J 


of work for its removal (where 3 < xj < 6). The total work needed to empty the tank is 


W = lim om 36,0642? Ax = f° 36,064nx dx = 36,064n Ea a = 18,0327(36 — 9) = 486,8647 = 1.53 x 10° J. 


N—0o 5 


n/a 4 n/4 A 4 
2 = = _ =— 
33. fay = > — if f(t) ae af sec’ tdt = — [tan] = (1-0) == 
1 i 1 a] 
= = —_ —— yA 
34. (a) fave b—a J. f(x) dx aie A Tee (c) 
1+ 
1 A/a eS is 
= sf dx [ave] 
= 3(2-1)=3 
1 2 3 9 0 
(b) f(e) fave Je 3 ia 3 Cc 1 


35. (a) The regions 91 and Kz are shown in the figure. 


The area of Ry is Ay = i av? dz = [22°]5 = 40°, and the area of Re is 


2 b? 
Ag = n /y dy = Per = 25°. So there is no solution to A; = Ag 


for b #0. 
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(b) Using disks, we calculate the volume of rotation of %1 about the z-axis to be Vi,z = 7 f er dx = znb°. 


Using cylindrical shells, we calculate the volume of rotation of #1 about the y-axis to be 


Viy = 2m fp x(x?) dex = 2n[424]) = dnb*. SoVie = Vi Lab? = ind! 2b =5 b 


Nor 


So the volumes of rotation about the x- and y-axes are the same for b = 3. 


(c) We use cylindrical shells to calculate the volume of rotation of R2 about the x-axis: 


b? 42 
Roe = 20 i y (vy ) dy = 27 Ee | — nb’. We already know the volume of rotation of R1 about the x-axis 
0 0 


from part (b), and Ri. = Raz 2m = on b°, which has no solution for b ¢ 0. 


2 2 2 
(d) We use disks to calculate the volume of rotation of Rz about the y-axis: Re, = 7 f, (vu ) dy =x[3y"| : = grb". 


We know the volume of rotation of R1 about the y-axis from part (b), and Ri, = Ro,y tn bt = in b*. But this 


equation is true for all b, so the volumes of rotation about the y-axis are equal for all values of b. 
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1. The volume generated from x = 0 to x = bis f{- [f(x]? dx. Hence, we are given that b? = ‘lg mf (x)|? da for all b > 0. 


Differentiating both sides of this equation with respect to b using the Fundamental Theorem of Calculus gives 


2b = ni f(b)? f(b) = V2b/n, since f is positive. Therefore, f(x) = \/2x/r. 


. The total area of the region bounded by the parabola y = 2 — x? = x(1— 2) 


and the x-axis is ie (a — 2?) dx = [$a 125] ) = ;. Let the slope of the 


line we are looking for be m. Then the area above this line but below the 


parabola is as [(x — 2?) — ma] dx, where a is the x-coordinate of the point 


of intersection of the line and the parabola. We find the point of intersection 0 a i * 
by solving the equation « — x? = ma l1-x=m x =1-—~™. So the value of a is 1 — m, and 
(i [(@ — 2”) — ma] de = aus [(1 — m)x — x] dx = [3(1— m)a? 1,3], ” 


We want this to be half of 2, so 4(1 — m)® = 


Ble 
ea 
= 
3 
a 
w 
| 
ale 


1 m= */s m=1 33. So the 


slope of the required line is 1 — 5 ~ 0.206. 


. We must find expressions for the areas A and B, and then set them equal and see what this says about the curve C’. If 
P= (a, 2a"); then area A is just Jo (2x? — a”) da = J a? dx = za’, To find area B, we use y as the variable of 
integration. So we find the equation of the middle curve as a function of y: y= 227 © ax = \/y/2, since we are 
concemed with the first quadrant only. We can express area B as 
2a? 4 2a? 2a2 4 202 
vl y/2—Cly)| dy = |5(y/2)°?|  — Ff  Cy)dy=sa®- | Cly)ady 
0 3 0 0 3 0 
2 2 
where C'(y) is the function with graph C’.. Setting A = B, we get za° = 4a° — fie Cly)dy © fi C(y) dy = a*. 
Now we differentiate this equation with respect to a using the Chain Rule and the Fundamental Theorem: 
C(2a’)(4a) = 3a? => =C(y) = 3 \/y/2, where y = 2a”. Now we can solve for y: = 3 \/y/2 => 


a= B(y/2):. = go ee. 
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4. (a) Take slices perpendicular to the line through the center C’ of the bottom of the glass and the point P where the top surface 


of the water meets the bottom of the glass. 


P 
Q vr-y*  R r-y 
S 
: Q 
r rty 
Cc A L B 


A typical rectangular cross-section y units above the axis of the glass has width 2|QR| = 2 ,/r? — y? and length 


h=|QS|= = (r—y). [Triangles PQS and PAB are similar, so 2 = mi = 1] Thus, 


Tr 


; L 
v=f Daf? Pe dy =L f (1-2) Vr = Pay 


=Lf Va P ay = fo yrv/r2 — y? dy 


—T 


ay Tr L 0 the first integral is the area of a semicircle of radius r, TT ? L 
— and the second has an odd integrand 


(b) Slice parallel to the plane through the axis of the glass and the point of contact P. (This is the plane determined by P, B, 
and C in the figure.) STUV is a typical trapezoidal slice. With respect to an x-axis with origin at C as shown, if S and V 
have x-coordinate x, then |SV| = 2 /r? — x?. Projecting the trapezoid STUV onto the plane of the triangle 
PAB (call the projection S’T''U'V’"), we see that |AP| = 2r, |SV| = 2V/r? — a, and 
|S’P| = |V’A| = 4(|AP| |SV|)=r r2 — x, 


By similar triangles, ae = mtn so |ST| = (r — Vr? — 2?) - =. In the same way, we find that 
|VU| _ |AB| eeieiere a ae oe 
VP = [apy |VU| = |V'P| - ee (| AP| — |V’A]) - ie (r+ VrP—a Vie The 


area A(x) of the trapezoid STUV is $|SV| - (|ST| + |VU}); that is, 


A(x) = 1.2V7 #|(r VPaa) 4 (rt raw) = Lr? — a, Thus, 
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(c) See the computation of V in part (a) or part (b). 
(d) The volume of the water is exactly half the volume of the cylindrical glass, so V = amr. 


(e) Choose x-, y-, and z-axes as shown in the figure. Then 


slices perpendicular to the x-axis are triangular, slices - 
perpendicular to the y-axis are rectangular, and slices i 
F 
perpendicular to the z-axis are segments of circles. ‘ il 
Using triangular slices, we find that the area A(x) of £ 
a typical slice DEF’, where D has x-coordinate x, is given by 
A(e) = }|DE|-|EF| = }|DE|-(£\pe|) = 2 |pHP = = (+ — 2). Thus, 
r 2r 2r 
‘ Lf", 2 2 Lf", 2 2 L} 2 a 
= A(x) dx = = = 
V - (a) dx xf x°) dx iG xu) dx ale eg : 


L aes ie 
( e ) oe 278 = 2r?L [This is 2/(37) = 0.21 of the volume of the glass. ] 


i _ dV ; a3 : 
. We are given that the rate of change of the volume of water is ap —kA(a), where k is some positive constant and A(z) is 


the area of the surface when the water has depth x. Now we are concerned with the rate of change of the depth of the water 


dV _ dV de 


: : . ad : : . 
with respect to time, that is, a But by the Chain Rule, ae ae aes so the first equation can be written 


dV dx x 


——— =~—kA(«) («). Also, we know that the total volume of water up to a depth x is V(x) = fj 


A(s) ds, where A(s) is 
the area of a cross-section of the water at a depth s. Differentiating this equation with respect to x, we get dV/dx = A(x). 


Substituting this into equation x, we get A(x)(da/dt) = —kA(x) = da/dt = —k,a constant. 


. (a) The volume above the surface is [, oa A(y) dy = ne 7 A(y) dy — f 2 , A(y) dy. So the proportion of volume above the 


L-h L-h 0 
A(y) d A(y) dy — A(y) d 
surface is fo AW) dy = Jon Aly) dy = Jo, AW) ay Now by Archimedes’ Principle, we have F =W => 
Jon Aly) dy —» Aly) dy 
p79 J°, Aly) dy = pog J," Aly) dy, so f*,, A(y) dy = (00/P 5) fo, A(y) dy. Therefore, 
oo Aty)dy — So," Aly) dy — (00/0) J", AW) dy ps - 
Jon" Ay) dy Sen" Aly) dy Py 


is 100( 2") %, 
Pr 


p 
, So the percentage of volume above the surface 


(b) For an iceberg, the percentage of volume above the surface is 100 (280277) % 211%. 


(c) No, the water does not overflow. Let V; be the volume of the ice cube, and let V.,, be the volume of the water which results 


from the melting. Then by the formula derived in part (a), the volume of ice above the surface of the water is 
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[(e¢ — Po)/py| Vis So the volume below the surface is Vi — [(p¢ — Po)/p¢|Vi = (Po/p7)Vi. Now the mass of the ice 


cube is the same as the mass of the water which is created when it melts, namely m = pg Vi = py Vw 
Vw = (Po/p7)Vi- So when the ice cube melts, the volume of the resulting water is the same as the underwater volume of 
the ice cube, and so the water does not overflow. 

(d) The figure shows the instant when the height of the exposed part of the ball is y. YA 
Using the volume formula from Exercise 6.2.61, V = aah? (3r — h), with 


r = 0.4 and h = 0.8 — y, we see that the volume of the submerged part of the 


sphere is 370.8 — y)?[1.2 — (0.8 — y)], so its weight is 1000g - ams°(1.2 —s), 


where s = 0.8 — y. Then the work done to submerge the sphere is 


We= fo? gts? (1.2 s)ds = gn fo as? — s°)ds 
= gin [0.459 — ts4] 0% = gin (0.2048 — 0.1024) = 9.8 192 (0.1024) ~ 1.05 x 10° J 


7. A typical sphere of radius r is shown in the figure. We wish to maximize the shaded 


volume V, which can be thought of as the volume of a hemisphere of radius r minus h 
ZN 
the volume of the spherical cap with height h = 1 — V1 — r? and radius 1. a 
—— 
V = 3- Grr -—gn(1-V1-9r? ) [3(1) — (1-—V1—r?)] [by Exercise 6.2.61] CY 


= 3n[2r? — (2-2/1 —1r? -r?) (24+ V1—77)| 


2 2 2 2 
r° +2)(—r 6r° V1 —r?2—r(r* +2) 4+2r(1-—r 
Vi =1nl6r? + J dy 1—r?(2r)| = $a ( ) ( ) 
Vv1l—r? Vv1—r? 
L_(6r2VTa — ar?) _ ar? (2vT=77 = 1) 
= =7 a) 
: V1l—r? V1l—r? 
2 2 i. dk 2 
V'(r) =0 2Vl—-r2=r 4—4r* =r fee r= =e © 0.89. 
Since V'(r) > O forO<r< = and V'(r) < 0 for z <r <1, we know that V attains a maximum at r = =z 
8. We want to find the volume of that part of the sphere which is below the surface Ce = 
; ; sm (— i 
of the water. As we can see from the diagram, this region is a cap of a sphere Y / 


with radius r and height r + d. If we can find an expression for d in terms of h, 
r and 6, then we can determine the volume of the region [see Exercise 6.2.61], ‘ 


and then differentiate with respect to r to find the maximum. We see that 


r r 
h-d= 
h—-d sin 0 


sin @ = d=h-—rcscé. =< 


[continued] 
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Now we can use the formula from Exercise 6.2.61 to find the volume of water displaced: 
V= anh? (3r —h)= an(r +d)? [Br — (r+d)| = am(r +h—rcsc6)?(2r —h+rcscé) 


= $[r(. — csc 0) + h]?[r(2 + csc 0) — Al 


Now we differentiate with respect to r: 


dV/dr = $([r(1 — esc 0) + h]?(2 + esc) + 2[r(1 — csc) + A](1 — csc 6)[r(2 + csc 0) — h]) 


= $[r(1 —esc@) + h]([r(. — esc @) + h](2 + esc) + 2(1 — esc 6)[r(2 + csc 6) — h]) 

= $[r(1 — esc 0) + h](3(2 + esc )(1 — csc O)r + [(2 + esc) — 2(1 — esc )]h) 

= F[r(1 — esc) + A] [3(2 + esc 8)(1 — esc @)r + 3h csc 6] 
This is 0 when r = — and when r = wen Now since V (=) = 0 (the first factor 
vanishes; this corresponds to d = —r), the maximum volume of water is displaced when r = heey 


(csc @ — 1)(csc 6 + 2)' 


(Our intuition tells us that a maximum value does exist, and it must occur at a critical number.) Multiplying numerator and 


hsin@ 


denominator by sin? 6, we get an alternative form of the answer: r = ——————_. 
sin 6 + cos 20 


. (a) Stacking disks along the y-axis gives us V = f. - a [f(y]? dy. 


: ; dV _ dV dh _ 2 dh 
(b) Using the Chain Rule, ae oe aoe [f(A)] ap 
2 dh dh 


(c) KAVA = af (A) a 


/ dh 
is, f(y) = = yt! 4 The advantage of having ae C is that the markings on the container are equally spaced. 


10. (a) We first use the cylindrical shell method to express the volume V in terms of h, r, and w: 


r r 2,2 r 2.3 
v= [ aneyae =f 2neln+ S| ae=2n f (n+ 52) ae 
0 0 29 0 2g 


2 2,477 2 2,4 2,4 
= on |" a =2n| +4 pga ge TOT. 


2 89 Jo 2 89 4g 
sou V- (mw*r*)/ (4g) _ 4gV — Tw 
7 ar 7 A4ngr? 
(b) The surface touches the bottom when h = 0 AgV — rw*r* =0 w? eave wW 3 a, 
mrt Var? 
To spill over the top, y(r) > L & 
Pere wr? — AgV — mw rt wp? _ 4gV mur? wr? 
2g A4ngr? "2g A4ngr? = Angr? 29 
V wr? 4 wr? _vV wr? 
mr 4g 29 ar 4g 
2.2 2 2 
V L-V 4g(ar*L — : 
= ae er ub 72 w a ae . So for spillage, the angular speed should 
2 2L—V 
bew > uae 
r2/m 
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w?. 12 
F “1 
(c) (i) Here we have r= 2,L=7,h =7-—5=2. Whenx=1,y=7—4=3. Therefore, 3=24+5 3232 > 
2 2. 94 
1= a w? = 64 w = 8rad/s. V = n(2)(2)? + —— = 8x + 80 = 16x fi. 
82.92 
(ii) At the wall, x = 2,soy=2+ a 6 and the surface is 7 — 6 = 1 ft below the top of the tank. 
11. The cubic polynomial passes through the origin, so let its equation be yt y = px3 + qx? a rx 
y = px? + qu? + ra. The curves intersect when px? + qa? +ra=22 © 
px? + (q—1)a? +ra = 0. Call the left side f(x). Since f(a) = f(b) =0, 
another form of f is 
f(x) = px(a — a)(a — b) = p2[a? — (a + b)a + ad] * 
= pla? — (a + b)a? + abz] 
Since the two areas are equal, we must have f° f(a) dx = — fe f(a)dx => 
[F(«)]> = 2 (x)]p F(a) — F(0) = F(a) — F(b) F'(0) = F(b), where F is an antiderivative of f. 
Now F(x) = f f(x) da = f p[x* — (a+ b)a? + abs] dx = p[¢x* — (a + b)x® + daba*] + C, so 
F(0) = F(b) C = p[zh* — $ (a+b)? + gab?]}+C => 0=plzb*—F(at+b)b>+ 3ab?] => 
0 = 3b—4(a+b)+6a_ [multiply by 12/(pb?), b 4 0] 0=3b-—4a—4b+6a => b=2a. 
Hence, b is twice the value of a. 
ya 
12. (a) Place the round flat tortilla on an xy-coordinate system as shown in 4 (x,./16 — x?) 
the first figure. An equation of the circle is x + y” = 4? and the 
height = 
height of a cross-section is 2.16 — x?. -4 4 x |ofi6—x? 
-4 


Now look at a cross-section with central angle 0, as shown in the 
second figure (r is the radius of the circular cylinder). The filled area 


A(a) is equal to the area A;(x) of the sector minus the area A2(x) 


of the triangle. 


arc length 
=2\/16 — x? 


A(a) = A(z) — Ao(x) = $7702 — gr? sin 62 [area formulas from trigonometry] 


= ir(r02) — 4r? ei [arc length s = r0z 0, = s/r] 


=tr- 2/16 — ir *sin( 2B = ) [s =2V/16—«2?] 


=rvV16— 2? — pee V16— =) (x) 
Note that the central angle 0 will be small near the ends of the tortilla; that is, when |x| ~ 4. But near the center of 
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the tortilla (when |x| = 0), the central angle 6. may exceed 180°. Thus, the sine of 0, will be negative and the second 


term in (x) will be positive (actually adding area to the area of the sector). The volume of the taco can be found by 


integrating the cross-sectional areas from « = —4 to x = 4. Thus, 
4 4 
V(x) = if A(x) dx = iy : V 16 — 2? — iy? sin(2y 16 — x? | da 
-4 —4 


(b) To find the value of r that maximizes the volume of the taco, we can define 


the function 


vey= fr V16— a? — Br? sin( 2 V6? ) | a 


—4 


The figure shows a graph of y = V(r) and y = V'(r). The maximum 


volume of about 52.94 occurs when r & 2.2912. 


13. We assume that P lies in the region of positive x. Since y = x° is an odd function, this assumption will not affect the result of 


the calculation. Let P = (a, a*). The slope of the tangent to the curve y = x? at P is 3a”, and so the equation of the tangent 


is y —a® = 3a?(ax — a) y = 3a7x — 203. 


ey 


P(a,a’*) 


O(—2a, —8a’) 


We solve this simultaneously with y = ° to find the other point of intersection: x? = 3a?x2—2a® © 


(2 — a)?(x + 2a) = 0.S0Q = ( 2a, 8a*) is the other point of intersection. The equation of the tangent at Q is 


y — (—8a3) = 12a? [a — (—2a)] y = 12a°x + 16a*. By symmetry, this tangent will intersect the curve again at 
x = —2(—2a) = 4a. The curve lies above the first tangent, and 


below the second, so we are looking for a relationship between A = f",, [2° — (3a7a — 2a*)] da and 


B= joe [(12a7a + 16a) — | dx. We calculate A = [ a* — 3a?2? + Dara 


1 34 4) _ 27,4 
x oa = 12 — (-6a") = Fa", and 


B = [6a7x? + 16a°x — ee = 96a* — (—12a*) = 108a*. We see that B = 16A = 2A. This is because our 


calculation of area B was essentially the same as that of area A, with a replaced by —2a, so if we replace a with —2a in our 


expression for A, we get 24(—2a)* = 108a* = B. 


14. From the solution to Problem 11 in Problems Plus following Chapter 4, an equation of the normal line through P is 


: : 1 ae 
+ a”, and the x-coordinate of Q is x = —a — 5a The area of & is given by 
a 
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A(a) = ta d 
(2) = ( 2a" 2 ‘ ) ° | . | 4a” er oe ae 3” 


a —a-—1/(2a) 


i, 1 fi 1 64a® + 48a4+12a7+1 (4a? +1)? 
48a3 4a 48a3 48a3 


Hy = Ee Ba a de® 8 Sado + Dla 8a a 1] 
(48a)? 48 - 48-a3- a3 
(4a? + 1)?(4a? — 1) 


2 
- 16a4 : 


; a 5 (a>) 


Since A’(a) < 0 for0<a< 4 and A’(a) > 0 fora > 3, there is an absolute minimum when a = 4 by the First Derivative 


Test for Absolute Extreme Values. 
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7 (LJ TECHNIQUES OF INTEGRATION 
7.1 Integration by Parts 


2x 


1.Letu=a2,dv=e"dx => du=dz,v= te . Then by Equation 2, 


2 se, “He 22 1,22 ae 22 1222 
f ve? dx = 5xe f 3°" dx = 5xe qe" +. 


2. Let u = Ina, dv = /xdx du = . dz, v = 2539/2 Then by Equation 2, 


1 
jf Vainede = $0"? ine f 40°? Sav = fo? ine — f Ba¥? de = 32°? Ina — fo? +. 


3. Letu = 2,dv =cos4adx => du=dz,v= isin 4x. Then by Equation 2, 


f xcos4a dx — ta sin 4x _ ; sin 4a dax = ta sin 4x + * cos4x + C. 
4. Letu=sin-'2,du=dx => du= : dx, v = x. Then by Equation 2 
7 = linge ooo ° 


ee | is eee x dx = ns ae i ly t=1- 27, 
sin xdx=xsin “x Ane e=xsin 2£ Vi 5 diate 
=asinte+i ft? dt=asin t2+3-2/+C=asin 2+ V1—-27+C 


Note: A mnemonic device which is helpful for selecting « when using integration by parts is the LIATE principle of precedence for zw: 
Logarithmic 
Inverse trigonometric 
Algebraic 
Trigonometric 


Exponential 


If the integrand has several factors, then we try to choose among them a w which appears as high as possible on the list. For example, in f xe” da 


the integrand is ae”, which is the product of an algebraic function (2:) and an exponential function (e?”). Since Algebraic appears before Exponential, 


we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of w and dv, but it is advisable to refer to LIATE when in 


doubt. 


5. Let u = t, dv = e*' dt du = dt, v de", Then by Equation 2, 


ff te?" dt = te” —f ze7 dt = te” — ze” +C. 


6. Letu = y, dv =e “dy du = dy, v = —e ¥. Then by Equation 2, 


fye-¥ dy = —ye¥ — f —e~¥ dy = -ye™" + fe dy =—ye¥ —e Y+C. 


7. Let u = x, dv = sin 10x dx du = dz, v = a cos 10x. Then by Equation 2, 


fvsin 10a dx = —yxcosl0xc— f-4 cos 10x dx = —yxcos 10x + 75 Jf cos 10x da 


ae _ ei dost 
= —j7g2rc08 10x + zp sin 10x + C 
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8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


1 : 
Let u = 7 — x, dv = cos7x dx du dx, v sina. Then by Equation 2, 
1 
1 : 1"; 1 : 1 
(x — x) cosnadx = —(1— 2) sinna — | ——sinnradx = —(xn —x)sinna — — costa +C. 
T T T T 


Let u = Inw, dv = wdw du a dw, v = sw. Then by Equation 2, 
w 


_1. 1 >. 1 1. 1 1.2 1 2, 
[wmwde ha Inw [se wte ha Inw 5 | wd ha Inw au C. 


1 1 
Let u = Ina, dv = = dx=x "de => du= a dx = x! dx, v = —x~1. Then by Equation 2, 
[ee =-82_ [- Page ld =-824/ a aN ns SO, Coa Re WG 
x x x 


First let w= 2? +22,du=cosede => du= (22 + 2)dx,v =sinzx. Then by Equation 2, 
I= f(a? + 2x) cosa dx = (x? + 2x) sinx — f (2x + 2) sinx dz. Next let U =22+2,dV=sinadx => 
dU = 2dx,V =—cosa, so [(2x + 2) sina dx = —(2% + 2) cosx — f —2cosxdx = —(2x + 2) cosa + 2sina. 


Thus, J = (x? + 22) sina + (2% + 2) cosa — 2sina + C. 


First let u = t?, dv = sin Gt dt du = 2t dt, v 3 cos 3t. Then by Equation 2, 
i= [sin Stdt= —3t? cos Bt _ J —3tcos Bt dt. Next let U =t, dV =cosGtdt = dU =dlt, 
V= Sinee so [ tcos Bt dt = Maas) J Gsinstat = Lain Be + J cos 3t. Thus 
B ‘ B B B B? : 
1 2/1 1 1 2 2 
I =-<t' cos t+ = (Jesinse ++ cost) +C =—<t? cos Bt + tsin Bt + = cos Bt + C. 
B B\B Ce B Ce B 
Let uv = cosa, dv = dx du = =f dxz,v =x. Then by Equation 2 
> V1 — 2 > = 'y q > 
= 1/1 a ee 
[cos te dx = «costa — / = dz = xcos ‘x — / Vi (5 it) b mre 
=xcos bx — 4. 2¢1/? +C=acos ta—-VJV1—a2?+C 
Letu=In/z,dv=dx > du= : : dz = Sai uv = x. Then by Equation 2 
= nae Se fee Be <4 ; 
1 1 1 
In Mx dx = xlnV/x — e- > dx =«lnvx 5 de = aln Vx st tC. 
Note: We could start by using In \/z = 41In x. 
4 1 lis : 
Let u = Int, dv = t* dt du : dt, v ze . Then by Equation 2, 


1 ise 24 1 1 1 1 
tintdt = =t? Int— | =t?--dt==t?Int— | st*dt= it? Int— =? : 
i a" 5 Is t a 5 Brie agg 
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_ 2 
1+ 4y? 


_ = 2y = A Ty al t=1+44y?, 
[in '(2y) dy = y tan ay) - | dy = ytan au) — fF (4) Pare 


=ytan'(2y) — +In|t)/+C = ytan '(2y) — $In(1+4y?)+C 


16. Let u = tan~'(2y), dv = dy du dy, v = y. Then by Equation 2, 


17. Let u = t, dv = csc” tdt du = dt, v = —cott. Then by Equation 2, 


t 1 = si 
[ tesc? tat= toot — [ —cottdt = toot + f at=—teott + f 2 dz Me outs 
sint Zz dz = cost dt 


= —tcott+In|z|+ C = —tcott+ In|sint|+C 


18. Let u = x, dv = coshaz dx du = dx, v = : sinh az. Then by Equation 2, 
iL, = 1. 1. 1 
x coshax dx = —x sinhax — —sinhax dz = —xsinhax — oa) coshax + C. 
a a a a 


19. First let u = (Ina)?,du=dx => du=2Inc- + dx, v = x. Then by Equation 2, 


I= [(Inz)? dz = 2(Inz)? —2fxnz-+dz=2(Inz)? —2 flnzdz. NextlettU =Inz,dV=dx => 


dU = 1/adx,V =x to get fInedx =aIlna— f[a«- (1/z)dz =alng — f dx =alnx — «+ Ci. Thus, 
I=a(Inzx)? — 2(a@Inx2 —2+C1) = 2(Inx)? — 27 Ina + 22 + C, where C = —2C}. 


Zz 


20. le dz = ee 10-* dz. Letu=2,dv=10-*dz => du=dz,v=— . Then by Equation 2, 


J 
107 In 10 


-z 7, —2107* —10°* ae me 10°* z 1 
[+0 de 10 / mio” > io7In lo (In 10) (In 10) +¢ =~ qo in 0 10*(In 10)? - 


21. First let u = e®*,dv=cosrdx => du = 3e*" dz, v =sinz. Then 
l= fe cosa dx = e®” sing — 3.fe* sin x dx. Next, let U = e®*,dV =sinedx = dU = 3e** dx, V = —cosz, 


3? cosa + 3 f e** cos z dx. Substituting in the previous formula gives 


so f e*” sing dx = —e 
I =e" sing — 3(—e?” cosx + 31) = ce?” sing + 3c?" cosa -—9F => 102 =e** sing + 3e2*cosx+C, => 


I= te** sing + Xe** cosa + C, where C = $C. 


22. First let uw = e*, dv = sinaa dx du = e* dz, v = — cos7a. Then 
7 


I= Je sinaax dx = ier cosmx + ofe cos7x dx. Next, let U = e”, dV = cosrx dx 
1 T 


1. Te geen 1 : Bt Fievee rie : 
dU = e* dx, V = —sin7z, so es cosTa dx = —e" sintx — — / e* sina dx. Substituting in the previous formula 
T T T 


: AL se Tf lie 1 1, By 2 1 
gives I = ——e* cosmz + —| —e* sina — —I] = ——e* costa + —e*sinnz— I => 
T a\ 0 T T T T 
1 1 1 1 
(1+4)r- Te Cosma + wae Sin mx + OL i= ay cosa + a et sine +0, 
2 
T 
here C = Ci. 
where ra ipa 
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23. 


24. 


25. 


26. 


27. 
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First let u = sin30, dv = e?9d0 => du = 3cos36d0,v = 4679. Then 


I= fe’ sin30d0 = ze? sin 30 — 3 f ce? cos 36 dO. Next let U = cos30, dV =e? dO = dU = —3sin30d0, 
V= ze? to get f e?° cos 30 do = ze"? cos 30 + 3 f e”° sin 36 dO. Substituting in the previous formula gives 
I e?° sin 30 — 36? cos 30 — 2 o fe? sin 30 d@ = de? ° sin 30 — 360 cos 36 — 31 => 


137 = de?" sin 30 — 2e?? cos30 + C1. Hence, I = wer" (2 sin 30 — 3cos30) + C, where C = 4C\. 


First let vu = e~°, dv = cos20d0 => du=-e-°db,v= 4 sin 20. Then 

I= fe~* cos20.d0 = $e~° sin20 — f 4sin 20 (—e~° d0) = 4e~° sin 20 + 4 f e~® sin 20 dd. 
Next let U = e~°, dV = sin20d0 = dU =-—e~°d0,V = Ba cos 20, so 

J e~% sin 20 dd = —4e~° cos 20 — J (=) cos 20(-e~° dO) =—te * cos 20 — 4 f e~° cos 20 dd. 


Sol= te? sin 20 + 4 [(-ge? cos 20) _ 51] = de? sin 20 — te? cos 20 — iI > 


ST = ze * sin 20 — te~° cos20+Ci > J= 2(Se7 * sin 20 — 4 ~° cos 20 + C1) = 2e~° sin 20 — te ~° cos20+-C. 
First let wu = 2°, du = e* dz du = 32°dz,v = e*. Then I, = f 2e%dz = ze* — 3 f 27e7dz. Next let ui = 2”, 
dv, = e* dz du; = 2z dz, v1 = e*. Then Ig = 27e% —2 f ze’ dz. Finally, let w2 = z, dvo = e* dz duz = dz, 


ve = e*. Then f ze*dz = ze* — f e*dz = ze* — e* + C\. Substituting in the expression for J2, we get 
In = 2 e? — 2(ze* —e* + Ci) = z7e% — 2ze* + 2e* — 2C}. Substituting the last expression for [2 into ; gives 


Th = 2e* — 3(z7e* — Qze* + 2e* — 2C1) = z3e* — 3z7e* + 6ze* — 6e* + C, where C = 6C\. 


1 
First let u = (arcsine)?, dv =dx = du = 2arcsina - ——— dz, v = «. Then 


V1 — x? 
xarcsin x 


V1— x? 


[= y (arcsinx)*dx = x(arcsinx)* — 2 dx. To simplify the last integral, lett = arcsina [x = sint], so 


dt = ——— dz, and eae ay tsint dt. To evaluate just the last integral, now let U =t,dV =sintdt => 


1- aS Vv1- i= 
dU = dt, V = —cost. Thus, 


[tsintat=—toost + [ costat =—teost + sint +€ 


/L— we x 
=—arcsinz- vas +a+C; [refer to the figure] 


Returning to I, we get I = a(arcsin x)? + 2/1 — 2? arcsing — 22 +C, 


1x? 
where C = —2C\. 
First letu=1+2?,du=e"dx => du=2«dz,v = 26%", Then 
I= f(1+a7)e** da = 4e°*(1 +27) — 2 f xe” da. Next, let U = 2, dV = e** dx dU = dx, V = 3e**, so 
J ve?* da = txe®* — 5 f e®* da = kxe** — Le” + C;. Substituting in the previous formula gives 
T= $e°*(1+ 27) — 2 (Saxe — be®* + C1) = e** + 076%" — 2008 + Ze** — 20, 


= Pe" — 2xe** + £276%* + C, where C = —2C1 
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28. Let u = 0, dv = sin370 dO du = d0,v = cos 370. By (6), 
7 
1/2 1 be A fe it 1/2 
i 0 sin 370 dd = -3 cos an0] + xf cos 376 dO = (0+ 0) + —> [sin 36 
0 30 6 37 Jo On 0 
1 1 
Ona | a Or? 
1 
29. Let u = x, du = 3” dx du =dz,v n° By (6), 
1 1 1 1 
a ae 2 1 x 3 1 i ee 3 1 
: oe Fa I, na |; oe ce 0) In3 Fre I, In3— (In3)? eo) 
ee ee 
~ In3_ (In3)2 
30. Let u = re*, dv = : dx du = (ae* + e*) dx = e? (x + 1) da, v = — : By (6) 
peer eiseey - | = a hE aoa 


1 ge” aa __ we” cai me e(ta)de= ($40) +f ede=—tet [er]! 
o (+2)? ~ | 142}, Jo 1l+a ae” 0 “a2 0 


31. Letu = y,dv = sinhydy => du = dy, v = coshy. By (6), 


2 2 2 2 
/ y sinh y dy = [y cosh y| -f cosh y dy = 2cosh2 — 0 — [sinh y] = 2cosh2 — sinh2. 
0 9 ty) 0 
1 
32. Let u = Inw, dv = w? dw du = = dw,v = tw. By (6), 
2h id < 3 2 21,,2 _ 8 3]2 _ 8 8. 8 7 
J; w? Inwdw = [fw nw] -S zw’ dw = §In2—0- [gw if = $n2- (3-4) =$m2-¢ 
33. Let u = InR, dv = Lar > a eee By (6) 
. r=. > a R2 =? R > — R ry) > 


>InR 1 er. fis A 17° 
[Fz dR in] : Fe dk +In5—0 al 3n5—(}-1) = $- ¢5. 


34. First let u = ¢?, dv = sin 2t dt du = 2tdt,v 4 cos 2t. By (6), 


fer i? sin 2t dt = [—4t? cos 2t] es + fe tcos 2t dt = —2n? + i tcos 2t dt. 
Next let U =t,dV =cos2tdt => dU=dt,V = 4 sin 2t. By (6) again, 


Je" tcos 2t dt — [st sin 2¢] a Pate le 3 sin 2t dt =0- [-4 cos 2t] A — + - ; = 0. Thus, As t? sin 2t dt = —2r?. 


35. sin 2x” = 2sinx cos x, so qe x sinx cosxdxz = sJo x sin2adx. Letu=2,dv=sin2xdx => 


du=dz,v= -3 cos 2x. By (6), 


1fr 5 oR us 1fTr 1 =< 1 1flg; Ws > 8 AN 
3 Jo sina da = $[ srcos 2a)" — 5 fi —$ cos 2a dx = —ir—-0+4[5sin2z]) = Z 
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1 —1 —dz 
~.—— dr = ———,v =. By (6), 
1+(1/x)2 2? oR aye ¥ (6) 


v3 v3 v3 
1 1 d iL v3 
i) arctan (=) dx = [arctan (=) +f sq =Vv3 . —1- “ + 3 [in(2? + ) ; 
4 
2 


36. Let u = arctan(1/xz),du=dx => du= 


1 


rV/3 TT 1 TV3 Tv 1 TV3 T 1 

= In4—In2 1 + —In2 

Go age eS ag ye 6 4 mS 

37. Letu = M,dvu =e-“ dM du =dM,v e™. By (6), 

5 5 5 5 5 

/ Sram = [ Me~™ dM = |-Me~™] -f —eM dM = —5e~* +e" — [e-™] 

1 € 1 1 1 1 

=—5e®+e7'—(e-® —e') = 2e7| — be 


2inz 


38. Let u = (Ina)*,dv=a-*dx => du= dxz,v = -ta?, By (6), 


2 2 272 2 
] 1 
r= f ea / | +f MS ay, Now let U =Ina, dV =a-8dx > dU =—dx,V=—1e? 
1 &« 22 ‘i i. av x 
Then 
*Ing 5 LS eae es ee ee ae ere 1]?_ _1yyno41 Iie Nt as 38 Lin? 
i age ~ae7| T2y, ” o=—gln2+0+ 5 [-ger], =—-g 2+ 9 (-g +3) =e - gn 
Thus J = (—4 (In2)* +0) + (4 — $In2) = —} (In2)?- §n2+ 4. 
39. Let u = In(cosz), dv =sinadr => du= ae (—sin x) dx, v = — cosa. By (6), 
7/3 | Sins 1 7/3 7/3 od 1404 =e 
Jo” sin In(cos x) da = | — cosa In(cos «) > do singds=—ging 0 cos © 
=-$n}+(}-1)=$in2—3 
40. Let u = r?, dv = —-X dr => du=2rdr,v=JV4+1r?. By (6), 
ase ee 
1 73 2 TE 1 1 aes J? ewieyt 
ar = |r T+7?| -2f 4+r2dr= 5 2[(4tr 
| a A, sare, 
= V5— 305)" + 3(8) = vB(I- B) + B= BI 
4. Letu=cosz,dv=sinhadxr => du=-—sinadzx,v =coshz. By (6), 
=f cos x sinhz dz = [cos coshe]” — f “sine cosh de = ~cosh — 1+ f sin x cosh x dz. 
0 0 0 0 
Now let U = sina, dV = coshadx = dU =cosadz, V = sinha. Then 
/ sinceoshe de = [sine sinhz]” ~ [ cosrsinhe dz = (0-0) ~ f cosx sinha dz = —I. 
ty) 9 ty) ty) 
Substituting in the previous formula gives J = —cosha —1— TI 2I = —(coshz + 1) I= comet 
[We could also write the answer as J = —4(2+ e™ +e™*).] 
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42. Let u = sin(t — s), du = e* ds du cos(t — s) ds, v = e*. Then 


t 
I= So e° sin(t — s)ds = le’ sin(t — »)| + te e* cos(t — s)ds = e' sin0 — e° sint + hh. For I, let U = cos(t — s), 
0 


dV =e ds dU = sin(t — s) ds, V = e°. So I, = [e* cos(t — s)| f 


o — Joe’ sin(t s) ds = e' cos0 — e° cost — I. 


Thus, J = —sint+e* — cost —I 21 =e' — cost —sint I = 4(e* — cost — sint). 

43. Let t = \/2, so that t? = x and 2t dt = dz. Thus, f ev* dx = f e' (2t) dt. Now use parts with u = t, du = e’ dt, du = dt, 
and v = e' to get 2 f te’ dt = 2te’ — 2 fe’ dt = 2te’ — 2c’ + C = 2/aev® — 2eV* +. 

44. Let t = Inz, so that e* = x and e’ dt = dz. Thus, f cos(In x) dx = f cost - e’ dt = I. Now use parts with u = cost, 


dv = e' dt, du = —sint dt, and v = e* to get f[ e’ cost dt = e’ cost — f —e’ sint dt = e’ cost + fe’ sint dt. Now 


use parts with U = sint, dV = e’ dt, dU = costdt, and V = e’ to get 


fe sint dt = e’ sint — fe cost dt. Thus, J = e’ cost +e’ sint — I 21 =e'cost+e'sint = 
I= te‘ cost + de’ sint + C = 4acos(Inz) + Sasin(Inz) + C. 


Va 
45. Let x = 67, so that dx = 20 d0. Thus, i, 


VT wT 
0° cos(6*) dd = | 0 cos(6”) - $(20d0) = if x cos x dx. Now use 
Vaz 7 


Va/2 /2, 


parts with wu = x, dv = cosa dx, du = dz, v = sin x to get 


Tv Tw 
. Tv . . X 
i xcosxzdx = + [x sin 2] _ sinzdx) =i [x sin x + cos a| 
2 e 2 m/2 2 2 m/2 
TT TT 


= $(msinz + cos7) — $(Zsin 3 +cosZ) = $(m-0-1)—$($-1+0) =-3-F 
46. Let x = cost, so that dx = — sintdt. Thus, 


Jo ef * sin 2t dt = [Je '(2sint cost) dt = fy ‘ e* . 2x (—dx) = Df ze” dx. Now use parts with u = a, 


du = e* dx, du = dx, v = e” to get 


7 tae xe” dx = 2 ([xe"]*, - fee e dx) =2 G +e tH Caley = 2(e+e 1! — [et —e}) = 2(2e7") = 4/e. 


47. Let y = 1+, so that dy = dx. Thus, f xIn(1+ x) dx = [(y — 1) Iny dy. Now use parts with u = Iny, dv = (y — 1) dy, 


du = = dy, v = 3y” — y to get 


(1+ x)(a — 1) In( 


which can be written as $(x7 — 1) In(1+ 2) — 4a? +40+2+C. 


S@—VDlnydy= (Gy — y) ny — f Gy— 1) dy = guy — 2)Iny— gu" ty + 
4 1+2)—4(1+2)?+14+24+0C, 


arcsin(In x) 


1 
48. Let y = Ing, so that dy = = dx. Thus, i} dx = [ eresinyay, Now use 


x 


parts with wu = arcsiny, dv = dy, du = dy, and v = y to get 


1 
J/1—y? 
[ exesin yay = yaresiny - / ye yarcsiny + V/1—y?+C = (Ina) arcsin(Inz) + ./1— (nz)? +C. 
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50. 


51. 


52. 
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Let u = 2, dv =e ** dx du = dz,v = ze, Then 1 


—22 apd —22 1,—-22 a —22  1,-22 
fice? dx = —fae~** + [ 5e-** dx = —Fxe ze" + C. We f 


see from the graph that this is reasonable, since F' has a minimum where f 


changes from negative to positive. Also, F’ increases where f is positive and 


F decreases where f is negative. 


Let u = Ing, dv = 27/7 dr du = +dx,v = 22°/?. Then 3 
fx? Inadr= 20°/? Ina — 2 f a3/? dx = 20°/? Ing — (2)? a8? +C f 
= 22°/?Ine—- Aa? +C F 


We see from the graph that this is reasonable, since F’ has a minimum where 


a 
w 


f changes from negative to positive. 


Let u = $27, du = 2a V1 + 27 dz du =adz,v = 3(14 oy of 
Then F 


foe V1 +2? dx = $2? Ee + 23)9/3] —3 fz + 27)3/2dz 2 2 


We see from the graph that this is reasonable, since F' increases where f is positive and F decreases where f is negative. 


Note also that f is an odd function and F’ is an even function. 


Another method: Use substitution with u = 1 + x? to get z(1 pa re = z(1 ae ame 8 


First let u = 2?,dv =sin2adx => du=2edz,v= -i cos 22. 6 

Then J = f x? sin 2a dx = —}2? cos 2a + f «cos 2a da. 

Next let U = x, dV = cos 2x dx dU = dx, V 3 sin 2x, so 4 = | 4 
f «cos 2a dx a da sin 2x _ 3 sin 2x dx = da sin 2x + + cos 2x +C. W 
Thus, [J = 42? cos 2a + da sin 2x + + cos2a + C. ~6 


We see from the graph that this is reasonable, since F’ increases where f is positive and F decreases where f is negative. 


Note also that f is an odd function and Fis an even function. 


1 1 in 2 
(a) Take n= 2 in Example 60 get [ sin® ede =~; cos sine + 5 [tae= 5 = ud +C. 
(b) fsin* edz = —fcosxsin® x + 3 f sin? cdx = —fcoszrsin? x + 22— Asin2e+C. 
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54, (a) Let u=cos"~'a,dv=cosrdx => du=-—(n—1)cos"~* 2 sina da, v = sinz in (2): 
f cos” dx =cos”~' x sinz + (n—1) [cos”~? x sin? x dx 


= cos” | a sing + (n— 1) f cos”? x (1 — cos” x) dx 


1 


= cos” | a sing + (n—1) f cos”? adx — (n—1) f cos” ada 


Rearranging terms gives n [ cos” «dx = cos”—' a sina + (n—1) f cos”~? x dx or 
1 = : n—-1 2 
[oos" xdxz = — cos” “x sinz + —— | cos” “adz 
n n 


sin 2x 


+C. 


(b) Take n = 2 in part (a) to get f cos” «dx = 4 cosx sing + sf idee ; + 
3 dis ¥.8 


(c) f cost adax = + cos x sing + 3 { cos? x dx = 7 cos’ @ sing + ga + 3 sin2c +C 


n—-1 


55. (a) From Example 6, i sin” edz = -2 cosa sin”! a + [sn x dx. Using (6), 


am /2 - n—-1 m/2 | m/2 
iy sin” «dx a "| + as / sin”? edz 
0 0 


n 0 n 
=i n/2 e | m/2 7 
=(0-0)+~ / sin”? ade = ~ / sin”? x dx 
nm So nto 
(b) Using n = 3 in part (a), we have pee sin? «dx = 2 [7/* sine dx = [-2 cos | ON ee 2 
? ) 3 Jo 3 0 3° 
Using n = 5 in part (a), we have ee sin’ «dx = 2 ae sin? «dx = 2 : 3 — 4. 


(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some / > 1. Then 


n/2 DAs Givin bcs (2k) 
+ 2k+1 
dx — "By Example 6, 
[ sin x dx ca Qk+1 y Example 


so the formula holds for n = k + 1. By induction, the formula holds for all n > 1. 


56. Using Exercise 53(a), we see that the formula holds for n = 1, because jee sin? «dx = 4 te ldz= 4 [x | ; 


1-3-5-----(2k—1 
— ( VE ay eercise 53(a), 


m/2 
Now assume it holds for some k > 1. Then / sin ¢dz = 
ty) 


2-4.6----- (2k) 2 
ne Seat far? Qk+1 1+3-5-+--:(Qk—1) a 
in2@t+)) » de — ine” ode — . 
i ha oe ae |, caeaae) 2 aaa ee oy ToTee Qk) 2 
158-5 (2k—1)(2k+1) 7 
pr eee (2k)(2k4+2) 27 
so the formula holds for n = k + 1. By induction, the formula holds for all n > 1. 


57. Let u = (Inz)",dv =dx = du =n(Inzx)""1(da/x), v = x. By Equation 2, 
f(nz)” dx = x(Inz)” — fna(Inz)"~1(dx/z) = c(Inz)” —n f(Ina)"~ dz. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


m/2 


1 


2 


681 


i) 


682 CHAPTER7 TECHNIQUES OF INTEGRATION 


58. Letu = x”, du = e” dx du = na”—' dx, v = e®. By Equation 2, f ve* dx = x" e” — nf ete” de. 


59. ftan” cdr = f tan”? x tan? xdx = f tan”? a (sec” x — 1) dx = f tan” * x sec” edz — f tan”? xdzx 
=I-—f tan"? xdz. 
Let u= tan"? 2,dvu=sec?adx => du= (n — 2) tan" x sec? x dz, v = tan. Then, by Equation 2, 
I=tan"~! x —(n—2) f tan"~? x sec” x dx 


1I =tan”~-1 a2 — (n—2)I 


Fis tan x 
n—-1 
‘ aa tan”! x 
Returning to the original integral, f tan” «dz = a f tan”? a dz. 


60. Let u = sec"? 2,dv =sec?adx => du= (n — 2) sec”* x seca tanz dz, v = tanx. Then, by Equation 2, 
f sec” «dx = tanz sec”? x — (n — 2) f sec”? x tan” xdx 
= tanz sec” * x — (n — 2) fsec”~? x (sec? x — 1) dx 
= tanz sec” * x — (n — 2) f sec” adx + (n — 2) f sec”? edz 


so (n — 1) f sec” xdx = tanz sec”? x + (n— 2) f sec”? edz. Ifn —1 #0, then 


tanz sec’ "2 n—2 = 
[ sc? edz = 7 + i [ s" 2 edz. 
n- n- 


61. By repeated applications of the reduction formula in Exercise 57, 


{(nz)* dx = x (Inz)® — 3 f(Inx)? dx = x(Inzx)* — 3[{x(Inz)? — 2 (Ina)! dz] 


a(Inz)*® — 32(Inz)? + 6[x(Inx)' — 1 f(Inz)° da] 


=a (Inz)* — 3x(Inz)? + 6rlnz — 6 f 1dxz = 2 (Inz)* — 3a(Inz)? + 6zInz — 62 + C 


62. By repeated applications of the reduction formula in Exercise 58, 
f cte® dx=a*e” —4 f x'e* dx = 2*e* A(a%e* 3 f xe* dx) 
= xte® — Av e® + 12(a7e* —2 fate” dz) = rte” — Av e* + 12x77 — 24(x'e" — fx%e® dz) 


= a*e” — Axe” + 12x7e* — 24re™+ 24e7+C [or e*(x* — 4a® + 122? — 24x + 24) + C] 


63. The curves y = «7 Ina and y = 4Inz intersect when 2? Ina =4Ina © 


x? Ina —4Inz =0 (2? — 4)lIna = 0 
x =1or2 [since x > O]. For 1 < 2 < 2,41nz > x? Inz. Thus, 


area = f74lna — a? Inzx) dx = S74 — 2”) Ina] dz. Let u = Ina, 


dv = (4— 2”) dx da = Sue, o = 4 ae Then 
2 ; 1 
area = [(Inx) (4x — a2°)| A a (40 - 2°) :| dx = (In2)( 
= + In2 [4x 1,3)” = 8 In2 (2 a) = +8 In2 28 
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= —@2;: — = A 
64. The curves y = 2”e~* and y = xe~” intersect when 27e~" = ze" — * 


x’ —a2=0 x(x—1)=0 z=Oorl. 


For 0 <a <1,2e-* > x7e~*. Thus, 


area = fo @e —a’e~*) dx = Jo(x —a*)e~* dx. Letu = a — 2”, 


dvu=e*dx => du=(1-—2z2)dz,v = —e*. Then 


1 
0) 


area = [(x — «”)(—e~*)| pa e *(1—22)| dz = 0+f,(1—- 2x)e~* da. 


Now let U =1-—22,dV =e *dx => dU=-—2dz,V =—e *. Now 


area = |(1 — 2x)( e~*)]5 


Jo 2e7* da =e"? +1 — [-2e7*]) =e 1 +14 2(e74 — 1) =3e7 - 1. 


65. The curves y = arcsin( $2) and y = 2 — x? intersect at y=2-¥? 2 y= aresin(£x) 
x =a —1.75119 and x = b & 1.17210. From the figure, the area 


bounded by the curves is given by 


2 2 
A= ale —.¢?)— arcsin($2)] dz = [2a: _ cele _ hs arcsin($2) dx. 
Let u = arcsin($a), dv = dx => du= Zs : A ae -2 
1=(e)" * 


Then 
b b b 
A= [ae - al _ [earesin( 52) -{ = 
3 da 27 iq Ja 24/1 — 49? 


b 
ee xarcsin($2) —2,/1— 42? | =~ 3.99926 


= [2x - Z 


Bs 
3 


66. The curves y = aIn(a +1) and y = 3x — 2? intersect at 2 = 0 and 


x =a & 1.92627. From the figure, the area bounded by the curves is given 


by 
A= J} [(3a—27)-—rln(x+1)] dx = [327 — 32°) 5 — fo eln(e+1) dx. 1 7 3 
Let u = In(x + 1), du = ada du dx, v = 42°. Then -1 
xa+1 
a a a 2 
A= 3,2 13s ie In(a#+1)] — >| 7 dex 
go Sige See ae el 
35: 1 3]* [1s cane ae fi 1 
= l 1 1 d. 
E 3"). 52 ga ee | ae 
= (30? — 30° — $a? In(w +-1) + $a? -—4a4+4hIn|ot 116 = 1.69260 
67. Volume = ‘te 2rax cos(ra/2) dx. Let u = x, dv = cos(ra/2) dx du = dx, v = 2 sin(ra/2). 
al 1 1 
V=2n = x sin(™) —2n- = f sin(“*) dz = 20 2 0 4 = cos(*) =44 80 1)=4 = 
7 2/\o T Jo 2 7 7 27 \o T 7 


68. Volume = ie Qra(e* —e—*) dx = 2n i (xe” — xe~*) dx = 2x [Jo xe* dx — So ze” dx| [both integrals by parts] 


= 2n[(xe* — e*) — (—xe™* e~*) |) = 2n[2/e — 0] = 4r/e 
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69. Volume = fe In(1—a)e~" dx. Letu = 1-—2,dv =e * dx du = —dz,v e€ 


Wy=e" © x =Iny. Volume = f)? 27y Iny dy. Let u = Iny, du = ydy => du = + dy, v= Ly? 
y 


V= Qn [sy Iny], — 2 i sy dy = Qn [Sy? Iny — 1y?}* 
= 2n|($In3 — 3) — (O— $)] = 2n($1n3 —- 2) = (9In3 -4)x 


71. (a) Use shells about the y-axis: 


2 
v={ 2rxalnaxdx bres oS 
1 


du=tdz, v=42 
x 2 


= =2nf{ [$e Ina]; — $e dar} = an{ (2In2 0) [427]7} = 2n(2In2— 3) 
(b) Use disks about the x-axis: 
2 
_ o u = (Ina)?, dv = dx 
v=f m(Inx) da essere v=x 
272 ss u=Inz, dv=dzr 
= rf [e(nz) i-f zincael aren as 
2 a 5 2 
—2 [ena — fi dx} >} = 74 2(In2) —41n2+2[2] 
1 1 
= r[2(In 2)? — 41n2 + 2] = 2n[(In 2)? — 2In2 +1] 
72 i = ic me 2 d U=f, dv = sec? x dz 
. ave — = iS 0 xsec Lax Hie do tau 
m/4 n/4 m/4 
eines a anne} = [in seca} | \ -2(5-inv3) 
T 0 0 aw\4 0 TA 


=1-4nyvy2 or 1—21n2 


73. S(x) =[ sin ($7t?) dt => [sous if sin (47t”) a dx. 


Let u = / sin ($7t”) dt = S(x), dv = dx du = sin ($727) dx, v = x. Thus, 
0 


[Se)de= 25(@ x) — fesnG Tx *\ de = 25 (x x) [smut dy) peebea 


= «S(z) +4 cosy+C =2S(x) + + cos ($747) +C 


= m4 2(In 2)? 


74. (a) The rocket will have height H = foo 9 v(t) dé after T seconds. 


= T T 
x= f° | i ac “)| ar= of} Jp — v6 f In(m —rt)at— f inmat 
) m ) ) 


= —4gT? + ve(Inm)T — ve ie In(m — rt) dt 


[continued] 
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Let u = In(m — rt), dv = dt du : (—r) dt, v =t. Then 
m—rt 


oF dt = |t1 ey heer na (4eo™)5 
f n(m — rt) t= [rinim— ry] + f =a t = TiIn(m—r )+ (- + at 


T 


= TIn(m—rT) + |-t - = In(m — rt)| ; 


=TIn(m—rT)-T- = in(m—rT) += inm 
r r 


So H = —4gT? + ve(Inm)T — veT In(m— rT) + veT 4 eve In(m — rT) eve Inm. Substituting T = 60, 
g = 9.8, m = 30,000, r = 160, and ve = 3000 gives us H © 14,844 m. 


6000 — 6000 
160 


(b) The time taken to consume 6000 kg of fuel is T’ 37.5 s. The rocket will have height 


=fo alae t) dt after 37.5 seconds. Evaluating this integral using the results of part (a) with T = 37.5, g = 9.8, 


m = 30,000, r = 160, and ve = 3000 gives us H © 5195 m. 


Since v(t) > 0 for all ¢, the desired distance is s(t) = 1 u(w) dw = if, we dw. 


First letu = w?,dv=e"“dw => du=2wduw,v =—e~™. Then s(t) = [—w’e cas + 2h. we dw. 


Next let U = w,dV =e” dw dU = du, V e ”. Then 


a(t) = —Pem* + 2([-we-]) + ff e-” dw) = -#7e-* + 2(—-te-# +0 + [-e-*]}) 


tet + 2(—te~* — e § +1) = -#e* — Qte* — 2e-§ +2 = 2—e7*(t? + Qt + 2) meters 
Suppose f(0) = g(0) = Oand let u = f(x), dv =g"(x)dx => du=f'(x)dz,v =g'(z). 
Then fo’ f(c) 9" (x) dx = [f(@) 9'(e)] — fo’ f'(@) g(a) de = f(a) g(a) — fy f'(@) g(a) ae. 
Now let U = f’(x), dV = g'(x)dx = dU = f"(x) dx and V = g(x), so 
Ie f'(@) 9'(w) dx = [f'(@) g(@)]” — fo F"(@) g(x) de = f"(a) g(a) — fg’ f"(@) ge) de. 
Combining the two results, we get [° f(a) 9” (a) de = f(a) g/(a) — f"(a) g(a) + [2 f(x) g(a) de. 


For I = ie xf" (x) dx, lettu=2,dv = f"(x)dx = du=dz,v = f'(x). Then 


i=([ef@ i — fo f'(x) da = 4f'(4) -1- f’(1) - [F(4) — f()] =4-3-1-5- (7-2) = 12-5 -5 =2. 


We used the fact that f” is continuous to guarantee that J exists. 


(a) Take g(x) = x and g’(x) = 1 in Equation 1. 


(b) By part (a), i f(x) dx = bf (b) — a f(a) ii x f' (x) dx. Now let y = f(x), so that x = g(y) and dy = f’(x) dz. 


Then vig x f'(«)dx = f Ho OY g(y) dy. The result follows. 
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(c) Part (b) says that the area of region ABFC is 


= bf(b) z af (a) — ff gy 
= (area of rectangle OBF' EF) — (area of rectangle OAC'D) — (area of region DCF E) 


yA 


graph of g 


FO) 


(d) We have f(a) = Ina, so f~'(x) = e”, and since g = f~', we have g(y) = e”. By part (b), 


Ine 


e 1 
[meade =elme~ iin - [ eldy=en f ev dy=e [e”], =e (e-1)=1. 
1 Ini 0 


79. (a) Assuming f(x) and g(x) are differentiable functions, the Quotient Rule for differentiation states 


a Fal = g(x) f(e) = Fe) 9"(z) Writing in integral form gives 


dx | g(x) (g(x)|° 
f(x) _ f 9(@) f'(@) = f@)a'@) 4 r. u= f(x) andv = g(x 
g(x) : [g(x)]° ' lec g(x) a x) dx. Now let u = f(a) and v = g(z) so 


that du = f’(x) dx and dv = g'(x) dz. Substituting into the above equation gives = i az du— if dv => 
v v 


[aw--t | [ou 
v Vv v 


(b) Letu =Inz,v=2 du - dx. Then, using the formula from part (a), we get 


[fa- -Bt4 [2 (Zae) - _Ing 4 [ Sar =-Bt lic 
x a\a x 


80. (a) We note that for0 < x < $,0< sing < 1,so sin?”*? x < sin?"t! x < sin?” x. So by the second Comparison Property 


of the Integral, Jon4e < Tanti < Ion. 
(b) Substituting directly into the result from Exercise 56, we get 


16805325 BRA) 1] 
Tanta 24 Gee 2int+)] 2  %n+1)-1_ 241 
i ieee Qn—1)7 2(n +1) In +2 


Ton+e2 < Ton4i < Tan 


(c) We divide the result from part (a) by [2,. The inequalities are preserved since I2,, is positive: =; Shit 
an 2n 2n 
: 2n+1 : on + Tis 
Now from part (b), the left term is equal to is , So the expression becomes le ee nt) << 1. Now 
2n+2 2n +2 i cia Qn 
an+1 Ton 
lim - ae lim 1 = 1, so by the Squeeze Theorem, lim cee 
noo 2n + n— co T=? OO) an 
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(d) We substitute the results from Exercises 55 and 56 into the result from part (c): 


2.4-6-.---- (2n) 


oe eee 3:5: 7+ Qnt)) _ nel | ee (2n) || DAG ss (2n) (2) 
(See: das wee eee Qn 1) t ~ ase |B Te (We 1) || | Teas on Lye 
2:4-6++.+- (Qn) 2 
shay PEE ATG Oo SOD. OMT sibs, Sota 
nool 3 35 5 7 In—-1 In+1 = 


Multiplying both sides by $ gives us the Wallis product: 


(e) The area of the Ath rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by 


mo and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by cia . These 
two steps multiply the ratio of width to height b a and : core respectively. So, by part (d), the 
aa es PS ie One bien) Daas ee ee 
limiting ratio is eens =e 
. ae ee le ae 2 


81. Using the formula for volumes of rotation and the figure, we see that 


Volume = AF mb? dy — fi na? dy — {: mg(y)) dy = nbd — na?c— Hk mg(y)) dy. Let y = f(x), 


which gives dy = f’(ax) dx and g(y) = x, so that V = nb*d— ra?c— 1 fr x? f' (a) da. 


Now integrate by parts with u = 2”, anddu = f'(x)dx = du = 2xrdz,v = f(x), and 


ie a fear a f(a)? - fe 2x f(x) dx = b? f(b) — a? f(a) ibe 2x f(x) dx, but f(a) = cand f(b) =d => 


V =nb?d—na?c— 71 [e*a a’c ub 2x f(a ) de] = f, Qra f(x 


7.2 Trigonometric Integrals 


The symbols = and = indicate the use of the substitutions {uw — sina, du = cosa da} and {u = cosx,du = — sin x dz}, respectively. 


1. fsin®x cos’a dx = f sin?x cos’ sina dx = J —cos’x) cos*x sina dx = [(1 —u?)u? (—du) 


= f(u* —u?)du = gu? — gu° + C = £008" x — F008 x +C 


2. [ cos®ysin®y dy = f cos®°ysin?y sin y dy = [ cos®y(1 — cos*y) sin y dy = f u°(1 — u?) (—du) 


= f(a u®) du = tu? a T4405 4 cos? y — = COS Ty tC 


m/2 a/2 
d vee t 2 \ 2 
3. cos’ sin’ x dx = cos’ (sin?) sina dx = cos’ (1 — cos”)? sin x dx 
) i) 0 


0 1 1 
2 fw u(1—u?) (dy) = f W120? ut)du= f (u? — Qu’? + ul) du 
0 0 


= [pu — pu? + hu] (a aa) 0 x10 
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m/4 n/4 n/A 1/V2 
4, i) sin’ dx = if (sin’x)? sin dx = : (1 — cos’)? sina dx = i) (1 — u?)? (—du) 
) ) 0 1 


a ee ee ae anes 
Kea wa) 8 43V2 


15 2 6 40 15 120 
5. f sin? (2t) cos?(2t) dt = f sin*(2t) cos”(2t) sin(2t) dt = [[1 — cos?(2t)]? cos” (2t) sin(2t) dt 
ae (—$ du) [u = cos(2t), du = —2sin(2t) dt] 
=—4} f(u* —2u? + 1)uw? du= Se 2u4 + u?) du 


: (4u" 2u° tu’) + C = — 4 cos" (2t) + 2 cos 5(2t) — i # COS 3(2t) +C 


= (o()a--()()) 


o 

fe) 

io) 

Dn 

w 
hee 
NY 

oe 

i] 

iw} 
——~ 
NI ot 
Sy 

Q 

+ 

II 

fe) 

io) 

n 

[S} 
oO oN 
bol oa 


“I 


Pans 7/2 cos?6 do = Ms 2a 4 (1+ cos 20) dd [half-angle identity] 


=5|O+ 1 sin 267"? = $([(Z +0) —(0+0)] = 


ala 


m/4 m/4 1 
8. it sin’ (20) d0 = / 5(t — cos 40) d6 [half-angle identity] 
0 0 


o— 
ALA 
o 
be 
= 
Os 
| 
oo| 5 


yo 


Jo. cos*(2t) dt = JJ [cos?(2t)]? dt = fr [4(1 + cos(2- 2t))]? dt —_[half-angle identity] 
= $ Jo [1 + 2cos 4t + cos”(4t)] dt = $ fJ"[1 + 2cos4t + $(1 + cos 8t)] dt 


= ito (2 + 2cos4t+ 3 cos 8t) dt = z([3¢+ dsin4t+ 4 7g sin 8t]> = ral n+0+0) — 0] = an 


10. f-" sin? t cos* tdt = + J (Asin? t cos” t) cos? tdt = fi" (2sint cost)? $(1 + cos 2t) dt 


= § fo (sin 2t)?(1 + cos 2t) dt = 3 ff (sin? 2t + sin? 2t cos 2t) dt 


a aio sin? 2¢ dt + zfo sin? 2t cos 2t dt = aio 3 (1 — cos 4t) dt + 2[4 ; 3 sin? 2t]7 
= 4 [t—4sinai]7 + 200-0) = B[(r-0)-)=5 
"1. 7"? sin? x cos? eda = f"/? 1(4sin? x cos” x) dx = ["/? 1(2sina cosx)’dx = } ["/? sin? 2x dx 
= a $(1 — cos 4a) dx = 3 7/24 —cos4a) dx = }[x — 4 sin4a]} m/2 L(z) == 


12. fe’? (2 — sin 0)? do = Me Asin@ + sin? 0) do = oS [4 — 4sin@ + $(1 — cos 26)| dé 


= ae —4sin 0 — } cos 20) do = [20 + 4cos0 — 2 sin 26]"/” 


= (#+0 0) (0+4 0) = on 4 
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14. 


15. 


16. 
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J Vcos@ sin?6 dO = [ Vcos@sin?@ sin 6 dé = f[ (cos 6)'/?(1 — cos?6) sin 6 dO 


= full? —u?) (du) = f(u/? — u/?) du 
= Ful? — 3u8!? 4.0 = 3( 0080)? — 3(os)*”? +.C 


/ (1 + Waint ) cos*t dt = / (1 + (sint)'*) cos”t cost dt = | (1 - (sint)'/*) (1 — sin’) cost dt 


= f(ltul)(1 —u?) du = f(l—u? +. ul? — u7/) du 


1,3 , 3,4/3 _ 3,10/3 
a eg Ue a To & +C 


= sint — 4 sin®t +3 3 y sin* io 3 7sin t4+C 


2 een) : 2 
[osc*o costo da = [ cosead = | SF" cosoae > [ : = du= fw —w) du 
4 -2 1 1 
i C C 
4" - hi cs Asin’@  2sin?6 


Alternate solution: 


3 
[osc*o cos?@ dé = / eae - = do = [cot csc76 dé 
sin’@ sin*0 


= fw (—du) [u = cot 6, du = —csc?0 d6| 


=—fwdu=—jui+C=—jfcot*0+C 


[cots cos?x dx = ‘| ee (1- sin’) dx 


sin xv 


s fl—-w 1 a8 
= 7 du = aot du = In|u| — 5u° + C = In|sina| — tsin’?c +C 


ra} 
2 sin’ 2@ - 2 S 2 
[on x costnde =f 7 cos*zdz = | sin?x cosrdr= | u? du= gue +C= 3 sin 32+ 


COS“ Xv 


. f sina sin 2x dx = f sin?x (2sinz cosx) dx = f 2u° du = 4u*+C = dsin*z+C 


. fsing cos( 3) dx = fsin(2- 52) cos ($2) dx = J 2sin($2) cos "(ha 2) da 


= = [20 ¢ —2du) [u = cos(da ), du = —§ sin($z) dz] 
=-4u° + C = —#4cos® ($2 r)+C 
. ftang secta dz = ak seca sec’xdx = fu? du [u = sec x, du = seca tanz dz] 


w+o= 4 secx + C 


. f tan?6 sec*6 dé = f tan? sec?6 sec?6 dO = f tan70 (tan?6 + 1) sec”0 d0 


= f uv (u? + 1) du [u = tan 0, du = sec? 6 d6] 


= f(u* +u?)du = eu? + uP +C = Ftan’O + § tan?9+C 


. ftan’adz = f(sec?x —1)dx=tanzx—xr+C 
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24. f(tan?x + tan*z) dr = f tan?x (1+ tan’x) dx = f[tan?x sec’xdz=fu?du — [u = tana, du = sec? de] 
= au+C= + tana + C 
25. Let u = tanz. Then du = sec?x dx, so 
f tan*asec®x dx = f tan*xsec*z (sec?x dx) = f tan*x(1+ tan?x)? (sec?z dz) 
= fut(lt+u?)? du= f(u® + 2u® + u*) du 


= su? +2 ui +ew+C= gz tan’x + 2 tan’x + ¢tan°x + C 
26. Le sec®@ tan°6 do = (ee tan®°@ sec’@ sec”6 dO = ae tan®0(1 + tan?6)? sec?6 dO 


u = tang, 
=fou (1 Ee uw’)? du E = sec70 | 


= 1 u®(u* + 2u? +1) du = Ja +2u® + u®) du 


— fi, 4, 2,9, 1,7) _ 1 12), 1 _ 634154499 _ 316 
= [qu #gu +20 |j Sats te 693 693 


27. f tan®x seca dx = f tan*x secx tana dx = f(sec*x — 1) secx tanxdr 


= f(u? —1)du [u = seca, du = seca tanax dx] = hu® -—-u+tC= 4 sec? — seca +C 


28. Let u = sec x, so du = secx tan x dz. Thus, 
f tan’xsec*x dx = f tan*x sec’ x (secx tan x) dx = {(sec”x — 1)? sec” (sec x tan x dz) 
= f(uw? —1)?u? du = f(u® — 2u* +. u?) du 


=7uU — 2u° + tu S4C0= 3 sec’ a — 2 sec? a + 4 sec® r+C 


29. f tan®x sec°x dx = f tan®x sec*x sec’a dx = f tan®x (1+ tan?x)? seca dx 
_ 3 2\2 u=tana, 
= fu (i+w ) du el 
= fub(u* +2u? +1) du= f(u" +2u° +u3) du 
— sus + ue + tut +C= + tan®a + + tana + ; tan*x +C 


30. SOO tantt dt = f°/* tan? t(sec?t — 1) dt = NS tat t sect dt — Sel" tan? tdt 


1 n/4 
= tes u? du [u = tant] — fr" (sect 1) dt [su] [tans ‘| 
0 0 


31. ftan°xdx = [(sec’a — 1)? tanadz = f sec*x tanxdzx — 2 f sec’x tanxdz + f tanx dx 


= fsectx seca tana dx — 2 f tana sec?x dx + [tana dx 


= }sec*x —tan?x+In|secz|+C [or 4 sec*x — sec?x + In|secx| + C] 


32. f tan?x seca dx = [(sec?x — 1) secadu = f sec®xdx — f seca dx 


(seca tanz + In|secx + tanz|) — In|secx + tanz|+C [by Example 8 and (1)] 


NIB 


(seca tanx — In|seca + tanaz|) +C 


NI 
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a, fae =| ( cos?z — sin *2) de= f cos2rde = }sin2x +C 


sec2 


tana sec? © 4 2 
34. sec’x tanxsecrdxr — | u7 du [u = seca, du = seca tan x da| 
cos x 
ty 
3U 


+ C= isecia+C 


ape 3 m/4 Qs 2 m/4y 2 1/V2 1—v 
35. / a dex | mY sina dx =| = O8* sina dx sf . (—du) 
0 0 0 sh u 


1 1 
=| ( u) d= | 5 | = (ini-5) = (in -F) =-F-m 
36. a= f Shao [Shao fh an ao+ [ sec?#tand sec ad 
cos?@ cos?@ cos?6 cos?6 
ae 1G ie 2 u = cos 6, du = — sin 6 dé 
= us eo Ua v = sec 0, dv = sec 0 tan 0 do 
ae 1 


1 cod 3 1 2 1 3 
= Sat! POS 5 af t 3 sec O+C = 5 sec 0+ 3 sec 0+C 


37. lle conde = [eee 1) dx = [—cota a]"/ (0-4) -(-v3- 4) =v3- 


m/2 m/2 n/2 m/2 
38. / cot?« dx = / cot x (csc*2 — 1) dx = i cot x ese’ da — / SOE ot 
TT wT n/4 n/4 sin v 


m/2 
2 : 
= [-3 cot z—In|sina |" = (0-Inl) 3—In 35| 44+In+ = 4(1-In2) 


39. i cot?’d csce?ddd = (Nip cot*¢ csc?¢ csc d cot ddd = are (csc?¢ — 1)? csc?¢ esc ¢ cot ddd 


1 
= / (uw = 1)?u? (—du) [u = csc ¢, du = —cscd cot ¢ dg] 


V2 
v2 V3 
=| (u® — Qué + u?) du = [Bu? — 2u® + 208]! oa 
120 — 168 +70 15 42-4 35 a 
OE pe oe = 
105 i 105 tos V2 


40. CE csc’6 cot’ dé = jee cot*@ csc?6 csc?6 dO = Lh cot*@ (cot?@ + 1) csc?6 dé 


= Fitba - u =cotd, 
= J, U (u +1)( du) een 


csc x (csc & — cot x —cscx cotx + csc7x 
4. 1= | cscxdx = sch CSE) ee Oe SON TAEE Let wu = cscx — cotxz 
csc x — cot x csc x — cot x 


du = (—csex cot x + csc) dx. Then I = f du/u=In|u| = In|cscx — cot2| + C. 
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42. Let uv = csc x, dv = cse?x dx. Then du = —cscx cotrdrz,v=—cotx => 
3 = 2 - 2 
fesc’a dx = —cscex cotx — f cscax cot*xdx = —cscx cota — f csc x (csc*x — 1) dx 
=-—csex cotx + fcscxda — f csc? dx 
Solving for f csc*a dx and using Exercise 41, we get 
1 1 


fescbx dx = —5 csc x cot z+ 4 fcscadx = — 3 cscx cotx + 4 In|cscx — cot 2| + C. Thus, 
7/3 oo3 1 1 ne 
Jan esc’ x dx = [-$esex cot x + In [oscar — cot x} | j 
7/6 
ade. 1 1 = 
=-3-3-4+4m| 3 - 3]+4-2-v3-4m|2- v3| 
=-3+V3+5ln % — 3 ln(2— V3) © 1.7825 


43. [sin 8x cos5a dx = Jf $[sin(8a — es + sin(8a + 5a)| da = 4 [(sin3a + sin 132) dx 


= 3(—F cos 3a — zz cos 13x) + C= —# cos 3x — 3g cos 132 +C 


44. [sin 20 sin60 do = 2 fa [cos(20 — 60) — cos(20 + 66)] dé 


4 [[cos(—40) — cos 86] dd = 4 [ (cos 40 — cos 80) dé 


= 3(; sin 40 — 2sin80)+C = 3 sin 40 — 4 sin80+C 


45. ies cos 5t cos 10t dt = hg 4[cos(5t — 10t) + cos(5t + 10¢)] dt 


. i *[cos(—5t) + cos 15t] dt = oy ie (cos 5t + cos 15t) dt 


s( sindt+ + sin 15¢]7/” = $(z- x) =i 


46. [tcos?(t?) dt = f[ tcos*(t?) cos(t”) dt = f t[1 — sin?(t?)]? cos(t?) dt 
(1 — u?)? du [u = sin(t), du = 2t cos(t?) dt] 


1 
2: 
= 5 f(u* —2u? + 1)du= $(u? — Zu? +u) + C = sin’ (t’) — ¢sin®(t?) + § sin(t?) +C 


+2 
47. fue ae) dt = | sin?u(—du) [u=¢,du=— de] 


=~ f $(0— e020) du =—3 (u— f sinau) tC at zn(3) +C 


48. [ sec?ycos*(tan y) dy = f cos’udu [u = tan y,du = sec?y dy] 


= sin u— z sin?u + C [by Example | ] 


= sin(tan y) — 4 sin? (tany) + C 


49. el® /T+ cos 2a da = "/° 1+ (2cos?a — 1 Jde = f° V2 costa da = V2 "/° Veos?a dx 


= = f2sr/e |cos x| dz = V2 fo '8 cosa da [since cos « >OforO0<a< /6| 


=/2 [sina] — V2 (3 - 0) a v2 
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50. fol VT cos 40 do = wit = (1 — 2sin?( 20)) dO = fiat pr 20 )d0 = /2 f""* \/sin?( 20) do 
= a2. fee |sin 20| dd = V2 7/4 sin 26 d0 [since sin 20 > 0 ford < 0 < x/4] 


= V2[-—} cos 26]5/* = —}v2 (0-1) = 3v2 


51. ftsin’tdt = ft[4(1 —cos2t)] dt = 4 f(t —tcos2t) dt = 4 ftdt— 4 ftcos2tdt 


u=t, dv=cos2tdt 


= $($t?) — $($tsin 2¢ — f } sin 2t dt) ii She ten 


H 


= +0? _ +t sin 2t + 3 (—} cos 2t) +C= +0? _ +t sin 2t — cos 2t + C 


§2. Letu = 2,dv =secxtanxdxr => du=dz,v = seca. Then 


fusecx tanzdr =asecx — f secxrdx = xsecx —In|secz + tanz|+C. 


53. f xtan’xdzx = f x(sec*x — 1) dx = f xsec’xdzx — fxdzx 


u=a, dv=sec? adr 
=atana — f tanadz — ig? : 
2 du=dz, v=tanz 


= xtanz — In|sec2|— $27 +C 


54. [ = f xsin’x dx. First, evaluate 


f sin?x dx = [(1—cos’a) sina dx = [(1—u?)(—du) = f(u? — 1) du 


= su3 utCy,= 4 cos*x — cosx+C}. 
Now for I, let u = x, dv = sin°x du = dz,v 3 cos*x — cos x, so 
I= 42 cos*x — «cosa — f (s cos?x — cos) dx = ta cos*a — xcosx — = 4 { cos? adx+sinx 
east 3 Lies Ll gin3 : 
= 32@cos*x — xcosx — 3 (sing — zsin’x)+sinag+C [by Example 1] 


= $x COs*x —axcosx+ 2 sina + 3 sin®z +C 


55 7 = f —— eee de = | ae = | SE ae 
: cosx—1 cosx—1 cosxr+l mh cos?x — 1 7 —sin?x 
=f (- cot x csc x — csc”) dx =cscx+cotxr+C 
1 1 secO—1 secO—1 secO —1 
56. —— dd = _ | ———- - ———__ a0 = | —.——_ d0 = | — 0 
i secO+1 / secO+1 sec@—1 i sec?9 — 1 / tan?6 
cos 6 cos? cos 6 dé 1 —sin?6 P 1 2 
= dé dé = dé = d 0d0 dé 
/ sin? i sin?0 i sin?0 i; sin?0 / wo [ose _ / 


er oe eee, 
sin 0 


Alternate solution: 


: 9 2.cos” (5) -—1 
7 do = / C08 Ye = p= / d@ ——_[double-angle identities] 


secO+1 1+cos0 0 
2 cos? {| = 
2 
1 2f@ = 0 
= fra [5s (5) dd=0 tan($) +0 
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In Exercises 57—-60, let f(a) denote the integrand and F’(:) its antiderivative (with C' = 0). 


T 
57. Let u = x”, so that du = 2x dx. Then 
J vsin? (x?) da = f sin?u (4 du) = 4 f $(1 — cos2u) du : 
T T 
= f(u— $sin2u) +C = ju—F4($-2sinu cosu) +C f 
= tx? — 4 sin(x?) cos(x”) + C 
TT 


We see from the graph that this is reasonable, since F’ increases where f is positive and F' decreases where f is negative. 


Note also that f is an odd function and Fis an even function. 


58. fsin?x cos*x dx = fsin'a cos”x cos x dx 


= f sina (1—sin?x) cosxdzx : F 
= fw(1—u’) du= f(u® —u") du 7 w 
= 2 sin®x — z sin’x + C 


We see from the graph that this is reasonable, since F’ increases where f is ~0.1 


positive and F' decreases where f is negative. Note also that f is an odd 


function and F is an even function. 


= 


59. [sin 3a sin6x dx = f 4[cos(3x — 6x) — cos(3x + 6x)] dx 


= 4 [(cos3a — cos 9a) dx 
= 7sin3x — 4 sin9x +C z 2 
Notice that (2) = 0 whenever F has a horizontal tangent. 


Ole 


60. [sec*(4x) dx = f (tan? £ +1) sec” $ dx 20 
=f(w+1)2du [u=tan 4%, du = 4 sec? $ da] 
= 2u°+2u+C =2tan®$+2tang+C 7 # 
Notice that Fis increasing and f is positive on the intervals on which they 
are defined. Also, F' has no horizontal tangent and f is never zero. —20 


61. Letu = tan’2, dv=secx tanede => du=7tan®sx sec*x dz, v = seca. Then 
f tan®z secxdx = ftan’x -seca tana dx = tan'x seca — f 7 tan°x sec?x sec x dx 
= tan’x seca —7 f tan®°x(tan?x +1) secrdr 


= tan’ secx — 7 f tan®x sec x dx — 7 f tan°x sec x dx 


Thus, 8 f tanex seca dx = tan’x secx — 7 f tan®x sec x dx and 


n/4 1 - 7 m/4 5) 
j tan®x seca dz = — [tan’x sec x] oe sf tan®x seca dz = v2 _ 
0 8 0 8 Jo 8 


ColN 
m 
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62. (a) ftan?’adx = f tan?” °xtan?x dz = f tan?” *x (sec? x — 1) dz 


= { tan? “72 sec?x dx — {tant 22 dx 


= f u2r—? du — { tan??-*2 dx [u = tanz,du = sec?x dz | 
2n-1 2n-1 
u Qn—2 tan x Qn—2 
— — / tan xzdx = ————_— — |] tan a dx 
In—1 / In—1 i 


(b) Starting with n = 4, repeated applications of the reduction formula in part (a) gives 


tan” tan” tan® 
[vateae = st ftan" eae = = = ( = a ~ [ tanteds 


tan’x tans tan? x 2 
— _ + — | tan*xdx 


7 5 3 
tan’ tan? tan? x tan x 
— - + - - ldx 
7 5 3 1 


tan’ tan’ x tan? x 
= - sa —tang+2+C 


7 5 
63. fare = =f", sin?a cos*ada = + J” sina (1 —sin?x) cosa dx 
= x uw(1 = u?) du [where u = sin «| =0 
64. (a) Let u = cos. Thendu=—sinrdx => f sinx cosxdx = f u(—du) = —hu? +C= -$ cos*x + Ch. 


(b) Let u = sinz. Thendu=cosxdx = f sina cosadx = fudu= su? +C= 4 sin?x + Co. 

(c) [sina cosxdx = f 4 sin2a dx = —F cos2x + C3 

(d) Let u = sinx, dv = cosa dx. Then du = cosx dz, v = sin x, so f sinx cosa dx = sin?x — f sin x cos x dz, 
by Equation 7.1.2, so f sina cosxdx = dsin?x + C4. 


Using cos? x = 1 — sin? and cos 2a = 1 — 2 sin”, we see that the answers differ only by a constant. 


65. A= [i (sin’a — sin°x) dx = fF [5(1 — cos 2a) — sina (1 — cos*x)| dx 


u = cos”, 
du = —sinxdz 


= fo (4 — 4c0s2n) det foM(1— wu?) du 


66. A= fo" (tana —tan?x) dr = fo" (tana —sec?x + 1) dx 


n/4 
= [In|secx| — tanx + 2| = (Inv2 1+ 4) —(m1—0+0) 
0 


=Inv2-1+% 
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67. 1.25 It seems from the graph that f, ne cos*a dx = 0, since the area below the 


z-axis and above the graph looks about equal to the area above the axis and 


0 2a below the graph. By Example 1, the integral is [sin x 3 sin 


3 


a| [ =0. 
Note that due to symmetry, the integral of any odd power of sin x or cos x 


between limits which differ by 2nz (n any integer) is 0. 


= 125: 
68. 1 It seems from the graph that f, Z sin 27x cos 57a dx = 0, since each bulge 
above the x-axis seems to have a corresponding depression below the 
0 Y 2 x-axis. To evaluate the integral, we use a trigonometric identity: 
is sin 2ra cosSmax dx = 4 ifs [sin(2ra — 57a) + sin(2ra + 5ra)| dx 
-1 =3 ies [sin(—37ax) + sin Tra] dx 


ares 


2 
=z COS 7xx| a 


= $[< cos(—37z) 
=3[s(1-1)- 4(1-1)] =0 


69. Using disks, V = SF. 7 sin’ de - T frie $(1 — cos 2a) dx = x[ $a — qsin 2a)”, =7(%¥-0-%+0)= = 


70. Using disks, 


V = fo n(sin?x)? dx = 20 ele [5 (1 — cos 2x)]? dx 


= ma 2cos 2a + cos? 2x) da 


[ee [1 — 2cos 2x + $(1—cos4x)]| dx 


n/2 


ae (2 — 2cos 2a — 3 cos 42’) dx = [3a — sin 2x + 3 sin 4a]? 


0 2 2 


= 4/( —0+0) —- (0—0+0)| = 3x’ 
71. Using washers, 


V= ss m{(1 - sinx)? —(1—cos a)” dx 


= m fol (1 — 2sinaz + sin?x) — (1—2cosa+ cos’) | dx 


4 : : 
= ely (2cosx — 2sina + sin?a — cos*x) dx 


=7 w/4 (2cosa — 2sina — cos2r) dx = n[2sina + 2cosax — $ sin 2x 


=n[(v2+ v2— 4) - (0+2-0)] =2(2V2- 8) 


ees 
0 


72. Using washers, 


V= fr? rf [seca (—1)]? — [cosa — (—1)]?} da yh ates 
=n fo/?[(sec?a + 2secx + 1) — (cos’x + 2cosx + 1)] dx 
1 
= oe [sec?a + 2seca — 4(1 + cos 2x) — 2cos 2] dx 
y=cosx 
=n[tanz + 2In|sece + tanz|— }a—}sin2e—2sina]"” 0 - x 
3 
=a|(V/BS Inet Vayot@ tye =73)0)¢  chaplesene roe same 


= Qn In(2+ V3) — an - an V3 
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s=f(t)= fe sinwu cos’°wudu. Lety = coswu = dy = —wsinwudu. Then 


sa H8 [oe dy = -2 [Ay TP" = LC — costa) 


(a) We want to calculate the square root of the average value of [E(t)]? = [155 sin(1207t)]? = 155? sin? (120zt). First, 


we calculate the average value itself, by integrating [E (t)/? over one cycle (between t = 0 andt = a since there are 


60 cycles per second) and dividing by (a - 0): 


[E(t) 2g = soa Jo °° (155? sin? (120nt)] dt = 60 - 155? f/°° 4[1 — cos(240nt)] dt 


ae 


= 60 - 155?(4) [¢— zd sin(240mt)]>/°° = 60 - 155?(4) [(2, — 0) — (0—0)] = BE 


The RMS value is just the square root of this quantity, which is ae ~110V. 


(b) 220 = ,/[E(t)|?, => 


avg 


220? = [E(t)] aia Jo? A? sin? (12078) dt = 60.4? f,/° 4[1 — cos(240nt)] dt 


ce 


= 30A?[t — s4- sin(240nt)] 0/°° = 304? [(2, — 0) — (0 —0)] = 4.4? 


Thus, 220° = $A” => A=220V/2%311V. 


Just note that the integrand is odd [f(—2) = —f(a)]. 


Or: Ifm # n, calculate 


i sinmaz cosna dx = / 3[sin(m — n)x + sin(m +n)a] dx = $ -e ee 


—T —T 


=0 
m—-n m+n 


—TT 
If m = n, then the first term in each set of brackets is zero. 
f"_sinme sinna dx = {"_ $[cos(m — n)ax — cos(m + n)a] dx 

—T —w 2 . 


if dion equal to 5] ne = See = 
2 m-n mtn Le 


Ifm =n, we get ["_3[1 —cos(m + n)x] dx = [$2]"_ — Ses =7-O=7. 


J™cosma cosna dx = f™_ 5{cos(m — n)x + cos(m + n)a] da. 


If m # n, this is equal to 


1 Ee —n)x  sin(¢m+ ad Hi 
+ =0. 
2 m—n m+n “oe 


Ifm =n, we get ["_ $[1 + cos(m + n)a] dx = [$2] 


é fn +n) 


a =7+0=7. 
2(m +n) a 


1 T 1 T m m - T 
= f(x) sinma dz = — i [e an sone] som dx = S- we i sinmaz sinnz dx. By Exercise 76, every 
T Jax T Jan n=1 n=1 “ mai 


: . a 
term is zero except the mth one, and that term is — - 7 = Gm. 
T 
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7.3 Trigonometric Substitution 


1. (a) Use x = tan 0, where —1/2 < 6 < 7/2, since the integrand contains the expression 1 + 22. 


(b) « = tand dx = sec*6 dO and \/1 + 2 = V/1 + tan?0 = V/sec?0 = |sec 6| = sec 0. 


3 3 
Then f ste = | yee’ = [ tan*@seco a. 


2. (a) Use x = 3sin 0, where —7/2 < 0 < 7/2, since the integrand contains the expression /3? — x?. 


(b)a2=3sin0d => dx =3cos0dé and 


V9 — 2? = V9 — 9sin?0 = \/9(1 — sin?) = V9 cos?0 
= 3|cos6| = 3cosé 


27 sin eg 


Then | —2— = [SS 300s0d0 = f 27 sin°9 0, 
ae 


3. (a) Use x = V2 sec 0, where 0 < 0 < 1/2 ort < 0 < 37/2, since the integrand contains the expression Vx? — 2. 


(b) a = V2sec0 => dx = V2secOtané dé and 
Ja? —2 = V/2sec20 — 2 = \/2(sec?6 — 1) = V2 tan? = V2 |tan6| = V2 tand. 


2 
dx = aseee Visco tand.d0 = [ 2s0c°9 a8, 


2 
x 
ls J/2tand 


Then 


4. (a) Use x = 3 sin 0, where —7/2 < @ < 7/2, since the integrand contains the expression 
(9 — 4a 2)3/2 apa = ae) 
(b) x = 3 sin => dr= 3 cos 6 dé and 
3 3 3 3 
(9 — 47)3/? — - - ee = : 9(1 — sin 6) ) = (v9c0870 ) = (3 |cos 0) = 27cos°6. 


bond 7 sin? 


Then { ——"——75 (0 ~ 42) 3a @ ER en | 3 cos dd) = f sein’ 6 sec’6 dO. 


5. Let x = sin 0, where —7/2 < 0 < 1/2. Then dx = cos 6 dé and 


sin?@ = Vcos2@ = |cos 6| = cos @. Thus, 


in°6 


x 8 2 
———_ dr = cos6@ dO = | (1 —cos*6) sin 6 dé 
re pa / 
2 fa u’) ( au) = fi 1+u’)du= ut gui +c 
= —cos6 + 4 cos*6+C =-VI—a? +1(VI—a#) +0 


ieee 4 
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6. Let 2 = 3tan0, where —1/2 < 0 < m/2. Then dx = 3sec”6 d0 and 


V9+ a2 = V9+9tan?d = \/9 (1+ tan?) = V9sec?24 = 3|sec O| = 3sec 4. Thus, 


x? ri a 2 3 
sec 0 d0) = | 27tan’@sec 6 dé 
lyre = | / S249 
=27f = 1) tan 0 sec 0 dO 


= 27 [Ca _ 1) du [u = sec 0, du = sec 0 tan 0 dé | LI 
= = 27(4 u 3 — u) +C = 9sec?6 — 27sec0+C 


= 0( EB) 2VeF9 Ol 
a Ore ee ira Sar 3 


7. Leta = 3 sec @, where 0 <0<fForn<0< 3m Then dx = 3 sec 0 tan 6 dO 
2x 
and /4a? — 25 = /25sec20 — 25 = V25 tan? @ = 5|tan6| = 5tan0@ for 4x? — 25 
the relevant values of 0, so 6 
5 


/472 
pe Ra-/[S (Zscce tana) — 5 | tan?@ab 
x 


(x? + 9)9/? — 9/2? +940 


2 sec 0 
= 5(tan 0 = 0) +C [by Exercise 7.1.59 or integration by parts | 
aap 2 
= (== —sec* (=)) tC = 4x? — 25 ssec~ (2c) +C 


8 Let x = V2 sind, where —7/2 < 0 < w/2. Then dx = /2cos@d0 and 
= /2— 2sin?6 = V2cos20 = V2 |cos 0| = V2cos 6. Thus, 
i aa to= f ee? VE cosodd = [ 719 = f cot?oao 


2sin?6 sin? 


V2 
= f(csc?6 — 1) dd = —cot0-0+C ia 
/2— x? [| 
a sin-'( _)+¢ 5 
x J2 Qk 
9. Let a = 4tan0, where —1/2 < 0 < 1/2. Then dx = 4sec?6 dé and 
V16 + x? 
V16 + 2? = V16 + 16tan?6 = V'16sec20 = 4|sec 6| = 4sec 0. Thus, 
f° V16 + x? dx = f 64tan*6 (4sec 0)(4sec”0 d0) = 1024 f tan®@ sec*0 dO ; CI 
= 1024 f tan@sec70 sec @ tan 6 d0 = 1024 [(sec”@ — 1) sec? sec @ tan 0 dO 
= 1024 fw _— 1)u? du [u = sec 0, du = sec @ tan 6 d0| 
2\2 z\3 
7 es 11) a es (“SE ) we. (“SE ) ns 


= (16+20)°"(F (is +2*) -) +0 (16 +2")( ta TE) 40 
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10. 


11. 


12. 


13. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Let x = 3sin@, where —7/2 < 6 < 1/2. Then dx = 3cos0 dO 


and /9 — x? = \/9 — 9sin?@ = V9 cos26 = 3 |cos6| = 3cos0. 


9 sin? . 2 
dx = p 3c0sd.dd = 9 sin” 0d0 
I= Sh |x / 


=9 | (1 ~ 00526) do = 3(0 — $sin20) + C = 36 — 2(2siné@ cos) + 


Let x = sec0, whereO <0 < Form <0 < an Then dx = sec@ tan 6 dé 


and Va? — 1 = Vsec?@ — 1 = Vtan?6 = |tan 6| = tan 6 for the relevant 
values of 8, so 


Jogi 
vad dx = / cond sec@ tan@ dé = [txt cos°6 dé 
x4 sec4@ 


= f sin?@ cosodd = fw? du= gu? +C= $sin’ 9 +C 


Spe \3 2 4\3/2 
=3( £ *) Loe it @ =" te 
3 x 3 x3 


Let u = 36 — x”, so du = —2a dx. When x = 0, u = 36; when x = 3, u = 27. Thus, 


[ gene [fF fa(-$) = Seve) <- (ver vi) -0 v8 


Another method: Let x = 6sin0,sodz =6cos0d0,c=0 => @0=0,andrz=3 > 0=% 


7/6 : x/6 
=| 6sin@ soso = | 6sind ¢ 
0 


,/36(1 — sin? 0) 6 cos 0 


= 6[-coso]” =6(-8 +1) =6-3v3 


LT 
—— dz 
(0) 36 — x2 


n/6 
osodo=6 | sin 0 dé 
0 


Vx2-1 


Let x = atan 0, where a > 0 and —3 < 0 < &. Thendz =a sec”0d0, x =0 => 60=0,andr=a > 


6 = 4. Thus, 


e dx - as asec?6 d0 /4 asec?0d0 _ 1 7/4 cos 8 dd 
9 (a2 + 22)3/2 0  [a2(1 + tan20 ye? fi asec3O a2 0 


= 4 [sing = (2 0) 


1 
J2a2 
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14, Lett = 4sec0, whereO0 <0 < Form <0< am Then dt = 4sec 6 tan 0 dé and 


Vt? — 16 = V/16sec?26 — 16 = V16tan?6 = 4tan6@ for the relevant 
values of 0, so ‘ tr — 16 
/ dt =| 4secO tandd@ — 1 = _ = | cose 

12/22 —16 16sec2@-4tan@ 16 seep 7 


A 
1 1 vee 10 a 16 
— —sin@ = Sees 
go = ie im 7 
15. Let x = sec 6, so dx = secO tandd#,x=2 = @=4,and 
x 
x£=3 => 6@=sec'3. Then Vel 
2 dx = see" 3 sec tanddd _ sec" 3 cog 9 46 A 
oe a= Dae — Joye tan36 dn /3 sin? i 
a sa eee 3 2 
= = du=|-- = t+ 5=-<V245v3 
v3/2 U vay. V8 v3 4 3 
16. Let « = 2 sin0, so dx = 2 cos@ dd, x = 0 > 0 = 0, and x = 2 > 
2 
6=%. Thus, 3x 
2/3 n/2 
/ 7977 de = f 4—9- = sin?@ = cos dd Cy 
0 7 ? 4— 9x? 
am /2 n/2 
=| 2cos@- = cos do = = 3 / cos? dé 
0 3 Jo 
df? 4 2 1 "2 OCR 
— =(1 20) do = =|6 + =sin20 =3|(4 ) = |=2 
aa a + cos 26) al +5 sin I, 3 er (0 +0) 
1/2 0) 2s fee a2 
17 x ta ae= | ul? (= du ey ee 
0 1 8 du = —8x dx 
1 
3/2 
= 3[3u°?] =30-9=3% 
18. Let t = 2tan9, so dt = 2sec0 d6, t = 0 6=0,andt = 2 6 = 4. Thus, 


ih -| 2sec7@ db = 7/4 9 sec?6 dO 
0 W442 o V4+4tan? 6 0 2sec 


= In| ¥2 + 1| —In|14+ 0| = In(v2 + 1) 


19. Let x = 3sec@, whereO<0< Form <O0< an Then 
dx = 3sec0 tan @ dé and \/x? — 9 = 3tan 8, so | 2-9 
9 2 
[= ar= [ saan 7 3secd tan@ dé = ;/= 8 10 TI 
Ss 3 


ec?0 


n/4 nw/4 
=| sec 6 dO = [ njsec 9 + tan 6]] 
0 0) 


nn 3 [ $(1 — cos 20) dd = 40 — 4 sin20+C = 30— zsin@ cos8+C 


i 
6 12 


a/p2 — 2_ 
= = sec"? (=) = lvz?—9 9 3 +C = = eec1(Z) — MGe eed, 9 +C 
6 3 6 «2 x 6 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


702 CHAPTER7 TECHNIQUES OF INTEGRATION 


20. Let x = tan@, so dz = sec?0d0,x =0 => 6=0,ander=1 => 6= 4%. Then 
7 dx = T/4 sec? dO = 7/4 56076 dO 
9 (x? +1)? 9  (tan?6 +1)? o _(sec?6)? 


n/4 F m/4 1 
=| cos 9d0 = f = (1+ cos 26) dé 
0 0 2 


é mw/A 7 T 
= 3[0+3sin26]0 = 3[(F+3)- =F +4 
21. Let x = asin0@, dx = acos6d0, x = 0 6=Oandr =a 6 = §. Then 


/2 


a m/2 wT 
/ a? a2 — 22 dr = / a’ sin” 0 (acos@) acos@ dé = “| sin’0 cos’6 d0 
0 0 0 


*| 


n/2 3 at n/2 5 a x/2 
= a‘ | [$(2sin@ cos@)|” dé = / sin? 260 dd = a (1 — cos 40) do 
0 0 ) 


= © i- Saga #((E 0) - 0] = Sat 


1, 1 1 T V3 T 
2, Letz = 5 sin0, so dx = 5 cos0.d0, = 7 > Va, ae Se > Oi Then 


V3/4 


n/3 n/3 n/3 
1 — 4x? a= [ V1— sin? € cos0 dd) = sf cos’@ d0 = 3/ s(t + cos 26) d6 
m/6 w wT 


/6 


ae 4 Mainoo et Lee ec Gh Sik at 
4 2 ae 4/\3 2 3 6 2 3 
af T V3 T J3 T 
(G+) -(G+S)) =a 


[opbente- Lf pee baeso= Tie 


1/4 


23. Let u = x? — 7, so du = 2a dx. Then 


24. Letu = 14+ 27,sodu =2xdx. Then 
Ye z ae= f Z Eis a5 [oP au= 5. +0= Vite +0 
V1i+22 Ju \2 2 2 


25. Let x = tan, where —3 < 6 < 3. Then dx = sec” 0d0 


and 1+ x? = sec 8, so 1+x? 
Xx 
V1+ 2? sec 0 2 sec 0 2 
/ = dx fs sec aap = f (1 + tan* 0) dé ql 


= {(csc@ + sec tan @) dO 
= In |csc 6 — cot 6| + sec8 +C [by Exercise 7.2.41] 


Jie? 1) See Vite —1 
=mnfSFe 2) MEE cml t= 1 vize+c 
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26. Let = 2 sin0, so dx = 2 cos0 dd, x = 0 => 0=0,andzr=0.3 = 6= %. Then 
0.3 r ie 3 sind 
— 5 dr = ——_5 —_______ (3 cos 6 dd 
i (9 — 25x2)3/2 7 (V9—9sin?6 ): ( ) 


9 7/6 sind do frst Soo fe A PA 
ye panacea ae Pe do ee = 
[ (3.cos 0) een tiae af cos?0 af ae 


Sc EU lO a 
7 i BAGS 225 5 


27. Let c = 2 sin0, so dx = 2 cos0d0, x =0 => @=0,andx=06 = 6O= 4. Then 


0.6 x n/2 (2)? sin’0 ? Z m/2 j 
[ =D : ag (fe0s0dd) = of sin 6 dd 3 5 
x 
m/2 é n/2 
= 7% fr! 5(1 — cos 20) dO = 385 [0 — 5 sin 20]/ q 
. J9— 25x? 
= a5 (5 0) 0| = 5007 
28. Let x = tan0, where —5 <0 < 5. Thendzx = sec”6 d6, 
Vx2 +1=sec0 andx =0 6=0,c4=1 6 = 4,80 Ve? +1 
ie Va2+1dr= ie sec 6 sec? dO = fei sec?6 dé 
n/4 
=e [sec tan 6 + In|sec@ + tan 9| : [by Example 7.2.8] 


1//2-14+In(1+ V2) —0-In(1+0)] = 4[V24+In(1 + v2)] 


a. | dx =e dx =| 2sec”6 dO 
Yd Va? + 2a +5 J(a +1)? +4 V4Atan?0 +4 


dx = 2sec76 dé 


x2+1=2tand, 


or In | x? + 22+5+2+1| + C, where C = C; — In2. 


1 1 1 

2 
30 Va-2?drz= < — (x? a+ 4)dr= ¢— (t#-§) da 
0 0 0 
m/2 1 qe. 
: —3= 75nd, 

= + — 4sin?0 4 cos6 dO Peer ran: 

_ 1/2 dz = 5 cos@ dé 


n/2 m/2 m/2 
=2/ + cos 4.cosé dé = +/ cos’0 dO = al 4(1 + cos 20) d0 


=}[0+4sin20]7/° =1(4) =¢ 
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2 
= [ ESF = | sec8ae = in [seco + tans] +4 
iia Vx? + 2x45 
24 + +1 
iin Vx? + 2x Rg a Lek x 
2 2 
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31. 


32. 
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feV/34 2x — 2 dx= fx?\/4— (22 4+ 2a4+1)dr= fx? —(x—-1)2 dz 


2 
: —1=2sin8, 
= f (1+ 2sin 6)? V4 cos?6 2 cos 6 dO f ae x-1 
= f[(1+4sin6 + 4sin0) 4 cos’ 6 dO CO 
V3 +2x-x? 
= 4 [(cos’0 + 4sin 0 cos” + 4sin70 cos”) dO Bae 
=4 f $(1+ c0s20) dd +4 f 4sin0@ cos”0d0 +4 f (2sin@ cos)? d0 
= 2 [ (1+ cos 20) dé + 16 f sin@ cos”6 d6 + 4 f sin? 20 d0 
= 2(0 + $sin 20) + 16(—4 cos’) + 4 f 4(1 — cos 46) dé 
= 20 + sin 20 — 48 cos®6 + 2(0 — $sin 40) +C 
= 40 — $sin 40 + sin 20 — 38 cos*@ + C 
= 40 — 3(2sin 20 cos 20) + sin 20 — 48 cos? +C 
= 40 + sin 20(1 — cos 20) — +2 cos*@ + C 
= 40 + (2sin@ cos @)(2sin70) — +8 cos*@ + C 
= 49 + 4sin®@ cos 6 — 48 cos?d + C 
3 _ 2)3/2 
gee fe—1\) {fealty vitee-—2 16+20-2") 
= Asin G3 ) a( 5 ) 5 3 B +C 
= asin" (25) + e-1) 34 2x — x? “(3 + Qa ypr+e 
34 4x — 4a? = —(4x? — 4 + 1) + 4 = 2? — (22 — 1)”. 
2 
Let 22 — 1 = 2sin0, so 2dx = 2cos@ d6 and V3 + 4x — 4x? = 2cos0. 2x-1 
Then q 
x? bes Re +2sin@)]? ne cael 
Joe? f Se = V3 4 4x= 4x 
2s 2 - 2 
= 5 [Sm = - (sec?0 + 4tan@ sec + 4tan0) dO 
= + J[sec?0 + 4 tan sec + 4(sec? 6 — 1)| dé 
a a {(5sec?0 + 4tand sec 0 — 4) dO = 4 (Stand + 4secd — 40) + C 
- 3p 2c —1 2 ~a-sin-1(#51) | 40 
32 ca ee oa V3 + 4a — 4a? 2 
r+ seen a 
32V3+4r—47? 8 2 
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33. a? + Qe = (2? + 2a +1) -—1=(2+1)?—-1. Leta +1 = 1sec, 
+1 
so dx = sec@ tan 6 dO and Vx? + 2x = tan. Then - Viet1P-P 
ss hay 
[ Vx? + 2x dx = f tan6 (secO tan d0) = f tan’0 sec 0 dO 6 
1 
= [(sec?@ — 1) sec@d0 = f[ sec?0 dd — f sec 0d 
= $sec0 tan@ + 4 In|secO + tan6| — In|sec@ + tan6| +C 
= ksecO tan@ — 4 In|secO + tan6| + C = 3(x+1)V2? + 2a — $ln|x +14 V2? +22|4+C 
34. a? — 2a +2 = (x? —2e4+1)+1= (4-1)? +1. Letx2 —1=1tand, JP aap 
so da = sec?6 dO and V/x? — 2a + 2 = sec @. Then =Vx— 2x42 
x-1 
xo? +1 (tan@+1)?+1 4 
dr = | 6 dO 
[= a / sec*6 bon ; 
2 ae 
- tan“0 2tand +2 9 
sec?0 
= | (sin? + 2sin@ cos@ + 2cos’6) dO = [(1+2sin@ cos@ + cos6) dO 
= f [1+ 2sin@ cos + 4(1 + cos 20)] do = f (2 +2sin@ cosé + 4cos20) dé 
= 20+sin70 + ¢sin20 + C = 20 +sin70 + 4sin@ cos0 +C 
— ra 2 —: 
= Ftan'(* *) (x —1) te x—1 1 “Cc 
2 x? —Qe+2Q  2VJfe?—QWe +2 Va? —2r+2 
Bot 2(a? —22+1)+a-1 3 ett 2x? —32+4+1 
=xt 1) + > 1 CH= = t -1)+—5———_ + C 
pO aetna ay he ot pape on oy. 
We can write the answer as 
Bika 424 (2a? — 4a + 4)+ 2-3 Bias x—3 
ot ep eal er aa eo Pea af) ie a 
See ge ona TS ge eh eae me py 
3 4 z—3 
= it 1)+ h =1 
5 tan (a — 1) sore) ee +C 


35. Let u = 2”, du = 2x dx. Then 


=a fe —as 1 = A . where u = sin 0, du = cos @d0, 
feVl—atda = f[V1-—u (5 du) = 5 fcosé cos 6 dé and JIB? = cos 8 


= $f $(1 + cos 20) dd = $0 + Zsin20 + C = 40+ Fsin@ cos0+C 


=fsin tut gjuV1—u2+C = fsin '(27) + Ga? VI-2?+C 


36. Let wu = sint, du = cost dt. Then 


Hf 2 cost Se 1 1 ce 7/4 1 sec20 db where u = tan0, du = sec? 6 dé, 
0 \/1+sin?t 7 0 Vl+u? 7 0 sec 0 and /I + u2 = sec0 


n/4 
— a sec 6 dO = [In |secé + tan || 
) 


[by (1) in Section 7.2] 


= In(V2 + 1) —In(1 + 0) = In(v2 + 1) 
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37. (a) Let x = atan0, where —$ < @ < 4. Then Vax? + a? = asec and 


dx = asec?6 dO 
V/x2 + a2 asec 


=In(a + Va? +a?) +C where C = C — In|a| 


[ee ae 
= [ sec0d0 = tnjsecd + tan6) + Cy =I) —— 


(b) Let « = asinht, so that dx = acosht dt and Vx? + a? = acosht. Then 
acosht dt 


=t+C=sinh !2+¢. 
_=- ree acosht - re a 


38. (a) Let x = atand, —$ <0 < §. Then 
x? a? tan?6 2 tan? sec?9 —1 
I | (= aye dx / a seckg @ 5° 0 dO / ay do i: Ty do 
= f (sec0 — cos@) dé = In|sec@ + tan 6| — sin6 + C 


VEE 


a 


=In 


eee See [pra ge) — —X__ 
er In(a + x +a?) — ae tO 


x 
a 


(b) Let x = asinht. Then 


2 rap? 
r= [ TAPE acosht dt = ftanh?tdt = (1 — sech?t) dt = t—tanht +€ 


a® cosh*t 
x x 
= sinh" (=) ey ——_ tan Oy 
a /a2 + 2 


39. The average value of f(x) = x? — 1/2 on the interval [1, 7] is 


1 i x? —1 ape 1 ~ tand Otan 6 do where x = sec 0, dx = sec @ tan @ dé, 
7-1 xz 2 6 Jo seg ay Vaz? —1 =tan0,anda = sec-17 
a 2 a 2 a 
= % Jy tan’6 dO = = fy (sec?@ — 1) dé = 3 [tané — 6]¢ 
= ¢(tana — a) = ¢(V48- sec”! 7) 
40. 92? — 4y? = 36 y=t3Vr—-4 => 
y: 
(2,3) 
area = af" 3/2? —4dz = si Vu? —Adzx 
3 
where x = 2 sec 0, 
= 3 [5 2tan@ 2secd tan 6 d0 dx = 2sec@ tan6 dé, x 
a = sec~1(3) 3 * 2, 


S12)" (sec? — 1) sec0 dO = 12 ie (sec? — sec 0) dO 


= 12[$(sec@ tan@ + In|sec@ + tan 6|) — In|sec 0 + tan ||¢ 


= 6{sec@ tan — In|secd + tan 6| | 6) 248 n(3+)| avs 6n( 245) 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


x 
+ C1 


4. 


42. 


43. 


SECTION 7.3. TRIGONOMETRIC SUBSTITUTION 
Area of APOQ = 3(rcos6)(rsin0) = $r7 sin@ cos. Area of region POR = eg te Se aa, 
Letx =rcosu => dx =—rsinudu for? <u < §. Then we obtain 
[ Vr? = 2? dz = frsinu(—rsinu) du = —r? fsin’udu = —4r?(u —sinu cosu) +C 
=—4r’ cos *(2/r) + da Vr? — 27 +C 


so area of region PQR = $[—1? cos” *(a/r) + a V/r? — 2? | oe 6 
= 5 (0 —(—r?6+ rcos6r sin 6)| = 4r70 = ar? sin @ cos@ 


and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = $r70. 


Let « = V2sec 6, where 0 < 0 < Form <0< 32 so dx = V2 sec6 tan 6 dO. Then 
ip dx = [te tan 6 d0 02 
wt Jax? — 2 Asect 6 \/2 tand 


= + {cos 0d0 = + J (1—sin70) cos 6 dé 


;[siné — $sin°6] + C [substitute u = sin 6] 


—0.2 
ie ? 


_ifvar=a_ (e?-2)° 
= x 3x3 


From the graph, it appears that our answer is reasonable. [Notice that f(a) is large when F increases rapidly and small 


when F levels out.] 


Use disks about the x-axis: 


i 9 \ oil 
o Nat +9 0 (a? +9) 


Let x = 3tan0, so dx = 3sec’0d0,xc =0 = O@=Oand 


0| 3 
x=3 => @0=4. Thus, 


m/4 1 F tg 


= [0+ 5 sin26]5/* = [(F + 3) — 0] = Sa? + fa 


/4 5 nw/4 1 
cos’ 6 d@ = anf 5 + cos 20) dé 
) 


. Use shells about x = 1: x=1 


ae Qn(1—a)aV1— 22 dx tee 
= Qn if. aV1 — x? dx — anf. eV — «2 dx = 27Vy — 27rVe2 


For Vi, let u = 1 — 2”, so du = —2a dx, and 
Vi= fp Vi (-3 du) = 3 fy uw! du = 3 | 30°?) 


For V2, let x = sin 0, so dx = cos 0 dé, and 


1 


‘=4Q)=4 


B= jee sin? @ V’cos?0 cos 0 dO = Ne sin?6 cos?0 d0 = ce +(2sin@ cos 0)? dO 


- 1 f7/? sin? 26 d0 = 2 /? 1(1 — cos 26) dé = 3 (0 — 4 sin 20] 7/ =:(4)=4 


am 
| 


Thus, V = 27(3) Qn (7) an ae 
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45. (a) Let t = asin0, dt = acos@ d6, t = 0 06=Oandt=a 
a 
6 =sin~'(a/a). Then t (or x) 
x sin~!(x/a) 5 sin—1(a/a) q 
i nee acos@(acos@d0) =a i cos’ 6 d0 = 
0 0 0 qt 
n~!(x/a) sin! (a/a) 2 sin—!(a/a) 
-<f (1 + cos 26) ao = “(0+ 4 sin26] = © |o+sino cos 6] 
2 2 a 0 2 0 


a a 


Daye 
ee ey oe =) 0] = asin (a/a) + 52 Va? — x? 


(b) The integral de Va? — t? dt represents the area under the curve y = a? — t? between the vertical lines t = 0 andt = =. 
The figure shows that this area consists of a triangular region and a sector of the circle t? + y* = a”. The triangular region 


has base x and height \/a? — x”, so its area is 4. V/a? — x”. The sector has area 4a70 = 4a? sin” *(x/a). 


46. The curves intersect when a” + (4 x)? =8 x’ +ict=8 xe +4e?—-32-0 6 
(x? + 8)(a? — 4) =0 x = +2. The area inside the circle and above the parabola is given by 
Aj= ee (V8 — g2 — 427) dx = 215 V8 — x? dx — 2/5 4a? dx yf 
2 yooe 
= 2] 3(8) sin“ (3) + 4(2) V8 — 2? — +[32°]5 | [by Exercise 45] qq 
= 8sin~ (ss 5) +2vi-$=8 (2)+4-8=2n+4 aoe 
Since the area of the disk is n(V8)° = 87, the area inside the circle and +y2=8 


below the parabola ia Az = 87 — (2x + $) =6n— 2. 


47. We use cylindrical shells and assume that R > r. 2? = r? — (y — R)? x = +,/r?2 — (y — R)2, 
so g(y) = 2\/r? — (y — R)? and 
= [ei any 2/7? — (y— Rye dy = [7 4n(u+ R)vr?— uF du [wherew = y— B] 
slg (0 anf a daa a where u = rsin@, du = 1rcos 6d 


in the second integral 


=4n [-3(r? — ua)e/a) . + An fr ibe 7 cos*6 dd = —42(0 — 0) + 4a Rr? lee cos” dO 


= 20 Rr? ee (1+ cos 20) dO = 2nRr*[0 + $ sin 20)7/” = Qn? Rr? 


Another method: Use washers instead of shells, so V = 87 R le \/r? — y? dy as in Exercise 6.2.75(a), but evaluate the 


integral using y = r sin 0. 
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48. Let « = btan8@, so that dx = bsec”6 dO and x? + 6? = bsec 0. 


E(P)= 2 ae dx = an i E 2 bsec? 6 dé 
-a 4m€o(a? + 62)9/? 4reo Jo, (bsec 8) Vere. 
Xx 
ey 02 1 r 02 d ; 05 
Areob i sec 0 a A4regb iE cee Ateob [sin] 01 CI 
b 


_ 2 x lee aN L-a a 
4reob | /a2 +b? | _ 4reob\ ./(L—a2?+e Var+e 


49. Let the equation of the large circle be x” + y? = R®. Then the equation of 


the small circle is 2? + (y — b)? = r?, where b = /R? — r? is the distance 


between the centers of the circles. The desired area is 
A=f", [6+ VP a) -JVRP—a | de LR 

= 2 (b+ Veo a — (R= a) dn 
=2 fp bd +2 fl Vr? — a? da — 2 fl JR? — 2? de 


ay 


The first integral is just 2br = 2r  R? — r?. The second integral represents the area of a quarter-circle of radius r, so its value 


is im’, To evaluate the other integral, note that 


Ja? — 2? dx = [ a? cos?0d0 [x = asin@, dx = acos@d6] = (4a’) [(1+.cos 26) db 
2 
= 5a°(0 + $sin20) + C = $a7(0 +sin@ cos0) +C 
a2 2 2 


a) 
=e arcsin(=) + <(=) SS a > aresin(=) + 5 Vaz —22+C 
a a 


2\a a 


Thus, the desired area is 
A = 2r JR? — 7? + 2($nr?) — [R? arcsin(z/R) + x VR? — 2? lo 


= Ir JR? — 7? + kar? — [R? arcsin(r/R) +r VR? — 7? |] = 1 VR? — 1? + Sr? — R? arcsin(r/R) 


50. Note that the circular cross-sections of the tank are the same everywhere, so the yh 
percentage of the total capacity that is being used is equal to the percentage of any 


cross-section that is under water. The underwater area is 
= 2 2 5 x 
A=2 ff", /25— y? dy 


2 
= [25 arcsin(y/5) + y \/25 — y? : [substitute y = 5sin 6] 


= Qarcsin2 + 2V21+ Br = 58.72 f0? 


gees ~ 0.748 or 74.8%. 


so the fraction of the total capacity in use is (© 25m 
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7.4 Integration of Rational Functions by Partial Fractions 


PE a ce 
; (7—3)(e@+5) 2-3 «+5 
Qa +5 A B Cxe+D 
Ga oiGt oh 60 Game? wee 
x—6 x—6 A B 
2. se et OE ny, A 
Oa x-6 (a+3)(@-2) 2£4+3 «-2 
1 1 A B Czr+D 
O2ye Pate) ol et ise 
ve+a4 vr+a4 ve+a4 A B C 


Rn) eS 8g ee ae 
) apt oe a(x? —324+2) x(¢—1)(x—- 2) ee 


e+e A B C Dez+E Fe+G 


©) F0s=11G24a? ~ = 1 Oeip” oe Gop 


on 
aN 
& 
Q 
8 


; 5 5 _ 7 LD 
‘2a aie) Galerie) sal soi ate 


(b) wet+aetl _ wi+ae+l = sitet 
(v3 —1)(a@2-1)) (w-1)(@?4+241)(@4+1)(e@-1)) (#4 1)(a@—-1)? (a? +441) 
_ A 4 B,C Di+E 
xtl «-1 (a-1)?) 24241 
5 5 ote 
5. (a) x+i1 = w+i oa B 4 oe DP Ex+F 
(a? —a)(a4+2¢24+1) a(a@—1)(a?+1)3? 2 we-1 2?41 (a? + 1)? 
x? —x“2£+6 —x£+6 A B 
la a6 Lt ae Hy (a — 2)(a + 3) Tag ee 
6. (a) tg 4 dy +16 s tytone dial 
. sa i +r a [page = ee NP on, 1v1Sion. 
gd @fo\e=o) Pree 
=a 442? +164 A B 
+2 a-2 
(b) x _ Art+B a etd Ex+F 
(a2 —a2+1)(22+2)2 2?-a2+1 2242 (a? + 2)? 
5 A B ; : 
7. = + . Multiply both sides by (x — 1)(a + 4) to get5 = A(a+4)+ B(a-1) => 


(@—-—1)\(@+4) «-1 «+4 
5 = (A+ B)a + (4A — B). The coefficients of x must be equal and the constant terms are also equal, so A + B = 0 and 
4A — B = 5. Adding the equations together gives54 =5 < A=1,and hence B = —1. Thus, 


5 1 1 
—— = Slate ale ee: 
foam D xv (a . i) dx = In|x —1|—In|ja+4|+C 
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x—12 z—12 A B 
= = . Multiply both si —4)togetx —12 = A(x -—4)+ B 
adh Ga=A)  o +]: Mu iply both sides by x(a — 4) to get x (c-4)+Br => 


x —12=(A+ B)x + (—4A). The coefficients of x must be equal and the constant terms are also equal, so A+ B=1 


and —4A = —12. The second equation gives A = 3, which after substituting in the first equation gives B = —2. Thus, 


“z—12 3 2 


5a +1 A 


+ ads Multiply both sides by (2a + 1)(x — 1) to get5a+1= A(w@—1)4+ B(Qe+1) = 


‘Qz+l(e-1 +1 2z—1 


Sa +1=Ar—A+2Bre+B > 544+1=(A4+2B)x4+(—-A4 B). 
The coefficients of x must be equal and the constant terms are also equal, so A + 2B = 5 and 


—A-+ B= 1. Adding these equations givesus3B =6 << B= 2,and hence, A = 1. Thus, 


be +1 1 2 : 
ge dx = }In|2¢ +1)/+2In|x—1/+C. 
p= - [ (eats) Pig ee BL eae eT ae 


Another method: Substituting 1 for x in the equation 5a + 1 = A(w# — 1) + B(2x +1) gives6=3B @S B=2. 


Substituting —4 for x gives 3 3A A=1. 


y A B 


G4 DQy= 1) = re + WEEE Multiply both sides by (y + 4)(2y — 1) to getty = A(2y—1)+ B(y+4) => 


y=2Ay—A+ By+4B => y=(2A+4+ B)yt+(—A+4B). The coefficients of y must be equal and the constant terms 


are also equal, so2A + B = 1and —A+4B = 0. Adding 2 times the second equation and the first equation gives us 


9B=1 $ B = 4 and hence, A = 4. Thus, 
y 3 3 4 i of 
dy = 2 2 d Injy +4 -=In|2y—1)/+C 
leas : aaa) y= ghletato smelt 


= ¢nlyt+4|+ 4 In|2y-1/+C 


Another method: Substituting 4 for y in the equation y = A(2y — 1) + B(y + 4) gives 3 = 2B © B= z 


rae . 4 
Substituting —4 for y gives —4 = —9A A=. 


2 2 A 


B 
= — . Multipl th si 2 1 1)t t 
2? +3e+1 (e+ lett) ee ee ultiply both sides by (22 + 1)(a + 1) to ge 


2 = A(x +1) + B(2x + 1). The coefficients of x must be equal and the constant terms are also equal, so. A + 2B = 0 and 


A+ B= 2. Subtracting the second equation from the first gives B = —2, and hence, A = 4. Thus, 


: 2 or ae 2 4 * 3 
\=e«-/ —— — —*_) de = |Z injoz +1)-2In |e +:1)| = (2In3—2In2)—-0=2Ine. 
9 247+ 3r+1 o0 \2e+1 -xr+1 2 é 2 

Another method: Substituting —1 for x in the equation 2 = A(# +1) + B(2a + 1) gives 2 = —B B= -2, 


Substituting —4 for x gives 2 = 5A Se A=4. 
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12. a — a 4 a — Multiply both sides by (2 — 2)(a — 3) to getrw -4 = A(x — 3) + B(a -2) => 
x—-4= Ar—3A+Br—2B x—-4=(A+ B)x + (—-3A — 2B). 
The coefficients of x must be equal and the constant terms are also equal, so A+ B = land —-3A — 2B = —4. 
Adding twice the first equation to the second gives us —A = —2 A = 2, and hence, B = —1.Thus, 


+ aA 2 1 1 
dx = d. 21 2| — | 
[ o—ba+6 [ (5 =) Bene Selle ely 


= (0 — In2) — (2n2 —1In3) = -3In2 + In3 [or In 3] 


Another method: Substituting 3 for x in the equation x — 4 = A(x — 3) + B(a — 2) gives —1 = B. Substituting 2 for x 


gives —2 = —A A=2. 
1 A B 
13. ———~ = — + ——. Multiply both sides by x(a — a) togetl = A(w-—a)+ Br => 1=(A+B)a4+ (aA). 
u(x-—a) «a ax-a 


The coefficients of x must be equal and the constant terms are also equal, so A + B = 0 and —aA = 1. The second 


equation gives A = —1/a, which after substituting in the first equation gives B = 1/a. Thus, 
f= f (+ SR) ee =F inal + File al + 

x(x — a) x x-a a a 

1 1 1 1 
14. If b, —————_~ = = if b, th 
ae. > (a +.a)(x + b) —(-- ay) ita Des 
1 i} 1 xet+a 
dz = l —] b = ] 
less bas ee eo eG b-a =tl4¢ 


1 1 
Ifa = b, th dx = — ; 
a 5 af xv Serena 


we (@-1)4+1_ (@+1)(e@—-1)4+1 
x—1 x—1 x—1 


15. =x2+1+ —. [This result can also be obtained using long division. ] 


2 
Thus, fds = en ee eis gaia 
x—1 x—1 2 


3t-2 3t+3-—5 3(t+1)—5 5 3t — 2 5 
16. age See pee os ah ee ee dt = ~ —_) dt =3t-5nlt+1) +0. 
ar aT] t+1 t+1 area us, [2 [(: 3) Bley OT hea cies 


4y?—7y—-12 A B C i 
17. =<4+ 4 
yy+2)(y—3) yo yt2 y-3 ’ 


y = Ogives —12 = —6A, so A = 2. Setting y = —2 gives 18 = 10B, so B = 2. Setting y = 3 gives 3 = 15C,so C = z. 


Ty —12 = A(y 4+ 2)(y — 3) + By(y — 3) + Cy(y + 2). Setting 


Now 


ae Pe 2 
Ay” — Ty — 12 inG 9/5 a 5 1 2 
dy = + + dy = |2In|y|+ 2lnjy+2|+ 2ln|y—3 
cece 1 \y yt2 y-3 Ptah steer ele lle al 


= 9 1 9 1 
=2In2+2In4+-,Inl—2Inl—;ln3—;In2 


= 22+ 2in2- ¢in2- 2In3= 2 In2- 2In3 = 3(3Im2-— In3) = 3 In$ 
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INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 


SECTION 7.4 
3a7 + 6x + 2 —32—4 —32 —4 A B bed ’ 
——— = —__.. Write ———____ = —— . Multipl both sides b 1 2 
x? + 3x42 VG Dao) . Ce + lye + 2) Sa a a ele ee?) 
gives —32 — 4 = A(x + 2) + B(x + 1). Substituting —2 for x gives 2 = —B B = —2. Substituting —1 for x gives 
—1= A. Thus, 
29,2 2 2 
/ as area ie if 3 : 2 dx = [3x —In|x + 1| - 2In|x +2|| 
, w?+3xr42 1 t+1l 2x42 1 
= (6 — In3 — 2In4) — (3— In2— 2In3) = 3+ In2+In3 — 2In4, or 3+ In? 
2 
1 A B C ah . . 
19. mayer = a + (e+? or a r4+2 Multiplying both sides by (a ¥. 1)*(z + 2) gives 


xv? te+t 1=A(ext1)(@+2)+ B(x + 2)4+ C(x +1). Substituting —1 for x gives 1 = B. Substituting —2 for x gives 


3 = C. Equating coefficients of x? gives 1 = A+ C = A+3,so A = —2. Thus, 
1 


1 
l 2 
a ees I, 


+ 1 


Lt oetatl ay ee) sl 3 
[ @ had [ ea | eps)” | eS 


+1)2(a+2 
= (-2In2-— $+ 3ln3) — (0-14 3In2) = § —5m24+3n3,0.5+nZ 


20. Ge-DG—1). Sea ga GA) Multiplying both sides by (32 — 1)(a — 1)* gives 


1) + C(3a — 1). Substituting 1 for x gives 


2=2C C=-1. 


«(3 —5a) = A(x — 1)? + B(a — 1)(3a 
ZA <= A=1. Substituting 0 for x gives0O = A+ B-C=1+B8B+1,s0 B= -2. 


Substituting 3 for x gives 4 = 


Thus, 
173 


2 1 2 1 1 
= —*_ — ——__| dx = | = In|3a — 1| —2In|x —1 
| i” G nd xv E n|3a — 1| n|z Carmen ; 


3x1-—-1 2 


= (¢ln8 — 2In2+ 4) —($m5—-0+1) =—m2—4n5-3 


Al 1 A B C D 
24. ————_ = ——__ ss — 7 mt yi th si t+1)?(t—1)? gi 
2-12 Efieie fl aa Gpi2 t= €—12 ultiplying both sides by ( )*( )° gives 


+ C(t — 1)(t + 1)? + D(t + 1). Substituting 1 fort gives1=4D = D= iG. 


1= A(t+1)(t—1)? + B(t— 1)? 4 
C+ 4,s0 


Substituting —lfortgives1=4B = B= i. Substituting 0 for t gives 1 = A+ B-C+D=A+ + 
SS A= i, and so 


4 = A—C. Equating coefficients of t? gives 0 = A + C. Adding the last two equations gives 2A = 4 


C = —4. Thus, 
dt off as, fae 4 
Jee f[4 4-4 Hl 


1| a +C,0r5 (In 


1 i 
= <|In|t +1) —~ — nf 
z [ies fi ml 
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2 2 2 
127 — 2 12x — 2 122 — 2 A B F ; 
Batt 12x 20 _ 3r0 + dee 20 Bat + 12x 20 _ aye See ¢ 5. Multiply both sides 


D 
22. = = = —. + —_ 
x4 — 8a? + 16 (a? — 4)? (w—2)2(@+2)2 2-2 (4-2)? eae as (a + 2) 


by (x — 2)?(a + 2)? to get 3a? + 12% — 20 = A(a — 2)(x + 2)? + B(x + 2)? + C(x — 2)?(a + 2) + D(x — 2)”. Setting 


x = 2 gives 16 = 16B,so B = 1, and setting x = —2 gives —32 = 16D, so D = —2. Now, using these values of B and D 


and setting x = 0 gives -20 = -8A+4+4+8C—8 = -—-2=-—A4C (J). Also, setting x = 1 gives 


—-5=-9A+9+3C-2 4=-—3A+C (2). Subtracting (2) from (1) gives 2=2A <= A-=1,and hence 


3x? + 12%~20 | Bi seees a co Mes te a 
xt —8x2+16 ~ x-2  (@-2)2 2+2 (+2)? 


= In|x — 2| —5 Ino +2|+ = + 


C = —1. Thus, 


10 A Bae+C : : 
23. (@—)(@e? +9) = rer + STR Multiply both sides by (a = 1) (a + 9) to get 


10 = A(2? +9) + (Ba + C)(« — 1) («). Substituting 1 for x gives 10=10A <= A =1. Substituting 0 for « gives 


10=9A-C C = 9(1) — 10 = —1. The coefficients of the «?-terms in (x) must be equal,so0 = A+B => 


10 1 —x—-1 1 x 1 
dx = dx = d 
lwaesa = (ars) re Ms x?2+9 =) < 


= Injx — 1] — $In(z? + 9) — ztan-'(2)+C 


In the second term we used the substitution u = x? + 9 and in the last term we used Formula 10. 


3279 -x+8  32°-2+8 A, Bod 


24. 
x + 4a x(x? + 4) x x? 4 


a Multiply both sides by a(x? + 4) to get 


3a? —2 +8 = A(x? +4) + 2(Ba + C) 3a? —2 +8=(A+ B)a? + Cx + 4A. Equating constant terms, we get 


4A=8 < A= 2. Equating coefficients of x gives C = —1. Now equating coefficients of x” gives A+ B = 3, so 


B=1. Thus, 
3a? —x +8 2 a-l 2 x 1 
dx = dx = d 
/ o+4¢ °" [G+3) “ fe+zn o+4 
= 2 In(x) + $m(2? + 4) — $ tan71(4) + C 
3 
xv’ —4r4+1 3a —5 3a —5 A B 
23. ———— = . Writ a . Multiplyi 
me Br +2 rt+3 e—De—D) ce a (CEO) ae ee ultiplying 


both sides by (a — 1)(a — 2) gives 3a — 5 = A(a — 2) + B(x — 1). Substituting 2 for x 


gives 1 = B. Substituting 1 for x gives —2 = —A A = 2. Thus, 

0 3 0 

zw’ —4r4+1 2 1 1.2 9 
| eee ff, (2+3+5+—45) dx = [30 +30-42In|e—1)+Inje—2\] 


= (0+0+0+4In2)— ($ —34+ 22+ In3) = 3 —In2—In3, or 8 —In6 
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3 2 2 2 
a? +4e*+a—-1 38a° +a2—-1 . sa°+a2-1 A B C ee ; 2 
26. —————_.——__ = 1 +. ————_. Write —————— = — + = + —— . Multipl both sides b 1 
ae + art rite (eb) eo Ge pel ultiplying both sides by x*(a + 1) 
gives 3a? + 2 —1= Ax(a +1) + B(x +1) + C2’. Substituting 0 for x gives —1 = B. Substituting —1 for x gives 1 = C. 
Equating coefficients of x? gives 3 = A+ C = A+1,so A = 2. Thus, 
2.3 2 _ 2 2 
j FEE e-/ (es ee dz = 2+ 2in|2|+24mn|2+1| 
1 u+n 1 vs x+1 x 7 
= (2+2m24+$+4+1n3) —-(1+0+1+4+In2) =$+4+1n2+In3, or $ +In6. 
Aa 4a 4x A Bi+C 
27. ————— = SF sas tt .. Multiply both sides b 
at+artatl «(a +1)4+1(@4+1)) (#+4+1)(2?4+1) ira x?2+1 eg es ey 


(2 +1)(a? +1) to get 42 = A(x? +1) + (Bx +C)(x4+1) 4¢ = Ao? +A+Ba?+Br+Cr+C 

4c = (A+ B)z? + (B+ C)x +(A+C). Comparing coefficients gives us the following system of equations: 
A+B=0 () B+C=4 (Q) A+C=0 (3) 

Subtracting equation (1) from equation (2) gives us —A + C = 4, and adding that equation to equation (3) gives us 


2C=4 <& C=2,andhence A = —2 and B = 2. Thus, 


4x Pen —2 eee Ase —2 4 2x ; 2 ae 
e+a2+er+1 a+l1l «#41 ctl! w+1° 241 


= —2In|x+1)/4+In(a?+1)+2tan7+2+C 


2 2 
ga +a2+1 a 4+i1 x 1 1 1 2 
a f Tet a= | tpt | ape fapets/ ae [u=x +1, du = 2x dz] 


29 e+4r4+3 _ e+4r+3 _At+B  Cxr+D 


: : 2 2 
aa Bee = @+)h@+4 = eae aie Multiply both sides by (a +1)(x + 4) 


to get x? +4243 = (Ar + B)(x? +4)+(Cxe4+D)(2?+1) © 


o+4¢+3 = Av? + Bo? +4A04+4B4+ Ce? + D2? +Cre+tD © 


e+4¢4+3=(A+C)e?+ (B+ D)x? + (4A+C)a + (4B + D). Comparing coefficients gives us the following system 
of equations: 
A+C=1 () B+D=0 (2) 4A4+C=4 (3) 4B+D=3 (4) 
Subtracting equation (1) from equation (3) gives us A = 1 and hence, C = 0. Subtracting equation (2) from equation (4) gives 
us B = 1 and hence, D = —1. Thus, 
3 
[ate e-/((35 o =} a= f (= 1 = a iL? a i) oe 
1 


5 In(w? + 1) + tan7+ @ — =tan7! (5) +C 
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3 2 3 x an 
Bs ee eee + cet? Multiply both sides by x? (x? + 6) to get 


30. Se Se 
a4 + 6x? xu? (x? + 6) x x? v2 + 


x? + 6a —2 = Ax(a? +6) + Bla? +6) + (Cr+ D)2? © 


x? + 6e —2= Ar? +6Ax+ Ba? +6B4+C2?4+ Dae? & 2°4+6x—-2=(A+C)a?+(B+D)ax? +6Ax + 6B. 


Substituting 0 for x gives —2 = 6B B= z. Equating coefficients of x? gives 0 = B + D, so D = z. Equating 


coefficients of x gives6 =6A <= A= 1. Equating coefficients of x* gives 1 = A+ C,so C = 0. Thus, 


x? +6a—2 1 -1/3 1/3 1 1 if @ 
dx = dz =1 tan™*( — 
i Gee ha [ (+ 72 aes) x = In|z| 3a 1 3/6 an (%)+e 


31 x+A4 ae = f z+1 a+ | 3 a= 5 [| Ie. | 3 dx 

“fo aw +2r4+5 7 J a2 +2n+5 e+2e¢+5 " 2) 2242¢45 (7+1)2+4 
1 2 2du where x + 1 = 2u, 
=5)n\2 +20+5|+3 f pon igneae 


1 1 1 
= Fina? +20 +5) + Ztantu +O = 5 in(a? +2045) + 3 tant (SE \+e 


32 foe - [ SSS ff See 
“Jo v2? +4x 413 9 #2 4+4r+4 13 9 («+2)?4+9 


= 1 fi? dy 2 é 3du where y = a? + 4a + 13, dy = (2a + 4) da, 
2 13 Y 2/3 9u2 + 9 a+2 = 3u,and dx = 3du 


1 1 A Ba+C 2 
33. = > = TH 1=A 1 B — 1). 
we—1  (#—-1)(a2+2+41) ea er ara a ever l (Bae Gees) 


=; 


ole 


Take x = 1to get A= z. Equating coefficients of x? and then comparing the constant terms, we get 0 = z +B,1= 


so B LO 


wl 


1 i —liy — 2 a+2 
de= 3d 23 da = 41 1| 
[=e [& v+ f Sas : nlp eT SE a 


=finje-aj-5 fee ae— 5 f Oo eas 
3) wt+at+) 3) («@+1/2)? +3/4 


in |e — 1| — 2 n(2? 1) (=) af@+a\ix 
= $In|x—1| — 4 In(a* +241) — $( —) tan™* | —4% 
3 6 2 V3 V3/2 


= ;in|x-1 — $In(a? +2 +1) - Jgtan" (4,20 +1) +K 


3 
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3 2 3 2 
aw —Qa*+27-5 2 —2a°4+27-5 Arv+B Cr+D ‘ : 2 2 
34. — = — + —2__., Multiply both sides b 1 3) to get 
qicag a G+ Dia? +3) aap 2g; Multiply both sides y (~*~ + 1)(x* + 3) to ge 
x? — Qa? + 24 —5 = (Ar + B)(2? +3) 4+ (Cr+D)(a? +1) 6 
x? — Qe? +2¢ —5 = Ax? + Bo? +3Axn+3B+4+C2?+Da?4+Cr+D 6 
x? — 2x? + 2a —5=(A+C)a?+(Bt+D)x? + (344 C)ax + (3B + D). Comparing coefficients gives us the following 
system of equations: 
A+C=1 () B+D=-2 (2) 3A4+C=2 (3) 3B+D=-5 (4 
Subtracting equation (1) from equation (3) givesus2A=1 = A= 4, and hence, C = 3. Subtracting equation (2) from 
equation (4) gives us 2B = —3 B= 3, and hence, D = —5. 
Thus, 
1 Be4 oa 1 1 3 1 1 
f= Bef BE. Ag ax = [ 52 5 | 5v 5 ie 
a4 +42? 43 w+ a2+3 a+1o oa+1 9 2?+3 = 27+3 
1 x 
= 1 )n(2? +1) — 2 tan-+ @ + 4 In(2? + 3) —- —~tan! (=) +C 
4 ( ) 2 4 ( ) W/3 V3 
35. Let u = a* + 4a? + 3, so that du = (42° + 8a) da = 4(a° + 22)dr,2=0 > u=3,andr=1 > u=8. 
1 ge +22 aa 1 1 18 
5 = =i = x69 = = 
36, 7 +271 7 Aap etna 2 a+a-1 se: ns ags 
xe+1 +1 (a + 1)(a2 —x+4+1) x+1 
5 
x +a—1 2 1 1 3 
[Epe= | (« sy) w= Inja+1)/+C 
Set + 7a? +a+2 A Bet+C  Drt+E : 2 2 
37. = — 4+ $+ |. Multiply b 1)* to get 
a(x? + 1)? x = x2+1 (a? + 1)? Mlapiy Dy Pet)". Be 


bat + Ta? +a42= A(e? +1)? +(Br+C)a(2?+1)4+(Dre+E)x © 
2 = A(a* + 20? +1) 4+ (Bx? + Cr)(2? +1) + De? + Ex © 


Sat t+ Tar? +a 


Sat + 7a2 +a4+2 = Art +2Ar? + A+ Ba* + Cr? + Br? +Cr+ D2? +Er © 


batt Ta? +a4+2= (At B)a* + Ca? + (244+ B+ D)a? + (C+ E)a + A. Equating coefficients gives us C = 0, 
A=2,A4+B=5 => B=3,C+E=1 5 E=1,and2A+B+D=7 => D=0. Thus, 


Sat + 7a? +a+2 2 3x 
nbn AE = ——, | dx = I.N 
i u(x? + 1)? a / x ss w?+1 (#41)? . _ 
dx _ / sec? 6 dé x =tand, 
(a2+1)2 J (tan? @+1)? dx = sec? 0 dd a 
sec? 6 2 
= | Sap feos 9d0 = [ $(1+cos26) ab x 


40+ 4sin204+C = 404 dsin@ cos8+C 


x 1 


1 


1 2 
= tan 


+C 


ee 
2 2 


Therefore, J = 2In|x| + 3In(z? +1) +4 tan-* a+ 
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38. Let u = 2° + 5x? + 52, so that du = (5a* + 15x? + 5)dx = 5(x* + 3x? + 1)dx. Then 


vt +3a74+1 1/1 1 1 5 4 
dz = du) ==1 sini 
ees e Fac u) sh ile ae roa e, 


2 
yg, 2 Set? _ Av+B_ ,  Cxt+D a? —3e+7=(Ac+B)(e? —4¢+6)+Cr+D = 


" (a? 4a +6)? 2? —4e+6 (x? —40 +6)? 


a? —3a+7= Ax? + (-4A+ B)a? + (6A—-4B+C)r+(6B+D).SoA=0,-44+B=1 > B=1, 


6A-—4B4+C=-3 => C=1,6B+D=7 => D=1. Thus, 
a? —32+7 1 r+1 
fn aa a ee | eee Sn eS 
| ae (qwrt ee) . 


ay (pee eee ei eee oe ey, ey ee 
J (@— 2)? +2 (x? — 4a + 6)? (x? — 4a + 6)? 


=h+h+Is. 

1 1 xr—2 
I = [§ re ' (S) te 
: (a — 2)? + (V2)° v2 v2 : 


“4 Qn — 4 coh Pelich.| ah vl 7 1 
b= 5 f tent f ee=3/ =) +Ca= Waa 4a) 


_ 1 = 1 2 x—-2=vV/2tand, 
a [(@- 2 + (v3) d= 3 f amma Vise Om [I acc ee 
3V2 [ sec? 0 3/2 3/2 
= ae [Sw AWE [ cos? #0 = aX | (1 + 00528) a0 


3V2 : 3V2. _1f#-2 3V2 ; 
= (0+ 3 sin 26) + Cs = —— tan at 2) +22 (F 2sind 0080) +05 


3V2 (2) 3V2 x—2 V2 
= tan . : + Cs 
8 J2 8 Va2?—4r+6 Vx? -—4¢4+6 


BV 24 (E=2 3(x — 2) 
= tat (Se ee + 


So l=h+h+TIs [(C =C1+C2+ C3] 


ape tat ea + =} 4 8V2 on oe 
~ 4/2 V2 2(a? — 4a + 6) 8 J2 ) 4a? — 42 +6) 


_ (4V2 , 3v2 1(x-2 3(x — 2) —2 OE ee 3x — 8 ; 
= (FE + SE) tan ) +a +? ae BO 


40 x +207 + 3-2 _ Ar+B |. C“z+D 
"(m2 +2942)? wo? 42742 (2? + 29 + 2)? 


a? + 2a? + 3a —2= (Art B)(a2? +22+2)+Cr+D = 


a? + 2a? + 3a —2 = Av? + (2A + B)a?+(2A4+2B4+C)e#+2B+D. 


SoA=1,2A+B=2 B=0,2A+2B+C=3 => Cez=l1,and2B+D=-—2 D = —2. Thus, 
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3 2 
ge’ +2e° +32 —-—2 x xz—2 
JS) 2S See = fF d 
/ (a? + 2x + 2) i (= Sy) . 


= eae dx + 2 dx + ae dx + 2 dx 
J a +2242 x2 + 2x42 (a? + 2a + 2)? (a? + 2a + 2)? 


=h+ht+Ig+ts. 


_ at+l1 = 1/1 u = a + Qe + 2, ee! 2 
i [see [+G«) seis = Zhe + 2x+2)/+C1 
1 1 a} zt+l1 -1 
Ig =— | — dt =-=t Cos =t )N+C 
: ecorae Pre ier ( i )+ gE 2 


ctl eg 1 1 
ae dcx = d ! 
‘ l= = [aG u) a > Sade gy 


x+l1=tIl1tand, 
dx = sec” 6 d0 


1 1 ‘ 
b= We cestes. dx 3 f corecap sec’ 6 d0 


1 = 2 __ 3 
= 3 f ay 3 | cos 0d0= 5 | (+0526) a6 


x°+2x+2 
= —3(6+ 4sin20) + C, = —30 — 3(2 -2sin6 cos0) + C4 x41 
3. f+ 3 ged 1 
sy or NG, UW 
2 ( 1 ) 2 JVoe+in+2 Ver+2et2. 1 
a 3(a + 1) 
=—<tan7! 1) - 
an’ (a + 1) D(a? + On +2) +C4 
So l=ht+ht+iIh+I [C =C1 + C2 + C3 + Ca] 
1 ? 1 eae 3(x +1) 
—=] 249 2) —t i OS ——— ee : YN-ssooos t C 
5 n(x x + 2) —tan~* (ax + 1) Wa? +242) 2 oer) War+le+2)° 
1 4 
= 5 In(o? +22 +2)—Ftan(e +1) = — +0 


2(x? + 2a + 2) 


rt dx — 2u du u=VJVr-1,r=u74+1 
; avz—1 u(u? + 1) uwe=a2—1, dx =2udu 


1 
=2f 3 du =2tan-'u+C=2tan 'Vzr—-1+C 
uz+1 


42. Letu = Vz +3, s0 u? = «+ 3 and 2udu = dz. Then 


/ dx =| 2u du =f 2u du = f 2u Henee 
2Q/e4+3+¢e J Qut(w—-3) J wt+2u-3 °° J (ut3\(u-1) ~ 


2u A, B _ . As sol = =i 
(ae. res” oot 2u = A(u— 1) + B(u + 3). Setting u = 1 gives 2 = 4B, so B= 5. 


Setting u = —3 gives —6 = —4A,so A = 3. Thus, 


[epost ) 


= 3 Inju+3/+$m|u—1|/+C = 3ln(Ve+3+3) + $ln|VoF3-1]/+C 


72: 
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dx 2u du 2du 2du 
4. Let u = —_ 2udu = dx. Th = = = : 
et u = /Z, So u x and 2udu c af oo {/zS [os lacs 


2 AB : 
Pur a @ + — => 2=Au(u+1)+ B(u+1) + Cu”. Setting u = 0 gives B = 2. Setting u = —1 


gives C' = 2. Equating coefficients of u”, we get 0 = A+ C,so A = —2. Thus, 


2du —2 2 2 
>——_ = —+35 du = —21 —-+42]1 1 = —2] ——=+21 . 
| wep ic. +3 +235) U n|u| “+ nju+1|+C nVx at n(/z+1)+C 


4. Letu = 3¥/e. Thena = u®, dx = 3u°?du => 


1 1 
3u? du 3 
Live® ae Ta ah ( ae ~ Su-+SIn(1 + w)]q = 3(1n2 — 3). 


45. Let wu = </e? +1. Then 2? = u? — 1, 2edx =3u7?7du = 


C= 3(a? +1)? — 3a? +1)? +C 
46 i da aah u=l+vz, 
qd + Ja)? u2 x =(u—1)?, de = 2(u—1)du 


=2 | (2-5) du =2Im\u) 4 = +C=2In(1 + fa) + 


U 


ay 
+ 


2 
i+ Je’ 


47. If we were to substitute u = Vz, then the square root would disappear but a cube root would remain. On the other hand, the 
substitution u = x would eliminate the cube root but leave a square root. We can eliminate both roots by means of the 
substitution u = Vx. (Note that 6 is the least common multiple of 2 and 3.) 


Let u = Vz. Then x = u®, so dx = 6u° du and Va = wu, Va =u. Thus, 


lee re contd ote 


1 
= 6f G tuti+ 4) du [by long division] 


= 6(duo + du? +u+In|u—1/) +C=2Ve4+3 Ve+6 Ve+6In| Va - 1) +C 


48. Letu=2!/5 > 2 =u, so dx = 5u‘ du. This substitution gives 


1 5ut 5ue 5u3 5u® 
t= | an®= | gag = | a= | wpe / wpe" 


N. 5u3 _ A a B 5, Cet 
ON = Das Dae el) u-1l owtl wt 


D 
Tv Multiply both sides by (u — 1)(u + 1)(u? +1) to get 


5u® = A(u +1)(u? +1) + Blu — 1)(u? +1) +(Cu+D)(u—1)\(ut+1) © 
5ue = A(ue tu? +u+1)+ Blu? — wv? +u—1) 4+ Cu(u? — 1) + D(w? —- 1) 


=(A+B+C)u3+(A- B+ D)u? +(A+ B-C)u+(A-B-D) 


[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 721 


Setting u = 1 gives 5 =4A,so A= 3. Now, comparing coefficients gives us the following system of equations: 
A+B+C=5 (I) A-B+D=0 (2) 
A+B-C=0 @) A-B-—D=0 (4) 


Adding equations (1) and (3) gives 2A + 2B =5,so B= 3. Subtracting equation (4) from equation (2) gives D = 0. 


Finally, substituting the value of A and B in equation (3) gives C = 3. Thus, 


7 5/4, 5/4, 5u/2 5 5 
I [Ars area) du qinlu 1f+ 7 Iinju +1] +2 qin’ +1)4+C 


= 3in|(w? -1)(w?+1))+C= $in|ut 1) + = $infa*/ -1] +0 


49. Letu=Vx => «x =u?,s0 dx = 2udu. This substitution gives [ = i / fae du. Now 


1 

Se 

e—-3/e+2 | w—Sut2 
2u Qu A 


B 
> = = + —.. Multiply both sides b — 2)(u — 1) to get 
u? —3u+2  (uw—2)(u-1) (ao ed uta eles Mae eed a 


2u = A(u—1)+ B(u — 2). Setting u = 1 gives 2 = —B or B = —2, and setting u = 2 gives A = 4. Thus, 


r= f(y =) 41n|u— 2| — 2In|u—1]|+C =4In| Va — 2| — 2In|VYe—1|+C. 


50. Let u = V1+ V2, so that u? = 1+ V2, 2 = (u? — 1)?, and dex = 2(u? — 1) - 2udu = 4u(u? — 1) du. Then 


ae So 2-1) * du(u dav= fo au= f (4+ 54 


+ 
ce i - = 
4 = —2A,so A = —2. Thus, 


I 


:) du. Now 


=> 4=A(u—1)+ B(u+1). Setting u = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives 


e au= | 1 eae ee apo du = 4u — 2Inju+1)+2Inju—1)/+C 
2— 1] u+t1l u-1 


=4V1+ Ve-2in(V1+ Ve+1) +2in(V14 Ve-1)+C 


51. Let wu =e”. Then az = Inu, dx = a > 


e?* da u’ (du/u) udu -1 2 
= = = + du 
e2% + 3e7 +2 u2 + 3u + 2 (u+1)(u + 2) u+tl wu4+2 


= 2In|u+2|—Inju+1]/+C=In 


i 1 -1 
52. Let wu = cos, so that du = —sinxdz. Then V a ae 7 —>+—— (-du) = i ——— du. 
cos? « — 3cosa u? — 3u u(u — 3) 


=—+ —1= A(u—3)-+ Bu. Setting u = 3 gives B = —}. Setting u = 0 gives A = 3 


-1 3 3 2 1 1 1 
Thus, [ du [Q@ er du 3 n|ul 3 niu 3) + C = 3 In|cosa|— 3 In|cosx — 3] +C. 
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2 
53. Let u = tant, so that du = sec? t dt. Then f at = | sau = f at 
tan*t+ 3tant +2 u? + 3u +2 (u + 1)(u + 2) 
1 A B 
N 1=A 2)+B 1). 
wr (u+1)(wt+2) uwtl wu42 Ca 2) eeu) 
Setting u = —2 gives 1 = —B, so B = —1. Setting u = —1 gives 1 = A. 
1 1 1 
Thus, {/ ——————~ du = - du = In|u+1|—In|u + 2/+C = In|tant + 1|—In|tant + 2|+C. 
(u+1)(u+ 2) utl wu+2 
54. Let wu = e”, so that du = e* dx. Then e dx = : du. Now 
Dies ee Df GE SD) (CREE) (u—Dw+h 
1 A Bu+C 2 : : 1 
Gee) ao ae > 1= A(u +1)+ (But C)(u— 2). Setting u = 2 gives 1 = 5A,so A= =. 


Setting u = 0 gives 1 = 2 —2C,s0C = —3. Comparing coefficients of u? gives 0 = 2 + B,soB= —3. Thus, 


: du= ca rees Asst eae yee rea 
/eoresp “ / Tes u2+1 “ fs - fan a ies ‘ 


#Inju—2|—4-4In|u? +1|- 2tan-tu+C 


on 


+ In|e* — 2| — 4 In(e** +1) — 2 tan™*e*7 +C 


= du 1 aoe B Es 
J dtuu uutl1) uo util 


55. Let wu = e”, so that du = e” dx and dx = di. Then [ us 
U 1+e*” 


1= A(u4+1)+ Bu. Setting u = —1 gives B = —1. Setting u = O gives A= 1. Thus, 


du 1 1 _ B ee 
[aoy-/ (E-sa)eeo Inju + 1| + C = Ine® —In(e* +1) +C =a -—In(e* +1)+C. 


56. Let wu = sinht, so that du = cosht dt. Then [ - om tT, dt = / . du = / i du. 
sinh* ¢ + sinh’ t u? + u4 u?(u2 + 1) 


1 A B Cu+D 
= + 


= 2 2 2 =o; 3 
Pe a we rae 1= Au(u* + 1) + B(u* +1) + (Cu+ D)u’. Setting u = 0 gives B = 1. 


Comparing coefficients of u?, we get 0 = B + D, so D = —1. Comparing coefficients of u, we get 0 = A. Comparing 


coefficients of u?, we get 0 = A+ C,so C = 0. Thus, 


1 1 1 1 1 1 = iar 
du= du=— t +C=-—_— -t ht) + 
if Tu +1) u rae 7 z :) U _ C Sahn (sinht) +C 


= —cscht — tan” ‘(sinht) + C 


22-1 : : 
57. Let u = In(a? — x + 2), du = dz. Then du = =~ ——— dr, v = 2, and (by integration by parts) 
Qa? — « xa—A4 
2 = 2 1. 2 | | 
ic x+2)dx =aln(x* — x2 +2) /e=He x In(x* — + 2) [( 5) dx 
1 
Bias! pe er ee 
= nino? 2 +2)—20— f BA det 5 @-i +i 


[continued] 
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_ v7 
v7 du wherex — 5 = Yu, 
= aln(a? — x + 2) — 22 5 n(x? x£+2)4 5 | = 1 dx = F du, 
HFN |e ge b= Hot +1) 
= (x — $)In(a? —x+2)-2e+V7tantu+C 
22 —1 
= (x — 4) In(x? — x + 2) —2e + V7tan~! ~— +C 
(o ~ 4) 1n( ) 7 
58. Letu = tan! 2, dv =xdz du dx/(1+27),v = $2”. 


= = 1 x ; eae 
Then i vtan ede 9? tan ba — 5 f Toe dx. To evaluate the last integral, use long division or observe that 
£ 


2 
1 7 
foee-/SEA ae v= fia fora OCR Eee 


fatan-'adzr = 4a’ tan-'x—4(x—tan'r+C1) = 4(e* tan 'x+tan 'x—2)+C. 


59. 0.05 From the graph, we see that the integral will be negative, and we guess 


0 2 that the area is about the same as that of a rectangle with width 2 and 


height 0.3, so we estimate the integral to be —(2 - 0.3) = —0.6. Now 


1 7 1 ae takai 
“?-2¢4-3 («#-3)(e@+1) «-3 «+1 
=i 1= (A+ B)¢+A-3B,s0A=—-BandA-3B=1 A= 4 

and B = —=, so the integral becomes 

Pee id Lf? od Pay pee 1 2 1 ; 

[—5-:/ “i / Be Hite tad segs rN ae 

oo 2-3 4), t-3 4), x+1 4 o 4 x+1] Jo 

= 3(In}—In3) =—3n3 x -0.55 
dx dx 1 
a /sue ae 


dx dx 1 if 2 
woe [aes | aaa ae (a) *° 
dx dx dx 1 
aoe Jaa /e-c@p- | soya” 
dx dx du 
a f= foc / es Sel 


— +C [by Equation6] = —=In 


xa—V/—-k LC 


by Example 3 
ara [by ple 3] 


=2 


62 (Qa+1)dxe 1 (8a + 12) dx 2dx 
“J 402 4+122-7 4) 4224122 —-7 (2a + 3)? — 16 


du 
ay 2 


= 4In|40? + 12c—7|-—4In|(u—4)/(u+4)|+C [by Equation 6] 


= 4 In|4x? + 12x —7| — $In|(2z — 1)/(2x + 7)|+C 
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63. (a) Ift = tan(=), then ; = tan‘ t. The figure gives 


x 1 x t e+ 
cos( = } = ——— and sin(=) = ————, t 
(5) VILE 2 V1+#¢ 
(b) cosx = cos(2- =) = 2cos?(=) -1 1 


sine = sin (2 =) =2sin(=) cos(5) =2 i : age 
2 2 2 P+il JP@+1 +1 


2 


ait 


(c) 5 =arctant => w«=2arctant > dr= 
64. Let t = tan(«/2). Then, by using the expressions in Exercise 63, we have 
dx -{ 2dt/(1 +t?) = 2dt - [23-/ Le 
l—-cose jf 1—(1—#7)/(1+#2) J (1+#)-(1-#) Jf 20 J # 


1 
tan(x/2) 


Another method: a 1 _Lrcose ea 1+ cosx de 
1—cosz 1—cosx 1+cosz 1 — cos? x 


= [ 25%2 a= f( at i oe) ae 
sin? x sin?a sin? 


= [ (os? x tose cot x) dx = —cotx —cscx+C 


+0 +C =—cot(#/2)+C 


65. Let t = tan(«/2). Then, using the expressions in Exercise 63, we have 


1 1 2 dt dt dt 
: dz = = 9 = 
3sinz — 4cosx 3( 2t ) (+5) 1+? 3(2t) — 4(1 — t?) 2t? + 3t — 2 


14+? 1+? 
dt 2 1 1 1 ‘ : : 
-fomes -| E Ee) bey dt [using partial fractions] 
1, |2t-1 1, |2tan(a2/2)—1 
= }[In 2-1] -Inje+2|] +O = 51 =<1 
5 [In| pode rey he eee) Oe ance eo hh 


66. Let t = tan(«/2). Then, by Exercise 63, 


be dx tft 2dt/(1 +t?) me i 2 dt 
a/3 L+sina —cosz vv3 1+ 2t/(1+ #) — (1 —#)/1 +8) vy3l+P+2t-1+? 


1 1 ‘ 1 
=| dt = [int — Inte En | 


In : _,¥3+1 
2 V3+1 2 


In 
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67. Let ¢ = tan (a /2). Then, by Exercise 63, 


9, _2t 1-? 8t(1 — t?) 
n/2 + a /2 ‘ 12-23 75 1 Ta TL) 
/ sin 2x ar= [ SS ae = | T+t 1+t 2 a= (1 + t?) Fe 
9 2+cosa a 2+ cosx A 1-t 1+? 9 2(14+t7)+ (1-#?) 
2+ 
1+? 
1 1—-# 
= 8t - ————_——_ dt = | 
[ (t? + 3) (t? + 1)? 
—_- 2 a 

If we now let wu = ¢?, then ae uae Biss een > 


(2+3)\(@+12 (ut+3\(utl2? ut3 util (util 


725 


1—u=A(ut+ 1)? + B(u+3)(u+1) +C(u +3). Set u = —1 to get 2 = 2C, so C = 1. Set u = —3 to get 4 = 4A, so 


A=1. Setu = 0to getl = 1+3B+3,s0 B=-—1. So 


1 1 
8t 8t 8t 2 2 4 
fi dt = |4In(t 4In(t? +1 
i bes mote ee) By P 


= (4In4—4In2—-2 4In3 —0—4) = 8In2—4In2—4In3+2=4In2 +42 
( 3 


1 1 A Br+C 
663 a SS ee 1= A(x? +1 B . Set xz =Otogetl = A. 
e+e x(a? +1) el atven aa a a 


1=(1+B)2?+Cx+1 > B+1=0 [B=-1] andC =0. Thus, the area is 


pe $c 21. z 2 
[wee fl (E- R) @ = dol gine af = (m2 3 1n5) — (0— $In2) 


= 3In2—iIn5 [or 3In$] 


2 
60: yigny tien So i Eo 
3a — x? 3x — x? 
3za+1  3¢4+1 A B 
3ar—22 a(8-—2) ae 3-2 


getl = 3A,soA= z. Thus, the area is 


Pg ed : 3 a 1 10 2 
i; paw | (-14 $+ 52 )de = [-2 + impo] - 2 In|3— 2]; 


= (-2+ 3ln2-0) — (-14+0- $in2) =-1+ ¥ln2 


1 2 1 
70. (a) We use disks, so the volume is V = 7 i) - : dx = / ae . To evaluate the integral, 
9 (wt? +3e+2 9 («#+1)?(a +2)? 


we use partial fractions: 4 __A af B is C aa D = 
p ‘G@+ip@+2: x+1' @tlp 2+2 (@+2p 


1 = A(w + 1)(a + 2)? + B(a + 2)? + C(a +1)?(a + 2) + D(a +1)”. We set x = —1, giving B = 1, then set 


x = —2, giving D = 1. Now equating coefficients of x? gives A = —C, and then equating constants gives 
1=4A+4+2(—A)+1 A 2 C' = 2. So the expression becomes 
Te a 1 
ey ee eee eee eee 
o Lt@+1 (#41) (c©+2) (+2) etl] «#+1 £42], 


=1[(2in — }- 2) - (2m2-1-3)] =2(2in 22 + 2) =7(2 +n) 
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1 1 
(b) In this case, we use cylindrical shells, so the volume is V = 27 i, age = 27 / ee . We use 
9 w7+32+2 9 («+1)(a44+ 2) 
: é er : x A B 
partial fractions to simplify the integrand: = + x =(A+B)x+2A+B. So 


(a+1)(a@+2) a2+1 «+2 
A+Bz=1and2A+B=0 => Az=-—land B= 2. So the volume is 


1 
-1 2 i 
an f Es | a e5| te 2e[-inle ++ 2 nfo +] 


= 2n(—In2 + 21n3 + In1 — 2In2) = 2n(21n3 — 3In2) = 2n In 3 


P+s8 Pag P+8 A B 
te lacie y= | sop” Pah Nw sips) Pp oipSs~ 


P+S = A(0.1P — S) + BP. Substituting 0 for P gives S AS A 1. Substituting 105’ for P gives 


1, 11/10 
= i = a ea 
11§=10BS => B=. Thus,t= [(F +a) dP > t=—-InP+11m(0.1P—S)+C. 


When t = 0, P = 10,000 and S = 900, so 0 = —1n 10,000 + 111n(1000 — 900)+C = 


C =1n10,000—11In100 [=1n10~!8 = —41.45}. 


10,000 P — 9000 


Therefore, t = —In P + 11In(74P — 900) +1n10,000—11In100 = t=In +11 na 


72. If we add and subtract 2x” (because 2x” completes the square for x* + 1), we get 


vt +22? 41-20? = (2? +1)? — 2a? = (e741)? = (V22)° 
[(2? +1) — V22] [(a? +1) + V2c] = (c? — V2r4+1)(a?+V22+4+1) 


v*+1 


So we can decompose : as Aa TB als Cx+D 
P w+ e+f/2Qr4+1 2-V2Qr41 


1=(Azc+ B) (a? —V2a+ 1) + (Cz + D) Ge + /2a + 1). Setting the constant terms equal gives B + D = 1, then 


from the coefficients of x? we get A + C’ = 0. Now from the coefficients of x we get A+ C+(B-—D)/2=0 © 


(1 — D) — D]V2 =0 D=}3 B = 4,and finally, from the coefficients of x we get 
J/2(C—A)+B+D=0 C-A sz C 2 and A = v2 So we rewrite the integrand, splitting the 


terms into forms which we know how to integrate: 


e+/2Qr+1 Tae se 


wet+l g4+V2e4+1 22-V2r4+1 472 


-2| Qa + /2 = 2a — /2 )+3 m 
8 a? +V2e41 «?-V2r4+1 4 (z+ 1) +h (2- 1) + 
2 


1 vey 4 th ee ee 1 | Qa + 24/2 Qa — 2/2 | 


Now we integrate: 


[eu = Cn(Se) ee [tan“* (V2 +1) + tan! (V2 — 1)| Lo 
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73. (a) In Maple, we define f(a), and then use convert (£,parfrac, x) ; to obtain 


_ 24,110/4879 668/323 9438/80,155 i (22,098a + 48,935) /260,015 


(@) = sero oe +1 3a —7 2 +ae+5 


In Mathematica, we use the command Apart. 


(b) ic) dx = 7A . £ In[da + 2| — $8. § nj2x 4-1] - 


438 1 
4879 323 | 3 ln|3x—7| 


9 
80,155 


1 
+5 aut / _ 4 - a dx +C 
= ao : + In|5a + 2| — se : + In|2a +1) - aie : 5 In|3z —7| 
aE [22.098 3 In(a? + & + 5) + 37,886: 4/75 tan" (= («+ 4))| +C 
= a In|5a + 2| — 3a In|2a + 1| — Sues In|3a — 7| + Oo In(a? +z+5) 
+ eapgas tan |g 2n+1)] +0 


Using a CAS, we get 


4822 In(5a +2) 334In(2e+1) 3146In(32 — 7) 


4879 323 80,155 
11,049In(z?+2+5) 3988V19, _,/V19 

t ~~ (22 +1 

260,015 + 360,015 19, ey 


The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also, 


the fractions have been reduced and the denominators rationalized. 


74, (a) In Maple, we define f(a), and then use convert (f, parfrac,x) ; to get 


fe) = 5828/1815 _ 59,096/19,965  2(2843x + 816)/3993 | (3137 ~ 251)/363 
(5a — 2)? 5a — 2 2x? +1 (2x2 + 1)? 


In Mathematica, we use the command Apart, and in Derive, we use Expand. 


(b) As we saw in Exercise 73, computer algebra systems omit the absolute oS 


value signs in f (1/y) dy = In|y|. So we use the CAS to integrate the 


expression in part (a) and add the necessary absolute value signs and 


constant of integration to get a 


Was 5828 59,096 n|5a — 2| , 28431n(2a? + 1) — 
9075(5a — 2) 99,825 7986 
503 og 1 1004x +626 | 
+ FE 975 V2 tan (V22) — saa ae CTP 


(c) From the graph, we see that f goes from negative to positive at x ~ —0.78, then back to negative at x ~ 0.8, and finally 
back to positive at « = 1. Also, limz—o.4 f(x) = 00. So we see (by the First Derivative Test) that [ f(a) dx has minima 


at « © —0.78 and x = 1, and a maximum at x ~ 0.80, and that { f(a) dx is unbounded as x — 0.4. Note also that 
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just to the right of « = 0.4, f has large values, so [ f(a) dx increases rapidly, but slows down as f drops toward 0. 


J f(«) dx decreases from about 0.8 to 1, then increases slowly since f stays small and positive. 


75. There are only finitely many values of x where Q(x) = 0 (assuming that Q is not the zero polynomial). At all other values of 
x, F(x)/Q(«) = G(x) /Q(x), so F(x) = G(x). In other words, the values of F' and G agree at all except perhaps finitely 
many values of x. By continuity of F and G, the polynomials F' and G must agree at those values of x too. 

More explicitly: if a is a value of x such that Q(a) = 0, then Q(x) 4 0 for all x sufficiently close to a. Thus, 


F(a) = lim F(a) [by continuity of F’] 


@LZ—a 


= lim G(x) [whenever Q(x) 4 0] 


= G(a) [by continuity of G] 
76. (a) Let u = (a? + a?)~”, du = dx du = —n(a? +.a7)~"~1 2 da, v = x. 
dx x —2nx? 
/ (x2 + a2)" (a2 + a2)" / (x2 + a2)ni oe [by parts] 
> es eee) 
aoe Rg | OOo Se 5. 
(x2 + a2)" (x2 + a2)ntt 


ape ih tS oe fe 
= (a? 5 a2)” (a? + a?) (a? + a?)nt1 


Recognizing the last two integrals as J, and In+1, we can solve for J,+1 in terms of I. 


x Ma 2n—1 
2na* Ing. = pp + 2nIn — In Pits 2 
i le (a? + a?) ee eo 2a2n(a?2 + a2)” 2a2n 
z 2n —3 wae 4 : 
L, In—-1 [decrease n-values by 1], which is the desired result. 


— 2a?(n — 1)(a?2 +a?2)"-1 — 2a?(n — 1) 
(b) Using part (a) with a = 1 and n = 2, we get 


| dx = x +5f dx x Pee as 
(a2 +1)2  2(m2 +1) 2 a 


Using part (a) with a = 1 and n = 3, we get 


dx _ x 4 3 dx ee av ; 3 x spec ctl 40 
(x2 +1)% — 2(2)(x? +1)? ( | 


— 7 + oe +=tan-t2+C 
~ A(x? +1)? 8(a2 +1) 8 
77. Ifa ¢ O and n is a positive integer, then f(x) = ai a a) = a + a feeet an + aes Multiply both sides by 


x” (a — a) to get 1 = Aya"—*(a — a) + Aga”? (a — a) +--+ + An(a — a) + Ba”. Let 2 = a in the last equation to 
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getl= Ba” => B=1/a".So 


tis B_ 1 1 — aaa ae a® 
L-a «r(ax—a) ar(a—a) aa"(x—a) a’ x” (a — a) 
ae (x _ a)(2"~1 +? -7a@ 4 3 q2 Shears + xa"~2 + a”—1) 
a’x”" (x — a) 
a” 1 a” 24 a” 3q? ran 2 qr i 
= Narn npn npn + ce + npn Narn 
anx ara are are arn 
id 1 1 ee rer 
= a°x qr—lq2 qgr-273 aza7-1 ax” 
1 1 1 1 1 
Th et ee ne Ee ee 
ne) x" (x — a) a"x arly? ae a” (x — a) 
78. Let f(x) = ax? + ba +c. We calculate the partial fraction decomposition of aye Since f(0) = 1, we must have 
xu? (x 
7" f(z) _ ax? +br +1 =A, B C D E 5 : 
c=1,s0 CaS Pla +1)3 7 = te ae + (ean? ca nee in order for the integral not to 


contain any logarithms (that is, in order for it to be a rational function), we must have A = C' = 0, so 
az? + ba +1 = B(x +1)? + Dx? (x + 1) + Ex”. Equating constant terms gives B = 1, then equating coefficients of x 


gives3B=b = b=3. This is the quantity we are looking for, since f’(0) = b. 


7.5 Strategy for Integration 


1. (a) Let u = 14 2”, so that du = 2x dx 4 du xdx. Then, 
x 1 fil 1 1 2 
[ef f Seu Finul +o = Zi +e )4+C 


Note the absolute value has been omitted in the last step since 1 + x? > 0 forall a ER. 


ON es 7 dx = tan- "CEO 


1 1 1 1 1 ; 
© fa a= | aoa a= 5 (as { =) dx [ by partial fractions | 


Injl+a|—4In|1—2|+C 


2. (a) Let u = x? — 1, so that du = 2a dx 4 du = xdzx. Then 


Je PoTde = 5 fw? du= 5u"? C= 30 13/7 +C. 


(b) Let x = sec 6 where 0 < 0 < 1/2. Then dx = sec 0 tan 6 d@ and Vx? — 1 = sec? — 1 = Vtan?0 = |tan6| = tané. 


2= fe few 64+C=sec 'r4+C. 


sec 6 tan @ 


1 
Thus, 
l= 
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(c) Let x = sec@ where 0 < 0 < 7/2. Then dx = sec tan 0 dé and 


Va? —1 = vVsec20 — 1 = Vtan?6 = |tan | = tan 0. Thus, a 
I Qe 
if — : dz = i tant sec #0 tan 0 dé = [tax?oa9 = [cc’o —1)d0 1 L 


=tand—-04+C = V2? —1-sec !x+C 


3. (a) Let u = Ing, so that du = Lae Then f *2de= f udu = se+c= s(ina)? +0. 
x x 


(b) Use integration by parts with u = In(2x),du=dx => du= =-(2) dx = ss dx, v = x. Then 
x x 


[is(22) de = etn(2e) — f « (2dr) = ein(22) — f de = 2in(2e)—2 +. 


(c) Use integration by parts with u = Ina, dv = xdz du = —dz,v= xf. Then 
garde iia ie ae er i ee pees ee so ee 
2 2 x 2 2 2 4 


4, (@ [ sinteae =f $(1~cos2x) de = $(a — $sin2r) + C = $a — Fsin22+C 


(b) [snts dz = [snes sina dx = | (1- cos”) sina dx = fo —u’) (—du) 
= —(u- tu°) + C =—cosx“+ 4 cos*x + C 


(c) Let u = 2a so that du = 2dx. Then f sin2xdx = f sinu (5 du) = 3 (—cos u) +C= -} cos24+C. 


i 1 a. 
-—4¢%+3 (x-3)(a-1) 2-3 


B 
5. (a) = + ar Multiply both sides by (a — 3)(x — 1) to get 


1 = A(x — 1) + B(x — 8). Setting x = 3 gives 1 = 2A, so A = 3. Now setting x = 1 gives 1 = —2B, so B = —3. 


1 bf a 1 : ‘ | 
(b) u = : Let wu = x — 2, so that du = dx. Th 
Poiged Gao? e , SO = dz. Thus, 


1 1 1 a 1 
dx = dx = du = du = — =- 
/=—a l= ms lz e ic ' ee re ee, 


(c) x? — 4x + 5 is an irreducible quadratic, so it cannot be factored. Completing the square gives 


a? — 4 +5 = (2? — 42 +4) — 445 = (x — 2)? +1. Now, use the substitution u = x — 2, so that du = dx. Thus, 


1 1 1 : =4 
dx = ——,—— dx = du = tan +C=t 2 . 
Iz 47 +5 lean |z 1 utc an (a y+C 
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6. (a) Let u = x”, so that du = 2adx => + du = ada. Thus, 
2 1 Le’, 1. 2 
x COS x dx = 5 cosudu= 5 sinu+C = 5 sing +C. 


(b) f xcos’adx = 4 fx(1+cos2x) dx = 4 fadx+ sf xcos2cdx = $2? + 5 f xcos2adz. 
The remaining integral can be evaluated using integration by parts with w= x,dv = cos2adx => 


du=dz,v= 4 sin 2x. Thus, 


a+ $($asin 2x — f 5 sin 2x da) = iy? + (5a sin 2x + ; cos 22) +C 


f vcos’x dx = 5 


ve + ta sin 2x + = cos 2a + C 


(c) First, use integration by parts with u = 2?,dv = cosedx = du = 2adz,v = sinc. This gives 


2 


I=f x’ cosxdx = x sing — f 2x sin x dx. Next, use integration by parts for the 


remaining integral with U = 27%,dV =sinzxdx = dU = 2dz,V = —cosa. Thus, 


2 


I =x? sina — (-2x cosa + f2cosx dx) = x* sinx + 2xcosx — 2sina+C. 


1 1 1 
7. (a) Let u = 2°, so that du = 3a7dx = $du=2" dz. Thus, f ae” dz = 5 fe du = 7 c= a +C. 


(b) First, use integration by parts with u = 2?, dv =e*dzx = du = 2xdz,v =e”. This gives 
I=f xe® dz = x? e” — f 2xe” dx. Next, use integration by parts for the remaining integral with U = 2z, 


dV =e’ dx dU = 2dxz,V = e*. Thus, I = x7e* — (2are* _ f 2e” dx) = xe" — Qre™ 4+ 2c7 + C. 


(c) Let y = x”, so that dy = 2a dx. Thus, fare” dx = [ ae” xdx = 3 J ye” dy. Now use integration by parts 


with u = y, dv = e4 du = dy, v = e”. This gives 


fae” de = 3 (ye" — fe%dy) = aye” — 4e%+C = 427" — dee? +C. 


8. (a) Let u = e® — 1, s0 that du = e” de. Thus, f e*/e* — 1dx = ful? du= 3 weto= 2(e* -1/ +C. 


(b) Let wu = e”, so that du = e* dx. Thus, i, du =sin"'u+C =sin ‘(e”)+C. 


e” 1 
ee ee ee 
V1 —e? l= 


2u du 


(c) Let u = /e* — I, so that u? = e? —1 2u du = e* dx, and a = dx. Then 
u? 
1 2udu 1 = | a1. - 
[= -/23a-2 [tu = tan u+C=2tan Vet™—-14+C. 


9. Letu = 1 —sinz. Thendu = —cosxdxr => 


/ aE Eady ex du) In|ul + C = —In|1—sinaz| + C = —In(1—sinz)+C. 


1—sinz 


10. Let u = 32 +1. Thendu = 3dx => 


[e+ ar= fu? (Fa) _ | 1 wl 1 aor 1) 
0 1 3 31 V2+1 1 3(V2+1) 
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= = _il _ 2 3/2 
11. Letu = Iny, dv = \/ydy du ee 3Y . Then 
: 2 ° 4 
i JSylnydy= [Fu°"* ing] -f{ yl? dy = 8In4—0 | 
3 1 1 3 Bl 
= $(2In2)— (§-8-§) = #m2-4 
1 arcsin & : 

12. Let u = arcsin 2, so that du = —— dz. Thus, © __edg = f e* dy = 6" +O = ene ao, 

1-2? 1— 2? 


13. Let x = Iny, so that dx = L dy. Thus, [ = / 
y 


nD) = / Inz dz. Now use integration by parts with 


u=Ing,dv=dzx => du=dz/x,v = «2. This gives 


I=alne~ [2 ae=clne fev=emne x+C=Iny[In(Iny)] -my+C. 
x 


14. Letu = 2a2+1.Thendu=2dx => 


hi 


3 3 3 
x (u—1)/2 (1 1 1 1 14h) SE, Mt 
dx = du} = du= 
2x + 1)3 im if us € u) if u =) ‘ i| a+ 5s], 


15. Let wu = x, so that du = 2x dx. Thus, 


/ 


x 


4 1 ct (1/3)? 2 AN Te, aa PON NS eae Ns 
wo s/w acai 5 3 ban (5) tC 3 tan 5 EC. 


16. ftsint costdt = ft-4(2sint cost) dt = 4 f tsin 2t dt 


2 


$(—$tcos 2t — J —§ cos 2t dt) 


u=t, dv=sin2tdt 
du=dt, v= —4 cos 2t 


— —4tcos 2t + + [cos 2tdt = —4tcos 2t + z sin 2t + C 


x+2 x+2 A B : 
; = = . Multipl 4)(x — 1) to get 2= A(a—-1 B 4). 
PER = EDGY = Fea TET Minty by (@ + 4)(@ — 1) to get +2 = Ae 1) + Ble +4) 
Substituting 1 forx gives3 =5B & B= 2. Substituting —4 for x gives —2 = —5A A= 2. Thus, 


4 4 4 
r+2 2/5 3/5 2 3 
dz = dz = |=1 4|+ =In|a—-1 
i x2 + 3x —4 as if (26,+25) is E Ree jsteg ee I, 


(21In8 + 21n3) — (21In6 +0) = 2(3In2) + 2In3 — 2(In2 + In3) 


= $In2+ + 1n3, or ¢n 48 


18. Let u = ns dv = postlie) => du= = dxz,v = -sin(2). Then 
x x x 


/ 


cos(l/s) 4 -isin(>) - f zsn() az = ~2sin( 2) -eos(5) es 
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19. Let x = sec0, whereO0 <0< Form <0 < am Then dx = sec@ tan 0 d@ and 
Vx? —1 = Vsec? 6 — 1 = Vtan? @ = |tan 6| = tan @ for the relevant values of 0, so 
1 oe bere sec @ tan 0 / 2 | 7 
dO = | cos’ 0d0 = | (1+ cos 26) dé 
aes Bitar. 2 
= yea sec? 6 tan 6 x 
1 1 1 1 Vel 
= 50+ 7s8in20+C = 50+ 5sin@ cosd+C 
6 
[72] 2 
=-=sec le eeerad ye ae = BO) 1 
2 2 x x Qu? 
22 — 2x2 —3 A Ba+C : 2 2 
+3 x(x? + 3) Sie as Multiply by x(x? + 3) to get 22 —3 = A(a* +3) 4+ (Br +OC)\n © 
2a —3 = (A+ B)a? + Cx + 3A. Equating coefficients gives us C = 2, 3A 3 A 1, and A+ B =0,so 


21. 


22. Letu=In(1+2?),dv=dx => du= ae 
1+? 


3 
Oe dz = | cos* xsine dx £ u® (—du) if Chase ea tC 
csc & 4 4 


dx, v = x. Then 


Qa? (2? +1)-1 
a) a a) ee: 
pate ) dx = xln(1+ 2”) hi 3 dz = xln(1+4+ 2°) 2 f [ae dx 


1 
2 2 -1 
=ein(t +2) -2 f (1-55) dx = xln(14+ 2°) —-24+2tan 24+C 


23. Letu = x, dv = seca tanxdx => du = dz,v = secx. Then 


fusecx tang dx = xsecx — f secadx = xsecx — In|seca + tanz|+C. 


V2/2 


0 


25. [5 t cos’ tdt = J" t[$(1 + cos 2t)| dt = 5 fo tdt + 3 fo tcos2t dt 


2 


Re 2 


— iflp)” 1 _ u=t, dv=cos2tdt 
= 5[3t7] +3[3 tsin 2t]? $ 1 sin 2t dt pee med 


? 2 
26. Let u = Vt. Then du = x 7 dt dt = / e” (2du) =2 le] = 2(e” — e). 
1 
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27. Let u =e”. Then fet dx = fe®e” dz = fe“du=e"+C= e +0. 


e* 1 e* 
28. dx = ar | eee 
lees e x fe se pee to 


29. Let ¢ = Vz, so that ¢? = x and 2t dt = dx. Then f arctan Vr dx = f arctant (2¢ dt) = I. Now use parts with 


1 
u = arctant, dv = 2t dt du dt, v = t’. Thus, 
1+??? 


2 


1+ 


al 
T=? arctant — / dt = t’ arctant — / (1 _ —} dt = t’ arctant — t+ arctant+C 


= varctan Vx — Vx + arctan Vr + C [or (a + 1) arctan Vx — Va + c] 


21 
30. Let u = 14 (Inz)?, so that du = — dx. Then 


31. Let u = 1+ Vz. Then x = (u—1)?, dx = 2(u—1)du 


fe (1+ vz)" dz = f? u®. 2(u— 1) du= 2/7? —u®) du 


— f1,,10 9, 1,,9]2 1024 1024 
= [gu 2-50], = 


32. f(1+tanz)?secrdx= [(1+2tanz + tan’ x) secxdzr 
= [ [seca + 2secax tanz + (sec x — 1) seca] dx = f(2secx tanz + sec? x) dr 


= 2secx + 4(secx tanz +In|seca + tanz|)+C [by Example 7.2.8] 


1 1 aL: 
1+12¢ (12t+ 4) —3 | 3 1 
33. ee dt 4 dt = [4t—1 3t || 
i 1+3t i 3i+1 ; 3t+1 ue 


= (4—1n4) —- (0-0) =4-1n4 


327 +1 3x7 +1 A Bau+C : 
= = + . Multiply b 1) (a? + 1) to get 
e+taert+taetl (@4+1)(@4+1) «41 «w41 ult hy: By ped) (act) ee 


3a? +1 = A(e? +1) 4+ (Bx +C\(a#+1) 6 32?+1=(A4+ B)x?+(B+C)x+(A+C). Substituting —1 for x 
gives4—=2A < A= 2. Equating coefficients of x? gives3 = A+ B=2+B B = 1. Equating coefficients of x 
givsO=B+C=1+C C = —1. Thus, 


* 3a? 41 oa ov aa? gE a * 2 2 ner 
9 8+2?+2+4+1 o \@tl 2?+4+1 o \@tl a22+1 2#?2+1 


1 
= [2in je +1) +3 n(x? +1) — tan“! | = (2n2+4In2— 4)—(0+0-0) 
) 
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35. Let u = 1 + e”, so that du = e” dx = (u — 1) dx. Then : dz = Lous : du = I. Now 
1+er u u-t1l u(u — 1) 


: aaa B 1= A(u—1)+ Bu. Set u = 1 to get 1 = B. Set u = 0 to get 1 = —A, so A= —1. 
uuw—-1) ui u-il 


thus, = f (= +45) du = —In|u| + n|ju—1|+ C = —-In(1+e")+Ine* + C=2—In(1+e")+C. 


Another method: Multiply numerator and denominator by e~” and let u = e-* + 1. This gives the answer in the 
form —In(e~” +1) + C. 


36. f sin Vat dt = fsinu- 2udu [u= Vat, u? =at,2udu=adt] = 2 fusinudu 


a 


= 2[ ucosu+sinu]+C' [integration by parts] = —2 at cos Vat + 2 sinVat+C 


= -2,/£ cos at + 2 sin at +C 


37. Use integration by parts with u = In(« + fa? —1 ys dv = dx 


Jip 
du = : (1+ ul ) ae = ( a =") dz = : dx, v = x. Then 
r+Va2—1 Vaz? —1 c+Va?—-1 Vaz? —1 Vaz —1 


[o(2+ Va®=1) de = ain(2+ Va =1) - f ode = 2in(e + VeP=1) - VeP=1 +0. 


38. |e? — 1 e”* —1 if e* -1>0 e —-1 ifx#>0 
. |e -—l1j= = 
—(e”—-1) if e*-1<0 l-—e’ ifa<0O 


0 2 
Thus, dae Jje* —1| dr= PG. —e*)dx+ fee —l1)dr= E - e"| + le* _ x| 
-1 0 


= (0-1) —(=—1—e7!) + (e? — 2) — (1-0) =e? +e71-3 


39. As in Example 5, 


VJ VJ 1 d d 
i: tae = f Lae. eg ne ac = f is + eve =sin-t2—./1—22+C. 
Vi-a Vi-a Vita Vi-® Vi-e | Vine 


Another method: Substitute u = ,/(1+ x2)/(1— 2). 


ie [ e3/® ie [ ot (ea du) u = 3/2, 5 oye Mi [e"] 1 a 1(e e°) _ 1(e e) 
1 x? 3 3 du = —3/x* dx 3 3 3 3 


M. 3-2 — a2? = —(2? +2441) +4=4- (£41). Letx +1 = 2sin8, 


where —5 <0 < §. Then dx = 2cos6 dé and 2 es 
x 
J V3 = 2x — 2? dx = [ \/4— (a@ +1)? dx = f V/4—4sin? 62cos 6 dd 
Ty 
= 4 f cos” 6d0 = 2 [ (1+ cos 20) do 4—(«+1)P 
= 20+ sin20+ C = 204+ 2sin@cos6+C =V3— 2x — x? 
og -1f@tl\ 5, +1 vV3—-2¢—-27 | 
= 2sin ( 5 ) 2 5 5 + CO 


= 2sin (#57) + tt Qa — 22 +C 
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n/2 n/2 : : 
0. 14+ 4cotaz de =i (1 + 4cosx/sin x) _ sing] a 
x - (4—cosz/sinz) sing 


[ sing + 4cosz% d 
Te a 
7/4 4sinz— cosx 


ja 4—cota /4 
= 4 1 d u = 4sinz — cosa, 
-_ 3/va U Gs du = (4cosz + sin x) dx 
4 3 4 4 
— In |u| =In4—I1n =In =In 2 
| [ul 3/V3 J2 3/2 (5¥2) 
am /2 £ 
43. The integrand is an odd function, so i To du =0 = [by 5.5.7]. 

_n/2 1+ cos? x 


is, 1+sinz de= (1 + sinx)(1 — cos z) te ei ee cos 
1+ cosx (1 + cosx)(1 — cos x) 


sin* x 


s 


= —cota+ — + In|esc x — cot z| —In|sinz|+C [by Exercise 7.2.41] 


: 1—cosz 
The answer can be written as ————— — In(1+cosz)+C. 
sin x 


1 
45. Let u = tan@. Then du = sec?0d0 => jor tan? 6 sec? Odo = So uw? du = [iu‘] = 


7/3 os 6 7) n/3 a 1/3 1 1 nye 
46. ‘i sin? cot? iy _ / cos? 6d = sf (1 + cos 20) d@ = = 6 += sin26| 
x/6 sec 9 7/6 2 Sn /6 2 2 x/6 


=31G+2)-G+2))-3@-5 


47, Let u = sec 0, so that du = sec @ tan @ d@. Then Beet sat dd = du = du = I. Now 
sec? 6 — sec 0 u2 —u u(u — 1) 


1 A B 
= 1=A 1) + Bu. Setu = 1t t1= B. Setu = Ot t1=—A,so A=-—1. 
u(u — 1) i, = ae) u, Set u wee Set u = 0 to ge so 


Thus, 2= f (= + 4y) uu In|u| + In|u — 1] + C = In|sec6 — 1| — In|sec6|+C [or In|1 —cos6| + C). 


48. Using product formula 2(a) in Section 7.2, sin 6x cos 3a = ${sin(6x — 3x) + sin(6x + 3x)| = 4(sin 3x + sin 9a). Thus, 


=HG+9)-CE-a=3G +8) =4 


49. Let u = 0, dv = tan? 6d0 = (sec? 0 1) dd du = d@ and v = tan6 — 6. So 


Jo sin 6a cos 3a dx = [> $(sin3a + sin 9x) dx = 3[-3 cos 3a — } cos 92] ” 
0 


J 9 tan? 6.d0 = 0(tand — 0) — [(tan6 — 0) dO = 0 tan — 6? — In|sec6| + 467 +C 


= 0tan 6 — 46° —In|sec6|+C 
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50. Let u = /x — 1, so that x = u? + 1 and dx = 2udu. Thus, 


1 Qu 1 = -1 
dx = du = 2 du = 2t = 2t —1 ; 
== c / wun Uw fea U an u+C an (Va )+C 


51. Let u = 4/2, so that du = ae dx. Then 
x 


2/x 


Ja 7 u .s ue? = 1 1 t=u? 
ieee Tue A eae ey Tae dt = 3u? du 


= 2tan*t+C= 2 tan? wto= 2 tan” 1 (2°/?) +C 


Another method: Let u = x°/? so that u2 = x° and du = 3y1/? dx => Vadt= 2 du. Then 


2 
= 2 2 
Ve az= f 3 du= Z tan” u+C = 3 tan (2?) +C. 


52. Let u = /1 +e. Then u? = 14 e”, 2udu = e® dx = (u? — 1) da, and dx = 


Qu Qu? 2 1 1 
J1+e dz = : du = du= | (2 du= | (2 d 
/ Ee [ou Ss al [sa 7 ra +74) " fea 4) 7 


= 2u+Inju—1)—Inju+1)+C =2V1 +e? + In(V1 +e — 1) —In(V1+e7 +1) +C 


uz—1 ” 


53. Let wu = V2, so that z = u? and dx = 2udu. Thus, 
S : ue+1)-1 
if = dx = = (2u du) = 2f = du = 2f ( ) du [or use long division] 
1+vVve 1l+u 1+u util 


a —. 
=2 [GAR iu =2[ We Ue = 1 du 
u+l u+l 


=2(4u3 — du? +u Inju+1|) +C = 2u° wu? + 2u—2In|u+1)+C 


= 30°? — 2 4+2V a 2In(vz+1) +C 


54. Use integration by parts with u = (a — 1)e”, du = = dx du = |(x — 1)e” + e”] da = we” dz, v = -*, Then 


[=F «-¢ 1ye"( =) [-e«= ere beh +O=— +06. 


v2 x 


55. Let wu = x — 1, so that du = dx. Then 


fx(a—-1)-4*dr= f(ut1)eu-* du = f(u? + 3u? + 3u+ Du“ du = f(u7? + 3u-? + 3u-? +: u 4) du 


= In|u| — 3u7" — 3u7? — gu + C = In|x — 1] — 3(@ —1)7* — 8(@- 1)? — ¢(a@-1)° 


56. Let u = V1 — 2”, sou = 1—2?, and 2udu = —2x dz. Then [> x 2-vV1 a dx = fr V2 u(—udu). 


Now let v = 2 — u, so v? = 2 — u, and 2u dv = —du. Thus, 
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57. Letu = /4r% +1 w=4e+1 > 2udu=4dr > dr= dudu. So 
1 tudu du u—1 
di= 2 =e =2(5)1 Formula 1 
a= 7 lear baa (2) nfBot|4¢ erent 
= eee 
V4~a+1+4+1 
58. As in Exercise 57, letu = /4r%4+1 Then f de =f zig = sf du Now 
c > ‘ a? ./4r +1 [2(u? —1)]?u (u2 — 1)?" 
1 _ 1 _ A n B mn C D 
(u—1)? (wt 1)?2(u—1)? w+ 1° (w+ 1)? © u-1* (u— 1)? 
1= A(u+1)(u— 1)? + B(u— 1)? + C(u— 1)(ut- 1)? + Diu+1)?. u=1 D=4,u 1 Ba 
Equating coefficients of u® gives A + C’ = 0, and equating coefficients of 1 gives 1 = A+B-—-C+D > 
1=A4 + C4 + 4=A C. So A = 4 and C = —4. Therefore, 
dx 1/4 1/4 -1/4 1/4 
———— _= 8 + —— > + + —— | du 
| eco NF (u+1)?  u-1 (u—1)? 


= if Fes ae Vee — + 2(u— 1] du 


ut+tl 
=2In|u+1| = 2In|u — 1| =e tC 
ut+l u-l1 
2 2 
=2In(/4r+1+1 2Inj/4a +1-—1 +C 
we iS epee eri 
59. Let2a =tand => x = dtan0, dx = 4 sec” 0d0, V4x2 +1 = sec, so 
dx 4 sec? 0 dO sec 0 
/ =| 7 =| ao = [ csc0d9 
aV4a2 +1 5 tan secd tan @ 


V4x? +1 oe 


-<| —s 


= —In|csc@ + cot 6] +C [or In|csc @ — cot 0| + C] 
V4027+1 1 V4a274+1 1 
In oR + C jor In ae 


2x 2x 


60. Letu = 27. Thendu=2rdxr => 


dx x dx 1 du 1 1 u 
Se ee eee du = 3 In|ul —2In(u? +1 
lua \ze5 sf map s/f |: a ano Teg tas bE) 


1 4 
= 4$In(a’) — fIn(x*+1)+C= 4 [In(2°*) —In(a* + 1)]}+C= i*(a54) +C 
x dx 
Or: Write I = / ————— and let u = 2*. 
x*(a4 + 1) 
26 1 2 2 i x, dv = sinh mz dz, 
61. / x sinhma dz = —ax* coshmaz — — | xcoshmza dx : 

m m du = 2x dx v = = coshmar 


U =a; dV =coshmz dz, 
dU = dz V= — sinh ma 


= Ey cosh max — = ( Fesinh me _ = [she a) 
m m\m m 
A 3 2 : 2 

= —2* coshmaz — —sasinhmaz + art cosh ma + C 
m m 


m2 
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62. f («+ sinx)* dx = f (a +22 sina + sin? 2) dae 2° + 2(sina — xcosx) + $(x — sinxcosx) + C 
= zu + 4a + 2sinz — 4sinzcosx — 2xcoszt+C 
63. Let wu = V2, so that z = u? and dx = 2udu. Then f de = / POEUN! y 2 du =I. 
stave J P+eu J ult) 
2 A B 
Now 2= A(1+u) + Bu. Set u = —1 to get 2 = —B, so B = —2. Setu = Oto get2 = A. 


ul+tu) uw 1+twu 


thus, = [ (2-25) du = 2In|u| — 2In|1+u| +C =2nvVx 2In(1 vi) tC. 


U l+u 


64. Let u = V2, so that z = u? and dz = 2udu. Then 


dx 2u du 2 -1 -1 
[ose | Ss fem utC=2tan! Ve+C. 


65. Letu = e+e Thnx=ur—-c = 
fe Vat cde = f(u® — c)u- 3u? du = 3 f(u® — cu’) du = 2u’ — cut +C = 8(a +0)" — 3c(a +0) +C 


66. Let t = Vx? — 1. Then dt = (a/V/x? - 1) dz, 2? —1=t?,2 = Vt? +1,s0 


x lnx 


t= [ae 


2 
I= $tin(t?? +1) leme- sein(e? +1) — f -aa| dt 


= ftln(t? +1) —t+tan1t+C = V2? TlIng — Va? —1+4+ tan 'V2? —1+C 


c= | InVt?+1dt=3 re + 1) dt. Now use parts with u = In(t? + 1), du = dt: 


Another method: First integrate by parts with u = Ina, dv = (a /Vu? — 1) dx and then use substitution 


xz =sec@oru=V22-—1). 
( ) 


z : : gs + C252 Multiply by 


l= 6 - (Paar) C= ena =) eo” ee 


(a — 2)(a + 2)(a? + 4) to get 1 = A(a + 2)(a? +4) + B(w — 2)(a? + 4) + (Ca + D)(x — 2)(a + 2). Substituting 2 for x 


gives 1 = 32A A= mor Substituting —2 for x gives 1 = —32B B= roe Equating coefficients of ? gives 


0=A+B+C=4-—4+C,s0C =0. Equating constant terms gives 1 = 8A 8B -4D=4+4-4D,so 


1 1 
5 = -4D D=—,. Thus, 


dex 1/32 1/32 1/8 1 1 oy, 2: 2 eee 
fi (me ae tes Wigs ol = ret (5) C 
lain Ge PE aay a ap el og ge to) 
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68. Let 2x = sec 0, so that 2dxz = sec0 tan 0 d0. Then 
if dx =f 3 sec tan 6 d@ 2 2tan 6 dé ie 
x? /4e2 — 1 + sec? @ /sec? 0 — 1 sec @ tané Jax2—1 
= 2 f cosdd0 = 2sin0+C cI 
1 


dé 1 1—cos0 1—cos0 1 —cos0 1 cos 0 
; = : d0 = d) = a do 
- / 1+cosé i € +cos@é 1-—cos 5) i 1 — cos? 6 / sin? 0 ae i (= 6 sin? 5) 


= [ (csc? 6 — cot 6 csc 0) dd = — cot @ +.csc0 +C 


Another method: Use the substitutions in Exercise 7.4.63. 
dO 2/l+t jdt _ 2 dt 7 _ _ 0 
Bee  Seaieeneen Ree aeaesS [a ra ae Oy a 
2 2 2 
70, dé = (1/ cos* 6) dé = sec” 0 a= [ ct 0 ao = [ 1 As u = tan, 
1+ cos? 0 (1 + cos? 0) / cos? 0 sec? 041 tan? 6+ 2 u? +2 du = sec” 6 dO 


1 
71, Let y = Vz so that dy = dx dx = 2Vx dy = 2y dy. Then 
2Va 
Va = y 25 2y u = 2y?, dv = e” dy, 
[ve a= f ye Quay) = | 2y%e dy fears nae ot 


= 20Y _ y 
= 2y“e [ve dy Fee al ee 


U =4y, pe 


= 2y’e¥ — (dye¥ — f 4e¥ dy) = 2y?e¥ — dye” + 4e¥ + C 
= 2(y? —2y + 2)e"+C =2(e-2Ve+2) evF +O 
72. Let u = \/x +1, so that 2 = (u — 1)? and dx = 2(u — 1) du. Then 


1 2(u — 1) du / 1/25, -1/2 4 3/2 4 1/2 4 3/2 4,/ 
ise = Qu —2u du = —u —Au Ges gt+l —-4 e+ti1t+c. 
TF / vu ae: ay ue 


73. Let u = cos” 2, so that du = 2cos x (— sin x) dx. Then 


sin 2x 2sinx cosx 1 41 -1 2 
ee ge: op ee ES dr) Se day St C=-t C. 
(= x [= (costa)? x /m (—du) an u+ an (cos’ x) + 


74, Let u = tana. Then 


n/3 n/3 V3 2 
/ In(tan x)dx _ i In(tan 2x) gaat Mae = i Inu a [3 (in u)?] v3 }(inv3) = 1(1n3)?. 
n/4  SINx cosa m/4 tan x 1 
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l 1 Ve+1- Vive 
® eee (Gee SEE) [Oe 


= 2[(e+ 1)3/2 — ef] 40 


76 a dx = x? dex _ 3 du u=2°, 
: 2 + 3973 +2 (x3 + 1)(x3 + 2) (u+1)(u+ 2) du = 3x? dx |* 
1 _ A 4 B 
(ut1)(u+2) u+1 wu4+2 
gives A = 1. Thus, 


1 du 1 1 1 1 1 
es sf (a ty) ww gous ere eC 


= 4In|x* +1] — In|2? +2/+C 


Now 


=> 1=A(u+2)+ B(u+1). Setting u = —2 gives B = —1. Setting u = —1 


77. Let x = tan 0, so that dx = sec? 6 dO, x = V3 6=f,andx=1 6 = 4. Then 
V38.4/T v sec 0 2 7/3 sec @ (tan? @ + 1) /3 (sec tan?6 — sec 
; x sec Odé = . dé = x, ) de 
4 & n/a tan?é /4 tan? 0 n/4 tan? 0 tan? 0 
a/3 n/3 
=f (sec @ + csc cot 0) dd = [In |sec 9 + tan 6| — esc 6] : 
n/4 nT/A 


= (In|2 + V3] — 3) — (In| v2+ 1] — v2) = V2- 3 + In(2 + v3) — n(1 + v2) 


78. Let u =e”. Thenz =Inu,dx=du/u => 


1 a= [ du/u =| du =| 2/3 1/8 ae 
1+2e™>—e-® ff 142u—-1/u of Qu?@+u-1 Qu-1 util 


= §Inj2u—1|- $ln|jut+1/+C = $ In|(2e” — 1)/(e7 +1)|+C 


79. Let u =e”. Thenz =Inu, dx =du/u => 


2x 2 
w= ff . du= [ epee du =u-—Injl+u| +C =e" —In(l+e")4+C. 
1+e* l+uu l+u l+u 


80. Use parts with u = In(a + 1), du = da/x?: 


[Bgplan wernt faceg amen |b -aa]* 


=-2in(e +1) + Info|—In(e +1) +0=— (1+ 2) In(a@+1)+In|2|+C 


x 
1 
81. Let 0 = arcsin x, so that dd = ———— dz and x = sin@. Then 
V1— x? 
Zi z+ arcsine | . 2 
sin@ + 0) dO = —cos6 + 40° +C 1 
Vl — a | ( ) 2 e 
=—-V1—2? + d(arcsinz)* +C q 
1-x 
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4” + 10° a. 10” 2° 5” 


83 dx = dx = du u=Inze—-1, 
J} «lnx-2 x(Inz — 1) u du = (1/2) dx 


=Inju| + C =In|Inz—-1/+C 


a tan70 2 x2 =tand 
uf ae - sec’ 6 d@ Bias 
JVxz2 +1 i sec 0 i = sec Fae fear 
b aire oa 
= f tan’@ sec0d0 = [(sec?6 — 1) sec 0 dO 


L | 
= | (sec*0 — sec 0) dO i 


(sec tan 0 + In|sec # + tan 6|) — In|sec@ + tan6|+C' [by (7.2.1) and Example 7.2.8] 


a 
2 


= $(secO tan@ — In|sec@ + tan6|) + C = $[aVa? +1 —In(Vz?+14+2)]+C 


85. Let y = V1 + e®, so that y? = 1+ e”, 2ydy = e* dz, e® = y* — 1, and x = In(y? — 1). Then 


p= fee Inty _ ) (ay dy) = 2 fomty +1)+In(y - 1)] dy 


=2[(y¥+)nvyt+1)-Yy+)D4+(y-Dn(y-1)-(y-VI+C [by Example 7.1.2] 


re” 
V1i+ ze 


= 2[yln(y + 1) + n(y +1) -—y-—1+yln(y—-1) -In(y-1)-y4+1]4+C 
= 2[y(In(y + 1) + In(y — 1)) + In(y+ 1) — In(y — 1) — 2y] +C 


= 2] yin(y? 1) +n Ets 24 Hema] vIFe ne) +m GES** avira +e 


JI+e7 +1 JIi+e=+1 

= 24 /1+ e® + 2In —— —4V/1+e2+C = 2a —- 2) /14+ e* + 2] —_ 

VYl+er—-1 ( ) VYl+er—1 

86 1l+sing  1+sinz 1+sinaz _ 1+2sinz + sin?z = 1+2sinz + sin?x ey 2sinx sin? x 
“|-sing 1l-—sing 1+sing 1—sin?x *¥ cos?x ~ cos2a cos2a~—s cos? 


+C 


= sec7x + 2secx tanxz + tan?x = sec’x + 2secx tanx +sec?x — 1 = 2sec?x + 2secx tanxz —1 


peas 
Thus, | ER a= eesecte + 25002 tanz —1)dz = 2tanx+2secx—x2+C 
—sing 


87. Letu=2,dv=sin’xcosrdx => du=dz,v= 3 sin?x. Then 


f xsin?x cosxz dx = 5a sin?a — 4 sin® xdx= $x sin? — 4 I ( (1 — cos*2) sin x dx 
1 1 = 
+ 3 2 U = cosa, 
= sasin°x+ = [| (1— d 
3 3 ( y ) y du = —sinxz dz 


RS eee ee ree as a8 1 = te 8 
= gusin’x + sy y +C = szsin’x + 3 cosx— 5 cosa +C 
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88. seeg cos 2x qa BEC cos 2” : 2cosx ec 2cos 2x ay 
sinx + secx sinx+secx 2cosx 2sinxcosx +2 
2cos 2x 1 u = sin 2a + 2, 
= - dx = du 
sin 27 +2 U du = 2cos 2x” dx 
= In |u| + C = In|sin 2x + 2| + C = In(sin 2x 4+ 2)+C 
e {ves = a. 2 
89. [ viqsinede= fy)? bene a | See ys 
+ sina 1+sinz 
i cos?2 ee / cos x dx | >| 
= a — assume COS © 
1+sinz V1i+sinz 


du u=1+sing, 
Ju 


=2/u+C=2/1+sinz+C 


du = cosxdx 


Another method: Let u = sinx so that du = cosxda = V1 —sin?xdx = V1 — wu? dx. Then 


[ Virsineae = f vI= (= du=2V1+u+C=2vV14+sinr+C. 


v1l— =3)- is Vl+u 
sinx cosx sin x cosx sin x cosx 
90. ae SS ne | a eS ee ee ee 
/ sin*x + costa / (sin?a)? + (cos?x)? - / (sin?a)? + (1 — sin?x)? 7 
1 1 u= sin’, 
= 7 5 du ete 
uU: +(1-u) y) du = 2sinz cosx dx 


= : du = d du 
J 4u2?-4u+20- 0 J (4u2?-4u+1)4+1 
1 1 1 y=2u-1 
ee te any ee ee , 
fooam “ sfwo y Laue 
= $tan-'y+C = tan ‘(2u—1)+C = $tan ‘(2sin’x —1)+C 
. F 4 2 
i sme cost. -/ se cos x) / cos"« ae sec 1. 
sin*x + costa (sin*a + costx)/ costa tanta + 1 
_ 1 1a u = tan?2, 
= uz2+1\2 be du = 2tanz sec?x dx 
= stan-*‘u+C = stan ‘(tan*x) +C 
3 a 3 = 3 MN ipncecad 3 = 
[9-2  f =z ac= [ VO-—= Va ax = [ (2 x =) ae= [ ( 9 — 2a ) ae 
x 9-« 1 ve V9-=& 1 \VaV9—@ 1 \V9e — 2? 
18 18 
_ 1 u=9x — x? _ —1/2 _ 1/2 i 
 Caa)® [atime] =f item fer, 


= 2/18 — 2\/8 = 6V2 — 4/2 = 2/2 


Another solution: 
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1 1 1 
92. x dx = a - dz = a - 
(sin x + cos x) sin’x + 2sinxcosx + cos?x sin*x 2sinz 
cos?x + +1 
cos? cos x 


dx 


1 1 sec? 
= dz = dx = 
cos2x (tan?xz + 2tanz + 1) cos?x (tan x + 1)? (tanz + 1)? 
= 1 u=tanz+1 = 1 _— 1 
= [ou hese Sa ee ee 


7/6 7/6 n/6 
93. if vir sind6 a9 = f y (in? + c0s#8) + 25in 0 cos0.d0 = f 4/ (sin + cos 0)? dé 
) 0 0 


n/6 n/6 ; , . 
= / |sin @ + cos 0| dO = / (sin 6 + cos 6) d6 | since inigerand is: 
0 ) 


positive on [0, 7/6] 


n/6 Fae 
= |-cos6 + sing] ( 5) ( ee eee vs 


Alternate solution: 
7/6 n/ vi — sin 20 7/6 ./] — sin? 20 
V¥1+sin 20 dé = i V1+sin 20 dd = dé 
[ 0 ‘V1 —sin 20 0 V1 —sin 20 


7/6 \/cos? 20 db = 7/6 |cos 20| db = 7/6 cos 20 db 
0 V1 —sin 20 0 V1 —sin 20 0 V1 — sin 20 


1-V3/2 
--3/ ul? du [wu = 1—sin 20, du = —2cos 26 dé] 
1 


1=4/3/2 

—}[aut/9] T= 1-4/1 - (3/2) 
2 @ In2 e* In2 
e e =-et et 

94. @ | Sem | a : — =| e° dt = F(In2) 
3 In = InIn3 e” 
1 u=Ing, e 7 use”, 
@ fave [hee [2t8] - see [area] 


0 InIn3 3 
-/ "du + i: e° dv __ [note that InIn2 < 0] 
1 0 


key 


In ln 3 Pr In In 2 4s 
=| e aw — [ e© dv = F(Inin3) — F(InIn2) 
0 0 
Another method: Substitute x = e°’ in the original integral. 


: 2 Sarr as ; ; 
95. The function y = 2a%e” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral. 


f (2a? + Le” dz = 2a?” dx + fe dz = J x(2ue**) dx + fe dx 


2 
2 2 =a, dv=2ze” dz, 2 
=ae” — fe dxv+ fe dz E bs ean | =re” +C 


du = dx v= e* 
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7.6 Integration Using Tables and Technology 


Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer. 


m/2 : : n/2 
so |sin(5—2)a  sin(5+ 2)x a=5, 
1. [ cos 5x cos 2x dx 2(5 2) + 3(5 +2) ; ie 


a sin3x | sin 7x ws 1 1 0 abet ees 
6 iz |.¢ ales ie eels’ Cae 


1 1 Peay ey 1 aN |) 
2 a—ax?dxr= 2(¢)e—-22 dx = —— 2(4) a — 2? + 24 cos* 2 
0 0 2 2 i 
0 
1 
Av ar 4 (1-20) = (0+ n) (0. : 0) = 5a 
0 


3. Let u = x”, so that du = 2x dx. Thus, 


a 5 f sin udu ® 5 [usin tu + Tw | +C= iy? sin” ‘(a?)\+iV/1—a24+C. 


4, tan 6 sin 0 do < ‘| 1 (aa) 
V2+cosé cos 6/2 + cos 0 uV2+u 
Se ere a 5 ety Ma Oe V2 as 
— J2 SE J2 24+ c0s0 +2 


5. Let u = y”, so that du = 2y dy. Then, 


5 4 
Yy Yy 1 U 26 
d =| d / du = 
le i Een 9 V4+u? 
2 
=4 T+y4—In(y? + VF4u7) +C 


6. Let u = ¢°, so that du = 3t? dt. Thus, 


eS as VP 8 902 ap ; [a wi 3] vie =5 — vBc08- (3 )) +e 


[ 4 
a V4? — SIn(u+ ir)| +C 


1 
2 L 


3t3 
yr favt(8) +c 
n/8 —_ 1 7/4 = 7. 
7. fo’ arctan 2x dx = 5 >’ arctanudu [u = 2e, du = 2da] 
n/4 2 
sod apc aw) ao * arctan = oie idee 0 
2 2 0 2 4 4 2 16 
1 1 
= Farctan 5 - 7n(1+ 5) 
2 1/2 16 x\|? T 
8. a /4— a2 dx 2 = (2x? — 4) 4-2? + —sin”'(=) = (0 2.2) O=7 
; 8 8 2/ \s 2 
cos x 1 u=singz 20 +L U sinz — 3 
9 = d a Ge dig eae 
las lea eae 2(3) 73 al 6! nf RES 
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10 


12 


18. 


e” = 1 u=e?, ig 1 
[ee ae= f 5a feo ~ 30 2 


CHAPTER7 TECHNIQUES OF INTEGRATION 


y fen fA (a) [art 


V44+u2 24 V44+u? 
3 2 du = 3 }— r 


+ In(u + ra) +C 


2 2 
= veer +3ln(30 + V44 922) +C = ea +3ln(30 + V9a2 +4) +C 


. Letu = V/2y anda = V3. Then du = V2 dy and 


[F324 - (3S Bhp) ae 
2 3(-E = + nu VF=wAI) +0 
~va( CES nly by + vBF=a)) +0 


2 
= OE + V8in| vu + V2 = 3] +0 


: Je cos’ 6.40 = E cos? 0 sind] ” + 3 fo cost do #048 3{|4 cos? 6 sind] ” + $ Jy cos? 0 ao} 


45 3 fi ee "| 5 3 a _ 5a 
#5{0+ 9 [36+ gsin26]")—$.2.9 = S 


. fav at de = f VIF (2 du) pee | 


du = 2x dx 


2 
2 AE Poet = jin(u+ vIFW)| +0 = VIF + 5 n(x? + V2FH)+C 


arctan/@ u= Vz, 
=e dx arctan u (2 du) = 1/(2Ve) ‘a 


2 2[warctanu — 4In(1+u?)| +C = 2/xarctan /z — In(l+ 2) +C 


: Je v3 sine da = |-2* cosa] +3 ff’ 2? cose dx S —n 3(— 1) +3{ [z” sina] — 2 esina de} 


= 77 6 fo vsinx 7 ae ee 6f [-xcos.r|” ae ie cos.x dab =7~— 6[z] — 6|sine]” 


=r —6r 


th( ne 
pee dy = J cothu(—au) R alee | 


© —In|sinh ul + C = —In|sinh(1/y)| + C 


a: en * dt) tee 
Jeea1 era ke tu du =e' dt 


44 sVi 1+ finlut vo? 1] +C = he'Ve*—1 + ne! + Ve —1) +0 
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19. Let z = 6 + 4y — 4y? = 6 — (4y? — 4y +1) +1 =7-— (2y —1)?, u = 2y — 1, anda = v7. 
Then z = a? — u?, du= 2 dy, and 


Sy V6 + 4y — 4y? dy = fy /zdy = f $(ut+ 1) Va? — u? 5 du =} fuva? — uw dut § f Va? — u? du 


= 5S Va? — wu? du— = f(—2u) Va? — u? du 
2 ae eee: 
ot fae ae ait (£) - 5 [ vow he eea ke 
8 8 a = 


8 dw = —2udu 
Sk Jena ae 12y-1 1 2 3p 
= 6+ 4y — Ay? + =e C 
8 Ph Be amg gg 
— Qy-1 x, 0 1 2y-1 1 2)3/2 
ng J6 + 4y — 4y 3 sin i 19 (8 + 4y 4y*)"/" +C 


This can be rewritten as 


1 1 2y—1 
\/6 + 4y — 4y? 3 (2y 1) —- =(6+ 4y ay?)| + Pin y +C 


1 2 1 5 7. 4f2y-1 
= [ ~yr — —y-— = + Ay — 4y?2 + = 7 ) + 
(4y 12” =) oe . go ( V7 ) e 


5 (BV? 2y — 15),/6 + 4y iP + Zin (2*) 4c 


8 v7 
dx dx 50 1 2 —3+4 2x 1 2 22 —3 
Di fa fee In| Pt" 4 ¢=— 421 C 
les — 3a? leap —3x = (-3)? n| x v 3a oe ae |+ 
21. Let wu = sina. Then du = cos x dx, so 
a : 2 or ue tt alaere! 
sin’x cosxz In(sinz) dz = | uw Inudu = @+1? [((2+1)nu—1+C= 5u'(3lnu—1)+C 


= $sin®z [3ln(sinz) — 1] +C 


22. Let wu = sin 0, so that du = cos 6 d0. Then 
sin 20 2sin 6 cosé 2 


U 55 
dd = do = 2 du = 2- lu — 2(5)| V5 -u+C 
5 — sind 5 — sind Ike ee ery eam) Uer 
= $(-u- 10) 5 -—u+C = —F(sind + 10) V5 — sind +C 


sin 20 Ap =sntst io =— | 1 du hee 
Vcos?6 +4 Vcos?6 + 4 Vu2+4 du = —2sin 0 cos 6 dé 
7 In(u + Vu2 +4) +C= — In(cos*6 + vcos* + 4) +C 


23. 


24. Let u = 2? and a = 2. Then du = 22 dx and 
is a? /4x? — «4 dx = $ ox? 2-2-4? — (2?)2. adr = 4 ft uvV2au — u? du 


w—u-—6 _1f{2-u ’ 
= =e ee + 2cos 5 
0 


= [0+ 2cos-'(—1)] — (0+ 2cos-'1) =2-7—-2-0=2n 
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25. jen dx 2 


Sye2 
26. {x arcsin(a*) dx = f warcsinu ($du) bree “| 


2 </> — 492 at 
; a Depcsigas *; 7 |+e-2 


27. fcos°’y dy 4 2 cos*y sin y + 2 f cos*y dy s 2 cos*y sin y + 4 [$(2 + cos*y) sin y] +C 


= + cos*y sin y + - siny + * cos*ysiny + C = zsiny (cos*y + 4 cos’y + 3) +C 


28. Let u = In, so that du = (1/x) dx. Thus, 


pe a d= fay 4. Ju? —9 — 30s” (a)+e 


zclna 


= 2 5. -1f_3_ 
= ,/(Inz)* — 9 — 3cos (ay) +e 


=a: 
cos (#“) , 1 -1 wee, 
29. i. 73 dx 5 [cs udu fea | 


—$(ucos"*u—V1—u?) +C =-§2? cos (2-7) + V1 — 2 F4+C 


1185 


30. 


So 


du u =e", 
[x =-{z3(4 ) ae 
35 «Ol 1l+vV1—-u? 1+VJ1-e?* 
{i 7 In ee +C 


31. Let u = e”. Then x = Inu, dx = du/u, so 


/ye 
[Vela = faa Ju? —1—cos '(1/u) +C = Ve? —1—cos ‘(e-”) + C. 


32. [oo 20 arctan(sin 0) dO = / 2sin 0 cos@tan ‘(sin 0) do = 2 / utan ‘udu 


2 
2 2(* = : tan7tu — 5) +C = (sin?@ + 1) tan71(sin 6) — sind + C 


4 4 . 
Bay fe ee ae ee meee 

"Jf Velo —2 (x5)? —2 5} Vu2—2 du = 5x4 dx 
8 1iglu + Va —2|+C = n|o® + Ve 2/40 
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34. Let u = tan 0 and a = 3. Then du = sec” 6 dO and 


2 2 2 2 
sec O tan"), _ u 34. («Up ) w  f 
pata la= ae Bw e or #. Ren (Z)+e 


= — 5 tan VO— tan? @ + 5 sin (*) +C 


35. Use disks about the x-axis: 


V = fF x(sin? x)? da =x fF sint x dx B n{[—4 sin? x cos a]? + 3 [* sin? x da} 


Sar {O+ 3 [ea — 7 sin 2a] 7} =T7 [3 (3a —0)| = a7? 


36. Use shells about the y-axis: 


1 2 Az 11 
v=[ am aresin dx an] 7 “sin te AS =2n|(7-3 +0) -0| — ie 
0 ) 


d|1 a? 
37. (a) da Gua da 


1 ba? 2ab 
-2ain|a+bu)) +6] = je[o+ A - | 


_ 1 [b(a+bu)? + ba? — (a+ at 


3 L (a + bu)? 
_1f Be? “ne 
~ Bl (a+bu)2}  (a+du)? 


t— 1 
(b) Lett =atbu = dt=bdu. Note that u = == and du = 5 dt. 


2 2 V2 ao 2 2 
/ un du -;/* a) pe t* —2at+a a=— / {24 we dt 
(atbu? 6 p 53 P 53 t |B 


a? 1 a 
(« 2aln|t| =) +0= 3 (a+bu- 2 —2ainla+ oul) + 


1 
b3 


8 a? — u? 8 /1 — u2/a? 
< eas (2u? — a?) a ur 2u? — a? at 
= Blgeaarge a 8 8 faz — ue 
a at 
=4(a - wey ee -See —a*) +? (a? —u?) + F(@ — v7) (2u? — a?) + cae 


(a? 2 u?) 1/2 Ou? a? _ Qu‘) 
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(b) Letu=asin0d = du=acos6dé. Then 
fw Va? —wdu= fa’ sin? /1 — sin?6 acos6 dé = a* f sin?@ cos”0 dO 
=a‘ f $(1+cos20)4(1 — cos 20) dd = 4a* [(1 — cos? 20) do 
= fa‘ f [1— $(1+cos46)| dd = $a*($0 — sin 40) +C 


= ia “(4 0 — %- 2sin 20 cos 20) + C = ta*[40— isin cos (1 — 2sin?6)| +C 


8 lent EU Ve Hw dw) _ af au _ uve? wa? —2u*) 
8 a a? 


u a‘ u 
= g(a = a”) /a? —uz+ rs sin-t'—+C 
a 
39. Maple and Mathematica both give [ sec’x dx = 2 tan x + z tanx sec*x. Using Formula 77, we get 
f secta dx = 3 tana sec?a + 2 fsec?a dz = z tana sec? + 3 tana +C. 


1 
40. Maple gives J = [oscta dx OE, =e) OEE 2 In(csc a — cot x). Mathematica gives 


Asintz 8sin?x 8 


3 ot 1 42 


32° 9° 64 2 


ear fg OE Ys se eS eae ee ee 
go ge ogo Do ed ee 


= 3 (lo sin ~ lo cos =) + 5 (sec? 3 esc? 2) + ~ (sect 2 esc! 5) 
Bree ae By Bp 2 2)" 64 2 2 


_3 _ sin(2/2) 3 
3! . cos(x/2) th 32 tos sin? (x /2) 


3 ee ofa ee 


|talaxan anil 


= ; log tan 5 + 


32 | cos?(#/2) sin? (x/2) 64| cost(x/2) sin*(x/2) 
l1—cosx 1+cosz 2cos x 
sin? (2/2) — cos?(«/2) 9 2 9 —Acosax 
Now 2 in? = 1l+cosx l1-—cosxz ans Qn gine 
cos?(a/2) sin*(«/2) ; 1—cos* x sin? x 
2 2 4 
ana sin* (2/2) —cos*(x/2) _ sin?(a/2) — cos?(x/2) sin?(x/2) + cos*(x/2) 
cos#(a/2) sin*(2/2) ——_-cos?(a/2) sin?(a/2) —cos?(a/2) sin?(2/2) 
_ —4cos x 1 _ _ Acosx 4 _ _ 16cosx 
—  sinta I+cose 1l-—cose — sin?x 1—cos?x _sintx 
2 2 


Returning to the expression for J, we get 


T= ies tan 5 4 3 ( —4cos x + ae ae 1 cosx 
8 P 32 sin?7a 64 sin*x 8 g 2 8sin?x 4sin*x’ 


so all are equivalent. 


Now use Formula 78 to get 


[esc'ade = [cot ste + 3 f escteds EeCse a } +(F 


1 
cotxcscx+ — | cscxdx 
4 sing sin’x 2 


1 cosx 3cosx 1 3 1 cosx 3 cosx 3 
— esc x dz = —=—— — = 5 — 
8 4sin*x 8sin*x 8 


= SS + =In|cscx — cotz|+C 
Asin*x 8singz sinx 
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41. Maple gives fe 224+ 47 dx = 1e(2? SA ee 3a \/x? + 4 — 2Qarcsinh($2). Applying the command 
convert (%,1n); yields 
ta(x? + 4)3/? — gu fa? +4—2In($0+ 5 Va? +4) = Gala? + 4)'/? (a? + 4) — 2] — 2In| (x + Ja? + 4) /2] 
= 52(a? + 2) fa? +4—-2In(/e? +442) +22 


Mathematica gives +a(2 + x”) /3 + x? — 2arcsinh(2/2). Applying the TrigToExp and Simplify commands gives 


+ [2(2 + x?) /44+ a? — 8log(4(x + V44 a?))] = tala? + 2) Va? +4 - 2In(z + V4 +4 &?) + 21n2, so all are 
equivalent (without constant). 


Now use Formula 22 to get 


4 
[ovEre dz = = (2? + 22? ) VE Fe - = n(x + VE Fa) +0 


[oo 


(2)(2+ 2?) V4+ 22 —2In(x + V4+27) +C 
= 1a(x? + 2) fa? +4—- 2In(Va?7 +442) + 


os 


1 1 
42. Maple gives [ (Be 2) dz = : In(3e* + 2) — ee + in(e*), whereas Mathematica gives 
ee”. 3 is e* 3 3e" +2 e” 3ln(3e"+2) ee 3 “ 3 
a + 7 log(3 + 2¢ ) ak joe = ) ora ee 5 + 7 In(Ge + 2) ren 


so both are equivalent. Now let u = e”, so du = e” dx and dx = du/u. Then 


tate 1 du_ 1 #1 3 [2 +88 
e*(3e7 +2) ~ J u(Bu+2) u J uwr(2+3u) — Qu 2? u 


{8 Coe: ae 
ao t 7 m2 + 8e )—qine +C= 


1 3 a 3 
Jee +g inGe +2)— Fete 


. 3 . 
43. Maple gives / cos‘ dx = —= ata some cose = , whereas Mathematica gives 
“ + 7 sin(2x) - = sin(4x) = - Tg (2sinx cosx) + we sin 2x cos 22) 
a = + seine cos x + ae sina cos x (2cos’a — 1)] 
32 1 i. r 
= — 4+ =sinz cosx + —sinx cos*x — = sinx cos, 
8 2 8 


so both are equivalent. 
Using tables, 


74 . 64 ‘ : 
J cost dx = 7 cos’ sing + a f cos? dx = 7 cos’ sing + 3 ($a a ; sin 22) +C 


= + cos? sin x + 3x eae 3 (2sinae cost) +C= 4 i cos’ sina + zx + 2 sing cosz+C 
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44, 


47. 


. Maple and Mathematica both give / 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Maple gives 


fevi x2 dz = z(l a?)3/? 4 = Ta? + 5 aresine = 


8 


(1 — a”)/?/-2(1 — 2”) 4.1) + 5 aresin 
(ee? 1) garesine, 


and Mathematica gives ¢ (2/1 — x?(—1 + 22”) + arcsin x), so both are equivalent. 


Now use Formula 31 to get 


fevi a? dx = 


5 (20 1vV1 P+ = sin e+C 


. Maple gives [ tan°a dx = + tan*a — 4 tan?a + 4 In(1 + tan”), and Mathematica gives 


J tana dx = +[-1— 2cos(2zr)] sec*x — In(cos x). These expressions are equivalent, and neither includes absolute value 
bars or a constant of integration. Note that Mathematica’s expression suggests that the integral is undefined where cos x < 0, 


which is not the case. Using Formula 75, f tan? dx = aT tan? ta — f tan? ?2 dx = 4 tanta — f tan*®a dx. Using 


Formula 69, f tan? dx = 4 tan?x + In|cos2|+C,so f tan°xdzx = 4 tan*x — 4 tan?x — In|cos2|+C. 


a ey Va +1(3 Va? -4 Ye+8). [Maple adds a 
Vit Ya 


constant of — 2] We’ll change the form of the integral by letting u = (a, so that u? = x and 3u? du = dx. Then 


/ oo ni oe =3 sor (8(1)? + 3(1)?u? — 4(1)(1)u) viFa| 40 


15(1)3 
= 2(8 + 3u? — du) VT-FutC = 2(8+3 Va? -4 a) Sree 


1 1+VJ1-2? 
35 | + x +C. 
x 


(a) Fa)= f fe)ae= f —eapae 8 —pim 


f has domain {x | « 4 0,1—2? > 0} = {x| 2 #0, |x| < 1} = (-1,0) U (0,1). F has the same domain. 


1+ 1-2? 
x 


+0=-n| 


(b) Mathematica gives F(x) = Ina — In(1 + V1 — «2? ). Maple gives F(x) = — arctanh(1/,/ 1 — x? ). This function has 
domain {z | |x| < 1,-1 <1/VI—2? <1} = {2 | |2| <1,1/V1— a2? <1} = {2 ||2| <1, V1—2? > 1} =9, 
the empty set! If we apply the command convert (%,1n); to Maple’s answer, we get 


1 1 1 
—+~In{ ——— +1) + =ln[ 1 — ———— ], which has the same domain, 0. 
2 (: ) 2 ( a=) 


48. Neither Maple nor Mathematica is able to evaluate [(1 + Inz),\/1+ (aIna)? dx. However, if we let u = x Ing, then 


du = (1+ Ina) dx and the integral is simply [ 1+ u? du, which any CAS can evaluate. The antiderivative is 


$In(eIna + VI+ (laa? ) + $elnay/1+ (ena)? +C. 
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DISCOVERY PROJECT Patterns in Integrals 


1. (a) The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “+ C”. 


; 1 7 1 — In@@+1)_ In(x+5) 
Of eraeryerneta-mers © | SyerHe= i 
ees 1 In(a@—5) In(a+2) . if 1 1 

pe a 8 ee ), o, ee 
(ay / (e+2)\(a—5) 7 7 OW Gao eae 
(b) If a 4 }, it appears that In(x + a) is divided by b — a and In(x + b) is divided by a — b, so we guess that 
i ESTES dz = mle ra) + mer) + C. If a = b, as in part (a)(iv), it appears that 
1 1 
/ (a +a)? a ata +e; 
: 1 A B 
(c) The CAS verifies our guesses. Now = + 1= A(x+b)+ Bia +a). 


(a+a)(x+b) avta «+b 
Setting x = —b gives B = 1/(a — b) and setting « = —a gives A = 1/(b— a). So 


1 a= [ 1/(o—a) , 1{a—>) dg = Metal, niet iG 
(a + a)(x +b) zta x+b b—a a—b 
: 1 1 2 : 
and our guess for a # b is correct. If a = b, then a =(*+a) °.Lettingu=x+a > 


(a + a)(x +b) (a +a)? 


du = dz, we have Jo +a) ?*dr= a du = ae +C= -— + C,, and our guess for a = b is also correct. 
u r+a 


4 1 
2. (a) (i) [sine cos 2a dx = = - — (ii) [ow 3x cos 7x dx = ad ae 


cosllx cosdz 
iii in8 Sede = eee 
Gi) sin x cos 3x dx 29 10 


(b) Looking at the sums and differences of a and b in part (a), we guess that 


cos((a— b)x) cos((a + b)x) 


2(b— a) aby or 


if sinazx cos bx dx = 


Note that cos((a — 6)x) = cos((b— a)z). 


(c) The CAS verifies our guess. Again, we can prove that the guess is correct by differentiating: 


d [cos((a—b)x)  cos((a+b)x)] _ 1 : 1 ° AES 
Fe [oe] = St LE sin((a — Bo M(a— 8) — A [-sin((a + Hn i(a 
= $sin(ax — br) + 4 sin(ax + ba) 
= 4(sinax cosbx — cosazx sinbx) + 4(sinaz cos bx + cos az sin bz) 


= sinax cos ba 


Our formula is valid for a £ b. 


3. (a) (i) fInedr=xlnz—2 (ii) felnadz= ta" Ing — ta? 


(ii) fx? nada = 4a? nz — 32° (iv) f 2? nade = 12¢4Inax — dc4 


(v) fx nadz = za* Ina — ae 
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e guess that | x Inzvdxr= x nz — ——52r 
b) We guess th "Inad 1 arty : sa"tt 
n+ (n+ 1) 
c) Lettu = Ing, dv = x ax U 5U en 
(c) L Ina, d nd dee = ay n+l Th 
o" Inv de = Te" Ine —- —_ ——2"" Ine ee grth 
-— n+1 n+1 


which verifies our guess. We must haven+140 @& n#-l. 
4. (a) (@) f ve* dx = e* (a — 1) (ii) fx? e” dx = e* (x? — 2x + 2) 


(iii) f we” dx = e* (x? — 3a” + 6x — 6) (iv) f te” dx = e* (a* — 4x? + 12x? — 24a + 24) 


(v) f ae? dx = e® (x° — 5a* + 202° — 60x? + 120x — 120) 


(b) Notice from part (a) that we can write 


f vie? dx =e? (a* — 4° +4- 32? —4-3-27+4-3-2-1) 


and f vPe® dx = e* (a — 5x4 +5- 40° — 5-4-3827 +5-4-3-22—5-4-3-2-1) 


So we guess that 
f x8e* dx =e" (x® — 62° + 6-524 -6-5- 42° +6-5-4-32? -6-5-4-3-22+6-5-4-3-2-1) 
= e*(x® — 6x° + 3027 — 120x3 + 360x? — 7202 + 720) 


The CAS verifies our guess. 


(c) From the results in part (a), as well as our prediction in part (b), we speculate that 


fv"e® dx = e*[x” — nx“! + n(n —- 1)x”? 


n(n —1)(n— 2)a"~-3 +--+ nla nl] = e? 3 1)" us : 


(We have reversed the order of the polynomial’s terms.) 


n Ld 
(d) Let S,, be the statement that f 2”e” dx = e” > (-1)""* = pik 


51 is true by part (a)(i). Suppose .S; is true for some k, and consider S;,4.1. Integrating by parts with u = 2*t?, 


dv = e* dx du = (k + 1)x* dx, v = e*, we get 


1) 


7=0 Al 


k ae 
fk tte® dx = a*tte” —(k +1) fa*e® dx = a*t"e* —(k+1) les So (-1)*-# i o' 


= i! 


=e? a (ke EI Fa'] =e =[ot 4 IG yin EAOE 


=e? Se (-1yetn-# (k Be 1)! a 


7 x 
i=0 a! 


This verifies S,, forn = k + 1. Thus, by mathematical induction, S;,, is true for all n, where n is a positive integer 
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7.7 Approximate Integration 


1. (a) Aw = (b—a)/n = (4—0)/2 =2 


Ig = Y Fei) Ae = f(wo)-2+ f(x1)- 2 = 2[f(0) + f(2)] = 2(0.5 + 2.5) =6 


R2= Ds f(ai) Aw = f(w1)-2+4+ f(x2)-2 = 2[f(2) + f(4)] = 2(2.5 + 3.5) = 12 


+ f (Eo) -2 = 2[f(1) + f(3)] © 2(1.6 + 3.2) = 9.6 


Lz is an underestimate, since the area under the small rectangles is less than 
the area under the curve, and Re is an overestimate, since the area under the 
large rectangles is greater than the area under the curve. It appears that M2 
is an overestimate, though it is fairly close to J. See the solution to 


Exercise 47 for a proof of the fact that if f is concave down on [a, 6], then 


0 1 2 3 4 Xx the Midpoint Rule is an overestimate of f 7 f(x) dx. 


(c) Tz = (5 Az)[f (a0) + 2f(a1) + f(r2)] = 2[f (0) + 2f(2) + f(4)] = 0.5 + 2(2.5) + 3.5 = 9. 
This approximation is an underestimate, since the graph is concave down. Thus, T2 = 9 < J. See the solution to 


Exercise 47 for a general proof of this conclusion. 


(d) For any n, we will have Ly, < Tn <I < Mn < Rn. 


2. YA The diagram shows that D4 > Ty > qe f(x) dx > Ra, and it appears that 
1 
Maz is a bit less than f, & f(x) da. In fact, for any function that is concave 
y= f(x) upward, it can be shown that L, > T, > ( f(x) dx > Mn > Rn. 
0 2 x 


(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811, it follows that L, = 0.9540, T,, = 0.8675, M, = 0.8632, 
and R, = 0.7811. 


(b) Since Mn < fe f(x) dx < Tn, we have 0.8632 < his f(x) dx < 0.8675. 
3. f(x) = cos(x”), Ax = 152 = 4 
(2) Ta = zig [F(O) + 2F (4) + 2F(%) + 2F(%) + F(D)] © 0.895759 


(b) Ma = GI f(s) + f(s) + £(3) + F(g)] © 0.908907 S| 


The graph shows that f is concave down on [0, 1]. So T4 is an 
underestimate and Mz is an overestimate. We can conclude that 


0.895759 < J.) cos(a?) de < 0.908907. 
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4. 02 (a) f(x) = sin(42”). Since f is increasing on [0, 1], L2 will underestimate I 
(since the area of the darkest rectangle is less than the area under the 
curve), and Re will overestimate J. Since f is concave upward on (0, 1], 
Mz will underestimate J and T> will overestimate J (the area under the 
; =<‘ 1 straight line segments is greater than the area under the curve). 


(b) For any n, we will have Ln < Mn <I<Tn < Rn. 


(c) Ls = > f(ai-1) Ax = 4Lf (0.0) + (0.2) + (0.4) + f(0.6) + f(0.8)] ~ 0.1187 


i=l 


Rs = ¥0 f(ai) Ac = +[f(0.2) + (0.4) + (0.6) + (0.8) + f(1)] = 0.2146 


Ms = ep Ax = 3[f(0.1) + f(0.3) + (0.5) + f(0.7) + f(0.9)] 0.1622 
Ts = (3 Ax)[f(0) + 2f(0.2) + 2f(0.4) + 2f(0.6) + 2f(0.8) + f(1)] ¥ 0.1666 


From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case, 
since I  0.16371405.) 


b-a nw-O0O 
5. = «si A 
(a) f(z) =asinaz, Ax = 6 6 


T T 30 BYs as on llr 
we= 5G) *"(Gz) +0() +(Gs) +(e) +S) ar 
(b) S6 = a3 0 4f(2) 21(Z) +45( 2) +24(Z) +45() +4($)| = 3.142949 


T 
Actual: [= ie xsinadx = [-« cosx + sin x| [use parts with wu = 2 and dv = sin da] 
) 


= (—n(—1) — 0) — (0+ 0) = 1 © 3.141593 


Errors: Ey = actual — Mg & 3.141593 — 3.177769 = —0.036176 


Es = actual — Sg © 3.141593 — 3.142949 ~ —0.001356 


x 1 
ae ~ 8 4 

Ms = i1f (5) + £(3) + £(8) + FC) + £08) + FCS) + F(Q) + F(Q)] & 1.238455 

0) S3= hy [10 +47(F) +2r(Z) + 4r(F) + 24(Z) + 4r(Z) + 24($) +4r(F) +43) 
= 1.236147 
dia Fa) Pe ee 2 
ctual: Jie XL +2 iE [u=1+2?,du=2rdz| 
= /14+4-— V1 = V5 —12 1.236068 


Errors: Ex = actual — Mg & 1.236068 — 1.238455 + —0.002387 


Es = actual — Sg = 1.236068 — 1.236147 ~ —0.000079 
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7. f(z) = JV14+ 23, Ax ce 
n 4 4 
2 


(a) Ts = ASIF (0) + 2F(0.25) + 2f (0.5) + 2f(0.75) + f(1)] © 1.116993 
(b) Ma = 4[f(0.125) + f (0.375) + f (0.625) + f(0.875)] = 1.108667 


(c) Sa = q*y[f(0) + 4f (0.25) + 2f(0.5) + 4f (0.75) + f(1)] © 1.111363 


. b-a 4-1 3 1 
8. f(x) =sinVz, Ax 7 B= 


(a) Ts = srg[f(1) + 2f (1-5) + 2f (2) + 2f(2.5) + 2f(3) + 2f(3.5) + f(4)] © 2.873085 


(b) Mo = 4[f(1.25) + (1.75) + f (2.25) + f(2.75) + f(3.25) + f(3.75)] & 2.884712 


(c) Se = stg [f(1) + 4f (1-5) + 2f(2) + 4f (2.5) + 2f(3) + 4f(3.5) + f(4)] © 2.880721 
be @.2 Da OT 

n 10 10 
(a) Tio = sos [f(0) + 2f (0.1) + 2f (0.2) + 2f(0.3) + 2f(0.4) + 2f (0.5) + 2f (0.6) 

+ 2f(0.7) + 2f(0.8) + 2f(0.9) + f(1)] 
= 0.777722 

(b) Mio = 4[f (0.05) + f(0.15) + (0.25) + f(0.35) + f(0.45) + f (0.55) 
+ f(0.65) + f (0.75) + f(0.85) + f(0.95)] 


9. f(x) = Ver —1, Ax 


= 0.784958 


(c) Sio = aay [f(0) + 4f (0.1) + 2f(0.2) + 4f(0.3) + 2f (0.4) + 4f (0.5) + 2f(0.6) 
+ 4f(0.7) +2f(0.8) + 4f(0.9) + f(1)] 
= 0.780895 


b-a 2-0 2 1 
3 2 eee ee 
10. f(x) = V1 —2?, Ax = io ‘was 


(a) Tio = s+5[f (0) + 2f (0.2) + 2f (0.4) + 2f(0.6) + 2f(0.8) + 2f(1) 
1.6 


+ 2f(1.2) + 2f(1.4) + 2f(1.6) + 2f(1.8) + f(2)} 
= —0.186646 

(b) Mio = 2[f(0.1) + f(0-3) + (0.5) + f (0.7) + £(0.9) + f(L-1) + f(1.3) + f(-5) + £(L7) + £(L-9)] 
= —0.184073 


(c) Sio = =+g[f(0) + 4f(0.2) + 2f (0.4) + 4f (0.6) + 2f(0.8) + 4f (1) + 2f(1.2) 
+ 4f (1.4) + 2f(1.6) + 4f(1.8) + f(2)] 
= —0.183984 


11. f(x) = er toos a Ag = 2-0) = . 
(a) Ts = 4 [f(—1.0) + 2f(—0.5) + 2f(0) + 2f(0.5) + 2f(1) + 2f(1.5) + f(2.0)] © 10.185560 


(b) Mg = 3 [f(—0.75) + f(—0.25) + f(0.25) + f(0.75) + f (1.25) + f(1.75)] + 10.208618 


(c) So = 45 [f(-1.0) + 4f(—0.5) + 2f(0) + 4f(0.5) + 2f(1.0) + 4f (1.5) + f(2.0)] = 10.201790 
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) + 2f (4) + 2f(2) + 2f(2) + 2f(3) + 2f(4) + f(3)] © 3.534934 
) +i 


( 3 3 a 
(b) Ms = 3 [F(3) + FC) + FC) + FCS) + PCE) + FCS) + FG) + F)] © 3.515248 


Q 
~— 
—W 
@ 
| 
am 
w 
roy 
—~ 
WH 
+ 
sw 
Ss 
Ps, 
ALOU 


) + 2F(3) +4 F(Z) + 2F(2) + 4F(2) + 2F(2) + 4F(2) + £(3)] © 3.522375 


. f(y) = Vycosy, Ay = 45% = 3 


f (0) + 2f(4) + 2f(1) + 2f (2) + 2f(2) + 2f (2) + 2f(3) + 2f(Z) + f(4)] & —2.364034 
70) + (4) + F(4) + FC) + £09) + F(Z) + F(Z) + F(Z] & —2.310690 
(c) Ss = 545 [f(0) + 4F($) + 2f(1) + 4 (3) + 2f(2) +4F(3) + 2F(8) +4 (2) + f(4)] © —2.346520 


Ln fee Se 


; = —, At= 27 = = 
PO) Int’ 10 10 


(a) Tio = qs ff (2) + 2[f (2-1) + f(2.2) +--+ f(2.9)] + f(3)} & 1.119061 

(b) Mio = lf (2.05) + (2.15) +--+ + f (2.85) + f(2.95)] © 1.118107 

(c) S1o = gtglf(2) + 4f (2-1) + 2f(2.2) + 4f (2.3) + 2f(2.4) + 4f(2.5) + 2f (2.6) 
+ Af (2.7) + 2f(2.8) + 4f(2.9) + f(3)] = 1.118428 


x? 1-0 1 
ieee 


(a) Tio = zs {f(0) + 2[f(0.1 + f(0.2) +--+ + f(0.9)] + f(L)} 0.243747 


(b) Mio = [f(0.05) + f (0.15) + --- + f (0.85) + f(0.95)] = 0.243748 


(c) Sio = soy If (0) + 4f (0.1) + 2f(0.2) + 4f(0.3) + 2f (0.4) + 4f(0.5) + 2f(0.6) 
+ 4f (0.7) + 2f(0.8) + 4f(0.9) + f(1)] © 0.243751 


Note: Seth x) dx & 0.24374775. This is a rare case where the Trapezoidal and Midpoint Rules give better approximations 


than Simpson’s Rule. 


(a) Ta = s45[F(1) + 2F(1.5) + 2f(2) + 2(2.5) + f(3)] © 0.901645 


(b) Ma = 4[f (1.25) + f (1.75) + f (2.25) + f(2.75)] = 0.903031 


(c) Sa = sty [f(1) + 4f (1.5) + 2f (2) + 4f (2.5) + f(3)] © 0.902558 


(a) Ts = 545{f(0) + 2[f (0.5) + f(1) +--+ + £(3) + £(3.5)] + f(4)} & 8.814278 
(b) Ms = 4[f(0.25) + (0.75) +--+ + f (3.25) + f(3.75)] = 8.799212 


(c) Ss = sAs[f(0) + 4f(0.5) + 2f(1) + 4f(1.5) + 2f(2) + 4f(2.5) + 2f(3) + 4f(3.5) + f(4)] & 8.804229 
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(a) Tro = s45{F(0) + 2[f(0.1) + f(0.2) +--+ + f(0.8) + f(0.9)] + f(1)} & 0.787092 


(b) Mio = 3[f(0.05) + f (0.15) + --- + f(0.85) + f(0.95)| © 0.793821 


(c) Sio = s45[f(0) + 4f (0.1) + 2f(0.2) + 4f (0.3) + 2f(0.4) + 4f (0.5) + 2f(0.6) 
+ 4f(0.7) + 2f(0.8) + 4f(0.9) + f(1)] 


~ 0.789915 


3) To = sty £0) +210 (8) + £8) +--+ £0] + £0)} ~ 0.902888 
Mg = BLP (de) + (8) + £() +--+ £G8)] = 0.905620 


(b) f(x) = cos(zx?), f’(a) = —2asin(x?), f(x) = —2sin(x?) — 4x? cos(a”). For 0 < x < 1, sin and cos are positive, 


so | f’”’()| = 2sin(a) + 4a? cos(x?) < 2-1+4+4-1-1=6 since sin(x) < 1 and cos(x*) < 1 for all z, 
and x? < 1 for0 <a < 1. So forn = 8, we take K =6,a=0,andb=1 in Theorem 3, to get 
|Er| < 6-1°/(12- 8?) = 4. = 0.0078125 and |Ear| < 545 = 0.00390625. [A better estimate is obtained by noting 


128 ~~ 256 


from a graph of f” that | f”(x)| <4 forO< a2 <1] 


K(b—a)? 6(1 —0)8 24, 
= : < —W— <0. XK 
(c) Take kK = 6 [asin part (b)] in Theorem3. |Er| < one 0.0001 <= OR eee 10 ° 
— < a & 2n?>10* Ss n?>5000 S n> 71. Taken = 71 for Ty. For Eq, again take K = 6 in 
it) 


Theorem 3 to get |Ey|<107* © 4n?>10* © n?>2500 © n> 50. Taken = 50 for Mn. 


20. f(z) =e", Av= 2 =H 
(a) Tio = seg [f(1) + 2F (1-1) + 2F (1.2) +--+ + 2F (1-9) + f(2)] © 2.021976 


Mio = 4 [f (1.05) + f (1-15) + f (1.25) +--+ + f(1.95)] © 2.019102 


ay 2 1 
(b) f(x) =e", f'(x) = Hee f"(2) = ~* e'/* Now f” is decreasing on [1,2], so let a = 1 to take K = 3¢e. 
3e(2 — 1)? e |Er| e€ 
E —_—— = — 0.006796. |Eu| < —— = — #& 0.003398. 
|Pr| s 12(10)2 «400 |Eu| <= 309 
K(b—a)? 2—1)° 
(c) Take kK = 3¢e [as in part (b)] in Theorem3. |E7| < Kose) <0.0001 = calla <104* o 
12n? 12n? 
€ 1 >. 10*e ; 
te < int eo n> m = n> 83. Take n = 83 for T,,. For Em, again take K = 3¢ in Theorem 3 to get 
= >. 10*e 
|Enr| < 10 eo n> 3 = n> 59. Taken = 59 for M,. 
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21. f(x) =sinaz, Ar = m0 
(a) Tio = yo [Ff (0) + 2f(S) + 2 (33) +--+ 2F(%) + f(w)] © 1.983524 


Mao = He Lf(ds) + £058) + £058) ++ £(49R)] © 2.008248 


Sio = x23[F(0) + 4F(%) + 2 (25) +4 F(S) +--- +4 F(8) + f)] =~ 2.000110 


Since J = Je. sina dx = [- cos can = 1-(-1) =2, Er =I — Tio © 0.016476, Exe = I — Mio © —0.008248, 


and E's = I — Sio & —0.000110. 


(b) f(z) =snz => Fr (@)| <1, so take k = 1 for all error estimates. 


K(b—a)? — 1(r—0)3 ne |Er| ne 
Er| < = = ~ 0.025839. |Eu| < ~~ = —— ~ 0.012919. 
|Er| < To joq@oy= aa00 © 829 ES 9 gagg Sele 
K(b—a)? _ 1(7—0)° ne 
Bee = A 0000170) 
IFs| Seopa 180(10)* 1,800,000 


The actual error is about 64% of the error estimate in all three cases. 


(c) |Er| < 0.00001 ted asi => n> 508.3. Take n = 509 for T; 
Sao ee 12n2 — 105 = 19 Sr a gee pee 
3 53 
7 1 2. 10°7 
|Eur| < 0.00001 dhe = 108 n> 7A => n> 359.4. Take n = 360 for M. 
5 55 
T 1 10°7 
Es| <0. 1 < ae > 20.3. 
|Es| < 0.0000 Tea ane Wag Te Tee 0.3 


Take n = 22 for S,, (since n must be even). 


22. From Example 7(b), we take K = 76e to get |Es| < Os < 0.00001 = n*> TNE GOO => n> 184. 
Take n = 20 (since n must be even). 
23. (a) Using a CAS, we differentiate f(a) = e°°*® twice, and find that 1.2 
f(x) = e© (sin? 2 — cosa). From the graph, we see that the maximum 0 oe 


value of | f’”’(x)| occurs at the endpoints of the interval [0, 27]. 
Since f”’(0) = —e, we canuse K = cor K = 2.8. 
=) 
(b) A CAS gives Mio © 7.954926518. (In Maple, use Student [Calculus1] [RiemannSum] or 


Student [Calculus1] [ApproximateInt].) 


on — 3 
(c) Using Theorem 3 for the Midpoint Rule, with kK = e, we get |Ear| < eer) = 0.280945995. 


24 - 10? 


2.8(27 — 0)3 


i oe < 
With K = 2.8, we get |Ear| < 24-102 


= 0. 289391916. 
(d) ACAS gives I } 7.954926521. 


(e) The actual error is only about 3 x 107°, much less than the estimate in part (c). 
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(f) We use the CAS to differentiate twice more, and then graph 14 


f(a) = °° *(sin* x — 6sin? x cosa +3 — 7sin? x + cosz). 


From the graph, we see that the maximum value of | f (4) (x) occurs at the 


endpoints of the interval [0, 27]. Since f‘ (0) = 4e, we can use K = 4e 


or kK = 10.9. —8 
(g) A CAS gives S19 & 7.953789422. (In Maple, use Student [Calculus1] [ApproximateInt].) 


e(2n7 — 0)? 


4 
(h) Using Theorem 4 with K = 4e, we get |Fs| < 180-104 = 0.059153618. 


10.9(2m — 0)° 
180 - 104 
(i) The actual error is about 7.954926521 — 7.953789422 = 0.00114. This is quite a bit smaller than the estimate in part (h), 
though the difference is not nearly as great as it was in the case of the Midpoint Rule. 
(j) To ensure that |Es| < 0.0001, we use Theorem 4: |Es| < ede < 0.0001 Bue <n‘ 
n* > 5,915,362 < n> 49.3. So we must take n > 50 to ensure that |J — S,,| < 0.0001. 
(kK = 10.9 leads to the same value of n.) 


With K = 10.9, we get |Es| < = 0.059299814. 


(a) Using the CAS, we differentiate f(a) = /4 — x twice, and find = 
” _ 9x4 3x q 
that f (*) =-Tq aye Gay 1 


From the graph, we see that | f’”’(a)| < 2.2 on [—1, 1]. 


(b) A CAS gives Mio © 3.995804152. (In Maple, use -2.5 
Student [Calculus1] [RiemannSum] or Student [Calculus1] [ApproximateInt].) 


23\t= (1) 


Sree — © 0.00733. 


(c) Using Theorem 3 for the Midpoint Rule, with kK = 2.2, we get |Eyr| < 


(d) A CAS gives I & 3.995487677. 
(e) The actual error is about —0.0003165, much less than the estimate in part (c). 


(f) We use the CAS to differentiate twice more, and then graph 1 


| 


24,6 _ Bok 
f(a) = 9 x(x? — 224x° — 1280) 
16 (4-23)? 


From the graph, we see that Vi (x)| < 18.1 on [-1, 1]. 


(g) A CAS gives S19 © 3.995449790. (In Maple, use —20 
Student [Calculus1] [ApproximateInt].) 
18.1 [1 —(—1)]? 
180 - 104 
(i) The actual error is about 3.995487677 — 3.995449790 = 0.0000379. This is quite a bit smaller than the estimate in 
part (h). 


(h) Using Theorem 4 with K = 18.1, we get |E's| < = 0.000322. 


18.1(2)° 18.1(2)° 4 
T that |Es| < 0. 1 Th 4: |Es| < ——~- < 0. 1 < 
(j) To ensure that |Es| < 0.0001, we use Theorem 4: |Es| < 1380-1 < 0.000 130-0.0001 =” 


n‘ > 32,178 = n> 13.4. So we must take n > 14 to ensure that |J — S,,| < 0.0001. 
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25. I = [) xe*dx = [(x — 1)e*]5 [parts or Formula 96] = 0 — (—1) = 1, f(x) = ae", Ax =1/n 
n=5: Ls =4[f(0) + f(0.2) + f(0.4) + f(0.6) + f(0.8)] ~ 0.742943 
Rs = 4[f(0.2) + f(0.4) + f(0.6) + f(0.8) + f(1)] © 1.286599 
Ts = =+5[f(0) + 2f(0.2) + 2f(0.4) + 2f(0.6) + 2f(0.8) + f(1)] © 1.014771 
Ms= 4[f (0.1) + f(0.3) + f(0.5) + f(0.7) + f(0.9)] = 0.992621 


Ey =I-— Ls © 1— 0.742943 = 0.257057 
Er © 1— 1.286599 = —0.286599 
Er ~1-— 1.014771 = —0.014771 
Em ® 1— 0.992621 = 0.007379 
T5lf(0) + f(0.1) + f(0.2) +--+ + f(0.9)] 0.867782 
Rio = HLF (0.1) + f(0.2) +--+ f(0.9) + f(1)] © 1.139610 
Tio = qoa{f(0) + 2[f (0.1) + f(0.2) +--+ + f(0.9)] + f(1)} & 1.003696 
Mio= 75[f (0.05) + f (0.15) +--+ + f (0.85) + f(0.95)] ~ 0.998152 


Ey, =I — Lio & 1 — 0.867782 = 0.132218 
Er © 1 — 1.139610 = —0.139610 

Evy 1 — 1.003696 = —0.003696 

Em © 1 — 0.998152 = 0.001848 


ALF(0) + f(0.05) + f(0.10) + --- + (0.95)] = 0.932967 
Roo = sq[f(0.05) + f(0.10) +--- + f(0.95) + f(1)] © 1.068881 
Too = xia {f(0) + 2[f (0.05) + f(0.10) +--- + f(0.95)] + f(1)} ~ 1.000924 
Moo = 2[f (0.025) + (0.075) + f (0.125) + --- + f(0.975)] = 0.999538 


Ey, =I1— Leo & 1 — 0.932967 = 0.067033 
ER © 1 — 1.068881 = —0.068881 

Er = 1— 1.000924 = —0.000924 

Em * 1 — 0.999538 = 0.000462 


5 | 0.742943 | 1.286599 | 1.014771 | 0.992621 5 | 0.257057 | —0.286599 | —0.014771 | 0.007379 


10 | 0.867782 | 1.139610 | 1.003696 | 0.998152 
20 | 0.932967 | 1.068881 | 1.000924 | 0.999538 


10 | 0.132218 | —0.139610 | —0.003696 | 0.001848 
20 | 0.067033 | —0.068881 | —0.000924 | 0.000462 


Observations: 
1. Ey, and Ep are always opposite in sign, as are Hr and Fins. 
2. As nis doubled, EF, and Ep are decreased by about a factor of 2, and F-r and Ey, are decreased by a factor of about 4. 
3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 
4. All the approximations become more accurate as the value of n increases. 


5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 
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r 2 
26. I= [ae a =-5-(-1)=5,fle)=4,Ae= = 

n=5: Ls = 3[f(1) + f(1-2) + f(1-4) + f (1.6) + f(1.8)] © 0.580783 
Rs = =[f (1.2) + f(1.4) + f(1.6) + f(1.8) + f(2)] © 0.430783 
Ts = stylf(1) + 2f (1.2) + 2f (1.4) + 2f(1.6) + 2f (1.8) + f(2)] ¥ 0.505783 
Ms= 4[f(1.1) + f(1.3) + f(1.5) + f (1.7) + f(1.9)] © 0.497127 
E, =I-—Ls = 4 — 0.580783 = —0.080783 
Er © 4 — 0.430783 = 0.069217 
Er © 4 — 0.505783 = —0.005783 
Ey © 4 — 0.497127 = 0.002873 

n=10: Lio = S[f(1) + f(L-1) + f(.2) +--+ + f(1.9)] © 0.538955 
Rio = HIf(1-1) + f(1.2) +--+ + (1-9) + f(2)] © 0.463955 
Tio = zoo {f(1) + 2[f (1-1) + f (1.2) +--+ + f(1-9)] + f(2)} & 0.501455 
Mio= #[f (1.05) + f(1.15) +--+ + f (1.85) + f(1.95)] = 0.499274 
Ey, =I— Lio © 4 — 0.538955 = —0.038955 
Er © 4 — 0.463955 = 0.036049 
Er = 4 — 0.501455 = —0.001455 
Eu © 4 — 0.499274 = 0.000726 

n= 20: Loo = x [f(1) + f(1.05) + f (1-10) +--+ + f(1.95)] = 0.519114 

aalf (1-05) + f(1.10) + --- + f(1.95) + f(2)] 0.481614 
Too = sep {f(1) + 2[f (1.05) + f(1.10) + +--+ f(1.95)] + f(2)} © 0.500364 
Mo0= cf f (1.025) + f(1.075) + f (1.125) +---+ f(1.975)] ~ 0.499818 
Ey, =I-L2 % $— 0.519114 = —0.019114 
Er & 4 — 0.481614 = 0.018386 
Er = %—0.500364 = —0.000364 
Ey © 4 — 0.499818 = 0.000182 
[continued] 
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Observations: 


1. Ey and Ep are always opposite in sign, as are Hr and Ey. 


2. As nis doubled, EF, and Ep are decreased by about a factor of 2, and F-r and Enz are decreased by a factor of about 4. 


3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 


4. All the approximations become more accurate as the value of n increases. 


5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 


2. I= fj ct dx = [}0°]5 = 2 -0=6.4, f(x) = 24, Ac = 252 = 2 

MeaOe. © Se = e{f- + LF (3) + FCG) + £(3) + 08) + F(3)] + FQ} & 6.695473 
Me = 3[f(&) + F(8) + £(8) + FCG) + £(8) + FCB)] > 6.252572 
So = g2y[F(0) + 4f(4) +2F(2) +47 (8) + 2F(4) + 4F(8) + £Q)] © 6.403292 
Er =1-Te 6.4 — 6.695473 = —0.295473 
Em © 6.4 — 6.252572 = 0.147428 
Es 6.4 — 6.403292 = —0.003292 

m=12: Tie = x5 {f(0)+2[F(8) + £(3) + F(R) + + FC) + £(2)} & 6.474023 
Me = BL f(a) +1(8) + £(B) +--+ £(B)] ~ 6.363008 
Se = al[f(0) + 4f(s) + 2f(3) +46 (8) + 2F (8) +--- +4 (#) + £(2)] % 6.400206 


Er =[- Ti2 ~ 
Em & 6.4 — 6.363008 = 0.036992 
Es 6.4 — 6.400206 = —0.000206 


6.363008 


Observations: 


1. Er and Ey are opposite in sign and decrease 


6.400206 


6.4 — 6.474023 = —0.074023 


—0.295473 | 0.147428 — 003292 
—0.074023 | 0.036992 | —0.000206 


by a factor of about 4 as n is doubled. 


2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Fs seems to 


decrease by a factor of about 16 as n is doubled. 


2.1 = | atte = [2Ve] = 4-2=2, f(a) 
n=6: Ts =S5{f(1)+2[f(3) +f(4) 
Me = $[f(2) + F(2) +74) + SF 

Ss = so3[f(1) + 4f (3) + 2F(4) J 


] + f(4)} © 2.008966 
= 1.995572 


Er =1I-—T. & 2 — 2.008966 = —0. 


Em © 2 — 1.995572 = 0.004428, 


E's & 2 — 2.000469 = —0.000469 
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n = 12: 


y 


sia £(1) + 2[F(8) + £(8) + £0) ++ (BY) + FA} = 2.002209 
Min LEC) + ICE) + 10) 4-4 FCB) » 9 
seg LA1) + AP() + 24(4) + AF() + 24(8) +++ 4F(22) + 104] = 2.000086 


Er =I-—T2 8 2 — 2.002269 = —0.002269 


Em © 2 — 1.998869 = 0.001131 
Es & 2 — 2.000036 = —0.000036 


6 | 2.008966 | 1.995572 | 2.000469 6 | —0.008966 | 0.004428 | —0.000469 
12 | 2.002269 | 1.998869 | 2.000036 12 | —0.002269 | 0.001131 | —0.000036 


Observations: 
1. Er and Ey, are opposite in sign and decrease by a factor of about 4 as n is doubled. 


2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Fs seems to 


decrease by a factor of about 16 as n is doubled. 


29. (a) Ax = (b—a)/n = (6—0)/6=1 
Te = 5[f(0) + 2f(1) + 2f(2) + 2f(3) + 2f(4) + 2F(5) + F(6)] 
112 + 2(1) + 2(3) + 2(5) + 2(4) + 2(3) + 4] = 4(38) = 19 
(b) Ms = 1[f (0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)] © 1341544644.74+3.343.2 = 186 


f(0) + 4f(1) + 2f(2) + 4f(3) + 2F(4) + 4F(5) + F(6)] 
2+ 4(1) + 2(3) + 4(5) + 2(4) + 4(3) + 4] = $(56) = 18.6 


30. If x = distance from left end of pool and w = w(«) = width at x, then Simpson’s Rule with n = 8 and Ax = 2 gives 


Area = [)° wdax = 2[0 + 4(6.2) + 2(7.2) + 4(6.8) + 2(5.6) + 4(5.0) + 2(4.8) + 4(4.8) + 0] © 84 m?. 


31. (a) f° f(x) dx = Ma = 254 [f (1.5) + f(2.5) + f(3.5) + f(4.5)] = 1(2.9+ 3.6+4.04+3.9) = 14.4 


(b) -2< f"(a#)<3 => |f"(2)|<3 = K =3, since |f"(x)| < K. The error estimate for the Midpoint Rule is 


K(b—a)®? _ 3(5-1)? 1 


Biy| = 
\Eu| <a 24(4)2—2 


32. (a) fo'° g(x) dx & Sg = +8=°[g(0) + 4g(0.2) + 2g(0.4) + 49(0.6) + 2g(0.8) + 4g(1.0) + 2g(1.2) + 49(1.4) + g(1.6)] 
= 7 [12.1 + 4(11.6) + 2(11.3) + 4(11.1) + 2(11.7) + 4(12.2) + 2(12.6) + 4(13.0) + 13.2] 


= #5 (288.1) = 3 = 19.2 


(b) 5 < gz) <2 = |o@)| <5 => K =5,since |o@)| < K. The error estimate for Simpson’s Rule is 


K(b—a)® _ 5(1.6 —0)° 2 


Hels = 
IEs| < a0 180(8)4 28,125 


=7.1x 107°. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


766 


33. 


35. 


36. 


37. 


38. 


. We use Simpson’s Rule with n = 10 and Az = =: 


CHAPTER7 TECHNIQUES OF INTEGRATION 


24-0 _ 
ID = 2. 


We use Simpson’s Rule with n = 12 and At = 
Si2= [{T(0) + 4T(2) + 2T(4) + 47(6) + 27(8) + 47 (10) + 2T(12) 

+ 4T(14) + 2T(16) + 47(18) + 27 (20) + 47(22) + T(24)| 
~ 2[66.6 + 4(65.4) + 2(64.4) + 4(61.7) + 2(67.3) + 4(72.1) + 2(74.9) 


+ 4(77.4) + 2(79.1) + 4(75.4) + 2(75.6) + 4(71.4) + 67.5] = 2(2550.3) = 1700.2. 


Thus, f-* T(t) dt © Siz and Tave = gpg fo" T(t) dt © 70.84°F. 


1 
2 


distance = fj’ v(t) dt © Sio = sty[f(0) + 4f(0.5) + 2f(1) +--+ 4F(4.5) + £6)] 
4[0 + 4(4.67) + 2(7.34) + 4(8.86) + 2(9.73) + 4(10.22) 
+ 2(10.51) + 4(10.67) + 2(10.76) + 4(10.81) + 10.81] 


3 (268.41) = 44.735 m 


By the Net Change Theorem, the increase in velocity is equal to f, . a(t) dt. We use Simpson’s Rule with n = 6 and 
At = (6 — 0)/6 = 1 to estimate this integral: 
is a(t) dt = Se = $[a(0) + 4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)] 


~ $[0 + 4(0.5) + 2(4.1) + 4(9.8) + 2(12.9) + 4(9.5) + 0] = $(113.2) = 37.78 ft/s 


By the Net Change Theorem, the total amount of water that leaked out during the first six hours is equal to f; i r(t) dt. 


We use Simpson’s Rule with n = 6 and At = s—0 = 1 to estimate this integral: 


ape r(t) dt © Se = $[r(0) + 4r(1) + 2r(2) + 4r(3) + 2r(4) + 4r(5) + 7(6)] 


2 


[4+ 4(3) + 2(2.4) + 4(1.9) + 2(1.4) + 4(1.1) + 1] = $(36.6) = 12.2 liters 


By the Net Change Theorem, the energy used is equal to f, i P(t) dt. We use Simpson’s Rule with n = 12 and 
At = s—9 = 4 to estimate this integral: 

ce P(t)dt = Sig = +7 |P(0) + 4P(0.5) + 2P(1) + 4P(1.5) + 2P(2) + 4P(2.5) + 2P(3) 
+ 4P(3.5) + 2P(4) + 4P(4.5) + 2P(5) + 4P(5.5) + P(6)] 


= 4/1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604) 
+ 4(1611) + 2(1621) + 4(1666) + 2(1745) + 4(1886) + 2052] 


= ;(61,064) = 10,177.3 megawatt-hours 


By the Net Change Theorem, the total amount of data transmitted is equal to f, ‘ D(t) dt x 3600 [since D(t) is measured in 
megabits per second and t is in hours]. We use Simpson’s Rule with n = 8 and At = (8 — 0)/8 = 1 to estimate this integral: 


f- D(t) dt = Ss = 


: [D(0) + 4D(1) + 2D(2) + 4D(3) + 2D(4) + 4D(5) + 2D(6) + 4D(7) + D(8)] 


1 
3 
$[0.35 + 4(0.32) + 2(0.41) + 4(0.50) + 2(0.51) + 4(0.56) + 2(0.56) + 4(0.83) + 0.88] 
3 (13.03) = 4.343 


Now multiply by 3600 to obtain 15,636 megabits. 
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39. (a) Let y = f(x) denote the curve. Using disks, V = bee m[f(x)]* da = hog z)dx =n. 
Now use Simpson’s Rule to approximate J: 


T, & Ss = “Bq [9(2) + 49(3) + 29(4) + 49(5) + 29(6) + 49(7) + 9(8)] 


2 


[0? + 4(1.5)? + 2(1.9)? + 4(2.2)? + 2(3.0)? + 4(3.8)? + 2(4.0)? + 4(3.1)? + 07] 
(181.78) 


1 
3 
1 
3 
Thus, V & 7 - $(181.78) % 190.4 or 190 cubic units. 


(b) Using cylindrical shells, V = A es Ina f(x) dx = 2n oe xf (x) dx =2rh. 
Now use Simpson’s Rule to approximate J;: 
hy & Sp = We2Iaf(2) + 4-3f (3) +2-4f(4) + 4-5f(5) +2. 6f(6) 
+4-7f(7)+2-8f(8) +4: 9f(9) + 10f(10)] 


4[2(0) + 12(1.5) + 8(1.9) + 20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)] 
= $(395.2) 


Thus, V ¥ 27 - 3(395.2) © 827.7 or 828 cubic units. 


ole 


40. Work = i x) dx Se = a [f(0) + 4f(3) + 2f(6) + 4f(9) + 2f(12) + 4f(15) + f(18)] 


=1- [9.8 + 4(9.1) + 2(8.5) + 4(8.0) + 2(7.7) + 4(7.5) + 7.4] = 148 joules 


41. The curve is y = f(a) = 1/(1+e *). Using disks, V = leg a[f(a)]? dx = at f>- g(x) dx = m1. Now use Simpson’s 


Rule to approximate J;: 


= Sio = =P [g(0) + 4g(1) + 29(2) + 49(3) + 29(4) + 49(5) + 29(6) + 49(7) + 29(8) + 49(9) + 9(10)] 


= 8.80825 


Thus, V = wii & 27.7 or 28 cubic units. 


42. Using Simpson’s Rule with n = 10, Ax R27, 1, 00 = 42 radians, g = 9.8 m/s”, k? = sin? (460), and 


10” 180 
x) =1/V1—k? sin? a, we get 


am /2 
THA = f dx Aad jig, 
g Jo 1—k? sin? x g 


= 4y/ats (55) [LO + 4f(&) + 20 (3) +--+ 4 (G8) + F(B)] © 2.07665 


2 a2 ‘ 4\2 +2 
43: 1(6) = AO where = TASES = 10,000, — 10-* and \ S998 x10? Soroy = VO 
k2 r k2 
_ m(10*)(10~*) sind 7 _ 10°-°—(-107°) _ a 
where k 6328x109 Now n = 10 and A@ i0 2x 107‘, so 


Myo = 2 x 10~7[I(—0.0000009) + I(—0.0000007) + --- + 1(0.0000009)] ~ 59.4. 
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44. f(x) =cos(rx), Ar = 2=9 = 2 


Tio = {f (0) + 2[f(2) + f(4) +--+ + £(18)] + f(20)} = 1[cos0 + 2(cos 2m + cos 4m +--+ + cos 187) + cos 207] 


Storie dei ey 1 0 


The actual value is feed cos(rz) dz = +[sinra] = +(sin 207 — sin0) = 0. The discrepancy is due to the fact that the 


function is sampled only at points of the form 2n, where its value is f(2n) = cos(2n7) = 1. 
45. Consider the function f whose graph is shown. The area f, . f(x) dx y 
is close to 2. The Trapezoidal Rule gives : 


T, = Fz [f(0) + 2f) + f2)] = gL 42-14 1] = 2. 


The Midpoint Rule gives Mz = 25° [f(0.5) + f(1.5)] = 1[0 +0] =0, . 


so the Trapezoidal Rule is more accurate. 


46. Consider the function f(x) = |a — 1|,0 < a < 2. The area de f(a) dx 
is exactly 1. So is the right endpoint approximation: 
Ro = f(1) Av + f(2) Ax = 0-1+1-1=1. But Simpson’s Rule 


approximates f with the parabola y = (a — 1), shown dashed, and 


[l+4-041]) =<. 


Ax 1 
So = = [f(0) + 4F(1) + FQ) = 5 3 


47. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and Midpoint 
approximations on the subintervals [x;-1,2;], 7 = 1,2,...,n, we can focus our attention on one such interval. The condition 
f(x) < 0 for a < x < b means that the graph of f is concave down as in Figure 5. In that figure, T;, is the area of the 
trapezoid AQRD, Ae f(x) dz is the area of the region AQPRD, and M,, is the area of the trapezoid ABCD, so 
Tn < f i f(x) dx < My. In general, the condition f” < 0 implies that the graph of f on [a, b] lies above the chord joining the 
points (a, f(a)) and (0, f(b)). Thus, fe f(x) dx > Tn. Since M,, is the area under a tangent to the graph, and since f” <0 


implies that the tangent lies above the graph, we also have M,, > ie f(x) dx. Thus, Tn < ie f(x) dx < Mn. 


48. (a) Let f be a polynomial of degree < 3; say f(z) = Ax*® + Bx? + Cx + D. It will suffice to show that Simpson’s estimate 
is exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum of exact 
estimates is exact. As in the derivation of Simpson’s Rule, we can assume that 79 = —h, x1 = 0, and x2 = h. Then 
Simpson’s approximation is 
fo, fw) das 4 2[f(—h) +4f(0) + f(A)] = 4h[(—Ah® + Bh? — Ch + D) +4D + (Ah? + Bh? +Ch+D)| 

= $h[2Bh? + 6D] = 2Bh? +2Dh 

The exact value of the integral is 

f°, (Az? + Ba?+Cax+D)dr=2 fi (Bz? +D)dx [by Theorem 5.5.7] 
= 2[ Bx? + Da]} = 2Bh? + 2Dh 


Thus, Simpson’s Rule is exact. 
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(b) Using Simpson’s Rule with n = 4, Ax = 2—* = 8—9 = 2, and f(x) = 2° — 6x? + 4z, we get 


Sa = 2[f(0) + 4f(2) + 2f(4) + 4f(6) + f(8)] = 3(192) = 128. The exact value of the integral is 


Jp (2? — 6a? + 4x) dx = [42* — 205 4 227], = (1024 — 1024 + 128) — 0 = 128. 


Thus, S4 = Re — 6x? + 4a) dx. 


(c) f(z) = Az? + Ba? + Cx +D f(a) =3Ae?+2Br+C => f"(24)=6Ar+2B > f(r) =64 => 


_4\5 
f(x) = 0. Since Ff) = 0 for all x, the error bound in (4) gives |E's| < Oe—w = 0, indicating the error in 
mn 


using Simpson’s Rule is zero. Hence, Simpson’s Rule gives the exact value of the integral for a polynomial of degree 3 or 


lower. 
49. T, = 4 Ax[f(xo) + 2f (1) +--+ +2f(@n—1) + f(an)] and 
Mn = Ax [f(%1) + f(@2) +--+ + f@n-1) + f(En)], where Z = $(aj-1 + 2). Now 
Ton = $($Az)[f (eo) + 2f (Hr) + 2f (a1) + 2f (2) + Wwe) +--+ + 2f(En—1) + 2f(@n—1) + 2f(En) + f(wn)], so 
$(In + Mn) =4In+4Mn 


= {Az[f(wo) + 2f (a1) +--+ + 2f(en-1) + f(en)] 
+ 4Aa[2f (1) + 2f (G2) +--+ + 2f(En—1) + 2F (Tn)] 
= Ton 


Ax 


50. T, = oe f (ao) + 2s f(ai) + Flan) and M, = Ax = s(« _ =). so 
F i=1 


i=l i= 2 


where Ax = ds = Let 6x = — = Then Ax = 262, so 
n 2n 
ATa+ 3M = F[f(a0) +25 fa) + Flan) +43 fles — 80) 
i=l i=1 
= 762[f (xo) + 4f(a1 — dx) + 2f (a1) + 4f(w2 — 52) 
+ 2f(a2) +--+ + 2f(@n-1) + 4f(an — 6x) + f(tn)] 


aS 
2n 


Since 20,1 — 6@,%1,X%2 — 64%, %2,...,%n—1,£n — OX, Xn, are the subinterval endpoints for S2,,, and since 62 = 


the width of the subintervals for S2n, the last expression for sTn + 2M, is the usual expression for S2,. Therefore, 


1 2 
a In + 3M, = Son. 
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7.8 


1. 


3. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Improper Integrals 


(a) Since y = 


1 peat aes S33 4 
3 has an infinite discontinuity at x = 3, i) 
4 


= is a Type 2 improper integral. 
= 


co 
(b) Since y = zs ri has an infinite interval of integration, it is an improper integral of Type 1. 
3 = 
(c) Since y = tan 7a has an infinite discontinuity at ¢ = 3, f . tan 7x dx is a Type 2 improper integral. 


-1 2 
(d) Since / = dx has an infinite interval of integration, it is an improper integral of Type 1. 
eee 


co 


. (a) Since y = sec x has an infinite discontinuity at x = 4, fi sec x dx is a Type 2 improper integral. 


is : 5 : : 
(b) Since y = 5 is defined and continuous on the interval [0, 4], / a 5 is a proper integral. 
= gee 
(c) Since y = a has an infinite discontinuity at x = 0 : dx is a Type 2 improper integral 
US eaes a) Dae S OT] a ype 2 improper integral. 


; ce ee : ee : é 
(d) Since iy Ee dz has an infinite interval of integration, it is an improper integral of Type 1. 
1 


The area under the graph of y = 1/x* = x~* between x = 1 and x = tis 


A(t) = ch a dsl igo]! = —}47? — (-4) = 4 —1/(2t7). So the area for 1 < x < 10is 
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < x < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for 
1 < a < 1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for x > 1 is 


lim A(t) = Jim. [4 —1/(2t?)] = 4. 


t—oo 


1 1 


» (a) | 


10 —— 100 
(b) The area under the graph of f from « = 1 tox = tis 
zs = t 
F(t) = ft f(@) de = fpa* de = [-gya), i0 [206 | 2.59 
= —10(t~°? — 1) = 10(1—t7-°") 100 | 3.69 5.85 


104 | 6.02 | 15.12 
10° | 7.49 | 29.81 
10° | 9 90 
107° | 9.9 | 990 


and the area under the graph of g is 


G(t) = fi g(a) dx = fy 2° dx = [ares = 10(t — 1). 


(c) The total area under the graph of f is jim F(t) = jim 10(1 —t~°') = 10. 


The total area under the graph of g does not exist, since jim G(t) = jim 10(t°' —1) =o. 


— oo 
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t 
SL ee oe lim if. 20-3 dx = lim | = lim {24 1] =0+1=1. Convergent 


t—-0o t—0o 


-1 -1 
1 = i : 
/ —=dx= lim af dr= ; lim [$275] = lim E am 30/8) = —0O. Divergent 


60 Sa t—— co t 


——0o 


t 
co | --22 : t —2a : —22 : —2 
fp @° de= Jim {pe de= Jim |-3e i = Jim: |-3e ae 3] =0+4$=}3. Convergent 
Sa" : alls a.) ort 1 1 
-~}) dx= li ~" dx = li li = . t 
| (3) te te peg = aes in3 a Oem or | Oe 


t t 
dz = lim dz = lim [ina +4 = lim [ im je + 4] — m2] = oo since lim In|x + 4] = oo. 
tro J_ 5 x + 4 t—00 2 t—00 t—00 


Divergent 


°° 1 : : —3/2 F -1/2]* 
i. Ge as ee!) dx = jim [-2(#-2) I. [u =a —2,du=da| 
= lim ae 0+2=2 Convergent 
imo \VE-2 VI aad : 


1 t 


beast t 
/ r dx = lim | (1+2)7'/4 dx = lim [s(t + 2)°/*] [u=1+2,du = da] 
0 1+2z too Jo t—0o 0 


= lim Ee SE eee s| =o. Divergent 


? x 9 x 1 : 
/ zdx = lim 3 dx = lim -z@ + 4] = lim - | 
Ee (x? + 1) t>—oo J, (a? + 1) t——0o rn t——0o 4 (x + 1) F 
F 1 1 1 1 
7 ee | = 
= _Jim_ Z + e+ nd a 0 Z Convergent 
-3 -3 -3 
x£ . x ‘ 1 2 
fo ree- im, : pp ae = tim [— Fina 2") 
= lim [—3n5+ 4 In|4 — ¢?|] =oo since lim In|4 — ¢?| = 00. Divergent 
t—-—oo t——oco 
co 4,2 t 
/ z EET fe = li (x? +43 +274) dx 
1 4 bs too 1 
1 Decal 1 LF 
: -1 -2 -3 : 
a cee e e ia if Tees a 2x2 a a" 
1 1 1 1 11 ill 
= Jim. ( xp a) ( 1 5 5) O+ 6% Convergent 
co t t 
i —_* _ dz = lim _—* _ dz = lim x?—1 = lim [Ve -1- v3] = 00. Divergent 
2 g2 — 1 too Jo 2 — 1 t—0o 2 t—oo 
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fore) et t et t t 
47. aS ni ee ee ee | - 1 sal ee 
i ae Gee oe ee ee 
1 1 oe 
= jim | Te 3] = OS = Convergent 


-1 2 -1 =1 
r= f uw / wax + f ote ie 
aa? ee cash aE eee 


ay 1 -1 1 1 
Now, / —dx= lim —dx= lim [in fa = lim [ina —In el = —0o. 
eS x t—-—0o t x t——oco t t—-—0o 


Since I; is divergent, J is divergent. Divergent 


19... ae” dx = foive-? dx + dae ae” de. 


co 


oo x? taped 
Therefore, [ oo HE dx=—-—53+5=0. Convergent 
Pm ee ee ee ee ne a ee ey 7 Om 
Jog HF +1 wo @+1 9 «+1 Sagas 
t t?41 mes 144 
Ip = lim = dz = lim a4 oe Cer a2 lim [ in jl] 
tooo Jy 27 +1 too Jy U du = 2x dx 9 ts00 1 


= 5 jim [in |i? +1] -9] =0o 


Since [2 is divergent, I is divergent, and there is no need to evaluate J,. Divergent 


) 
21. Lf cos 2tdt = f°. cos 2t dt + [5° cos 2t dt = I, + In, but h = lim E sin 2t] = lim (—$ sin 2s), and this 


s s——0o 


limit does not exist. Since J; is divergent, I is divergent, and there is no need to evaluate I>. Divergent 


oo e i/e t ,-l/a« ‘ t we i 1 
22. i = dz = lim x dx = lim le“ ‘al = lim(e/*—e"') =1- = Convergent 
1 


too 1 x too 1 t—oo 


23. [>° sin? ada = Jim Js (1 — cos2a) da = lim [$(a—- $sin 2a) |) = lim [$(t— 3 sin2t) — 0] = oo. 


—0o t—oo 


Divergent 


t 
24. [5° sind °° do = Jim i sind e°°? dO = lim ee °] = lim (—e™** + e) 
— 00 0 


t—oco t—co 
This limit does not exist since cos t oscillates in value between —1 and 1, so e°°** oscillates in value 
> 


between e~' and e?. Divergent 


oS] . ae | : ey fal 1 
25. 3 dx = lim ——. dx = lim = dx [partial fractions] 
1 wt+ea too J, a(x+1) too f, \a «+1 


t 
= lim [in fa —In|e +1] = lim [in st 
too 1 t—0o0 ot 


Convergent 
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27. 
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31. 


32. 


33. 


S 


r 


fees 


SECTION 7.8 IMPROPER INTEGRALS 


SO ane Pe ad a a \ a= ii 1injy+3|4+21 i 
Malas oe Gad) el ee ees Jim | aa aa a J 


1 =T)— 7 t—-1 1 1 1 
Gi lim fn = |,-a2 (ine - In) = 7(0+In5) = 7 Ins. Convergent 


22 ‘ 0. 22 : ieee 122770 integration by parts with 
ze* dz= lim ze*dz= lim |sze** — se 
jim Si ps [2 4 li u=2z,du = e?* dz 
= lim [(0-—4+ 2te?* — 4¢?t)) = —1 —0 +0 [by rHospital’s Rule) = —+. Convergent 
ee [Or ay= ze’) 4 [by !' Hosp ] 4 8 
oo By _ 4: t By : 1, ,—-3y 1—3y]t integration by parts with 
, e dy = lim e dy = lim =ye =e 

iery Yy Jim fy y Y= i [-3y 9 is u=y, dv = e384 dy 


. 1,,-3t _ 1,,—3¢ 2,-6_ 1,-6\] __g_ 7-6 poe aks _ 7,-6 
= jim [( te 9€ ) ( Ze 9€ ) =0—0+ ge © [bylHospital’s Rule] = ge ”. 
Convergent 
Ina P (Ina)? » ” sPesseapstiantion siti _ (Int)? : 
F dz = lim = lim =o. Divergent 

1 x t—0o 2 7 u = Ina, du = dx/x t>co 2 

oe} t t 

Ing : Ina é Inzx 1 integration by parts with 
: dx Tim : dp lim |= myer integration by pa aw 

1 6 too J, & t— oo xz |, u = Ina, dv = (1/2*) dx 


= lim ( mt +1) = lim ( ft) lim + lim 1=0-0+4+1=1. Convergent 


too t t—00 


0 2 0 
z a2 gt z sass 1} 1 =f 2 u= 2, 
+4 dz= tim f z44 dz = Jim 2 E han (=)| : R =(22 2. 


we GE 1 hE —_ lym. 
= lim 0 q tan ( 5) | 3(3) 3° Convergent 


eee mE hr etn fies pal amit 
p x(In x)? " t-300 «(In x)?  t-00 Inz 3 du = (1/x) dx 


= lim ( ; 1) =0+1=1. Convergent 


© ova vi Me e= VV 
O] as VY = x am > 
i e€ dy jim. : e€ dy jim. ; e ” (2xdz) Reraer 
Vt 
= —a) vt -—2@ U= 22x dv =e * dx 
dan { [2 iP +f 2e ie} beeen v=-e” 
mae en A ee ee _ pf -2vt ~ 2 are 7 
= Jim (-2vie~W + [-2e-*]} = jim, (= <p t2)=0-042=2 
Convergent 
Note: lim = lim avi : 0 


i 
Poet tae Oot aac 
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a dx ‘ dx “ 1 us Vz. 
34. ——_= dr = li ———- = li ——~ (2ud oa 
if JEtaye im, | Va(l+2) im [ wary OO eae 
i 1 4vt 1 1 
= lim du = lim [2tan* ul’ = lim 2(tan™ Vt—tan7' 1) 
too 1 1 ue t—0o 1 t—0o 
= 2(§ — 4) =§. Convergent 


1 1 
1 1 7 
35. iL —dx= lim —dx= lim [in at | = lim (—Int) =o. Divergent 
0 x oe t of 


, ! = li ‘ — 7) 73 dr = ji = Be a8] p 3 2/3 2/3 
36. dz = lim (5 — 2x) dx = lim |—5(5-— 2) = lim 5[(5— t) 5°!" ] 
; S 


/5 — x t5- Jo to5 0 t35- 
a57/8 Convergent 

14 14 14 
37. if oS = ah (Gio ae, te eee Se [16*"4 Ga 2) 

9 Va+2 to-2t+ J, to—2+ [3 : 3 132+ 

= 4(8-0)=2%. Convergent 
2 2 2 
x x 1 i 
38. —— dr= li — dx = li — —- —— |d tial fracti 
1% GIP x tim, [ (+12 x eae ; Es Ge =| x [partial fractions] 


aa 1 1 
= pane in +1|+ ait = a fins + at (int +1)+ =) = —-oOo. Divergent 


: justi : 1 _y 1 substitute | |. tiIng+1 _ 
Note: To justify the last step, ae [inc +1)+ oat = Rue (mz + x) E coe ‘| = in a ea 
: ; ] 1/x 
since um (clnz) = a, = a Jim, ae = Jim, (-2) = 0. 
3 —37t 
1 dx . 1 ; 1 1 : 
39. [oa® -[-% ae +[S —, bu ff ae ae -] = jim a8 a = 00. Divergent 
1 t 
d. = =e 
40. | a = Jim f = = ae [sin te], = ed sin *t = 7 Convergent 
41. There is an infinite discontinuity at x = 1 fs : a= f'e- “V3 da + fe 1)" de 
(0) y i ie 1 
Here f\ ( a—1)-/3 de = lim a ( —1)7/3 dx = lim [$(@- oe = lim [s@- 178 - 3| =-3 
tl t1— 0 to1— 
9 
SV] Bty. = 1/3 7, — 43 3 2/3)" _ = 
and f(x 3 de = jim 1 See -1)¥ Ca, [$@-1) : |, = jm, [6 - 3-1) | = 6. Thus, 
9 
1 
if IF dz = -$ +6= >. Convergent 


42. There is an infinite discontinuity at w = 2. 


t327- w—2 t32- 


t t 
dw = lim (+45) dw = lim [w + 21m jw — 21] = lim (€+ 2In|t — 2| — 21n2) = —oo, so 
0 0 t>2- 


5 
sek cae dw diverges, and hence, _Y dw diverges. Divergent 
o w-2 0 —2 
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43. ["/? tan? 0d = _jim fi tan? 6.d0 = jim Jo (sec? 6 — 1) do = jim [tand - a 
af io iene —t) =oo since tant — coast > $. Divergent 
i [ do p dx = ie dx ~ [ dx 
0 @—#%-2 Jo (@—2(@+I Jo (@-—2)(@+1) Ja (@—2)(a +1) 
Considering only f ° a and using partial fractions, we have 
o (w©—2)(@+1) 


eee Se a a GP Bo ge = ea ee 2}— 21 me 
[ aohery = ie ff & sh) «= lim E n|x—2|— 3In|x+ ib 


= lim [$ln[¢— 2| — $In|t+1|- $m2+4 0] = —oosince In|t — 2| — —coast > 2°. 
t2- 
2 4 
d ss fst d. ee 
Thus, / _ is divergent, and hence, f — is divergent as well. 
9 w%-2-2 9 e*-x2-2 
1 
1 oe 1 _k 1,2 _ 1,2 u=Inr, dv =rdr 
45. [o rinrdr= lim f, rinrdr = lim [3r Inr — $r |, Penae ree 
= Jim [(0- }) - (int - 4)] =-4-0=-4 
t0T 
F Int u 1/t 
lim #?Int= lim —,> = lim — = lim (-3#?7)=0. C t 
ance. dun ing lm VB Ae 78 pat 5st) onvergen 


7/2 eos T/2 cos n/2 = eine 
46. do = li do = Ii l2v 4] eee 
i 4/sin @ ae t ,/sin @ Pa Suu t ks = cos 6 d0 


= lim (2- 2Vsint) =2-0=2. Convergent 


t—0T 


0 J1/z t 1/t = 
47. / z dx = lim 1 ove . = dx = lim ue” (—du) eee 


1 2@ t30- J_1 @ x t0- J_4 du = —da/x? 
= = uj-l use parts ; = 1 1/t 
— oo [(u L)e iy Ie Formula | ~~ ha 2e (; 1) € 
-1 1 
=---— lim (s—Il)e*® [s=1st] =--—- 1 z 2 2 - lim 
e oa Oo e s——oco e7§ e s——oo —e 
2 
ae tee 0=-- Convergent 
1 o1/e 1 1 1 
48 fe 3 dx = lim / ele — dx = lim ue" (—du) hegie e ‘ 
0 « toot Jy Zz t0t Jit du = —dz/x 
or _ ujl/t use parts _. 1 1/t _ 
= a. [(u je iF E Formula ‘| =) Rares (; 1) © 


=1/t] =o. Divergent 


t 
CO _-g . t —2 : —2x 
49. Area= fe"? dz = Jim fe? de = lim [-e 


t—-0co 1 


= lim (-e~* +e7') =0+e7! =1/e 
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51. 


52. 


53. 


55. (a) 


CHAPTER7 TECHNIQUES OF INTEGRATION 


0.5, 


5 

10 

100 
1000 
10,000 


IE} 


fe g(x) dx 
0.447453 
0.577101 
0.621306 
0.668479 
0.672957 
0.673407 


co t 
Area = / dx = lim eae dx 
1 


eta too f, x(x? +1) 
5 er al x 
= lim oe aa dx [partial fractions] 
tooo f, \a x*?+41 


t 
= lim nn > In fa? i = lim 
t—oo 2 1 


= lim 


t 1 
In In 
sim ( VJ +1 J2 


= " t = 
Area = [-° xe * dz = lim if xe © dx 
t—co 


) =Inl—In27/?= 


0 
t 
= lim |-ze~* -e*| [use parts wtih u = x and dv 
t—-0o 0 
= lim [(-te~* — e“*) — (-1)] 
t—0o 


=0 [use l’Hospital’s Rule] — O0O+1=1 


Area = 7/2 octadx = lim ‘se? adzr= lim 
Jo to(x/2)- So t—(x/2) 


= lim (tant—0)=o 
t—(n/2)— 


Infinite area 


0 0 

1 1 
Area = —— dx = + lim dx= lim 
2 Vx+2 im, [ Vx+2 t>-2 


= lm (2V2-2vi+2) =2V2-0=2v2 


for 


It appears that the integral is convergent. 


ln ———— 
t—oo Vaz +1 Fi 


1 
3 In2 


fan] 


0 


ver]; 
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sin? x 


(b) -l<sine<1 > O<sin’e<1 > 0<—;5 
x 


Tet ces e ; 
< —. Since —, dz is convergent 
Sg x? 
i 


CO 932 
[Theorem 2 with p = 2 > 1], i = * dx is convergent by the Comparison Theorem. 
i x 


Since [°° f(a) da is finite and the area under g(r) is less than the area under f (2) 


on any interval [1,t], {7° g(a) da must be finite; that is, the integral is convergent. 


56. (a xz) = ——_. 
(a) : TOE g(x) Tea 


5 3.830327 It appears that the integral is divergent. 
6.801200 
23.328769 


69.023361 
208.124560 


1 1 a | 
b) For x > 2, > -1 > —< ——. Since —— dz is divergent [Theorem 2 with p = 4 < 1], 
(b) For > 2, VE > Va sa < Fear Since [= gent | p=i<yj 
ne 1 nry : 
/ i dx is divergent by the Comparison Theorem. 
2 a 
(c) 2.5 Since [5° f(«) da is infinite and the area under g(x) is greater than the area under 
| f(a) on any interval (2, ¢], [5° g(2) da must be infinite; that is, the integral is 
divergent. 
—0.5 
57. Fors > 0, —— < = = : we dx is convergent by Theorem 2 with p = 2 > 1, so par dx is convergent 
: ee on ec ere a wf, ee 1 . 
, 1 ¢ . eS ee 1 ¢ Bee, : 
by the Comparison Theorem. 3 dx is a constant, so ——— dx = —— dx+ dz is also 
9 x41 o «e341 9 e411 , #+1 
convergent. 


1+ sin” 1 Re a Me ae °1+sin? 2 he 
58. For x > 1, 2 see > / —= dz is divergent by Theorem 2 with p = 4 <1, s0 au dz is divergent 
ih 


ve ~ Veh ve i ee 
by the Comparison Theorem. 


co 


at mee. ner : : 1 bee Ge 
59. For x > 1, >. | — dz is divergent by Equation 2 with p = 1 < 1,so i. — dz is divergent by the 
x x x 


x—Ing 2 2g «-—lIn 


Comparison Theorem. 
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t 2 2 
60. For x > 0, arctanz < Le 2, SO suelo < < = 2e-*. Now 
2 2+ e* 2+ e* er 
-—x : i —x : —xy)t : 2 : . 
I= 2e “dx = lim 2e ~dx= jim [ 2e i jim pee 2, so I is convergent, and by comparison, 
0 t—0co 0 —0o — 00 e 
“arctang , . 
| ——_ dz is convergent. 
o 2+e7 


1 1 1 me F . : ol : : 
61. For > 1, f(x) = = > ae > < = sof f(x) dx diverges by comparison with = dx, which diverges 


by Theorem 2 with p = 1 < 1. Thus, [7° f(x) dx = fe f(x) dx + J>° f(x) dx also diverges. 


62. For x > 1, Ese < eos < <2 = = = dx = 3f = dx is convergent by Equation 2 with 
Vx4 + 7? Vx4 + x2 Vx x 1 x 1 x 


° 24+cosx 


=2>1,s0 ———— dx is convergent by the Comparison Theorem. 
Pp : = 2 y Pp 
63. ForO <a <1 = : > = Now 
. For ey 73/2" 


1 1 1 
I= / adr = lim | «73/2? dx = lim | - 2a = lim (-2 + =) = oo, so J is divergent, and by 
0 tot J, t—0+ t toot Jt 


. Tsecta. 
comparison, is divergent. 
0 ave 


sin? x 1 


I =| eae = lim a? de= lim ee = lim (20 2vt) = 2m — 0 = 2n, so I is convergent, and by 
0 Va ie + 


: ™ sin? x : 
comparison, dx is convergent. 
ty) x 


oe Bry call 
61 = [ Six [ Sart | = dx = I, + In. Now, 
9 « 9 « ine 


1 


1 1 
I, = lim —= dx = lim a = lim 1+ co. Since J; is divergent, I is divergent, and there is no need 
tot J, & tot t toot t 


to evaluate I2. 


2 aaa acum | ae ; 
66. I =| Ta dx = 5 er dx 4 if WP) dx = I; + Ig. Since Iz is divergent [Equation 2 with p =35< 1); 


I is divergent, and there is no need to evaluate J,. 


aw. [- us a= ee +[ ae a-i ff wee tele 
“Jo Va(1+2) o Ve(l+2) Jy Yalta) orf, Va(l+2) tows, VYe(l+2)) 


dx = 2u du u=/@,2=u?, _ du wa -1 => -1 
| wera faites [SER] <2 f ie ter teem tte vet ce 
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dx 


Vi(l +a) 


r 


lim 
t—01 


lim 
t—0T 


68. 


2sec@ tan 6 dé 
2sec92tan0 


ere 


ax = 2sec 0, where 
0<0<n/2orn7 <0 < 30/2 


[2 tant Vz], + jim. [2 tan /z], 


[2(q) —2tan~* Vé] + lim [2tan7' vt — 2(7)] 


SECTION 7.8 


- 1 w= f dx +f” Oi = fe ia dx 
2 «wvVx2—4 2 «Vu2—4 3 aVax2—-4 to2ts, xVax?2—-4 


| 


+ lim 


too 


IMPROPER INTEGRALS 


- dx 
3 2Vr2—4 


Now 


= 404+C =tsec"' (4x) + C, 80 


* dx : 1 gap—1(1\]? : Veoh ATP. dl oa a1 73 1(x Pe = 1/8 cs 
peta = lim, [asec (a2)], + jim [psec (2a)], = psec (g) 0+ 5(5) — asec (3) =F. 
: 1 : 6 1 : 
69. Ifp = Lthen f —dzx= lim — = lim [Ina], = oo. Divergent 
o xP tot Jy 2 tot 
1 da: 1 dx : : ; : 
Ifp ¥” 1, then / — = lim / — {note that the integral is not improper if p < 0] 
o xP tot J, @P 
gett 1 1 
= lim = lim — = 
toot [—p+1], tor l—p tpt 
Ifp > 1, then p — 1 > 0,s0 re — coast — O*, and the integral diverges. 
1 mn * da 1 ; its 1 
Ifp < 1, thenp—1<0,so 7-7 > 0ast +0 and : oa | emo x) a ar 
Thus, the integral converges if and only if p < 1, and in that case its value is 7 
ea 1 ° du : lt ss 
70. Letu =Ingz. Thendu=dzr/x => ——a dt = —. By Example 4, this converges to ifp > land 
- «(Inz) 1 uP p-1l 
diverges otherwise. 
71. First suppose p = —1. Then 
, 7 ‘ing ; ‘Ing : 1 21 aS: 2 
xz’ Inadx = — dx = lim — dx = lim [$(Inz) is = — 5 lim (Int)” = —ov, so the 
0 0 « tot J, = tot tot 
integral diverges. Now suppose p 4 —1. Then integration by parts gives 
Pt gP gPth gPth 
z? Inadz = Ina = +C. Ifp < —1, thenp+1 < 0,so0 
} p+1 Ga p+1 (p+ 1)? " 
1 p+1 pti ql -1 1 1 
/ 2? Inedx = lim |~—Ina = 5| = 5 lim |¢?+* ( nt —- —— }] = 
0 0+ [p+ 1 (p+1)?],  (p+1) p+1/) tot p+1 
Ifp > —1, then p+1 > 0 and 
eee ee 1 km Bt=t/(e+1) uw _ —1 1 1/t 
Jo 2? Ina dex (p+ 1)? pti) root t+) (p+ 1)? pt) rot —(p+ lie 
=i —1 
= + im ¢?t! = __—__ 
(p+1)? (p+ 1)? tot (p+ 1)? 


1 
Thus, the integral converges to — ———> 
a (p+ 1) 


3 if p > —1 and diverges otherwise. 
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oo t 
72. (a) n = 0: i w"e* dx = lim | e*dx = lim [-e~*]) = lim [-e* +1] =0+1=1 
0 


t—0co 0 t—0o t—0co 


co t 
n=1: / xe *dx= lim xe " dz. To evaluate lars dx, we’ll use integration by parts 
0 


too 0 


—x 


withu =2,dv =e * dx du = dx, v = —e 


So per dx = —xe* i) e de =-—xre* —e *+C=(-ax-1)e* +C and 


t 
lim {| xe ~* dae = lim [(—2—- Le], = lim [(-¢-1e* +1] = Jim [-te*—-e*+]] 


t—00 0 t—0o t—0o 


=0—0+1 [use l’Hospital’s Rule] = 1 


co t 
n= 2: i ee "dx = lim xe * dz. To evaluate / xe * dz, we could use integration by parts 
0 


too 0 


again or Formula 97. Thus, 


t t 
; 2- : _zit ; = 
lim ve “dx = lim [—a7e *| +2 lim ze” dx 
t—co 0 too 0 t—oo 0 


=0+0+2(1) [use l’Hospital’s Rule and the result forn =1] = 2 
t t 


n=3: i ee “dx = lim awe? dx = lim [-a8e*] +3 lim ve * dx 
0 


t—0o 0 t—00 t—0o 0 


=0+0+3(2) [use l’Hospital’s Rule and the result forn = 2] =6 
b) For n = 1, 2, and 3, we have [~° x"e~* dx = 1, 2, and 6. The values for the integral are equal to the factorials for n, 
) er q 
so we guess [>~ 2" e~* da = nl. 
c) Suppose that [°° x*e7* dx = k! for some positive integer k. Then [™ x2*tle~* dx = lim f’ x*tle~* da. 
pp 0 p g 0 t 0 


To evaluate f x**1e~* da, we use parts wih u=a2't!,dv=e "dx => du=(k+1)a*dz,v=-e”. 
So fa'*te-*dx = —a*t"e* — f -(k + la*e* dz = —a**1e* + (k +1) f v*e dz and 


lim to a*tte-* dx = lim [-aFtte-*]° +(k+1) jim A x eW* dx 


t—o0o t—0o 


= lim [-t*te* +0] + (K+ 1k! =0404 (K+)! =(K+ 0), 


too 
so the formula holds for / + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the formula holds 
for n = 0, too.) 


co 0 co co t t 
3. [= / adx = / adx +f x dx and [ adx = jim adx = jim [327] — jim [30 _ 0] =o; 
0 0 — 00 00 0 — 00 


—oo —co 0 


so I is divergent. The Cauchy principal value of J is given by 


t t 
jim edz = jim [327] a jim Ea — $(-t)"] = jim [0] = 0. Hence, I is divergent, but its Cauchy principal 
oo J _ 4 —0o —t — 00 — 0° 
value is 0. 
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M 4 eS 
74. Let k = —— so that 3 = Fe Ker i v®e*”” dy. Let I denote the integral and use parts to integrate I. Let a = v”, 
T ) 


2RT 
dp = ve dy = da=2 dv, B= sem ku? 
ite. || genge| de fone ¢ 4 a, 2 — kt? 1 fl ge? 
r= jim, | oR © l+zf ve dup = — = jim (?e ) +5 km Ee 
Ho ol 1 1 
2k ge OD = ae 
4 1 2 2 2V2VRT 8RT 
Thus, 0 = —=k?/?. — = —-__ = —_—____. = "= paaieay 
Va 2k? (km)/2 fg M/ (2RT)}1/? ViM aM 


co 2 t t 
il 1 
75. Volume = / (=) dx = 7 lim Moy lim |-=] =7 lim (:-7) =7T< Ow. 
1 a t—-0co 1 eG t—co or t—-co t 


° GM *GM —1)' -1 1 M 
76. Work = . — r = lim ip S —_ dr = lim GMm =| =GMm lim (+ + a) -_ cau Lae 
R H i t—co R r t—co r R t t 


M = mass of the earth = 5.98 x 1074 kg, m = mass of satellite = 10° kg, R = radius of the earth = 6.37 x 10° m, and 
G = gravitational constant = 6.67 x 107'! N-m?/kg. 


6.67 x 1071! . 5.98 x 1074 - 103 


Therefore, Work = —————--___————- & 6.2 10'° J. 
erefore, Worl 6.37 x 105 6.26 x 10° J 

co t 
77. Work = / Fdr= lim a dr = lim GmM Hd = ony, The initial kinetic energy provides the work, 

R t—-0co R 7, t—-co R t R 

ra GmM _ [2GM 
tie mare ae ae 

# 2r 1 2 

78. y(s) = poe x(r)dranda(r)=5(R-r) => 
R — pi? RioB. 3 2 2 
y(s) = 1 puts) dr = lim ee Tar dr 


im dr = 
tost Jy rp? — 52 tost Jy /p2 — 62 


R R 
= lim [aS Ete on ah er Lap oe = lim (I; — 2RIp + R?Ig) =L 
Fi t 


to st t r2 = s? ts 


For 11: Let u = Vr? — s? we s°,r? =u? 4+ 8”, 2r dr = 2udu, so, omitting limits and constant of 


integration, 


ys 22 
= i (ul + "Ju — Ju du = fe + s”) du = zu +3°u= eu(u + 38”) 
avr? — 3? (r? — 5? + 3s?) = avr? — 8? (r? + 28?) 


For Jz: Using Formula 44, Iz sr sg? ge = In| + Vr2 — 82 |. 


For I3: Letu =r? — s” du = 2r dr. Then I3 = Bip 7 s:2Vu= r2 — 82, 


a 


[continued] 
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Thus, 


R 


2 
L= lim ave — 82 (r? + 2s?) — an( 5 Vr? — 82 + > In|r + Vr? = 8? 1) + RV? — | 


t 


2 
= lim [ave — s?(R? + 2s?) — 2R(F VR? = 8? + > In|R + VR? — 8? \) + RVR? *| 


2 
— lim [sve — s? e + 2s”) oR (SVP s2 + 5 In|t + Vt? — s? \) + Rf? — *| 


= [$VR? — s? (R? + 2s") — Rs? In|R+ VR? — s?|] — [—Rs? In|s|| 
Rs? n(2tweas | 


= £/R? — s? (R? 4+ 2s”) 
79. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after 
close to 700 hours, and a few overachievers to burn on and on. 


(a) ys (b) r(t) = F’(t) is the rate at which the fraction F(t) of burnt-out bulbs increases 
1 em 


as t increases. This could be interpreted as a fractional burnout rate. 


(c) Jo° r(t) dt = lim F(x) = 1, since all of the bulbs will eventually burn out. 


0 700 t 
(in hours) 


o : 1 1 
80. J = | te™ dt = Jim, E (kt — 1) | [Formula 96, or parts] | = im, (se BR é*) ( =) 3 


0 


Since k < 0 the first two terms approach 0 (you can verify that the first term does so with |’Hospital’s Rule), so the limit is 


equal to 1/k?. Thus, M = —kI = —k(1/k*) = —1/k = —1/(—0.000121) © 8264.5 years. 


co — aw kt x 
81. y= i ene 7 es) ee dt= “ lim ee — eo dt 
0 


zrz— oo (0) 
cN 1 1 "oN 1 1 is i. Al 
Be guar a paAt _ (—k-A)t eae oa me A. Ts ara Px. 
200 IS ie ; rao [re T (ep re (INT EEA 


_cN fl 1 _ CN (k+A-X\ _ cN 
k \X k+r k A(k + 2) A(k + A) 


co x —rt/V 1% 
82. i u(t) dt = lim Coe" dt = 7 Co lim E ft = C0 ( ) lim (e""/" -1) 


LOCO fg 


= —Co(0—-1) = Co. 
°° u(t) dt represents the total amount of urea removed from the blood if dialysis is continued indefinitely. The fact that 
p y' Y. 


0 


f o. u(t) dt = Co means that, in the limit, as t — oo, all the urea in the blood at time t = 0 is removed. The calculation says 


nothing about how rapidly that limit is approached. 
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co t 
83. J = : dx = lim z dx = lim [tan~* x] = lim (tan? t—tan? a) =2—tan la. 
a «+1 t—00 2+ a 


t—o0o t—0o 2 


I<0.001 = 3-tan7'a<0.001 + tan7'a>%-—0.001 + a> tan(% —0.001) ~ 1000. 


84. f(x) = e” and Ax = 429 = 


So f(a) de = Ss = sty[f(0) + 4f(0.5) + 2f(1) +--+ 2f(3) + 4f(3.5) + f(4)] © 2(5.31717808) ~ 0.8862 


Now x > 4 v-a<—ax-4 e® <e*? = ir ie er gis e** dx. 


SP? e-* dx = lim [—4e7**], = —1(0 — e7**) = 1/(4e"®) © 0.0000000281 < 0.0000001, as desired. 


4 t—0o 


—st]7” —sn 1 1 ; 
85. (a) F'(s y= fH f(te"* dt = [« ~ dt = lim = = lim (: - + *) . This converges to : only if s > 0. 


n—oo Ss 0 


Therefore F'(s) = i with domain {s | s > O}. 
8 


/ fe" dt = / ete * dt = lim ets) dt= lim | 
(0) ie} noo Jo n-o |1l—s a 


fh e(i-s)n 7 1 
n—0o 1 Ss 1 s 


This converges only if1—s <0 = s>1,in which case F(s) = — with domain {s | s > 1}. 
= 


(b) F(s) 


(c) F(s) = fo° f(t)e dt = lim f,’ te~* dt. Use integration by parts: letu = t,dv=e dt = du=dt, 
eer n 
t 1 - 1 1 1 ‘ 
v = —2—. Then F(s) = lim e * se = lim ( a Tan TOF :) = — only ifs > 0. 
8 noo] 8 8 9 nao \sesm esr s 8 


Therefore, F'(s) = = and the domain of F' is {s | s > 0}. 


86.0< f(t)< Me“ => OK< f(t)e < Mee * for t > 0. Now use the Comparison Theorem: 


oy ee ram 1 =—2 - : nl(a—s 
i Me“e~* dt = lim M| e*@-*) dt =M- lim Je ] =M- lim [eno <4] 
0 n—-oo 0 n—oo a-—s 0 n-wa—-s 
This is convergent only whena—s <0 = s >a. Therefore, by the Comparison Theorem, F'(s) = [5° ; e *' dt is 


also convergent for s > a. 
87. G(s) = f° f’ (He ** dt. Integrate by parts with u =e" *’, du = f'(t)dt => du=—se~*,v = f(t): 


G(s) = lim [f(e" 5 +3 fo’ fe" dt = Jim. f(nje"*" — f(0) + sF(s) 


noo 


But 0 < f(t)< Me" = O< f(t)e*’ < Me“e~* and Jim Me'“—*) = 0 for s > a. So by the Squeeze Theorem, 


lim f(t)e~*’ = Ofors >a G(s) =0— f(0) + sF(s) = sF(s) — f(0) fors >a. 


t—-0o 
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88. Assume without loss of generality that a < b. Then 


89. We use integration by parts: let u = x, dv = xe 


90. 


J7o fe 


2 


—g?2 . 
xe dx = lim 


foo) 
: t—-0o 


(The limit is 0 by I’ Hospital’s Rule.) 


Sor 


)dx + f° f(a) d 


uel 
—-7re 
2 0 


—x2 : ey) 
e ” dz is the area under the curve y =e * 


c= _ lim bee 


Jim 1 def 


lim A bask 


t——oo 


jim, oa 


«)dx+ lim f* f(a 


uU—> CO 


x) dx + Jim, i“ f(a)da+ fr f (x) de| 


x) dx + 


S? f(@) 


dx + lim f," f(a) d. 


a)da+ f° f(x - + [fear 


= tim S? f(x) OC ve ae a) dx = f°. f(a) dx + fe° f(x) dx 
2? dp du = dz, v = Lee So 
+ sf e* dx = lim ee + sf e dx = >| eo” dx 
rae too | Qe |" 2 Jy 2 Io 


2 


e 


y Iny 


Iny=2 


a 


for0 <x < oand0 < y <1. Solving y = e-* for x, we get 


t/—Iny. Since z is positive, choose x = \/— Iny, and 


the area is represented by f, : V—Iny dy. Therefore, each integral represents the same area, so the integrals are equal. 


91. For the first part of the integral, leta =2tan0d = dx =2sec?6d0. 


‘i Hons +4 
lve! ewe ao = [ sec0.d0 = In|see0 + tan, 
[p24 
From the figure, tand = > and sec 0 = we So 2 
loo) (ora t 
I =| a igs dz = lim fn = = —Cln|a+ ] 
0 2 +4 xg+2 too +5 0 
[ .f2ad 
= Jim EEA cnt 2)— atc) 
r [FZ 2 
= lim "Gr) +1n2°] = In Jim ee: aa 
too | 2(t + 2) too (t+ 2) 
_ t+VP44 a 1+t/VP+ 2 
Now L = lim Gat Gai 
too (¢ 4 2)° ae C (t+ 2) ~ Clim (t + 2) 


If C <1, L = wand J diverges. 


IfC = 1, L = 2and J converges to In2 + In2° = 


If C > 1, L = Oand J diverges to — oo. 


In 2. 


) +In20-! 
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92. [ = / (a4 ee ) da = lim [} n(x? + 1) — $C In(3a + iy Jim fine? + 1)1/? — In(3¢ + 18 
0 arias er 


x2+1 3441 
=a Cee we beh oe @+1 
oe (in e+ nes) —™ Lm Bip ines 


For C' < 0, the integral diverges. For C > 0, we have 


VIP. Abia bP ies 1 
L= lim ———, = lim Ga pea ~ei™@ gapeaat 
too (Bt + 1)E/3 ~~ t00 O(3t 41)(E/9)-1 Ct (3t + 1)E/9)-1 


ForC/3 <1 <= C<3,L=ooand/ diverges. 
For C = 3, L = 4 and I = Ing. 


For C > 3, L = Oand J diverges to — oo. 
93. No, J = {5° f(a) dx must be divergent. Since Jim, f(x) = 1, there must exist an N such that if > N, then f(x) > 4. 


Thus, J=h +l, = fF i x) dx + ie Ni x) dx, where I; is an ordinary definite integral that has a finite value, and I2 is 


improper and diverges by comparison with the divergent integral [, ee 3 dx. 


a 


love) 1 a fore) a 
94. As in Exercises 65-68, we let J = i dx = I, + In, where = / = dx and Iz = / ze ; dx. We will 
) 0 1 


1+2° 1+2° l+za 


show that J; converges for a > —1 and [2 converges for b > a + 1, so that J converges when a > —landb>a+l. 


J, is improper only when a < 0. When 0 < x < 1, we have I <1 aT Zw < — The integral 
1 
[2 — daz converges for —a < 1 [or a > —1] by Exercise 69, so by the Comparison Theorem, a Pee) dx 


converges for —1 < a < 0. J is not improper when a > 0, so it has a finite real value in that case. Therefore, J; has a finite 


real value (converges) when a > —1. 


: : S 1 1 
Iz is always improper. When x > 1, a = (+2) = eee 


for b—a > 1(orb > a+1), so by the Comparison Theorem, jh Page dx converges for b > a+ 1. 
1 


Thus, J converges ifa > —landb>a+1. 


7 Review 
TRUE-FALSE QUIZ 


1. True. See Example 5 in Section 7.1. 


2. True. _ Integration by parts can be used to show that f x"e* dx = xe” — n fa"— ‘e® dx, so that the power of x in the 
new integrand is reduced by 1. Hence, when n = 5, repeatedly applying integration by parts five times will reduce 


the final integral to [ e” dx, which evaluates to e*. 
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. False. Substituting « = 5sin 0 into /25 + 2? gives \/25 + 25sin?0. This expression cannot be further simplified using a 


trigonometric identity. A more useful substitiution would be x = 5 tan 0. 


dx du 
. False. To use entry 25, we need to first write / ———— in the form / ———.,, which suggests making the 
7 V9 + _ + uP ce . 


substitution u = e”, so that du = e” dz, or du/u = dx. Thus, <> -/({— , however, 
/ eae WoT 
entry 25 cannot be used to evaluate this new integral. Instead, entry 27 would be needed. 
2 
; : : 4 A B 
. False. Since the numerator has a higher degree than the denominator, ae. 4) =“e+ er =£+ — + —. 
x2—A4 a—A4 c+2 <a"-2 
Pak a +4 ee ee eee 
, , x(x? — 4) cr £+2°' ¢-2 
2 
a +4 : A B C 
. False. PGHs can be put in the form es + Pp + yoda’ 
2 
—4 : A Bz+C 
. False. ee can be put into the form = + oe 
. False. This is an improper integral, since the denominator vanishes at x = 1. 


4 1 4 
£ x x 

—>— dx = d. d d 

ba is | x2—1 o+ f ee 


1 t 
Z x 
dz = lim dx = lim [41 —1|] = tim $inje? - 1) = 
hao ’ eres 9 227-1 ia ey nj | jim in| | 


So the integral diverges. 


True by Theorem 7.8.2 with p = /2 > 1. 


co 0 oo loo) 
11. True / f(x) dz = / f(a) da + / f(x) de =I +I. ir [ f(x) dz is convergent, it follows that both I; 
—oo —oo 0 —oo 
and Jz must be convergent. 
12. False. For example, with n = 1 the Trapezoidal Rule is much more accurate 


13. 


14. 


15. 


than the Midpoint Rule for the function in the diagram. 


(a) True. See the end of Section 7.5. 
(b) False. Examples include the functions f(x) = e”, g(x) = sin(«”), and h(x) = ane 
True. If f is continuous on [0, oo), then a (a) da is finite. Since [7° f(x) da is finite, so is 
So f(x) dx = tet a) da + fr° f(a) dz. 
False. If f(x) = 1/z, then f is continuous and decreasing on [1, co) with Jim, f(x) = 0, but f° f(a) da is divergent. 
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16. True. 


17. False. 


18. False. 


CHAPTER7 REVIEW 


J Uf (@) + 9(a)] de = Jim f{ [f(x) + g(@)] de = Jim (J! fw) dx + g(a) de) 
in the sum exist 


_ 4: t : t since both limits 
= Jim. {i f@yde+ Jim J, g(a) dx 


= hee f(x) Choa g(x) dx 


Since the two integrals are finite, so is their sum. 


Take f(x) = 1 for all x and g(a) = —1 for all x. Then f° f(a) da = 00 [divergent] 


and {~ g(x) da = —oo [divergent], but f° [f(«) + g(x)]dz =0 [convergent]. 


Jo” f(a) dx could converge or diverge. For example, if g(a) = 1, then [5° f(a) dx diverges if f(a) = 1 and 


converges if f(a) = 0. 


EXERCISES 


2 2,2 2 2 
oe) a= [ ad pete = f (o+242)ar=|5o* 420+ 
1 1 


sg 1 


=(24+4+In2)—($+2+0)=$+In2 


ad 


/ ein x 


Sec © 


dx= | cosxe*’"* dx = | e“ du peas 
du = cosx dx 


{ee Os ree 


ue 1 n/6 me 1 u=t, dv=sin2t 
4. i tsin 2tdt = [—$t cos 2¢] | -[ (—$ cos 2t) dt hes ater: 


dt 


5. = 
| a 


> 


a 


2 2: ie 
5 126 2 1,5 u=Ing, dv=«2°> dz 
/ x? Inadx= [ex Ing]; i qu dx Pes ae 


2 
1 


= 4in2-0- [42°] = 2in2 (Ss =) = #in2 t 


0 du = —sin@d6é 


Ee sin?6 cos?6 d@ = mhF(y — cos@) cos*@ sin 6 dO = nea el u’)u? (—du) cag. 


= fo (uw? — ut) du = [du — 205]? = ( 


wle 
ore 
—— 
oO 
| 
als 
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dt = dé [partial fractions) = In: |2#-+1)— In |t+1 
Recesvcesy Ces =) [partial fractions] = In |2¢ + 1|—In|t + 1|+C 
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8. Let 2 = 4sin0, where —7/2 < 0 < 7/2. Then dx = 4cos6 dO and 


4 
J16 — x? = V/16 — 16sin2@ = V/16cos?0 = 4|cos@| = 4cos 6. Thus, re 
4cos0 1 2 6 
d@ = 6 dé 
/ oe — ¢? =/ 16 sin?0 (4 cos @) 16 [ose 16 — x? 


V16 — x? 


16x ne 


=-T cot +0 =- 


9. Let u = Int, du = dt/t. Then f sin t) 


at= f sinudu = —cosu+C = —cos(Int)+C. 


10. Let u = arctanz, du = dx/(1+ 7). Then 


1 n/A n/A 3/2 
7 Varctan x a =| Vide [¥?] _ 2 F o = : . ane? = Stare 
0 


142? 0 3 | 48/2 


11. First let u = (Inx)?, dv = xdx du zie dz, v= xt. Then J = fe (Inx)? dx = 50 (Inx)? — [emede. 
1 1 1 1 1 

Next, let U = Ina, dV = x dx dU dx, V = ~x?,s0 | «lnxdzx = =e? Inx—= | edr= ie Inz — <2”. 
x 2 2 2 2 4 


Substituting in the previous formula gives J = $2? (Inx)? — ($2? Ina — $27) +C = $27[2(Inx)? — 2Inz+ 1] +C. 


12. Let t = cos, so that dt = — sina dx. Then 


‘ 142 1 u = Int, dv = —tdt 
J sinxcosxIn(cosx) dx = f tnt (—dt) = —$t* nt + f Stdt a2 1 aw = 3? 


=—-it nt+i?+C 


= —}cos*xIn(cosz) + 4 cos’z+C 


13. Let x = sec 0. Then 


a VO as -[ tan 0 


sec 0 


14 ee tay eee 
: T+et ee Tee u) du = 2e?* dx 


=stan'u+C=tan 'e”+C 


n/3 n/3 
sec 0 tan odo = [ tan®oao = [ (sec”9 — 1) d0 = [tan 0 gr? = V3 a 
0 0 


15. Let w = </ax. Then w® = x and 3w? dw = dz, so fev dx = fe - 3w? dw = 31. To evaluate I, let u = w’, 


dv=e"dw => du=2wdu,v=e",sol = f we” dw=w'e” — f 2we” dw. NowletU=w,dV=e"dw => 


dU = du, V = e”. Thus, I = w7e” 2[we” fe’ dw| = we” — 2Qwe” + 2e” + C1, and hence 


31 = 3c” (w? — 2w +2) +C = 3e¥* (27/3 — 2/3 +2) +. 


2 
.f? “Fae = f pee dx = 42” — 22+ 6ln|x+2/+C 
x+2 xr+2 


= 
o> 
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17. Integrate by parts with u = tan~' x, dv = x” dx, so that du = 


1 
1+ 22 


3 = - 2 
x’ tan ‘edz = lis tanta — Z eee, 13 tana — us : L yo Yy ape 
3 3/ 1+2a? 3 3 2 y dy = 2a dx 


= fa° tanta — ¢[1+2? —In(1+27)] +1 
= §[2e° tan“*a — 2? + In(1+27)] + C, where C = Ci — § 


18. Letu =x+1sothatu+ 1 = 2+ 2 and du = dz. Thus, 


Jo + 2)?(a + 1)?° dx = Jo +1)?u?° du = fw +2u +1) u?° du = [oo + 2u7? + u?°) du 


au su? xu C= X(e4+1)% 4+ A417? + d(e@4+ 1)" 4+C 


49 Tas Ed ens B 
“g2429 a(x+2) 2 «£42 


= 1 3 
to get 1 = 24,s0.A =~}. Thus, f : a= [ (+ 2 ) de =—finjol + $inle+2}+C. 
x 


x 
w2+2 x x+2 


6 2 20.42 2 4)2 4 2 
ao. f Fag = [ed sec") ty fees -[% 1) au= | * + 2u Thi 


tan?0 tan?6 u2 u 


3 
— w+ 2+ du =~ +2u lle 1 tan?6 + 2tan@ —cot0+C 
u2 3 U 3 


21. f «coshadz = «sinha — f sinha dx oes 3 ‘| 


du=dz, v=sinhz 
= xsinhx — cosha+C 
v7?+8r-—3 z?+8r—-3 A B C 


22. ————— = 


2 pease == 2 2 2 
Saw PGES) ae t aice => «#48r-3= At(e+3)+ Bla +3)+Cr2". 


Taking x = 0, we get —3 = 3B, so B = —1. Taking x = —3, we get —18 = 9C,, so C = —2. 
Taking x = 1, we get6 = 4A+4B4+C =4A—4-2,504A = 12 and A = 3. Now 


2 i. 
[hre-|(2-2- - ) de = 8in|a|-+>—2in |e +3] +6. 
xv 


zx 2 2£4+3 


Baa eee) eyes 


—— x —2=2secd, 


2tan 0 dz = 2sec6@ tan 6 d0 x-2 ( 2 
x2) — 
= f sec@d0 = In|secO + tan6| + Cy =\/x?- Ax 
—2 Sgr—4 Ty 


= In|x — 2+ Va? — 4x | + C, where C = Ci — In2 
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=> r—-1=A(x+2) + Ba. Set cz = —2 to get —3 = —2B, so B = 3. Setxr =0 


790 CHAPTER7 TECHNIQUES OF INTEGRATION 


24. 


i u= Vi, 
2" (2du) E =1/(2/e) de 


at+1 r+1 a+1 u=3ae2+1 
25. —— eS Od = ee eee 5 
eeaces, . lea * [asm - cae 
[g(u-1]+1/1 1 1 f(w-1)+3 
Eas 3 = . 
y w+ (G4) 3 =f Ba 


lf ou 1 2 1 ae ears 4 
ee ay dy 4)+o-at a.) 0 
Abeer: u+5 | aoE ig 9 ae ae ag 5 tan (54) + 


=< In(9a? + 62 +5) + gz tan™"/$(8a+1)]+C 


Qu gvetl 
a In2 ee In2 


26. f tan’ sec?0 dd = pede sec’@ sec @ tan dO = [(sec?0 — 1)? sec70 sec 0 tan 6 dé E _ fei ner 


= f{(v? u? du = [(u® — 2u* + u?) du 


= ly? — a 34 C= 2 sec’ — 2 sec? + 3 sec*@ + C 


27. Vu? — 24 4+2 = Vax? —24+4+14+1 = V(x —1)? +1. Since this is a sum of squares, 


we try the substitution 2 — 1 = tan 0, where —1/2 < 0 < 1/2. Then dx = sec”6 d0 and 


J/(a— 1)? +1 = Vtan?0 + 1 = Vsec?0 = |sec0| = sec0. Also, =0 = O=-—n/4andt=2 > O=7/4. 


Thus, 
2 n/4 n/4 

if Va? — 24 +2dxr= | sec 0 (sec”6 d0) = i sec*6 d0 
0 —n/A4 —7/4 


r n/4 
sec 0 tan + In |sec@ + tan 6| ; [by Example 8 in Section 7.2] 
L —n/4 


Nile 


= =[(V2+In(v2 + 1)) — (-V2 + In(v2 - 1))] = 5 [2v2-+ n( 


Java n( 2+) = 5[2v2 + In(v2+1)'| 


= 4/2/24 2In(V2 + 1)] = 72+ In(V2+ 1) 


71) 


Nile 


Do] rR 
r 


28. [cos Vtdt = f 2x cosx dx 


- “ = dv = d 
= 2x sinx — f 2sinx dx img IP EEC OR EOE 
du=dz, v=sinz 


= Qe sine + 2cosx+C = 2vt sinVt+ 2cosVt+C 


29. Let x = tanJ, so that dx = sec” 6 d@. Then 


lS -({$— sec? 6 d0 -([< 
Wat tan @ sec@ tan 0 r+) 


= f{ csc dd = In|csc@ — cot 6| +C 
[72 [a2 = 1 
= tn] oe =| +0 =19| ceed “| +0 
x x x 
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. Let u = cosa, du = e* dx du sing dx, v = e*: (x) I = fe” cosadx =e” cosx + f e* sina dz. 


To integrate f e’ sina dz, lett U = sinz,dV =e* dx = dU =cosxdz, V = e*. Then 
fe? sina da = e* sina — [ e* cosxdx = e* sina — I. By substitution in (x), [ = e* cosx+e"sine—-I => 


2l=e"(cosx+sinz) => I =e*(cosx+sinz)+C. 


. Letu=V1+2?, so that du = zs 5 dx. Thus, 


Vl+a2 


xsin(V1 + 27) / 
———————— dr = sinudu = —cosu +C = —cos( V/1+a?) +C. 
V14+ 22 


1/4 


. Letu= 2 => «x =u"',s0 that dx = 4u° du. Thus, 


/ : a= [ du? du=4 f uw du=4 f u-1+ : du [using long division] 
eet gl/4 Of utp utlo util Pe 


= 4(4u? —ut+Injut+1|) +C = 22'/? — 4/4 4 A4In(z/4 +1) +C 


3a° — x? + 6a —4 = Ant By Cat) 
(a? + 1)(a? + 2) x2+1 u2+2 


3x3 — a? + 6x 4 = (Ax + B)(x? +2) + (Cx + D)(a? +1). 


Equating the coefficients gives A+C = 3,B+ D=—1,2A+C=6,and2B+D=-4 => 


A=3,C =0, B = —3, and D = 2. Now 


3! 42 = ms 
(ee a? + 6x twas [2 ren 2/ te ieee) stan 2+ VEtan" (Fe) +0. 


(x? + 1)(x? + 2) a +1 ee+2. 2 


; . 
; 5 u=s5r, dv=sin2z«rdz, 
. fxsine cosada= f da sin 2x dx 2 


du= 3 da v = —§ cos 2x 
= —tacos2« + f 4 cos 2x dr = —tecos 2x + z sin 2x + C 


n/2 3 és _ pr/2 3 : _ pr/2 4 : Feo inal) SB 1n/2 9 
 o cos*x sin 2a dx = ff" cos*a (2sina cosx) da = f7/" 2cos*x sina dx = [—2 cos ale =2 


. Letu = ¥e. Then a = u3, dx =3u?du => 


3 
MEM i TA aoe aye du 
Ve-1 u-1 u-—1 


=u? + 3u? + 6ut 6lnlu— 1) +C =24 307% +6%e+6In|Y¥e-1]/+C 


3 


. The integrand is an odd function, so / eal dx =0 [by 5.5.7(b)]. 
-3 


. Letu =e”, du = —e ” dx. Then 


e "dx —du 


dx 
@ Jl—e eS Via 


—sin-'u+C =-—sin ‘(e~*)+C. 
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39. Let u = e* — I. Then u? = ce” — 1 and 2udu = e” dz. Also, e® + 8 = u? + 9. Thus, 


Inl0 92 f= 3). 3 2 3 
i e’ Ve Lee ee 2 u du=2 [| fe 9 i 
0 ew +8 9 uwe+9 9 uz+9 0 uw+9 


2] Stant(#)] =2[(@ tan") 0] = 2(3 3-7) 6 5 


cos?x du=dx v=H#tan?a 


m/4 : n/4 2 
xsinx 2 wu=2x, dv=tanz seca dz, 
40. / dx =| atanx sec xdx 
0 0 


n/4 m/4 m/4 
= E tan? - >| tan’adx =~ -12-0- >| (sec”a — 1) dx 
2 0 2 Jo 8 0 


_t tan 2 |" T (1 *) nr oil 
8 2 ) 


8 2 4 4 2 
4. Letx = 2sin0 (4 a?) 9? = (2cos6)*, dx = 2cos@ dO, so 
x Asin? 6 2 2 : 
ra dx | aap reese = [tan 940 = f (sec 0 — 1) do 
x 12) , 
=tand—0+C Janae sin (5) tC Ae 


42. Integrate by parts twice, first with u = (arcsinx)*, dv = da: 


dx 
l= arcsin x)” dx = x(arcsinx)* — [= arcsin © (=) 
J (eresina)* de = afaresina) JF 


x 1 
Now let U = arcsina, dV = dx dU = dx, V =—V1-—2?. So 
V1— x? V1— x? 


I = x(arcsin x)? — 2[arcsin x (—/1 — 2?) + f de] = x(arcsinz)”? + 2./1— 2 arcsing — 24 +C 
“ / a i dx / dx area jee freien 
7 ee ne ee dx = /- = 
Va + 23/2 Je(l+ Vz) JeV/1+ Se => Vu 
=4futC=4/1+Ve+C0 


cos@  sin@ 


1l—tan@? ,, f cosd  cos6 ,,_. f cosA—sind ,, _ . 
44. | Tp tanp 2 ‘| oa : sing 2 —apmene In |cos 6 + sin 6| + C 


cos@ cos 


45. [(cosx +sin x)? cos2rdx = f[ (cos? x+2sinacosx + sin? x) cos 2a da = f (1 +sin 2x) cos 2x dx 


= f cos2edx + 4 fsin4da dx = 4 sin 2x — = cos4x + C 


Or: [(cosx + sin x)? cos 2x dx = [(cosx + sinx)*(cos* x — sin? x) dx 


= {(cosx + sinx)*(cosz —sinz) dz = }(cosz + sinz)* + C1 
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CHAPTER? REVIEW 
46. Let u = sin(x”), so that du = 2% cos(a”) da and cos”(x”) = 1 — u?. Thus, 


[ec0s' (x) \/sin(x?) dx = [ ecos(a”) cos” (x?) \/sin(«?) da = ;/ (1- u’) Judu 


1/2 2 
= 5 fe? 8) au = 5 (Ful - 207”) +C 


= Van) — 3a +0 


2x 


47. We’ll integrate [ = / a dex by parts with u = xe?” and dv = ae Then du = (a - 2e?” + e?” - 1) dx 


(1 + 2x) (1+ 22) 


and v = — 
1 «we 1 e?" (2a +1) xe 1 1. ax {1 x 
on Ps cape cS | Bee De cal og ee Ce, OO 
2 1422 [| 2 aoe | > agpo a O° Te ae aero) 
Ue ger? i x Me i al 1 t 
Th dx = |e?* 1 ; 
us, [ (+22)? e Gj =) eG 3) G 0) 8° 4 


0 
n/3 ./ 
48. / sand igre / 


"8 ied ay [771 
ja sin 20 ja 2sin@cosé i 


n/4 Mia 2\ cos 
/3 


n/3 
=| 5 (tan)? sec? @d0 = [Vian d | ; =V/vV3-V1= ¥3-1 
n/4 T/A 


2 
49. Let u = Ve® — 4, so that e* = u? + 4 and 2udu=e* dx = (uw? +4)dx © ay ts = de. Thus, 


1 1 2u 1 1 -1f/u 41 et —4 
dz = | —- du =2 du = 2( 5 tan*() =t — , 
i: ju fi wyatt fz U (5 an (5 )+e an ( 5 )+e 


50. Let y = /1+ 2”, so that y? = 1+? and2ydy=2rdx => dxr= = dy. Thus, 
x 


du = dy, v = —cosy 


J csin(/1 +2?) dx = f ysiny dy Bry oaieaaee| 


= —ycosy + f cosy dy = —ycosy+siny+C 
=-vVl+2?%cosV1+a2+sinVl+2?2?+C 
t 


lo) 1 t 1 t 1 
51. ——, dx = lim ——— dx = lim 1(27 +1) 3 2dr = lim | -————— 
[ (2+ 1)% tooo J, (24+ 1)8 too Jy 2 ) too | 4(2x +1)? 


re (ees 1 os eae 
Aro l(t+1? 9 4\° 9) 36 


~~ Inge ‘ ‘Ing u=Ina, dv=da/x', 
52. i er lim —z dx F 


1 


u=dx/x v=—1/(3a") 


peak (oe cae ft ae ate, (pi ih ae fst (eal 
tocol 303], Jy 304 ~ tool  3t8 9x3 |,} tol 9t3 [943 9 


T 
5 


I 
j=) 
+ 
j=) 
+ 

IR 
I 
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n/3 ; —1/2 
5 (sin 0)~1/? (cos 0)~*/? do = i : (35) (cos 0) ?d0 
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ss. [ de ee = [ S =Inlu) +c =Injinz| +, s0 
U 


zing |du=da/x 


co t t 
| a lim | a im [in |In x| = lim [In(Int) — In(In 2)] = oo, so the integral is divergent. 
2 «ne tof, clnx too 2 t-00 


54. Let u = \/y — 2. Then y = u? + 2 and dy = 2udu, so 


2 
4s = (ot Pade 2 fu? +2) du = 2[du? +20] + 


6 6 6 

¥y 4: ¥y _ 4: 2 3/2 
Thus, dy= 1 dj= 1 [3 29 def =] 
ws, [ Te ad Jim, f yee Racers dh ae a 


= lim [2 +8- 2(¢-2)9? -4 yi] = #. 


to2T 


4 4 4 
ss. | Te lim ase lim [2VzIne—4Ve] 
ive oe. ye aoe 


= lim [(2-2n4—4-2)— (2vtInt—4v‘¢)] = (4In4— 8) —- (0-0) =4In4-8 


t—0T 
(x) Let wu = Ing, dv = i dz => ie ae v = 2,/x. Then 
° fe ae ’ = 
1 d 
ae de =2.J/elne—2 & =2Velnzr—4Ve4C0 
x Va 
3 : 2intu.. 2/t , 
om Fee Ca ed a ae I a a 


56. Note that f(x) = 1/(2 — 3z) has an infinite discontinuity at x = 2. Now 


2/3 4 t 4 t 
/ dzx= lim dx= lim 3 In|2 3 =-; lim [in |2 — 3¢| — ng] = 00 
9 2-32 t(2/3)- Jo 2-32 t— (2/3) ) t—(2/3)— 


dx. 


2/8 4 1 
Since i} dx diverges, so does / 
0 0 


2-32 2-32 


tase 1 1 1 
57. i Dal lim i) (=- sz) ae = lim | (a? —a2-/?)\de = lim [32% - 221/?| 
: ‘ 


Va t304 Va Va tot J; t30+ t 
= i; 2 2 43/2 1/2 = 4 a 4 
= im (3 - 2) — (30 — 2/2)| =-$-0=-§ 
1 1 0 1 
dx dx dx dx 
8.2= / ———=/ ———=] ———_ —~"_ =h+h.N 
ea is, eed, 7) aan 


1 -)  aB 


=> 1=A(x—-2)+ Bz. Set x = 2to get 1 = 2B, s0 B = 3. Set x = 0 to get 1 = —2A, 
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ty] 1 
_ 4: ao} 2 _ zy: 1 1 a 5 
Iz = lim ( +545) a jim [3 n|2| + 5 In|x—2\], = lim [(0+ 0) — (—5 Int + $In|t — 2))] 


toot Jy x oF 


= —i)ln2+4 lim Int =-oo. 
2 2 0+ 


Since Iz diverges, I is divergent. 


59. Let u = 2a + 1. Then 
a dx -{" iw aif du f° du 
99 407 +4r+5 f_.u2+4 7f/_.u?+4 727 J, w+4 
1 1 Ld 1 1 -1/1 t 1 us lfz n 
= 3 lim [5 tan™'(3u)], + 3 lim [3 tan”"(5u)), = 2[0- (-5)] +215 -9] =7 
ot -1 t t -1 
60. | oe * dx = jim | oe * dex. Integrate by parts: 
= -1 -1 
tan © ay — — tan xe, fi de _—tan ae 1 x EE 
2%? x c1+a? x x «“2+1 
—tan7!« 1 2 —tan ae oh x 
= = +In|2|-— sina +1)4+C aes Game 
Thus, 
tant pee en tan) 4 1 in a y* lim tan-'t 1 in ? _7 1 a 1 
1) @ ~ t00 x 2 2 +1}, to t 2° @+1'°4 2 
=0+4m1+7+im2=7+4+iMm2 
61. We first make the substitution t = x + 1, so In(a? + 2% + 2) = In|[(a + 1)? + t= In(t? + 1). Then we use parts 
with wu = In(t? + 1), du = dt: 
t(2t) dt 2 t? dt 2 1 
In(é? + 1) dt =¢ In(¢? +1) - =t In(t?+1)-2 =tIn(t?+1)-2 / (1- =~ }dt 
[ox se) ey) icon me) ares ice 2+1 
= t In(t? +1) — 2t+ 2arctant+C 
= (a +1) In(a? + 22 + 2) — 2a + 2arctan(x + 1) + K, where K =C —2 
[Alternatively, we could have integrated by parts immediately with 4 
u = In(a? + 2a 4+ 2).] Notice from the graph that f = 0 where F has a L 
horizontal tangent. Also, F’ is always increasing, and f > 0. 
4 
=2) 
62. Let u = 2? +1. Then x? = u— and xdz = 3 du, so 4 


Fe 


= $ (30? = 2ut/2) +C = 3 (2? +199? — (2? +137 +C 


= 3 (0? +1)? [(2? +1) - 3] 40 =i Ve FI? -2) 40 = 
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63. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


From the graph, it seems as though f. fs cos” 


To evaluate the integral, we write the integral as 
l= (a cos’x (1 — cos?x) sina da andletu = cosa => 


du = — sina dx. Thus, I = fiw (1 — u?)(—du) = 0. 


x sin®x dx is equal to 0. 


0.2 


—0.2 


64. (a) To evaluate [ xe *” dx by hand, we would integrate by parts repeatedly, always taking dv = e~” and starting with 


u = x”. Each time we would reduce the degree of the x-factor by 1. 


(b) To evaluate the integral using tables, we would use Formula 97 (which is (d) l 


proved using integration by parts) until the exponent of x was reduced to 1, 


and then we would use Formula 96. 


(c) f x°e~?” da = —2e~?* (4° + 102* + 2027 + 30x? + 30a + 


5 fe ae = Oe 1 | 


du = 2dxz 


2 


—1.2 


15) +C 


= | VHF (S du) 


8 (gvP=F -F nlut vie=F) +C = tuVit—4 —Inlu+ Var —4|+C 


= 5 (2x — 1) V4a? — 4 — 3 — In [22-1 


= —tcott csc*t — 2 csct cott + 2 In|csct — cot t| + 


. Let u = sin, so that du = cos x dx. Then 


4x? — 4x 3| + C 


: f csc?t dt a —tcott csc*t + 3 f csc®t dt - —Fcott esc?t + 3(-$ csct cott + 3 In|csct — cot t|| +C 


2 


C 


92 


[cos 4+ sine dx = [ J +u? du = = VP Eee 5 In(u t of2? + u?) +C 


= 5 sina V44+sin?2 + 2In(sine + 4+ sin"a ) +C 


. Let u = sin x. Then du = cos x dz, so 


ll 
— 
a 
iw} 
| 
oO 
So 
| 
ra 
~ 
iw} 
i 
JR 


if cot x dx =| amine» |VI4 ou — 1 V1 <t]4e=1 nf eee tc 
V1+2sinz uV/1+ 2u Se V1+2sinr+4+1 
SOx eanl aw —sin“'(=) +c ve aks a ee re 

du uU a u2 Ja? — u2 J1 — w/a? a 


(b) Letu=asin@ => du=acos6d6,a* —u* =a? (1 sin?0) = a’ cos*6. 


a2 sin? 


‘| Vaz — wv a a” cos? ao = [ 1— sin?6 
Ue 


2_ a2 
esa ee 
u a 


ao = [ (esc*6 1)d9 = —cot@-04+C 
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70. Work backward, and use integration by parts with U = u~("~) and dV = (a+ bu)~1/? du => 


dU = 2 = A)de and V = - Va -+ bu, to get 
—_ = f va = UV — en 
ur—1 J/a + bu b un 
_ 2Vatbu | 2An—-1) f _atbu _ 
bur} b u® Jat Fay area 
_ 2Va+ bu 2(n—1) du es 2a(n — 1) du 
byt u-1 Ja + bu b ur Ja+ bu 
Rearranging the equation gives za} di oe (2n — 3) du 
a ee b J wVarbu bt wl Jat bu 
du —  —vVa+ bu b(2n — 3) / du 
u” Jat bu a(n — 1)ur-1 2a(n — 1) ul /a + bu 


M1: For n > 0, f, 2” dx = jim, [a(n + ]6 =oo. Forn <0, fo° 2” dx = iG a” da + f° x” dx. Both integrals are 


improper. By (7.8.2), the second integral diverges if —1 < n < 0. By Exercise 7.8.69, the first integral diverges ifn < —1. 


Thus, [5° «” dx is divergent for all values of n. 


oo 3 99 with ee t 
72. [= i e* cosa dz = lim e coscdxz "= lim s (acosx + sin x) 
0 t—o0o 0 too }ae+t 1 0 
ew 1 1 . 
= Jim, E 4 (acost + sin t) Li (| are jim [e*’ (acost + sint) — al]. 
For a > 0, the limit does not exist due to oscillation. For a < 0, jim [e* *(acost +sin t)| = 0 by the Squeeze Theorem, 
1 
because |e“’(acost + sin t)| <e™(\a| +1), sol = rarer a) a 


1 b-a 4—2 1 
73. f(a) = na? 10 


(a) Tio = sty{f(2) + 2[f (2.2) + f(2.4) +--+ + f(3.8)] + f(4)} 1.925444 


(b) Mio = #[f (2.1) + f(2.3) + f(2.5) +--+ + f(3.9)] © 1.920915 


(c) Sio = s+g[f(2) + 4f (2.2) + 2f(2.4) +--+ + 2f (3.6) + 4f(3.8) + f(4)] & 1.922470 


b-a 4-1 3 
10 10 
(a) Tio = apa tf(1) + 2[f (1-3) + (1-6) +--+ + £(3.7)] + f(4)} © —2.835151 


(b) Mio = 3 [f (1.15) + f(1.45) + (1.75) +--+» + f(3.85)] & —2.856809 


74. f(x) = Vacosa, Ax 


(c) Sio = eglf(1) + 4f (1.3) + 2f(1.6) +--- + 2f(3.4) + 4f(3.7) + f(4)] » —2.849672 


in 2+Inaz 2 1 
= = + ——__._ Note that each t f 
Pe) x?(Inz)? =x? (Ina) x x? (Ina)? SSN eee 
K(b—a)* _ 2.022(4 — 2)8 
12n2 SS «12.(10)? 


Bf@)=—5 > f@=-yap 


f’ (a) decreases on [2, 4], so we'll take K = f’"(2) 2.022. |Er| < = 0.01348 and 
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K(b—a)? 2.022(8) 1 » . 10°(2.022)(8) 
Ey| < ———~ = 0.00674. |Er| < 0.00001 eae ana aie ALE > 367.2. 
|Eu| S$ S75 0.00674. |E7r| < 0.0000 ee Sage ee oe => n> 367 
5 
Take n = 368 for Tn. |Eu|< 0.00001 = n?> aGr 2 )8) => n> 259.6. Take n = 260 for My. 


24 


76. a < GES Gv Uf(1) + 4f (1.5) + 2f(2) + 4f(2.5) + 2f(3) + 4f(3.5) + f(4)] © 17.739438 


7. At = (32 —0)/10= %. 
Distance traveled = he vdt ~ Sio 
= a3 [40 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56] 


0-3 
= tay (1544) = 8.57 mi 


78. We use Simpson’s Rule with n = 6 and At = a =4: 


Increase in bee population = f, ne r(t) dt © S¢ 
= $[r(0) + 4r(4) + 2r(8) + 4r(12) + 2r(16) + 47 (20) + r(24)] 
= 4[0 + 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0] 
= 4(60,800) ~ 81,067 bees 
79. (a) f(x) = sin(sinx). A CAS gives 4 


f® (x) = sin(sin x)[cos* x + 7 cos? x — 3] 


+ cos(sin x) [6 cos? x sin x + sin x] 0 Qn 
From the graph, we see that Fics (x)| < 3.8 for x € [0,7]. 
(b) We use Simpson’s Rule with f(a) = sin(sinx) and Ax = #5: 
So f(a) dx = 25 [f(0) + 4f (4) + 2F (35) +--+ 4F(S3) + f(x] © 1.786721 


From part (a), we know that (x) < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8, and estimate the error 


3.8(7 — 0)° 
E ————— 0. 46. 
as |E's| < T80(10)4 0.000646 
3.87° 
(c) If we want the error to be less than 0.00001, we must have |E’s| < Te0nt < 0.00001, 
4 3.87° . . F 
son = 646,041.66 = n> 28.35. Since n must be even for Simpson’s Rule, we must have n > 30 


a 
= 180(0.00001) 


to ensure the desired accuracy. 


80. With an x-axis in the normal position, at x = 7 we have C' = 2ar = 45 r(7) = 2. 


Using Simpson’s Rule with n = 4 and Ax = 7, we have 


V = [3° r[r(a))? da © Sa = £[0 + 4m ($2)? + 2m (2)? + 4m (42)? +0] = F(2S8) ~ 4051 em’ 
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82. 


83. 


84. 


85. 


86. 


2+ sinz 


On 7h 


1 1 


eae Ge 


ra 1 
f) V1+ a4 


The desired area is 


CHAPTER? REVIEW 799 
1 : Pe I ot a : 1 2+ sine 
> — for x in [1, 00). / —= dz is divergent by (7.8.2) with p = — < 1. Therefore, ———-dzi 
1 Vo 2 1 Va 
divergent by the Comparison Theorem. 
1 , een ‘ 2 
— for x in [1, 00). —z dx is convergent by (7.8.2) with p = 2 > 1. Therefore, 
i 22 
dx is convergent by the Comparison Theorem. 
The line y = 3 intersects the hyperbola y? — x? = 1 at two points on its upper branch, namely (-2 V2, 3) and (2 V2, 3). 
2V2 


A= [ (s- VF) ae=2 f° (3 VFA) de 22] se ~ be VIPAT $in(0 + ory) 
; 0 


2/2 


= [6x — 2 Va? #1 — n(x + Va? F1)]2”? = 12. V2 — 2 V2-3 — n(2-V2- +3) = 6V2 — In(3 +2 V2) 


Another method: A = 2 [? y? — 1 dy and use Formula 39. 
1 


For x in [0, Z|, 0 < cos?x < cos. For x in [ 


T 


zon, cosz < 0 < cos”. Thus, 


area = fe? (cosa —cos*x) dx + Lae (cos?a — cos a) dx 


= [sin x — Ly — 1 sin 20] 7/? + [$2 + 7 sin 2 — sina]” — [(a- t) —0] + [= — (4 -1)] = 2 


2 


1 
The curves y = 


4 


2Q4Vz 


/2 


1 1 
> 


2-Va° 24+Vz 


are defined for x > 0. For x > 0, . Thus, the required area is 


{ (oeatadee [eam bse) 22 Cates) 


4 2 2 
-2f 1— —-1+ du = 2|21n 
0 u—2 u+2 


Using the formula for disks, the volume is 


V= 


(oe a [f(x)]? dx = m fo’? (cos?x)? dx =n [7 [$(1 + cos 2x)]” dx 


$ ved + cos? 2x + 2cos2x) dx = = [1 + $(1 + cos 4x) + 2cos 2a] dx 


[fe #(dsinda) +24 sin22)]5/? = $[(5F + $-0+0) —0] = Sr? 


Using the formula for cylindrical shells, the volume is 


V= i Qna f(x) dx = Qn 7"? x cos?a dx = Qn fr’? 2[2(1 + cos 2a)| dx = 2($) rf? (a +2 cos 2x) dx 


0 


jes m/2  px/2 lo parts with u = x, 
+ [x(3 sin 2a) 5 9 3 sin2dsr dx) [em ee 


)=5 +4 1 1) = 3(n° — 4r) 
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87. By the Fundamental Theorem of Calculus, 


Io f@ac= Jim n fo f'(x) dx = lim [f(t) — f(0)] = lim f(t) — f(0) =0—- f(0) = —f(0). 


t—co t—-0o 


t 
88. (a) (tan~* x)ave = lim = tant edz 2 jim \ [x tan} ¢ — 4 In(1 + “yt 
tooo tf — 0 co 
ee 1 —1 2 _ 4: -1 In(1 +t?) 
= Jim. E (¢ tan-*t- 4n(1+t | - jim. tn t aE 
2 
H™ yy 2H/A+t') age 
2 t—-0o 2 2 


(b) f(x) > Oand f° f(a) dx is divergent > jim ce f(x) dx = co 


fie = jim, Sa F(x) de ie 2 lim i [by FTC1] = lim f(z), if this limit exists. 


too 


(c) Suppose f° f(a) dx converges; that is, jim ie f(x) dx = L < oo. Then 


é 1 : 
fou = fim [> [ 1) eel = fim zm [sede 0-b = 


t Saad. 
(d) (sinz), = jim ; sina dz = lim (F [- cos: = lim ( COU + *) = lim : est =0 


ave eas 6 t—00 t—00 t t 


89. Letu = 1/a z=t1/u da (1/u?) du. 


* Ing ° In (1/u) du ° Inu ° Inu * Inu 
dx = d du=-f 
| ita? [oe u2 fa uy Lm . [ 1+u? 


Therefore, / Be dz = / ne dx = 0. 
o 1+2? 9 1+2? 


90. If the distance between P and the point charge is d, then the potential V at P is 


VR) Paka) 2 ae ee a 
TP en oo AMEOr? too ATreg r Ateg to aot 4réeod 


t 
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By symmetry, the problem can be reduced to finding the line x = c such that the shaded area is one-third of the area of the 


quarter-circle. An equation of the semicircle is y = 49 — x2, so we require that ie V49 — x2 dx = z . in (7)? 


[se V49— 2? +2 sin~*(a/7)]5 = 87 [by Formula30] = $cV49— 24 Bsin '(c/7) = Br. 
This equation would be difficult to solve exactly, so we plot the left-hand side as a function of c, and find that the equation 


holds for c & 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the pizza. 


i dz = Ge = a dz = : du eee 
fj al-a x(a® — 1) x®(x6 — 1) 6 J u(u—1) du = 6x° dx 


1 1 1 1 
L(G ) du g (in lu 1] —In|u|) +C 


av —1 
76 


J+c 


Alternate method: 


1 ge? u=1—2-°, 
/zae-[ sae Kone 


=f duju 4 In|u| + C = 4In{1 x °| tC 


Other methods: Substitute u = x° or x? = sec 0. 


. The given integral represents the difference of the shaded areas, which appears to 


be 0. It can be calculated by integrating with respect to either x or y, so we find x 


in terms of y for each curve: y = </1 — 27 x= V/1—y3 and 


y= V1-23 x= */1—y7, so 
ee yi — 4/1 v) dy = fy (VI— a - V1— a7 ) dx. But this 
equation is of the form z = —z. So hs (v1 a’ — VY1—2?) dr =0. 
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4. First note that since f is increasing, it is one-to-one and hence has an yf Fy) dy 
1 
inverse. Now | 
1 i pe 
So f@+f ‘a )da = f> f( gyda |, of 
_ 4 1 p-1 f 
= Io fla) de + fo Fw) ay —— fifayar 

=1 

0 x 


The last equality is true because, viewing f—1 as a function of y and using the interpretation of the integral as the area under a 


graph, we see from the figure that the integral gives the area of the unit square, which is 1. 


" f(@) : o+ fF Loy 
5 [= —— dr = =h4+I 
Lz, d+ a® ee ec 
Using the substitution u = —x, du = —dz to evaluate J; gives 
0 0 
IB) Pies f(-u 
“hee z fe Pak a a 
= - f(u) : du [since f(a) is even] 
Jo l+a% 


m 1 
= [ f(u) 1 os _ du [using the provided hint] 


vee wed 


" fu) — 
Thus, t= + t= ([" Alu) du) + = dz = RC 
o i+a" 0 
6. The area of each circle is 7(1)” = 7. By symmetry, the area of the aT (! 8) 
p(ix3 
union of the two disks is A = 7+ 7 —4I. Je aS 
I= ts V1 — «x? dx 
a0 [= Vl—-a?+ 3 sin~*(#)] i [or substitute x = sin 0] Q 1 2 - 
x: T 1V3 , 12 r V3 r us v3 24 y2=] -1P+y?=1 
= (0+) - (4:2 +44) =3 = gS 6 = oR ae a 


ie) 


Thus, A= 2n —4(% — 8) =n - 2 4 B= 4 


Alternate solution (no calculus): The area of the sector, with central angle at the origin, containing J is 


4r70= $(1)?(Z) = <. The area of the triangle with hypotenuse OP is (3) (4) =. 


Thus, the area of I is | — 4, as calculated above. 
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7. The area A of the remaining part of the circle is given by 


A=ar=a f (Verma - 2 Vara) av =a(1- 2) [ Va? — x2 dx 
0 0 


4 ; “ 
2 ~(a—b) pve we sin’! :| (a, 0) 


a a 


RY 


e+y=e oP 


which is the area of an ellipse with semiaxes a and a — b. 


Alternate solution: Subtracting the area of the ellipse from the area of the circle gives us ta” — tab = wa (a — b) 


as calculated above. (The formula for the area of an ellipse was derived in Example 2 in Section 7.3.) 


8. (a) The tangent to the curve y = f(x) at x = xo has the equation y — f(xo) = f’(xo)(a — Xo). The y-intercept 


of this tangent line is f(xo) — f'(xo)xo. Thus, L is the distance from the point (0, f (ao) — f’(xo)x0) to 


the point (0, f (ao)); that is, L? = a3 + [f’(xo)]° 2%, so [f’(ao)]? = E ) and f’(xo) = — 


for0 < 20 < L. 


ey 2 ye 
(ie ee ae y= | (-=* ) ae 
dx x x 
Let x = Lsin@. Then dx = Lcos@ dé and 
—Lcos0@ Lcos6 dé sin? 6—1 Dy 
ya fat fp =e f (ein — ese) 9 x 2_ x2 
+C 


J/T2~ £2 
= —Lcos6 — L1n|csc 6 — cot 6| + C = —V L? — x? bin( 2-4 a) 


= Dua 
When « = L, y = 0, and 0 = —0— L1n(1—0)+C, so C = 0. Therefore, y = —/L? — x? -bn(2-¥ =), 
x 


9. Recall that cos A cos B = 4[cos(A + B) + cos(A — B)]. So 


f(a) = JF cost cos(x — t) dt = 5 fy [cos(t ++ x — t) + cos(t — x +t)] dt = 5 ft 


cos x + cos(2t — x)] dt 


[tcosa + 5 sin(2t — =). = Zcosx + ¢sin(2mx — x) — + sin(—2) 


NI 


= Zcosx + 4 sin(—x) — 4 sin(—x) = $ cosx 


The minimum of cos x on this domain is —1, so the minimum value of f(x) is f(a) = 


a 


10. 7 is a positive integer, so 


f(na)” dz = x(Inz)” — fx-n(Inz)”* (dx/x) [by parts] = x(Inx)” —n f(Ina)"—* dx 


Thus, Jo dna)” dx = jim, f7(nz)" dx = jim, [x(Inx)"} — n lim £ (Inx)"~* dx 
n 1 if, 
lim (a) nf (Ina)”~* dx = -n [ (Ina)”~* dx 
too+ = 1/t 0 0 


by repeated application of l’Hospital’s Rule. We want to prove that fi s (In x)” dx = (—1)"n! for every positive integer n. For 
[continued] 
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n = 1, we have 


Jo (na)? dx = (-1) f (Ina)? dx = -f> dx = —1 or ile: Inadx = lim [vlna = a]; ==] 


t—0 


Assuming that the formula holds for n, we find that 
fo (nz)"}* de = —(n +1) fo (Inz)” de = —(n + 1)(-1)" n! = (-1)" (n+ 1)! 


This is the formula for n + 1. Thus, the formula holds for all positive integers n by induction. 


In accordance with the hint, we let J, = ft i (1- x?) dx, and we find an expression for J;,41 in terms of [;,. We integrate 


I,41 by parts with uw = (1—a?)**? => du=(k+1)(1—27)*(—-2z2), dv = dx v = a, and then split the 
remaining integral into identifiable quantities: 


Tega = o(1 — 0?)*44|) 4 2(k +1) 0 021 — 2?) de = (2k +2) fO(1 — 27)" — (1 — 2) dr 
= (2k + 2)(Ie — In41) 


2k +2 
So Ip41[1 + (2k + 2)] = (244+ 2)Kk Iku = 51 aL glk Now to complete the proof, we use induction: 
2°(0!)? : 
Ip =1= ar 8° the formula holds for n = 0. Now suppose it holds for n = k. Then 


— 2(k+1)2?*(k1)? — W(k+1) 2(k +1)2?*(k!)? 


Tyg = =e = 


2k+2 2k+2 es 


2k +3 2k+3|(Qk+D!| (Qk+3)Qk+1! Ww+2 (k+3)2Qk+1)! 
_ 2+ PF 27*(R? PD [+ NY? 
(2k + 3)(2k + 2)(2k +1)! [2(k+1) +1)! 


So by induction, the formula holds for all integers n > 0. 


(a) Since —1 < sin < 1, we have —f(x) < f(x) sinna < f(a), and 8 
the graph of y = f(x) sin nz oscillates between f(x) and —f(x). f ae 
(The diagram shows the case f(x) = e? andn = 10.) Asn > ~, 2 2 
the graph oscillates more and more frequently; see the graphs in -f 
part (b). 3 


(b) From the graphs of the integrand, it seems that jim fi i f(x) sinna dx = 0, since as n increases, the integrand oscillates 


more and more rapidly, and thus (since f’ is continuous) it makes sense that the areas above the x-axis and below it during 


each oscillation approach equality. 


n= 100 n = 200 
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(c) We integrate by parts with u = f(x) du = f'(x)dz,dv=sinnrdr > v=— a 
1 1 1 1 
/ f(x) sinna dx LE) Gs “) if oe f' (2) dx = s (/ cos na f' (x) da — [ f(x) cosna] :) 
0 it o0 Jo n \Jo 


= 2 [ff cosmaf'(2) de + f(0) ~ f(1) cos] 


Taking absolute values of the first and last terms in this equality, and using the facts that |a + | < Ja] + |6], 


Jo f(a) de < f> |F(x)| dx, |f(0)| = f(0) Lf is positive], |f’(x)| < M for 0 < x < 1,and |cosna| < 1, 


[Jo (x) sinnade| < 2{] ff Meda] + |f(0)| + 1F)I] = 2M + FOI + LF) 
which approaches 0 as n — oo. The result follows by the Squeeze Theorem. 


13. 0<a<_b. Now 


a [ba + a(1 — x)" a= [ a du [w=br+a(l1—a2)] = uae | - Sa : 
7 a (b-a) (t+1)(b—-a)}, (t+1)(b-a) 
peti _ giti 1 pit) — git 

Now let y = lim oa . Then Iny = lim E In aan . This limit is of the form 0/0, 

so we can apply I’Hospital’s Rule to get 

ears a 1 _ blnb—alna 1 blnb- alna inesix pe/(b—a) 

0 bit1 — gtt1 t+1 b—a b-a b-a eaa/(b—a) 
4° 1/(b-a) 

Therefore, y = e~! (=) 

14, 1.2 From the graph, it appears that the area under the graph of f(a) = sin(e”) on the 


3 integral as I = 1 f(a) dz = Has f(x) dx — i f (a) dx, and use FTC! to find 


| | | interval [t,t + 1] is greatest when t % —0.2. To find the exact value, we write the 
i 


dI/dt = f(t+1)-f®= sin(e‘t") — sin(e") = 0 when sin(e‘t") = sin(e’). 


Now we have sin x = sin y whenever x — y = 2k7 and also whenever « and y are the same distance from (k + 3) k any 
integer, since sin x is symmetric about the line « = (k + 3). The first possibility is the more obvious one, but if we calculate 
i 


e'*1 _ ef = Qkr, we get t = In(2k/(e — 1)), which is about 1.3 for k = 1 (the least possible value of k). From the graph, 


this looks unlikely to give the maximum we are looking for. So instead we set ett — (k + $)m = (k + $)m -e 


t4 


etlte'=(2k4+1)r & e(e+1)=(2k4+1)r & t=In((2k+1)r/(e+1)).Nowk=0 = 


t = In(a/(e+ 1)) © —0.16853, which does give the maximum value, as we have seen from the graph of f. 


8 5 5 
45. Write I = | —~—— de = | «?- —* — dz. Integrate by parts with u = «3, du = —" ___ dx. Then 
(1+ 2°)? (1+ 2°)? (1+ 2°)? 
1 x? 1 x 
= 2 : oy Ss ° 
du = 32° dx, v 6 +25) I 6 425) + 5 / i+ a8 dx. Substitute ¢ = x” in this latter 
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2 
integral. / “dx = s/o = Dea t+C= z tan" (2") + C. Therefore 


1+ 26 3/ 14+? 8 
I e + sere Cape) Returning to the improper integral 
6 +25) ' 6 . ie 
oo xt 2 t 78 3 1 oe t 
dx = li ay dx = | —-———~ + =tan™ 
iB (rs) wo ef, Fay | satay Tai © I 


‘ e gh as tet 
= jim, ( Batt) * g tan + sarap g tan (-1) 


—— = 2u u= Vtan a, u? = tang 
16. / fangae = f u( 74 au) Cae x dz, ites aa 
Factoring the denominator, we get 
ut +1 = ut + 2u? 41 Qu? = (uw? +1)? — (V2u)” — (u? + V2ut1)(u? - V2u4+1). So 


Qu? Au +B Cu+D 
w+1 oy24+V2utl1 w—-V2Qu+l 


Equating coefficients of powers of u, we get A+ C = 0 (u®), B— V2A4+D4 V2C =2 (u’), 


Qu? = (Au+ B)(u? — /2u+1) + (Cut D)(w? + V2u+1). 


A-V2B4+C+4+V2D=0 (u), B+ D =0 (constants). Substituting —A for C and —B for D in the u-equation leads to 


B = Oand D = 0, and then substituting those values in the u*-equation gives us. A = —1/\/2 and C = 1//2. Thus, 


[a du=—, f uU ee: 5/ u ie 
u4 +1 J2 Mee V2) uw—-V2ut+l 
(Qu — /2 +12 Gas ietie 
aie Ree du 
= af er V2 Qutl 
a Qu — J/2 du +3 du Qu + J/2 duts f du 
=s55 uz2—J/2u+l1 uz — yore ts ae ne uz+/2u+1 2/ w+/2utl 


2 ut _l du nilu U ae au 
pr a ATA mane ae) a eexriaee 


~ yy wavutt tt au 1 et | 
“35. w+Vaut1 | 21/2" STi +i 1//2 v 


V2, tane—V2tanz+1 v2 “4 J2 sd 
= 24 [yp OO tan (2 tan — 1) + tan (V2tanz +1) +C 
4 tanga+vV2tanx+1 2 ( ) 9 ( ) 


17. An equation of the circle with center (0, c) and radius 1 is x + (y — c)? = 17, so 


an equation of the lower semicircle is y = c— V1 — x?. At the points of tangency, 


the slopes of the line and semicircle must be equal. For x > 0, we must have 


’ x 2 2 
oS 2S g=2V71- 22 x = 4(1—2*) 
V1— «a? 


5a2 = 4 x 2 x 2/5 and so y = 2(2V/5) = V5. 


[continued] 
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The slope of the perpendicular line segment is — 3, so an equation of the line segment is y — 4/5 = —4 (a = 2/5) S 


y= —he + eV5+ 2/5 S&S y= —he + /5, soc = V5 and an equation of the lower semicircle is y = /5 — V1 — 2?. 
Thus, the shaded area is 
(2/5)V5 


(2/5) V5 re | r 1 
2f (v5 1 2 ) 2a| de = 2 V5a— 5V1— 2? — Ssin”' 2-2” 
0 L 


| 
=2[2— 8. 5 - 3 smt(F) - 4] -20 
2 


BO v5 
=2)/1- be ee) (=)| =2- sin(=) 
ae 5 5 
du dv a 2 
18. @Ma ub = —Mg (Mo — bt) dt ub — (Mo — bt)g di Mo — bt g 


v(t) = —uln(Mo — bt) — gt + C. Now 0 = v(0) = —uln Mo + C, so C = uln Mo. Thus 


Mo 
4 = ae Bi — gt. 
v(t) = uln Mo — uln(Mo — bt) — gt = uln a 
(b) Burnout velocity = o( 2) =uln Mo — Ma eT = I=; =ul a ~ oo 


Note: The reason for the term “burnout velocity” is that 1/2 kilograms of fuel is used in M2 /b seconds, so v(Mz2/b) is the 


rocket’s velocity when the fuel is used up. 


(c) Height at burnout time = u(*2). Now “y = v(t) = uln Mo — gt — uln(Mo — dt), so 
gt? ou : u 
y(t) = (uln Mo)t — Sherr (Mo — bt) In(Mo — bt) + ut + C. Since 0 = y(0) = 7 Mo In Mo + C, we get 


2 
C= — Mo In Mo and y(t) = u(1 +n Mo)t — e + : (Mo — bt) In(Mo — bt) — 5 Mo In Mo. 


Therefore, the height at burnout is 


M2 = M2 g ( M2 Fy U 
o( =) = u(1 + In Mo) 7 at P ) + pi nM 7 Mo In Mo 


2 2 
U U u g {Mo uU U M, gf Me 
= $M) — Mi lnMo +2 MiinM, —2£(—2) = 5a. +2Mjm— -—2( = 

ee ee a ae (3) pe i (3) 


[In the calculation of y(M2/b), repeated use was made of the relation Mo = Mi + Mz. In particular, 


t = Mo/b Mo — bt = Mi] 


(d) The formula for y(¢) in part (c) holds while there is still fuel. Once the fuel is used up, gravity is the only force 


dv dv 
dt dt 


v(t) = o( 2) ~ (1-22) => ut) =o( 42) (1-2) - 2(e- BY 400, where o = u(4?), 
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g v(t) gt + c1, where ci -»(%) + 


gM2 
b 


=> 


acting on the rocket. —Mig = M1 
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CHAPTER7 PROBLEMS PLUS 


2 
ont) 8) +0( 48) (AB) $Me 


: Me gt? u u 
To summarize: For0 <t < > y(t) = u(1 + In Mo)t — a + b (Mo — bt) In(Mo — bt) — 5Mo In Mo 
2 
[from part (c)], and for t > Me ,y(t) =y Ma Fu Ma t Me I(4 Me [from above]. 
b b b b 2 b 
y (*) and v (4) are given in parts (c) and (b), respectively. 
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8 
8.1 


1. 


2. 


10. 


11. 


~Y= Br 


L] FURTHER APPLICATIONS OF INTEGRATION 


Arc Length 


y=3-2¢ L=f?, /1+ (dy/day? dx = f?, J 2 d= 5% ie , = ¥5([3 — (-1)] = 4v5. 


The arc length can be calculated using the distance formula, since the curve is a line segment, so 


= [distance from (—1, 5) to (3, —3)] = \/[3 — (-D/? + (3 — 5)? = V80 = 4V5. 


at x 
dt /4-32” 


b= f y+ (2) arm fie; wn [ge [ i= 


= 2|sin- (3)] = 2(sin~* 1 — sin7 te 


The curve is one-quarter of a circle with radius 2, so the length of the are is (27 - 2) = mr. 


Using the arc length formula with y = //4 — x? we get 


y=? => dy/dr=32? => 1+ (dy/dx)? = 14 (3e)?. SoL = f° /1+ 927 de. 

~y=e => dy/dr=e* => 1+ (dy/dx)? =14 (e?)? =1+e?*. SoL= f? V1 + edz. 
~y=a-lIng => dy/dx=1-1/e = 1+ (dy/dx)? =1+(1-1/z)?. SoL = f* 1+ (1-1/2)? dx 
.c=yPty => da/dy=2y+1 > 14 (de/dy)? =14 (2y+1)?. SoL= JP /1+ (2y +1)? dy. 


.a=siny => dzx/dy=cosy > 14+ (dx/dy)? =1+ cos*y. SoL = fol? JT + costy dy. 


y? =Ina a=ev dx /dy = 2yev => 14(dx/dy)? =1+4+ Ay? e2¥” , So L= ies V1 4y2e2¥" dy. 


2973/2 > dy/de=a2/? > 14+ (dy/dx)? =1+2. So 


2 
= fo VIF ade = fo(. +2)'/? de = [2(1+2)9/) = 2(3°%/? — 19/2) = 3(aV8 — 1) = 2v3— 3. 


y=(e+4)? = dy/da = 3(a + 4)'/? => 14+ (dy/dx)? =1+ $(x+4). So 


4 
L= fo 1+ S(e+4)de = J (10+ 92)" de = [8 (10+ $2)°"| = (19°? — 10°), 


y=3(1 +27)3/? = dy/dx =22(14+27)/? => 1+ (dy/dx)? =1+4 40?(1+4 2”). So 
L= fy (/1+4e°( +2") de = [) Vict + 4a? Fda = f) \/Qn? +1)? de = ff) |2u? + 1| de 


= Jo (22? +I) de = [32° +2] = (3 +1) -0=§ 
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12. 36y? = (a? — 4)°, y>0 y= 4 (a? A)3i? dy/dx = 


1+ (dy/dx)? = 1+ $a7(a? — 4) = $a* — a? +1 = F(2* — 4a? + 4) = [3 (2? —2)]°. 


3 
x 1 dy 2 1 
13, y= + — ma — 
Be ae da” 4x? 
dy\? 1 : 
1+ (2) — MUnT a +5 apo opis So 


1+( ae 


fea aD sass US ene Oe ore 
3 ree ; : ; 4 3 8 24 


y 
14. ! 
a " Ay? dy 24% ~ 24 


= a —3\2 
+ (dx/dy)? =1+ gy°- 5 +ay° = aye t+3+ ay = (gy + ay). So 


AIK 
Ye 


L= fy (49 + 4y-8)? ay = fP (Sy* + 497°) dy = [4y* — ty? ]) = (2-4) 


dy  cos2a 


15. y = 4 In(sin 22) 


dy\? 
- cot2x => 14+ oo Ve 1+ cot? 2x = csc? 2x. So 
dx sin 2x7 dx 


x/6 x/6 7/6 pte u = 2 
L / Vesc? 2x dx =| |csc 2a| da =| esc 2¢ dx = 5/ csc udu a 
n/8 


n/8 n/8 n/A 


5 [In ese u—cot ul] = ; Im(= =) In(v2 | = ; [fn 5 —In(v2 — | 


16. y=In(cosx) = dy/dx=—tanz => 14 (dy/dx)? = 1+ tan?sx = sec?x. So 
L= 1 Vsec?x dx = ee secx da = [In|seca + tan «| ]*/° = In(2+ V3) —In(1+ 0) = n(2+ V3). 


17. y = In(secx) 


d t 7 
a pe EE ot 1+ dy =1+tan?x = sec?x. So 
dx sec x dx 


m/4 
L= i Vsec22 dx = a |sec x| dx = ae seca dr = [In |seca + tana | 
0 
= In(V2 +1) —In(1 + 0) = In(V2+ 1) 


18. c=e%+4e"% = da/dy=e’—te% = 


+ (da/dy)? =1+ (e¥ — Levy =14 (e7¥ 5+ wet) =e%+ e+e %= (e% + bev)’, So 
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9 
L= fo (su? + hy?) dy = 3[3y0? + 2987)” = 3(F 27 42-3) — (G-142-2)] 


=3(04- ) = 39) = 8. 


20.y=3+4cosh2x = dy/dr=sinh2c = 1+ (dy/dr)? =1+sinh?(2x) = cosh?(2z). So 


L= ie cosh? (22) )dx = > cosh 2a dx = [5 sinh 2c] 5 = + sinh2—0= 4 sinh 2. 


ine dx Q” 22 


dy \? De Dip sal ate ads ws SO 1 icy? 
1+(—) =1 el eee eee sear ee ee 
+(#) +(}2 2+ age) — 4” tat age (a7 on} °° 


21. y ze 


bef t+ ( 2) a= f° pet | de [LG rts) dx 
2x 
1, 1 3. hC«d1 
=|]= —] +—In2 In2 
Fe ev (1+ 5In2) (4+9) - gre 
dy 1— 2a 1 2 — 2a _ fl-a 


22. y= Ve —22 +sin ! (Vax = + — 
J ( ) dx 2 /a—a? We J/l—-xr 2eJ/l—-z x 


dy \” 1- 1 
1+ ( u) ee = = The curve has endpoints (0,0) and (1, 3), 


sol =f, /T/edx = lim fi! Tada = limo, [2 Vz]; = lim [2V1-2v#] =2-0=2. 


t—0 


dy 1 


2. 
23. y = In(1 — 2”) Aa an 2x) 
14 (% rae 4c? 1 — 2a? +a* +40? 14227 +4+a4 (1427)? 
dx a—2) (— 2) G2? ~(-2) 
2: 2\2 2 
\) + (4) = (4) = 2 =-1+ — [by division] 1-4 — + — [partial fractions]. 


1/2 
soL= | (+ p+ : ) de = [-2+ Int +a In|1 ale = 3+m3—In$)-0=In3 
0 


1+ l-« 


244.y=1l—e” = dy/dt=—(-e*)=e” 1+ (dy/dx)? =1+e7**. So 
2 e-? 
u= Vite* ade = f V1+u? (-2au) [u=e-*] 
0 1 
23 fine 7 
u 


—2 


e€ 
1+ | [or substitute u = tan 6] 
1 


ks Aa viet in| *¥?) 4 v2 


=In(l+ V1 +e) —Ine~? —- V1 +e-4 -In(1+ V2) + V2 
=In(1+ V1 +e) +2- V1 +e4-In(1+ V2) + v2 
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25. y = 


i 
2 


a => dy/de=x => 14 (dy/dx)? =1+27. So 


L= f?, Vita%de =2f) VIF a2 dx [bysymmenry] 7 2[2/I +2? + 4n(x+ VI+27)], [ se] 


x2 = tand 


= 2(4 v2+ $in(1+ v3) ~ (0+ Fm1)] = v3+Im(1 + v2) 


z= (y—4)/? [fore >0] => dx/dy = 3(y — 4)'/? => 


ae ey eee "ai (4d a =4[2 Ma) 
= ay y= uw (q du) du = dy = 9|3™ 13/4 


From the figure, the length of the curve is slightly larger than the hypotenuse 


27. 
28. 2 
r a2 
29. 2 
30. 


of the triangle formed by the points (1, 2), (1, 12), and (2, 12). This length 
is about 1/102 + 1? © 10, so we might estimate the length to be 10. 
y=rto => y=2r4+3e? > 14+(y’)? =14+ (e432). 


SoL = f? /1+ Qa + 3a”)? dx = 10.0556. 


From the figure, the length of the curve is slightly larger than the hypotenuse 


of the triangle formed by the points (1, 1), (3, 1), and (3, =). This length 
ae is about (4)? +(Z- i)? ~ 1.7, so we might estimate the length to 
a2 
‘ be 1.7. y=x+cosz y =1-sing 
2 


1+(y')? =1+(1—sinz)?. So 


L= fr? /1+ 0 —sinay? de © 1.7294. 


From the figure, the length of the curve is slightly larger than the line 


segment joining the points (1, 1) and (4,74 ). This length is 


(4-1)? + (W4- 1) = 3.057, so we might estimate the length of the 


curve to be 3.06. y= Vx = 21/3 y’ aq 72/8 > 


1+ (yy? =14 40-3. SoL = f4 4/14 da-4/3 da 3.0609. 


From the figure, the length of the curve is slightly larger than the line segment joining the 


points (0,0) and (1, tan 1). This length is ,/(1 — 0)? + (tan 1 — 0)? & 1.851, so we 
might estimate the length of the curve tobe 1.9. y=atanzx => 


y =asecr+tang => 14+(y')? =14 (xsec?’a + tanz)?. So 


L= ie, J1+ (xsec2a + tan x)? dx © 1.9799. 
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31. 0.4 From the figure, the length of the curve is slightly larger than the line segment 


joining the points (1, ge) and (2; Qe"). This length is 


J/ (2 — 1)? + (2e-2 — e-1)? & 1.0047, so we might estimate the length of the 


1 2 curve to be 1.005. y=ae* y’ ge "+e" => 
0.2 
1+(y')? =1+(e~* — ve~*). So 
L= f? /1+4 (e-* — we-*)? de = 1.0054. 
32. ve From the figure, the curve is slightly larger than the sum of the lengths of the 


ee line segments joining the points (—2, In 8) to (0, 1n 4), and (0, In 4) to (2, In8). 


These line segments each have length ,/(0 + 2)? + (In4 — In 8)? = 2.1167, 
so we might estimate the length of the curve to be 2(2.1167) = 4.2334 or 4.25. 
=2 2 
Ax? 
Cm 


2x 
ge? + 


4 
an | Ag? 
L= —— dx » 4.2726. 
So ie i Ge pay x 726 


33. y=asing => dy/dx=xcosx+(sinz)(1) => 1+ (dy/dx)? =1+ («cosa +sinx)?. Let 
f(w) = 1+ (dy/dxz)? = \/1+4+ (xcosxz +sinaz)?. Then L = je" f(z) dx. Since n = 10, Ax = 24=9 = 2. Now 
Le Sio = 7 [f(0) + 4F(§) + 2F (2) + 4F(F) + F(Z) + 4f(F) + 2%) 


+ 4f (EF) + 26 (AF) +46 (F) + F2n)] 
= 15.498085 


y=In(c2+4) > y= > 14(y)?=1+ 


The value of the integral produced by a calculator is 15.374568 (to six decimal places). 


34. y= e* = dy/dxz = ae | 2x) L= i, f(x) dx, where f(x) = V/1 4 4x2e~22?. 


Since n = 10, Ax 2-8 +. Now 


L& Sio = *A[f(0) + 4f (0.2) + 2f(0.4) + 4f (0.6) + 2f(0.8) + 4f(1) + 2f(1.2) 
+ Af (1.4) + 2f(1.6) + 4f (1.8) + f(2)] 


= 2.280559 
The value of the integral produced by a calculator is 2.280526 (to six decimal places). 


35. (a) Let f(z) =y=2 V/4—awithO<a2<4, 3 
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(b) The polygon with one side is just the line segment joining the 3 
points (0, f(0)) = (0,0) and (4, f(4)) = (4,0), and its 
length Ly = 4. 
The polygon with two sides joins the points (0, 0), 


(2, f(2)) = (2,2 72) and (4, 0). Its length / 4 


0 
Ly = (2-0)? + (2 ¥2— 0) + (4-2)? + (0-2 2) =2VEF BF 6.43 


Similarly, the inscribed polygon with four sides joins the points (0,0), (1, 73), (2,2 7/2), (3,3), and (4, 0), 


so its length 


La = 14 (YB) + 14 (2 92- BY + 14 (8-2 7) + VIF9~ 7.50 


(c) Using the arc length formula with ou = [$(4 — x)-*/9(—1)| + ¢#/4—a¢ = ———.. the length of the curve is 


3(4—a)2/3” 
4 2 4 2 
_ dy _ 12 —4x 
u= | y+ (4) a= f Pla a 


(d) According to a calculator, the length of the curve is L = 7.7988. The actual value is larger than any of the approximations 
in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the 


length of the curve between the two points. 


36. (a) Let f(x) = y=ax+sinz withO < x < 2r. Qa 


0 2a 


(b) The polygon with one side is just the line segment joining the points (0, f(0)) = (0,0) and (27, f(27)) = (27, 27), and 
its length is \/(27 — 0)? + (27 — 0)? = 2V27 8.9. 
The polygon with two sides joins the points (0,0), (7, f(a)) = (a, 7), and 2a 


(27, 27). Its length is 


V(r — 0)? + (xn — 0)? + (2 —)?4+ (20 — 7)? =VJV274+V20 


= 2/27 = 8.9 
Note from the diagram that the two approximations are the same because the sides 
of the two-sided polygon are in fact on the same line, since f(7) = 7 = 4 f (27). . - 
[continued] 
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39. 


40. 
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The four-sided polygon joins the points (0,0), (%, $ +1), (x, 7), (32, = — 1), and (27, 27), so its length is 


Va) ++ +(e) +G-1 + Vay + G- + VG + Gti 94 


(c) Using the are length formula with dy/dx = 1 + cos, the length of the curve is 


L= fo" /1+ (+ cosa)? dx = fo" /2+ 2cosa + cos? « dx 
(d) The calculator approximates the integral as 9.5076. The actual length is larger than the approximations in part (b). 


y=e" => dy/de=e? => 1+4+(dy/dxt)? > 14+" = 
2 e? 1 i 
= Qa = Pan ee MS ES 
b= | l+e a= f Vil+u (<a) | 


2 
/ 2/1 / 4a 
Ler tt =( 1+ e4 ieee a (v2 nit) 
1 


2 |vire In i 


= J1+e? —In(1+ VI +e?) +2-—V2+In(1+ v2) 


An equivalent answer from a CAS is 


—/2 + arctanh(/2/2) + Ve +1 — arctanh(1//e? +1). 


yaa"? => dy/dax = 42/8 => 1+ (dy/dx)? =1+ 82?/8 => 


— 4571/3 dy = 4972/3 d 
1 16 .2/3 _ 4/3 F 81,2 b= gr ,GuU= gx a) 
So fit Pah da = fo V1+u? Bu" du ak ee ee 
a — 4 


9,2 81 
igu du= gu du 


L 


= 8 [lu(1 + 2u)VT + — Lin(u+ VIF) ]07 = alsa 2), /2 - $In($ + =) 


= (4-9-3 -—$¢ln3) = Be —- 3 in3 & 14277586 


The astroid x?/* + y! 3 — 1 has an equal length of are in each quadrant. Thus, we can find the length of the curve in the first 


quadrant and then multiply by 4. The top half of the astroid has equation y = (1 — x?! ayer 2 Then 
2 
dy /da = —2~1/3(1 — 27/8)? => 14 (dy/dx)? =14+ j-2- "(1 - gy) =14477/3(1 — 97/9) = 2-7/8, 
1 
So the portion of the astroid in quadrant 1 has length L = A Va-2/3 dx = ee a3 dr = [g2?/"] tas 3 -0= 3. Thus, 
the astroid has length 4(3) = 6. 


(a) Graph of y? = x: - 


2 2 
(b) y= gle = 14 (+) =1+ (32-7) =1+ igi SoL= As 4/1 + eau—2/3 dx — [an improper integral]. 
4 Of 
3/2 dix \” 31/2)” 9 1 9 
g=y = 1+($) =1+ (3y"/?) =1+ 9y.SoL= fj 4/1+ gydy. 


1 
The second integral equals é . 2 l(a + 2y) sa =3 (2 wis 1) = WBVIB— 8 [continued] 
0 


27 8 
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The first integral can be evaluated as follows: 


Ew 9 Vatd w= 9027/9 
ye =i 
fi irr ter dom tm, fade im fae [Tee 


9t2/3 
vars 1 2 3/2 ne 1 3/2 3/2 13 V13 -— 8 
-[~% Sage gers : Tr an, 


(c) L = length of the arc of this curve from (—1, 1) to (8, 4) 


= fit fuavs [is Sven eee =a 


7 es . 8 Wo VB -1) = ve Se 


g \3" 
(1 + i) | [from part (b)] 


=> 1+4+(y’)? =1492. The arc length function with starting point Po(1, 2) is 


2 la + 9x)3/? — 10 vi0]. 


s(x) = f? VI + 9tdt = [Fa oz)°/?]" is 


1 


1 
42. (a) y= f(x) = In(sinz) y == cose cot x 1+(y')? =1+cot?2=cse? 2 => 


/1+ (y’)? = Vesc? x = |csc x|. Therefore, 
trav dt = fr, esctdt = [In Jeset — cos¢| |” 


n/2 


= In|cse x — cot z| — In|1 — 0| = In(cscx — cot x) 


(b) Note that s is increasing on (0, 7) and that 1 = 0 and x = 7 are vertical 2 


asymptotes for both f and s. 


The arc length function s(a) uses c = 1/2 as a starting point, so when 


x < 1/2, it gives a length of arc moving in the negative x direction. 


Thus, s(x) is negative when x < 7/2. 


1 tu 
4. y =sin-* a+ VJV1—2? pe Ss ge 8 


V1 — x? V1 — 2? V1— x? 


(l-—a)?  1l-a’4+1-22+2? 2-2 21-2) — 2 
1-2? 1— 4? l-a? (1+2)(1-2) 1l+2z 


V1+(y')? =4/ — Thus, the arc length function with starting point (0, 1) is given by 


1+(y’)? =1+ 


—— — V3 [2VIFE]; = 2V2(VTTe- 1). 


44, (a) s(x) = f” /1 + [f'()P dt and s(x) = fY V2t+5dt => 14+([f'())P?=3t+5 > [f'HP=3t+4 = 


f'(t) = V3t+4 [since f is increasing]. So f(t) = [(3¢+ 4)'/? dt = 2+ 3(3t+ 4)3/? 4+ C and since f has 


y-intercept 2, f(0) = 2-8+C and f(0) =2 C=2-48=2. Thus, f(t) = 2(3t + 4)*/? + 2 
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46. 


47. 


48. 
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(b) s(a =f J/3t + 5dt = ]3(3¢+5)°7] = 3 (8x +5)? — 305). 


s(a)=3 & 2(32+5)9/?=34+2(5V5) & (8245)? =2%4+5V5 & 3245=(% 455)" = 
m= 7 \(e +575 ye = 5] . Thus, the point on the graph of f that is 3 units along the curve from the y-intercept 


is (a1, f(v1)) © (1.159, 4.765). 


The prey hits the ground when y = 0 180 — #2? =0 x? =45-180 > «=vV8100=90, 
since x must be positive. y’ =-Ax > 1+(y/ y=1+ zz’, so the distance traveled by the prey is 


90 4 
/ 4 u= 2a 
= — 72 dr = 4/ 2 (45 45% 
i= f 1+ aa dx [ 1+ u?(# du) bal 


245 [ly JT Fa? + iin(ut VIF e)] = 2 [2 VI7 + 4 n(4+ VI7)] = 45 V7 + 42 n(4 + VI7) © 209.1m 


y = 150 — 4 (ax — 50)? y! = —y(x — 50) 1+(y')? =14+ saz (w — 50)’, so the distance traveled by 


the kite is 


° f+ te 50) 3/2 5 u = 35 (a — 50) 
— dx = V1 20 d ; 
is 502 (a — 50)? dx = i + u? (20 du) be ay dx 


2 20[guvTFw? + $In(u+ VIFw) |", = 10/3/32 +in($ + 2) + $\/22-In(-$ + 1/2 )| 


= 8/73 + 2/29 9+ 10In( 2445) ~ 122.8 f 


The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is 


y=1 sin( = x) = sin( t mys The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve 


from z = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with au =F cos(#2): 
x 


L= is 4/1 + [4 cos(# «)]? dx = 2 di \/1 + [4 cos( #2) | * dx. This integral would be very difficult to evaluate exactly, 


so we use a CAS, and find that L + 29.36 inches. 
(a)y= acosh(=) ou -_ sinh(=) 1 (2) =1+ sinh? (=) = cosh” (=). So 
= if \ [cosh? (=) dx = J: cosh(=) dz = fasinh(=) |" = a{simn(£) - sinh(£)). 


e x 2 xr\714 Sli d c 
(b) A= / a cosh (=) dx = [a sinh(=)] =a sinh () - sinh(£)] . The ratio of the area under the catenary to its 


a (a) = sinh(£)] 
a{sinn(£) = sinh(£) 


any interval is a, a constant, that does not depend on the interval. 


arc length is oo = a. Thus, the ratio of the area under the catenary to its arc length over 
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49. 


50. 


51. 


52. 


53. 
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2 
y=ct+a cosh(=) > dy = sinh(=) => 1+ ay =1+ sinh? (=) — cosh” (=). So 
a d a dx a a 


x 
25 25 25 

L= i cosh? (=) dz = 2f cosh (=) dx = 2 [a sinh(=)] = 2a sinh( =). Now, 2=51 => 
_os V a 0 a a/lo a 


2 : 
51 = 2a sinh( 2). From the figure, we see that y = 51 intersects 100 
a 


y = 2x sinh(25/x) 


y= 2a sinh (=) at x = 72.3843 for x > 0. Soa & 72.3843. At x = 0, 
x 
51 


y=c+a,soc+a= 20 c = 20 — a. Thus, the wire should be attached 


at a distance of y= c+ acosh( =) =20-—a+a cosh (=) ~ 24.36 ft 
a a 


0 7 100 


above the ground. 


Let y = a — bcoshcz, where a = 211.49, b = 20.96, and c = 0.03291765. Then y’ = —bcsinher => 


1+(y’)? =1+0?c? sinh? (cx). So L = fee 


“oro Vi + bc? sinh’ (cx) dx ~ 451.137 = 451, to the nearest meter. 


f(z) =fe +e" => f(z) =fe’-e* = 


2 


L+ [f(a =14 (de? -e°*)P = 1+ Be — be = he 4 bbe = (Le $e) 


length of the curve y = f(x) on the interval [a, 6] is L = i VJ1t+ [f'(x)]}? dx = fe VJ f(a)? dz = fe f («) dx, which is 


the area under the curve y = f(a) on the interval [a, }]. 


= [f(2x)]?. The are 


By symmetry, the length of the curve in each quadrant is the same, 


so we’ll find the length in the first quadrant and multiply by 4. 


eek yz -] yr ee y=(1 a?h)1/ (2k) 


(in the first quadrant), so we use the arc length formula with 


dy = ea = a2h)1/(2k)-1(_ofg?h—1) _ —2?k-1(q = a2h)1/(2k)—1 


dx 2k 


The total length is therefore 


-11 


1 1 
Tsp af V1 + [—a24-1(1 — 22h)1/(2k)-1)2 da = af V1  e2(2k-1) (1 — gh) 1/k-2 dy 
0 0 


Now from the graph, we see that as k increases, the “corners” of these fat circles get closer to the points (+1, +1) and 


(+1, +1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as k — oo, the 


total length of the fat circle with n = 2k will approach the length of the perimeter of the square with sides of length 2. This is 


supported by taking the limit as k — oo of the equation of the fat circle in the first quadrant: jim (1- g?hkyt/ (2k) — 4 


for 0 < x < 1. So we guess that jim Dor =4-2=8. 


y= ff Ve -l1dt dy/dz = Jz? —1 [byFTCl] + 1+ (dy/dx)? =1+ (Va 1)? =2° 


4 


Re fe S/o die i 23/2 de = 2[0°/?| 2(32 i s = 12.4 


1 
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DISCOVERY PROJECT Arc Length Contest 


For advice on how to run the contest and a list of student entries, see the article “Arc Length Contest” by Larry Riddle in The 
College Mathematics Journal, Volume 29, No. 4, September 1998, pages 314-320. 


8.2 Area of a Surface of Revolution 


La@y=Veae? = dy/dx = 447° => ds= 1+ (dy/dx)? dx = \/1+ $a~4/3 de. 


By (7), S = f 2ry ds = ie Ona ./1+ aa 4/2 dx. 


(b) y= Vax r=y da/dy=3y? => ds =./1+ (dx/dy)? dy = \/1+ 9y4 dy. 


When « = 1, y = Land when x = 8, y = 2. Thus, S = f 2ryds = tk Qryr/1 + Yy4 dy. 


2. (a) 2? =e Ina? = 2In@ [for x > 0] ay 8 ds 1+ dy oe 1+ é dx 
, : dx & dx ge 
. 4 
By(7),5 = f 2xyas= [ An Inay/ 1+ — da. 
1 


(b) x? = e¥ v= vey e¥/? [positive since a > 0] = da/dy = Lev/? => 


ds = Vit (dx /dy)? dy = Vit tev dy. When x = 1, y = Oand when x = ¢, y = 2. Thus, 


S = f 2xyds fe Qryy/1 + Fey dy. 


3. (a) x = In(2y + 1) e* = 2y41 y=sger—4 dy/dx = se" => 


ds = \/1 + (dy/dx)? dx = ,/1 + +e? dx. When y = 0, z = 0 and when y = 1, x = In3. Thus, by (7), 


S = f 2nyds = nn? On(de® — §) s/1t fer" de = ae —1),\/1+ fe? dz. 

2 
dy 41 => ds=/1+4 (dx/dy)? dy = /1+4/(2y + 1)? dy. By (7), 
S = f Inyds = f> 2y 1+ 4/Qy + 1? dy. 


(b) x =In(2y4+1) => dax/dy= 


4. (a)y=tan'a = dy/de=1/(l1+2?) = ds=./1+ (dy/dx)? dx = \/1+1/(1 + 2)? dz. By (7), 


S= f 2nyds = f) 2tan-*2 /1+ 1/0 +2") de. 


(b)y=tan's => x=tany = dx/dy=sec?y = ds=,/1+ (dx/dy)? dy = \/1+secty dy. When x = 0, 


y = Oand when x = 1, y = = Thus S = f Inyds = ["/* Iny /T + secty dy. 
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5. (a) sy =4 y ‘ Ag 


dy/dx = —4a~? ds = \/1+ (dy/dx)? dx = \/14+ 16/ax4 da. 


By (8), S = f 2nads = fe Qrav/1+ 16/x4 dz. 


(b) ry =4 x 


ee da /dy = —4y~? ds = \/1 + (dx/dy)? dy = \/1 + 16/y4 dy. 


eT 
iN 
Ned 


4 
When x = 1, y = 4 and when x = 8, y = }. By(8), $= f aneds = Sn TEA) yAidy. 
1/2 Y 


6 (ajy=(e@+1)* = dy/dx=4(a +1)? ds = \/1+ (dy/dx)? dx = \/1 + 16(a + 1)® dz. By (8), 


S = f 2nads = f° Ina,/1+ 16(x + 1)8 de. 


d 1 
(b) y = (a+ 1)* aayl*t—1 a ie ds = \/1 + (da/dy)? dy = \/1+ 4y73/? dy. 


When x = 0, y = 1 and when x = 2, y = 81. By (8), S = f 27ads = as In(yt/* —1),/1+ ay 3/? dy. 


7. (a)y=1l+sing => dy/dx=coszx ds 1+ (dy/dx)? dx = V1 +4 cos? dx. 


By (8), S = f 2rads = ice QraV1 + cos?z dz. 


(b)y=1l+sinzg => wx=sin'(y-1) => ————— = 


aq Vi-w—P 


| 2 
ds = 4/1+ @ dy=,/1+ — 12 dy. When « = 0, y = land when x = 77/2, y = 2. 
By (8), S 27a ds [? sin-*(y—1),/1+ : ayor [2 sin’ *(y—1),/1+ : dy 
> = a = TT = a 7 _ ——— nl . 
1 La y=? 1 2y — y? 
1 dy 1 | dy\” fo 
8 (a)a=e% => Bese = = ds 1+ (2) dz = 1+ 7a &. 
et 1 
When y = 0, 2 = 1 and when y = 2, x = e’. By(8).S = f 2nvds= [ anayjl + 75 de. 
7 L 


(b)a=e?¥ => da/dy=2e% = ds=,/1+ (dx/dy)? dy = V1 + 4c dy. 
By (8), S = f 2rads = i; Qe? /1 + 4e dy. 


3 


%y=2> => y' =327.So 


S= fe Iny /1+ (y')? dx = 2n fo 2? VI 927 de 
Qn £145 


=, Vudu — [w=1+4 924, du = 362% de] 


145 
oR? [23 B72 a 
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10. y= /5—a y’ = 4(5 — a)~1/7(-1) = -1/(2V5—2). 


3 

S= [2 1+ ( WP ax = f [ove= de = 20 f fs-att da 
3 a ha 
1/4 ua2t_ 

=o f a Le 8 ace u) = i 


aon ful? du = on [eu a 45 (22 
1/4 1/4 


Wy=aetl > y=VaeFl (for0<2<3andl<y<2) = y' =1/(2/r+#1). So 


3 3 3 
s=f ary T+ WP de = 20 f Vo+l M+ ge ean f Vet1t+idz 
0 0 0 


3 17/4 eee 
=2n [ a+idx=2n Judu bse | 
0 


5/4 du = dz 


17/4 Df 1G 587 1 
ree ee ae 17/17 — 55). 
 [3u lea aoe ane 8 g Tar OY) 


12. =vVlt+e => “1,4 ¢7 —1/2 e” ee 
y=v y = 3( Pte”) Wise 


e** 4+4e" +67 _ + 2)? e7 +2 
J1+ (VP =,/1+ —— =,/——— = So 
+’) a 4(1 + e*) 4(1 + e*) 4(i+e") 2/1+e* 
1 x 1 
+2 
s= [2 V1lt+ eG Vite* — dx =7 e +2) dx 
= n[e® + 2a], = a[(e + 2) — (1+0)] =a(e+ 1) 


/ 


13. y = cos($2) > y =—$sin($2x x). So 
s= [any TF WF de =2n [ cos($e) 1+ ¢sin? ($x) dx 
0 0 


1 
= 4 1,2 u=sin($z), 
=2n [ 4/1 + zu? (2du) Reeleeed 
1 1 
=2n f Vi w du 2 an] S44? + 2In(ut+ Ve 
0 


0 


= 2n[($V5 + 2In(1 + V5)) — (0+ 2In2)| = V8 + Arn (+48 


NL 
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6. c= Fy? +2)? = da/dy= Fy? +2) 7(2y) =y Vy? +2 > 1+ (de/dy? =14+ yy? +2) = (y? +1). 
So S = 2m f? y(y? + 1) dy = 2n[ty* + 2y?]* = 2n(4+2—1-2) = Be 
16.2 =14+2y? => 14 (dx/dy)? = 1+ (4y)? = 1+ 16y?. 
So S = 2n [Py V/1 + l6y? dy = 3 f?(16y? + 1)'/?32y dy = #5 [3(16y” +197)" = % (65 V65 — 17/17). 
y= sar? = yi =ta? => 14+ (y')? =14 42. So 
12 12 12 
s=f ana /T+ (YY de = anf ay/1+4adz =2n ; aiV4+xdx 
1e u=a2xr+4 
=n (u— 4)/udu hee 


16 
=a} Po ea rey ee 3 . 64) (2-32 3 -8)| 
4 


4 


= n(2- 992 — 3 =. 56) = m (2282 220) = aren 


18, 27/3 4 y?/3 = 1,0 < y < 1. The curve is symmetric about the y-axis from 2 = —1 to x = 1, so we’ll use the 


portion of the curve from x = Otox = 1. ye=l x/8 y=(1 eye => 
2/3 2/3 2/3 
1 3 2/3\1/2 (_2,,-1/3\) _ Vil gels V2 __ Pee Oe oh ays 


1 
S= de Qu /1+ (y’)? dx = an [> a(x—/3) dx = Qn f x? dx = 3 = 2n(3) = &. 


9.¢2¢= /a-y => dx/dy = 4(a? — y?)-*/?( 2y) = -y// a? 


a? — y? a? — y? a? — y? a2 — y?" 


a/2 n a/2 2 A 
S =| Qn v/a? 2 dy = anf ady = 2naly]°”? = 2na( 0) = na’, 
, Vv y Tae y : y [y]o 5 


Note that this is + the surface area of a sphere of radius a, and the length of the interval y = 0 to y = a/2 is + the length of the 


interval y = —a to y = a. 


2 2 2 2 
20. y =12?—1Ine ey eS 1+ (2) (eae eae ret aen ($+ ge) 8 


2. y= er = dy/dz = ~2re"®” > ds =/1+ (dy/dx)? dx = \/1 + 4x?e-22* dx. By (7), 


S = f2nyds = f°, 2ne~™ V/1 + 402e-2" da & 11.0753. 
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22. cy =y?—1 et=y-y dz/dy=1+y7? => ds=,/1+ (dx/dy)? dy = /1+ (1+ y-?)? dy. 
By(7), S = f 2xyds = f? 2ny,/1+ (1+ y~2)? dy & 40.8099. 
23.2-yty> => dx/dy=14+3y? => ds=/1+4 (da/dy)? dy = /1+ (14 3y?)? dy. 
By (8), S = f 2rads = ile. Qn(y + y®)/1 + (1 + 3y?)? dy & 13.5134. 


24.y=a+sine => dy/dx=1+ cose ds = \/1+ (dy/dx)? dx = \/1+ (1+ cos)? dz. 
By (8), S = f 2nads = oe Qna,/1+ (1+ cosx)? dx = 21.2980. 


dx 


25. Iny=2—y? x=Inyt+y? = Sal + dy => ds=/14 (dx/dy)? dy = /1+4 (y7! + 2y)? dy. 
y oY 
By (7), S = f 2ryds = fo 2ry,/1 + (y=! + 2y)? dy = 286.9239. 


26.2 —=cos’y => da/dy = 2cosy(—siny) ds = \/1 + (da/dy)? dy = 1+ 4sin?y cos?y dy. 
By (8), S = f 2rads = es Qn cos*yr/1 + 4sin?y cos2y dy = 6.0008. 


27.y=1/e => ds=/1+4 (dy/dx)? dx = V/14 (-1/2?)? du = /14+1/e+dzr => 


2 2/4 4 /y2 
s=[ om 4/1+ ade =2n f a de = an f PID gi Wee Steal 
1 x x : x 1 u 


4ST +u2 24 V1+u2 
= a du=m7 ie Ga 
1 


4 
+In(u+ +)| 
1 


=1|-4 +In(44+VI7) +2 In(14 v2) = $[4in(vI7 + 4) — 4In(v2 +1) - VI7+4-v2] 


dy x dy x 
By=Ver7t+l = — =—— = ds=4/1 —) dxr=\/1+— dt = 
y oor dx Vez +1 - Bs ($) 6 - v2+1 


3 2 3 3 2 
s=f Qn Vu?24+1 1+ de = 28 | Vac FT de =2VI0 | 22+ (4) da 
0 xe +1 0 0 va 
21 3 
2 2vin[ de ya? +44 4in(at y/o? +} )] =2Vvin|f\/o4+3+4m(3+ /9+3) — tins] 
=2V3n/$\/2 + 4in(3+ 2) + 4lnv3| = 2 vIn[3X3 + n(3v2+ vI9)| 
= 3190 + 5 n(3 V2 + v19) 


29. y=a%andO<y<1 S y' =3e7% and0<a< 1. 


du = 6x dx 


pees Pe} 
S= fp Ina V/1 + (82?)? dx = 2a f? JT + uw? 3 du Rew 


2 > /T +a? du = [or use CAS] =[duVI+u? t+ iln(ut+ V+ e?)], 
z[} VI0+4in(3+ VI0)] = £[3V10+In(3-+ VD)| 
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| dy 3 | 1. 7 
. => < < * => — = 
30. y=In(a#+1),0<a<1.ds 1+ (2) dx 1+(5) dx, so 
‘ 1 1 
s= f Qnx 1+ de = f Qn(u—1)y/l+—du = [w=a+1,du=dz] 
0 (a +1) 1 U 


2 [TLD 2. / 3 2 2 / 2 
=2n f ue wan | a du =2r f VIF du-2n f Mi 
1 u 1 u 1 1 U 


2 


1+vl1 2 
212? [or use CAS] 2n[suv1 + u? + $In(ut+ V1+u? i — 20 [vi + u? — n(et)) 


1 


= 2n [V5 + $1n(2+ V5) — 4V2— dn(1 + v2)] - 2n] V5 —n(448) — V2+ In(1 + V2)] 
= 2n]$In(2+ V5) +In(+4%) + 2 - $n(1 + v3)| 


M.y=t2° = dy/dx=x* => 14+(dy/dz)?=1+2° = S = fy 2n(tax°) VI +28 de. 


Let f(x) = 272° V1+ 28. Since n = 10, Ax = 22 = §. Then 


S = Sio = *2[f (0) + 4f (0.5) + 2f(1) + 4f (1.5) + 2f(2) + 4f(2.5) + 2f(3) 
+ 4f (3.5) + 2f(4) + 4f(4.5) + f(5)] 
& 1,230,507 


The value of the integral produced by a calculator is approximately 1,227,192. 


1 
32. y=alnze > dy/dx=x-—+Inz=1+Inge => 14+(dy/dz)? =1+(1+Inaz)? = 


S= f? dnalng /1+ (1+ Ina)? de. Let f(x) = 2nalnz \/1+ (1+ Inz)?. Since n = 10, Ax = 254 = Z. Then 


S & Si = 221 f(1) + 4f(1-1) + 2f(1.2) + 4f (1-3) + 2f(1.4) + 4f (15) + 2f(1.6) 
+ 4f(1.7) + 2f (1.8) + 4f(1.9) + f(2)] 


& 7.248933 


The value of the integral produced by a calculator is 7.248934 (to six decimal places). 


6S 2 co CO 1/4 
33. S = an f y4flt+ dy dx = an f : 4/14 he dx = 2n / ae dx. Rather than trying to evaluate this 
i da ae Ae vA 1 2 


integral, note that x4 +1 > Va4 = «? for x > 0. Thus, if the area is finite, 


co faa 
San f vee 
1 


ge 


dx > 27 f ‘ a dx = 27 i . 2 dx. But we know that this integral diverges, so the area S' 
1 1 
is infinite. 
34. S = fo° Qry \/1 + (dy/dax)? da = 2n [5° e-*/1 + (—e-*)? dx [y=e7*,y’ =-e7*]. 
Evaluate I = f[ e~* J/1+ (-e-*)? dx by using the substitution u = —e~", du=e * dz: 
T=fVitw du = suV1+u2 +3 ln(ut+ Jl +u?) +0 = $(-e-*)V14 e-* + § In(—e™? + V1 + e777) +. 


[continued] 
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Returning to the surface area integral, we have 


Fe ee _ 
S = 2m lim fy e 1+ (-e-*) 


t—0o 


2 da = 2n lim [$(—e7*) V1 + e- + 5 n(-e77 + JI+e)], 


= 2m lim {[3(-e') VI +e" + 5 n(-e* + VI +e“ )) — [3(-1) VIFT + 3 n(-14+ VIF1)]} 


= 2n {[}(0) VI-+ $in(0-+ VI)] - [-4V3-+ 4 m(—1 + V3)]} 
= 2n{(0] + }[V3—In(v3—1)]} = #[V2—In(v3 -1)] 


35. As seen in the exercise figure, the loop of the curve 3ay” = x(a — x) extends from z = 0 to x = a. The top half of the loop 


1 1 1 
is given by y = x(a — 2x)? Va\a—2| = —=V2(a — 2), since x < a. Now, 
given by y = y/ ga ) Tia | | Fa ( ) < 


dip = Ms pee 
ot = | vac 1)+ 


if 2x a-—az 


wae) =valaet Fel - vel Se 


La dy : adit (a—3x)? lar , a® —6ar+9x a? + 6ax+92? (a+ 32)? 
dx} l2az sax 12ax 7 12ax ~ [2ax 
a =, 2 a = 
(a) S= [2rvas = an f Va(a—x) /|(a+3z) fies an f (a—2x)(a+ 3x) se 
0 V3a 12ax 0 6a 
= ~ : (a? + 2a — 3a”) dx = x |a?e + ax" a) = (a La =a") 


Note that the top half of the loop has been rotated about the x-axis, producing the full surface. 


(b) We must rotate the full loop about the y-axis, so we get double the area obtained by rotating the top half of the loop: 


a 


a a+3a An 1/2 QT e 1/2 3/2 
s=2f 2ra2ds = 4r x C= x a+ 3x)dz = — ax!” +32 dx 
2=0 0 V12axr 2V3a Jo ( ) v3a Jo 


Q 


3 


V3a [3 a dale 3-5 a IS 


3.5 
= 56rV/3a7 
> 45 


_ 2a Fac? + $207)" = “EN (30°/? + 20°!) 22V8 (242)? = 28 (2) 


36. In general, if the parabola y = ax”, —c < x < c, is rotated about the y-axis, the surface area it generates is 


c 2ac 
= = . = wu ok u = 2anx, 
S= f aneds=2n [a 1+ (2az) de = 20 f 5, V itu 54 tt “i ede 
0 0 
T 


2ac ae: 
a a / Ge a 2u du = [2047] = was | (1 + 40707)? — 1] 
0 0 


Here 2c = 10 ft and ac” = 2 ft, soc =5anda= =. Thus, the surface area is 


Sm 398 [(1 +4: aby -28)° 1] = SBE[(1 + 38)? 1] 


= Sahn (Ave _ 1) 


24 125 


= 37 (41 V41 — 125) = 90.01 ft? 
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2 2 2 
x yo y (dy/dx) x dy bax 
SR pan a gO ogee aay 
ee diy pee be? + aty? __ btn? + ab? (1 — 2/2”) att? + 64a? — 0622? 
dx} aty2 aty? 7 a*b? (1 — «?/a?) = a*b? — a?2b?x? 


4 2 22),2 
a* + b?2? —a?2 a —(a —b\r 


a* — a2x?2 _ a?(a? = x?) 


The ellipsoid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the x-axis. 


Thus, 
5 Va _ eas 
S=2 2 ary 4/1 Warman f°? Va an = Ff Vat — (a? — b?)x? dx 
Anh pov? du 30 4nb u : Ta ik haa 
= [a4 2 = 5 2 4 2 zi ) 
@ ‘ a UW 5s [u Va | er a Ub sin @ : 
ae 4 a*bsin7! pare 
Amb ava? — b a a? —b 
= q 2qe— be +s —1 On | b2 a 
Nee 5 a* — a?(a y+ 5 sin A + =a 
Pe 2 2 
y x (dx/dy) y dx avy 
b) = =1 5 —— = — = 
( Me Bp co a? b? dy bax 
nae dx e. is aty? _ be? + aty? e bta2(1 — y?/b*) + aby? 2 a2bt — a2b?y? + aby? 
d b4 7-2 b4 72 _ b4a2(1 = y2/b2) = a2b4 — a2b2y? 


pt -_ by? ae a7y? bt = (b? = a’)y? 


b4 — by? vs b2(b2 = y?) 


The oblate spheroid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the 


y-axis. Thus, 


pT wy 
s=2 me y[1+ (4 (<) ) ay = ies Je = 


= = [va \/b y? dy = = a v/b4 + y? dy [since a > o| 


n/a 
= me Jaa [u = Var BF y] 
0 


a2 — b2 


21 Ara = (5 rat ( JE) by, /a2—b2 
= +u 5 tg u+vVb4+u 
b2./qz — : 


= { —— (ab) + E n(b Vara + a) - 0 + = in(e)| \ 


4a ab?Va?— 6? bt ba? — B + ab 2 Qnab? Va —b? +4 
= In = 2na* + In 
b2 2 2 b2 az — b2 b 
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38. The upper half of the torus is generated by rotating the curve (x — R)? + y? = r?, y > 0, about the y-axis. 


dy dy 2 (c—R)? — y?+(a—R)? r? 
SY _ (gp 1 14 = = Th 
Ure (a—R) => 1+ (+) P MEG ay us, 
2 R+r r 
SS oft ore 1+ ay dx = 4n he =Anrr TS a [u=a— RI 
dx R-r r2 — (a a -—r r2 = u2 


rT Xi 
udu du since the first integrand is odd 
=e _p Vr? — u? area aaar peas — y2 = ec wn [le ? epee _ = and the second is even 


= 8nRr [sin~*(u/r)] 5 = 8rRr($) = Ar? Rr 


* 


39. (a) The analogue of f(a) in the derivation of (4) is now c — f (x7), so 


S= lim 2 2ale— F Nnval PR Ag = f? 2nle— f(x)) JT + TF) de. 


bya? = yale? = 1+ (y!)? =1+ 1/4e, so by part (a), $ = fy 2 (4 — Va) T+ 1/(4x) de. 


Using a CAS, we get S = 2a In(VI7 + 4) + 2(31 V17 + 1) © 80.6095. 


0. y=2° => dy/de=32? > ds=,/1+ (dy/dx)? dx = V1 + 92 dz. Also,z =y/? => 


dxz/dy = ay 2/8 => ds=/14 (da/dy)? dy =,/1+ ay 4/3 dy. When x = 1, y = land when x = 2, y = 8. 


(a) Since x > —1 over the x-interval [1, 2], the area of the surface obtained by rotating the curve about x = —1 is given by 


S = f2n(a+1)ds = f? 2n(a + 1)V1 + Oat dex & 115.91. 


Alternative method: S = [ 2x(a+1)ds = ie Qn(yt/3 +.1),/1+ ay—4/3 dy = 115.91. 


(b) Since x < 4 over the x-interval [1, 2], the area of the surface obtained by rotating the curve about x = 4 is given by 


S = f2n(4—a)ds = f? 2n(4— 2) V1 + 9x7 dx & 106.60. 


Alternative method: S = [ 21(4—2)ds = de Qn(4 — y'/9),/1 4 sy 4/3 dy © 106.60. 


(c) Since y > 4 over the y-interval [1, 8], the area of the surface obtained by rotating the curve about y = 3 is given by 


S = f 2n(y— 4) ds = f? 2n(a? — 4) VT 4 924 de & 177.23. 
Alternative method: S = [ 2x(y — 5) ds = fe Qn(y — $) \/1 t+ gy748 dy & 177.23. 


(d) Since y < 10 over the y-interval [1, 8], the area of the surface obtained by rotating the curve about y = 10 is given by 


S = f 2n(10 — y)ds = f? 2n(10 — 23)/T + 927 de = 245.52. 


Alternative method: S = { 2x(10 — y) ds = Je Qn(10 — y)\/1+ gy-4/3 dy = 245.52. 
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41. For the upper semicircle, y = Vr? — x7, dy/dx = —x/\/r? — x?. The surface area generated is 


r r r 2 
= 4n f (r- PP) de = ar f (===-")e 
F p.  pe , p.  ye 


d ie 2 
For the lower semicircle, y = —/r? — x? and = = ir) so S2 = anf (-— + ") dx. 
Xx 0 Tr 


2 


Thus, the total area is S = S$; + So = sx f (=) dx = 8r [r? sin-*(=)]" = 8nr?(=) = Ar? r?, 
(0) r 


2 pe 0 


42. Rotate y = VR? — x? witha < x < a +h about the z-axis to generate a zone of asphere. y= /R2—22 => 
y g p. y 


2 
1 1(p2 _ ,2)-1/27_ = md : 
y =5(R°- 2°) (-22) => ds= \) + (as = =) dx. The surface area is 


yA 

2 2 2 

a+h a+h 2 oy SR 

s= | anyds = 20 f / R2 — x? 1+ a de 
R al[\ JR x 
ath 
=o f R? — 2? + 4? dx =InR| x ie es 
= 27R(a+h—a) = 27Rh 
43. Rotate y = R with 0 < x < h about the x-axis to generate a zone of a cylinder. y = R y’ =0 


= J/1+ 0? dx = dz. The surface area is S = He Qry ds = 27 a Rdz=2rR [z]> = 27Rh. 
44. Since g(x) = f(x) +c, we have g’(x) = f’(x). Thus, the surface area generated by rotating the curve g(x) = f(x) +c about 


S=f- Qng(x) V1 Pda = f? Qn[f (x) +e] J/1+ [f'(2)]? dx 
= f? 2nf(z) /1+ see lee J1+ [fi (a)? de = Sp + 2ncL 


the x-axis 


2 2 

1+(y)? =1+ (fer? = be-*/?) =1+ $e*-F+4e*=fe*+i+4e7%= (ge + pe-*/?) . 

If we rotate the curve about the x-axis on the interval a < x < b, the resulting surface area is 

S= ss Qry/1+ (y')? dx = 2n fier? + e-7/2) (Ler/? + be*/?) d c= m fC (e*/? + e~*/?)? dx, which is the same 


as the volume obtained by rotating the curve y about the x-axis on the interval a < x < b, namely, V = x [ i y? dx. 


46. In the derivation of (4), we computed a typical contribution to the surface area to be 27 


i-1 + Yi 
we PP, 


the area of a frustum of a cone. When f() is not necessarily positive, the approximations y; = f(ax;) * f (a7) and 


yi-a = f(wi-1) © f(w!) must be replaced by ys = |f(i)] © |f(a?)| and y:—1 = | f(wi—1)] © |f(w?)]. Thus, 


Yi- 1+ Yi 
2 
2 


we obtain S = fe Qn | f(x)| /1t+ [f' (x)? dex. 


|P;-1P;| & 2a | f(a7)| 1+ [f’(2*)|? Ax. Continuing with the rest of the derivation as before, 
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DISCOVERY PROJECT Rotating on a Slant 


tangent to C 


at (x,, f(x;)) f(x;) — (mx; + b) 


In the figure, the segment a lying above the interval [~; — Ax, x;] along the tangent to C has length 


Axseca = ArvV1+ tan? a = \/1+4 [f'(a:)]? Av. The segment from (x;, f(x:)) drawn perpendicular to the line 
y = mea + b has length 


f(ai) -—ma;,—b  f(ai)—ma;,—b _ f(ai) —ma;—b 
wi) = |f(xi) — mz; — b| cos B = ————_— = ——————_———_ = 
Daa a Jittap Vit 
Au 
Also, cos(8 — a) = Fo 
cos? cosa + sin sina 
cos @ 
1 st m _ 1+mf'(2xi) 
Vlt+m? vV1+m? V1l+m? 
oy oat . & f(ti)-—ma;—b 14+mf'(z:) 
Thus, Area(Rt) = lim ai) Au= lim : Az 
= jen 2s) pe aan ear Vim 


[ve _ ma — dll + mf'(e)] de 


Au = Az seca cos(8 — a) = Ax 


= Ax(cos 8 + sin 8 tana) 


= Az s(«)| Ax 


~ T+ m? 


2. From Problem 1 with m = 1, f(x) = a+sinz,mx+b=2- 2,p =0, and q = 27, 


Area = T+ 2 fe [x +sinx — (a — 2)] [1+ 1(1+cosx)|] dx = 2 "(sina + 2)(2 + cos x) dx 
= 3 “ (Qsina + sine cosx+4-+ 2cosx) dx = 3([-2cosa + 4 sin? 2+ dx + 2sin2],” 


= $[((-2+0+ 87 +0) — (-2+0+0+0)] = $(87) = 40 


3.V = lim a)? Au = lim { 
TU2 OO) x mat y ae cae ae 1 +m? 1 + m2 


TT 


= Tamer SplFl@) — ma — 8)°[1 + mf'(@)] ae 
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20 
4V= En (a + singe — «+ 2)?(1+1+4 cosa) dx 


Qr 27 
7 : 2 7 te ; 
= —— sin x + 2)°(cosx + 2) dx = =a / sin’ ++ 4sina + 4)(cosx +2) dx 
ae, ( y" ) 2/2 Jo ( )( ) 


Qr 
-s5/ (sin? x cosa + 4sinx cosx + 4cosx + 2sin? x + 8sinz + 8) dr 
2V2 Jo 


=z aglasin’ e+ Qsin? x + deine +a — 3 sine — Scosa + 8x] .° [since 2 sin? 2 = 1 — cos 2a] 
1 9/2 2 

= — |(27 — 8+ 167) — (-—8)| = ——7 
wel )- (8 = 3 


5 8= | "2 g(2) TF OP de = | "[f(2) — ma — 0]. VT FF @P de 


6. From Problem 5 with f(z) Vz,p=0,q=4,m 3, and b = 0, 


: ( 1 Jae r — _3rVvir 


Qn 4 1 
s-—=— | Ve—2 14 8.554 
1+ (2) 0 ( - 32) V5 32 3 


24 


8.3 Applications to Physics and Engineering 


1. The weight density of water is 5 = 62.5 lb/ft*. 
(a) P = dd & (62.5 Ib/ft®)(3 ft) = 187.5 lb/ft? 
(b) F = PA & (187.5 lb/ft”) (5 ft)(2 ft) = 1875 lb. (A is the area of the bottom of the tank.) 
(c) By reasoning as in Example 1, the area of the ¢th strip is 2 (Az) and the pressure is dd = 6x;. Thus, 
F = fe da 2dux & (62.5)(2) fo eda = 125[4a"]* = 125(2) = 562.5 Ib. 
2. (a) P = pgd = (820 kg/m*)(9.8 m/s”) (1.5 m) = 12,054 Pa = 12 kPa 
(b) F = PA = (12,054 Pa)(8 m)(4 m) = 3.86 x 10° N_ (Ais the area at the bottom of the tank.) 
(c) The area of the ith strip is 4(Ax) and the pressure is pgd = pg x;. Thus, 
F = 3° pga 4 da = (820)(9.8) «4 fo" «dx = 32,144 [2a?]*/° = 16,072 (2) ~ 3.62 x 104 N. 


In Exercises 3—9, nis the number of subintervals of length Aa and ; is a sample point in the zth subinterval [x ;_1, wi]. 


3. Set up a vertical x-axis as shown, with x = 0 at the water’s surface and x increasing in the 2 
2 ft 
downward direction. Then the area of the ith rectangular strip is 2 Aw and the pressure on wj,=2 3 
iN x 
the strip is a7 (where 5 ~ 62.5 lb/ft*). Thus, the hydrostatic force on the strip is 8 ft 
n 
dx; - 2 Az and the total hydrostatic force + }> dxaj - 2 Az. The total force is ul 
i=1 


F= lim ) def -2Aa = fy dx -2de = 26 ff ede = 26[427]5° = 6(121— 9) 


N00 j=] 3 


= 1126 = 7000 lb 
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4. Set up a vertical axis as shown. Then the area of the ith rectangular strip is + e 
2 ft 
* se : Wi 10 é 2 
2(a; — 2) Aa. |By similar triangles, — = —, 80 w; = 2(a7 — 2). 
i i 2 5 W; * 
5 ft X; 
The pressure on the strip is 6x7, so the hydrostatic force on the strip 
, : ‘hs 
is ba} - 2(x} — 2) Ax and the total hydrostatic force on the 10 ft 


plate + S> daj - 2(aj7 — 2) Aa. The total force is 
i=1 


F= lim ss ba; -2(a7 —2)Ar= ie ba -2(x —2)dx = 25 fy (a? — 2a) dx 


> 
N00 j= 


= 26[405 — 27]? = 26[(248 — 49) — (8 — 4)] = 26 (282) = 4996 we 499(62.5) = 8333.3 Ib. 


5. Set up a coordinate system as shown. Then the area of the ith rectangular strip is 
2/8? — (y*)? Ay. The pressure on the strip is dd; = pg(12 — y7), so the 


hydrostatic force on the strip is pg(12 — yj) 2,/64 — (y*)? Ay and the total 


hydrostatic force on the plate + 5> pg(12 — yj) 2,/64 — (y*)? Ay. 
i=l 


The total force F = lim S> pg(12 — yj) 2\/64 — (yF)? Ay = i pg(12 — y) 2 ,/64 — y? dy 
M00 j=1 
= 2pg- 1 \/64 — y? dy — 209 f°. y/64— y? dy. 


The second integral is 0 because the integrand is an odd function. The first integral is the area of a semicircular disk with 


radius 8. Thus, F = 24pg ($7(8)?) = 768rpg © 7687(1000) (9.8) + 2.36 x 10’ N. 


6. Set up a coordinate system as shown. Then the area of the 7th rectangular strip 
is 2 \/62 — (y*)? Ay. The pressure on the strip is dd; = pg(4 — yj), so the 


hydrostatic force on the strip is pg(4 — yj) 2 \/36 — (y*)? Ay and the 


hydrostatic force on the plate + >> pg(4 — yj) 2 \/36 — (y*)? Ay. The total 
i=l 


force F = lim > pg(4— yj) 2\/36 — (7)? Ay = fp pg(4 — y) 2,/36 — 9? dy = 8pgh — 2pgle. 
M00 j=4 


y = 6sin0, 
l= fo \/36— y? dy = fo / 36 — 36 sin? 6 (6 cos 0 d0) Caer | 


a = sin~1(2/3) 
= Jy 36 cos” 0d0 = f° 36 - $(1 + cos 20) dd = 18[0 + 5 sin 20] ¢ 


= 18(a + $sin2a) = 18(a + sina cosa). 
4 20 = 36 —y”, 
In = fy yvV/36 — y? dy = J, Vu (—gdu) ee | 
1 [2,,3/2]7° 1993/2 40 
=-3|2u Jee = 3 (20 — 216) = 72 — 42.5. 


[continued] 
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Thus, 


F = 8pg-18(a + sina cosa) 2pg(72 0/5) = 144pq (sin! 2 + 248) - 2g (72 - x 5) 


= 


= pg(144sin~' 2 + 48/5 — 144) = 9.04 x 10°N  [p = 1000, g © 9.8). 


7. Set up a vertical x-axis as shown. By similar triangles, w;/4 = x7 /6, so w; = 227, 


and the area of the ith rectangular strip is 3a; Az. The pressure on the ith strip is i 
6m 
pgx}, so the hydrostatic force on the strip is pgx7 - Sa; Az, and the hydrostatic force i 


nm 
on the plate is = S* pga; - 3a; Ax. The total force is 
i=l 


n 


: a 6 
P= Jim 2, PgR: : 2a} Ag = 209 Jo x? dz = 2pg9[52"], = 2 pg(216 — 0) 


= 48pg = 48(1000)(9.8) = 470,400 N 


8. Set up a vertical x-axis as shown. The height of the triangle is \/5? — (6/2)? = 4. 


Wi 4— x} q 


By similar triangles, po a iso wi = 6— at, and the area of the ith 3 ft 


rectangular strip is (6 — 32) Ax. The pressure on the ith strip is 6(3 + 27), so the ae 


hydrostatic force on the strip is 6(3 + 27) (6 — 327) Ax, and the hydrostatic force on 5 ft a 


the plate is > 6(3 + a7)(6 — 3x7) Az. The total force is 
i=1 


F= lim 5" 6(3 +.a7)(6 — 3x7) Ar =6f'(3 + x) (6 3x) dx =6 f° (18 + 3a — 32) dx 


= 6[18x + 327 — d23]* = 6(52 — 0) = 526 © 3250 Ib [5 = 62.5] 


9. Set up a vertical x-axis as shown. Then the area of the 7th rectangular strip is 4 ft 
w; Ax = (44 2- 227) Ax. The pressure on the strip is 5(a7 — 1), so the 3 ft 
W; 
hydrostatic force on the strip is 6(a7 — 1)(4+ $a) Ax and the hydrostatic : 
2 ft 


force on the plate + > 5(a7 — 1)(4+ $a) Az. The total force is 
= 


F= lim 5° d(wt — 1)(4-+ Sct) Ag = f° 6(a —1)(4+ 42) da 


NCO f=4 


=o aes) Ce) 


= 8891b [5 © 62.5] 
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10. Set up coordinate axes as shown in the figure. For the top half the length 


SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING 


of the ith strip is 2(a/./2 — yj) and its area is 2(a//2 — yj) Ay. 


The pressure on this strip is approximately dd; = 6 (a /V2—y3 ) and so the 


force on the strip is approximately 26 (a /V2—y3 Ne Ay. The total force is 


2 a/v2 / 2 
F,= lim 25(, - ut) Ay=25 f (S-v)a 
v= din, 3 26( Jy wt) av—2e f° (Fy) ay 
= 5)-3(+- ) Orc ey o- (4) _ 26 a _ V2a%6 
a as mo v2 32/2 6 


For the bottom haif, the length is 2(a /V2+y3 ) and the total force is 


(a 


9a? 
wee 


Fy = lim 3726 


NOOO jay 


=25]0- (- 


Thus, the total force F = Fy + Fy = 


“(3 


2 


* o a 
Va - vt) Ay =25 f wa (S -1*) dy = 25[5a°y — Haare 
3 3 3 


3/2036 7 J2a°5 


6 2 
11. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 2a Lo 
_—_ \« / 

+ (2h —«j) Ag. |By similar triangles, = = = — SO Wi = = (2h Xj). ae aa, I i 
The pressure on the strip is 6x7, so the hydrostatic force on the plate : ‘ 

ws ber f . ; — | 2h 
~ a 6x; 7 (2h — «;) Aa. The total force is x 

i= jms DS ts = (2h —aj)Ar=6 - Je (2h —a2)dr = a fo (2ha — «*) dx 
a7, 2 1 37h 47,3 173 ad ( 2h? 2012 
_ 7 [he 37 |9 7 (h gh°) = h 3 = 30ah 


12. F iF pg(10 — 7)2/4 — 2? dx 


2m - 
= 20pg fe V4 — 2? dx — pg fo V4 — x? Qa dx 
= 20pg47(27) — pg hie ul/? du [u = 4-7, du = —22 dz] 
0 fae ey 


4 
= 207 pg — 209 [u??] = 207pg +8 pg pg(20n a +8) 


= (1000) (9.8) (207 — +2) = 5.63 x 10°N 
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13. The solution is similar to the solution for Example 2. The pressure on a strip is approximately dd; = 47(4 — y;) and the area 
of the ith rectangular strip is 2,/16 — (y*)? Ay, so the total force is 


F= lim > 47(4—yf) 2/16 — (yi)? Ay = 94 f2,(4 — y) /16 — 9? dy 


NOOO j=4 


= 94-4 f*, /16— y? dy — 94 f*, y/16 — y? dy 


The first integral is the area of a semicircular disk with radius 4 
and the second integral is 0 because the integrand is an odd function. 


= 376- 4n(4)? —0 
= 30087 = 9450 Ib 


14. (a) Set up a coordinate system as shown. The slanted side of the trough has 


3 
equation y = 3x — 30r”@ = sy + 1, so the area of the ith rectangular strip is | 
(sy? +1) Ay. The pressure on the strip is pgd; = pg(3 — y7), so the 
hydrostatic force on the strip is pg(3 — y;) (Suz + 1) Ay and the total force on 


the end of the trough is 


F= lim > pg(3—y7)($yt +1) Ay = pg Jo (3—y) (Fy +1) dy 


N00 j= 
= pg fo (3— 4y”) dy = pg[3y — $y°]5 = pg(9 - 3) — 


= (925)(9.8)(6) = 54,390 N 


(b) When filled to a depth of 1.2 m, the pressure on the ith rectangular strip is pg(1.2 — yj), so the hydrostatic force on the 


strip is pg(1.2 — yj) (Sy3 + 1) Ay and the total force on the end of the trough is 


F= lim XY pg(1.2- yi) (Rui + 1) Ay = pg fo (12 - y) (ey + 1) dy = pg hes (1.2 — 0.6y — zy”) dy 


NCO jay 


= pg[1.2y — 0.3y? — dy3] 5” = (925)(9.8)(1.44 — 0.432 — 0.192) = 7397.04 N 


Note that this is about 14% of the force for the completely filled trough. 


15. (a) The top of the cube has depth d = 1m — 20cm = 80cm = 0.8 m. 
F = pgdA & (1000)(9.8)(0.8)(0.2)? = 313.6 = 314N 
(b) The area of a strip is 0.2 Az and the pressure on it is pgx;. 


F = Jo's pgx(0.2) dx = 0.2pg[4a?]), , = (0.2pg)(0.18) = 0.0369 = 0.036(1000) (9.8) = 352.8 ~ 353 N 


16. The height of the dam is h = V70? — 25 cos 30° = 15 V9 (2). ral 
The width of the trapezoid is w = 50 + 2a. x4 
ee : 25 a 25 
By similar triangles, a er a=> (h — x). Thus, 

h + 

25 50 50 50x 50x 

& Dae | ee 22 Sp Pee fe QQ 
w= 5042-9 (h— 2) = 504+ = + @ = 50+50— == = 100- = | 


[continued] 
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From the small triangle in the second figure, cos 30° = a > 
Zz 


z = Arsec30° = 2 Aa/V3. 


h h h 
F=f sx (100~ 2) Fae = oy eeu x? dx 
0 h V3 V3 0 hv3 co) 

2006 h? ~— 1006 h® — 2005h? _-200(62.5) 12,825 


= 7.71 x 10° lb 
V3 2 hv3 3 3V3 3V3 4 


17. (a) Shallow end: The area of a strip is 20 Az and the pressure on it is 6x;. 40 ft 
F = {. 6220 dx = 206[327]* = 205 - 2 = 906 20 ft 9 ft 
= 90(62.5) = 5625 Ib 5.63 x 10° lb 3 ft 


Deep end: F = Jy) 6x20 dx = 205[42?]? = 205 - 84 = 8105 = 810(62.5) = 50,625 Ib = 5.06 x 104 Ib. 


Sides: For the first 3 ft, the length of a side is constant at 40 ft. For 3 < x < 9, we can use similar triangles to find the 
9-Z£ 9-2 


a 
length a: 0 6 a=A40- 6 


F = f. dx40 dx + J) 5x(40) o£ dx = 405[3a?]5 + 226 fo (9a — 2?) dx = 1805 + 226[22? — 125]? 


= 1806 + 225[( 8% — 243) — (1 — 9)] = 1806 + 6006 = 7805 = 780(62.5) = 48,750 Ib © 4.88 x 104 Ib 


(b) For any right triangle with hypotenuse on the bottom, go- 


: Ax 
sin @ = ———~_ 
hypotenuse 
/AQ2 4 62 /409 iL 
hypotenuse = Axcsc@ = Ax ee = — Ac. * 
F = {} 6220 4% de = } (20 V409) 6 [427]; x 


= 4-10 409 (81 — 9) © 303,356 Ib © 3.03 x 10° Ib 


18. Partition the interval [a, b] by points x; as usual and choose xj € [x;~1, x:] for each ¢. The ith horizontal strip of the 


immersed plate is approximated by a rectangle of height Ax; and width w(2;), so its area is A; © w(aj) Aa;. For small 


835 


Az;, the pressure P; on the ith strip is almost constant and P; ~ pgx; by Equation 1. The hydrostatic force F; acting on the 


ith strip is F; = PA; & pgxj w(x; ) Ax;. Adding these forces and taking the limit as n — oo, we obtain the hydrostatic 


force on the immersed plate: 


F= lm SOF = lim YS pgrjw(a7) Ax; = in pgxw(ax) dx 
NO jay 


N00 j=] 
19. From Exercise 18, we have F = ? pgtw(a) dx = Ly 642w(x) dx. From the table, we see that Ax = 0.4, so using 
Simpson’s Rule to estimate F’, we get 
F = 64 24[7.0w(7.0) + 4(7.4)w(7.4) + 2(7.8)w(7.8) + 4(8.2)w(8.2) + 2(8.6)w(8.6) + 4(9.0)w(9.0) + 9.4w(9.4)] 
= 25.8(7(1.2) + 29.6(1.8) + 15.6(2.9) + 32.8(3.8) + 17.2(3.6) + 36(4.2) + 9.4(4.4)] 
= 75 (486.04) = 4148 Ib 
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20. (a) From Equation 8, 7 = + lig cu(2z)dx => AT= ie cw(xz)dzx => pgAE = pg ie cu(xz)dxr => 
(pgt)A = i, pg xw(x) dx = F by Exercise 18. 
(b) For the figure in Exercise 10, let the coordinates of the centroid (%, Y) = (a /V2, 0). 


= a J/2a J2a°5 
Ege Pa ae 5 eS aa 
2 


21. The moment / of the system about the origin is M = S> mix; = mix1 + Mex2 = 6-104 9-30 = 330. 
i=1 


i= 


2 
The mass m of the system ism = )> mi = m1 +m2=64+9=15. 
i=l 
330 


The center of mass of the system is FT = M/m = [> = 22. 


22. The moment M is m1x1 + m2x2 + m3x3 = 12(—3) + 15(2) + 20(8) = 154. The mass m is 


mi +m2+mz3 = 12+ 15+ 20 = 47. The center of mass is ¥ = M/m = rae 


3 
23. The mass ism = )> m; =5+8+7 = 20. The moment about the z-axis is Mz; = > miy; = 5(1) + 8(4) + 7(—2) = 23. 


3 
i=1 i=1 


3 
The moment about the y-axis is My = S> mix; = 5(3) + 8(0) + 7(—5) = —20. The center of mass is 
i=l 


et (My MEN 20 23\.— 2. 
jn) = (MAB) = (3.3) = aay), 


4 
24. The mass ism = )> m; =4+34+6+3=16. 


i=1 


4 
The moment about the z-axis is Mz = }> miys = 4(1) + 3(—1) + 6(2) + 3(—5) = —2. 


i=1 


4 
The moment about the y-axis is My = S> mix; = 4(6) + 3(3) + 6(—2) + 3(—2) = 15. 


i=l 
The center of mass is (%,Y) = (=, it) = @ a) (3. 3): 


25. The region in the figure is “left-heavy” and “bottom-heavy,” so we know that % < 1 and 


y < 2, and we might guess that ¥ = 0.7 and Y = 1.3. The line 2a + y = 4 can be 


2 
expressed as y = 4 — 22,80 A= i (4 — 2x) dx = [40 2° =8-4=4., 
0 


al 
II 
| 
1) 
8 
—~ 
ey 
| 
i) 
8 
YN 
Q 
8 
lI 
Im 
o— 
wv 
— 
ww 
8 
| 
i) 
8 
iS) 
Na 
Qu 
8 
Ale 
NO 
8 
i) 
win 
8 
Wry 
° 
| 
Ale 
Cen 
oe) 
ole 
“ 
colt 


Thus, the centroid is (%, 7) 


II 
F eit 
wl 
ols 
“~~ 
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26. The region in the figure is “right-heavy” and “bottom-heavy,” so we know that 
& > Oand¥y < 1, and we might guess that T = 0.3 and Y = 0.8. 


A=fi, e*dx = Cale =e-e', 


ae ; dx = : : b 

ys: x es re a 7 t 

& a/.% eS er [we ae [by parts] 
1 


Qe" e 2 
= ath a1 a 
e—e-1 eer ise =) a ae ee 
pee ee ee * 28g 1 [eo]: ers oe Acie rl 
ee 12 ~ 2(e-—e-1) f_, ~ 2&e-—e-1) 2 -1 4A(e—e-!) e? 4e(e? —1) 


2 e41 
e2—1’ de 


Thus, the centroid is (%, 7) = ( ) = (0.31, 0.77). 


27. The region in the figure is “right-heavy” and “bottom-heavy,” so we know that & > 1 


and Y < 1, and we might guess that ¥ = 1.5 and y = 0.5. 


Thus, the centroid is (F, 7) = (3, 2). 


28. The region in the figure is “left-heavy” and “bottom-heavy,” so we know Z < 1.5 and as 
y < 0.5, and we might guess that ¥ = 1.4 and y = 0.4. 
1 
A= fP ida Ina]j =In2. F 1 fg. 4 dx = 1 iz? =a 
= 1 f21/1)\2 1 2-2 1}2 1 1 
G=4S, 3(e) esa Spe de = xy[-2)) = me (-3 +) = oe 0 


Thus, the centroid is (Z,7) = (45, aes) ¥ (1.44, 0.36). 


1 
2. A= 5 (at? x) dx [3a°/? 30°] = (3 4)-0=% 
1 
F= 2 fla(e¥? 2?) de =3 f(a? 2°) dx = 3[22°/? 1a] 
0 


Thus, the centroid is (F,7) = (3, 4). 
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838 CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION 
30. The curves intersect when 2 — 2? = x O=a?+2-2 af 
0 = (a+ 2)(x -1) e=-2orxe=1. 
A= 30 x? —2)dxz = [2a 0° Seis = Z - (-2) =. 
g=4 f',2(2—0? —2)de =? f", (22-03 — 27) de x 
es re ee er Lb 8\)__1 
= [2° — ga" — 32°]_, = 5(a2- 3) =—2 
J= eS ee (2— 27)? — 2?) dx= 2 . 1 ft (4-527 +24) de 
= 4 53 1 1,,5]1 1/38 16 2 
= g[4e— 32° + 32°] _, = 9135 — (—38)] = 3 
Thus, the centroid is (F,7) = (—4, 2). 
31. A= Jo’? (sin 2e — sin 2) dx = [—4 cos 2a + cosa] 7” = ($+5)-(-$+)) =}. 
= i ss . : 1 1. ‘ ns by parts with uw = x and 
T= a, x(sin 2x — sinx) dx = ale(-3 cos2u + cos.) ot (-3 sin2e-+sine) | E = (eae bin) 
—4lt(141 v3, v3\) _ | 3v3 
3\4 2 8 2 2 


1 n/3 . 2 
J= af 3(sin® 2x — sin*«) dx 


= ar 4 (4sin?x cos*x — sin?) da 


=2 pera sin’ x (1 — sin?) — sin?z] 


= 6 fr’? 


“is 1 1 
Now, / sin?2 dx @ E — —sin 22| 
0 2 4 


sin?x dx — 8 ee sint x dx 


n/3 
‘ sin*z dr = z : 
0 4 


double-angle 
identity 


dx (&, ¥) ~ (0.54, 0.65) 
n/3 n > 

ees v3 and : a[3 x 
at Gr: 8 


1 n/3 
E — sin 2x + 3 sin 12] [by Example 7.2.4] 


2 0 


Ug MS | ok 8 
412 2 16} 8 64 
ss nr V3 n 9/3 3V3 ad ys Ss 373 3Vv3 
Soy 6(2 3 ) (3 6A ) 3 . Thus, the centroid is (%, 7) = (« ag (0.54, 0.65). 
32. A= fo a8dx + [7(2—2) dx = [4a*]° + [22 — 42]? 


=e 4-2)-@-9) =: 

T= 4\J a(x) dx + f? x(2— 2) dx| 
= {el + bE} = 
=1)=2 


4 


= We x’ dx + {7 Qa — x?) da] 


[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 
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34. 


35. 


36. 


SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING 839 


D=4[Jo 3@*)? det fp 3(2— 2)? de] = 2[ ff ode + fi (@— 2)? de] = 2{ [227], + [3(@ - 2)9];} 


Thus, the centroid is (F,7) = (3, 23). 


The curves intersect when 2 — y = y O=y+y-2 
0=(y+2)(y— 1) y= —2ory=1. 
1 
A= f°,2-y—v)dy = [2y— gy’ — gy] 2 =§ —(-3) = 3 
Soo 312-9)? — YI] dy = 3-3 S94 —-4y + y? —y*) dy 


Thus, the centroid is (7,7) = (2,—4). 


An equation of the line is y = —3a + 3. A = 4(2)(3) =3,som = pA =A(3) = 12. 


+ 
Mz =p fy 3(—2243)? de =1pf? (22 2 _ gx +9) dx = 3(4)[32° — 2x? + 9x]) = 2(6 — 18 + 18) = 12. 


My =p fx (—324+3) dx =p f> (- $x? + 3x) dx = 4[-52° + 3x7]5 = 4(-4+6) =8. 


_ OM, 8 2 _ M, 12 a 2 : ; 
St a9 = a and 7 = See 1. Thus, the center of mass is (7, 7) = (3, 1). Since p is constant, the center of 


mass is also the centroid. 


The quarter-circle has equation y = \/4? — x? for 0 < x < 4 and the line has equation y = —2. 
A= in(4)? +2(4) = 407 +8 =4(r + 2), 80m = pA =6-4(m + 2) = 24(r + 2). 


=p Jo $|(V16— a?) — (-2)?] der = 3p J (16 — 2 — 4) dx = $(6)[120 — $2°]5 = 3(48 — S$) = 80. 


4 
M, = p fo « [V16— a? — (—2)] dx =p JS «16 — a? de + p [> 2x dx = 6|—3(16 2 ee) 
= 6(0+ &) + 6(16) = 224. 


_ My, 224 28 Mz 80 10 
E= = = ———_ and F = — = — = 
m  24(7+2) 3(4+2) m 24(7+2) 3(m+4+2) 
Thus, the center of mass is zs = (1.82, 0.65). 
3(x +2)? 3(r + iD 


We’ll use n = 8, so Ax = 2=4 = 8=9 =], 


[f(0) + 4f(1) + 2f(2) + 4f(3) + 2f(4) + 4f(5) + 2f(6) + 4f(7) + F(8)| 
[0 + 4(2.0) + 2(2.6) + 4(2.3) + 2(2.2) + 4(3.3) + 2(4.0) + 4(3.2) + 0] 


A= Se £( xz) dx Sio = 


2 


we we wl 


(60.8) = 20.26 [or 34] 
[continued] 
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37. 


38. 


39. 


CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION 


Now Jo f(x) dx = 2[0- f(0)+4-1- f(1) +2-2- f(2)+4-3- f(3) 
+2-4-f(4)+4-5- f(5)+2-6- f(6)+4-7- f(7)+8- f(8)] 
~ 3[0+8+ 10.4 + 27.6 + 17.6 + 66 + 48 + 89.6 + 0] 


= 1(267.2) = 89.06 [or 1238] ,sot= 4 fx f(x) de ~ 4.39. 


HB 


Also, Je [f(a)]? da ~ 4[0? + 4(2.0)? + 2(2.6)? + 4(2.3)? + 2(2.2)? + 4(3.3)? + 2(4.0)? + 4(3.2)? + 07] 


w 


= 3(176.88) = 58.96, so y= 4 f° 3[f(a)]? de ~ 1.45. 


Thus, the centroid is (%, y) = (4.4, 1.5). 


A= [2 x) (a? | de = a 2?) der | 


drop out 


fi, 2-2-2? 4+ 1)de=3 ft (et —a? —23 +2) de 


ga= 4 ft, de® — 2)? — (@? = 1)" | de = 8-4 f? (@® — 224 +0? — 4 + 20? — 1) de 


+2 fo (a® — 804 + 8a? — 1) da = 3 [407 — 325 +25 a], = 3( a) =—-#- 


Oo]vo 


Thus, the centroid is (F,y) = (—3,—33)- 


The curves intersect at 7 = a % —1.315974 and x = b & 0.53727445. (X, ¥) ~ eae 1.22) 


b 2 x 1,3 a]? ay 
A= fi [(2— 2°) — e*] da = |2r — 54° —e?| © 1.452014. 


E=4 f'x(2 a? — e*) de = 4[2? — t2* we” +e)" 


= —0.374293 


T= 4S. 32-27)? - (e*)?] dx = gy [0 (4-40? + a4 — €*) dex 
= hy [4a — 40° + 22° — Le")? ww 1.218131 


Thus, the centroid is (%, 7) * (—0.37, 1.22). 


Choose x- and y-axes so that the base (one side of the triangle) lies along 
the x-axis with the other vertex along the positive y-axis as shown. From 
geometry, we know the medians intersect at a point 2 of the way from each ay +bx=ab 


vertex (along the median) to the opposite side. The median from B goes to A Cc 
(a,0) 0 (c, 0) 


the midpoint ($(a +c), 0) of side AC’, so the point of intersection of the 


medians is (2 -t(a+o), 3) = ($(a +e), 4b). 


This can also be verified by finding the equations of two medians, and solving them simultaneously to find their point of 
intersection. Now let us compute the location of the centroid of the triangle. The area is A = 3(c —a)b. 


[continued] 
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i Ve (a oyde+ [2 Se e)ae| = [2 [toe a”) dz 4 =f Ce 


SO Te sis, Tal? ss Oey ges AL >, ABH. Thee Deals AD Mca, ng 
Fa 3] +35 Ab Bo reat + 3° 3° 


x”) as| 


Aa Pater. 3 9 Aa Ac 
= 2 “ee 2 se 1 (2 Fr eames 
a(c—a) 6 c(c—a) 6 3(c-a) 3 
[ po 2 : 2 
and v= 5 / 3(20-2) ae+ f 3(2e-2) | 
i fas fe Qax + x?) da + us fe - der +2*)de| 
A| 2a? J, 2c? Jo 
r 72 2 
= - _ [a?x — ax? + a Bd as sales cx oe :2°],| 
1] 3 3 3 a 3 3,13 b? 2 (c— a)b? b 
Al Bar ce av) + zale Se ae) A 6 | ane) (c — a)b 6 +2 


e x og 4 , as Claimed. 


Thus, the centroid is (%, 7) = ( 


Remarks: Actually the computation of 7 is all that is needed. By considering each side of the triangle in turn to be the base, 


we see that the centroid is z of the way from each side to the opposite vertex and must therefore be the intersection of the 


medians. 
The computation of Y in this problem (and many others) can be v4 
simplified by using horizontal rather than vertical approximating rectangles. 


If the length of a thin rectangle at coordinate y is €(y), then its area is 


L(y) Ay, its mass is pl(y) Ay, and its moment about the x-axis is y 


AM, = pyl(y) Ay. Thus, fk c-a 


J pylly)dy 1 


Mz =f pylly)dy and = ee eS a J yey) dy 


In this problem, @(y) = — 


(b — y) by similar triangles, so 


ae | c—a 2 
U= FZ Io yb — vay = FB Io (by — 9") dy 


Notice that only one integral is needed when this method is used. 


40. The rectangle to the left of the y-axis has centroid (- i, 1) and area 2. The triangle to the right of the y-axis has area 2 and 


centroid (3, 2) [by Exercise 39, the centroid is two-thirds of the way from the vertex (0,0) to the point (1, 1)]. 


_ M LZ 1 

Di pe pe = oar [2(-3) +2(3)] =2(3) =a 

pee Y MiYi = = [2(1) + 2(3)] = 3(2) = 2. Thus, the centroid is (z, 9) = (+ 2 
a m yi 949 3 4\3 6° , , 12’ 6 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


842 CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION 


41. Divide the lamina into two triangles and one rectangle with respective masses of 2, 2 and 4, so that the total mass is 8. Using 


the result of Exercise 39, the triangles have centroids (-1, 2) and (1, 2). The centroid of the rectangle (its center) is (0, - 5): 


M, 
So, using Formulas 6 and 7, we have 7 = ae 


wl 


Sm = $12(8) +2(8) +4(-4)] = 4) = dead =o, 


since the lamina is symmetric about the line « = 0. Thus, the centroid is (Z,y) = (0, 7). 


42. The parabola has equation y = ka and passes through (a, b), 


b b 
sob=ka? => k = — and hence, y = 52”. 


_ ab 7 - b 1 3 cae b a? _ 1 
R, has area Ay [ ae dx a2 Fa (5 ae 


Since & has area ab, Re has area Az = ab — sab = Zab. 


For Ry: 


ty obi Pet fobs oo Bib Pes BP ale 28 fio <8 
ope she Hope he 2 Ages $22 = 28, See = 
a 6 (32) * ab a Fi oe ae Fe 6.08 4° 4° 


a 2 2: a a 
n=z/ 5 Maye w= | ge ae Oe eee aah) Sy 
Ai Jo 2\a? ab 2a4 Jo 20°15 Jy 2a°\5 10 


Thus, the centroid for Ry is (T1,9,) = (2a, 40). 


For Reo: 


Thus, the centroid for Rez is (F2, Yo) = (2a, 3). Note the relationships: Az = 2.A1, %1 = 2%2, Yo = 29. 


43. (cx +d) f(x) dx= fe cx f (x) dx + fe df(x) dx = cf? x f(z) dz+d f° f(x) dx = cEA+d f° f(x) dx [by (8)] 


= cE f° f(a) dx+ df’ f(a) dx = (c& 4+ d) nis f(x) dx 


44. A sphere can be generated by rotating a semicircle about its diameter. The center of mass travels a distance 


2ry = 20 (+) [from Example 4] = =, so by the Theorem of Pappus, the volume of the sphere is 
TT 


2 
7 aay ae a a 
V = Ad 5 3 rh ; 
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46. 


47. 


48. 


49. 
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A cone of height h and radius r can be generated by rotating a right triangle yt 
about one of its legs as shown. By Exercise 39, 7 = $r, so by the Theorem of 
Pappus, the volume of the cone is h 

V = Ad = (4 - base- height) - (27%) = $rh- 2m ($r) = $ar7h. > . 

0 7 x 
From the symmetry in the figure, 7 = 4. So the distance traveled by the centroid *t 2,5) 
when rotating the triangle about the x-axis is d = 27 - 4 = 87. The area of the 4 (at 
triangle is A = $bh = 4(2)(3) = 3. By the Theorem of Pappus, the volume of Ce ee ra 
the resulting solid is Ad = 3(87) = 247. 
0 x 


The curve C is the quarter-circle y = 16 — x?, 0 < x < 4. Its length L is $(27- 4) = 2r. 


= 2 16 
roa — p?)-1/2(_9¢) = zt Ley Sa t _ 
ds = /1+(y')? dx = dx, so 
16 — x? 

1 ¢ 4 9 
E=— Oy een 4x(16 — x”) ? de = —|—(16 = 2?)'?] = —(04+ 4) = — and 

L 27 Jo 

4 4 4 

y= z [ vas= — V 16 —x?- e228) v= =| dz = 2 |] = 24 0) = 3 Thus, the centtoid 

L 27 Jo 16 — «x? 27 Jo mhio « T 
is (2, =) . Note that the centroid does not lie on the curve, but does lie on the line y = x, as expected, due to the symmetry 

T 7 
of the curve. 


(a) From Exercise 47, we have y = (1/L) fyds <= YL = f yds. The surface area is 


S = f Inyds = 2n f yds = 2n(YL) = L(27%), which is the product of the arc length of C and the distance traveled by 
the centroid of C’. 


(b) From Exercise 47, L = 27 and 7 = 8. By the Second Theorem of Pappus, the surface area is 


S = L(2ny) = 2n(27 - 8) = 327. 
A geometric formula for the surface area of a half-sphere is S = 27r?. With r = 4, we get S = 327, which agrees with 
our first answer. 


The circle has arc length (circumference) L = 27r. As in Example 7, the distance traveled by the centroid during a rotation is 


d = 27R. Therefore, by the Second Theorem of Pappus, the surface area is 


S = Ld = (2rr)(27R) = 4r?*rR 
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50. (a) LetO <<a <1.Ifn <™m, then” > x”; that is, raising x to a larger 


power produces a smaller number. 


(b) Using Formulas 9 and the fact that the area of R is 


1 1 m—n 


ee ye m Seen 
AS ese alter m+1 (n+1)\(m+1)’ 


we get 


pene Uae eee a 


m—n nm+2 m+2 (n + 2)(m + 2) 
us a= Bent) 4 4 [(u”)? — (2™)?] dx = eee (02” — 2”) de 
(n+ 1)(m4 


oe : wo) - ES-ES 
2(m—n) n+l Ww+i| Qn+)DQ@m-+l1) 


which lies outside & since (2)° Soe 2. This is the simplest of many 


possibilities. 


51. Suppose the region lies between two curves y = f(a) and y = g(x) where f(x) > g(), as illustrated in Figure 13. 

Choose points x; with a = %o < @1 <-+++ < a» = band choose 2; to be the midpoint of the ith subinterval; that is, 
= FT; = 4(xi-1 + 2). Then the centroid of the ith approximating rectangle R; is its center C; = (5; 4(f (Ti) + g(%:))). 
Its area is [f 


elf (i) — 9(F 


i) — g(Z:)| Az, so its mass is 


( 
(z;)] Ac. Thus, M,(Ri) = pLf (i) — 9(.)] Aw i = pts [f (G:) — g(@)] Ae and 
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DISCOVERY PROJECT COMPLEMENTARY COFFEE CUPS 


DISCOVERY PROJECT Complementary Coffee Cups 


1. Cup A has volume V4 = for 5 f(y)? dy and cup B has volume 


Ve = : ak — f(y)? dy = J fk? — 2k f(y) + [F(y)P} dy 


= [mk?y]) — mk f f(y) dy + fo aLFW)P dy = wk?h — 20kAi + Va 
Thus, Va =Ve © ak(kh—2A1) =0 k, = 2(A1/h); that is, k is twice the average value of f on the 
interval [0, hl]. 
2. From Problem 1, V4 = Vg kh = 2A, Ai + Ao = 2A1 Ag = Ai. 


3. Let %1 and %2 denote the x-coordinates of the centroids of Ai and Ae, respectively. By Pappus’s Theorem, 


Va = 2771 A and Vp = In(k _ 2) Ao, so Va VB Ai kAg—@2Ag & kAg =%1Ai + %2A2 w 


845 


kAg = $k(A1+A2) <= 4$kAg=4kA1 << Ag = Ai, as shown in Problem 2. [ (*) The sum of the moments of the 


regions of areas A, and Ag about the y-axis equals the moment of the entire k-by-h rectangle about the y-axis. ] 


So, since A, i Ag = kh, we have V4 VB A, Ag A, $(At + A2) => Aj = (kh) > 


k; = 2(A1/h), as shown in Problem 1. 


4. We’ll use a cup that is h = 8 cm high with a diameter of 6 cm on the top and the 
bottom and symmetrically bulging to a diameter of 8 cm in the middle (all inside 
dimensions). 


For an equation, we’ll use a parabola with a vertex at (4, 4); that is, 


= a(y — 4)? + 4. To find a, use the point (3, 0): 


3=a(0—4)? +4 1=16a a = —+. To find k, we'll use the 
relationship in Problem 1, so we need Aj. 
= fF (-biy—-4)? +4] dy = 4, (-dw +4) du [u=y-4] 
=2f4 (-dw? +4) du =2[-Aui + 4u]* = 2(-4 + 16) = 
Thus, k = 2(Ai/h) = 2(34) = 2, 


So with h = 8 and curve x = —4(y — 4)? + 4, we have 


Va = fom [-4(y—4)? +4]? dy=a f*, (du? +4)? du [u=y-4] = 2 f° (stgu* — Su? + 16) du 


= 2m [aaap” — gue + 16u], = 2m (5 — F + 64) = Bn (Sp) = Btn 


This is approximately 340 cm? or 11.5 fl. oz. And with k = 22, we know from Problem 1 that cup B holds the same amount. 
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8.4 Applications to Economics and Biology 


1. By the Net Change Theorem, C’(4000) — C’(0) 


C(4000) = 18,000 + f*°°°(0.82 — 


= 18,000 + 


2. By the Net Change Theorem, 


R(10,000) — R(5000) = firr°? Re 
= 420,000 — 
3. By the Net Change Theorem, C'(50) — C(0) = 


C(50) = 100 + [0.6x + 0.004x?] °° 


Similarly, C(100) — C(50) = [0.6x + 0.004a?]?° 
400 
4. Consumer surplus = f, ~ [p(a) — p(400)} dx 


= fo (920 — 46,/z) dx = 46 f0°"( 


00 
46 = 46[202 — 3 2 3/ ab = 46 
(0) 


= ior Cc’ 


(0. 82x — 0.000 015a? + 0.000 000 001a 


CHAPTER 8 FURTHER APPLICATIONS OF INTEGRATION 


(a)dx => 
0.000 032: + 0.000 000 00327) da: 


3]5 °° = 18,000 + 3104 = $21,104 


, 10,000 
(x) da = feoeo’ (48 — 0.0012x) dx = [48x — 0.000627] 7 
225,000 = $195,000 
5 (0.6 + 0.008x) dx => 


= 100 + (40 — 0) = 140, or $140,000. 


*° _ 100 — 40 = 60, or $60,000. 


he 
[(2000 — 46,\/z ) — 1080] dx jum 


consumer 
surplus 


—x1/?) dx 


(8000 — = - 8000) 


= 46 - = - 8000 © $122,666.67 
0 400 200 300 400. « 
— p45 = PA 
5. Consumer surplus = f° [p(a) — p(45)] dx eal 
_ 45 —0.03x __ —0.03(45) 
= f° (870e 870e ) dx nee 
1 45 
= 870 ane Ose gate | consumer 
0.03 0 surplus 
= 870( ——be-1-35 — 456-138 + eee $11,332.78 
0.03 0.03 aa 0 50 
x x 
6. p = 2.80 6 - —— =32 > = 11,200 
i. 3500 3500 ss 
11,200 11,200 r 
Consumer surplus = [ [p(x) — 2.80] dx = i, (6- 3500 — 2. 80) dx 
11,200 2 711,200 
= 2 =n) dx = |3.2 35,840 — 17,920 = $17,920 
[ (3 3500) “* . aia . ° 


7. Since the demand increases by 30 for each dollar 


Also, p(210) = 18, so an equation for the demand is p — 18 = — 


the price is lowered, the demand function, p(x), is linear with slope -H 


35 (x — 210) or p= —x + 25. A selling price of $15 


300. 


300 


implies that 15 we + 25 zou = 10 x 
Consumer surplus = ee (-—p2 +25 


15) dx = ik ar +10) dx = [—-s 2” + 10a] 5 


= $1500 
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800,000e~7/500° 
: a eeiees =a = 21 © 3727.04. 40 
8. p(x) © + 20,000 6 x = 21 © 3727.0 


consumer surplus 
Consumer surplus = [,°'[p(a) — 16] da = $37,753 


~3727, 16) | 


4000 


9. ps(z) =3+0.012?. P=pgs(10)=3+1=4. 


Pp 
—_" Ps 
Producer surplus = f)°[P — ps(x)| dx = f° [4-3 — 0.01x?] dx 3 
2 


producer 
surplus 


= [x — 22245)” ~ 10 — 3.33 = $6.67 1} 


10. P=ps(z) = 625 = 125 + 0.0022 500 = oa? a= 500? x = 500. 
Producer surplus = f>°°[P — ps(x)] dx = f7°°[625 — (125 + 0.0022”)] da = °° (500 — <4,2”) dx 
= [500x — p52°]5 °° = 500? — 74, (500%) = $166,666.67 


11. p = V30 + 0.01xe9-0012 = 30 when x © 3278.5 (using a graphing calculator or other computing device). Then the producer 
surplus is approximately for [30 — 30 + 0.01269 | da = $55,735. 


12. (a) Demand curve pp(x) = supply curve ps (x) 50 me = 20+ aia 30 = 32a x = 200. 
pp(200) = 50 — 34(200) = 40, so the market for this good is in equilibrium when the quantity is 200 
and the price is $40. 


(b) At equilibrium, the Pr quel 
200 50 demand 
Consumer surplus = °° — 40] dx (50 — sa — 40) da: 
40 
Se - wee le $1000 40 (x, P) 
and the 207 supply producer 
i 10+ surplus 
Producer surplus = f’"°[40 — ps(«)| da = (40 — 20 — 42) dx 
— 
_ [20x aa lS eis 0 50 150 250 * 
13. (a) Demand function p(x) = supply function ps(x) <= 228.4 — 18x = 27x + 57.4 171 = 45a 


x = 2 [3.8 thousand]. (3.8) = 228.4 — 18(3.8) = 160. The market for the stereos is in equilibrium when the 
quantity is 3800 and the price is $160. 


» 8 (p(x) — 160] dx = f° (228.4 — 18a — 160) da = f°" (68.4 — 18) dx 


(b) Consumer surplus = 
9]38 2 
= [68.40 — 9x i = 68.4(3.8) — 9(3.8)? = 129.96 
Producer surplus = ee [160 — ps(x)|] dx = 51160 — (27x + 57.4)| dx = 8 (102.6 — 27x) dx 
3.8 
= [102.62 = 13.527] = 102.6(3.8) — 13.5(3.8)? = 194.94 
0 


Thus, the maximum total surplus for the stereos is 129.96 + 194.94 = 324.9, or $324,900. 
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12 0.2 
14. p(z) =ps(z) = 312e~° 4" = 26e°2 ar = iE & 2=e « In12=034¢ 6 
In 12 : 
Lae = 034° X = 7.3085 (in thousands) and p(X) * 112.1465. 


Consumer surplus = ie [p(x) — p(X)] da = ie Gilets — 112.1465) dx = 607.896 


Producer surplus = ee [ps(X) — ps(a)| da = Jo 7°? (112.1465 — 26e°?") da = 388.896 


Maximum total surplus + 607.896 + 388.896 = 996.792, or $996,792. 
Note: Since p(X) = ps(X), the maximum total surplus could be found by calculating ris [p(x) — ps(a)| da. 
15. f(8) — f(4) = ff s'(at = [2 VEat = [2097] = 2(16 V2 — 8) ~ $9.75 million 
16. The total revenue R obtained in the first four years is 
R= J} f(t)dt = f° 9000 VI + 26 dt = [7 9000u'/? ($du) [w= 1+42t,du = 2d] 


9 
= 4500[2u%/?| _ = 3000(27 — 1) = $78,000 


17. Future value = i fer dt = fe 8000e°-04# €9-962(6—4) de = 8000 His EreOAE C0372 0.0026: te 


—0.022t 7 6 
a 6 .0.372—0.022t 4, __ 0.372 r6 ,—0.022t 7, _ 0.372 | € 
0.372 
= eo — 1) © $65,230.48 
Tv —rt 6 0.04t ,—0.062t 6 —0.022t Cael 
18. Present value = f) f(t)e~" dt = Jf, 8000e e€ dt = 8000 J, e dt = 8000 0087. 
=). 


_ 8000 | 0.132 4) ~ 
= Xo.020 1) © $44,966.91 
19. N= see: dr—-A gg ktt b = A i sich 
Sa -k+1}, 1-k 3 
e 2k 72 
imi 1-k - x - A on fi a 
Similarly, | Ag!" dx — A E a | = re 


1 
Thus, = — 
us, Nv 


a 


0 9 er 


9 

20. n(9) — n(5) = i (2200 + 10e°**) dt = [22000 + 
5 

= 2200(9 — 5) + 12.5(e"? — e*) = 24,860 


mPR* _ 7(4000)(0.008)* 


21.F = = So 81.19 x 1074 cm? 
Bil 8(0.027)(2) ee oS 
PoR§ _ «PR* P Ry\* 
22. If the flux remains constant, then i oe =f Bil PoR§ = PR‘ PB ( e ) i 
3 ve Re \* 4y\4 : : : 
R= Ro PR TR => P=P (4) & 3.1605Po > 3Pp; that is, the blood pressure is more than tripled. 
0 q+to 
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23. From (3), F = 2 20 , where 


Jo c(t) de 202 


10 10 
_ —0.6¢ = 1 —0.6¢ integrating} — 41 -—6 
I =| te dt fen ( 0.6¢ le il by parts = aaa (Te + 1) 
6(0.36) (0.108 


301 — 7e-5) ~ T—Te= z © 0.1099 L/s or 6.594 L/min. 


24. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 = 


Jo° c(t) dt © 2[c(0) + 4c(2) + 2c(4) + 4c(6) + 2e(8) + 4c(10) + 2c(12) + 4c(14) + ¢(16)] 
= 2(0 + 4(4.1) + 2(8.9) + 4(8.5) + 2(6.7) + 4(4.3) + 2(2.5) + 4(1.2) + 0.2] 
= 3(108.8) = 72.53 mg: s/L 
A 5.5 
Therefore, F ~ — = = —— ®& 0.0758 L/s or 4.55 L/min. 
72.53 72.53 


25. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 = 


Jo c(t) dt. © 2[c(0) + 4c(2) + 2c(4) + 4c(6) + 2c(8) + 4c(10) + 2c(12) + 4e(14) + ¢(16)] 
re 20 + 4(6.1) + 2(7.4) + 4(6.7) + 2(5.4) + 4(4.1) + 2(3.0) + 4(2.1) + 1.5] 
= 2(109.1) = 72.73 mg: s/L 
A 7 : 
Therefore, F ~ —= = —— ~ 0.0962 L/s or 5.77 L/min. 
72.73 72.73 


8.5 Probability 


1. (a) {o.oo f(x) da is the probability that a randomly chosen tire will have a lifetime between 30,000 and 40,000 miles. 


(b) (ee es f(x) dz is the probability that a randomly chosen tire will have a lifetime of at least 25,000 miles. 


2. (a) The probability that you drive to school in less than 15 minutes is f A f(t) dt. 

(b) The probability that it takes you more than half an hour to get to school is f. ae f(t) dt. 

3. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(a) > 0 for all x, and 
(2) f°. f(#) dx = 1. For0< « <1, f(x) = 30a?(1 — a)? > Oand f(x) = 0 for all other values of x, so f(a) > 0 for 
all x. Also, 

J oT da= f, 3027(1 — x)? dx = ibe 30x7(1 — 2a + 2?) dx = fo (30x? — 60a3 + 3024) dx 
= [1023 — 1524 + 62°]) = 10-15+6=1 


Therefore, f is a probability density function. 


(o) P(X <2) = s' f(a) de = fo’? 3007(1 — 2)? de = [102° — 150 + 60°] = W- + 8 = 
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4. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(a) > 0 for all x, and 


3-2 
(2) f ae f(x) dx = 1. For f(x) = Gea: the numerator and denominator are both positive, so f(a) > 0 for all x. 
Also, 
oo 0 oo 0 3-2 s eet 
[_te@a= [sears f f(x) de = lim. ; Geena ee ; Gite @ 
0 s 

_ —du F —du u=1+e>-*, 

= ae oat U ss parce =p E Set? | 

= lim Oy gaa (AN = lim : aia I j 

~~ too | uy net 87OLU], 9  to-0 1+e3-* " ss00 | 1 + e382 


= lim _— J + lim : a ! O+1 : 1 
too \1+e3 1+63-* soo \1+e3-s 1+e3/ 1463 1+ee 


Therefore, f is a probability density function. 


4 4 
1 1 1 
P3B<X <4)= dx = | ——~— fi rt = = 0.231 
w) P< x <4)= | fe)de= |] rompa (a) = a — 08 
(c) f(x) = ee ; The graph of f appears to be symmetric about the line x = 3, so the mean 
(1+ e*) 
a8 appears to be 3. Similarly, half the area under the graph of f appears to lie 
to the right of x = 3, so the median also appears to be 3. 
6 03 12 


5. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all x, 


and (2) [°. f(x) dx = 1. Ifc > 0, then f(a) > 0, so condition (1) is satisfied. For condition (2), we see that 


co co Cc 
fit@e=f 5 da and 


co t 
= dx = lim a =f =c lim [tan~* a]? =clim tan tt=c ue 
6 2 1+ x? 0 


t—0o t—00 2 


0 co 
Similarly, / I Ss dz = (5) , SO i, 7 i dz = 2c(=) =cT. 


—oo a 


Since ca must equal 1, we must have c = 1/7 so that f is a probability density function. 


1 1 
1/x 2 1 2 1.91 27% 1 
PU ASH 25) = dx = dx = [+ ==(4-0)=; 
OE eae) [oee a cee ee i ee) 


6. (a) For 0 < x < 3, we have f(x) = k(3x — x”), which is nonnegative if and only if k > 0. Also, 


[tad ei. k(3a — x2?) dx = k[3a? 1,3)% = k(2-9) = 3k.Now3k=1 => k= 2. Therefore, 


f is a probability density function if and only if k = 2. 
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(b) Let k = 2. 


P(X > 1) = fP° fw) de = JP 3 (8x — 2?) de = §[3a? — 50°]; = 3[(F — 9) — ( 


Nolo 
wl 
a” 
eae) 

| 
oly 
— 
lS 
” 

| 
N|8 
NNO 


(c) The mean p= f° a f(x) dx = © «(2 (3a —2°)| dx = 2 (> (32? — a3) dx 
=9le- se l= 3(2?- 5) = a(4) = 


7. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all 2, 
and (2) f°. f(x) da = 1. Since f(x) = 0 or f(x) = 0.1, condition (1) is satisfied. For condition (2), we see that 
Ft eda= i 0.1dae = [42] ld = 1. Thus, f() is a probability density function for the spinner’s values. 


(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the mean to be halfway between the 


endpoints of the interval; that is, 7 = 5. 


Lalo sfajer= - x(0.1) dx = [a27]0° = 0 =5, as expected. 


8. (a) As in the preceding exercise, (1) f(x) > O and (2) f°. f(x) da = fe f(x) dx = 3(10)(0.2) [area of a triangle] = 1. 
So f(x) is a probability density function. 
(b) (i) P(X <3) = JP f(x) dx = $(3)(0.1) = 3 = 0.15 


(ii) We first compute P(X > 8) and then subtract that value and our answer in (i) from 1 (the total probability). 


P(X >8) = fo° f(x) dx = 3(2)(0.1) = 2 =0.10. So P(3 < X < 8) =1—0.15—-0.10 =0.75. 


(c) We find equations of the lines from (0,0) to (6, 0.2) and from (6, 0.2) to (10, 0), and find that 


ae if0<2<6 
f(t)=4-mex+ 5 if 6<2x<10 
0 otherwise 


b= fe xf (x) dx = fo x(S2) da feo x( me + 3) dx = [Ae3]0 + [-42° + 427 | 7 


= Bo + (1 + MD) — (BB 4B) = aos 


9. We need to find m so that [° f(t)dt= 5 => lim f{* ze t/® dt=5 => lim [E(—5)e*/5]" =4 


~Z—0o m 


(-1)0-e7™"/8) = 2 => ee m/5=Ink m=-—5In} =51n2& 3.47 min. 
ri) 0 if t<0 
10. (a) w = 1000 t 
ae eteO 
200 
(i) P(O< X < 200) = 20° set 10 dt = |—e7*/2000| = —e-/5 4 1 0,181 
0 
ii > = =e t= lim |—e7 le fie te" & 0. 
ii) P(X 800 aa ms t/1000 Y li t/1000 0 4/5 0.449 
&— 00 800 


(b) We need to find m so that [™ f(t)dt=5 = lim f* sume 1/100 dt=4+ = lim |—e-*/2009| Pi 4 


@— 00 m 


O+e7™/1000 _ = —m/1000 = Ing m = —1000In $ = 1000In2 ~ 693.1 h. 
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0 ift<0 
11. (a) An exponential density function with » = 1.6 is f(t) = eee ee: 
The probability that a customer waits less than a second is 
P(X <1) =Ji EK oe t/16 dt = [-ets] =e V/16 4 1 = 0.465. 
(b) The probability that a customer waits more than 3 seconds is 
P(X > 3) = fg" fat = lim ff f(t)dt = Bim [—e-¥/] = dim (—e7 9/78 4 e919) = 69/19 0.153, 


Or: Calculate 1 — f. f(t) dt 


(c) We want to find b such that P(X > b) = 0.05. From part (b), P(X > b) = e~°/1, Solving e~°/1-6 = 0.05 gives us 


— 7 =1n0.05 => b=~—1.61n0.05 = 4.79 seconds. 


Or: Solve So F¢ t) dt = 0.95 for b. 
12. (a) We first find an antiderivative of g(t) = t? e. 


1 2 =, dv=e* dt 
2 at — 2 42 pat se at u > U e€ 
fe eae ae e [ite dt fae v= tert 


1 
a 


oo 
iw) 
a 
=f 

i... 6 
e 

+ 
a 
= 

na 

o 

a 
5 
= 
ae | 
a 
ee 
(a 
Q, + 
> 
a 
ee 
sll 
ale & 
eo & 
Ve. 
= 
ee | 


ee a ag eae ae +C 
a a? a? a a 2 


= —20e~° (4? + 40t + 800) + C [with a = —0.05] 


P(0< X < 48) = . f(t) dt = : Ne (t) dt = ! [—20€->°5* (1? + 40% + 800)] 
a ada ee ~ 15,676 J, 9°?“ ~ 15,676 0 


—20 —2.4 = 
= 15676 (5024e~?-4 — 800) = 0.439. 

(b) P(X > 36) = P(36 < X < 150) = _} _ iso g(t) dt = oe |—20€~ 9-084 (42 + 40¢ + 800)| is 
2 15,676 “36 15,676 36 

—20 —7.5 —1.8 

=p a76 (29 300e~7° — 3536e71'8) = 0.725 
1 % 
13. (a) f(t)=4 H- zest if40<t< 80 


0 otherwise 


60 40 4 60 / 4 t P 40 t P 60 
P(30 < T < 60) = f(eyae = f mits | — — — | dt = | — +)/—-— 
30 1600 40 20 1600 3200 30 20 3200 40 


30 
1600 900 60 3600 40 1600 1300 | 1 19 
3200 ©3200 20 =3200 20 3200 3200 | 32 


The probability that the amount of REM sleep is between 30 and 60 minutes is 35 = 59.4%. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


14. 


15. 


16. 


17. 
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fore 40 t 80 1 t B 40 P B 80 
— t f(t)dt= t( —— }dt t dt = 
(b) » i Fe) | (<aa3) +f (5 ann) Ear a E | #6 


_ 64,000 ( | (ae “| 384,000 4120 = 40 
4800 40 4800 40 4800 4800 
The mean amount of REM sleep is 40 minutes. 
(pt (a — 69)? 
(a) With « = 69 and o = 2.8, we have P(65 < X < 73) = [. er exr(-S5¥) dx = 0.847 


(using a calculator or computer to estimate the integral). 


(b) P(X > 6 feet) = P(X > 72 inches) = 1— P(O< X < 72) } 1— 0.858 = 0.142, so 14.2% of the adult male 


population is more than 6 feet tall. 


or (a — ca 
P(X > 10) = ———— exp( — ~————_ ] dz. To avoid the improper integral we approximate it by the integral from 
(X > 10) [. rear »( aaa? prop g pp y g 
poe al (a — 9.4)? 
10 to 100. Thus, P(X > 10) = / ex( a ) dx ~ 0.443 (using a calculator or computer to estimate 
10 4.227 2-4.2 


the integral), so about 44 percent of the households throw out at least 10 lb of paper a week. 


Note: We can’t evaluate 1 — P(0 < X < 10) for this problem since a significant amount of area lies to the left of X = 0. 


480 2 
1 (a — 500) ) . : 
a) P(O< X < 480) = ex dx ~ 0.0478 (using a calculator or computer to estimate the 
ig I 12 Jim r( 2-128 vo : 


integral), so there is about a 4.78% chance that a particular box contains less than 480 g of cereal. 

(b) We need to find yz so that P(O < X < 500) = 0.05. Using our calculator or computer to find P(O < X < 500) for 
various values of 1, we find that if ~ = 519.73, P = 0.05007; and if 4 = 519.74, P = 0.04998. So a good target weight 
is at least 519.74 g. 


100 2 
—112 : P 
(a) P(O < X < 100) = / Sor exp EO) dx © 0.0668 (using a calculator or computer to estimate the 
0 7 : 


integral), so there is about a 6.68% chance that a randomly chosen vehicle is traveling at a legal speed. 


oF od (2 — =) > ; 
b) P(X > 125) = / ex ( dx = x) dx. In this case, we could use a calculator or computer 
(b) P( ) Berea res 7.2 ee) p 
to estimate either [ oe f(x) dx or 1 — ny f(x) dx. Both are approximately 0.0521, so about 5.21% of the motorists are 
targeted. 
1 yer) 2 1 Appa XD 2) —2(4 — pt) —1 Afsen yXe 2 
= (xw—p)*/(20°) , = (@-p)*/(20*) = (@-p)*/(20*) 
x) = ——e > x) = —e e€ x > 
PO) = ee Pe) = a2 aa ae (x — ) 
—1 Ss = py 2 a 2 —2(x =_ LL) 
" = (wp) / (207) 4 = (w@—p)"/(20°) AY PY 
YO= aya |. Peale Na 
—1l  _¢e— 2 2 (a — wv) 1 =f a \2 2 
= (w@-p)*/(20*) = (@-p)*/(20*) 2 2 
= e€ 1—- ~~~] = e€ x —o 
03 /2r | o? o> \/2r [( H) | 


f'(2) <0 => (a@-p)?-0? <0 = |r-pl<o 3S -oK<a@-p<o > p-o <x <p+c and similarly, 


f(z) >0 => x<p-—corx>p-+to. Thus, f changes concavity and has inflection points atx = u+o. 
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+20 s Pe ot 
19. P(u— 20 < X <p+20) = / d exp (-S) dx. Substituting t = 7 and dt = 2 dx gives us 
p20 OV 27 20 o o 


2 2 
/ 1 -*/2(¢ dt) = =| ce */? dt x 0.9545. 
2 oV 20 Van J—2 


0 if «<0 
20. Let f(x) = where c = 1/w. By using parts, tables, or a CAS, we find that 
ce” ifa>0 


(1): f xe’* dx = (e°* /b?)(bx — 1) 


(2): fx?” dx = (e?” /b®)(b?x? — 2bx + 2) 


oe 0? = f° (a — pw)? f(a) de = f°. (@ — pw)? f(x) dae + f° (a — 4)? f(@) de 
=O0O+ jim c fo (a — p)’e"* dx = c- Jim. i (a?e~°* — Qape"™ + pe) dx 


Next we use (2) and (1) with b = —c to get 


—cxr —ca7t 


o? =c lim -S (c?x” + 2ca + 2) 2 (—ca —1) +p 


t—oo 


Using |’Hospital’s Rule several times, along with the fact that 4 = 1/c, we get 
BS Signe 2a 2 Lee 1 fy: 1 1 - 1 
— Coe & 2 -c/| \e) C? ere 


21. (a) First p(r) = Arte t/eo > 0 for r > 0. Next, 
0 


[oe] foe} t 
if p(r) dr = i J hen triaa dr = ee lim ree 2/0 dr 
—oo 0 4% a to Jo 
By using parts, tables, or a CAS [or as in Exercise 20] , we find that [ x?e"” dx = (e°"/b®)(b?x? — 2br + 2). (x) 
3 
Next, we use (x) (with b = —2/ao) and I’Hospital’s Rule to get 5 E (-2) = 1. This satisfies the second condition for 


0 


a function to be a probability density function. 


(b) Using I’Hospital’s Rule, — lim ce ey 


4 (a ae 2r 
—. = — lm ——_—_—__ = 
ae T—0o e2r/a0 ae T—0o (2/a0)e2"/20 az T— 00 (2/ao)e2"/40 


To find the maximum of p, we differentiate: 


4 
p'(r) =z fas =) + e7 27/20 @r)| wr e7 27/420 (2 (-= te 1) 
ao ao 0 10) 
p'(r) =0 r=O0orl — r=ado [ao 5.59 x 107?! m]. 
0 


p (r) changes from positive to negative at r = ao, so p(r) has its maximum value at r = ao. 
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(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum 1x10” 


value from part (b) helps. 


4 4 
p(a0) = ee "te = e2 = 9,684,098,979 
0 


With a maximum of nearly 10 billion and a total area under the curve of 1, 


4x10" 
we know that the “hump” in the graph must be extremely narrow. si 


is 4ag 
(d) P(r) = if Sse te/eo ds = P(4ao) = / See ties ds. Using (x) from part (a) [with b = —2/ao], 
0 4% 0 0 


4 fe in (Any aA eee ag _8 1 _8 
P(Aao) a|\=e (4s +Bera)) = 5 (Se (64 + 16 + 2) — 1(2)] = —5(82e° — 2) 


= 1-Ale—® = 0.986 


oo 4 t = ; ; ; 
(e) w= i rp(r)dr = = jim pe 27/20 dr, Integrating by parts three times or using a CAS, we find that 
—co Aq > Jo 


ba 
pee dx = = (b°x° — 3072? + 6br — 6). So with b = a2* we use |’Hospital’s Rule, and get 
ao 


Review 
TRUE-FALSE QUIZ 


1. True. The graph of y = f(x) + cis obtained by vertically translating y = f(x) by c units. The arc length over the interval 


a <x < bwill be unchanged by this transformation. 


2. False. | Suppose g(x) = land h(a) = g(x) + 2 = 3. Rotating the graph of g(x) about the x-axis over the interval [0, 2] 
will produce an open cylinder with radius 1 and height 2, so its surface area will be 27(1)(2) = 47. Similarly, 
rotating h(a) in the same way will generate an open cylinder with radius 3 and height 2, so its surface area will be 


27(3)(2) = 127. 


3. False. | Suppose f(a) = x and g(x) = 1so0 that f(a) < g() in the interval [0,1]. f(x) is a straight line so its arc length 


over [0, 1] is the distance between its endpoints and is given by \/(1 — 0)? + [f(1) — f(0)|? = V2. Similarly, the 


arc length of g(a) over [0, 1] is 1, which is less than 2. 


1 1 1 
4. False. y=a2® => dy/dx=3a? = i= f VIF yaa de = f VIF BEF de = f V1+4+ 924 dx 
0 0 0 


5. True. | The smallest possible length of arc between the points (0,0) and (3, 4) is the length of a straight line segment 


connecting the two points. This length is \/(3 — 0)? + (4 — 0)? = V/25 =5. 
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6. True. By Equation 8.3.9, the centroid of a lamina depends only on its area and the curves y = f(a) and y = g(x), which 


define its shape. 


7. True. The hydrostatic pressure depends only on the depth of the fluid, d, and the fluid’s weight density, 6, as given by 


P = 6d. See margin note next to Equation 8.3.1. 


8. True. The total probability must be 1. See Equation 8.5.2 and the preceding discussion. 


EXERCISES 
1. y = 4(a — 1)? dy = 6(«—1)'/? te, ; = 1+436(% — 1) = 36x — 35. Thus 
da dx : : 
109 


4 eee 
i= f V36x — 35da = Vii (=e du) Fee 
1 


1 du = 36dz 


109 
= 2,,3/2 ooo Sil 
35 [3°77] = dy(109V109 - 1) 


: dy a dy % 
2y= 2In(sin $2) > a 2 See} . cos($2) . 4 = cot ($2) => 1+ () =1 + cot? ($2) = csc” ($2). 
Thus, 
wT wT T m/2 gels 
b= f esc? (322) ax = f lese(2) ax = f esc($2) ax = [ esc u (2 du) ae) 
n/3 n/3 n/3 r/6 du = 5 dx 
= 2[m|escu— cot) |” = 2[In ese 3 cot 3 | In |csc 2 cot =|| 
= 2[In|1 — 0| - In|2— v3 ] = -2In(2- V3) = 2.63 
3.122 =4y2 +3y° => x=hy+iy! = a =y-ty? = 


dx 2 = = = 
1+($) =1l+y-s4+hgy%*=y +34 hy" =W + hy’). Thos, 


3 3 3 
L=] V(y?+4y-?)’ dy= | ly? + zy?| dy = fi (y?+4y-7) dy= Ea ~ iw] 
53 


3 
(9-3)-G-)=8=8 


12 iD 6 
, _ «4 ee ee dy 1.5, 3 
ae a eae Wea 
1+ (dy/dx)? =1+4 (40% — 27)’ =14+ a8 440% = do® th ta’ = (fae +074)’. 


Thus, L = i, (42° +a27*) dx = [aa* 1y-?}? = (1 z) 
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= 2n[ape® — 5) = 20 (33 — 3) — (ay — 1) = 20 (3 — 3 - a +1) = (SS) = Oe 


For0<2<3,L= ff) /1+(y? de = fe /1+4/@ +14 de & 3.5121. 


(b) The area of the surface obtained by rotating C' about the x-axis is 


3 3 
Ss =| ary ds = 27 i ar + 4/(a + 1)4 dx = 22.1391. 
0 9 +1 


(c) The area of the surface obtained by rotating C’ about the y-axis is 
S = fo Ina ds = 2n fo x/1+4/(@ + 1)4 de © 29.8522. 


6. (a) y= 2” 1+ (y’)? =1-+ 42”. Rotate about the y-axis for0 < a <1: 


5 
S = [ame V+ 4a de = fF Vudu [w=1+407] = §[u¥?| = 3(5%? - 1) 


(b) y = 2” 1+ (y')? = 1+ 42”. Rotate about the x-axis for 0 <a <1: 
S = Qn fy x? JI + 4a? da = Qn fo tu? V1 + u? $ du [u=22] =F Cu? JT + uP du 
= *[Lu(1+2u?) VIF a? —2injut+ VIF @ | Jp [w= tané oruse Formula 22] 
= s[}(vB— $n(2 + v8) —0] = alls v8 —m(2 + v3)] 
7. y=sing y’ =cosx 1+(y’)? =1+ cos?x. Let f(2) = V1 + cos?x. Then 


i Ape f(x) dx = Sio0 


= Sagi [F(0) + af) + 20(8) + 4F(98) +2048) 


= 3.8202 


/ 


8. (a) y=sinz y = cose 1+ (y')? =1+4 cos?z. 
S= ff 2ryds = [fF 2nsinz V1 + cosa de. 


(b) S © 14.4260 


%y=fPVvt-ldt > dy/de=VVe-1 1+ (dy/da)? =1+ (Ve-1) = v2. 


16 
Thus, L = Ae VVadz = ne vl4 dr = 2 Exel = 


1 


16 
10. S= fr ana ds = Qn i ee dx = Qn f° a°/4 dx = 2n- $ ee = (512 —1) = “8a 
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11. By reasoning as in Example 8.3.1, > ; 2a = 2—axandw = 2(115+a) =34+2a=342-ae=5-2. 


Thus, fF = i 6a(5 — x) dx = 6[ 3a? 


a?]* = 5(10 — 8) = 225 © 458 Ib [5 ~ 62.5 Ib/ft*]. 


12. The parabola has equation y = ax”. Since the point (4, 4) is on the graph, 4 = a(4)? 


y= ta? orz = +2,/y. 


> a= t. Thus, an equation is 


y 
4 8 ft 
F = fp 6(4—y)2(2.Vy) dy = 46 Jp (4y"/? — y?/?) dy ii 
4 
= 45/8y*/? - 2y°/2] | = 45( — 64) — 9565(4 — 2) i 
= 26% 2133.31b [5 © 62.5 Ib/ft*] ~ 
aes 


13. The area of the triangular region is A = 4(2)(4) = 4. An equation of the line is y = $2 or x = 2y. 


1 241 Lf d. & tAf25.5 cn ee ieee 4 
EF=— = dy = — =(2yP? dy==] 4y?dy= =| = =(8)== 
r af, 34@) y if 5 (2y) dy ff y dy =| 3" 5 (8) : 

if? 1 FP if ee ae 4 
ae dy = = 2) dy = = apSe\e (gi = 
i= y f(y) dy if ven y sf y y AE 5 (8) 3 


The centroid of the region is (4, =). 


14. An equation of the line is y = 8 — x. An equation of the quarter-circle is y = —./8? — x? with 0 < x < 8. The area of the 


region is A = 3(8)(8) + 47(8)? = 32+ 16m = 16(2+ 7). 


z=4f[ x| f(x jar=F fofes + V64— 2? | de 


8 
-3/ [8x — 2? +x(64—27)"?| de i 


A 3 P 
= [aa M21) (0-0-2) = git =p 
m= 5 f StLF@l ~ to Ppde= Af ee V64— 27)? dex 
=o [64 — 16x + «? — (64 2”)] dx = 5 [ (22? — 162) d 
ay P(e? — 82) de = alge]. - - 3 (7 - 5) 


-=—>— _ } ® (3.11, -1.04). 
Q2+7’ wen} eu, ) 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


16. 


17. 


18. 


19. 


20. 


CHAPTER8 REVIEW 859 


2 
p= 423 (ve) - Ge)?] de= $3 i 40-32) de = Ble? — Be], = 86- ¥) 


Thus, the centroid is (%, 7) = (3, 1). 


From the symmetry of the region, T= $7. A= ee sinzdx = [- cos a| s ( <3) =V2 


m/A /4 
1 ie o a8 1 oe ; 
j=-— 5sin® edz = — = (1 — cos 2x) dx 
A m/4 : A n/4 . 
1 iS 30/4 
= mW} [z — gsin 2a] 


1 us Tw T 
= aon ai 1) earee eire, A Caeae | 


Thus, the centroid is (Z, 7) 


=. (zy 1)) se (1.57, 0.45). 


The centroid of this circle, (1, 0), travels a distance 27(1) when the lamina is rotated about the y-axis. The area of the circle 


is 7(1)?. So by the Theorem of Pappus, V = A(27%) = m(1)?27(1) = 27°. 


The semicircular region has an area of snr’, and sweeps out a sphere of radius r when rotated about the x-axis. 


= = 0 because of symmetry about the line « = 0. And by the Theorem of Pappus, V = A(277) => 


snr? = $nr? (277) y = sr. Thus, the centroid is (7,7) = (0, 41). 
ax = 100 P = 2000 — 0.1(100) — 0.01(100)? = 1890 


Consumer surplus = 5 Lp(a) — P\dz= 7 (2000 — 0.12 — 0.012? — 1890) da: 


100 
0 


= [110a — 0.052? — 2723] 


7 = 11,000 — 500 — 222° ~ $7166.67 


Jo" c(t) dt © Si2 = *4=2[1(0) + 4(1.9) + 2(3.3) + 4(5.1) + 2(7.6) + 4(7.1) + 2(5.8) 
+ 4(4.7) + 2(3.3) + 4(2.1) + 2(1.1) + 4(0.5) + 1(0)] 
= 3(127.8) = 85.2 mg: s/L 


Therefore, F ~ A/85.2 = 6/85.2 = 0.0704 L/s or 4.225 L/min. 
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sin if 0<2<10 
nso {8 ($2) ifoses 


0 if «<Oorz>10 


(a) f(x) > 0 for all real numbers x and 


jes f(x) dz = es = sin( 52) dz = ¥- 20 {— cos(4x)] °° = 3(— cos 7 + cos 0) = (1 +1)=1 


0 
Therefore, f is a probability density function. 
(b) P(X <4) = le x) dx = . on * sin( 52) dx al cos( 2) ]5 a 3(- cos 2= + cos 0) 
~ 4(—0.309017 + 1) © 0.3455 
©) = [ef (e) de = i x02 sin( 5x a) dx 0.3 
= fo %: Bulsinu)(2) du [w= He,du= Has] 
= 2 ff usinudu 2 5 [sinu —ucosulg = 2[0 — (—1)] =5 
0 10 
This answer is expected because the graph of f is symmetric about the 
-0.1 
line x = 5. 
280 280 i 2 
22. P(250 <_X < 280) = i hg -H)?/(207) gay = i: = exp( So dx % 0.673. 
250 oV2T 250 15/2n 2-15 


Thus, the percentage of pregnancies that last between 250 and 280 days is about 67.3%. 


0 if t<0 
23. (a) The probability density function is f(t) = 
ge /S if t>0 
3 
PO<X<3)= fr te dt= -e-*/*] = —e79/8 4.1 = 0.3127 
0 


10 Be ~2— 00 Z—0o 


(b) P(X > 10) = f° e-*/8 dt = lim [-e-*/*]" = lim (—e7*/8 + e710/8) = 0 + 79/4 & 0.2865 
10 


2 xr CO 2 


(c) We need to find m such that P(X >m)=35 => f° ze t/8 dt=4 => lim |-e-"*]" a 


lim (—e~?/8 + e~™/8) = 2 => eo MB a1 m/8=Int m = —8In4 = 81In2 © 5.55 minutes. 


ZLZ—OCo 
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1. a? 4+y%<4y = a7 4+(y—2)? < 4,80 S is part of a circle, as shown 


in the diagram. The area of S is 
1 113 [y— -1/2- 
Io V4y — yr dy = [42 Vy =? + 2008 (24)| [a = 2] 
= —4$¥3 + 2cos”'(4) — 2cos7*1 


$+2(5) 20) = B- 8 


Another method (without calculus): Note that 0 = ZC'AB = , so the area is 


(area of sector OAB) — (area of AABC) = 4 (27) oe $(1)V3 = ar 3 


2.y=+V23 — «4 The loop of the curve is symmetric about y = 0, and therefore 7 = 0. At each point x 


where 0 < 2 < 1, the lamina has a vertical length of x? — x4 ( Va? — x4 ) = 2x3 — «+. Therefore, 


fo e-2Va3— at dx 7 fo evV28 — a7 dx 
fo 2V23 — a4 dx 7 So Va — a7 de 


iP ‘a Va% — at dx = [jx 5/2. /[—adax 


Wey, sin® 6 cos 01/1 — sin? 6 d0 sind = va, cos 6 d0 = dx/(2V/ ), 
2sin0@ cos@ dé = dx 


r= . We evaluate the integrals separately: 


eed sin® 6 cos? 6 d0 = hee (1 — cos 20)]° 4 (1+ cos 20)d0 


= Si (1 — 2cos26 + 2 cos? 20 — cos* 26) dé 


= ead — 2cos 20 + 2cos 20(1 — sin? 20) — $(1+ cos 40)? | dé 


= 40 — i sin® 26) 7/7 = = ie (1 + 2cos 40 + cos? 40) dé 
= 4-3/0 + $sin 40] ie -<4 ne (1 + cos 86) dé 
=3-sl6+ 4 sin 40]7/? -g Ee (1 + cos 86) dé 

= 4-2 [0+% sin 80] 7/7 = a 


Ne 4x8 — aide = for 3/2./T—eda = [/?2sin* 6.cos 0/1 — sin? 0 d0 [sind = Vz] 


4a 


= 2sin* 6 cos” 0d0 = Hi 


2-4(1 — cos 20)” - $(1 + cos 26) dO 


= ee ae 20 + cos® 20) dO 


= 2.171 — cos 26 — 3(1 + cos 40) + cos 26(1— sin? 20)| do 


= #/$-3 2 sin 46 — 1 g sin 3 26)7/ =a 


5/128 5 


by = =) _ (5 
Therefore, 7 = 7/16 = g and (Z,9) = (3:0); 
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3. (a) The two spherical zones, whose surface areas we will call 5; and So, are 
generated by rotation about the y-axis of circular arcs, as indicated in the figure. 
The arcs are the upper and lower portions of the circle x” + y? = r? that are 
obtained when the circle is cut with the line y = d. The portion of the upper arc 


in the first quadrant is sufficient to generate the upper spherical zone. That 


portion of the arc can be described by the relation « = ,/r? — y? for 


d<y<r. Thus, dx/dy = —y/\/r? — y? and 


dx \* y? r? r dy 
= 4/1 d 14 dy = dy = 
oe : V (Kooaa 4 oy q r2 — y? 


From Formula 8.2.8 we have 


i= [ane s)a+( & 2) ay =f Qr VAP Qrr dy = 2xr(r — d) 
d 


Similarly, we can compute Sz = i Qa \/1+ (dx/dy)? dy = Hie Qnr dy = 2nr(r +d). Note that S$; + S = 4r?, 


the surface area of the entire sphere. 


(b) r = 3960 mi and d = r (sin 75°) = 3825 mi, yA 
so the surface area of the Arctic Ocean is about 


2nr(r—d) & 2n(3960) (135) & 3.36 x 10° mi”. 


(c) The area on the sphere lies between planes y = yi; and y = y2, where y2 — yi = h. Thus, we compute the surface area on 


y2 dx \? y2 
the sphere to be S = / Qra4f/1+ (=) dy = / Qrr dy = 2ar(yo — yi) = 2rrh. 
wu dy u 


This equals the lateral area of a cylinder of radius r and height h, since such yA x=r 
a cylinder is obtained by rotating the line x = r about the y-axis, so the 
surface area of the cylinder between the planes y = y: and y = y2 is | v= Yo 
=) h > 
* Sie 1+ ( ie = 2a VT Ody | ¥ 
yy 
= Qnry| = 2nr(y2 — yi) = 2arh 
y=Y1 
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(d) h = 2r sin 23.45° = 3152 mi, so the surface area of the yA 
Torrid Zone is 2arh = 27(3960) (3152) © 7.84 x 10” mi’. 
| - 23.45° 
i x 
: : : ae r+H or 
4. (a) Since the right triangles OAT and OTB are similar, we have =- => 
r a B 
r? oe : Tr 2 H 
a= rah The surface area visible from Bis S = [" 2na /1+ (dx/dy)° dy. 
r 
d d d. 
Froma?+y?=r?,weget (02+ y2)= Fr?) > w+ y=0 > r 
dx y da\? a? + yor 
Sa -e 1 eS =-—.Th 
dy x ands (=) x x2 bi 
S= "Dies Ld 2ar(r —a) = 2rr\ r a = 2nr?(1— — = 2nr? B23 2 
FA cai rias Sies =o r+H) r+H) r+H r+H° 
(b) Assume R > r. Ifa light is placed at point L, at a distance x from a, 
L 
the center of the sphere of radius r, then from part (a) we find that S co 
the total illuminated area A on the two spheres is [with r + H =a 
P [ haga 
andr+ H=d-— gz). ———— | 
Dents. oe a 
AG Ce ee Se) Ir<a<d—R. A(z) =r(i “) + R2(1 a ; 
x d-«2« 20 x d-« 
_R r3 R? (d—2) R? 
Al ms ee ee 2. a = 
so A’(x) =0 O=r = +R Ga) aes = 3 
oe TRY d RY d BV d 
-1) = 1 =1 =a*= ' 
et Sea) ea) Perera ee 
r R? ar? 2R? 7 
Now A'(a) = 2n( 5 aoa) A" (x) 2n( a doa) and A” (x*) < 0, so we have a 
local maximum at 7 = 2*. 
However, x«* may not be an allowable value of — we must show that «* is between r and d — R. 
. d 
(1) n>r } T+ (R/rp =" 4 d>r+RV/R/r 
d R\3/2 R\3/2 
2) a* <d- <d d<d d 
@ e<d-R © TpeRsdoR @ asa-Rea(Z) —R(Z) 
R\v/? R\3/2 R 
- — <d d> = t 
R n(2) < (7) 2 (Rr t R+rv/r/R, bu 
R+r/r/R< R+r, and since d > r+ R [given], we conclude that «* <d— R. 
[continued] 
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Thus, from (1) and (2), x* is not an allowable value of x ifd <<r+R,/R/r. 


So A may have a maximum at x = r, 2*, ord — R. 


_ 2nR?(d—r—R) _ 2nr?(d—r— R) 
R? r 2 2 2 3 2 3 
A(r) > A(d— R) pr ea ee Ri(d-—R)>r(d-r) & Rd-R’>r*d-r s 


Red—r?d> R—-r? & d(R—-r)(R+r)>(R-r)(R?4+Rr+r?) & d>(R2+Rr+r’)/(R+r) 
d>[(R+r)?—Rr]/(R+r) & d>R+r—Rr/(R+r).NowR+r—Rr/(R+r) < R+r, and we know that 
d > R+r1r,so we conclude that A(r) > A(d— R). 


In conclusion, A has an absolute maximum at x = x* provided d > r + R\/R/r; otherwise, A has its maximum 


atzr=r. 


5. (a) Choose a vertical x-axis pointing downward with its origin at the surface. In order to calculate the pressure at depth z, 
consider n subintervals of the interval [0, z] by points x; and choose a point x} € [x;-1, xi] for each 7. The thin layer of 
water lying between depth x;_1 and depth x; has a density of approximately p(x; ), so the weight of a piece of that layer 


with unit cross-sectional area is p(x} )g Az. The total weight of a column of water extending from the surface to depth z 


n 
(with unit cross-sectional area) would be approximately 5+ p(aj)g Ax. The estimate becomes exact if we take the limit 
i=1 


as n — oo; weight (or force) per unit area at depth zis W = lim > p(aj)g Az. In other words, P(z) = Jy p(x)g dx. 
N00 fry 


More generally, if we make no assumptions about the location of the origin, then P(z) = Po + ie p(x)g dx, where Pp is 


the pressure at x = 0. Differentiating, we get dP/dz = p(z)g. 


(b) F=f" P(L4+2)-2Vr? — 2? de 
=f" (Pot fit poe" gdz) -2Vr— a dx 
P 0 Po g 
L 
| = Py [" 2/1? — 2? dx + pogt [", (ette/# - 1) -2Vr? — 2? dx 


= (Po — pogH) f" .2Vr? — 2? dx + pogH f". eE+o)/F 9 /p2 — 3? da: 
= (Po — pogH) (nr?) + pogHe”!/™ [" ec?!" .2Vr? — 2? dx 


6. The problem can be reduced to finding the line which minimizes the shaded 


area in the diagram. An equation of the circle in the first quadrant is 


x = \/1— y?. So the shaded area is 
h 1 
Ath) = f (1- VI) ay + f V1— y? dy 
) h 
h h 
-| (1 V1 v) dy if V1 —y? dy 
) 1 
Al(h) =1—-JVI1—-h?— J1—f? [by FTC] =1-2V1—A2 


A’=0 T—-hz = 1—h? 


1 2: 3 
7 he = 3 A 


lg 
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2h 
V1l—h? 


Note: Another strategy is to use the angle 6 as the variable (see the diagram above) and show that 


A" (h) = —2-3(1—h?)~*/?(—2h) = >0,soh= a8 gives a minimum value of A. 


A=6+cosé— 5 — 4 sin 20, which is minimized when 0 = ¢. 


. To find the height of the pyramid, we use similar triangles. The first figure shows a cross-section of the pyramid passing 
through the top and through two opposite corners of the square base. Now |B D| = 6}, since it is a radius of the sphere, which 


has diameter 20 since it is tangent to the opposite sides of the square base. Also, |AD| = b since AADB is isosceles. So the 


height is |AB| = /b? + 6? = 2b. 


A 


rAWS 


AN. 2 
VAAN gL J > 


b C 


A 


We first observe that the shared volume is equal to half the volume of the sphere, minus the sum of the four equal volumes 
(caps of the sphere) cut off by the triangular faces of the pyramid. See Exercise 6.2.49 for a derivation of the formula for the 
volume of a cap of a sphere. To use the formula, we need to find the perpendicular distance h of each triangular face from the 
surface of the sphere. We first find the distance d from the center of the sphere to one of the triangular faces. The third figure 
shows a cross-section of the pyramid through the top and through the midpoints of opposite sides of the square base. From 


similar triangles we find that 


d_ |AB| _ V2b ga Vee _ vb, 
b |AC| b2 + (/2b)° V3b2 3 


Soh=b-—d=b 8p a =8 b. So, using the formula V = rh?(r — h/3) from Exercise 6.2.49 with r = b, we find that 


2 
the volume of each of the caps is 7 ( S = 6 b) (0 : =) a =fve 8 +8 aps = (2 = = 6 )rb?. So, using our first 


observation, the shared volume is V = $(47b*) — 4(2 — £V6)nb® = (3-V6 — 2) 70°. 


. Orient the positive x-axis as in the figure. , 
Suppose that the plate has height h and is symmetric 2| y 2| y 
about the x-axis. At depth x below the water | ve | flx) 
(2<a<2-+h), let the width of the plate be 2f(x). h h 
Now each of the n horizontal strips has height h/n | | 
and the 7th strip (1 < i < n) goes from 4 al 
i-1 i Br telne 
e=2+ ( ) htow=2+ ( ) h. The hydrostatic force on the ith strip is F(t) = | 62.54 [2 f(x)] dx. 
tt Ue 2+[(i-1)/n]h 
[continued] 
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If we now let [2 f(x)] = k (a constant) so that f(x) = k/(2a), then 


2+(i/njh te ys ‘ Pea | h 
F(i) =| 62.5k dx = 62.5k [2] oe ink = 62.5%/ (2 n) (2 | n)| = 62.5%( ) 
24[(i-1)/n]h Paras n n n 


So the hydrostatic force on the zth strip is independent of 2, that is, the force on each strip is the same. So the plate can be 
shaped as shown in the figure. (In fact, the required condition is satisfied whenever the plate has width C'/x at depth x, for 


some constant C’. Many shapes are possible.) 
9. We can assume that the cut is made along a vertical line x = b > 0, that the y 
disk’s boundary is the circle x? + y* = 1, and that the center of mass of the 


smaller piece (to the right of x = b) is (3, 0). We wish to find b to two 


1 
; 1 v-2V1— 22 dz ; 
decimal places. We have 5 r= dee ee Evaluating the 


fo2 V1 — x? dx 


1 
numerator gives us — f,'(1 — #”)1/?(—2a) da = 2\(1 aad _ -3[0- (1 —0?)°/?) = 2(1—b?)*/?, 
b 


Using Formula 30 in the table of integrals, we find that the denominator is 
_ 2 (1 Bey A ayi2 
2 _—bV/1—b?—-sin ‘bd’ 


equivalently, (1 b? )3/ a= t 4b V1 —b? 4 sin~*b. Solving this equation numerically with a calculator or CAS, we 


[zvV1 — x? +sin-*e] 5 = (0+ 9) (bV1 b2 +sin7'b). Thus, we have ; =f 


or, 


obtain b = 0.138173, or b = 0.14 m to two decimal places. 


10. Ai = 30 


bh = 30 bh = 60. 


[2(fe + 10 n) dx 4 [° 2020) ae = 6¢70) = 


> (ho 1[,2]'° 
/ 72? +102 —he)de+10-3]27] =420 = 
0 b 


b 
b 
Digs ie a Pea) 5(100 — b?) = 420 2hb? + 5b? — Lhd? + 500 — 5b? = 420 80 = 2hb? 
3b 9) F 3 2 6 
480 = (hb)b 480 = 60b b=8. Soh = 2 = 4 and an equation of the line is 
15/2 15 15 5 
= —— 10o-~—)=— =.N 
y Pe + (10 ) itt 5 ow 


= sin [Jo (be? + Te + 2) de + 100(10 —8)] = shy ([Fage* + He? + x] + 200) 


= 775 (150 + 150 + 50 + 200) = SP = 3 


[continued] 
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Another solution: Assume that the right triangle cut from the square has legs y 
acm and b cm long as shown. The triangle has area 30 cm, so dab = 30 and 
ab = 60. We place the square in the first quadrant of the xy-plane as shown, and 


we let T, R, and S denote the triangle, the remaining portion of the square, and 


the full square, respectively. By symmetry, the centroid of S is (5,5). By 


b a 10cm x 

Exercise 8.3.39, the centroid of T’ is @ 10 — 5) : 
We are given that the centroid of R is (6, c), where c is to be determined. We take the density of the square to be 1, so that 

areas can be used as masses. Then T has mass mr = 30, S has mass ms = 100, and R has mass mr = ms — mr = 70. By 


reasoning as in Exercises 40 and 41 of Section 8.3, we view S as consisting of a mass mr at the centroid (¥r,Y-) of T anda 


mass F at the centroid (Fr, Jp) of R. Then Fs = aad Gg = cS LSE that is, 
MT + MR MT + MR 
5 — 30(b/3) + 70(8) 45 — 30(10 — a/3) + 70¢ }— 8 cm ——| 
100 7 100 | 
Solving the first equation for b, we get b = 8 cm. Since ab = 60 cm?, 
7.5.cm 
it follows that a = ° = 7.5 cm. Now the second equation says that 
— 55 
70c = 200 + 10a, so 7c = 20+.a = *2 andc = 23 = 3.9285714 cm. a 
The solution is depicted in the figure. +——— 10 em —— 
= Lsi * Lsin6 dé —cosé]” —(- 
41. Pet Ppeoo Lsind _ So S [— cos 6]5 = ( ri _ 2 
area of rectangle TL T 7 T 
Ifh= sL, we replace L with 4L in the above calculation to get P = (=) = -. 
12. (a) The total set of possibilities can be identified with the rectangular yh 


region R = {(0,y) |O<y<L,0<6 <7}. Evenwhenh > L, 
the needle intersects at least one line if and only if y < hsin@. Let 


Ry = {(0,y)|O<y< hsind,0 < 0 < am}. Whenh < L, RK; is 


contained in %, but that is no longer true when h > L. Thus, the 
probability that the needle intersects a line becomes 


_ area(RARi) — area(RMR1) 
area(R) aL 


ol 8, 0 7 0 


When h > L, the curve y = hsin @ intersects the line y = L 


twice — at (sin~* (L/h) , L) and at (x — sin“'(L/h) , L). Set 0, = sin~’ (L/h) and 62 = m — 01. Then 
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O1 62 wT 
area(s) = f nsinoa + [ bd9+ | hsin 6 d6 
0 


01 02 


O41 
= 2 f hsin 6 dO + L(62 — 61) = 2h [—cos6]>? + L(m — 261) 
0 


h 
L 
= 2h(1 — cos 61) + L(a — 261) 
a/p2 — J,2 
=2h(1 a ay alee rare oe Ze = 
h h hR-L 


L 
= 2h — 27h? — [2 + cL — 2L sin“! (=) 


We are told that L = 4 and h = 7, so area(RN Ri) = 14 — 2/33 + 4x — 8sin™* (2) & 10.21128 and 


P= x area(RM R1) = 0.812588. (By comparison, P = 2 & 0.636620 when h = L, as shown in the solution to 
Problem 11.) 


(b) The needle intersects at least two lines when y + L < hsin 0; that is, when Yh 
y <hsind — L. Set Re = {(0,y) |O< y< hsnd-L,0<0< 7}. = 
Then the probability that the needle intersects at least two lines is ay < 
Py = area(RM Rez) = area(RM Rez) ‘| z 
area(R) aL 1+ 2 
When L = 4 and h = 7, Re is contained in KR (see the figure). Thus, 0 mp 


1 1 a—sin—1(4/7) n/2 
P2= Tp atea(Ra) = i (7sin@ — 4) d0 = zo (7sin @ — 4) dé 
T =} Ss: 


4n in-1(4/7) in-1(4/7) 
= 1 m/2 > 1 33 Lon qurk = V33 + 4sin~* (2) _ on 
igs [—7 cos 0 = 40] sin-1(4/7) — Oz, o — 20+ — + 4sin (4) es 
& 0.301497 


(c) The needle intersects at least three lines when y + 2D < hsin@: that is, when y < hsin@ — 2L. Set 


Rz = {(0,y)|0<y < hsin@ — 2L,0 < 0 < x}. Then the probability that the needle intersects at least three lines is 


area(RNAR3)  area(RN Rs) 


P3 = ———_—— = ————. (At this point, the generalization to P,,, n any positive integer, should be clear.) 
area(R) aL 


Under the given assumption, 


1 1 m—sin~!(2L/h) 9 x /2 
P3 = — area(R3) = = | (hsin 6 — 2L) dd = — (hsin@ — 2L) dd 
TL TL sin—1(2L/h) TL sin—1(2L/h) 
2 n/2 2 een 
=< [-hoos0 — 206] Fon yn) = plo th + Vi? — 40? + 2L sin”! (2L/h)| 


Note that the probability that a needle touches exactly one line is P; — P., the probability that it touches exactly two lines 


is P2 — P3, and so on. 
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13. Solve for y: 7 + (a«+y+1)?=1 (c+ty+1)? =1-2? e+tyt1l=+vV1-2? 


y= —e@—-1tVJ1—2?. 
A= f [(-e-14 Viva) - (-2-1- Vim #)] ae 7 


1 
_ = us area of = 
=f 2/12? dx = 2(F) | =r (0, 0) 


1 1 
r= — -2/1—22dr= i (0, —2) 
x a is x-2V1—a2dx 0 [odd integrand] P+ We peiesi 


A J_,2 
2. fe Pe he 
=-2/ (eVi-2 + Ta) de=—-= [ An T= wae— = f 1 — 2? dx 
w Jy 4 -1 
2 ' 2/0 f 
=-=(0) [oddinegrana] — =() bee i 


Thus, as expected, the centroid is (%, 7) = (0, —1). We might expect this result since the centroid of an ellipse is 


located at its center. 
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9.1 Modeling with Differential Equations 


dr =k : : : 
1. a= where & is a proportionality constant. 
r 
2. a = k, where k is a constant. 
dt 
dv ; ‘ . 
3. — k (M — v), where k is a proportionality constant. 
dy : ; : 
4. an ky (N — y), where k is a proportionality constant. 


d 
5. The number of individuals who have not heard about the product is N — y. Thus, = = k(N — y), where k isa 


proportionality constant. 


6. y = sing — cos% y’ = cosx + sin. To determine whether y is a solution of the differential equation, we will 


substitute the expressions for y and y’ in the left-hand side of the equation and see if the left-hand side is equal to the 


right-hand side. LHS = y’ + y = (cosx + sinz) + (sinz — cosxz) = 2sinz = RHS, so y = sin x — cos is a solution of 
the differential equation. 


x 


hLy= ze" a ze — 2e~*”. To determine whether y is a solution of the differential equation, we will 
substitute the expressions for y and y’ in the left-hand side of the equation and see if the left-hand side is equal to the 


right-hand side. 


LHS = y’ + 2y = Ze” Qe 28 4 2(2e" + ee") = 2e7— Qe?” 4 $e" + Qe—7? — Se” = 2c” = RHS 
soy= Ze" + e~* is a solution of the differential equation. 


8. y=tane y’ = sec?x. 


ing the identi : ‘ : : , 
patna el = RHS, so y = tan isa solution of the differential equation. 


1+ tan?x2 = sec 


LHS = y’ — y? = sec?a — tan? = 1 


9 y=Ve=2'? pate. 


LHS = zy’ —y= u($0-/?) all? = hy '/? _ gt/? — _ky1/? 40, so y = Vz is not a solution of the differential 


equation. 


1 x 


JI — 22 


2 
) v= -x-—x4 =—2x4 £0,soy = V1 — 2? is not a solution of the differential 


10. y = VI—@ = (1-2?) => yi = =(1—27)-/2(-22) = 


(HS 24a See ae ( 
yy ( i 


equation. 
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iW 


1. y=2? y’ = 32? y 6x. 


LHS = 2? y" — 6y = x - 62 — 6- 2? = 62? — 6x* = 0 = RHS, so y = 2? is a solution of the differential equation. 


12. y=Inz y =1/x y” 1/a?. 
fieny 1 1 1 1 2 : : : : : 
LHS=a2y" -y =2|-— —=--—-—-—=-—- £0,s0 y = Inz is not a solution of the differential equation. 
x x Le x 


13. y=-—tcost—t = dy/dt = —t(—sint) +cost(—1) —1=tsint —cost—1. 


LHS = ¢ @ =¢(tsint cost — 1) =? sint —tcost —t = ft? sint + (—tcost — t) = t? sint + y = RHS, 


so y is a solution of the differential equation. Also, y(7) = —a cosa — 7 = —1(—1) —- a7 = a — 7 = 0, so the initial 


condition, y(7) = 0, is satisfied. 


14. y=5e* +2 = dy/dx =10e?" +1. 


LHS au 2y = 10e?” + 1 — 2(5e?” + x) = 1 — 2a = RHS, so y is a solution of the differential equation. Also, 


y(0) = 5e? + 0 = 5, so the initial condition, y(0) = 5, is satisfied. 


TL ” 


15. (a) y=e"™ y’ =re y re". Substituting these expressions into the differential equation 


2y"” + y' — y = 0, we get 2r2e"> + re™ —e"™ =0 > (2r?+r—l1)e"=0 = 


(2r —1)(r +1) =0 [since e”® is never zero] => r=4or-—1. 


(b) Letry = 3 and r2 = —1, so we need to show that every member of the family of functions y = ae*/? + be~® isa 
solution of the differential equation 2y” + y’ — y = 0. 


x / 


y = ae*/? + be~ y= 


ae*/? — be~* y= tae?/? + be~*. 
LHS = 2y” +y' —y= 2(jact/? + be") + (fa0"”? _ be") — (ae*/? + be~*) 


ae™/? + 2be~* + Lae*/? — be~* — ae*/? — be* 


aL 
2 

= ($a+ ta— a)e*/? + (2b—b—b)e* 
0 


16. (a)y=coskt > y'’=-—ksinkt = y” =—k? coskt. Substituting these expressions into the differential equation 


Ay" = —25y, we get 4(—k? coskt) = —25(coskt) = (25—4k?)coskt=0 [forall ¢] 25 — 4k? =0 


—a— => k=+ 


Nor 


(b) y= Asinkt+ Bcoskt = y’ = Akcoskt—Bksinkt = y’ = —Ak? sinkt — Bk? coskt. 


The given differential equation 4y” = —25y is equivalent to 4y’’ + 25y = 0. Thus, 


LHS = 4y” + 25y = 4(—Ak? sin kt — Bk? cos kt) + 25(Asin kt + B cos kt) 
= —4 Ak? sinkt — 4Bk? coskt + 25.Asin kt + 25B cos kt 
= (25 — 4k?) Asin kt + (25 — 4k?) Bos kt 


=0 since k? = 28. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 9.1 MODELING WITH DIFFERENTIAL EQUATIONS 873 


17. (a) y=singx y’ = cosx y" sin x. 
LHS = y”+y=—sinz+sinz = 0 ¥ sinz, so y = sinz is not a solution of the differential equation. 
(b) y = cosx y’ sin x y” =—cos2. 
LHS = y” +y =—cosx+cosx = 0 ¥ sina, so y = cosz is not a solution of the differential equation. 
()y=tasing => y' =4(xcosxt+sinz) => y” =4(—axsinz +coszx +cosz). 


LHS = yy” +y= d(-a sina + 2cosx) + da sinz = cosx # sinz, so y = 5x sin z is not a solution of the 
differential equation. 


(d) y = —4acosx y' = —4(—asinz + cosz) y” = —4(-acosz — sing — sinz). 


LHS = y" +y= 4( XZ COSX 2sin x) + (—$acos x) = sinx = RHS, so y = —3cosz is a solution of the 


differential equation. 


Inz+C x: (1/2) —(nzx+C 1-Inz—-—C 
18 @y=— = = yf = 2 ery een 

bis eye OS eee 
x 


=1-Ineg-—C+lIn¢a+C=1=RBHS, so y isa solution of the differential equation. 


(b) A few notes about the graph of y = (Inz + C)/z: 
. dee ; a (1) There is a vertical asymptote of x = 0. 
en Lr - (2) There is a horizontal asymptote of y = 0. 
EC | 3)y=0 > Intz+C=0 S&S «=e, 
so there is an x-intercept at e~ © 
(4) y’ =0 Inz=1-C gael", 
so there is a local maximum at « = e!~°. 
Intl + ee l 2 : 
(c)y1)=2 > 2= miye => 2=C,s0 the solution is y = aa [shown in part (b)]. 
(d) y(2)=1 > 1= move => 24in2+C => C=2-1n2,s0 the solution is y = aotia= 
[shown in part (b)]. 
19. (a) Since the derivative y’ = —y? is always negative (or 0, if y = 0), the function y must be decreasing (or equal to 0) on any 
interval on which it is defined. 
Gye Svar iio oe =-( : ) =-y7 = Rus 
y x£+C a= (x+C) -_ (+c) — zt+o}) 4% = 
c) y = Oisa solution of y’ = —y? that is not a member of the family in part (b). 
©)y y y yinp 
(d) If y(x) = : then y(0) = Bese Since y(0) = 0.5 one C =2,s0 
sa ae SEY A a SEV oat oat ge a a cae 
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20. (a) If x is close to 0, then ay? is close to 0, and hence, y’ is close to 0. Thus, the graph of y must have a tangent line that is 
nearly horizontal. If x is large, then xy° is large, and the graph of y must have a tangent line that is nearly vertical. 
(In both cases, we assume reasonable values for y.) 
(b) y= (c—2?)-/2 => y! =2(c—2?)-9/?7, RHS = ay? = a[(c - a?) 1/798 = (ce — 2”)~3/? =y' = LHS 
Shs When z is close to 0, 7’ is also close to 0. 


As = gets larger, so does |y’|. 


= 


(d) y(0) = (c—0)-”? =1/Veandy(0)=2 + Ve=t > c=3,s0y= (1-27). 
dP P dP 
MO eas ele coe ee ing that P eat ai 
21. (a) 7 12P(1 i) Now Ti >0 = 700° 9 [assuming tha >o0] = Doo < => 


P< 4200 = the population is increasing for0 < P < 4200. 


o) <0 => P> 4200 
(@ S=0 => P=42000rP=0 
22. (a) © = ~up? — (1 +a)v ta] = v(u —a)(vu 1),80 @ =0 v =0,a, or 1. 


(b) WithO <a <1, dv/dt = —-v(v—a)(v-1)>0 & v<Oora<v<1,s0 vis increasing on (—o0o, 0) and (a, 1). 


(c) WithO < a < 1, du/dt = —v(v—a)(v—-1) <0 &S O0<v<aorv > 1,30 v is decreasing on (0, a) and (1, 00). 


23. (a) This function is increasing and also decreasing. But dy/dt = e’(y — 1)? > 0 for all ¢, implying that the graph of the 


solution of the differential equation cannot be decreasing on any interval. 


(b) When y = 1, dy/dt = 0, but the graph does not have a horizontal tangent line. 


24. The graph for this exercise is shown in the figure at the right. y 


A. y’ =1+ xy > 1 for points in the first quadrant, but we can 
see that y’ < 0 for some points in the first quadrant. 
B. y’ = —2xy = 0 when x = 0, but we can see that y’ > 0 for x = 0. 
Thus, equations A and B are incorrect, so the correct equation is C. 0 x 
C. y’ = 1— 2zxy seems reasonable since: 
(1) When x = 0, y’ could be 1. 
(2) When x < 0, y’ could be greater than 1. 
(3) Solving y’ = 1 — 2zy for y gives us y = — If y’ takes on small negative values, then as 2 — 00, y — OT, 


as shown in the figure. 
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(a) y =1+a?+y? > land y’ — oo as x — oo. The only curve satisfying these conditions is labeled IIL. 


(b) y’ = ze-® —-Y > Oifx >Oand y’ < Oifa <0. The only curve with negative tangent slopes when x < 0 and positive 


tangent slopes when x > 0 is labeled I. 


ie > Oand y’ — 0as x — oo. The only curve satisfying these conditions is labeled IV. 
ex 


@)y= 

(d) y’ = sin(xy) cos(xy) = 0 if y = 0, which is the solution graph labeled IT. 

(a) The coffee cools most quickly as soon as it is removed from the heat source. The rate of cooling decreases toward 0 since 
the coffee approaches room temperature. 


d ; F : : 
(b) a = k(y — R), where k is a proportionality constant, y is the (c) 


temperature of the coffee, and R is the room temperature. The initial 


condition is y(0) = 95°C. The answer and the model support each 


other because as y approaches R, dy/dt approaches 0, so the model > 


seems appropriate. 


(a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned sub-skills associated with 
learning a skill. As ¢ increases, we would expect dP/dt to remain positive, but decrease. This is because as time 


progresses, the only points left to learn are the more difficult ones. 


(b) “ = k(M — P) is always positive, so the level of performance P (c) 


is increasing. As P gets close to M, dP/dt gets close to 0; that is, 


the performance levels off, as explained in part (a). 


(a) = = k(Lo — L). Assuming Lo. > L, we have k > 0 and (b) 


dL/dt > 0 for all t. 


If c(t) = cs (1 7 ges) =c,—cse~*’ fort > 0, where k > 0, cs > 0,0 <b < 1,anda =k/(1—b), then 


de 
dt 


a, 
dt 


Catt] pg ee et ORD) ooo ee ane 


=c;,|0— eno? : 
= te te 


equation for c indicates that as ¢ increases, c approaches c,. The differential equation indicates that as ¢ increases, the rate of 


increase of c decreases steadily and approaches 0 as c approaches cs. 
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9.2 Direction Fields and Euler's Method 


1. (a) yA (b) It appears that the constant functions y = 0.5 and y = 1.5 are 
VAL AN LOTS Ys Ft | 
\\\ SET) 14 equilibrium solutions. Note that these two values of y satisfy the 
NNNANS -—-7 SS 
PPT ED OCA : : : ‘ , 
NNN given differential equation y° = x cos 7y. 
PET T GES NSA Y 
ZAR 
lILsly NEARER! 
a ae ee” a Re WN, 
VANS ~Y Zo / 7 
AN a 
NN Aid 7 1 1 | 
—2 -1 +O 1 2% 
2. (a) | eaeeree (b) It appears that the constant functions y = 0, y = 2, and y = 4 are 


equilibrium solutions. Note that these three values of y satisfy the 


\W4e-7/ 
\Wte7 | 


=H 


ee 
\ 
\ 
1 
/ 
a 
ib 


given differential equation y’ = tan($7y) ; 


\\Nw--77/ | 
\\Nw--77/ | 
\\N~--7/ J 


\\Ne--7/ 
\\Nnw-7/ 


—2 --1 0 1 2x 
3. y’ = 2 — y. The slopes at each point are independent of z, so the slopes are the same along each line parallel to the x-axis. 
Thus, III is the direction field for this equation. Note that for y = 2, y’ = 0. 


Uy 


4, y’ = «(2 — y) = 0 on the lines x = 0 and y = 2. Direction field I satisfies these conditions. 


5. y’ =x2+y—1=O0on the line y = —x +1. Direction field IV satisfies this condition. Notice also that on the line y = —x we 


have y’ = —1, which is true in IV. 


6. y’ = sinzsiny = 0 on the lines x = Oand y = 0, and y’ > 0 for0 <a < 7,0 < y < 2. Direction field II satisfies these 


conditions. 
7. 8. 
(c) yO) = 3.5 
(b) y(0) = 2.5 
zeeces (a) y(0)=1 
x 
9. Note that for y = 0, y’ = 0. The three solution curves sketched go 
x 
through (0,0), (0,1), and (0, —1). 
0 yA 
0 
0 
0 
0 


\NNNNN 
GON ONS 


NEN AN 
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11. 


12. 
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Note that y’ = 0 for y = x + 1 and that y’ = 1 for y = a. For any 


constant value of x, y’ decreases as y increases and y’ increases as 


Hl y decreases. The three solution curves sketched go through (0, 0), 
(0, 1), and (0, —1). 
0 * 
A bx 
= UA 
2 AAASS 
\ Th. / 
= rs 
2 os | 
1 =, 
| 


Note that y’ = 0 for any point on the line y = 2z. The slopes are 


x y y’ =y— 2x 
. 5 - positive to the left of the line and negative to the right of the line. The 
2 2 6 solution curve in the graph passes through (1, 0). 
2 2 —2 
2 —2 —6 


-- HHH 


Se ae 
BY 


—-—--—--—-- p+ ----- 


y =xy—-2* =2(y—2), soy’ = 0 for x = Oand y = x. The 


slopes are positive only in the regions in quadrants | and III that are 
bounded by x = 0 and y = z. The solution curve in the graph passes 


through (0, 1). 


Nee ee 
NN ee eee 
SN\ | 7 4p 
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13. Note that y’ = y(x + 1) = 0 for any point on y = 0 or on x = —1. 
The slopes are positive when the factors y and x + 1 have the same 


sign and negative when they have opposite signs. The solution curve 


in the graph passes through (0, 1). 


Pee poor 


14. Note that y’ = « + y? = 0 only on the parabola 2 = —y”. The 
x 
a5 slopes are positive “outside” « = —y” and negative “inside” 
=9 x = —y”. The solution curve in the graph passes through (0, 0). 
YA 
ri rrr rt Ate | 
ae I 
Pride radi I 
“TITEL ITTT YT | 
a<//S///1 14 1 | 
SZ / 11 
VAN\NNSS 47 S/T I 
WISSEL 
AV \\NNNWOE777 2 x 
V\\N\NNN=< 47/11 
WN eZ 7ST TTL 
Sr) 
4 


15. y' = a*y — dy? andy(0) = 1. 


Att tt 
In Maple, use the following commands to obtain a similar figure. 3 

VAY NAN 
with (DETools) : NANA 

RAR Se 
ODE: =diff (y(x) ,x)=x*2*y(x)- (1/2) *y (x) °2; Se 
ivs:=[y(O)=l)p 0 AE Bem nn 

—3 0 2 
DEplot ({ODE}, y (x), x=-3..2,y=0..4,ivs, linecolor=black) ; 
16. y’ =cos(x + y) and y(0) = 1. az 


° : tos PLA \N\N\N\NAOLA SSS OSNN 
In Maple, use the following commands to obtain a similar figure. ENN 
ZL LSA N\NNNOOYA I AON 
F = SAIS SZ2—SNNANNOAY I I 
with (DETools): MEAY ILE SNINNNS EI 
QO 2774 ASINN NNO SS 
QIN FF AEN NNN OSS 
PaNNNNOO 7 


ODE:=diff (y(x),x)=cos (x+y (x)); 


ivs:=[y(0)=1]; 2. |S NSNEEET 2 
. ; 2 F 4 7——N\\N~ 
DEplot ({ODE}, y (x) ,x=-1.5*Pi..1.5*Pi, y=-1.5*Pi..1.5*Pi, LS AgIENN RSS TION 


COS C——NNNNSOA SS Om 
ivs, linecolor=black) ; GRR FE 
NNO SS ARONNNNS OAS SZ 
NNN SS ZENNNNG OSS 


_3a 


2 
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The direction field is for the differential equation y’ = y® — 4y. 


L= jim y(t) exists for —2 < c < 2; 


L = +2 forc = +2 and L = 0 for -—2<c< 2. 


For other values of c, L does not exist. 


y Note that when f(y) = 0 on the graph in the text, we have y’ = f(y) = 0; so we 
ca ee Aa Sa AGT) ih OE oe 
a eae get horizontal segments at y = +1, +2. We get segments with negative slopes only 
SSSS85 5 SSSS555 for 1 < |y| < 2. All other segments have positive slope. For the limiting behavior 
eeremeT WeTERe: of solutions: 
aaa Saaaaae e Ify(0) > 2, then lim y=ocoand lim y=2. 
ag NT PR Pe a A Be oe t—0co t—-—co 
ae ae e If1< y(0) < 2, then lim y=land lim y=2. 
1S UES EP Sh eek I a too t——oo 
ay ae See as A Se COD ERE ED 
e If—1 < y(0) <1, then lim y=Jland lim y=-1. 
too t—-—0o 
e If—2 < y(0) < —1, then lim y=-—2and lim y=-—1. 
too t——oo 
e Ify < —2, then lim y=—2and lim y=-—oo. 
t—0o t——oo 
(a) y’ = F(a, y) = yand y(0) = 1 xo = 0, yo = 1. 


(i) h=0.4andy1 = yothF(x0o,yo.) > yr=14+04-1=14 7, =% +h=0404=0.4, 
so yi = y (0.4) = 1.4. 

Gijh=0.2 => 21 = 0.2 and x2 = 0.4, so we need to find ye. 
yt = yo + AF (xo, yo) =14+0.2y0o = 1+0.2-1= 1.2, 
yo =yr +hF (21, y1) = 1.24+0.2y, = 1.24 0.2-1.2 = 1.44. 

(iii) h =0.1 => «wa = 0.4, so we need to find ys. yr = yo + AF (xo, yo) =1+0.1yo =14+0.1-1=1.1, 
yo = yi +AF (#1, y1) =1.14+01y, =11401-1.1 = 1.21, 
ys = yo + hF (a2, yo) = 1.21 + 0.1yo = 1.214+0.1- 1.21 = 1.331, 
ya = y3 + hF (a3, y3) = 1.331 + 0.1ly3 = 1.331 + 0.1 - 1.331 = 1.4641. 


We see that the estimates are underestimates since 


(b) 
they are all below the graph of y = e”. 
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(c) (i) Forh = 0.4: (exact value) — (approximate value) = e°* — 1.4 = 0.0918 
ul) Fork = 0.2: (exact value) — (approximate value) =e" — 1.4480. 
(ii) Forh = 0.2: ( lue) — (approxi lue) = e° 4 — 1.44 0.0518 
ii) Fork = 0.1: (exact value) — (approximate value) = e* — 1. = 0. 
(iii) Forh =0.1: ( lue) — (approxi lue) = e° 4 — 1.4641 © 0.0277 


Each time the step size is halved, the error estimate also appears to be halved (approximately). 


20. y As x increases, the slopes decrease and all of the 
h=1 estimates are above the true values. Thus, all of 


h=0.5 the estimates are overestimates. 


AAA AL AAA 
AANA AAA AA A 


POA EL 
ASAE 
ANANANARAAA NARA RAR 
ASANANAASANAAA AAA AAS 
OORCURECEEREE UR UEER 

OPMAAARAAAA AAA ADA DAA 

a 


21. h = 0.5, co = 1, yo = 0, and F(x, y) = y — 2a. 
Note that v1 = 7) +h=1+0.5 = 1.5, v2 = 2, and x3 = 2.5. 
(wo, yo) = 0+ 0.5F (1,0) = 0.5/0 — 2(1)] = —1. 
y2 =yi +hF (21, y1) = -14+ 0.5F (1.5, -1) = —14 0.5[-1 — 2(1.5)] = —3. 
(v2, y2) = -3 + 0.5F (2, —3) = —3 + 0.5[-3 — 2(2)] = —6.5. 
( ) = -6.5 + 0.5F (2.5, -6.5) = —6.5 + 0.5[-6.5 — 2(2.5)] = —12.25. 


yi =yo thF 


y3 =yo thF 


y4 = 3 +hF (x3, y3 


22. h = 0.2, 20 = 0, yo = 1, and F(a, y) = x?y — dy. Note that 71 = 7) +h =0+4+ 0.2 = 0.2, xo = 0.4, x3 = 0.6, 
v4 = 0.8, and a5 = 1. 


yi = yo + hF (xo, yo) =1+40.2F (0,1) = 14 0.2 [0?(1) — $(1)?] =1+0.2(-4$) =0.9. 


y2 = yi +hF (21,91) = 0.9 + 0.2F (0.2, 0.9) = 0.9 + 0.2[(0.2)?(0.9) — $(0.9)?] = 0.8262. 


ya = y3 + hF (x3, y3) = 0.784377756 + 0.2F'(0.6, 0.784377756) = 0.779328108. 
Ys = ys + hF (xa, ys) © 0.779328108 + 0.2F'(0.8, 0.779328108) = 0.818346876. 
Thus, y(1) ¥ 0.8183. 


) 
( ) 
Y3 = Yo + hF (x2, y2) = 0.8262 + 0.2F'(0.4, 0.8262) = 0.8262 + 0.2| (0.4)? (0.8262) — $(0.8262)7] = 0.784377756. 
( ) 
( ) 


23. h = 0.1, zo = 0, yo = 1, and F(x, y) =y4+ xy. 

Note that 7} = 7% +h=0+0.1 =0.1, rq = 0.2, x3 = 0.3, and x4 = 0.4. 
yi = yo + hF (xo, yo) =1+0.1F (0,1) =1+40.1[1 + (0)(1)] = 1.1. 
Yo = 91 + hF (a1, y1) = 1.1+0.1F(0.1, 1.1) = 1.1+40.1[1.1 + (0.1)(1.1)] = 1.221. 
Ys = Yo + hF (aa, yo) = 1.221 + 0.1F (0.2, 1.221) = 1.221 + 0.1[1.221 + (0.2)(1.221)] = 1.36752. 
ys = y3 + hF (x3, y3) = 1.36752 + 0.1F (0.3, 1.36752) = 1.36752 + 0.1[1.36752 + (0.3) (1.36752)] 
= 1.5452976. 


Ys = ya + hF (xa, ys) = 1.5452976 + 0.1F (0.4, 1.5452976) 
= 1.5452976 + 0.1[1.5452976 + (0.4)(1.5452976)] = 1.761639264. 


Thus, y(0.5) = 1.7616. 
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24. (a) h = 0.2, xo = 0, yo = 0, and F(x, y) = cos(x + y). Note that x1 = vo +h = 04 0.2 = 0.2, xo = 0.4, and x3 = 0.6. 


yi = yo + hF (xo, yo) =0+0.2F (0,0) = 0.2 cos(0 + 0) = 0.2(1) = 0.2. 


yo =y1 +hF (a1, y1) = 0.2 + 0.2F (0.2, 0.2) = 0.2 + 0.2 cos(0.4) © 0.3842121988. 


ys = yo + hF (xo, yo) © 0.3842 + 0.2F (0.4, 0.3842) = 0.5258011763. 
Thus, y(0.6) = 0.5258. 


(b) Now use h = 0.1. Forl <n < 6,27 =0.n. 


y1 = yo + hF (20, yo) = 0+ 0.1 cos(0 + 0) = 0.1(1) = 0.1. 
yo = y1 +hF (x1, y1) = 0.1 + 0.1 c0s(0.2) & 0.1980. 
Y3 = Y2 + hF (x2, y2) & 0.1980 + 0.1 cos(0.3980) = 0.2902. 
ys = y3 + hF (a3, y3) © 0.2902 + 0.1 cos(0.5902) = 0.3733. 
ys = y4 + hF (xa, ys) & 0.3733 + 0.1 c0s(0.7733) & 0.4448. 
Yo = Ys +hF (as, ys) © 0.4448 + 0.1 cos(0.9448) = 0.5034. 
Thus, y(0.6) = 0.5034. 
25. (a) dy/dx + 3x?y = 6a” y’ = 6x” — 3a7y. Store this expression in Y, and use the following simple program to 


evaluate y(1) for each part, using H = h = 1 and N = 1 for part (i), H = 0.1 and N = 10 for part (ii), and so forth. 


h-H:0— X:3—-Y: 

For(I, 1, N): Y+H x Y1 — Y:X+H—-X: 

End(loop): 

Display Y. [To see all iterations, include this statement in the loop.] 
@)H=1,N=1 y(1) =3 
(ii) H=0.1,N=10 => y(1) © 2.3928 


(iii) H=0.01,N=100 => y(1) © 2.3701 
(iv) H=0.001,N=1000 = y(1) © 2.3681 
(b) y=2+ ee = y = —3a2e-* 
LHS = y’ + 32?y = —322e-* + 32? (2 + a) =—30e-* + 622 +322” = 6a? = RHS 
y(0) =2+e°=241=3 


(c) The exact value of y(1) is 2+ a7! = 24671, 
(i) For h = 1: (exact value) — (approximate value) = 2+ e~' — 3  —0.6321 
(ii) For h = 0.1: (exact value) — (approximate value) = 2 + e~* — 2.3928 = —0.0249 
(iii) For h = 0.01: (exact value) — (approximate value) = 2+ e~* — 2.3701  —0.0022 


(iv) For h = 0.001: (exact value) — (approximate value) = 2 + e~* — 2.3681 = —0.0002 


In (ii)—(iv), it seems that when the step size is divided by 10, the error estimate is also divided by 10 (approximately). 
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26. (a) We use the program from the solution to Exercise 25 (b) 2 
with Y; = 2° — y®, H = 0.01, and N = 25% = 200. 
With (xo, yo) = (0,1), we get y(2) © 1.9000. ‘ 5 


-1 
Notice from the graph that y(2) ~ 1.9, which serves as 


a check on our calculation in part (a). 


dQ 1 


27. (a) Re +a 50= E(t) becomes 5Q’ + 0. D056? = 60 (b) From the graph, it appears that the limiting value of the 
or Q’ +4Q = 12. charge Q is about 3. 
(c) IfQ’ = 0, then4Q=12 => Q=3isan 
Or as : 
Beles cin penta. Gt equilibrium solution. 
\ \ \ \ \ \ \ 
De ice iene i (d) Ot 
ted age v= Ae ah | 
4 ARN Ne AN AE (Panes anes Va Va 
VN NNANANAA ia ava Or a es 
+ | VV VV VV VA 
REE LA ALD 4pVV VV VV AA 
ci - of t ¢ tt vet NeoNe NS SON ANE ANN 
Bh, SBE Ge ite ah UF = 
be a ee a es ee 
Preorob totoud 
pope pp 
0 2 4t 
0 2 4t 
(ec) Q' + 4Q = 12 Q’ = 12 — 4Q. Now Q(0) = 0, so to = Oand Qp = 0. 


=0+4+0.1(12-—4-0) =1.2 


Qe =Q1 +hF (th, 


( 

( 2+0.1(12 —4-1.2) = 1.92 
Q3 = Q2 + hF (ta, 

( 

( 


Q1 = Qo + hF (to, Qo 
Qe 


Qa = Q3 + hF (ts, Q3) = 2.352 + 0.1(12 — 4- 2.352) = 2.6112 
Qs = Qa +hF(ta, Qa) = 2.6112 + 0.1(12 — 4- 2.6112) = 2.76672 


) 
Q1) = 
) = 1.92 + 0.1(12 — 4- 1.92) = 2.352 
js 
is 


Thus, Qs = Q(0.5) © 2.77C. 


28. (a) From the solution to Exercise 9.1.26, we have dy/dt = k(y — R). We are given that R = 20°C and dy/dt = —1°C/min 


when y = 70°C. Thus, —1 = k(70 — 20) k = —3 and the differential equation becomes dy/dt = — 3; (y — 20). 


The limiting value of the temperature is 20°C; 


that is, the temperature of the room. 


ttt 
0 40 80 120 160 200¢ 
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(c) From part (a), dy/dt = aly — 20). With to = 0, yo = 95, and h = 2 min, we get 


yi = yo + AF (to, yo) = 95 + 2[—3 (95 — 20)] = 92 


2|—¥5 (92 — 20)] = 89.12 


( ) 
( )= 
y3 = yo + hF (te, y2) = 89.12 + 2[—-4 (89.12 — 20)| = 86.3552 
( ) 
( )= 


y=y thy 


ya = ys + hF (ts, ys) = 86.3552 + 2[—4 (86.3552 — 20)] = 83.700992 
ys = ya + hF (ta, ya) = 83.700992 + 2[— = (83.700992 — 20)| = 81.15295232 


Thus, y(10) + 81.15°C, 


9.3 Separable Equations 


dy dy = z 
1. = 3a7y? => ye ae de [y40] => fy 2 dy = f 3x? dx y '=224+C 
ab sete a = 0 is also a solution 
7 ype 4 , 
je 4 dy = xdx fytdy=fade > ty =1e?+K = y= Se?45K = 
” da yt yey y ay = BY = 3 Y=3 
y = 9/322 + C, where C = 5K. 
3, YY ay dy d 0 -1/2 yy — d Qyi/? — le? + K 
Sa y —=rd«e [fy#0) = fy y= fede => Av? = Fa? + => 
0 Jy 
Jy=te+iK = y = (4a? + C), where C = 1K, y = 0is also a solution. 


d d d. 1 1 
aay syt8 + rbay+3 = xia etoyena- = /oue-/ee = 


Injy+3|=In|2| +C > |y+3|=emeht? = cml eS = eF |z| > y+3= ka, where k = +e°. Thus, 


y = ka — 3. (In our derivation, k was nonzero, but we can restore the excluded case y = —3 by allowing k to be zero.) 
d 2 1 
5. cyy’ =a? +1 ay Se =a? +1 y dy ot ae [x A 0] [uav= [ (2+) a => 
sy? = 42? 4+In|2| + K y? =a? +2In|2|+2K y =+y)/2? + 21n|z| + C, where C = 2K. 
U dy = = 1,,2 
6. y’ +2e¥ =0 ae xeY e’dy=-adx => fe'%dy= f[-a«dx é¢==se°4+C 
e! $a? C y= In($2? C) y= In($2? C) 
' dy 
7. (e% —1)y' = 2+ cosa (e¥-—1)— =2+cosx => (e¥—-1)dy=(2+cosz)dx => 


f(e® —l) dy = f(2+cosxz)dx = e¥—y=2x+ sina + C. We cannot solve explicitly for y. 
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12. 
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dy 2 dy 1 -1 2 
Te 7 tly +1) => Pr = 2xdx Pa Qedx > tan ‘'y=27+C => 


Ja pt+e?-l=p(P-)Y4+1e8-Y=(~+1(!e-)D) = ale are aya > 
dt pt+l 
/sav- iG 1) dt In|p+1| = at? t+C lp+1)= er (BHO Lg ptl= tele /3-t => 
p= Ket /3-t — 1, where K = +e°. Since p = —1 is also a solution, K can equal 0, and hence, K can be any real number. 
dz | t+z dz £22 -—z _ t —Zz t -z t 
ore =0 apes fe*dz=-fe'dt => -e*=-e&+C e*=e—-C 
i] ‘ x 1 1 P 
ee C e ae z=m(>+5) Zz In(e C) 
oS 6cos6d9 =te* dt => [@cos6do = f te dt > 
e 


Osiné + cos@ = — ie +C [by parts]. We cannot solve explicitly for 0. 


dH RH? /1+F? InH 5 In H 21/2 
eo ne dH=RV14+R2dR = /F aH = [ RA+R) dR => 
-=2 = - = 3 + R?)3/2 + C [by parts]. We cannot solve explicitly for H. 
oY = ne => e*dy=adt => feY*dy=faedx => —e Y= 427 +C. 
y(0)=0 => -e%= $(0)? +C C=-—l1,so-e4%= da? 1 e 4 ta” + 1 
y= In(1 427) y= In(1 427), 
oP =JPi = dP/VP=Vidt > f[P-?2aP=fPd = 2PV? =28?4¢, 
dt : 


P(I)=2 > 2V2=24C => C=2V2—2,902P1? = 287 +2V2-2 = VP=iP7?4V2-4 = 
2 2 
P= (3/7 4 y2-2). 


aA = Ab? cosbr => UA = Bcosbr dr => [qerq [Pcostrar => In|A| = bdbsinbr+C. 
i 


A(0) =? = In|b®?|=bsn0+C = C=In|b*|,soln|A| = bsinbr+In|b?| => 


|A| = es brtin|o®| _ gbsin br eln|o°| _ [b?| e?sim?r = A = +b%e?5""", Since A(0) = 6%, the solution is 
A= pee? sin br 


dy k 
200 2 

=k ats 

xy secy => & nary 


d. 
=> cosy dy = k > [cosy dy = f kx~*dx => siny=—ka'+C. 


yl)=% = sin =-k(1)*+C > $=-k+C => C= $+k,80 


‘ kK 1 wn Saf ake 3 FL 
siny=—--+-+k => ye=sin —--+=-+k)}. 
GP 2 G2 
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2 
= = aoe, u(0)=—-5. f2udu= f(2t+sec’t) dt = uw? =t?+tant+C, 
where [u(0)]? =0?+tan0+C = C= (-—5)? = 25. Therefore, u? = t? + tant + 25, sou =+/? + tant + 25. 


Since u(0) = —5 < 0, we must have u = —V/t? + tant + 25. 


d d - 
e+ 3y°Va2 +1 a =0 = 3yV2? +1 a =-¢ => 3ydy= ait 
x 


[3y? dy = f-2(2? 4 ia? de = ys _ —(x? 4 iyte? eG! y(0) a. S48 = =(07 +4 ty? 40 3 


C =2,s0 y? = —(a? +1)? 42 y = (2 a? +1)3, 


ring =y(1+ V¥3+¥) y',y(1) =1. fulnedz = f(y+yv349?) dy => $x7Inz— f tadx 


[use parts with u = Ina, dv = xdx] = ay? + $(3+ yy = $u7 Ing — 12? +C= ay? + $(3+ y?)P/?. 


Now y(1) = 1 0 5+C0=4344(4)? C=3+34+4=%,50 


da? Ing — $a? + a = iy? + $(3 + y?)r/?. We do not solve explicitly for y. 


2 


oy eee => ydy=casinedxr => fydy=fasinadr = 4y =-xcosx+sinzx+C [by parts]. 


dx sy 


y(0) = —-1 4(-1)? =—Ocos0+sin0+C => C=4,so4y? =—arcosr+sintz+3$ => 


y? =-2ecosr+2sina+1 > y=—V—2xrcosx + 2sinz +1 since y(0) =—1 <0. 


ydy = xdx fydy=fude = sy? = 427° 4+C. y(0)=2 > $(2)? = $(0)7 +C > 


C=2,s0sy=F07+2 > y=r?t+4 => y= Vx? +4since y(0) =2>0. 


f@)=ef@)-2 > Bawy-e = Baoy-y) = Shed wen = 

d 

t= [eae => Injy-—1]/=4a7+C. f(0)=2 In|2—1| = $(0)? +C C =0,so 
In|y — 1] = $2? ly 1| =e? /? y l=e/? [since f(0) = 2] => yao" 241, 

= d d ; du dy dy _ _ du _ 
u=axt+y ag (UY) dg (t+) a 1+ —, but 7 x+y U, 80 = l+u => 

du du 2+C 

=dx [u#-1] = =/de => Infl+ujJ=r2+C = |l+ul=e > 

l+u l+u 
l+u=+eCe u=+eCe? —1 cty=+eCe* —1 y = Ke® —x—1, where K = +e° £0. 


Ifu=—1,thn-l=x+y => y=-2a-—1, which is just y= Ke” — x—1with K =0. Thus, the general solution 


is y = Ke* —x—1,where K ER. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


886 CHAPTER 9 DIFFERENTIAL EQUATIONS 


24. cy’ =y+are/? => y=y/ete/™ = Hos 25458? Rises y/x rv=y dy eens 
dx dx dx 
re er tu oy eos [x A 0] /2-/F -e *°=In|z|+C => 
dx ev x ev x 
e” =—In|z|—C v = In(—In|a2| — C) y/« = —In(—In|a2| — C) y = —21n(—In|2| —C). 


dy 


dy 
25. (a) y’ = 2x ,/1—y? — = 27,/1-y? ———— = 2dr = ———— = / 2edx = 
dx /1—y? /1 — y? 


sin"'y=a*+C for-3<a7+C< 5 


(b) y(0)=0 => sin t10=0?+C > C=O, 


so sin”' y = x and y = sin(a”) for —\/7/2 < a < \/n/2. 


—\ 7/2 Va/2 


0 


(c) For \/1 — y? to be a real number, we must have —1 < y < 1; that is, —1 < y(0) < 1. Thus, the initial-value problem 


y’ = 2x \/1— y?, y(0) = 2 does not have a solution. 


2%. ce %y'+cost=0 & feY%dy=—-fcosxdr @ -e%=-sine+Ci & y= —In(sinz+C). The solution 


is periodic, with period 27. Note that for C' > 1, the domain of the solution is R, but for —1 < C' < 1 it is only defined on the 


intervals where sin x + C' > 0, and it is meaningless for C < —1, since then sina + C' < 0, and the logarithm is undefined. 


3 2 2 
HU! : 
-2 11 
0 -1 -] 
C=—-0.5 C=0.5 Cc=1 
0.8 0 0 


=2 11 -2 11 


\ 11 


C=15 C=3 C=6 


For —1 < C' < 1, the solution curve consists of concave-up pieces separated by intervals on which the solution is not defined 


(where sinz + C' < 0). For C' = 1, the solution curve consists of concave-up pieces separated by vertical asymptotes at the 


points where sinz + C =0 sin xz = —1. For C' > 1, the curve is continuous, and as C' increases, the graph moves 


downward, and the amplitude of the oscillations decreases. 
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fi : 
a ay (0) = => 280 fsinydy = fsinedr <= —-—cosy=-—cost+C cosy = cosa — C. From the 
dx siny 2 
initial condition, we need cos $ = cos0 — C 0=1-C C = 1, so the 2 
solution is cos y = cos a — 1. Note that we cannot take cos~+ of both sides, since that 
would unnecessarily restrict the solution to the case where —1 < cosxr-1 © 
0 < cos, as cos~* is defined only on [—1, 1]. Instead we plot the graph using Maple’s 
plots [implicitplot] or Mathematica’s Plot [Evaluate[---]]. 
=25 2.5 
0 
d Var2+1 : 
28. 7 ae - fye’ dy = f «Vx? + 1dax. We use parts on the LHS with u = y, du = e¥ dy, and on the RHS 
xt ye 


we use the substitution z = x” + 1, so dz = 2xdz. The equation becomes yeY — f e¥ dy = 4 f Vzdz © 


e(y—1)= 3 (2? + 1)°/? + C, so we see that the curves are symmetric about the y-axis. Every point («, y) in the plane lies 


on one of the curves, namely the one for which C = (y — 1)e” — 3 (x? + 1)°/?. For example, along the y-axis, 


C= (y— le’ — z, so the origin lies on the curve with C = —;. We use Maple’s plots [implicitplot] command or 
Plot [Evaluate |[---]] in Mathematica to plot the solution curves for various values of C. 
2.5 2.5 2.5 
| nena | | | | in | 
-3 =3 =3. 
c=-4 c=-14 C=-4/3 
2.5 1 
eae . | 
4 4 
3 -8 
Cc=-1 C=—-04 
3.5 


I oe 


C=-1/3 Cc 
It seems that the transitional values of C' are —$ and — 3. For C < — 3, the graph consists of left and right branches. At 
C=- $, the two branches become connected at the origin, and as C' increases, the graph splits into top and bottom branches. 


AtC =— $5 the bottom half disappears. As C' increases further, the graph moves upward, but doesn’t change shape much. 
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d x 
(2), (€) y=" = Bay > fyta=fa > 
“1 1 
-y  =2£+C —-=-z£-C 
y 
rs where K = —C. y = Oisalso a solution 
y ==. K = x’ = . y = . 
d d 
(a), (©) 4 Oy =cy + Haw > [F=foa = 
rp 
BERUNSATE y 
CVVANN 77/11 1.2 22/240 22/20 
AAA No Ae Injy|=5a°+C => |yl=e =e Me > 
VV NNNS@A 7/7/11 
VNNNANSH ee ASS 7) 22/2 c . . 
Eee eee e y= Ke , where K = +e™. Taking K = 0 gives us the 
'////SARS\\\\3 . = 
Zo NN solution y = 0. 
PEL IP ZEN\V ANI 
te eee 
riot 1_2 trv \ YM st 
The curves x” + 2y” = k® form a family of ellipses with major axis on the x-axis. Differentiating gives 
d 2 2 d 2 / ! , m4 : 
a (a* + 2y*) = a (k*) => 22a+4+4yy’ =0 Ayy 2u y re Thus, the slope of the tangent line 
at any point (x, y) on one of the ellipses is y’ = ~— so the orthogonal trajectories a 
y 
must satisfy 7’ 2y oar u dy 2 ca 
x dx x y x 
4 
ft-fF In|y| = 2In|z|+ C1 In|y| = In|a|? + Ch 
ly| = e™ w+C1 ey y = +27 -e@ = Ca’. This is a family of parabolas. 
2 3 : : : «ote : dio d 3 qi 2 
The curves y~ = ka” forma family of power functions. Differentiating gives ae (y*) = ae (kx) 2yy = ska 
2 2 4.3) 9.2 
y = ae 2 sy f Pe ag the slope of the tangent line at (2, y) on one of the curves. Thus, the orthogonal 
y y x 
2 d 2 
trajectories must satisfy y’ a ~ a S 
3ydy=—-2adx = f 3ydy= f —-2xdx dy? =a? +C\ ‘5 


3y? = 207 +Co <= 2a? +3y? = C. This is a family of ellipses. 


-6 


The curves y = k/x forma family of hyperbolas with asymptotes x = 0 and y = 0. Differentiating gives 


d d (k F 
—(y=— (£) y = y’ = [since y = k/x ry =k] y! ms Thus, the slope 
dx \a x x 
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of the tangent line at any point (a, y) on one of the hyperbolas is y’ = —y/z, 
: ; : ; dy « 
so the orthogonal trajectories must satisfy y’ = x/y a 
ydy=ade & fydy=fade @ $y =32°+C1 © H —— 
ay, 
y =a? +Cr x? — y* =C. This is a family of hyperbolas with rT 
asymptotes y = 2. \W/ 
The curves y = 1/(a + k) form a family of hyperbolas with asymptotes x = —k and y = 0. Differentiating gives 
a ee z > y=- : => y'=-y? [since y =1/(x+k)]. Thus, the sl f the tangent 
wae aoe y= (e+ kp y =-y [since y = . Thus, the slope of the tange 
line at any point (a, y) on one of the hyperbolas is y’ = —y”, so the 
; : : r 2 dy 1 
orthogonal trajectories must satisfy y’ = 1/y —=— 
dx y? 
ydy=dz = fydy=fdz ay =2+Ci 


ye =3e+C 6 y=(3x+C)/?. This is a family of cube root 


functions with vertical tangents on the x-axis [y = O]. 


~ d 
yo) =2+ ['t-tyQlae > y@)=e-ay(e) yFtcy) = FH =c0-y) 
2 
a = [oa => —-Injl-y|= $a? + C. Letting x = 2 in the original integral equation 


gives us y(2) = 2+ 0 = 2. Thus, —In|l1—2|=4(2)?+C => 0=2+C > C=-2. 


2—27/2 


Thus, — In|1 — y| = $27 — 2 Injl—y| =2- $2 |l—y| =e => 


Layo ke? > go Tee? [y(2) = 2]. 


7 eat Nae | dy 1 ez! 


ay? =Inz+C [a > 0]. Letting x = 1 in the original integral equation gives us y(1) = 2 +0 = 2. 


Thus, $(2)? =Inl1+C C= 2. dy? Ine+2 > y=2mnr4+4[>0]) = y=V2Inect4. 


ya) = 4+ [avatar => y (2) =22r/y(z) => YY = ony => [Ba freee => 


2,/y = x? + C. Letting x = 0 in the original integral equation gives us y(0) = 4+0= 4. 


Thus, 2V4 = 0? +C C=4. 2/g=a? +4 Ju = 40742 y = (4a? +2)’, 
dy dy —y?-1 
P+i1)f'(¢ HP+1=0 = (#4+1)24+y?41=0 2-2 
(P+DF'O + FOP + (+p Heys ——_ 
/ a = — / gt => arctany=—arctant+C => arctant+arctany=C => 
y+l | P+1 i as 
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tan(arctant + arctany) =tanC => tenlerriany) sienna) =tanC => Pee tanC=k => 
1 — tan(arctant) tan(arctan y) 1—ty 
tty=k—kty > ytkty=k-t (1+kt)=k-t f(t) eat 
y= y y y= yin y T+ kt 
. k-3 | a ae 
Since PS) = 2S Taree 2+6k=k-3 5k 5 k 1, we have y T+ (lt t-1' 
dQ dQ 1 
2.27, —* =12-4 a a ae 
39. From Exercise 9.2.27, 7 Qs if 1240 7 z njl2—4Q| =t+C 
Inj12 — 4Q| = —4t — 4C |12—4Q| =e"* 40 & 12-4Q=Ke-* [K=+e4*°] © 
4Q=12-—Ke“ & Q=3-—Ae™ [A=K/4]. Q(0)=0 0=3-A A=3 
Q(t) = 3 — 3e~**. Ast — 00, Q(t) — 3 — 0 = 3 (the limiting value). 
40, From Exercise 9.2.28, “ = —4(y — 20 Os 2 L) dt Inly — 20 Lt+C 
- From Exercise 9.2.28, 7, 50 (Y ) 7-20 (- 35) nly |=—gt+ ° 


y—20= Ke/ 2 y(t)= Ke +20. y(0)=95 & 95=K+20 © K=75 © 


y(t) = 75e~*/5° + 20. 


dP _ = dP = tec 
4. =k(M-P) © frome! k) dt In|P—M|=—kt+C © |P—M|=e S 
P—M=Ae-™ [A=+e°] = P=M + Ae. If we assume that performance is at level 0 when ¢ = 0, then 
P(0)=0 = 0O=M+A A=-M P(t)=M—-Me-*. lim P(t)=M-M-0=M. 
42. (a) < =k(a—«)(b—«x), a#b. Using partial fractions, GOSH = UO~ a) - ey so 
dx 1 b-« 
—_—— = | kd — (-l + In |b =kt4 1 = (b—a)(kt . 
fy = ft Clean ap =wete > m/F2]-6-w aero) 
. : b-« b-« b-« 
The concentrations [A] = a — x and [B] = b — a cannot be negative, so > 0 and | ——| = ; 
a-2£ a-2£ a-Z 
b-az ; b 
We now have In Pe le (b— a)(kt + C). Since x(0) = 0, we get In Pa (b— a)C. Hence, 
b—« b b—-a bd bleO-OFt 1] able-** — 1] moles 
= = _ (b—a)kt = El 
n(2— =) ( ait +in(2) a-z a = be(b—a)kt /q — 1 be(b—a)ki_—_q LL ° 


(6) Ib =a, then 5 = Wa —z)*,s0 f “> = f kal and d =kt+C. Since «(0) = 0, we get C= 


dt a— x)? a-z 
1 a a’kt moles 

Th — x = ——— andx -a—- —~_ = ZS = [C] = $a whent = 20. Th 

us, a — x i+ 1a and x = a Waal MERE CE uppose « = [C] = 5a when 0. Then 

a a 20a7k 1 

20) = = 40a7k = 20a7k 20a7k = k= ; 

x(20) 5 5 ak +1 a Oa*k +a => 20a a 0a so 
a’*t/(20a) at /20 at moles 


= T-at/(20a). 1+2/20 £20 L 
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43. (a) Ifa =8, then = k(a — x)(b — x)*/? becomes = = k(a — x)?/? (a—2)~?/? dx =kdt => 
f(a—2)~? dx = f kdt 2(a—ax)~1/? =kt+C [by substitution] > qe Vir > 
2 : a-a a(t) =a : The initial concentration of HBr is 0,soxz(0)=0 => 
aero tae (kt e conce ono s 0, so a 
0 i Z es C =2/./a [Cis positive since kt + C = 2 te SU) 
=a- oe Ga4 a /Va_ [Cis positive since kt + C = 2(a — 2) > 0}. 
Thus, x(t) — —— 
(kt + 2/./a) 
dx dx hy 
b) — =k(a—2)(b—2)!/? ———— — =kdt = [Ss - | x). 
(0) & = wa —2)(b-2) aS aS (*) 
From the hint, wu = ~b— a w=b-« 2u du = —dzx, so 


| ears] eae] aaa) Ge 


So (x) becomes tan =kt+C.Now2(0)=0 => C= rial and we have 
) Vva—b Vva—b ie Ja—b Seer: 
=2 tan~/ eee “ tan! vo z (can 4/ 2 —tan™ 1 Poe) =H => 
a—b a—b a—b a—b Va—b a—b a 
2 rf b _, /b-a@ 
= —t 
t(a) a a= (tan aap tan —*) 
2 2 
44. If S = a then ge = cuz . The differential equation —— wey +- ag = 0 can be written as go +- “$= = 0. Thus, 
dr dr dr? dr? r dr dr 
dS —2S dS 2 : 
aE - 3 z dr iE: 3 dS = [- dr In|S| = —2ln|r| + C. Assuming S = dT’/dr > 0 
and r > 0, we have S = e~24rtC = ear? 6S 2k [k = eC] ae a 
r? dr r? 
k 
dT =< kar > pa- [ar T(r) =—_ +A. 
T(1) =15 15 = —k + A (A) and T(2) = 25 25 = —5k +A (2). 
Now solve for k and A: —2(2) + (1) 35 = —A,so A = 35 and k = 20, and T(r) = —20/r + 35. 
a dC dC 
InJkC — r| = —kt + M2 |kC —rl| =e 2 = kC-—r=Mze"** => kC=Mge "+r => 
C(t) = Mae** + r/k. C(0) = Co Co = tr/k Ma =Co—r/k 


C(t) = (Co —r/k)e"™ + 1r/k. 
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(b) If Co < r/k, then Co — r/k < 0 and the formula for C'(t) shows that C(t) increases and jim C(t) =r/k. 
As t increases, the formula for C(t) shows how the role of Co steadily diminishes as that of r/k increases. 


46. (a) Use 1 billion dollars as the x-unit and 1 day as the ¢-unit. Initially, there is $10 billion of old currency in circulation, 
so all of the $50 million returned to the banks is old. At time t, the amount of new currency is «x(¢) billion dollars, so 


10 — x(t) billion dollars of currency is old. The fraction of circulating money that is old is [10 — x(t)]/10, and the amount 


10 — x(t) 


10 0.05 billion dollars. This amount of new currency per 


of old currency being returned to the banks each day is 


soe : : P d. 10 -— re 
day is introduced into circulation, so i ie 10 * - 0.05 = 0.005(10 — x) billion dollars per day. 


dx —dx 
= 0. dt => 
10-2 vee 10-2 


where C' = e° x(t) = 10 — Ce~°-*, From a(0) = 0, we get C = 10, so x(t) = 10(1 — e~ 9 °°“), 


(b) = -0.005dt > In(10—2)=-0.005t+c => 10—2%=Ce~?™, 


(c) The new bills make up 90% of the circulating currency when x(t) = 0.9 - 10 = 9 billion dollars. 


9 = 10(1 — e~ 9 *) => 0.9 =1—E7P00F =e 0-005t _ 1 0.005t = — In 10 


t = 2001n 10 © 460.517 days = 1.26 years. 


47. (a) Let y(t) be the amount of salt (in kg) after t minutes. Then y(0) = 15. The amount of liquid in the tank is 1000 L at all 


; ; ; at dy y(t) kg L y(t) kg 
t th trat tt t t t)/1 kg/L — = — | —— =] | 10 — ] = --——- —. 
imes, so the concentration at time ¢ (in minutes) is y(t)/1000 kg/L and ai at 7 0 an 100° Bik 
dy 1 t t 

dt Iny = — 1 Inl Iny = In15 — —. 
i 7 aa | ny Too tC? and y(0) 5 n15=C,solny =1n15 100 
It follows that in(4) = me and = Fe ane y= ie 1/8 kg. 

15 100 15 


(b) After 20 minutes, y = 15e— 70/100 — 15¢-°? w 12.3 kg. 


48. Let y(t) be the amount of carbon dioxide in the room after ¢ minutes. Then y(0) = 0.0015(180) = 0.27 m3. The amount of 
air in the room is 180 m? at all times, so the percentage at time t (in mimutes) is y(¢)/180 x 100, and the change in the 


amount of carbon dioxide with respect to time is 


3 3 = 3 
4 = (0.0005)(2 =) y() (2 = ) (odie 52 ym 


dt 180 min 90 9000 min 
d dt i 1 
Hence, i, ar = / 5000 and aon In |9 — 100y| = 5000 + C. Because y(0) = 0.27, we have 
— zig In 18 = C, so — 745 In|9 — 100y| = sgt — zn 18 In|9 — 100y| = —gyt +n 18 => 
In |9 — 100y| = Ine~*/®° + In18 In|9 — 100y| = In(18e~*/°°), and |9 — 100y| = 18e~*/®°. Since y is continuous, 


y(0) = 0.27, and the right-hand side is never zero, we deduce that 9 — 100y is always negative. Thus, |9 — 100y| = 100y — 9 


and we have 100y — 9 = 18e7*/°° => =100y=9+18e7'/ + y=0.09+0.18e~*/°°. The percentage of carbon 
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dioxide in the room is 


‘ dl —t/90 
= a ange ee aa x 100 = (0.0005 + 0.001e~*/%) x 100 = 0.05 + 0.1e7*/%° 


p(t) 
In the long run, we have jim. p(t) = 0.05 + 0.1(0) = 0.05; that is, the amount of carbon dioxide approaches 0.05% as time 
goes on. 
Let y(¢) be the amount of alcohol in the vat after t minutes. Then y(0) = 0.04(500) = 20 gal. The amount of beer in the vat 
is 500 gallons at all times, so the percentage at time ¢ (in minutes) is y(t) /500 x 100, and the change in the amount of alcohol 


: : . dy : gal y(t) gal y 30 — y gal 
th t to time t is — = rate in — rate out = 0. = )-22(5=) =03-4~ =—_ =. 
with respect to time t¢ is a rate in — rate out = 0.06 (s s) 500 5 Fai 0 100 100 min 


d dt 
Hence, if er a / 100 and — In |30 — y| = 745t + C. Because y(0) = 20, we have — In 10 = C, so 


—In|30— y| = j¢-In10 In|30— y| =—¢/100+In10 > In|30—y|/=me?°+4In10 => 
In |30 — y| = In(10e7*/1°°) => ~—-|30 — y| = 10e7*/1°°. Since y is continuous, y(0) = 20, and the right-hand side is 
never zero, we deduce that 30 — y is always positive. Thus, 30 — y = 10e~*/1°9 = y=30-10e~*/!©. The 
percentage of alcohol is p(t) = y(t)/500 x 100 = y(t)/5 = 6 — 2e~*/1. The percentage of alcohol after one hour is 
p(60) = 6 — 2e~ 89/10 ~ 4.9, 

(a) If y(t) is the amount of salt (in kg) after t minutes, then y(0) = 0 and the total amount of liquid in the tank remains 


constant at 1000 L. 


dy kg L kg L y(t) kg L 
—= (0.05 — — .04 = } | 10 — ] — | S— — } ( 15 — 
dt (0 ne L ) (s =) i (0 0 L ° min 1000 L 5 min 


; _ 130—3y kg 
= 0.25 + 0.40 — 0.015y = 0.65 — 0.015y 200. min 
Hence ee al and — + In|130 — 3y| = s4,t + C. Because y(0) = 0, we have —41n 130 = C 
>} 130-3y 200 ° 200 ; : : ‘ 
so —4 In|130 — 3y| = sgt -— $n 130 = = In{130 — 3y| = —525¢ + 130 = In(130e7*"/), and 


|130 — 3y| = 130e~*"/?°. Since y is continuous, y(0) = 0, and the right-hand side is never zero, we deduce that 


130 — 3y is always positive. Thus, 130 — 3y = 130e~3'/?0° and y = 482(1 — e7 34/2) kg, 


(b) After one hour, y = 32(1 — Pa aes 439 (1 — e7°°) = 25.7 kg. 


: 130 _ yal 
Note: As t — 00, y(t) + = = 433 kg. 


Assume that the raindrop begins at rest, so that v(0) = 0. dm/dt = kmand(mv)'=gm => mv'+um'=gm => 


j i dv dv 
mv’ + v(km) = gm v tuk =g rea ku ar dt 
—(1/k)In|g — kv] = t +C In|g — kv] = —kt —kC g—kv = Ae. o(0)=0 > Ax=g. 
Soku=g—ge = v=(g/k)(1—e7**). Since k > 0, as t > 00, e~™ — 0 and therefore, jim u(t) = g/k. 
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k ; 
52. (a) m < kv de La dt In|v| = -—t+ C. Since v(0) = vo, In|vo| = C. Therefore, 
v m m 
VU k U —kt/m —kt/m : A 
Inj —| = ——t —|=e => v(t) =+ue . The sign is + when t = 0, and we assume 
VO m vo 


v is continuous, so that the sign is + for all t. Thus, v(t) = voe"*/". ds/dt = voe*/™ => 


s(t) = — eH 5 


k 
From s(0) = so, we get so = — +C’,so C’ = 809+ = and s(t) = so + a te my, 
The distance traveled from time 0 to time t is s(¢) — so, so the total distance traveled is jim [s(t) — so] = —. 


Note: In finding the limit, we use the fact that k > 0 to conclude that jim eWkt/m — Q, 


dv k —1 kt 1 kt 


seis 2 Bees = dt Rp Sa ee cae ells ay eee — 
(b) 7 kv 7 os . a Cc > a C. Since v(0) = vo, 
1 1 kt 1 1 mMvo ds mMvo 
. Theref t)= = , = 
e oe m a Vo tore) kt/m+1/v9  kuot +m dt  kuot+m 
== mod =. 7 inikv t+m|+C". Since s(0) = so, we get s = "nmt+c = 
kut+m ko Tee ee 
kuot 
Cc = 5) - = Inm => s(t)=so+— = (In|kvot + m|—Inm) = so04 =n ute 


k 
We can rewrite the formulas for v(t) and s(t) as v(t) = TEST SVEN and s(t) = 8) + ue Inj1 + et : 
0 


Remarks: This model of horizontal motion through a resistive medium was designed to handle the case in which vo > 0. 
Then the term —kv? representing the resisting force causes the object to decelerate. The absolute value in the expression 


for s(t) is unnecessary (since k, vo, and m are all positive), and jim s(t) = oo. In other words, the object travels 
infinitely far. However, jim v(t) = 0. When vo < 0, the term —kv? increases the magnitude of the object’s negative 


velocity. According to the formula for s(t), the position of the object approaches —oo as t approaches m/k(—vo): 


eaey is s(t) = —oo. Again the object travels infinitely far, but this time the feat is accomplished in a finite amount of 
to -—m vo 


time. Notice also that an 5 u(t) = —oo when vo < 0, showing that the speed of the object increases without limit. 
t——m/(kvo 


Lei ula d 
=k 
Be) a Tara ai 


d d d i 
InLl,) = kinL —(InL = —(In L 
n 1) i! n 2) > PG 1) dt fam 3) at > 
InIx=InL$+C => ise eee Li = KL, where K =e“. 
(b) From part (a) with Li = B, Lo = V, and k = 0.0794, we have B = KV° 0. 


54. (a) & = a(ind—mvyv => = -aV(nV — Ind) => Tay = -—adt => 


dV = u = ln(V/bd), = 
| ware [- —adt = fi du = [reat ea => Injul=-at+k => 
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Jul =e "“e* => u=Ce~* [whereC=+e"] > In(V/b)=Ce% = Y =e sy 


V =be°* * with £0. 


(b) V(0)=1 > 1= bere 1 = be® b=e ©, 390 V =e CeCe = COPE = OD, 


55. (a) The rate of growth of the area is jointly proportional to ,/ A(t) and MM — A(t); that is, the rate is proportional to the 
product of those two quantities. So for some constant k, dA/dt = k WA(M — A). We are interested in the maximum of 
the function dA/dt (when the tissue grows the fastest), so we differentiate, using the Chain Rule and then substituting for 


dA/dt from the differential equation: 


ada dA 1 4-1/24A] _ 1p 41244 _ A 
5 (= «| vac I) + (M- A) 3A a | = 2hA a [2A + (M — A) 


= 14A-1? [eva A)] [M — 3A] = 42(M — A)(M — 3A) 


This is 0 when M — A = 0 [this situation never actually occurs, since the graph of A(t) is asymptotic to the line y = M, 


as in the logistic model] and when M — 3A = 0 A(t) = M/3. This represents a maximum by the First Derivative 


Test, since £ (=) goes from positive to negative when A(t) = M/3. 


CevMrt _ 1 


(b) From the CAS, we get A(t) = M (amt 


. To get C in terms of the initial area Ao and the maximum area M, 


C-1 


we substitute t = 0 and A = Ap = A(0): Ao = (Ss 


) & (C+1)VA0=(C-1)VM 6 


CVAo + VAo = CVM —-VM VM+VA0=CVM-CVA0 © 


JM Ag S c(vM a Vac ) e C= ae a [Notice that if Ay = 0, then C = 1] 
_ (0) 


56. (a) The volume of the newly frozen water layer is AV = A Ah and since the mass density D = AM/ATYV, the mass of this 
layer is AM = DAV = D.- AAh. The heat loss required to freeze AM kg of water is AQ = LAM = L- ADAh, 
which after rearranging gives Ah = (1/LAD) AQ or Ah/AQ = 1/LAD. Taking the limit as AQ — 0 then gives 
dh/dQ = 1/LAD. 


dh _dhdQ_ 1 kA, py _ KTw= Tr) 
a dQdt~ TAD h<’-* ~~" EDh 


(b) 


The growth rate of the ice, dh/dt, is inversely proportional to the thickness of the ice, h, so as the ice gets thicker its rate of 


growth decreases until some equilibrium is reached. Hence, thin ice grows more rapidly than thick ice. 


(c) ig Ta) Gag = es a) gp [ras [= dt => 


dt ‘LDh LD 

1 k(Tw — Ta) 1 1 k(Tw — Ta) 1 

=f? = 2" A h =he ah? = At 4 =n 

5) LD +C (0) 0 5 0 0+C C, 80 5 LD 15 0 = 
2k(Twy — Ta Sy ; 

h= 2h(Tw = Ta), + h2 [only take the positive root since h > 0]. 


LD 
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: ; : d dv d d Z 
57. (a) According to the hint we use the Chain Rule: mo =m =~ : = = mv = = age => 
—gR? dx v? gR? ve gR? 
dv = = C. Whi =0,v = v0, = tC 
[e . aaa: 2 ee Pio a agate os. CER 
gR? 
C=i1vue—g9R $v" 46 Sore gR. Now at the top of its flight, the rocket’s velocity will be 0, and its 
gR? ve R? | R(R+h) gRh 

height will be x = h. Solving for vo 405 = Taek gR oe g Rap “RAR = Rih 
ccs 2gRh 

eV Re 

(b) ve = (dim vo = dim oe oe ae ae bes 2gR 


(c) Ve = 1/2 32 ft/s? - 3960 mi - 5280 ft/mi ~ 36,581 ft/s = 6.93 mi/s 


APPLIED PROJECT How Fast Does a Tank Drain? 


1. (a) V =ar7h Tr “ {implicit differentiation] => 


Oh = 5 (evil) = [-0(B)’ VF BVA = BVI 


92 
() P=-Avh => h'?dh=—-dt 2Vh=-Att+C. 
h(0)=6 > 2V6=04C C=2V6 h(t) = (—;yt + V6)’. 
(c) We want to find t when h = 0, so we set h = 0 = ( ct v6)” t=144/6x~5mind3s. 


2. (@) kh => AV?dh=kdt [R40] > 2Vh=kt+C = 


h(t) = +(kt + C)?. Since h(0) = 10 cm, the relation 2 \/h(t) = kt + C 
gives us 2 10 = C. Also, h(68) = 3 cm, so 2/3 = 68k + 2 V'10 and 


k= ee Th 


wa 2 
Ait) = ; (2 V10 — ae t) = 10 — 0.133t + 0.000442. 


34 


Here is a table of values of h(t) correct to one decimal place. 


(b) The answers to this part are to be obtained experimentally. See the article by Tom Farmer and Fred Gass, Physical 


Demonstrations in the Calculus Classroom, College Mathematics Journal 1992, pp. 146-148. 
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3. V(t) = mr h(t) = 1007A(t) = 1007 and < = & = 1007 =. 
: : : ‘ 5 1 5 dV 
Diameter = 2.5 inches = radius = 1.25 inches = 7 - 75 foot = q foot. Thus, aoe 2gh => 
1007 2” = —n(&) V/2- 32h 20m Vh o vh froPdn=f-pya = 
dt pa 288 dt 1152 112 
2Vh amttC Vh saort + k A(t) = (—sgqgt + ky. The water pressure after t seconds is 


62.5h(t) lb/ft”, so the condition that the pressure be at least 2160 lb/ft? for 10 minutes (600 seconds) is the condition 


62.5 - h(600) > 2160; that is, (k — 802)? > 2160 |k -— 3| > V3456 > k> 2 + V34.56. Now h(0) = k?, 


so the height of the tank should be at least (22 + 34.56)” © 37.69 ft. 


4. (a) If the radius of the circular cross-section at height h is r, then the Pythagorean Theorem gives r? = 2? — (2 — h)? since 


the radius of the tank is 2m. So A(h) = mr? = n[4 — (2 — h)?] = 1 (4h — h?). Thus, A(R) a =-aV2gh => 


dh _ dh 


m(4h — h?) aa —7(0.01)? /2-10h = (4h—h?) a = 70-0001 /20h. 


(b) From part (a) we have (4h'/? — h?/?) dh = (—0.0001 20) dt = $h?/? — 2n°/? = (—0.0001 V20)t +C. 


h(0)=2 > 8(2)3/? - 2(2)°/? C C (2 3) J/2= 58/2. To find out how long it will take to drain all 


the water we evaluate t when h = 0: 0 = (—0.0001V/ 20 )t +C => 


t= é = 56/2/15 cai NAD = 11,806s + 3h17 min 
0.0001 V¥20 0.0001 -/20 3 


9.4 Models for Population Growth 


‘ ; . dP P : dP P : 
1. (a) Comparing the given equation, rT 0.04P (1 a cau , to Equation 4, ae kP (1 a =) , we see that the carrying 


capacity is M = 1200 and the value of k is 0.04. 


(b) By Equation 7, the solution of the equation is P(t) = =. where A = iets . Since P(0) = Po = 60, we have 
1+ Ae-kt Po 
1200 — 60 1200 
A= = 360 = = 19, and hence, P(t) = T+ 19e—0-04t° 
: : 1200 
(c) The population after 10 weeks is P(10) 87. 


a 1 + 19e-9-94(10) an 


2. (a) dP/dt = 0.02P — 0.0004P? = 0.02P(1 — 0.02P) = 0.02P(1 — P/50). Comparing to Equation 4, 
dP/dt = kP(1 — P/M), we see that the carrying capacity is MM = 50 and the value of k is 0.02. 


: ‘ Pee M M—Po «. 
(b) By Equation 7, the solution of the equation is P(t) = —————-, where A = ©. Since P(0) = Po = 40, we have 
1+ Ae-*kt Po 
50 — 40 50 
A= 40 = 0.25, and hence, P(t) = T+ 0.25e—0-02t 
Th lati fter 10 ks is P(10) = at = 42 
(c) The population after 10 weeks is = Ty denon) © 42. 
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3. (a) dP/dt = 0.05P — 0.0005P? = 0.05P(1 — 0.01P) = 0.05P(1 — P/100). Comparing to Equation 4, 
dP/dt = kP(1 — P/M), we see that the carrying capacity is 4 = 100 and the value of k is 0.05. 


(b) The slopes close to 0 occur where P is near 0 or 100. The largest slopes appear to be on the line P = 50. The solutions 


are increasing for 0 < Po < 100 and decreasing for Po > 100. 


All of the solutions approach P = 100 as t increases. As in 


(c) 
part (b), the solutions differ since for 0 < Po < 100 they are 


increasing, and for Po > 100 they are decreasing. Also, some 


have an IP and some don’t. It appears that the solutions which 


have Po = 20 and Po = 40 have inflection points at P = 50. 


(d) The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and 


all nonzero solutions approach P = 100 as t > oo. 


4. (a) M = 6000 andk =0.0015 = dP/dt = 0.0015P(1 — P/6000). 


(b) Ft All of the solution curves approach 6000 as t — oo. 


—_ $+ 
0 500 1000 1500 2000 ¢ 


(c) The curves with Po = 1000 and Po = 2000 appear to be 
concave upward at first and then concave downward. The curve 
with Po = 4000 appears to be concave downward everywhere. 


The curve with Py = 8000 appears to be concave upward 


everywhere. The inflection points are where the population 


— 
0 500 1000 = 1500 2000 ¢ 
grows the fastest. 


(d) See the solution to Exercise 9.2.25 for a possible program to calculate P(50). [In this case, we use X = 0, H = 1, 
N = 50, Yi = 0.0015y(1 — y/6000), and Y = 1000.] We find that P(50) + 1064. 


‘ ‘ : M 6000 
(e) Using Equation 7 with 1Z = 6000, k = 0.0015, and Po = 1000, we have P(t) = Tp Aca = Tp Ago 0-00iwe 


“> = So = 5. Thus, P (50) = pst NTS aes 1064.1, which is extremely close to the 
a) 


where A = ~ T+ Be—0-0015(50) 


estimate obtained in part (d). 
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(f) 8000 The curves are very similar. 
é 2000 
dy y M ; M—y(0) y, 7 
8. (a) H = ky(1- +) t) = —~—_ with A = ——”" with M = 8 x 107, k = 0.71, and 
(a) 5 = hy Ti y(t) ia 7) i x an 
8 x 107 8 x 107 
y(0) = 2 x 10”, we get the model y(t) = To genorie 8° yl) = Ty 36-071 = 3.23 x 10" kg. 
B10" 2 2 
(b) y(t) = 4 x 10" Tesaesurae ek ee ee a 
] 
0.71¢ = In} t= 4 =~ 1.55 years 


dP 
6. (a) [= 0.4P — 0.001P* = 0.4P(1 — 0.0025P) [*s7* = 0.0025] = 0.4P (1 


- in) [0.0025~* = 400] 


Thus, by Equation 4, k = 0.4 and the carrying capacity is 400. 
(b) Using the fact that P(0) = 50 and the formula for dP/dt, we get 
_ dP 


P'(0)= -| = 0.4(50) — 0.001(50)? = 20 — 2.5 = 17.5. 
t=0 


: M—P 400 — 4 : : 
(c) From Equation 7, A = PD os < 0 BD 7,80 P= iE 7 7: The population reaches 50% of the carrying 
; : 
ity, 200, when 200 = 40 1+7e °* =2 nore eee 0.4t = In4 
capacity, , when = [4 7e-0-4t > + 7e = > e =7 At = Inz 


t = (In 4) /(—0.4) © 4.86 years. 


; : M—FPo _ 10,000 —1000 _ _ 10,000 - 
7. Using Equation 7, A PB 1000 9, so P(t) [gee P(1) = 2500 
_ 10,000 1g Kk Ba 1 
2500 = T+ 9e-"@) => 1+9e 4 9e 3 e€ 3 k In 3 k In3. After 
10,000 = 10,000 — 10,000 — 10,000 — 10,000 _ 

another three years, t = 4, and P(4) = Toes Tr9(ensyt = T7908) 7 oo = a = 9000. 

8. (a) os (yeast cells) From the graph, we estimate the carrying capacity / for the yeast 
fan . population to be 680. 
100 . ; 
0 5 0 is ¢ 
(hours) 


1dP_ 1 39-18 7 


(b) An estimate of the initial relative growth rate is Pp di 18° 2-0 7s 0.583. 
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(c) An exponential model is P(t) = 18e7'/1?. A logistic model is P(t) = _ where A = oer ae = 330 
(d) 700 P (yeast cells) 
Time in | Observed | Exponential | Logistic 
Hours Values Model Model 
0 18 18 18 
2 39 58 55 
4 80 186 149 1 
6 171 596 | 322 as > 
8 336 1914 505 (hours) 
10 509 Glet G14 The exponential model is a poor fit for anything beyond the 
12 597 19,739 658 
14 640 63,389 673 first two observed values. The logistic model varies more for 
16 664 203,558 678 the middle values than it does for the values at either end, but 
18 672 653,679 679 provides a good general fit, as shown in the figure. 
680 


(e) P(7) = = 420 yeast cells 


T+ 330 @—7(7/12) 


9. (a) We will assume that the difference in birth and death rates is 20 million/year. Let t = 0 correspond to the year 2000. Thus, 


jes Oho (Aa) Spey, pee p(1 7) : P(a- i) with P in billions. 


~ P dt — 6.1 billion year 305’ dt M) ~ 305 20 
M—Po 20 — 6.1 139 M 20 
hy A= oe ee BOS, PO) SS Se 
”) Po 6.1 61 ©) = Tae = Ty ae © 
20 ah : : : ae 
P(10) = Tp Be 107506 = 6.24 billion, which underestimates the actual 2010 population of 6.9 billion. 
; 2 wi 
(c) The years 2100 and 2500 correspond to t = 100 and t = 500, respectively. P(100) = EE eS = 7.57 billion 
and P(500) = a ~ 13.87 billion 
1+ Fee HROI808 
M— Po 800 — 282 259 
10. Lett = to th 2000. A = = —— = — vl. : 
(a) Le 0 correspond to the year 2000. Be a) idl 8369 
M 800 : Si cats 
P(t)= (aes = ee 2 with P in millions. 
800 800 259 491 259 
P(10) = 14 ~10k = -10k 
Ce 14 Baeior = 9 309 141° 309 141° 
491-141 _ sop 491-47 1, 23,077 
——__— = —10k =1 k 1 rs 14 
309-259“ fe SOP 103050 0 266m 
‘ 800 ane 
(c) The years 2100 and 2200 correspond to t = 100 and t = 200, respectively. P(100) = [4p 255,,-100k = 559 million and 
=——e 
T41 
P(200) = — °°? _ 727 million. 


359 ,—200k 
1+ qre 
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800 800 259 _ne 3 259 _p 3-141 Er. 
P(t) = 1 = = 
a 1+ 28 e—m ae 500 141° 5 TA 5-259 
42 In(423/12 
—kt =1n s t= 10 (29/1205) = 77.18 years. Our logistic model predicts that the US population will 


1295 In(23,077/26,677) 
exceed 500 million in 77.18 years; that is, in the year 2077. 


11. (a) Our assumption is that a = ky(1 — y), where y is the fraction of the population that has heard the rumor. 
; aoe : dP P . P dP d 
(b) Using the logistic equation (4), Tee kP (: — 7) , we substitute y = Vi P= My, and a M o 
: dy dy cate 43 
to obtain a k(My)(1 — y) = ky(1 — y), our equation in part (a). 
: : M —P 
Now the solution to (4) is P(t) = (Ae where A = Be on 
. : : M Yo 
We use the same substitution to obtain My = = ; 
; fg 1 yo + —yoye-™ 
Myo 
Alternatively, we could use the same steps as outlined in the solution of Equation 4. 
(c) Let t be the number of hours since 8 AM. Then yo = y(0) = 7325 = 0.08 and y(4) = $, so 
1 0.08 —4k —4k _ 0.08 2 —k 2)1/4 
5 = y(4) = 0.081 0.92e—48° Thus, 0.08 + 0.92e = 0.16, e = O95 = 330 ande™" = (=) : 
i 2 : : ‘ 
soy = one a a" Solving this equation for t, we get 
0.08 + 0.92(2/23) 2 + 23(2/23) 
2 t/4 2 t/4 2-2 2 t/4 2 ee 2 t/4-1 1— 
2y + 23y =2 = y a ee, aera 
23 23 23y 23 23 y 23 y 
In[(1 — In((1 — 
It follows that a L= wilt EEN sot=4]14 n({ ED : 
4 Ing Ins 


1-— 
When y = 0.9, ae = 3, sot 


1 
4 (1 coe ) = 7.6 hor 7h 36 min. Thus, 90% of the population will have heard 


the rumor by 3:36 PM. 


12. (a) P(0) = Po = 400, P(1) = 1200 and M = 10,000. From the solution to the logistic differential equation 


PoM 400 (10,000) 10,000 


5 ee Te ae et et he 2G 
C= Bak = Poe? 8" — ine ene = poe TA eS 
10,000 10,000 
—k 100 k 288 36 = > — id 
1+ 24e 3 e€ a k=Iny.SoP T+ 2de~"m@57I) ~ 7494. (11/36) 
i 
(b) 5000 = ae 2a(it)' =l1 > thm¥=my => 2.68 years. 
1 + 24(11/36) 
dP P d2P 1 dP P\ dP dP( P P 
18, @ SP = 4P(1 i) dt K[P( ae)+( i) a eF( FY alee i) 


= 1[se(.- | (0-3) -#0(0- B)0-#) 
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16. 
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(b) P grows fastest when P’ has a maximum, that is, when P” = 0. From part (a), P’” = 0 P=0,P=M, 
or P = M/2. Since 0 < P < M, wesee thatP”=0 = P=M/2. 


First we keep k constant (at 0.1, say) and change Po in the function 


10Po 


P= Po + (10 — Po)enot (Notice that Po is the P-intercept.) If Po = 0, 


the function is 0 everywhere. For 0 < Po < 5, the curve has an inflection 


point, which moves to the right as Pp decreases. If 5 < Po < 10, the graph is 


concave down everywhere. (We are considering only t > 0.) If Po = 10, the 


function is the constant function P = 10, and if Po > 10, the function decreases. For all Po 4 0, jim P= 10. 


Now we instead keep Po constant (at Po = 1) and change k in the function 10.5 
P= 0 It seems that as k increases, the graph approaches the lin ae 
="Taepeaee es s k increases, the graph approaches the line pe 

k=0.5 
P = 10 more and more quickly. (Note that the only difference in the shape of k=02 we 
the curves is in the horizontal scaling; if we choose suitable x-scales, the 0 40 
graphs all look the same.) 
(a) 1300: (b) After subtracting 900 from each value of P, we get 

: Per 345.5899 
2 . the logistic model f(t) = T7997 76-0248 


(thousands) 


0 1 50 
900 


t (years since 1970) 


345.5899 1300 


(©) PU) = 900 + Ty g977¢-0 2 


The model fits the data reasonably well, even though the data is 


P 
decreasing for the last five values and a logistic function is never (thousands) 
decreasing. . = 
(d) As t — oo, P(t) — 900 + 345.6 = 1245.6, so the population 900 


t (years since 1970) 
approaches 1.246 million. 


Let M(t) represent the number of active Twitter users (in millions) t years since 


January 1, 2010. After using a calculator to fit the models to the data, we find 


N 
(millions) 


the exponential function is N(t) = 53.1390(1.4039)* and the logistic function 


325.9251 


is Nu) = TB 734g¢ 0500 


Nz is areasonably accurate model, whereas 


N is not, since the exponential model grows at a much faster rate than the data t (years) 


as ¢ increases. 
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dP d dP : . : d 
17. (a) po kP-m= k(P =). Lety = P— > so = ers and the differential equation becomes = = ky. 
ae m m m m 
The solution is y = yoe** P z (Po i Jem P(t) i (Po 2 helt 


(b) Since k > 0, there will be an exponential expansion << Po — ue >0 & m<kP. 


(c) The population will be constant if Po - 0 m = kPo. It will decline if Po — a <0 ©& m>kP. 


(d) Po = 8,000,000, & = a — 8 = 0.016, m = 210,000 = m> kPpo (= 128,000), so by part (c), the population was 


declining. 
dy == l+c —l-c y poe _ Yo 
18. (a) 7 ky > y dy = k dt = kt + C. Since y(0) = yo, we have C = ame Thus, 
y Yo —c —c c 1 Yo Yo 
=kt+ ,ory © = — ckt. So y° = — a and y(t) = ———_——__.. 
—c —c Yo = Yo — ckt 1 — cygkt () = cygkt)*/° 
(b) y(t) — co as 1 — cyokt — 0, that is, as t > : Define T = ue Then lim y(t) = co 
2 a , ° cysk’ ~ cysk* Fo i aaa 


(c) According to the data given, we have c = 0.01, y(0) = 2, and y(3) = 16, where the time t is given in months. Thus, 


Yo 1 é 2 
yo = 2 and 16 = y(3) = . Since T = —_, we will solve for cygk. 16 = 
(8) (1 — cygk - 3)'/° cygk : (1 — 3cygk)'° 
1 — 3cy§k = (oe = 8-9 = cygk = =(1—8~ °°). Thus, doomsday occurs when 
1 3 


— _ = ——— _ 2 145.77 th 12.15 ; 
cygk ~ T8001 months or years 


19. (a) The term —15 represents a harvesting of fish at a constant rate—in this case, 15 fish/week. This is the rate at which fish 


are caught. 
(b) P (c) From the graph in part (b), it appears that P(t) = 250 and P(t) = 750 
D200 FT ON Rk Ee Ue AER 
: . : : : : ‘ : : : ‘ : are the equilibrium solutions. We confirm this analytically by solving the 
s0f =D ZZ TBP 2222: ; 
—— SElElle equation dP/dt = 0 as follows: 0.08P(1 — P/1000)—15=0 => 
WE 2 eee eee 0.08P — 0.00008P? —-15=0 => 
eS SSE aes ore —0.00008(P? — 1000P + 187,500) =0 => 
0 40 80 120 ¢ 
(P — 250)(P — 750) =0 P = 250 or 750. 
(d) For 0 < Po < 250, P(t) decreases to 0. For Po = 250, P(t) remains 


constant. For 250 < Po < 750, P(t) increases and approaches 750. 


For Po = 750, P(t) remains constant. For Po > 750, P(t) decreases 


and approaches 750. 
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= 


| — et/254+0 _ pet/25 ay 


200 — 200k = 250 — 750k 


P — 250 
P— 750 
P 1200 


| 


& P— Pke'/®® = 250 — 750ke!/?5 


t+C 
0 — 750k 
1-k 


1 
25 


| a 


P — 250 
P— 750 


In 


AS 
eeeeees//] | Wet & 
ceceessit/]] Vl] feer 
ceees rert{ i [l/1ee- 
ceeeessst/] | [ieee 
a2 es ttt [74 
cece If [tee 
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A 
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c= 20 


c= 10 


4 
t 

S i=] 

S oS i=] 

a + 


t+C 


ul 
25 


.Ift = 0 and P = 200, then 200 = Zs 
Similarly, if t = 0 and P = 300, then 


a 
11° 


& P—250 = Pke'/?> — 750ke!/?5 


In| P — 750| 


Ket/25 
1 — ket/25 


250 — 750ket/?® 


=) eating ; ; 
k = —g. Simplifying P with these two values of k gives us 


In| P — 250] 

P —250 

P — 750 

550k =50 = &k 


say 
ott 
2 


ZATLAAANSSSSSSS888898\ 4 
ZIT LAAANSSSSSSSSNN898\ 


ATT |\ANSSSSSS SSNS SSAA 


ZATTNNNSSSSSSS88899\\\ FZ 


ZIT L\ANSSSSSS8N88898\\\ 
ZATTL\NSSSSSSSNN8898NN\\ 
ZATLAAANSSSSSSSSNSNNNNA| 
ZATTI\ANSSS 888889888 4\\ 4 
ZOTLLAANSSSSSSSSSSNSANAL 


ZATTL\ANSSSSSSSSSSSSANAY 


ZIT] L\NNSSSSSS 888898804 


120 ¢ 


40 


seeds: POLILIMNNN EL Ee oe 
dastes. POCILIMLNL LL 00 toe 
eee POLIILNNN LE Eb ee 
secede. POLINA bee 
cecceree POLTIVINL LL Eee ee 
sugecd POCPIITMA LLL LE eto 
ceceecee POLLILANN Ebb ee 
eaeeece, POLIIINAL LLL eee 


eeeeece POPITITN AS beer 


soeees APTI LN AA eco 
Annee. eet HHT LN hee e 
eoehe, POPPI NAN be ee 
cocees ets NN he eee 
aude cet TIAL PLLA Le oe 
Pee aa dae 
beeen cet b seers 
peeee eesti sb eeee 


eeeeest/H1/1I 
eecersst///]| 
eeeeestiHI/1I 


TILT 7777p 
LEN 7eer 
TE ss7e7 
WN / 7727 
cece HTL TL ILLS 7p 
seve eT H HU e722 
ceeee OHTA 0772 
weer TELLIN LL [10777 
Aaa 


veeeerst///]| 
cree HTT 


80 


So 
vt 


80 


120 ¢ 


80 


f=} 
t+ 


, there is 


, which has at least 


c= 30 
c < 20. ForO <c < 20 


(0.08)2 — 4(—0.00008)(—c) 
2(—0.00008) 


— 0.000382c >0 = 


c= 25 
—0.08 


P — 


dP 


dt 


Cc. 


, there is at least one equilibrium solution. For c > 20, the population always dies out. 


c= 21 
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<c< 20 


= 0.08P — 0.00008P? 


dt 
at least one value of P such that dP/dt = 0 and hence, at least one equilibrium solution. For c > 20, dP/dt < 0 and the 


one solution when the discriminant is nonnegative = 0.0064 


population always dies out. 


dP 


(d) The weekly catch should be less than 20 fish per week. 


(b) For 0 


() 


SECTION 9.4 MODELS FOR POPULATION GROWTH 


21. (a) — = (kP) (: - 7) (1 = =). Ifm <P <M, then dP/dt = (+)(+)(+)=+ => Pis increasing. 
If0 < P< ™m, then dP/dt = (+)(+)(-) =- = Ps decreasing. 


(b) Pr k = 0.08, M = 1000, andm=200 => 


Va ae. dP P 200 
StS SS = P 1 
See ee “dk = 0.08 (1 ca) ( P ) 


[lereee 
[lerece 
[leeeee 


1000 —— = 
80 ee z For 0 < Po < 200, the population dies out. For Po = 200, the population 
60 ae Z 
40 a Z : is steady. For 200 < Po < 1000, the population increases and approaches 


1000. For Po > 1000, the population decreases and approaches 1000. 


of 2 40 60 80 100? The equilibrium solutions are P(t) = 200 and P(t) = 1000. 


(c) — = eP(1— 7) (1- =) 7 ap(*) (+) = (Mm P)(P —m) 


gE = B dt. By partial fractions = + so 
(M— P)(P—m) More >(M—P)\(P—m) M—P* P—m’ 


A(P —m)+B(M — P)=1. 


te. 1 1 1 1 k 
EER ag re = ea Ie (Gist ea)” fart 

fini opin P=) = eee In =e 
M—m M M—-m |M—-P| M 

P—m k P—m 

\ a. (M—m)(k/M)t — 1,C1 
In MoP = (M m) age + Cy Wee = De [D = +e™']. 
Py -—m P—-m _Po-m 

Lett = = Po = o(Mm—m)(k/Myt. 

ear Se 


m(M = Po) a M(Po _ my)e(M—m)(k/M)t 


Solving for P; we get P(t) = ~ M— Pot (Bo —mjeAemknt 


(d) If Po < m, then Py — m < 0. Let N(t) be the numerator of the expression for P(t) in part (c). Then 


N(0) = Po(M—m) >0,and Py-m<0 < Jim M(Po— mye -mMRIM)t og => Jim N(t) = —00. 


Since N is continuous, there is a number ¢ such that V(t) = 0 and thus P(t) = 0. So the species will become extinct. 


dP M dP M dP 
22. (a) di cin( P / pmaTD [eat Letu=in( 4) =nM-—-InP du P 
[-Geeatp Injul =—ct-D => |ulse-CH>) = [In(M/P))=e-@+™) = 
u 


In(M/P) = +e~ +), Letting t = 0, we get In(M/Py) = te”, so 


In(M/P) = +e~*'-? = +e~%e-? =In(M/Poje* = M/P=er(M/Poe "x, 


PU) SMe eae eH 0: 


(b) lim P(t) = Jim Me7 !(M/Po)e"™ = Me (M/Po)0 — ye° = M 
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(c) P 1000 The graphs look very similar. For the Gompertz function, 
P(A40) % 732, nearly the same as the logistic function. The Gompertz 


function reaches P = 900 at t © 61.7 and its value at t = 80 is about 


959, so it doesn’t increase quite as fast as the logistic curve. 
0 80 
t 


dP 


= cin( 5) P=cP(nM-InP) = 


d?P 1 dP dP dP M 
aa -[P(-5 5) + (In M — In P) =| mers [-1+m(F)| 


= c[eln(M/P)P][In(M/P) — 1] = ce? PIn(M/P) [In(M/P) — 1] 
Sinee0< P< M,P”=0 = In(M/P)=1 = M/P=e & P=M/e. P" >0for0<P< M/e 
and P” <0 for M/e < P < M,so P’ is a maximum (and P grows fastest) when P = M/e. 
Note: If P > M, then In(M/P) <0, so P’(t) > 0. 
23. (a) dP/dt =kPcos(rt—¢) = (dP)/P=kcos(rt—¢)dt = f(dP)/P=kfcos(rt—¢)dt => 
In P = (k/r)sin(rt — ¢) + C. (Since this is a growth model, P > 0 and we can write In P instead of In| P|.) Since 


P(0) = Py, we obtain In Py = (k/r) sin(—¢) + C = —(k/r)singd+C => C=InPo+(k/r) sing. Thus, 


In P = (k/r) sin(rt — ¢) + In Py + (k/r) sin ¢, which we can rewrite as In(P/ Po) = (k/r)|[sin(rt — ¢) + sin g] or, 


after exponentiation, P(t) = Poe’*/sin(rt— 4) +sin 6] 


(b) As k increases, the amplitude As r increases, the amplitude and A change in ¢ produces slight 
increases, but the minimum value the period decrease. adjustments in the phase shift and 
stays the same. amplitude. 


Comparing values of k with Comparing values of r with Comparing values of @ with 
Po =1,r =2, and ¢ = 7/2 Po =1,k =1, and ¢ = w/2 Pp=1,k=1,andr=2 


P(t) oscillates between Poe’®/G+8in 9) and Pye'*/")(—1+sin ©) (the extreme values are attained when rt — ¢ is an odd 


multiple of 5), so jim P(t) does not exist. 


24. (a) dP/dt = kPcos*(rt— ¢) = (dP)/P=kcos*(rt—¢)dt => f(dP)/P=kfcos?(rt—¢)dt => 


InP= kf ee cos(2(rt - 9) dt = : t+ * sin(2(rt — ¢)) + C. From P(0) = Po, we get 


In Pp = Ea 2¢)+ C=C a sin 2¢, so C = In Po + ale sin 2¢ and 
Ar Ar 4r 
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InP = ei + - sin(2(rt — ¢)) + In Po + - sin 2¢. Simplifying, we get 
r r 


P k k 
In — = =t + — [sin(2(rt — 4)) + sin 24] = f(t), or P(t) = Poe*™. 
Po 2 Ar 
(b) An increase in k stretches the graph An increase in r compresses the As in Exercise 23, a change in ¢ only 
of P vertically while maintaining graph of P horizontally—similar to makes slight adjustments in the 
P(0) = Po. changing the period in Exercise 23. growth of P, as shown in the figure. 
P9 P9 P9 
0 Wl 
t 
Comparing values of k with Comparing values of r with Comparing values of @ with 
Py =1,r = 2, and ¢ = 7/2 Py =1,k = 0.5, and ¢ = 7/2 Py =1,k = 0.5, andr = 2 


f' (t) = k/2 + [k/(4r)][2r cos(2(rt — $))] = (k/2)[1 + cos(2(rt — ))| > 0. Since P(t) = Poef™, we have 
P'(t) = Pof'(t)ef > 0, with equality only when cos(2(rt — ¢)) = —1; that is, when rt — ¢ is an odd multiple of 5 


Therefore, P(t) is an increasing function on (0, 00). P can also be written as P(t) = Poe**/2e(*/4) sin @(rt—9))+sin 20] 


The second exponential oscillates between e(*/47)(1+8i" 29) and @(*/47)(—1+sin 29) While the first one, e**/?, grows 


without bound. So jim P(t) =o. 


K 
25. By Equation 7, P(t) = ea ras By comparison, if ¢ = (In.A)/k and u = $k(t — c), then 
e€ 
ev"—-e“ e*+e% e*—e% 2e" e * 2 
1+tanhu = 1 = = . = 
+ tanhu + eu te-u eu te-wu az evute-u eute-u e-u 1+ e72u 


and eo 2e = e k(t-e) = ekte kt _ emAg-ht _ Ae7"*, so 


3K [1+ tanh($k(t — c))] = A [1 + tanh) = xk 2 K K 


eC iP (P),”, 
2 1+e-2% 1+e-2u 1+ Ae—*t (¢) 


9.5 Linear Equations 


1. y+ a/y= x” is not linear since it cannot be put into the standard form (1), y’ + P(x) y = Q(2). 


2y -x=ytanz = y'+(—tanz)y = zis linear since it can be put into the standard form (1), y’ + P(x) y = Q(z). 


d aoe : ; ‘ 
3. ue’ = t+ vit = ° tu’ —etu=—-t u! U +/t is linear since it can be put into the standard form, 


u' + P(t)u= Q(t). 


dR : : re ; 
4. ms +tcosR=e"' & R’+tcosR = e* is not linear since it cannot be put into the standard form 


R’'+P(t)R=Q(t). 
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12. 


. 4a? y + aty’ = sin 


CHAPTER 9 DIFFERENTIAL EQUATIONS 


Comparing the given equation, y’ + y = 1, with the general form, y’ + P(x) y = Q(x), we see that P(x) = 1 and the 


integrating factor is (a) = e/ P(*) 4” — e144” — ¢*, Multiplying the differential equation by I(x) gives 


ey +e*y=e” => (e*y)’ =e" evy=fer'de => ey=e4+C 


y=1+Ce™, 


Ly -ys=e & yt+(-ly=e” => P(x) = -1. I(x) = ef PO = eS -1% — e-*, Multiplying the 


original differential equation by I(x) gives e~*y’ —-e *y=e®° => (e*y)=1 3 e*y=fldx => 


e “y=2+C y= ree y =xe* + Ce”. 


.y=a-y > yl ty=ex (&). I(x) =e! PO & = eS 1 = e*, Multiplying the differential equation (*) by I(x) gives 


x x 


ey +e*y=a2e” => (e*y)' =xe ey=faxerdx => e*y=xe*—e7+C [byparts] = 


y=x-1+Ce™ [divide by e”]. 


Se => (ety) =sin'c => aty=fsintcdr = 


ay = f sina (1 —cos?x) dx = [(1— u?)(—du) eee 


du = —sinadx 


= [(W -ldu= 4ue —u+C = fu(w? -3)+C = 4 cosx(cos*x—3)+C => 


y= sar cose (costa — 3) + c 


. Since P(z) is the derivative of the coefficient of y’ [P(x) = 1 and the coefficient is x], we can write the differential equation 


zy’ +y = Va in the easily integrable form (xy)' =Vz => xy = 23/2 +0 > y= 3Ve+C/z. 


(eso Se Pa) 2 


1 
Qey +y=2/fe > ytoyH= ae 


1 
2x Vz 


I(x) = ef P@) 42 — ef 1/22) de — (1/2) In|z| _ (elm 2)1/2 _ | /y Multiplying the differential equation by I(«) gives 


1 
VOUT See => (fty/=1 => Vey=flde > Vty=r+C = =i. 
xy —2y = 2? y’ ae Pass 
x x 


I(x) = ef P@) de = ef—2/ade _ e-2Inz tg SQ] aa? = = Multiplying the differential equation by I(x) gives 

1 2 1 ae! 1 1 1 

oe sat > a) ee Sua fa > pyamet+c => y=r(Ine+C). 

y —3a?y=2? => P(x) =—32?. I(x) = ef PO 4 = el Sede ge Multiplying the differential equation by 
/ 

I(x) gives ey - 3a2e-* y =e" = (e-**y) =g2e" => e PV = fare? dx => 


Ns 7 
ent y=—ie™® +C | Ss y=—14Ce. 


with uw = —x 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


SECTION 9.5 LINEAR EQUATIONS 909 


d V1+? 
A + 3ty = VIFP tly = Pi) =. 


I(t) = ef PO dt — ef 3/tdt — @3lnt TQ] = £3. Multiplying by ¢° gives ty’ + 3t2y =tVI+2 => 


(By) =tVI +2 By = f[tV1+P dt Py=FItPyPePt+o = y=stFdtey?rt+cr?. 
d d 1 e 
tint = +r=tet 7 + fh = —: I(t) = ef #/@lnt) — ¢ln(nt) _ In ¢. Multiplying by Int gives 
t 
mit + irae => [(Int)r]/=e’ => (nt\r=e+C > r= ate 


y +ycost=x => P(x) =cosz. I(x) =e! PO) = ef sede — sin Multiplying the differential equation by 
I(x) gives ein? a! 4 2 coga- y = rein = (esr Zy)! = resine = ety fete dx +C => 
y=e %™* fre® dx +Ce *™*. Note: f(x) = xe"”* has an antiderivative F that is not an elementary function 


[see Section 7.5]. 


y + 2ay = 2° e = P (x) = 2x. I(x) = ef P@) de — ef ada _ e” Multiplying the differential equation by I(x) 


q 2 2 2 2 ! 2 2 2 
gives e? y’ + 2re” y= ae?” => (c* y) =e" > e y= f2e* dx => 


a 

e 
II 

AIR 


1 

3 2 UuU=— zr 
eer — f sxe?” dx : 
a 

du= 5 


e” y= Lee = 3 fe? dz) [z = 2a? dz = 42 da] Sse" y= 1? 20” =— ee +C => 
y= 19—™ 1 +Ce-*’, 
sy +y=32? = (ay) =3c? => xy = f 327dax ry=x+C yout 7 Since y(1) = 4, 
pee => Casi ee. 
1 x 
2 ce 
xy’ — 2y = 2x y’ | 2 (x). I(x) = e727 S /ede — e-2Inle| — elnie| re \a|~? = a~?. Multiplying (x) by 
‘ Ey eae —2 -2,\1 -2 —2 -2 2 -1 
I(x) gives x“ y z y = 2a (a “y)’ = 2a a y=faw "de > «*y=-2e4°+C => 
y = —2x + Cx”. Since y(2) = 0, 0 = —2(2) + C(2)? C=1,s0y = 2? — 2a. 
ay +2ey=Inae => (a?y) =Ina ay = flnedz xy =alna—x2+C [by parts]. Since y(1) = 2, 
5 : 1 eg 
°(2)=1mn1-1+C => 2=-14+C => C=3,soa°y=alnx—2+3,ory=—mnr—--—+— 5. 
x Lc 
t? ow +3t?y=cost => (t?y)! =cost ty =fcostdt => t?y=sint+C. Since y(7) = 0, 
7(0) = sina + C C= 0,50 ty =sint, ory = SO 
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21. ‘< =P4+3u > wv eu =t (x). I(t) =e! —3/*H# = 3m — (elltl)-3 = 4-3 ft > O] = = Multiplying («) 
woay a 3 1 (eh Weer 1 1 1 1 ; 
by I(t) gives B u BY =p € u) 2 BY / zp dt ei =| + C. Since u(2) = 4, 
1 1 1 1 
53 (4) as C=Lso gu ; tloru=-t?+?°. 


with uw = Ine 


2. cy +y=ane => (cy)! =the > sy=f[elnedt > szy= $2? lnz—}a7+C Ey Peat > 


1 1 C 1 1 1 1 1 
y= gting get ee y(1) =0 0=0 Zee C 7 OY ptinx a2 re 
U 2 at U 1 : {(-1/2) dx —-Inz Ing 1 
23. cy =yta*sne > y'’—-y=asinz. I(x) =e e e€ =. 
x x 
Multiplying b d ives eee sin & 1’ sin x : cosz+C xcosx + Cx 
apy NS OY a eo Poms eo za? Ys . 
y(7) =0 m-(-1)+Cr=0 C=-1,soy = —xcosz—«z. 
dy 3x 3x 
2 2 , , = 
24. (ax +1) 7 + 3ely 1)=0 (a* +1)y' 4+ 82y = 3a ¥ + aay ame 


3/2 
(ar) = ef 39/740) do (8/2) m]o243] — (eine? +)" — (x? + 19/2, Multiplying by (2? + 1)°/? gives 


/ 
(a? +.1)9/? y! + 3n(a? + 1)1/? y = 3a(x? + 1)1/? (2 + 1)*?y] = 3a(27 41)? = 


(x? +.1)9/2 y = f 3a(a? +1)? de = (22 +1? +0 > y=1+C(2?+1)-*”. Since y(0) = 2, we have 


2=14+C(1) = C=l1andhence, y= 1+ (2? +1)-*”. 


x 


2 
2. xy’ +2y=e" => yi toys o. 


I(x) = e/ 2/2) dx _ e2inle| = (eml)" = \a|? = x2. 


Multiplying by I(a) gives x? y’ + 2ay—=2e"7 => (a?y)'=a2e7 = 3 


ay = fre’ dx =(x—1)e7+C [by parts] => 


y = [(a@— 1l)e* + C)/x?. The graphs for C = —5, —3, —1, 1, 3, 5, and 7 are 


shown. C' = 1 is a transitional value. For C < 1, there is an inflection point and 
for C > 1, there is a local minimum. As |C| gets larger, the “branches” get 


further from the origin. 


26. xy’ = x? + Qy xy’ —2y = 2? y —-y=2. 


I(x) = ef ~2/ede — e~2In|z| _ (ell#l)-2 = |a|~? = = Multiplying by 


a 2 1 1 \' 1 1 1 
RUNENOS a dS gad ig. (<2) =,> pia} 5% > 
1 
wz ¥ = Mn|2|+C => y= (In|a| + C)z?. For all values of C, as |x| — 0, 
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y — 0, and as |x| — co, y > oo. As |x| increases from 0, the function decreases and attains an absolute minimum. 
The inflection points, absolute minimums, and x-intercepts all move farther from the origin as C’ decreases. 


n n/(1—-n) 
(l-n)y” Ay gt ne Then the Bernoulli differential equation 


1l-n du 
dx dx 1l—ndx  1-—n dz 


27. Settingu=y”, rl 
L 


n/(—n) 
becomes -— + P(x)u/O-™ = Q(a)u™/O-™ or a + (1—n)P(x)u = Q(x)(1—n). 
1 : = : 
28. Here xy’ ty =—a2y? > y' + u = -—y’,son = 2, P(x) = = and Q(x) = —1. Setting u = y~", u satisfies 


uw — av = 1. Then I(x) = ef(-1/2)4e — z (for x > 0) and u = o( f e dx + c) = x(In|z| + C). Thus, 
x x x 


- 1 
9 3(C+In|a]) 


2 : 2 1 ; z ; 4 2 
29. Here y’ + ae ae son = 3, P(x) = . and Q(a) = = Setting u = y, u satisfies u’ — = eae 


Then I(x) = e! (4/2) 42 — ~4 and u = «4 see = x4 g +C)=Caxt+ am 
x6 5x5 5x 


9 \-1/2 
Thus, y = + (cz' + =) : 


2 
30. vy” + 2y’ = 122? andu=y’ > wu’ +2u= 122? uw + ries 122. 


2 
I(x) = ef 2/*) de — 2 inie| — (on!) = |x|? = a”. Multiplying the last differential equation by x” gives 


xu! +2eu= 120% => (#?u)’ = 1223 gu = fldeide=3c°+C > u=32?+C/e? = 


y = 327 + C/2? yaa? —C/a+D. 


dI dl ‘ 
31. (a) 2 di + 102 = 40 or di + 5I = 20. Then the integrating factor is ef bat — obt, Multiplying the differential equation 


by the integrating factor gives e°! = +5Ie°! = 20e" = (eI)' = 200" = 
I(t) = e7™ [f 20e* dt + C] =4+ Ce~™. But 0 = 1(0) = 44+ C, so I(t) =4— 4e~™. 


(b) I(0.1) = 4—4e-°? B1.5S7A 
32. (a) < + 20I = 40 sin 60t, so the integrating factor is e?**. Multiplying the differential equation by the integrating factor 


gives €2°" < + 20%e7°* = 40e?% sin60t = (€?°'T)’ = 40e?% sin60t => 


I(t) =e [f 40e? sin 60t dt + C] = e~?™ [40e7°* (a4, ) (20 sin 60t — 60 cos 60t)] + Ce~?” 


_ sin 60¢ — 3cos 60t 


: Ce~2% 


sin 60t — 3cos60t + 8e~?% 


But 1 = 1(0) = —2+C,so I(t) = : 
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Stn ee 2 
(b) I(0.1) = ae S Gao K igi 43 


0 0.5 


=O.7 


33. 5 at + 20Q = 60 with Q(0) = OC. Then the integrating factor is e SAdt — ft and multiplying the differential 


dt 

dQ 
dt 
Q(t) =e" [f 12e* dt + C] = 3+ Ce~. But 0 = Q(0) = 3+ C so Q(t) = 3(1 — e~*) is the charge at time t 


equation by the integrating factor gives e** +4e"%Q=12e" => (e"Q)'=12e"% = 


and I = dQ/dt = 12e~“* is the current at time t. 


Q dQ 


d 
34. 2 wee 100Q = 10sin 60¢ or ap 50Q = 5sin60t. Then the integrating factor is e/ °°%* = e°, and multiplying the 


dQ 


Th +50e°Q = 5e* sin60t = (e°%Q)’ = 5c" sin60t => 


differential equation by the integrating factor gives e°° 
Q(t) =e" | f 5e°™ sin 60t dt + C] = e~°° [5e°' (<4. ) (50 sin 60t — 60 cos 60t)| + Ce~°™ 
= 75 (5sin 60t — 6 cos 60t) + Ce °™ 


_ 5sin60t—6cos60t | 3e7°% 


But 0 = Q(0) = —7 + CsoC = & and Q(t) = —— oR + aI is the charge at time t, while the current 
F _ —50t 
TDS dQ _ 150cos60t + 180sin 60¢ — 150e 
dt 61 
35. < = k[M — P(t)] “ +kP =kM (%), 80 I(t) =e! *# =e, 


Multiplying (x) by I(t) gives e** < +kPe™ =kMe™ = 


(eP)' =kMe™ = P(t)=e""(f[kMedt+C)=M+Ce™,k>0. 


Furthermore, it is reasonable to assume that 0 < P(0) < M,so-—M <C <0. ? 


36. Since P(0) = 0, we have P(t) = M(1 — e~**). If P,(t) is Jim’s learning curve, then P,(1) = 25 and P,(2) = 45. Hence, 


25 = Mi(1—e7~*) and 45 = Mi(1 — e7?*), so 1 — 25/M; =e * ork = in(1 az) = 9( spas) Bo 


. Thus, My = 125 is the maximum number of 


2 
45 = Mi(1—e~?*) so 45 = My f (“ 7) | pipes Oe 


M, 1 
units per hour Jim is capable of processing. Similarly, if P2(t) is Mark’s learning curve, then P2(1) = 35 and P2(2) = 50. 


2 
Sok =I1n —_ Me _ and 50 = M2/1 Maes? or Mz = 61.25. Hence the maximum number of units per hour 
Mz — 35 Me 


for Mark is approximately 61. Another approach would be to use the midpoints of the intervals so that P; (0.5) = 25 and 
P,(1.5) = 45. Doing so gives us M, + 52.6 and Mz % 51.8. 
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37. y(0) =Okg. Salt is added at a rate of (o4 ) (s =a) =2 se Since solution is drained from the tank at a rate of 
min 


38. 


39. 


L min 


3 L/min, but salt solution is added at a rate of 5 L/min, the tank, which starts out with 100 L of water, contains (100 + 2¢) L 


y(t) ay Salt therefore leaves the tank at a rate of 


f liquid after t min. Thus, the salt tration at time ¢ is ——~—— 
of liquid after ¢ min. Thus, the salt concentration at time ¢ is 100-28 L 


y(t) kg |e ees) ee - 
( 1004-28 L 3 on 100-428 min’ Combining the rates at which salt enters and leaves the tank, we get 


d 3 si ; : d 3 ee as 
= =2—- T00 * re Rewriting this equation as = + (a a7 =) y = 2, we see that it is linear. 


3dt 
I(t) = exo( | ais} = exp(2 In(100 + 2t)) = (100 + 2t)°/? 


Multiplying the differential equation by I(t) gives (100 + 2t)?/? au + 3(100 + 2t)'/?y = 2(100 + 2t)9/2 => 


[(100 + 2¢)?/?y]’ = 2(100 + 2t)°/? = (100 + 2t)*/?y = 2(100+ 24)??? +C => 


y = 2(100 + 2t) + C(100 + 2t)~*/?. Now 0 = y(0) = 2(100) + C- 100-*/? = 40+ 4c C = —40,000, so 


y= [2 (100 + 2¢) — 40,000(100 + 2t)~3/ ?] kg. From this solution (no pun intended), we calculate the salt concentration 


y(t) 
100 + 2t 


20,000 2 0.2975 8 


at time t to be C(t) = 1403/2 5 


(100+ 2¢)°/2 5] L 


—40,000 | Ke i particular, C(20) = 


and y(20) = 2(140) — 40,000(140)~*/? ~ 31.85 kg. 


Let y(¢) denote the amount of chlorine in the tank at time t (in seconds). y(0) = (0.05 g/L) (400 L) = 20 g. The amount of 


liquid in the tank at time t is (400 — 6t) L since 4 L of water enters the tank each second and 10 L of liquid leaves the tank 


each second. Thus, the concentration of chlorine at time t is — =. Chlorine doesn’t enter the tank, but it leaves at a rate 
y(t) g L 10y(t) g_ BS y(t) g dy by dy —5 dt 
f 1 — = . Thereft = 
cE Fe = ||" 3) doo ee 5 doo a2 gO ae a y 200 — 3t 


Iny = 3In(200—3t)+C = y=exp($In(200 — 3t) + C) = e© (200 — 3t)°/3. Now 20 = y(0) =e - 200°/7 => 


20 (200 — 3¢)°/3 
Ct = 
3008787 80 Y(t) = 20°“ Sooszs 


= 20(1 — 0.0154)°/8 gforO0<t< 662 s, at which time the tank is empty. 
3 


d 
(a) m = mg-cv => = + <9 = gand I(t) = ef le/m) dt — elo/™t and multiplying the last differential 


, dv — vcele/™et 
—=. ao ———— 


/ 
“ — = gelel™*t = [efor ty] = gel/™*. Hence, 


equation by I(t) gives e(°/™ 
v= eC [f gel™* dt + K| = mg/c+ Ke~/™*, But the object is dropped from rest, so v(0) = 0 and 
K =—mg/c. Thus, the velocity at time t is v(t) = (mg/c)[1 — e~ /™"). 


(b) jim v(t) = mg/c 
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914 
(c) s(t) = fo dt = (mg/c)[t + (m/c)e~(/™*] + cr where ci = s(0) — mg/e. 
—m?g/c?. 


(0) is the initial position, so s(0) = 0 and s(t) = (mg/c)[t + (m/c)e~&/™"] 


4. v =(mg/c)\(1—e""/") => 
8 2 (p_eoim. 2) 2a edim a eng 
m c m ic, xe 


(1 en ct/m et ees) => 
m 


c 
b > 0. Since e? > 14 Q forall Q > 0, 


PG a ES ee OS 
m 


c du ct 
2S = gh pe etm a. Se 
gdm ( +S )e ect/m e@ 
it follows that dv/dm > 0 for t > 0. In other words, for all t > 0, v increases as m increases 
M1. (a) z u P J P’ ig Substituting into P’ = kP(1— P/M) gives us k : 1 : 
, P z . 7 e z z 2M 
z' =—kz (1-=) 2! =—kz ~ Jthe= = (x). 
ef k 
(b) The integrating factor is es dt — ekt, Multiplying (x) by e* gives e**z’ + ke**z = Vi SS (e* 2)! = Ti et 
ets = / Le ed => etz= Z e414 gC > g= a +Ce-*. Since P = Doge have 
M M M z 
P= Pe a hich agr ith Equation 9.4.7, P = us hen MC =A 
a elon Tt MOen? Which agrees with Equation 9.4.7, P = 7] pz, whe =A. 
M 
2! 
42. (a) z P : P’ . Substituting into < = k(t)P (1 _ umm) gives us 
z — k(t) 1 ; 1 k(t) 
= 1 = —k(t 1 ‘= —k(t —— 
oe Mz : (2 \1- tae s Ce ae) 
dz k(t) 
~+kt)z = ~~ (. 
(b) The integrating factor ise, where K(t =fvk » K(s) ds, so that K'(t) = k(t). Multiplying (x) by 
dz eX MR(t) K'(t)e® 
K(t) g KEE De pha 2 OO) Wk “eR yt ace ee 
e gives °F +e (t)z Me (e* z)' = MG 
K"( yes) ek) 
eK), = Le Se ds+C,so P= KX FERRO . Now suppose that J/ is a constant. Then 
TGR ds +C 
Mek Me M 
ae Fx @eOd+oM OOM T+CMeRro Jo” K(E) at = 00, then Jim H(t) = 00, so 
M M 
lim P(t) = ———————___ = ———____ = 
Be = +CM lim e-*® “140M -0 
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t k ks 
c is constant, but // varies, then K(t) = kt and we get e“’z = bs ds+C => 
Ifk but M hen K kt and we get e** M@ 
) 
t ks 
i) eas © ke*s 
z(t) = — => 2(t)=e™ Mis) ds + Ce **. Suppose M(t) has a limit as t > 00, 
0 
say lim M(t) = L. Then 
kt kt > “4049 
ee ee ee a a Fc (re ee 
t—0o t—0o z(t) t—0o t ke*s d 40 t—00 ke*t and FTC 1 t—0o 
8 
o M(s) M(t) 
APPLIED PROJECT Which Is Faster, Going Up or Coming Down? 
du dv 1 
1. ’ = —py — a ee ef at 
mv py-mg = m— (pv + mq) |= tng = => 


1 1 1 
3 In(pu + mg) setae aan [pu+mg> 0]. Att=0,v =v0,s0C = - In(puo + mg). 


1 1 1 
Thus, 5 In(py + mg) = = + a In(puo +mg) => In(pu+mg) = —=3 + In(puo+mg) => 


pu +mg =e ?*/™ (pup +mg) => pu = (pro +mg)e ?*/™ — mg v(t) = (v + m2) epi — ING. 
Pp Pp 


2. y(t) = f v(t) dt =| (x + o) -lm ma] dt = ( + mo) emi (-=) = EG, 
Pp P P p Pp 


Att=0,y=0,soC = (vo-+ 22)". Ths, 


t t 
y(t) = (vv + nf) uf (m ne) nore ee (m me) a (1 ee) ap IE 


P/P 


sat) =o" = TB — (ay + ME) e-rrim oe ae ae = in( +1) = 
p Pp mg m mg 


t= a In( TEER), With m = 1, vo = 20, p = aa and g = 9.8, we have ty = 10In( +2) = 1.86s. 
mg : 


4 ¥ 20 The figure shows the graph of y = 1180(1 — e~°'") — 98¢. The zeros are 
at t = O and te © 3.84. Thus, ti — 0 © 1.86 and te — ti & 1.98. So the 
time it takes to come down is about 0.12 s longer than the time it takes to go 


up; hence, going up is faster. 


_ (ene) 7 fy — (eptr/mya] _ MP 9” in( a zy 
Pp Pp Pp p mg 


Substituting « = e?1/™ = 2 


= pond (from Problem 3), we get 
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2 2 
u (2h) = (2. M2) Ra — a4) 8. ame = 28 (2— 2 —2in2), Nowp>0,m>0,41>0 => 
PJP Pp P zr 
1 il) 2. a SOL at)" 
— ppti/m EES — f. | — = 
u=e Se Hl. f(z) =2 = 2lIna f(a) 1+ a . = 2 >0 


forx >1 = f(x) is increasing for x > 1. Since f(1) = 0, it follows that f(x) > 0 for every x > 1. Therefore, 
2 
y(2t1) = a f (2) is positive, which means that the ball has not yet reached the ground at time 2¢. This tells us that the 


time spent going up is always less than the time spent coming down, so ascent is faster. 


9.6 Predator-Prey Systems 


1. (a) dx/dt = —0.05a2 + 0.0001 ry. If y = 0, we have dx /dt = —0.05, which indicates that in the absence of y, x declines at 
a rate proportional to itself. So x represents the predator population and y represents the prey population. The growth of 
the prey population, 0.ly (from dy/dt = 0.ly — 0.005zy), is restricted only by encounters with predators (the term 
—0.005zy). The predator population increases only through the term 0.0001ay; that is, by encounters with the prey and 
not through additional food sources. 

(b) dy/dt = —0.015y + 0.00008zy. If x = 0, we have dy/dt = —0.015y, which indicates that in the absence of x, y would 
decline at a rate proportional to itself. So y represents the predator population and x represents the prey population. The 
growth of the prey population, 0.2% (from dx /dt = 0.2a — 0.0002a? — 0.0062y = 0.2a(1 — 0.0012) — 0.006zy), is 
restricted by a carrying capacity of 1000 [from the term 1 — 0.0012 = 1 — x/1000] and by encounters with predators (the 
term —0.006xy). The predator population increases only through the term 0.00008y; that is, by encounters with the prey 


and not through additional food sources. 


2. (a) da/dt = 0.12% — 0.0006a? + 0.00001xy. dy/dt = 0.08y + 0.00004ary. 
The xy terms represent encounters between the two species x and y. An increase in y makes da/dt (the growth rate of x) 
larger due to the positive term 0.00001ay. An increase in x makes dy/dt (the growth rate of y) larger due to the positive 
term 0.00004ay. Hence, the system describes a cooperation model. 

(b) da/dt = 0.152 — 0.0002x? — 0.0006xy = 0.15a(1 — 2/750) — 0.0006ay. 

dy/dt = 0.2y — 0.00008y? — 0.0002xy = 0.2y(1 — y/2500) — 0.0002xy. 
The system shows that x and y have carrying capacities of 750 and 2500. An increase in x reduces the growth rate of y due 
to the negative term —0.0002axy. An increase in y reduces the growth rate of x due to the negative term —0.0006zy. 


Hence, the system describes a competition model. 


3. (a) dx/dt = 0.54 — 0.004x? — 0.001ay = 0.5a(1 — 2/125) — 0.001 zy. 
dy/dt = 0.4y — 0.001ly? — 0.002xy = 0.4y(1 — y/400) — 0.002ary. 


The system shows that x and y have carrying capacities of 125 and 400. An increase in x reduces the growth rate of y due 
to the negative term —0.002ay. An increase in y reduces the growth rate of x due to the negative term —0.001xy. Hence 


the system describes a competition model. 
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(b) dx/dt=0 => 2(0.5—0.0042 —0.00ly) =0 = «(500-42 -—y) =0 (I) anddy/dt=0 = 
y(0.4 — 0.00ly — 0.0027) =0 = y(400— y—- 2x) =0 (2). 
From (1) and (2), we get four equilibrium solutions. 


(i) « = Oand y = 0: If the populations are zero, there is no change. 


(ii) c = Oand 400 — y— 22 = 0 x = Oand y = 400: In the absence of an x-population, the y-population 
stabilizes at 400. 

(iii) 500 — 4a — y= Oandy =0 x = 125 and y = 0: In the absence of y-population, the x-population stabilizes 
at 125. 

(iv) 500 — 4a — y = O and 400 — y — 2a = 0 y = 500 — 4x and y = 400 — 2a 500 — 4a = 400 — 2a 


100 = 22 = «x =50and y = 300: A y-population of 300 is just enough to support a constant x-population of 50. 


4. Let L(t), H(t), and W(¢) represent the populations of lynx, hares, and willows at time t. Let the k;’s and the c;’s denote 
positive constants, so that a plus sign means an increase and a minus sign means a decrease in the corresponding growth rate. 
“Tn the absence of hares, the willow population will grow exponentially and the lynx population will decay exponentially” 
gives us dW/dt = +kiW and dL /dt = —k2L. “In the absence of lynx and willow, the hare population will decay 
exponentially” gives us dH /dt = —k3H. “Lynx eat snowshoe hares and snowshoe hares eat woody plants like willows” gives 
us encounters that lynx win, hares lose and win, and willows lose. In terms of growth rates, this means that dL/dt = +c, LH, 
dH /dt = —coLH + c3HW, and dW/dt = —c4HW. Putting this information together gives us the following system of 
differential equations. 


dL/dt =—keL +aLH 


dH /dt =—k3H —coLH +c3HW 


dW/dt =+kiw —caHw 
5. (a) At t = 0, there are about 300 rabbits and 100 foxes. At t = ¢, the number Pr t= 
3004 
of foxes reaches a minimum of about 20 while the number of rabbits is 
about 1000. At ¢ = ta, the number of rabbits reaches a maximum of about 2004 
2400, while the number of foxes rebounds to 100. At t = t3, the number of 
100+ 


rabbits decreases to about 1000 and the number of foxes reaches a 


maximum of about 315. As t increases, the number of foxes decreases 


> 


0 400 800 1200 1600 2000 R 


greatly to 100, and the number of rabbits decreases to 300 (the initial 


populations), and the cycle starts again. 


(b) RA AF 


ale 
i 
v hf hk b 
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6. (a) At t = 0, there are about 600 rabbits and 160 foxes. At t = t1, the number Rt 
of rabbits reaches a minimum of about 80 and the number of foxes is also nl 
80. At t = te, the number of foxes reaches a minimum of about 25 while al 
the number of rabbits rebounds to 1000. At t = t3, the number of foxes 807 
has increased to 40 and the rabbit population has reached a maximum of 407 
about 1750. The curve ends at ¢ = t4, where the number of foxes has ; : ' ' 5 
0 400 800 1200 1600 R 


increased to 65 and the number of rabbits has decreased to about 950. 


7. Species 24 8. Species 24 
200+ t=2 700+ 
600+ 
150+ 500+ 
400+ 

100+ t=1 
3004 
sot 200+ 
$= 0,5 100+ 

+ + + + + > 
0 50 100 150 200 250 Species 1 0 


dW  —0.02W + 0.00002RW 


9. (a) > = Sogn oo (0.08 — 0.001W)RdW = (—0.02 + 0.00002R)WdR = 
0.08 — 0.001W —0.02 + 0.00002R 0.08 0.02 
Ww dw R dR a w 0.001) dW = Ge +-0,00002) dR © 


0.08 In|W| — 0.001W = —0.02 In|R| +0.00002R+K = 


0.08 InW + 0.02 In R = 0.001W + 0.00002R+ K <= In(W°°*R®°?) = 0.00002R40.00IW+K = 


0.021770.08 
0.08 0.02 _ ,0.00002R-+40.001W+K 290.02 7470.08 __ (7p 0-00002R,0.001W a, Rew -C 
= = e0-00002R60.001W ~— ~* 
dd —ry + ba ay” 
In general, if oil peal Beat then C = ees 
dx kx — axy et ery 
(b) 160 
Ww 
0 3000 
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0=2A—0.01AL 0= A(2—0.01L 
10. (a) Aand Lareconstant = A’=OandL'=0 > } ( ) 


0 = —0.5L + 0.0001LAL 0 = L(—0.5 + 0.00014) 


So either A= LD =Oor L oat 200 and A = wT = 5000. The trivial solution A = L = 0 just says that if there 
aren’t any aphids or ladybugs, then the populations will not change. The non-trivial solution, L = 200 and A = 5000, 


indicates the population sizes needed so that there are no changes in either the number of aphids or the number of 


ladybugs. 
(b) dL _ dL/dt — —0.5L + 0.0001AL 
dA dA/dt  2A—0.01AL 
La 
(c) The solution curves (phase trajectories) are all closed curves MOOT ae Cee re ee ee 
that have the equilibrium point (5000, 200) inside them. soo + | 4 ee 
205i 
1004 N S Sees 
0 5000 10,000 15,000 A 
(d) Lh At Po(1000, 200), dA/dt = 0 and dL /dt = —80 < 0, so the 
400 + 
Py number of ladybugs is decreasing and hence, we are proceeding in a 
sa counterclockwise direction. At Po, there aren’t enough aphids to 
200 + P; support the ladybug population, so the number of ladybugs 
100 + decreases and the number of aphids begins to increase. The ladybug 
P 
; __, Population reaches a minimum at P; (5000, 100) while the aphid 
y 5000 10,000 15,000 4 


population increases in a dramatic way, reaching its maximum at 
P»(14, 250, 200). 

Meanwhile, the ladybug population is increasing from P; to P3(5000, 355), and as we pass through P2, the increasing 
number of ladybugs starts to deplete the aphid population. At P3 the ladybugs reach a maximum population, and start to 


decrease due to the reduced aphid population. Both populations then decrease until Po, where the cycle starts over again. 


(e) Both graphs have the same period and the graph of L At Ke, 
+400 
peaks about a quarter of a cycle after the graph of A. errs 
+ 200 


11. (a) Letting W = 0 gives us dR/dt = 0.08R(1 — 0.0002R). dR/dt=0 <= R= Oor 5000. Since dR/dt > 0 for 
0 < R < 5000, we would expect the rabbit population to increase to 5000 for these values of R. Since dR/dt < 0 for 
R > 5000, we would expect the rabbit population to decrease to 5000 for these values of R. Hence, in the absence of 


wolves, we would expect the rabbit population to stabilize at 5000. 
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(b) Rand W areconstant +> R’=OandW'=0 => 


0 = 0.08R(1 — 0.0002R) — 0.001RW 0 = R[0.08(1 — 0.0002R) — 0.001W] 
> 
0 = —0.02W + 0.00002RW 0 = W(—0.02 + 0.00002R) 


The second equation is trueif W = O0orR wo 1000. If W = 0 in the first equation, then either R = 0 or 


= 5000 [as in part (a)]. If R = 1000, then 0 = 1000{0.08(1 — 0.0002 - 1000) — 0.001W] = 


R= 


eens 
0.0002 


0 = 80(1 — 0.2) -W W = 64. 
Case (i): |W =0, R= 0: both populations are zero 
Case (ii): + W =0, R = 5000: see part (a) 
Case (iii): R = 1000, W = 64: the predator/prey interaction balances and the populations are stable. 

(c) The populations of wolves and rabbits fluctuate around (d) Rt AW 
64 and 1000, respectively, and eventually stabilize at 


those values. 


12. (a) If L = 0, dA/dt = 2A (1 — 0.0001A), so dA/dt = 0 A=0or A= sza57 = 10,000. Since dA/dt > 0 for 


0 < A < 10,000, we expect the aphid population to increase to 10,000 for these values of A. Since dA/dt < 0 for 
A > 10,000, we expect the aphid population to decrease to 10,000 for these values of A. Hence, in the absence of 
ladybugs we expect the aphid population to stabilize at 10,000. 


(b) Aand Lareconstant += A’=OandLl’=0 => 


0 = 2A(1 — 0.0001A) — 0.01AL 0 = A[2(1 — 0.0001A) — 0.01L] 
> 
0 = —0.5L + 0.0001AL 0 = L(—0.5 + 0.0001) 


The second equation is true if L = 0 or A = >23— = 5000. If L = 0 in the first equation, then either A = 0 or 


A= = 10,000. If A = 5000, then 0 = 5000[2(1 — 0.0001 - 5000) — 0.01L] <= 


pee 
0.0001 
0 = 10,000(1 — 0.5) — 50L 50L = 5000 L = 100. 

The equilibrium solutions are: (i) D=0,A=0 (ii) L=0,A=10,000 (iii) A = 5000, L = 100 


(c) dL — dL/dt _ —0.5L + 0.0001AL 
dA dA/dt  2A(1—0.0001A) — 0.01AL 
(d) Ly All of the phase trajectories spiral tightly around the 
41% 
ceric equilibrium solution (5000, 100). 
sot | 
100 \ \ 
sof SS 
fe Far Batig a Ge na at eae a ee 
o 2000 4000 6000 8000 10,00012,000 4 
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1. True. 


2. True. 


3. False. 


4. False. 


5. True. 


6. True. 


7. False. 


8. True. 


9. True. 
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a i | y, = 0 At t = 0, the ladybug population decreases rapidly and 
iprres the aphid population decreases slightly before 

150 + ; beginning to increase. As the aphid population 
: \ continues to increase, the ladybug population reaches a 

: . : : == minimum at about (5000, 75). The ladybug population 

504 asc eases starts to increase and quickly stabilizes at 100, while 
ete hal cee eta . the aphid population stabilizes at 5000. 

” 2000 4000 6000 8000 10,00012,000 4 


AA AL 
A + 200 


The graph of A peaks just after the graph of L has a 


minimum. 


TRUE-FALSE QUIZ 


Since y* > 0, y’ = —1— y* < 0 and the solutions are decreasing functions. 
Ina , il-lIna 
f()=y a y mT 
ory 2 1-lnz Ing Inc. 3 
LHS = ay + ay=2"- 72 + x° = (1 Inz) + nz = 1=RHS, soy = ——~ is a solution 
of 27y' + ay = 1. 
y = 3e?” —1 y’ = 6c”. LHS = y' — 2y = 6e?” — 2(3e?” — 1) = Ge?” — 6c?” +2 =2 1,50 


y = 3e?” — 1 is not a solution to the initial-value problem. 


x + y cannot be written in the form g(x) f(y). 


y’ = 3y — 2a + 6ry —1 = 6ry — 2x + 3y — 1 = 2x(3y — 1) + 1(3y — 1) = (22 + 1)(3y — 1), soy’ can 


be written in the form g(x) f(y), and hence, is separable. 


ey’ =y y =e *y y’ + (—e~*)y = 0, which is of the form y’ + P(x) y = Q(z), so the 


equation is linear. 
y’ + xy = e” cannot be put in the form y’ + P(x) y = Q(z), so it is not linear. 


Substituting x = 3, y = 1, and y’ = 1 into the differential equation (2x — y) y’ = x + 2y gives 
(2-3-—1)(1) =3+4 2(1) 5 = 5. Hence, the statement is correct. 


oe 


capacity is 5; that is, jim y=. 


By comparing dy 2y (1 - 2) with the logistic differential equation (9.4.4), we see that the carrying 
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EXERCISES 
1. (a) y’ = y(y — 2)(y — 4) (b) Jim y(t) appears to be finite for 0 < c < 4. In fact 
y: 2 a 
61, Gy) isa Hace Gh aes jim y(t) = 4 forc = 4, lim y(t) = 2 for0 <c < 4, and 
vTmY (cl amt a Feet (Ge A JS 2 TOO: t—oo 
‘ij if / i Uy / / t / i / # 
y / / / f i / / / / ¥ / . “4: . . 
LLLEL ECCLES lim y(t) = 0 for c = 0. The equilibrium solutions are 
fILTII TTT TIT T 5 iy 
: Sas y(t) = 0, y(t) = 2, and yt) = 4. 
eet 
Hee Se eee aes ae 
Pi ig <A Ti ig) ay OO Eat ae 
—0.3 0 LN AO 
a a a, 2 a: a Co ee Sa 
\ \ \ \ \ \ \ \ \ \ \ \ 
thor ee ett 
(i) 
2. (a) a We sketch the direction field and four solution curves, as shown. 


Note that the slope y’ = 2/y is not defined on the line y = 0. 


SSN AN 


NNN Nt ete eee 


LIISA Y SZ = 


/ 2 2 so F : es 
(b) y =a/y ydy = xdx y =x +C. For C = 0, this is the pair of lines y = +a. For C' ¥ 0, it is the 
a. £9 
hyperbola «* — y* = —C. 
! 2 2 
3 (ay =x Yy 
We estimate that when x = 0.3, y = 0.8, so y(0.3) = 0.8. 

ai oN \ \ \ \ \ \ 

of x. \ \ \ \ \ \ 

he my SN \ \ \ \ \ / 

| a \ \ \ \ ! 

1 Ft eS \ \ \ % / Ul 

I é ZN \ \ \ ™® / I 

I t t nee | % S aye / t 

I / Boa ONS VN ZF tT ! 

I ! / , ee! Se we / I I 

I I / , a ii, Us z It I 

I t t fe Sg Sam aR rma he I t I 

I U ! Po he VI ett SA ! I 
[++ ft 

3 '-2 14 -O— 47 D1 13x 

I Ul ry % Mer ee / Ul I t 

I ! / fo et mS at ae / I I 

I / / 13S ~1 So 4 / It I 

I / 4 7NN VN 4 7 t 1 

I / 0 eo \ \ ‘sate / t 

I / oe \ \ \ \ N Pai € I 

I {<= SS \ Be) \ Ne ON oe ! 

ae ca \ \ \ \ NOON ! 

By Sees \ \ \ \ \ \ yy SF 

/ N \ \ \ + . \ \ < N 4 

ae \ \ \ \ \ \ \ \ S38 che 

“3 


(b) h = 0.1, eo = 0, yo = Land F(x, y) = 27 — y*. So yn = Yn-1 + 0.1(@,-1 — yn—1)- Thus, 
y1 =1+0.1(0? — 17) =0.9, yo = 0.9 + 0.1(0.1? — 0.97) = 0.82, ys = 0.82 + 0.1(0.2? — 0.82”) = 0.75676. 


This is close to our graphical estimate of y(0.3) = 0.8. 
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. y = xe 


1 
_ ay —y = Ie Vt y — jy = Qe 


CHAPTER9 REVIEW 923 


(c) The centers of the horizontal line segments of the direction field are located on the lines y = x and y = —2. 


When a solution curve crosses one of these lines, it has a local maximum or minimum. 


. (a) h = 0.2, xo = 0, yo = Land F(a, y) = 2xy?. We need yo. 


yi =14+0.2(2-0-17) = 1, yw = 14 0.2(2-0.2- 17) = 1.08 & y(0.4). 
(b) h = 0.1 now, soy: = 14 0.1(2-0- 17) = 1, ye =14+0.1(2-0.1-17) = 1.02, 
y3 = 1.02 + 0.1(2- 0.2 - 1.02?) & 1.06162, ys = 1.06162 + 0.1(2- 0.3 - 1.061627) ~ 1.1292 = (0.4). 


ee . d 1 
(c) The equation is separable, so we write =2cedxr => / 7 = [= dx = a = 2? + C, but y(0) = 1, so 


= y(0.4) = es & 1.1905. From this we see that the approximation was greatly 


C =—1land y(x) = = ae 


1 
1-2? 
improved by increasing the number of steps, but the approximations were still far off. 


sin x —sing 


—ycosx => y'+(cosx)y = ze (x). This is a linear equation and the integrating factor is 


sin x 


I(x) = eos 4 — @8in@_ Multiplying (x) by ce" gives ey’ + e™*(cosx)y=u => (Sy! =x = 


entry = ta? +C = paler EC), 


dx dx 

. —=1-t te =1(1-t 1-t)=(1 1-¢t = (1-t)dt 

7 +e-t=10-)+20-)=(14+a)1-) + SS =0-Ha = 
dx 142 t—t?/24+C 
=e (l—t)dt > Inflt+a|/=t-—5t°+C => (|1+a|=e > 

l+a2= tet /2. eS ga) + Ket? /2, where x is any nonzero constant. 


. Qye”y! = 22 +3Ve > ayer Y= 20 + 3Ve > 2ye"" dy = (20 +3Vx) de > 


J dye” dy = f (20 +3V-2) dx => e* =274223/2+0C y? = In(2? + 2r3/? + C) 


y = £,/In(a22 + 2273/2 + C) 


~1/® (x). This is a linear equation and the integrating factor is 


I(a2) = efi-tfa*) de. el/e, Multiplying (x) by e!/* gives e'/* y' — e1/* . = y = 2x (e/*y)' =22 = 


e/tya=e?4+C => y=e/* (27+). 


242 r oar 2tr = r(1 — 2t) [t-fo 2t) dt Injr| =t-P+C > 
|r| = et" +¢ = ket-”. Since r(0) = 5, 5 = ke® =k. Thus, r(t) =5e’* 
e3 : dy sin x dx dy sin x dx 
1 i 1 4 — => ——§—$—$—_—— ———— 
ie a i l+e-¥ 1+ cosz [ots ies 


y : 
/=-[/=. => Injl+e’|=—-In|l+cosz)|+C => In(l+e’)=—In(l+cosz)+C = 
1+ e¥ 1+ cosz 


Lte¥ =e7m(teos2) pC yg = he Mte082) _ 7 yy = In[ke~ MCA+e°5*) _ 1], Since y(0) = 0, 
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11. 


12. 


13. 


14. 


15. 


16. 
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0 = In{ke~™? — 1] e° =k(4)-1 k = 4. Thus, y(ax) = In[4e~ "C1 +0°8*) — 1]. An equivalent form 
3 —cosx 
i = In ———_. 
Rue) 1+cosz 
-1 
sy —y=alne y’ a y=Ing. I(x) =eS(-V2) 4 — e—Mlel — Cau) =|a|~! = 1/2 since the condition 
x 


y(1) = 2 implies that we want a solution with x > 0. Multiplying the last differential equation by I(x) gives 


1 1 1 bye a 1 1 1 
-y -sy=-nt = (¥) =-hz = sus [a => -y=i(nz)’?+C => 
x x x x x Z x x 


y =4a(Inz)?+Cxr.Nowy(1)=2 > 2=04+C > C=2,soy= ga(Inz)? +22. 


dy 


y’ = 3a7e4 ae 3a7e > e Ydy=3a7?dx => : 
fe*dy= f3e?de => -e%=27+C.Nowy(0)=1 => | r 
e-1=C,so—e-¥ = 2? —e7} eY¥=-g?+e7 = 
y = In(—a? + e7*) y = —In(—2#? + e7"). To find the domain, 
solve-—z? +e '>0 = a<e! = «x <e 3, 50 the domainis =6 


(—o0,e7 1/9) and a = e~/° [0.72] isa vertical asymptote. 


d d : : 1 dy 1 
(yy) = (Ke ! — ke? = ! = ey a 
oF (y) 7 (ke”) => y'’=ke y, so the orthogonal trajectories must have y A a ; 
ydy=-de => fydy=-—fdz sy? =-£+C => £=C- sy”, which are parabolas with a horizontal axis. 
= (y) = = (e*”) y’ = ke®® = ky ay - y, so the orthogonal trajectories must have y’ = — ; Ta 
dy t 1,2 1,2 : 
Ae ns => ylnydy=-ade => fymydy=—fadx => sy Iny— Fy’ [parts with u =Iny, 
dvu=ydy] = 5a" + Ch 2y" Iny — y? = C — 22”. 
é : : dP P , 
(a) Using (4) and (7) in Section 9.4, we see that for The 0.1P{1— 3000 with P(0) = 100, we have k = 0.1, 
2 -—1 
M = 2000, Po = 100, and A = ee = 19. Thus, the solution of the initial-value problem is 
2000 2000 
P(t) = ———__ P(20) = ——_—~ #560. 
Megat OO) vee agea 
2000 2000 5 
P 12 12 1 1 —0.1t etree wou 1 —0.1t ree | 
(b) 00 00 Tp 190-018 + 19e 1200 9e 3 = 
e% = (2) /19 0.1¢=nZ t=-10In2 ~ 33.5. 


(a) Let t = 0 correspond to the year 2000. An exponential model is P(t) = ae*’. P(0) = 6.08, so P(t) = 6.08e*°. 


7.35 735 
fa8 ieee ee 
6.08 a8 agg: = 


P(15) = 6.08e1°* and P(15) = 7.35, so 6.08e1>* = 7.35 ek 
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1 ‘ 
k= —1 ie = 0.0126. Thus, P(t) = 6.08e** and P(30) = 6.08e2°* = 8.89. Our model predicts that the world 


15" 608 
population in the year 2030 will be 8.89 billion. 


i» 10 10 In(10/6.08) 
oe ein Se 
“6.08 "6.08 In(735/608) 


(b) P(t) =10 => 6.08e** = 10 f 39.35 years. Our 


exponential model predicts that the world population will exceed 10 billion in about 39.35 years; that is, in the year 2039. 


M—Po  20-—6.08 87 M 20 
A= = ——— = —, 50 P(t) = ———} = — >. P(15) = 7.35 => 
©) Po 60s 3g PO Trae Tyee POD) 
20 20 87 _ask 253 87 ask 9614 _isp 
= 7.35 =1 — = > 
1+ Sete 735? 38° 17 ~ 38° 12,789 © 
k= : 1 allege 0.01902. Thus, P(30) = at = 8.72 billion, which is less than our prediction of 


~ 15" 12,789 1+ Se-30k 


8.89 billion from the exponential model in part (a). 


20 20 87 _xy 87 _pe 38 =p 
d) P(t) = 10 = 10 = l= 
Ee) 1+ Ste-# 10 38° 38° a 
In ve —kt t=15 TEBE ~ 43.54 years; that is, in the year 2043, which is four years later than our 


87 In(9614/12,789) 


prediction of 2039 from the exponential model in part (b). 


17. () So Leo -E S = {Loo L) [ae fee In|Loo —L|=kt+C => 
In|L~. — L| = —kt-C \Loo - Ll =e "9 => Le-L=Ae* => L=L.-Ae™. 
Att=0,L=L(0)=Lo—A A= Leo — L(0) L(t) = Loo — [Loo — L(0)Je7*. 

(b) Lo. = 53 cm, L(0) = 10 cm, and k = 0.2 L(t) = 53 — (53 — 10)e~°-?" = 53 — 43e79-*, 


18. Denote the amount of salt in the tank (in kg) by y. y(0) = 0 since initially there is only water in the tank. 


The rate at which y increases is equal to the rate at which salt flows into the tank minus the rate at which it flows out. 


. dy kg L y kg L y kg dy 1 
That rate is “% — 0.158 x 19 + — 8 x ip -1- 4 a ee 
sinc mee aa a Td eT 10min ~ me 


In|10 — y| = ygt+C 10-y= Ae, y(0) =0 10=A y = 10(1 — e~*/1°), 
Att = 6 minutes, y = 10(1 — e~ 9/1) = 4.512 kg. 


19. Let P represent the population and J the number of infected people. The rate of spread dI/dt is jointly proportional to J and 


IpP 
Io + (P - Ip)e“*Pt 


[from the discussion of logistic 


dl 
to P — I, so for some constant k, a kI(P — 1) I(t) 


growth in Section 9.4]. 
Now, measuring t in days, we substitute ¢ = 7, P = 5000, Io = 160 and J(7) = 1200 to find k: 


160 - 5000 _ 2000 
160 + (5000 — 160)e—5000-7- 160 + 4840e~35.000k 


1200 = 480 + 14,520e~ 3°00 = 2000 = 
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20 


21. 


22 


6 Fenn = arene &  —35,000k = In = k= aia In = = 0.00006448. Next, let 

I = 5000 x 80% = 4000, and solve for t: 4000 = TO Soo ET ce a SER ee eS 
160 + 4840e7 °° — 200 =  @2000kt — a ~ —5000kt = In a oS 

t= sant In = = = -In a =7- = mr = 14.875. So it takes about 15 days for 80% of the population 


to be infected. 


1dR kdS d d 


R= eh PS+C — (e” °) => R= AS", where A = e® isa positive constant. 


dh R h k+h R k R 
rr = (<tr) / h dh I( ) ae [+k] a=-F fre > 


h+kinh= - t+C. This equation gives a relationship between h and t, but it is not possible to isolate h and express it in 


terms of t. 


. dx/dt = 0.4x — 0.002xy, dy/dt = —0.2y + 0.000008ry 
(a) The xy terms represent encounters between the birds and the insects. Since the y-population increases from these terms 
and the x-population decreases, we expect y to represent the birds and x the insects. 


(b) x and yareconstant > wv’ =Oandy’=0 => 


0 = 0.4x — 0.002ry 0 = 0.4x(1 — 0.005y) : 
> y = Oand x = 0 (zero populations) 


0 = —0.2y + 0.000008xy 0 = —0.2y(1 — 0.000042) 


or y = —L. = 200 and x = 


008 aa = 25,000. The non-trivial solution represents the population sizes needed so that 


there are no changes in either the number of birds or the number of insects. 


dy — dy/dt — —0.2y + 0.000008cy 


(c) 


dx  dx/dt 0.42 — 0.002xy 
(d) a) At (x, y) = (40,000, 100), da /dt = 8000 > 0, so as ¢ increases we 
400t 1 7 47 =—=--~NNNNN 
in LR are proceeding in a counterclockwise direction. The populations 
lL YfFS-=—-ae~ae~owrnrrS®* A. CW O*K 4 : : rn < 
3007 1 ff 7 -~-=~~~rnNNSX increase to approximately (59,646, 200), at which point the insect 
I Log SN RR NNO NN 
Snail | ‘ i i Ri ~ , ‘ ‘ population starts to decrease. The birds attain a maximum population 
\ Ae ON Se hfe eh dy oF ! 
Vata eee ee, of about 380 when the insect population is 25,000. The populations 
100, ee e decrease to about (7370, 200), at which point the insect population 
ele 
= - starts to increase. The birds attain a minimum population of about 88 
0 x 
200” sO ene when the insect population is 25,000, and then the cycle repeats. 
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(e) XA (insects) (birds) 4 y 
+ 400 


birds Both graphs have the same period and the bird 
- 300 


population peaks about a quarter-cycle after the 


insect population. 


23. (a) dx/dt = 0.4x(1 — 0.000005z) — 0.002ry, dy/dt = —0.2y + 0.000008ay. If y = 0, then 


dx /dt = 0.4%(1 — 0.000005), so dx /dt = 0 x = 0or x = 200,000, which shows that the insect population 


increases logistically with a carrying capacity of 200,000. Since dx/dt > 0 for 0 < x < 200,000 and da/dt < 0 for 


x > 200,000, we expect the insect population to stabilize at 200,000. 
(b) x and yareconstant = «’=Oandy’=0 => 


0 = 0.4x(1 — 0.000005) — 0.002ry 0 = 0.42[(1 — 0.000005) — 0.005y] 
=> 
0 = —0.2y + 0.000008xy 0 = y(—0.2 + 0.000008z) 


The second equation is true if y = O or x = STS = 25,000. If y = 0 in the first equation, then either x = 0 


or x2 = = 200,000. If « = 25,000, then 0 = 0.4(25,000)[(1 — 0.000005 - 25,000) — 0.005y] => 


TO0005 
0 = 10,000[(1 — 0.125) — 0.005y] 0 = 8750 — 50y y = 175. 


Case (i): y=0,x = 0: Zero populations 
Case (ii): ~=y = 0, x = 200,000: In the absence of birds, the insect population is always 200,000. 
Case (iii): «x = 25,000, y = 175: The predator/prey interaction balances and the populations are stable. 


(c) The populations of the birds and insects fluctuate (d) see . (insects) (birds) 4 y 
2 + 250 
around 175 and 25,000, respectively, and 35,0004 | >00 
eventually stabilize at those values. 25,0007 Pe 
insects | 
15,000+ 100 
+ 50 
5,000 + 
~ 
0 t 


24. First note that, in this question, “weighs” is used in the informal sense, so what we really require is Brett’s mass m in 


kg as a function of t. Brett’s net intake of calories per day at time ¢ (measured in days) is 


927 


c(t) = 2200 — 1200 — 15m(t) = 1000 — 15m(#), where m/(t) is his mass at time ¢. We are given that m(0) = 85 kg and 


dm c(t) dm — 1000—15m — 200—3m_. dm dt 
= = = th — .F — t 
dé 10,000°* dt 10,000 S900 MA) eo. Brom i 200 — 3m / 000° “* &° 


—%n|200 — 3m| = sagt + C. Since m(0) = 85, C = —31n55. Now, —$ In|200 — 3m| = sa5t- ¢n55 = 


In |200 — 3m| = —s25¢ + 55 [200 — 3m| = e3#/2000+1n 55 _ 55¢—3¢/2000 The quantity 200 — 3m is 


continuous, initially negative, and the right-hand side is never zero. Thus, 200 — 3m is negative for all t, so 


—3t/2000 
55 6 


200 — 3m = —55e—3*/2000 m(t) = 222 4 


gradually settles down to 66.7 kg. 
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kg. As t > 00, m(t) > 2° = 66.7 kg. Thus, Brett’s mass 


L] PROBLEMS PLUS 


1. We use the Fundamental Theorem of Calculus to differentiate the given equation: 
[PoP = 100+ fF {IOP + OP bat > 2F@)F@) =FOP +P = 


f(a)? + Uf’ (@))? — 2f (a) f(x) =0 => [f(x)-f'(2)? =0 © f(x) = f'(x). We can solve this as a separable 


equation, or else use Theorem 9.4.2 with k = 1, which says that the solutions are f(a) = Ce*. Now [f(0)]? = 100, so 


f(0) = C = +10, and hence f(x) = +10e” are the only functions satisfying the given equation. 


/ 
2. (fg) = f’g’, where f(x) = ev => (c*’g) = Qare® g!. Since the student’s mistake did not affect the answer, 


“ ‘ 2 1 
(e*9) = eg! + Qae" g = Qe” g’. So (2x — 1)g' = 2ag, or eee 
g 


In|g(z)| =2+4m(2z—-1)+C g(x) = Ae? /2x — 1. 


Therefore, f’(x) = f(x) for all x and from Theorem 9.4.2 we get f(x) = Ae”. 


Now f(0) = 1 A=1 f(x) =e”. 
(fr@a)(faye)-4 = [age Tied 
1 f(x) 


= ————__, [after differentiating] => ff f(x)dx =+f(x) [after taking square roots] => 


f(x) Lf f(x) da]? 


f(x) =+f'(x) [after differentiating again) = y= Ae* ory = Ae * by Theorem 9.4.2. Therefore, f(x) = Ae® or 


f(x) = Ae~”, for all nonzero constants A, are the functions satisfying the original equation. 


5. “The area under the graph of f from 0 to x is proportional to the (n + 1)st power of f(a)” translates to 


i f(t) dt = kf (a)? for some constant k. By FTC1, < [ f(t) dt = < {k[f(a)]"*1} = 

fie) =k +V[f@"f(@) > 1l=k(n4+ Diff @ => 1=k(n4+1)y™ wu = 
k(n+l)y"'dy=dxe => fk(n+1)y"'dy=f dz k(n 4 1)=y" r+C. 

Now f(0)=0 = 0=0+C = C=Oandthen f(1)=1 > k(n +1) ag k=, 


soy” = xandy = f(z) =e”, 
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6. 


CHAPTER9 PROBLEMS PLUS 


Let y = f(x) bea curve that passes through the point (c, 1) and whose yA 
subtangents all have length c. The tangent line at x = a has equation y= Fix) 
y — f(a) = f’(a)(a — a). Assuming f(a) 4 Oand f’(a) 40, it has 
f(a) (a, fla)) 
x-intercept a — F(a) {let y = 0 and solve for x]. Thus, the length of the 1 (c, 1) 
a 
0 c 
; nox a f'(@) 1 EG x 
subtangent is c, so |a (« = = =+-. Co Oy a 
f'(a) f'(a) (a) c 
f'(2) 1 , 1 dy 1 dy 1 i 1 1 
N ==. => == —=t- —=4+-drt => -dy=+- [dt => 
OW Fin) - f(z) = Fe) ae pa ; _ da aoe ~ | ae 
1 ; Sy es 4 : 
In |y| = tort K. Since f(c) =1,m1=+1+K = K = F1. Thus, y = e**/°*, ory = e*@/—, One curve is 


an increasing exponential (as shown in the figure) and the other curve is its reflection about the line x = c. 


. Let y(¢) denote the temperature of the peach pie ¢ minutes after 5:00 PM and R the temperature of the room. Newton’s Law of 


: ; : d 
Cooling gives us dy/dt = k(y — R). Solving for y we get 7 4 = kdt Iny-— Rl) =kt+C => 


ly—Rl) =e Ss y—-R=+e™-e° 3S y= Me™-+R, where M isa nonzero constant. We are given 


temperatures at three times. 


y(0) = 100 100=M+R +> R=100—M 
y(10) = 80 80= Mel* +R (1) 
y(20) = 65 65= Me?* +R (2) 


Substituting 100 — M for Rin (1) and (2) gives us 


—20 = Me?°* — M (3) and -35 = Me?* — M (4) 


=20 _ M(e* —1) 4 elk] 
eee = 4 420k _ 710k 
Dividing (3) by (4) gives us =35 ~ Me 1) => 7 = Born => de 4=7e 7 
47°F — Te 4.3 = 0. This is a quadratic equation in e1°*. (4e'°* — 3) (e*°* — 1) =0 e VE GEL os 


10k = In 3 orlnl => k= a In 3 since / is a nonzero constant of proportionality. Substituting 3 for e1°* in (3) gives us 


20=M-.3—M 20=-1M M = 80. Now R = 100 — M so R = 20°C. 


. Let b be the number of hours before noon that it began to snow, t the time measured in hours after noon, and 


x = x(t) = distance traveled by the plow at time ¢. Then dx /dt = speed of plow. Since the snow falls steadily, the height 


at time t is h(t) = k(t + b), where k is a constant. We are given that the rate of removal is constant, say R (in m3/h). 


: s ; : da dx dx C 
If the width of the path is w, then R = height x width x speed = h(t) x w x ae k(t + b)w qi Thus, See 
R. a : dt 
where C' = ky 8? constant. This is a separable equation. | dx = C rare a(t) = Cln(t+b)+K. 
w 


Putt=0: O=Clnd+K => K=-—Clnb,so x(t) = Cln(t+b)-Clnb=Cln(1+t/bd). 
Putt = 1: 6000=Cln(1+1/b) [« =6kn]. 
Putt = 2: 9000 = Cln(14 2/b) [« = (6+3) km]. 
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In(1+1/b) _ In(1+2/b) 1 2 1\° ae 
iyeiori.— In(1+—) =2m(1+ = (ere 9 Need eee = 
Solve for 6000 9000 => 3ln +7 n Te => +5 acs => 
ose, a AA Iie ae ad % ee 
Se yO a Bes a eae as: 


But b > 0,sob = = + v5 ~ 0.618h ~ 37 min. The snow began to fall vo hours before noon; that is, at 


about 11:23 AM. 


9. (a) While running from (L, 0) to (x, y), the dog travels a distance Y4 Slope of tangent line 
ee 4 
s =f’ /1+ (dy/dz)? de = —f* \/T + (dy/dax)? dz, so 
ds _ 
a /1+ (dy/dx)?. The dog and rabbit run at the same speed, so the 
rabbit’s position when the dog has traveled a distance s is (0, s). Since the x (L, 0) is 


; . dy s—y 
dog runs straight for the rabbit, a Ge (see the figure). 


dy ds dy d7y dy\ —_ d?y ds 
Thus,s=y—2 aa Beet ae (« da? +1 ae 2° Equating the two expressions for We 
; d? dy\” ' 
gives us x <= =,/1+ (+) , as claimed. 
(b) Letting z = dy we obtain the differential equation x Bee. V1+4 22, or Bes Integrating: 
ig ~ de’ ql age > ice ie 2) gZ: 


dz 25 
c= a F n(z + +22) +C. When =1,z=d dx = 0, soln L = In1+C. Therefore, 
[= y/ 
C=InL,solng =In(V1+ 2 +2) +L =In[L(V1+ 2? + z)| > z= L(V1+2 +2) > 
2 2 
VIF = 5-2 => 1+2? = (=) 202 ep (=) —22(=)-1=0 > 


L L L 
_(@/LP-1 #-i  « Lil dy a 
z 2(x/L) 2Lax 2 n [for x > O]. Since z qe J AE Ina+ Oy 
Since y = 0 when x = L, 0 InL+C, (on InL . Thus, 
aye inet ip eB n( +) 


(c) As x — 0+, y — oo, so the dog never catches the rabbit. 


10. (a) If the dog runs twice as fast as the rabbit, then the rabbit’s position when the dog has traveled a distance s is (0, 5/2). 


Since the dog runs straight toward the rabbit, the tangent line to the dog’s path has slope wu = setae 
dy ds a d?y dy d’y 

Th =2 22— => = eT 2x 2—|=-2 

eo ee le da Ce ” aa? * ade a? 

(5 d 
From Problem 91a), 4 = st) , SO 2S = (2) 
Letting z = dy , we obtain the differential equation ee =V14+22,or Lb Integrating, we get 
g ae q = = ge ae grating, we g 
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Ing = | ——e= 2In( 14+ 224 2) + C. [See Problem 9(b).] When x = L, z = dy/dx = 0, so 
In =2lIn1+ C=C. Thus, 


Ing = 2In(VI-+2? + 2) +InL = In(L(VI+2 +z) ) > a= L(VI+z2 +2) > 


dy 1 /« 1 1 1/2 vL —1/2 1 3/2 1/2 
= 2 = 54) ee ET HC TT => = gl? — f/f? +O), 
dx 2M Db: Dalal h. Dab 2 o 3VE ' 


When « = L,y = 0,800 = : LB? JED +0, 4 L+Q=( 2L. Therefore, C; = 3L and 


3VL 
3/2 
ae Ti VE? + 2L. Asx — 0,y — 2L, so the dog catches the rabbit when the rabbit is at (0, 2). 
(At that point, the dog has traveled a distance of $L, twice as far as the rabbit has run.) 
(b) As in the solutions t t (a) and Problem 9 t dy a : dh ae ia eeees; 
s in the solutions to part (a) and Problem 9, we get z= 7 = org — 5 9 and hence y= Gra + o> — 3L. 
d 
We want to minimize the distance D from the dog at (zx, y) to the rabbit at (0, 2s). Now s = 3y— 32 = 
x L? x L? 
28 =y— @z y-28 = 4“z “(i i) = an Seo ne 
3 5 4 x Py x Ce Fi x iy 
D= 0)? 4 2s)? = | er aa Bra = = += 
Sea ena " (a =) ata + yt ag € =) 
x m Lf 
2b? 2a 
Bao, ar Bae! Ee es L 
D'=0 — - 35 = 0 — == ——— =, 0,L>0. 
DL? 2x? 202 2x? =a OOF See asa 
Baie, Ee z (Lag e\2 i 7) ae 
Since D(x) = $5 + Sy > O forall « > 0, we know that D( >) = O72 + Op gaia) ~ 3374 is 


the minimum value of D, that is, the closest the dog gets to the rabbit. The positions at this distance are 


8V3L _ 2L\ _ (, 8V3-6, 
9 ce ae ee 


Rabbit: (0, 2s) = (0 


11. (a) We are given that V = 47r7h, dV/dt = 60,000z ft*/h, and r = 1.5h = 3h. SOV = (3h)? h=3rh => 


dV; adh 9 .9dh dh  A(dV/dt)  240,0007 — 80,000 
= 3g. 3pe = 2gh? ™. Therefore = ROU - eT 
Bp Ale a ge at ag Onh2 Onh? 3h2 


(*) => 


J 3h? dh = [80,000dt = h® = 80,000t + C. When t = 0, h = 60. Thus, C = 60° = 216,000, so 
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(b) 


(c) 


CHAPTER9 PROBLEMS PLUS 


h? = 80,000t + 216,000. Let h = 100. Then 100° = 1,000,000 = 80,000¢ + 216,000 = 
80,000¢ = 784,000 = t= 9.8, so the time required is 9.8 hours. 


The floor area of the silo is F = 7 - 200” = 40,0007 ft, and the area of the base of the pile is 


A=rr=n7 (2h)? = *th?. So the area of the floor which is not covered when h = 60 is 


F — A= 40,0007 — 81007 = 31,9007 ~ 100,217 ft?. Now A= 24h? = dA/dt = % - 2h (dh/dt), 
and from (x) in part (a) we know that when h = 60, dh/dt = S02 a = ft/h. Therefore, 

dA/dt = 2% (2)(60)(22) = 20007 = 6283 ft? /h. 

Ath = 90 ft, dV/dt = 60,0007 — 20,0007 = 40,0007 ft?/h. From (x) in part (a), 


dh  4(dV/dt) _ 4(40,0007) _ 160,000 
dt Orh? Orh? 9h? 


h = 90; therefore, C = 3 - 729,000 = 2,187,000. So 3h? = 160,000¢ + 2,187,000. At the top,h =100 => 


3(100)? = 160,000¢ + 2,187,000 = t= SKU = 5.1. The pile reaches the top after about 5.1 h. 
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9h? dh = [160,000dt = 3h? = 160,000t + C. When t = 0, 


12. Let P(a, b) be any first-quadrant point on the curve y = f(x). The tangent line at P has equation y — b = f’(a)(x — a), or 


equivalently, y = mx + b — ma, where m = f’(a). If Q(0,c) is the y-intercept, then c = b — am. If R(k, 0) is the 


x-intercept, then k = 


am — b 


J/(a— 0)? + [b — (b— am)? = \/[a — (a — b/m)]? + (6 — 0)2. Squaring and simplifying gives us 


et+aem =b/m?+0 > a 


2 


m+aem* =0?+0?m => ame+ (a? b?)m? b? =0 


=a- 2 Since the tangent line is bisected at P, we know that |PQ| = | PR); that is, 
m 


(a?m? — b*) (m? + 1) =0 = m? =}?/a?. Since m is the slope of the line from a positive y-intercept to a positive 
x-intercept, m must be negative. Since a and b are positive, we have m = —b/a, so we will solve the equivalent differential 
. ad d d d d. 
equation # Z Z / - / = Iny Ing+C [z,y>0]) => 
dx x y £ y x 


en Ss — emt" eC ag lA = y = A/z. Since the point (3, 2) is on the curve, 3 = A/2 => A=6 


and 


the curve is y = 6/ax with x > 0. 


13. Let P(a, b) be any point on the curve. If m is the slope of the tangent line at P, then m = y’(a), and an equation of the 


=> 


1 ‘ ; 
normal line at Pis y— b= -=(@ — a), or equivalently, y = =e +b+ x The y-intercept is always 6, so 
d 
b+ < 6 < 6—b m A c 5 We will solve the equivalent differential equation = = 5 - i 
(6 — y) dy = «dx Jo wdy= fade 6y — sy? = 42° +C lQy—y? =a? + K. 
Since (3, 2) is on the curve, 12(2) — 2? = 3? + K K = 11. So the curve is given by 12y — y? = 2? +11 


x+y? —12y+36=—-114+36 => «2? +(y—6)? = 25, acircle with center (0,6) and radius 5. 
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14. Let P(xo, yo) be a point on the curve. Since the midpoint of the line segment determined by the normal line from (xo, yo) to 


its intersection with the x-axis has x-coordinate 0, the x-coordinate of the point of intersection with the x-axis must be —xo. 


— ; 2 i at ; : 
Hence, the normal line has slope DS . So the tangent line has slope — “0 | This gives the differential 
Zo—(—%o) 2x0 Yo 
; 2 
equation y/ 7 y dy Qu dx Jydy=f(-22)de => 4y=-2?4+C => w+iy=C 


[C > 0]. This is a family of ellipses. 


15. From the figure, slope OA = 2 If triangle O.AB is isosceles, then slope 
AB must be — La the negative of slope OA. This slope is also equal to f’(x), 
x 


so we have dy y [2 = -{ a 
dx x y x 


> 
—Inj2|t+CO O B(2x, 0) x 


Injy| =—InjzJ|+C => |lyl=e 


niz|\— 1 Kk 
Serres = Ceara > y=—K#0. 
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10 L] PARAMETRIC EQUATIONS AND POLAR COORDINATES 


10.1 Curves Defined by Parametric Equations 


2=t?4+t, y=3't?, t=-2,-1,0,1,2 


Therefore, the coordinates are (2, +), (0, 1), (0,3), (2,9), and (6, 27). 


2.¢2=In(t? +1), y=t/(t+4), t= -2, 
t —2 —-1 0O 1 2 
z{in5 In2 0 In2 1n5 
ee ee ee 


3a¢=1-t?, y=2t-t?, -1<t<2 


1,0, 1,2 


t —3 —2 -1 O 1 2 3 
x | 3.125 2.25 15 1 1 2 5 
Yy 5 2 1 1 1.5 2.25 3.125 
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936 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


6. x = cos*t, y=1l+cost, 0<t<a7 


t 0 7/4 m/2 37/4 Tt | 
x{1 0.5 0 0.5 1 
Yy 0.293 0 


(a) 
ps) ak Se ho 
PO oe tae 
| | ae Oe | 
(b) x = 2t-1 2t=x2+1 t= 42+ 4,80 


y=4st+1=3($r+43)+1l=dr+4t4+1 > y=hrr+3 


8 © =3t+2, y= 2t4+3 


(a) 
t | —4 —2 0 2 4 
x|-10 -4 2 8 14 
y|-5 -1 3 7 11 
= 1 2 
(b) x = 3t+2 3st =x-2 t= 3X2 — 3,80 
y= 2+3=2(de-2)+3=322-$4+3 > y=3a+3 


9a2=—t?-3, y=t+2, -3<t<3 
(a) 


(b) y=t+2 t= y—2,s0 
x=t?—3=(y—2)?-3=y? —4y+4-3 


c=y?—4yt+l—-l<y<5 
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CURVES DEFINED BY PARAMETRIC EQUATIONS 


t= 37/2, 
(-1, 1) 


10.”%=sint, y=1-—cost, 0<t<27 
(a) 
t |0 7/2 a 37/2 Qn 
z|/oO 1 0 -l 0 
y|oO 1 2 1 0 
(b) «=sint,y=1-—cost [ory—1l=-—cost] => 
x? + (y—1)? = (sint)? + (—cost)? > 2#4+(y-1)?=1. 


As t varies from 0 to 27, the circle with center (0, 1) and radius 1 is traced out. 


es 1.414 ‘1.732 
pps ae 


(b) «= vt 


t=2" y=1-t=1 x, Since t > 0, x > 0. 


So the curve is the right half of the parabola y = 1 — °. 


22=t7, y=? 


(a) 


2 
c=t? (Vv) =y/?, teRyeER«c>0. 


13. (a) x =3cost, y=3sint, 0<t<a7 (b) 
x? +y” = 9cos"t + 9sin?t = 9(cos*t + sin?t) = 9, which is the equation 

of a circle with radius 3. For 0 < t < 7/2, we have 3 > x > O and 

0<y <3. Form/2<t <7, wehave0 > ax >-—3and3 > y > 0. Thus, 


the curve is the top half of the circle 2? + y? = 9 traced counterclockwise. 


(0, 1) 1=0 
(1,0) t=1 
> 
x 
(2, -3) t=4 
yA 
(4, 8) 
t=2 
t=0 d, 1) t= 
0 
(i, -1) t=-1 
(4, -8) 
par? 
» 
3 
3 0 3 x 
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938 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


14. (a)x =sin40, y=cos40, 0<0<7/2 (b) a 


x? + y” = sin? 40 + cos” 49 = 1, which is the equation of a circle with 
radius 1. When @ = 0, we have x = O and y = 1. For0 < 0 < 7/4, we r 
have x > 0. For 1/4 < 0 < 1/2, we have x < 0. Thus, the curve is the . i as 
circle x” + y? = 1 traced clockwise starting at (0, 1). 
15. (a) —=cos0, y=sec?0, 0<0< 7/2. (b) yf 
F 1 1 
y = sec“0 cos2d ya For0 <@< 7/2, wehavel > x >0 
andl < y. \ 
it 


16. (a) x =csct, y=cott,0<t<7 (b) al 
y’? — x? = cot*t — csc?t = 1. For0 <t < 7, we have x > 1. 
Thus, the curve is the right branch of the hyperbola y? — x? = 1. 


17. (a) y=e' =1/e~! = 1/z for x > O since « = ec‘. Thus, the curve is the (b) yf 
portion of the hyperbola y = 1/x with x > 0. 


18. (a)a =t+2 t=a2-2. y=1/t=1/(«— 2). Fort > 0, we (b) “t 


_ 


oO 
pease 
ay 


have x > 2 and y > 0. Thus, the curve is the portion of the 


hyperbola y = 1/(x — 2) with x > 2. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS 939 


(a)¢=Int,y=vVi,t>1. (b) aT 
x=IlInt t =e” y=vet et/? 4 > 0. 
(0,1) 
0 x 
(a) ¢=|tl,y=|1 lel] = (1 x|. For all t, we have x > 0 and (b) y 
y = 0. Thus, the curve is the portion of the absolute value function ‘ Wy 
y = |1-—2| witha > 0. NN 
0 1 a 
(a) « = sin?t, y = cos*t. x + y =sin*t + cos?t = 1. For all t, we (b) 4 
1 
have 0 < x < LlandO < y < 1. Thus, the curve is the portion of the 
line x + y = lor y = —x + 1 in the first quadrant. X 
0| 1 i 
(a) x = sinht, y = cosht y? — x? = cosh? t — sinh? t = 1. (b) 7h 
Since y = cosht > 1, we have the upper branch of the hyperbola 
yi —a2? =1. i 
0 x 


The parametric equations x = 5cost and y = —5sint both have period 27. When t = 0, we have x = 5 and y = 0. When 
t = 7/2, we have x = 0 and y = —5. This is one-fourth of a circle. Thus, the object completes one revolution in 
4-5 = 2m seconds following a clockwise path. 
: , (7 T : 27 
The parametric equations x = 3 sin(0) andy = 3 cos( 71) both have period aT = 8. When t = 0, we have x = 0 and 
TT 
y = 3. Whent = 2, we have x = 3 and y = 0. This is one-fourth of a circle. Thus, the object completes one revolution in 


4-2 = 8 seconds following a clockwise path. 


y 


x=5+2costt,y=3+2sintt => cos mt = 2, sin nt = YES. cos*(rt) + sin?(7t) =1 > 


2 2 
(: 5 *) + (¥ 5 *) = 1. The motion of the particle takes place on a circle centered at (5, 3) with a radius 2. As ¢ goes 


2 2 
from 1 to 2, the particle starts at the point (3, 3) and moves counterclockwise along the circle (: = *) + (¥ . *) =1 


to (7, 3) [one-half of a circle]. 


2 
=a 1 
x=2+sint,y=1+3cost sint = x — 2, cost Z ri sin?t + cos*t = 1 (2 — 2)? + (4) =1L. 


The motion of the particle takes place on an ellipse centered at (2, 1). As t goes from 7/2 to 27, the particle starts at the point 


(3, 1) and moves counterclockwise three-fourths of the way around the ellipse to (2, 4). 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 
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2 2 
x = 5sint, y = 2cost sint = 5, cost = §. sin? t+ cos?t =1 (2) + (4) = 1. The motion of the 


particle takes place on an ellipse centered at (0,0). As t goes from —7 to 5z, the particle starts at the point (0, —2) and moves 


clockwise around the ellipse 3 times. 


y = cos?t = 1 — sin? t = 1 — x”. The motion of the particle takes place on the parabola y = 1 — x”. As t goes from —27 to 
—rr, the particle starts at the point (0, 1), moves to (1, 0), and goes back to (0, 1). As t goes from —7 to 0, the particle moves 


to (—1, 0) and goes back to (0,1). The particle repeats this motion as ¢ goes from 0 to 27. 


We must have 1 < a < 4and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 


(a) From the first graph, we have 1 < x < 2. From the second graph, we have —1 < y < 1. The only choice that satisfies 
either of those conditions is III. 

(b) From the first graph, the values of x cycle through the values from —2 to 2 four times. From the second graph, the values 
of y cycle through the values from —2 to 2 six times. Choice I satisfies these conditions. 

(c) From the first graph, the values of x cycle through the values from —2 to 2 three times. From the second graph, we have 
0 < y < 2. Choice IV satisfies these conditions. 

(d) From the first graph, the values of x cycle through the values from —2 to 2 two times. From the second graph, the values of 


y do the same thing. Choice II satisfies these conditions. 


When t = —1, (x,y) = (1,1). As t increases to 0, x and y both decrease to 0. 
As t increases from 0 to 1, x increases from 0 to 1 and y decreases from 0 to 
—1. As t increases beyond 1, x continues to increase and y continues to 
decrease. For t < —1, x and y are both positive and decreasing. We could 


achieve greater accuracy by estimating x- and y-values for selected values of t 


from the given graphs and plotting the corresponding points. 


When t = —1, (x, y) = (0,0). As t increases to 0, x increases from 0 to 1, 

while y first decreases to —1 and then increases to 0. As t increases from 0 to 1, 
x decreases from 1 to 0, while y first increases to 1 and then decreases to 0. We 
could achieve greater accuracy by estimating x- and y-values for selected values 


of ¢ from the given graphs and plotting the corresponding points. 


When ¢t = —1, (x, y) = (0,1). As t increases to 0, x increases from 0 to 1 and : t=-1,1 
y decreases from 1 to 0. As t increases from 0 to 1, the curve is retraced in the 
opposite direction with x decreasing from 1 to 0 and y increasing from 0 to 1. 
We could achieve greater accuracy by estimating x- and y-values for selected 


values of ¢ from the given graphs and plotting the corresponding points. 
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34. (a) w@ =t* —t+1=(t4+1)—t> 0 [think of the graphs of y = t* + 1 and y = t] and y = ¢? > 0, so these equations 
are matched with graph V. 


(b)y=Vt>0. x =t? — 2t =t(t— 2) is negative for 0 < t < 2, so these equations are matched with graph I. 


(c) a =t? — 2t = ¢(t? — 2) = t(t+ V2) (t v2), y =t? —t =t(t — 1). The equation 2 = 0 has three solutions and the 


equation y = 0 has two solutions. Thus, the curve has three y-intercepts and two x-intercepts, which matches graph II. 


Alternate method: x = t? — 2t,y=t? —t=(t? —t+4)-F=(t ay + so y > —4 on this curve, whereas z is 
unbounded. These equations are matched with graph II. 

(d) x = cos 5t has period 27/5 and y = sin 2t has period 7, so x will take on the values —1 to 1, and then 1 to —1, before y 
takes on the values —1 to 1. Note that when t = 0, (x, y) = (1,0). These equations are matched with graph VI. 

(e)x =t+sin4t, y=t?+cos3t. As t becomes large, t and t? become the dominant terms in the expressions for x and 
y, So the graph will look like the graph of y = x”, but with oscillations. These equations are matched with graph IV. 

(f) c =t+sin 2t, y = t+ sin 3t. As t becomes large, t becomes the dominant term in the expressions for both x and y, so 
the graph will look like the graph of y = x, but with oscillations. These equations are matched with graph III. 


35. Use y = t and « = t — 2sin xt with a ¢-interval of [—7, 7]. a 


36. Use 21 = t, yr = t? — 4t and x2 = t? — 4¢, yo = t witha t-interval of 
[—3, 3]. There are 9 points of intersection; (0,0) is fairly obvious. The point 


in quadrant I is approximately (2.2, 2.2), and by symmetry, the point in 


quadrant III is approximately (—2.2, —2.2). The other six points are 


approximately (1.9, £0.5), (1.7, +1.7), and (0.5, +1.9). 


37. (a) c= 41 + (a2 — 21)t, y = yi + (yo — yr )t, O < t < 1. Clearly the curve passes through P; (x1, yi) when t = 0 and 
through P2(x2, y2) when t = 1. For 0 < t < 1, wis strictly between x1 and x2 and y is strictly between yi and ye. For 


y— yi 
ak 


x — £1), which is the equation of the line through 
2-1 


every value of t, x and y satisfy the relation y — y; = 


P,(x1, yi) and P2(x2, y2). 


- C-%1 : 
mete inal if we call that common value ft, then the given 


Finally, any point (a, y) on that line satisfies 
y2—- Y1 L2— @1 


parametric equations yield the point (x, y); and any (x, y) on the line between P; (1, y1) and P2(x2, y2) yields a value of 


t in [0, 1]. So the given parametric equations exactly specify the line segment from P; (x1, y1) to P2(x2, y2). 
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38. 


39. 


40. 


4. 


42. 
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(b) 2 = —2 + [3 — (—2)]t = —2 + Bt and y = 7+ (-1—7)t =7—8t for0<t <1. 


For the side of the triangle from A to B, use (#1, y1) = (1,1) and (x2, y2) = (4, 2). 6 


Hence, the equations are 


= 21+ (t2-a1)t=1+(4-1)t=143t, 


y=ymtiye-m)t=14+(2-lt=14+t. 
Graphing « = 1+ 3t and y = 1+¢ with O < t < 1 gives us the side of the 
triangle from A to B. Similarly, for the side BC we use x = 4 — 3t and y = 2 + 3t, and for the side AC we use x = 1 
and y = 1 + 4¢. 
The result in Example 4 indicates the parametric equations have the form « = h + rsin bt and y = k + rcos bt where (h, k) 


is the center of the circle with radius r and b = 27 /period. (The use of positive sine in the x-equation and positive cosine in 


the y-equation results in a clockwise motion.) With h = 0, k = 0 and b = 27/4 = 1/2, we have x = 5 sin(4t) 5 
y = 5cos ( st) ‘ 


As in Example 4, we use parametric equations of the form « = h + rcos bt and y = k + rsin bt where (h, k) = (1, 3) is the 


center of the circle with radius r = 1 and b = 27/period = 27/3. (The use of positive cosine in the x-equation and positive 


sine in the y-equation results in a counterclockwise motion.) Thus, 7 = 1 + cos(2#t), y = 3 + sin(22). 


The circle x? + (y — 1)” = 4 has center (0, 1) and radius 2, so by Example 4 it can be represented by x = 2 cost, 
y =1+2sint, 0 < t < 2m. This representation gives us the circle with a counterclockwise orientation starting at (2, 1). 
(a) To get a clockwise orientation, we could change the equations to x = 2cost, y= 1—2sint,0 <t < 27. 
(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cost, y = 1+ 2sint with 
the domain expanded to 0 < t < 67. 
(c) To start at (0, 3) using the original equations, we must have 71 = 0; that is, 2cost = 0. Hence, t = 4. So we use 
x= 2cost,y=1+2sint,$ <t< 3m 
Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x=-—2sint,y=1+2cost,0<t<7. 
(a) Let 2? /a? = sin? t and y?/b” = cos’ t to obtain « = asint and 
y = bcost with 0 < t < 27 as possible parametric equations for the ellipse 


x? /a? +y? /b? =1. 


(b) The equations are x = 3sint and y = bcost for b € {1, 2, 4, 8}. 


(c) As b increases, the ellipse stretches vertically. 
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43. Big circle: It’s centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 
x=2+2cost, y=2+2sint, O0<t< 27 
Small circles: They are centered at (1,3) and (3, 3) with a radius of 0.1. By Example 4, parametric equations are 


(left) x=1+0.1 cost, y=3+0.1sint, O<t<27 
and (right) x=3+0.1cost, y=3-+0.1sint, O0<t<27 


Semicircle: It’s the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 
x=2+41cost, y=2+1sint, t<t<27r 

To get all four graphs on the same screen with a typical graphing calculator, we need to change the last ¢-interval to[0, 277] in 

order to match the others. We can do this by changing ¢ to 0.5t. This change gives us the upper half. There are several ways to 


“8 


get the lower half—one is to change the “+” to a in the y-assignment, giving us 


x = 2+1cos(0.5t), y = 2—1sin(0.5t), O<t<2r 
44. If you are using a calculator or computer that can overlay graphs (using multiple t-intervals), the following is appropriate. 

Left side: x = 1 and y goes from 1.5 to 4, so use 

et, y=t, 15<t<4 
Right side: x = 10 and y goes from 1.5 to 4, so use 

x= 10, y=t, 15<t<4 
Bottom: «x goes from 1 to 10 and y = 1.5, so use 

Ct, y=1.5, 1<t<10 
Handle: It starts at (10, 4) and ends at (13,7), so use 

z=10+4#, y=4+4+t, 0<t<3 

Left wheel: It’s centered at (3, 1), has a radius of 1, and appears to go about 30° above the horizontal, so use 


x=3+1cost, y=1+1sint, Se<r< 


Right wheel: Similar to the left wheel with center (8, 1), so use 
x=8+1cost, y=1+1sint, Src p< Be 
If you are using a calculator or computer that cannot overlay graphs (using one t-interval), the following is appropriate. 
We’ll start by picking the ¢-interval [0, 2.5] since it easily matches the t-values for the two sides. We now need to find 
parametric equations for all graphs with 0 < t < 2.5. 
Left side: x = 1 and y goes from 1.5 to 4, so use 
v= 1; y=1.5+, 0<t<2.5 


[continued] 
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Right side: x = 10 and y goes from 1.5 to 4, so use 

x = 10, y=1.5+4+1, 0<t<25 
Bottom: «x goes from 1 to 10 and y = 1.5, so use 

x=1+3.6t, y= 1.5, 0<t<2.5 


To get the x-assignment, think of creating a linear function such that when t = 0, x = 1 and when t = 2.5, 
x = 10. We can use the point-slope form of a line with (t1, 21) = (0, 1) and (t2, x2) = (2.5, 10). 


10-1 


aS 
2.5—0 


(t — 0) xz =143.6t. 


Handle: It starts at (10, 4) and ends at (13, 7), so use 


c=10412t, y=44+12t, O0K<t<25 


13-1 
(t1, 21) = (0, 10) and (t2, x2) = (2.5, 13) gives us ¢ — 10 = a = s(t 0) x = 104 1.2t. 
; 7-4 
(t1, y1) = (0,4) and (te, yo) = (2.5, 7) gives us y —4 = 5a ott 0) y=44 1.20. 


Left wheel: It’s centered at (3, 1), has a radius of 1, and appears to go about 30° above the horizontal, so use 


c=3+1cos(t+ 3), y=l+isn(#t+3), 0<t<25 


(t1,01) = (0, %) and (t2, 02) = (3, 4) gvesus 0 — 3g = = (eo) > O0= 224 St. 
Right wheel: Similar to the left wheel with center (8, 1), so use 
v= 8+1cos($t+54), y=1+lsin(#t+%), O0<t<25 
4. (a) )c=t?,y=t y=tP=z (ii) c=t,y= vt yi =t=2 
(iii) « = cos*t, y = cost y? =cos’t=2 (iv) ¢ = 3%, y= 3° y? = (3°)? = 3" =a. 


Thus, the points on all four of the given parametric curves satisfy the Cartesian equation y? = «. 


(b) The graph of y? = x is a right-opening parabola with vertex at the origin. For curve (i), z > 0 and y is unbounded so the 
graph contains the entire parabola. For (ii), y = \/# requires that t > 0, so that both x > 0 and y > 0, which captures the 
upper half of the parabola, including the origin. For (iii), -1 < cost < 1 so the graph is the portion of the parabola 
contained in the intervals 0 < x < land —1 < y < 1. For (iv), x > Oand y > 0, which captures the upper half of the 
parabola excluding the origin. 


yA (i) y (iii) y (iv) 


So 
a 
ta 
i=) 
— 
BY 
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46. (a) ce =t,soy—t-* =a. We get the entire curve y = 1/2” traversed ina 


left-to-right direction. 


1 
cos?t 2 


(b) « = cost, y = sec*t 


of the curve y = 1/x? with y > 1. We get the first quadrant portion of the 
curve when x > 0, that is, cost > 0, and we get the second quadrant 


portion of the curve when x < 0, that is, cost < 0. 


(c)x =e',y=e 7 = (e')-? =x”. Since e! and e~*" are both positive, 


we only get the first quadrant portion of the curve y = 1/2”. 


4. (aja =? = t=23 soy =? = 27/3. 


2/3 


We get the entire curve y = x*’” traversed in a left to 


right direction. curve y= x°/”. 


(c) a =e * = (e~*)8 


y et (e')? 
Ift < 0, then x and y are both larger than 1. If t > 0, then x and y 
are between 0 and 1. Since x > 0 and y > 0, the curve never quite 


reaches the origin. 


48. The case $ < @ < mis illustrated. C has coordinates (r@, 1) as in Example 7, 
and @ has coordinates (r0,r + r cos(a — 0)) = (r6,r(1 — cos @)) 
[since cos(m — a) = cosm cosa + sinm sina = — cosa], so P has 


coordinates (r@ — rsin(z — @),r(1 — cos@)) = (r(@ — sin@), r(1 — cos 6)) 


[since sin(a — a) = sina cosa — cos7 sina = sina]. Again we have the 


parametric equations « = r(@ — sin@), y = r(1—cos6). 
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7: Since sect > 1, we only get the parts 


2/3 


best => toa’? soyoi* oat’? 


y 
x=t° 
y=t' t>0 
Ze 
“< 
0 


=e 


Since x = t® > 0, we only get the right half of the 
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49. 


50. 


51. 


52. 


53. 


54, 
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The first two diagrams depict the case 7 < 0 < 32, d <r. As in Example 7, C has coordinates (r0, 1). Now Q (in the second 
diagram) has coordinates (r@,r + dcos(@ — 7)) = (r0,r — dcos@), so a typical point P of the trochoid has coordinates 
(ré + dsin(@ — 7),r — dcos@). That is, P has coordinates (a, y), where x = r0 — dsin@ and y = r — dcos@. When 


d =r, these equations agree with those of the cycloid. 


J 
d<r eS 
C 
ai ré >| a 


In polar coordinates, an equation for the circle is r = 2a sin 0. Thus, the coordinates of Q are x = rcos@ = 2asin@ cosé 
and y = rsin@ = 2asin? 9. The coordinates of R are x = 2acot 6 and y = 2a. Since P is the midpoint of QR, we use the 


midpoint formula to get 2 = a(sin 6 cos @ + cot @) and y = a(1+sin? 6). 


It is apparent that 2 = |OQ| and y = |QP| = |ST|. From the diagram, 
x = |OQ| = acos@ and y = |ST| = bsin@. Thus, the parametric equations are 


x = acos0 and y = bsin@. To eliminate 0 we rearrange: sin@ = y/b => 


sin? 9 = (y/b)? andcos@ =x/a => cos” 6 = («/a)”. Adding the two 


equations: sin? 6 + cos? @ = 1 = 2” /a? + y”/b*. Thus, we have an ellipse. 


A has coordinates (a cos 0, asin @). Since OA is perpendicular to AB, AOAB is a right triangle and B has coordinates 


(asec 0,0). It follows that P has coordinates (asec 0, bsin 0). Thus, the parametric equations are x = asec 6, y = bsin90. 


C = (2acot 6, 2a), so the x-coordinate of P is x = 2acot 0. Let B = (0, 2a). 
Then ZOAB is a right angle and ZOBA = 8, so |OA| = 2asin 6 and 
A = ((2asin @) cos 0, (2asin 6) sin @). Thus, the y-coordinate of P 


is y = 2asin? 0. 


2a 
cos 6" 


Let C = (2a, 0). Then by use of right triangle OAC we see that |OA| = 2acos 0. 


(a) Let 0 be the angle of inclination of segment OP. Then |OB| = (b) 


Now 
|OP| = |AB| = |OB| — |OA| 


= 2a( cos 0) 2a 
cos @ 


So P has coordinates « = 2asin 6 tan - cos @ = 2asin?6 and y = 2asin6 tané - 


+2 
eng = 2asin@ tand 


cos 0 


sin@ = 2asin?6 tan. 
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55. (a) Red particle: c =t+5,y=t? +4t+6 
Blue particle: « = 2t+1,y = 2t+6 


Substituting « = 1 and y = 6 into the parametric equations for the red particle gives 1 = t + 5 and 6 = ¢? + 4t + 6, which 


are both satisfied when t = —4. Making the same substitution for the blue particle gives 1 = 2¢ + 1 and 6 = 2¢ + 6, which 


are both satisfied when t = 0. Repeating the process for x = 6 and y = 11, the red particle’s equations become 6 = t+ 5 
and 11 = ¢? + 4¢ + 6, which are both satisfied when t = 1. Similarly, the blue particle’s equations become 6 = 2¢ + 1 and 
11 = 2t + 6, which are both satisfied when t = 2.5. Thus, (1,6) and (6, 11) are both intersection points, but they are not 


collision points, since the particles reach each of these points at different times. 


(b) Blue particle: =2t+1 => t=$(a-1). 


Substituting into the equation for y gives y = 2t + 6 = 2 [$(x 1)] +6=2+4+5. 


Green particle: =2t+4 = t=4(x—4). 


Substituting into the equation for y gives y = 2+ 9 = 2 [$s (a 4)] +9=2+4+5. 
Thus, the green and blue particles both move along the line y = x + 5. 
Now, the red and green particles will collide if there is a time ¢ when both particles are at the same point. Equating the 
x parametric equations, we find t + 5 = 2t + 4, which is satisfied when t = 1, and gives x = 1+ 5 = 6. Substituting 
t = 1 into the red and green particles’ y equations gives y = (1)? + 4(1) + 6 = 11 and y = 2(1) + 9 = 11, respectively. 


Thus, the red and green particles collide at the point (6,11) when t = 1. 


56. (a) x = 3sint, y= 2cost, 0<t < 27; 4 
x=-3-+ cost, y=1+sint, 0<t< 27 


There are 2 points of intersection: ° a 
(—3, 0) and approximately (—2.1, 1.4). 
—4 
(b) A collision point occurs when x1 = x2 and y1 = ye for the same t. So solve the equations: 
3sint =—3-+ cost (1) 


2cost =1+sint (2) 


From (2), sint = 2cost — 1. Substituting into (1), we get 3(2cost —1) = —3+ cost => 5cost=0 (%) => 


cost = 0 t= 5 0r ar We check that t = 3m satisfies (1) and (2) but t = 5 does not. So the only collision point 


occurs when t = an and this gives the point (—3, 0). [We could check our work by graphing x1 and x2 together as 
functions of ¢ and, on another plot, yi and y2 as functions of t. If we do so, we see that the only value of t for which both 
3a 


pairs of graphs intersect is t = =.] 


(c) The circle is centered at (3, 1) instead of (—3, 1). There are still 2 intersection points: (3, 0) and (2.1, 1.4), but there are 


no collision points, since (x) in part (b) becomes 5cost =6 = cost = $ >1. 
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57. (a) x = 1—t?, y=t—t?. The curve intersects itself if there are two distinct times t = a and t = b (with a < b) such that 
a(a) = x(b) and y(a) = y(b). The equation x(a) = x(b) gives 1 — a? = 1 — b* so that a? = b. Since a £ b by 


assumption, we must have a = —b. Substituting into the equation for y gives y(—b) = y(b) => 


b—(-b)? =b- 8° 2b° — 2b = 0 2b(b-1)(b+1)=0 => b=~1,0,1. Since a < b, the only valid 
solution is b = 1, which corresponds to a = —1 and results in the coordinates x = 0 and y = 0. Thus, the curve intersects 


itself at (0,0) when ¢ = —landt = 1. 


(b) « = 2t— ¢°, y = t — 2’. Similar to part (a), we try to find the times t = a and t = b with a < bsuch that x(a) = x(b) and 


y(a) = y(b). The equation y(a) = y(b) gives a— a? = b— 0? 0 = a® —a+(b— 07). Using the quadratic formula 


to solve for a, we get 


1+ /1— 4(b — b?) 1+ V4e?—464+1  147(2b-1)? 1+ (2b—1) 


i SSS Se SS SS 
2 2 2 2 


a= bora=1-—bD. Since 


a < bby assumption, we reject the first solution and substitute a = 1 — b into x(a) = x(b) x(1—b) = a(b) 


2(1 — b) — (1 — b)? = 2b — b?. Expanding and simplifying gives 2b* — 3b? — b+ 1 = 0. By graphing the equation, we 
see that b = 4 is a zero, so 2b — 1 is a factor, and by long division b? — b — 1 is another factor. Hence, the solutions are 


b= $andb= 


NI 


| 44/5 (found using the quadratic formula). Since a = 1 — b and we require a < 8, the only valid 


solution is b = 5 + a5, which corresponds to a = 3 _ 3 5 and results in the coordinates 


a= 2(4 $v5) (3 1/5)* = Landy = 4—4V5 (5 1/5)” =—1. Thus, the curve intersects itself at 


(—1,-1) whent = 4 —3V5andt= 5+ 5V5. 


58. (a) If a = 30° and vp = 500 m/s, then the equations become x = (500cos 30°)t = 250 V/3t and 


y = (500 sin 30°)t — $(9.8)t? = 250t — 4.9¢. y = 0 when t = 0 (when the gun is fired) and again when 


$= 250 


oe x 51s. Then 2 = (250 V3) (22) = 22,092 m, so the bullet hits the ground about 22 km from the gun. 


The formula for y is quadratic in t. To find the maximum y-value, we will complete the square: 


2 250 2 250 125\2 125? 125\2 , 125? 125? 
io 4.9(t z9¢) 4.9|t rot (ae) ]+ z.9 4.9(t 2) tae © ag 


- “ “ i 2 2 
with equality when t = “ s, so the maximum height attained is eae = 3189 m. 


As a (0° < a < 90°) increases up to 45°, the projectile attains a 
greater height and a greater range. As a increases past 45°, the 


projectile attains a greater height, but its range decreases. 
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x 
— ES t=; 
(c) & = (vo cosa) Uo COS Q 
x g x ‘ g 
= ina)t—igt?? => y= i =e = Seon |e 
y = (vosina)t — 29 y = (vosina) vocosa 2\v9cosa vanes 2p cos? 


which is the equation of a parabola (quadratic in 2). 


x = t?,y = t? — ct. We use a graphing device to produce the graphs for various values of c with —1 < t < 1. Note that all 
the members of the family are symmetric about the x-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 


cusp at (0,0) and for c > 0 the graph crosses itself at x = c, so the loop grows larger as c increases. 


3 1 


3 4 


x = 2ct — 4t?, y = —ct? + 3t*. We use a graphing device to produce the graphs for various values of c with —1 < t < 7. 
Note that all the members of the family are symmetric about the y-axis. When c < 0, the graph resembles that of a polynomial 
of even degree, but when c = 0 there is a corner at the origin, and when c > 0, the graph crosses itself at the origin, and has 


two cusps below the x-axis. The size of the “swallowtail” increases as c increases. 


-1.5 c=4 


x=t+acost,y=t+asint,a > 0. From the first figure, we see that 
curves roughly follow the line y = x, and they start having loops when a 


is between 1.4 and 1.6. The loops increase in size as a increases. 


x 
While not required, the following is a solution to determine the exact values for which the curve has a loop, 
that is, we seek the values of a for which there exist parameter values ¢ and u such that t < u and 
(t+ acost,t+asint) = (u+acosu,u+ asinu). 
[continued] 
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In the diagram at the left, T’ denotes the point (¢,¢), U the point (u, w), 
and P the point (t + acost,t + asint) = (u+acosu,u+asinu). 
Since PT = PU = a, the triangle PTU is isosceles. Therefore its base 


angles, a = ZPTU and 6 = ZPUT are equal. Since a = t — F and 


B =2n —- 32 —y = 52 — u, the relation a = @ implies that 


u+t= 2 (1). 


x 


Since TU = distance((t, t), (u, u)) = \/2(u — t)? = V2 (u — t), we see that 


ATU _ (w—t)/v2 
PT a 


u—t=V2acos(t — 7) (2). Now cos(t t) sin[3 (t +)| sin (24 t), 


, sou —t = /2acosa, that is, 


cosa = 


so we can rewrite (2) as u—t = /2a sin(2 _ t) (2’). Subtracting (2’) from (1) and 


k— y2(u- 9) —— 


dividing by 2, we obtain t 3a vq sin( 3a t) , Or 3m t a sin( 3a t) (3). 


Since a > 0 and t < u, it follows from (2') that sin(2# — t) > 0. Thus from (3) we see that t < 37. [We have 

implicitly assumed that 0 < t < 7 by the way we drew our diagram, but we lost no generality by doing so since replacing t 

by t + 27 merely increases x and y by 27. The curve’s basic shape repeats every time we change t by 27.] Solving for a in 
3m 

v2 ( 4 ) 

sin —1) 


[As 2 = 0*, that is, as t (22) ,a > v3]. 


: 2 . 
(3), we geta = . Write z = 3m —t. Then a = VOE pcies > 0. Now sinz < z for z >0,soa> V2. 
sin z 


62. Consider the curves x = sint + sinnt, y = cost + cos nt, where n is a positive integer. For n = 1, we get a circle of 
radius 2 centered at the origin. For n > 1, we get a curve lying on or inside that circle that traces out n — 1 loops as t 
ranges from 0 to 27. 


? — (sint + sinnt)? + (cost + cos nt)? 


Note: ety 
= sin?t + 2sint sinnt + sin? nt + cos’t + 2cost cosnt + cos? nt 


= (sin? t + cos*t) + (sin? nt + cos” nt) + 2(cost cosnt + sint sin nt) 


=1+1+42cos(t — nt) = 24+ 2cos((1—n)t) < 4 = 2?, 
with equality for n = 1. This shows that each curve lies on or inside the curve for n = 1, which is a circle of radius 2 centered 


at the origin. 
2 2 2 2 
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63. Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 
x- and y-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
itself at the origin and there are loops above and below the x-axis. In general, the figures have n — 1 points of intersection, 


all of which are on the y-axis, and a total of n closed loops. 


1.1 2.1 
Ca Si n=3 (a, b) = (5,2) (a, b) = (2, 3) 
n=2 (a, b) = (3, 2) 
\ n=1 (a, b) = (2, 1) 
=f] 1.1 =) 2.1 +31 3.1 
=14 —21 
a=b=1 n=2 


64. « = cost, y= sint—sinct. Ifc=1,then y = 0, and the curve is simply the line segment from (—1, 0) to (1,0). The 


graphs are shown for c = 2,3, 4 and 5. 


2 c=2 2 c=3 

y 

| | 4 

~2 =2 
2 c=4 2 c=5 

y 

N 
=9) =o 


It is easy to see that all the curves lie in the rectangle [—1, 1] by [—2, 2]. When c is an integer, x(t + 27) = x(t) and 
y(t + 27) = y(t), so the curve is closed. When c is a positive integer greater than 1, the curve intersects the x-axis c + 1 times 
and has c loops (one of which degenerates to a tangency at the origin when c is an odd integer of the form 4k + 1). 


As c increases, the curve’s loops become thinner, but stay in the region bounded by the semicircles y = +(1 + VJ1—- «2? ) 


and the line segments from (—1, —1) to (—1, 1) and from (1, —1) to (1, 1). This is true because 


ly| = |sint — sin ct| < |sin¢| + |sinct| < 1 — x? + 1. This curve appears to fill the entire region when c is very large, as 
shown in the figure for c = 1000. 


2.5 [continued] 
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When c is a fraction, we get a variety of shapes with multiple loops, but always within the same region. For some fractional 


values, such as c = 2.359, the curve again appears to fill the region. 


x4 


A SAKEKS eee : 
XK H KT 
Por al 


WAIL 


Leeann: 
LeNaeeet stare 


(| (x) \ 
eee ead 


DISCOVERY PROJECT Running Circles Around Circles 


1. The center Q of the smaller circle has coordinates ((a — b)cos 0, (a — b)sin @). yf 


Arc PS on circle Chas length a@ since it is equal in length to are AS 


S 
(the smaller circle rolls without slipping against the larger.) a T 
4.\ A 


Thus, ZPQS = 78 and ZPQT = 58 — 6, so P has coordinates 


x = (a — b)cos@ + bcos(ZPQT) = (a — b)cos 0 + beos (“= "6) 


and =y=(a—6)sin@ — bsin(ZPQT) = (a — b)sin@ — bsin( 0) , 


2. With b = 1 and aa positive integer greater than 2, we obtain a hypocycloid of a 


cusps. Shown in the figure is the graph for a = 4. Let a = 4 and b = 1. Using the 
sum identities to expand cos 30 and sin 30, we obtain 

x = 3cos@ + cos 30 = 3cos0 4 (4cos?0 - 3cos 0) = 4cos°6 ax 
and y=3sind —sin30 = 3sin0 (3 sin 6 — 4sin*6) = Asin®0. 


3. The graphs at the right are obtained with b = 1 and 


Foy at lv: 
@ = 5, 5, 7, and 75 with —27 < 0 < 27. We 
conclude that as the denominator d increases, the graph 6 
gets smaller, but maintains the basic shape shown. 


[continued] 
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DISCOVERY PROJECT RUNNINGCIRCLES AROUND CIRCLES 


Letting d = 2 and n = 3, 5, and 7 with —27 < 0 < 2m gives us the following: 


> A 


So if d is held constant and n varies, we get a graph with n cusps (assuming n/d is in lowest form). When n = d+ 1, we 


953 


obtain a hypocycloid of n cusps. As n increases, we must expand the range of 0 in order to get a closed curve. The following 


HB 
an 


graphs have a = 3, 3, and 


1 


i=) 


SOO 


4. If b = 1, the equations for the hypocycloid are 
x = (a— 1)cos@ + cos((a — 1) 6) y = (a — 1) sin@ — sin ((a — 1) 6) 


which is a hypocycloid of a cusps (from Problem 2). In general, if a > 1, we get a figure with cusps on the “outside ring” and 


if a < 1, the cusps are on the “inside ring”. In any case, as the values of 6 get larger, we get a figure that looks more and more 


like a washer. If we were to graph the hypocycloid for all values of 8, every point on the washer would eventually be arbitrarily 


close to a point on the curve. 


a=V2, —-107<0< 107 a=e-2, 0<0< 446 


5. The center Q of the smaller circle has coordinates ((a + b) cos 0, (a + b) sin 6). 


Arc PS has length aé (as in Problem 1), so that ZPQS = as ZPQR=7- = 


and /PQT =n a ae (2°) osince 2ear = 6, 


Thus, the coordinates of P are 


L= (a+) 080 + beos( x - a) = (a+b) cos@ bos “7*6) 


and y=(a+b)sin0 bsin(x “7 26) = (a+ b)sind —bsin(F°6) 
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6. 


Let b = 1 and the equations become 


x = (a+ 1)cos6 — cos((a + 1)6) 


If a = 1, we have a cardioid. If a is a positive 
integer greater than 1, we get the graph of an 
“a-leafed clover”, with cusps that are a units 
from the origin. (Some of the pairs of figures are 


not to scale.) 


If a = n/d with n = 1, we obtain a figure that 
does not increase in size and requires 
—dr < 0 < dz to bea closed curve traced 


exactly once. 


Next, we keep d constant and let n vary. As n 
increases, so does the size of the figure. There is 


an n-pointed star in the middle. 


Now ifn = d+ 1 we obtain figures similar to the 
previous ones, but the size of the figure does not 


increase. 


If a is irrational, we get washers that increase in 


size as a increases. 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


y = (a+ 1)sin@ — sin((a+ 1)0 


a=3,-27 <0< 27 


a=vV2,0<6< 200 


a=10,-27 <0< 27 


a=e-—2,0<0< 446 
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10.2 Calculus with Parametric Curves 


dx dy dy dy/dt 4-—10t 
1. 2 = 2t° 4 3t, y = 4t— 50? — =60? — =4-10t,and = = = ; 
a wety 2 dt seen anda dx/dt “62 +3 
2 dx _, dy _ dy _dy/dt _ 2t+2¢-3 #8 — 2t4*+2 
22=t—lInt, y=t—-t? — =1-¢71, 2 = 2t4+ 2t7-3, and = = ae : 
. pee dt 7 aa a ae 79 7 a eae ee ae 
: da dy dy dy/dt 1+ cost 
3. 2=te', y=t t —=te+e'=e(t+1), = =1 t,and = = —4_ = —____, 
u=te,y sin a e +e =e (t+1) 7 + cost, ani de dela SGD 
pred 2 2 dx _ 2 dy _ 2 (42 
4.c=t+sin(t" +2), y=tan(t+2) = er = 14 2tcos(t* + 2), or = 2tsec*(t~ + 2), and 
dy _dy/dt __—_2tsec?(t” + 2) 
dx dx/dt 1+ 2tcos(t? +2) 
dy dx dy  dy/dt 2*In2-2 
5. c=t?+2t, y= 2'—2t; (15,2). = =2'In2-2 2t+2 = = 
a Ba Se ae ma A pe ae aalde OED 
At (15,2),2 =#? + 2t=15 P4+2t-15=0 => (t+5)(t—3)=0 t =—5 ort = 3. Only t = 3 gives 
dy 2?In2—-2 4ln2-1 1 
= 2. With ¢ = 3, — = —_ = —m — = in2- - 8 0-44. 
¥ ; 3 ae = 98) +2 4 oo ced 
; dy dx . 
6. x =t+coszt, y = —t+sinzt; (3, —2). a aOR Re m sin wt, and 
d dy/dt  —1 t 
= = an = —— When x = 3, we have t+ cosmt = 3 cos’ rt = (3 — t)? (1). When y = —2, we 
have —t + sin at = —2 sin?at = (t — 2)? (2). Adding (1) and (2) gives sin? xt + cos’at = (t— 2)? + (3-1)? = 
1=?—4t+4+9-6t+? => 0=2t?—10t+12 0 = 2(t — 2)(t — 3) t =2ort =3. Onlyt = 2 gives 
je SG, 
dx 1—7sin27 1-0 
dy dx dy dy/dt 4t? +1 
Re=PO+ly=t+t t=-1 2 =4°41, = = 30, and = = ——. Whent = -1, = (0,0 
ci aS dt dt da dx/dt 3B ie (2,4) = (0,0) 
and dy/dx = —3/3 = —1, so an equation of the tangent to the curve at the point corresponding to t = —1 is 
y—-0=-1(# —0), ory = —«. 
dy dx 1 dy — dy/dt 
8B c=Vi,y=t?— 2; t=4. = = 2-2, — = —,, and — = —*— & (2t — 2)2V/t = A(t — 1) Vt. Whent = 4, 
ey dt Oe ae aaa es a) aL 


(x,y) = (2,8) and dy/da = 4(3)(2) = 24, so an equation of the tangent to the curve at the point corresponding to t = 4 is 


y — 8 = 24(x — 2), or y = 24x — 40. 


d d 
9. x = sin2t+ cost, y = cos2t— sint; t= 7. al 2 sin 2t — cost, ow 2cos 2t — sint, and 


dt dt 


dy _dy/dt — —2sin2t — cost 
dx = dx/dt 2cos2t—sint © 


d 1 : 
When t = 7, (x,y) = (—1, 1), and 4 = 5 soan equation of the tangent to the curve at 
x 


the point corresponding to ¢ = wis y-—1= 3 [x (—1)], or y = ha 3. 
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10. 


11. 


12. 


13. 


14. 


15. 
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d d 
x=e'sinnt, y=e"; t=0. = 267", = = e'(acosnt) + (sinat)e’ = e'(cosmt + sin rt), and 
dy — dy/dt _ Qe" 2e" 


dy 2 ; 
= _ When t = =(0,1 _2 eee 
dx da/dt et(mcosnt+sinzat)  mcosat+sinzt ent a ay Os and Ge a 


the tangent to the curve at the point corresponding to t = Dis y—1= 2 (x 0), ory = 2a +1. 


(a) «= sint, y = cos”t; (5, 2). “y = 2cost(—sint), = = cost, and ou = fe = tenes = —2sint. 
At (5, 3), x =sint 3 t = %, so dy/dx = —2sin = 2(5) 1, and an equation of the tangent is 
y—-2=-l(e@-3),ory=—-2+ 3. 

(b) x = sint a” = sin’t = 1—cos*t =1—y,soy=1—2*, andy’ = —2z. At (5, 3),y/ =-2-4 =—1,soan 
equation of the tangent is y — 3 = —1(x - 5)s ory = —-x£+ 3. 

(aya = Vi+4 y=1/(t+4); (2,4). ce = a5" < = ain 
w = he = nice = -2(¢ + 4)-9/7. At (2,1), = ViF4=2 t+4=4 t = Oand 
dy/dx = —2(4)~3/? = —4, so an equation of the tangent is y — + = —4(a — 2), ory=—4a+3 

(b)x=Vt+4 xg =t+4 t=a?—4,soy — 5 u = Landy’ = —. At (2,4), 

+4 27-444 ¢ x 
y’ = —2/2? = —1/4, so an equation of the tangent is y + = —F(x — 2), ory = —Fa+ 3. 

c=t?—t y=? ttt]; (0,3). “ = hae = 2+. To find the 5 

value of t corresponding to the point (0,3), solvex =0 => (0, 3) 

?—t=0 t(t—1)=0 t=Oort = 1. Onlyt = 1 gives 

y = 3. Witht = 1, dy/dx = 3, and an equation of the tangent is 

y—3=3(r—0),ory = 3243. > e : 

x=sinnt, y=t? +t; (0,2). “ = a — a. To find the & 

value of t corresponding to the point (0,2), solvey=2 => 

?4+4-2=0 (t +2)(t—1) =0 t=—2ort=1. 0-2) 

Either value gives dy/dx = —3/7, so an equation of the tangent is 3 ; 

y—2=-3(¢-0), ory =—3042. cp 

a(t) 
e=4+1,y=tit ou ae a +e => oe 


; a 
The curve is CU when “4 > 0, that is, when t < 0. 
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=P4+1ly=t-t —— a 
Pe Dew de dz/di 32 36 32 
; 5(#) 2,2 2-2 ’ 
dy dt\dz« 322 | 303 313 2(1 —t) ; d-y : 
eee NE oh = ——— . Th hen —> that h t<1. 
a PPaET 3p 312 On e curve is CU when qa > 0, that is, when0 <t< 
dy dy/dt —-te*+e*  e *(1-t) _ 
t t t 2t 1 t 
Mae SMe ag dx  da/dt et et ( Pez 
a) 
dy — dt\ dx ea 1) be. eS SO). cep 
qa dea = a e °"(2t — 3). The curve is CU when 
dy : 3 
Tn? > 0, that is, when t > 5. 
d (dy 2te’ — et -2 
Gg Gesees dy _ dy/dt _ et @y  dt\dc}  __—(2t)?_——__—se*(t 1) ee) 
é dx dx/dt  2t dx? da /dt 2t (2t)3 43 


d?y 


The curve is CU when i > 0, that is, when t < Oort > 1. 


dy _dy/dt _1+1/t _t+1 
dx dx/dt 1-1/t t-1 


a=t—Int, y=t+lInt [note thatt > 0] 


d (<) (¢-—1)(4) —- (€+1)(1) 

d’y — dt \ dx (t—1)? —2t d’y 
NN es TF hen —= that h t<l. 
aa dedi (f—1)/t G-D e curve is CU when i > 0, that is, when0 <t< 


d dy/dt —2cos2t 
x=cost, y=sin2t,0<t<a oe” ul = 


dx  da/dt —sint 
d {dy (— sin t)(—4 sin 2t) — (2 cos 2t)(— cos t) 
dy  dt\dr) _ (— sin t)? _ (sint)(8sint cost) + [2(1 — 2sin7¢)] (cost) 
dx? da/dt —sint 7 (— sin t) sin?t 
wd 7 - 2 +. 2. 
= (cost)(8sin't + 2 — 4sin't) = ee 5 4sin't) = =O ao SeMieiatne ae ae az [ (— cot t) - positive expression] 
(— sin t) sin*t sint sin? t 
dy 
The curve is CU when he > 0, that is, when—cott>0 = cott<0 @& $<t<n. 
dy dy 
= 36. yay = =r t 
x 3t, y 3 dt , SO dt 0 0 
dx dx 
- ; = 3-3 =3(t+1)(t-1 =0 
(,y) = (,-3). 2 3=3(t+1)(t- 1,50 4 


t=-lorl © (a,y) = (2,—2) or (—2, —2). The curve has a horizontal 


tangent at (0, —3) and vertical tangents at (2, —2) and (—2, —2). 
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24. 
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n= —3t, y=@—3?, & = 3? —6¢ =34(¢-2),50% =0 © 
d dt 
d 
t=Oor2 © (x,y) = (0,0) or (2,—4) <= 8-3 =a + I)(E-), 
dx 
erro t=-lorl (x,y) = (2, —4) or (—2, —2). The curve 


has horizontal tangents at (0,0) and (2, —4), and vertical tangents at (2, —4) 
and (—2, —2). 


x = cos, y = cos30. The whole curve is traced out for0 <0 < 7. —————w 
Gh) 
2? (1, 1) 

GY 2 4 gap ay OG = sin30=0 30 = 0, 7, 27, or 37 6= 27/3 6=0 
do do 
0=0, 5, #, orn (x,y) = (1,1), (§,—-1), (—§,1), or (-1, -1). ; : 
& = sind, so 0 sind = 0 6=0Oor7 

a d (-1, -1) (3.-1) 
(a, y) = (1,1) or (—1, —-1). Both Gpand S equal 0 when @ = 0 and r. ee e=aR 

—2 
To find the slope when 6 = 0, we find lim ee lim = = seca im ec 9, which is the same slope when 0 = 7. 
60dx 0 —sind 60 —cos@ 


Thus, the curve has horizontal tangents at (3, —1) and (- 3, 1), and there are no vertical tangents. 


sin 0 


e°°° The whole curve is traced out for 0 < 0 < 2r. 


CSE y= 

ov — — sind e*, so 0 sin? = 0 ?6=0orz 

(x,y) = (1,e) or (1, 1/e). s = cose”, so S 0 cos? = 0 
6=Zor3= = (a,y) = (e,1) or (1/e, 1). The curve has horizontal tangents 


at (1, e) and (1, 1/e), and vertical tangents at (e, 1) and (1/e, 1). 


From the graph, it appears that the rightmost point on the curve « = t — t®, y = e! 
is about (0.6, 2). To find the exact coordinates, we find the value of t for which the 


t=1/V6. 


6t° 


graph has a vertical tangent, that is, 0 = dx/dt = 1 


Hence, the rightmost point is 
(1/ ¥6- 1/ (6 ¥) en) 2 (5 eee) ~ (0.58, 2.01). 


From the graph, it appears that the lowest point and the leftmost point on the curve 
x=t! —2t,y=t+t" are (1.5, —0.5) and (—1.2, 1.2), respectively. To find the 
exact coordinates, we solve dy/dt = 0 (horizontal tangents) and dx/dt = 0 


(vertical tangents). 


3 


[continued] 
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1 ae 
oy =0 © 1442=0 6 De Taga eens DOS 
1 2 1 1 9 3 
——— + ee eee st ee] FE I ~ (1.42, —0.47 
( 256 (W4 WA W256 ) ( /256 a) ( ) 
dx 3 ar sod 
ae 0 4t° —2=0 t= Wr so the leftmost point is 


We graph the curve a = ¢* — 2t® — 2t?, y = ¢? — t in the viewing rectangle [—2, 1.1] by [—0.5, 0.5]. This rectangle 
corresponds approximately to ¢ € [—1, 0.8]. 


0.5 ED: 


8.5 | =) 3 


-0.5 -1 
We estimate that the curve has horizontal tangents at about (—1, —0.4) and (—0.17, 0.39) and vertical tangents at 


dy _dy/dt ——3t? -1 
dx da/dt 4t® — 6t? —4t 


about (0, 0) and (—0.19, 0.37). We calculate . The horizontal tangents occur when 


aE 7 , So both horizontal tangents are shown in our graph. The vertical tangents occur when 


oH 
| 


dy/dt = 3t? -1=0 


dx /dt = 2t(2t? — 3t —2) =0 2t(2t+1)(t-—2) =0 t = 0, —4 or 2. It seems that we have missed one vertical 


tangent, and indeed if we plot the curve on the t-interval [—1.2, 2.2] we see that there is another vertical tangent at (—8, 6). 


We graph the curve x = t* + 4t® — 8t?, y = 2t? — t in the viewing rectangle [—3.7, 0.2] by [—0.2, 1.4]. It appears that there 


is a horizontal tangent at about (—0.4, —0.1), and vertical tangents at about (—3, 1) and (0, 0). 


1.4 55 
3.7 0.2 
y 130 130 
-0.2 0 
d dy/dt 4t—1 
We calculate U2 Guide = , so there is a horizontal tangent where dy/dt = 4t -1=0 t i. 


dx dx/dt 4t + 12t? — 16¢ 
This point (the lowest point) is shown in the first graph. There are vertical tangents where dx/dt = 4t® + 12t? 16-0 © 
4t(t? + 3t-4)=0 <= 4t(t+4)(t— 1) =0. We have missed one vertical tangent corresponding to t = —4, and if we 


plot the graph for t € [—5, 3], we see that the curve has another vertical tangent line at approximately (— 128, 36). 
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29. x =cost, y=sintcost. dax/dt = —sint, SN * 


dy/dt = — sin? t + cos*t = cos2t. (x,y) = (0,0) = cost=0 © tis 


an odd multiple of $. When t = $, dx/dt = —1 and dy/dt = —1, so dy/dx = 1. 


When t = 32, dx/dt = 1 and dy/dt = —1. So dy/dx = —1. Thus, y = x and 


y = —w are both tangent to the curve at (0, 0). 


30. c = —2 cost, y = sint + sin 2t. From the graph, it appears that the curve 7 
crosses itself at the point (1, 0). If this is true, thena=1 <= 
2cost = 1 cost 4 t =n or = for0 <t < 27. 2.5 ' 2.5 
Substituting either value of t into y gives y = 0, confirming that (1, 0) is the 
point where the curve crosses itself. Ey = Un = et ne =e ze me 
dx dx/dt 2sint 
When t = ily a a a ee v3 so an equation of the tangent line is y — 0 = AVE y, — 1), 
3° dx 2(/3/2) V3 2 7 
ory = 8, + iis. Similarly, when t = =, an equation of the tangent line is y = vB, - ae 


31. c =r —dsin@, y=r—dcosé. 


dy = dsin8@, so dy = Gem’ 


dx 
nee ey __ EUs 
(a) do” as 7)) dx  r—dcosé 


(b) If0 <d <r, then |dcos6| <d<_r,sor—dcos@ > r—d> 0. This shows that dx /d0 never vanishes, 


so the trochoid can have no vertical tangent if d < r. 


32. « = acos® 0, y = asin? 0. 


dx 2- dy _ “9 dy _—s sinO _ 
(a) a9 3acos* @sin 86, 70 = 3a sin“ 0 cos 6, so rT ae tan dé. 
(b) The tangent is horizontal <= dy/dx=0 © tané=0 d=nt (x,y) = (4a, 0). 


The tangent is vertical <= cos@=0 < @Oisanoddmultipleof$ <= (a,y) = (0,+a). 


(c) dy/dx = +1 tan@d = +1 0 isan odd multipleof = (#,y) = (+-2a, +22) 


[All sign choices are valid.] 


3.¢=—3°4+1,y=—P-1 


dy dy/dt 30? ¢ 1 i wi 
. The t t line has sl h = t = 1, so th 
ade da /dt 6t 2 e€ tangent line nas slope 2 when 2 2 , SO the 


point is (4, 0). 


dx dy dy  6t? 
34. c = 307+ ly = 2? +1, — = 6t, = = 6t?,s0 ~ = — =t here t = 0]. 
v= 3t+1ly mia} 7. 6t, 7 6t*, so are [even where 0] 


So at the point corresponding to parameter value t, an equation of the tangent line is y — (2t3 + 1) = ¢[a — (3¢? + 1)]. 


If this line is to pass through (4, 3), we must have 3 — (243 + 1) = ¢[4 — (3#? + 1)] 2t? — 2 = 3¢? — 3¢ 
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35. 


36. 


37. 


38. 


39. 


40. 
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t —3t+2=0 (t—1)?(t +2) =0 t = 1 or —2. Hence, the desired equations are y — 3 = x — 4, or 


y = x — 1, tangent to the curve at (4,3), and y — (—15) = —2(a — 13), or y = —2a + 11, tangent to the curve at (13, —15). 


YA 


The curve x = ¢? + 1, y = 2t — t? = ¢(2 — f) intersects the x-axis when y = 0, that 
it 


is, when t = 0 and t = 2. The corresponding values of x are 1 and 9. The shaded area 


is given by 


The curve x = sint, y = sint cost, 0 < t < 7/2 intersects the x-axis when y = 0, that is, when t = 0 andt = 7/2. 
The corresponding values of x are 0 and 1, so the area enclosed by the curve and the x-axis is given by 


z=1 t=n/2 m/2 0) 1 
/ yde= f uit)a(ae= f sint cost (cost) at =~ [ w du = [fu], = $ 
x t 0 


=0 =0 1 
The curve x = sin*t, y = cost intersects the y-axis when x = 0, that is, when t = 0 and ¢ = 7. (Any integer multiple of 7 
will result in x = 0, though we choose two values of t over which the curve is traced out once.) The corresponding values of y 
are 1 and —1, so the area enclosed by the curve and the y-axis is given by 


ae 0 , Og Fic 67 1 2 
i vdy= f (ty (at= f sin t(-sint)dt= f sin°tdt = [5+ sin t) cost 
y t 


=-1 = T 0) 


Tw 


0 


The curve « = t? — 2t = ¢(t — 2), y = V7 intersects the y-axis when a = 0, that is, when 


t = Oand t = 2. The corresponding values of y are 0 and \/2. The shaded area is given by 


[PO en-eay= [0-20 vat [e 20) (sat) 


2 
_ 2 (1453/2 1/2 145/2  243/2 
=~ fo (4 ay ) at = — | 3t — 3t 


0 


xz =acos6, y = bsin#, 0 < @ < 27. By symmetry of the ellipse about the x- and y-axes, 


r=a 6=0 
A=af yao =4 f bsin 0 (—asin 0) d@ = dab f."/? sin? 6. d0 = 4ab ["/? 4(1 — cos 26) dé 
«z=0 0=7/2 


= 2ab[0 _ 3 sin 26] es = 2ab(Z) = mab 


By symmetry, the area of the shaded region is twice the area of the shaded portion above the x-axis. The top half of the loop is 


described by x = 1— #?, y =t—t? = t(1—t)(14+ 4), 0 < t < 1 with z-intercepts 0 and 1 corresponding to t = 1 and 


t = 0, respectively. Thus, the area of the shaded region is 


2 fo ydec =2 JP y(t) a! (t) dt = 2 f(t — #8) (—2t) dt =4 J} (? — t4) dt = 4[ 409 — 44°] = 4(4 - 2) = 4. 
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4. 2=r0d—dsiné, y=r-—dcosé. 
A = f2"" ydx = f°" (r — dcos0)(r — dcos6) db = «* (7? — 2dr cos0 + d? cos”6) do 


= [r?0 — 2dr sin@ + 4d? (0 + 3 sin 20) |5" = Qnr? + 1d? 


42. (a) By symmetry, the area of & is twice the area inside & above the x-axis. The top half of the loop is described by 


c=t’, y= t? — 3t, -V/3 <t <0,s0, using the Substitution Rule with y = t? — 3t and dx = 2t dt, we find that 


area=2 f° yda = 2 f, “(19 — 3t)2tdt = 2 [> ¥*(2t4 — 61?) dt = 2[2¢° — 20°] 


= 2[2(-3'/?)® — 2(-3"/?)*| = 2[2(—9 v3) — 2(-3-v3)] = 4 v3 


(b) Here we use the formula for disks and use the Substitution Rule as in part (a): 


volume = m [2 y? da =m fo ¥9(t® — 3t)?2t dt = 2m fo V3 (48 — 6t4 + 947)t dt = Im[Be8 — #9 + Be4] 


= 2n[E( 31/2)8 ( 31/2y6 4 9(-31/)4| a Qn [4 Q7 + St) - 27 rp 


(c) By symmetry, the y-coordinate of the centroid is 0. To find the x-coordinate, we note that it is the same as the x-coordinate 
of the centroid of the top half of &, the area of which is 5 - 4.3 = 23. So, using Formula 8.3.8 with A = 2 V3, 
we get 


ze _5_ Pp — 5 r-v3 42743 _— _5_ [147 _ 345)-Vv3 
B= og Io tude = gg OO — 88)2tdt = Fal at’ — Ft] 


1/2\7 1/2\5 
sig [4(-342)" — (-3¥?)9| = s5g[-2V3 + Zv3] = 8 


So the coordinates of the centroid of R are (x,y) = (2,0). 


B. 2 = 3-8, y=t? —2t. da/dt = 6t — 3t? and dy/dt = 2t — 2, so 


(da /dt)? + (dy/dt)? = (6t — 3t?)? + (2¢ — 2)? = 36t? — 36¢? + 944 + 4? — 8t + 4 = 9¢* — 36¢9 + 40t? — 8t + 4. The 


endpoints of the curve both have y = 3, so the value of t at these points must satisfy t? — 2t = 3 t? —2t-3=0 


(¢+ 1)(t-— 3) =0 t = —lort =3. Thus, 


b 3 
L= / \(ae/at)? + (dy/dt)? dt = ') 9t4 — 36¢3 + 40t? — 8t + 4dt = 15.2092 
a -1 


42=tte*,y=t? +t. dx/dt =1—e* anddy/dt = 2t+1,s0 


(da /dt)? + (dy/dt)? = (1—e7~*)? + (241)? =1— 2e7* + e~™ + 4t? + 4t + 1. One endpoint of the curve has y = 2, so 


the value of ¢ must satisfy?? +t=2 => #?4+t-2=0 => (t+2)(t-1)=0 t = —2. (The solution t = 1 


corresponds to z % 1.37, which is not an endpoint.) The other endointhasy=6 => ?#?+t=6 => #?4+t-6=0 > 


(+ 3)({- 2) =0 t = 2. (The solution t = —3 corresponds to x & 17.1, which is not a point on the graph.) Thus, 


b 2 
C= / (dx/dt)? + (dy/dt)? dt = / V2 — 2e-t + et + Ae? + At dt & 11.2485 
a —2 
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45.2 =t—2sint, y=1—2cost,0<t<4n. dx/dt =1-— 2cost and dy/dt = 2sint, so 
(da /dt)? + (dy/dt)? = (1 — 2cost)? + (2sint)? = 1— 4cost + 4cos*t + 4sin?t = 5 — 4cost. Thus, 


L= [? /(dx/dt)? + (dy/dt)? dt = [°" /5 — Tcost dt = 26.7298. 


46. « =tcost, y=t—5sint. dax/dt = cost — tsint and dy/dt = 1 — 5cost, so 


963 


(da /dt)? + (dy/dt)? = (cost — tsint)? + (1 — 5cost)?. Observe that when t = —r, (a, y) = (m,—7) and when t = 7, 


(x,y) = (—7,7/). Thus, L = pe (dx/dt)? + (dy/dt)? dt = [”_ \/(cost — tsint)? + (1 — 5cost)? dt = 22.8546. 


47.0 = 303, y=t?-2,0<t<3. dx/dt = 2t? and dy/dt = 2t, so (da/dt)? + (dy/dt)? = 4t* + 4¢? = 407(¢? + 1). 


Thus, 


t= [ \aasare (dy/dt)? dt = ‘a 4t?(#2 + 1) dt = [avert 1dt 
0 


10 10 
=| Vudu [w=?41,du=2tdt] = [gu] = 2(107/? 1) = 3 (10v 10 - 1) 


1 


4. 2—e'-—t, y= det? 0O<t <2. dx/dt = e' — 1 and dy/dt = 2et/?. 50 


(dx /dt)? + (dy/dt)? = (e* — 1)? + (2e*/?)? = e* — 2e' +14 4e* = e?* + Qe’ +1 = (e' + 1). Thus, 
2 2 2 2 
L=f (er ipear= f le +1 a= f (ce +1)dt = le +4] = (2? 42) 11 +0) Se? +1. 
0 0 0 0 
: dx . dy : 
49. x=tsint, y=tcost, O<t<1. aE =tcost + sint and de —tsint + cost, so 


dx\2 dy\? 
() + (#) = t? cost + 2tsint cost + sin*t + t? sin?t — 2tsint cost + cos’t 


= t?(cos*t + sin?t) + sin?t + cos*t = t? +1. 


Thus, L = fo) Vi + 1dt > [Atv +14 3 In(t + VP +1)], = 4v24 bn(1 + V3). 


50. x = 3cost —cos3t, y = 3sint — sin3t, O<t<7. a = —3sint+ 3sin3t and = 3cost — 3cos 3t, so 


2 2 
() + (#) = 9sin?t — 18sint sin 3t + 9sin? 3t + 9cos?t — 18 cost cos 3t + 9 cos” 3t 


= 9(cos*t + sin?t) — 18(cost cos 3t + sint sin 3t) + 9(cos? 3¢ + sin? 3t) 


= 9(1) — 18cos(t — 3t) + 9(1) = 18 — 18 cos(—2t) = 18(1 — cos 2¢) 


= 18[1 — (1 — 2sin?t)] = 36sin7¢ 


Thus, L = {{ V36sin*t dt = 6 fy |sint| dt = 6 [> sint dt = —6[cost]) = —6(—1- 1) = 12. 
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51. 8 x—e'cost, y=e'sint, O<t<q. 
(22y + (su) = [e*(cost — sint)]? + [e*(sint + cost)]? 


= (e')?(cos*t — 2cost sint + sin?t) 
+ (e')?(sin?t + 2sint cost + cos”t 
2.5 


—25 
0 =e” (2cost + 2sin?t) = 2e7 


Thus, L = {5° V 267" dt = [J V2e' dt = V2 ese = /2(e” — 1). 


52. ¢=cost+In(tan$t), y=sint, 1/4<t< 3n/4. 


ie 2 

a : 5 sec’ (t/2) : 1 : 1 dy 
— S=ging + 2 = = int |: ——— = = sin t + — and = = t 
dt ae tan(t/2) ial 2sin(t/2) cos(t/2) eer int’ dt “> 

dx\”  (dy\? 1 
() + (¢) =sin?t—2+ Py +cos?t = 1—2+ csc? t = cot? t. Thus, 

3r/4 nm /2 
L= fr]* \cott| dt = 2/2 cottdt 12 (Ol) t= 5 


T Fag _ 
=2 fin jsin || a = 2(Int —In =) (= -0.174, /2/2 jus (~0.174, /2/2) 
n/4 V2 t=7 (<3 


4 
= 2(0+Inv2) = 2(5In2) = In2. 


0.3 0 0.3 
53. 14 The figure shows the curve x = sint + sin1.5t, y = cost for0 < t < 47. 
dx /dt = cost + 1.5 cos 1.5t and dy/dt = — sint, so 
2.1 21 (da/dt)? + (dy/dt)? = cos? t+ 3cost cos 1.5t + 2.25 cos? 1.5t + sin? t. 
Thus, L = f2" V1+ 3 cost cos 1.5t + 2.25 cos? 1.5t dt ~ 16.7102. 
—1.4 


54.2 = 3t—t?,y =3t?. dx/dt = 3 — 3t? and dy/dt = 6t, so 


(2) + (2) = (3 — 37)? + (6¢)? = (8+. 317)? 


and the length of the loop is given by 


V3 0 


= 2(3 V3 + 3V3) = 12 V3 


V3 V3 V3 
b= f (+3t)a=2 f (3-+3¢7) dt =2[3e +29] 
7 0 


55). sin’t, y= cos’t, 0<t< 3a. 


(da /dt)? + (dy/dt)? = (2sint cost)? + (—2costsint)? = 8sin?tcos*t = 2sin?2t_ => 


n/2 
Distance = an /2|sin 2t| dt = 6V2 fr? sin 2t dt [by symmetry] = —3 /2 [cos 21] = -3/2(-1-1)=6 V2. 
0 


[continued] 
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The full curve is traversed as ¢ goes from 0 to 5, because the curve is the segment of x + y = 1 that lies in the first quadrant 


(since x, y = 0), and this segment is completely traversed as ¢ goes from 0 to $. Thus, L = f ay ? sin 2t dt = V2, as above. 


56. « = cost, y = cost, O<t < 4n. (a + (y= (—2costsint)? + (—sint)? = sin?t (4cos*t + 1) 


Distance = Aa |sin t] 4 cos?t + 1dt = 4 fy sint V4 cos?t + 1 dt 
= —4 f-* V4u2 +1du [u=cost,du =-—sintdt] = Ay V/4u? + 1 du 


a 8 fo V4u? +1du= ors * sec: 4 sec”6 dé [2u = tan 0, 2du = sec?6 do] 


tan! 2 
=asen * sec?9 do 2 [2sec 0 tan 0 + 2In|secd + tan 6]] = 4/5 + 2In(V5 + 2) 
) 


Thus, L = {> |sint| V4cos?¢ + 1dt = V5+ $In(V5+ 2); 


57. « = 2t—3, y= 2t?-—3t+6. da/dt = 2 and dy/dt = 4t — 3, so v(t = ,/2? + (4t — 3)?. Thus, the speed of 


the particle at t = 5 is u(5) = \/4 + (4-5 — 3)? = 293 = 17.12 m/s. 


58. « = 2+ 5cos(Zt), y=—2+7sin(Zt). dx/dt = —52 sin(Zt) and dy/dt = 4 cos(Zt), so 
u(t) = s‘(t) [-= sin(=t)]? + [= cos(t)]”. Thus, the speed of the particle at t = 3 is 
2 2 2 
v(3) = qo sin?7 4 a cos?7 = re = fs = 7.33 m/s. 


59. 2=e', y=te’. da/dt = e' and dy/dt = te’ +e’, so v(t) = s'(t) = \/(e*)? + (te? + e*)?. At (e,e), r=e' =e > 
t = 1. Thus, the speed of the particle at (e, e) is v(1) = \/e? + (e +e)? = V5e? = V5e & 6.08 m/s. 


60.2=t? +1, y=t*42t? +1. dx/dt = 2t and dy/dt = 4t? + 4t, so v(t) = s'(t) = \/4t? + (4t3 + 4t)?. At (2,4), 


ge=t?+1=2 ?=1 t 1 or t = 1. Both values result in the same speed since the function v is even. 


Thus, the speed of the particle at (2,4) is v(1) = \/4- 17 + (4-13 + 4-1)? = V68 = 2V17 & 8.25 m/s. 
61. « = (vocosa)t, y = (vosina)t — $gt?. da/dt = vo cosa and dy/dt = vo sina — gt, so 


speed = v(t) = /(da/dt)? + (dy/dt)? = \/v2 cos?a + (vo sina — gt)?. 


(a) The projectile hits the ground when yy =0 => (vosina)t— gt? =0 => t(vo sin a sgt) =0 t=0 
2vo sin @ ‘ ; . : eas : ae ful 
or t = ————.. The second solution gives the time at which the projectile hits the ground, and at this time it will have a 
g 
speed of 


Sis de Qua si 2 
o( ee) = 4/ v2 cos?a + E sina — o( Se) = y/v2 cos2a + (—v9 sina)? 
g g 


VJ v2 cos2a + v2 sin?a = v/v? (cos2a + sin?a) = /v2 = vo m/s. 


Thus, the projectile hits the ground with the same speed at which it was fired. 
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(b) The projectile is at its highest point (maximum height) when dy/dt = 0. Thus, the speed of the projectile at this time is 


= \/(dx/dt)? + (dy/dt)? = \/v2 cos?a + (0)? = vo cosa m/s. 


62. c =asind, y = bcosé, 0< 6 < 2Qz. 


(= y a (2 y = (acos6)? + (—bsin 9)? = a? cos?@ + b? sin?@ = a?(1 — sin?) + b? sin? 


‘dt ‘dt 


2 
= a? — (a? — b?) sin?6 = a? — c? sin?6 = a? (1 = a) = a?(1— e? sin?@) 
a 


SoL= aefee a2 (1 — 2 sin?@) dO [by symmetry] = 4a ie /1—e?sin?6 dd. 


63. (a) « = 1l cost — 4cos(11t/2), y = 11sint — 4sin(11t/2). 
Notice that 0 < t < 27 does not give the complete curve because 
x(0) # x(27). In fact, we must take t € [0, 47] in order to obtain the 


complete curve, since the first term in each of the parametric equations has 


period 27 and the second has period = a Ws = =, and the least common 


integer multiple of these two numbers is 47. 

(b) We use the CAS to find the derivatives dx/dt and dy/dt, and then use Theorem 5 to find the arc length. Recent versions 
of Maple express the integral i \/ (dx/dt)? + (dy/dt)? dt as 88E (2 V2 i) , where E(x) is the elliptic integral 
[= vat 


dt and ¢ is the imaginary number 4/— 


Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x, t)°2+diff(y,t)*2),t=0..4*Pi) ) ; to estimate the length, and find that the arc 


length is approximately 294.03. 


dle 
| 

ble 

SS 


64. (a) It appears that as t > co, (x,y) > (5, 3); and as t > —oo, (4, y) > (- 


(b) By the Fundamental Theorem of Calculus, x = C(t) = is cos(ru?/2)du => 


dx/dt = cos($t?) and y = S(t) = ap sin(ru7/2)du = dy/dt =sin(4t’), 1 1 
so by Theorem 5, the length of the curve from the origin to the point with 


parameter value t is 
L= fo (42) + (G4) du = fp y/cos?(Gu?) + sin?( Zu?) du 


=fjldu=t [or -tift <0] 


We have used u as the dummy variable so as not to confuse it with the upper limit of integration. 
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65. « = acos’6, y = asin®@. By symmetry, 


A=4fydz= se asin*6(—3a cos?6 sin @) d@ = 12a? a sin*6 cos”6 d0. Now 


J sin*@ cos’0 d0 = f sin?6(4 sin? 20) dd = 3 [(1 — cos 26) sin? 20 do 
= 3 [$(1 — cos 46) — sin® 20 cos 26] dd = 40 — Asin40 — #sin® 20+ C 


n/2 
0 


Xe) ae ? sin*@ cos26 dO [ 16 ow sin 46 — 4 sin? 20] 


_ = 2(7\_ 3 2 
16 iB = 3y- Thus, A= 12a (3) = 37a’. 


66. By symmetry, the perimeter P of the astroid 2 = acos*@, y = asin®@ is given by 


a /2 m/2 
P= af J (dx /d0)? + (dy/d0)? do = af | Bacos 6(— sin @)|? + [3asin“0(cos 0)|? dé 


m/2 m/2 
= af V/ 9a? sin26 cos*9 + 9a? sin*6 cos?6 dO = af 3a |sin 0 cos 6| / cos26 + sin?6 dO 
) 0 


/2 


n/2 wT x/2 
= 6a f 2sin 0 cosoV Tad = 6a | sin 20 d0 = 6a[—$ cos 26] > = —3a(—1- 1) = 6a 
0 0 


67. 1 =tsint, y=tcost, O<t<7/2. dx/dt=tcost+sint and dy/dt = —tsint + cost, so 


(da /dt)? + (dy/dt)? = t? cos*t + 2tsint cost + sin*t + t? sin?t — 2tsint cost + cost 
= t?(cos”t + sin?t) + sin?t + cos*t = t? +1 


S= f Inyds =f”? Int costVF + 1 dt © 4.7394. 


68. « =sint, y=sin2t, 0<t< 7/2. da/dt = cost and dy/dt = 2cos 2t, so (da/dt)? + (dy/dt)? = cost + 4 cos? 2t. 


S = f 2ryds = (ee 27 sin 2t./cost + 4 cos? 2t dt ~ 8.0285. 


69. ¢=—tt+e’, y=e',0<t<1. 


dx/dt = 1+ e! and dy/dt = —e~*, so (da/dt)? + (dy/dt)? = (1 + e*)? + (—e~*)? =1+4 2e? +e? +e~**. 


S = f 2ryds = a Qne*V/1 + Qe! + €2! + e-2 dt = 10.6705. 


70. «© =t?—-0?, y=t+t*,0<t<1. 


(da /dt)? + (dy/dt)? = (2t — 3¢?)? + (1 + 4t?)? = 4¢? — 124° + 9¢* + 1+ 883 + 162°, so 


S = f Inyds = fy 2n(t + t*)V 16 + O14 — 483 + 4 $7 dt ~ 12.7176. 


Mea, y=0,0<t<1 (2) 4+ (8) = (3¢) + (28)? = 904 + 407. 


1 1 1 
s-[ amyy/ (de) + (Hy ae = | ant? 9+ AP at = an | t? /? (98 +4) dt 
0 0 0 


13 13) 
= u—4 1 u = 9t2 +4, t? = (u—4)/9, _ 20 3/2 1/2 
=2n f ( 9 ) va (a5 2 9-18 fy (ue — du") du 


13 


13 
— 2[2,,5/2 _ 8 | =--3[3 5/2 _ 99 | 
[eu ama 81 15 [PU a 


= 3 [(3- 18? VIB — 20-13 VIB) — (3-32 — 20-8)] = Bt, (247 VIB + 64) 
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72. 2 = 2? +1/t, y=8Vt, 1<t<3. 


dx\?  (dy\? iG 4\? ar BAG 8 1 ey 
ed ee |i a) eee ce =o Sh Se 167 ES ee BS). 
() + (¢) (4c =) (=) i oP = ee eS (4+ 3) 
3 da \2 dy \2 2 Vi 1 2 2 1/2 _2 
S= f dmv (EY + (HY at= fp an(8V4) 4/(4t+ =) dt = 160 OC ate) at 


3 3 
me fee atmo —a0 1] = el (BS V8) — 9 


= 160(28V3+ $) = 25 (103V3 +3) 


73. « = acos°6, y = asin®0, 0< 0 < &. (Sy. + (uy = (—3a cos” sin 0)? + (3asin?6 cos 0)? = 9a? sin?@ cos”6. 
S= i 27 - asin®@ - 3asin@ cos6 dO = 61a? fer sin*@ cos@.d0 = $ra?[sin°6] Ae = $na? 

74. x = 2cos@ — cos20, y= 2sin?—sin20 => 
(sz) + (By = (—2sin6 + 2sin 20)? + (2cos@ — 2cos 26)? 


= 4{(sin?@ — 2sin 0 sin 26 + sin? 20) + (cos?0 — 2cos@ cos 26 + cos” 26)] 


= 4[1+ 1 — 2(cos 26 cos 6 + sin 26 sin #)| = 8[1 — cos(20 — 6)] = 8(1 — cos@) 


We plot the graph with parameter interval [0, 27], and see that we should only integrate 3 


between 0 and 7. (If the interval [0, 277] were taken, the surface of revolution would be 


generated twice.) Also note that y = 2sin @ — sin20 = 2sin0@(1— cos@). So 


ce he 2n - 2sin O(1 — cos) 22/1 — cos6 dO 7 a 
=8 Van fr (1- cos 0)°/? sino dé = 8\V/2r le Jue du at 5 | 
= 8 VEn[(2)u°/?] = WVEn(2") = Ba - 
75. 2 = 317, y= 207, 0<t<5 (22) + (28) = (6t)? + (6)? = 367(1+ 7) = 


S= [> 2na \/(da/dt)? + (dy/dt)? dt = [> 2n(3t?)6t VI + dt = 180 [) PVT +P 2t dt 


26 


26 =14#, 26 
= 180 f, (u—1) Judu Bi ee = 187 f, (u3/? — u4/?) du = 189 gue”? - 2u9/?] 


1 


= 18n[(2 - 676 26 — 2 - 26/26) — (2 — 2)] = 47 (949 V26 + 1) 
7%. 2 =e! —t,y=4e/?,0<t<1. (2) + (BY = (ec -1)? + (2e/?)? =e + 2e¢ +1 = (e +1). 


t 


S= [> net — t)/(et — 1)? + Qet/?)2 dt = fi} 2n(e’ — t)(e' +1)d 


= 2n [de + ef — (¢— Le’ — 447], = a(e? + 2e — 6) 


77. If f’ is continuous and f’(t) 4 0 for a < t < b, then either f’(t) > 0 for all t in [a, b] or f’(t) < 0 for all t in [a,b]. Thus, f 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a,b]. It follows that f has an inverse. Set F = go f = 


that is, define F by F(x) = g(f~*(a)). Thena = f(t) => f-'(x) =t,s0y = g(t) = 9(f 71 (2)) = F(a). 
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78. By Formula 8.2.5 with y = F(x), S = i IF (x)/1+ [F’(x)|? dx. But by Formula 10.2.1, 


dy\? dy/dt\? (da /dt)? + (dy/dt)? ._. ou 
! 2 = = _ 
1+ [F’(ax)] 1+ (<4) 1+ (5 (dax/aty? . Using the Substitution Rule with « = x(t), 


where a = x(a) and b = x({), we have since dz = a a 


B 2 2 B 2 2 
s=f 2m F(e(t)) | ee cars f ary (f) + (4) dt, which is Formula 10.2.9. 


_1f dy dé d _if dy 1 d (dy dy  dy/dt y 
79. ¢=tan-?( & eee Ee eee ee i ee =u 
dia (+) a ae ae} ~ Tt aya? | a ae de dejdt é 


d(dy\ ad (y\ _ je—#y de 1 je—ay\ ey —fy ; 
—(—)=—|-+)=-——— _—& FT = |, SS" J] EF SS. Ua the Chain Rule, and the fact 
7 (+) ai (4) Bp 7 i+ GP Fe PP sing the Chain Rule, and the fac 
t 
AD 2 ee ze \2 ne .2)1/2 

thats =f (BP + rae > a = BP +B = @ +47)", we have tha 
db _ ddfdt _ (aj — ay 1 tty |edd| |_| __ leg — a 
ds ds/dt ge? + y? (a? +4 y)1/2 (a? + y?)3/2° ds (a? + y?)3/2 (a? + y?)3/2° 

80. « = x and f(x) ea 1,2 ing j- 74 

ri — y > y — dz’ y as dx2° 

P 7 |1- (d?y/dx?) —0- (dy/dz)| _ |d?y/dax?| 
[I + (dy/deP [I + (dy/dx)> 9? 

81. c = 0 — sind & = 1-cos0 & = sin 6, and y = 1 — cos0 y = sind 4 = cos 0. Therefore, 
= |cos 0 —cos?6 — sin?6| _ |cos 0 = (cos? + sin?6)| _ {cos 0 — 1| Thetep'or tearchts 


[(1 — cos 6)? + sin?6]3/2 (1 — 2cos@ + cos2@ + sin?6)3/2 (2 — 2cos@)3/2° 
characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 0 = (2n — 1)z, 


: ; : -1 -1-1 1 
so take n = 1 and substitute 0 = z into the expression for k: kK = aes: — ese = T 


dy dy |d?y/da*| 2 
82. : —=2 — =2. 80K = —— |, = > and at (1, 1), 
(ajy=«a Ae a dax2 me [1+ (dy/dx)2)3/2 (1+ 422)372 and at (1, 1) 
2 2 
K ==. 
53/2 5/5 
d 
(b) K’ = = = —3(1 + 427)—5/2(82) = 0 z=0 y = 0. This is a maximum since «’ > 0 for x < 0 and 


k' <0 for x > 0. So the parabola y = x? has maximum curvature at the origin. 


83. (a) Every straight line has parametrizations of the form x = a + vt, y = b + wt, where a, bare arbitrary and v, w # 0. 


For example, a straight line passing through distinct points (a, b) and (c, d) can be described as the parametrized curve 


x=a+(c—a)t,y = b+ (d— b)t. Starting with « = a + vt, y= b+ wt, we compute & = v, y = w, ¥ = Y = 0,7 


ju-0O—w-O0| _ 


wee Gee 
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(b) Parametric equations for a circle of radius r are x = r cos@ and y = rsin@. We can take the center to be the origin. 


Sot=-rsind => “&=-rcos@andy=rcos? => ¥y=-—rsin#. Therefore, 
|r? sin? 0 + r? cos? | re aad eet 6 (and th int) 1 
k= = — = -—. And so for any @ (and thus any point), « = —. 
(r? sin? 6 + r? cos? 9)3/2 3 or z ue r 


84. If the cow walks with the rope taut, it traces out the portion of the 


0=7 
involute in Exercise 85 corresponding to the range 0 < 0 < 7, arriving at (rar) 


A 
the point (—r, 7r) when 0 = 7. With the rope now fully extended, the : 


cow walks in a semicircle of radius zr, arriving at (—r, —7r). Finally, (r= mr,0) 


the cow traces out another portion of the involute, namely the reflection 


about the x-axis of the initial involute path. (This corresponds to the 


(-r, —7r) 


range —7 < 0 < 0.) Referring to the figure, we see that the total grazing 


2 1g 
“4 


area is 2(A; + As). Ag is one-quarter of the area of a circle of radius mr, so As = 4x(mr) 37? We will compute 
A; + Ag and then subtract Ao = sar? to obtain Ay. 

To find A; + Aa, first note that the rightmost point of the involute is (Sr, r). [To see this, note that dx /d@ = 0 when 
6 = 0or §. 6 = O corresponds to the cusp at (r,0) and 6 = $ corresponds to (Sr, r).] The leftmost point of the involute is 


(—r, mr). Thus, Ay + Ag = He ydx — fle ydxz = pe ydx. 


Now y da = r(sin 6 — 6 cos @) r6 cos 6 d0 = r?(0 sin@ cos@ — 6? cos”6)dé. Integrate: 


(1/r?) f yda = —0 cos” — $(6? — 1) sin@ cosé — 46° + $0 +C. This enables us to compute 


3 3 
A; + Az = r?|—0 cos? — $(6? — 1) sind cos0 — 268 + 46]? = 12/0 ( T — | 5)| -7($+5) 


Therefore, Ay = (Ai + Az) — Ao = amr’, so the grazing area is 2(A1 + A3) = 2(an8r? + ir?) — arr. 
85. The coordinates of T are (r cos6,rsin@). Since TP was unwound from ~ 


arc TA, TP has length ré. Also ZPTQ = ZPTR— ZQTR= in — 6, 


so P has coordinates x = r cos + r@ cos($7 — 0) = r(cos@ + Osin 6), 


y =rsin6 — rOsin($7 — 0) = r(sin@ — @cos8). 


DISCOVERY PROJECT Bézier Curves 


1. The parametric equations for a cubic Bézier curve are 


x = to(1—t)? + 3a1t(1 — t)? + 3xgt?(1 — t) + gt? 


y = yo(1 — t)? + 3yit(1 — t)? + 3y2t? (1 — t) + yt? 


where 0 < t < 1. We are given the points Po(xo, yo) = (4,1), Pi(1, y1) = (28, 48), Po(x2, yo) = (50, 42), and 
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P3(x3, y3) = (40,5). The curve is then given by 


x(t) = 4(1 —t)? +3. 28t(1 — t)? 4 


y(t) =1(1 — t)? +3. 48¢(1 — t)? 4 


where 0 < t < 1. The line segments are of the form x = xo + (x1 — Xo)t, 


y = yo + (ys — yo)t: 
PoP, = w=4424t, 
PiP, © = 284 22t, 
P,P; «= 50-108, 


| 3-50¢7(1 — t) 4 


| 3. 42t?(1 — t) 4 


y=1+47t 
y = 48 — 6t 
y = 42 —37t 


We calculate the slope of the tangent to the Bézier curve: 


+ 40t3 
+ 5t? 


DISCOVERY PROJECT 


BEZIER CURVES 971 


. It suffices to show that the slope of the tangent at Po is the same as that of line segment Po P:, namely ae 
v1 — Xo 


, which is also the slope 


dy/dt _ —3yo(1— t)? + 3y,[—2t(1 — t) + (1— t)?] + 3yo[—t? + (2t)(1 — t)] + 3yst? 
dx/dt  —3x2(1—t) + 3ai[—2t(1 — t) + (1 — t)?] + 3a2[—-#? + (2t)(1 — t)] + 3238? 
At point Po, t = 0, so the slope of the tangent is 390 + 341 _ ¥1— Yo . So the tangent to the curve at Po passes 
—3%0 + 3x1 v1 — Xo 
through P;. Similarly, the slope of the tangent at point P3 [where t = 1] is = Ss 2 ee 
—32x2 i ol 323 v3 — X2 


of line P2P3. 


. It seems that if P, were to the right of P2, a loop would appear. 


We try setting P; = (110, 30), and the resulting curve does indeed have a loop. 


. Based on the behavior of the Bézier curve in Problems 1—3, we suspect that the 


four control points should be in an exaggerated C shape. We try Po(10, 12), 


P, (4,15), P2(4,5), and P3(10, 8), and these produce a decent C. If you are using 


a CAS, it may be necessary to instruct it to make the - and y-scales the same so as 


not to distort the figure (this is called a “constrained projection” in Maple.) 


. We use the same Po and P as in Problem 4, and use part of our C as the top of 


an S. To prevent the center line from slanting up too much, we move P2 up to 


(4, 6) and P3 down and to the left, to (8,7). In order to have a smooth joint 


between the top and bottom halves of the S (and a symmetric S), we determine 


points Ps, Ps, and P¢ by rotating points P2, P;, and Po about the center of the 
letter (point P3). The points are therefore P1(12,8), Ps(12,—1), and P¢(6, 2). 


75 
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10.3 Polar Coordinates 


1. (a) (1, 4) 
; (.3) 
a 
(b) (-2, 5) | (5, 3a 
aE. 
Gh ; 
(c) (3,-4) 
O 2 7 
Ke 
(.-3) 
2. 2, = - 
le el 
e 
eae 
O 
(b) (1,22) 4 ; 
( 2a 
3 
(Roe 
ee C59) 
Pl vs 
ata 
ye 
3. (a) oo 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


By adding 27 to 7, we obtain the point (1, on), which satisfies the 
. . . . . 5 5. . 
r > O requirement. The direction opposite 7 is , so (-1, 9) isa 


point that satisfies the r < 0 requirement. 


r> 0: (—(—2), 3 —2) = 


r< 0: (—2, 3 


r> 0: (3,-§ + 2x) = (3, 3) 
2 


r<0: (-3,-Z+7)= 


r> 0: (2, mn + 27) = (2, oo) 


r< 0: (—2, 3 — x) = (-2,-2) 


r> 0:(1,—3% + 2m) = (1, $) 


r< 0: ( 1, = +7) = 


x = 2cos 3a 


2(0) = 0 and y = 2sin 3% = 2(—1) = —2 give us the 


Cartesian coordinates (0, —2). 
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(b) 


(c) 


4. (a) 


(b) 


() 


oe 

So fe 

S 37 
2.7) 

» 
(3-9) 

; _ 

3 

y=A4 r 


5. (a) « = —4 and 


(b) x 


3 and y 


3V3 


SECTION 10.3 POLAR COORDINATES 973 


r= V3cos 4 = v3 (=z) = 1 andy = V3sin $= v2 (2) =1 


give us the Cartesian coordinates (1, 1). 


< 
II 
| 
be 
Dn 
ay 
5B 
| 
OIA 
NYS 
ll 
| 
= 
eae 
le 
ee, 
lI 
I 
Mick 
< 
oO 
c 
n 
as 
i" 
ro) 
Q 
i) 
= 
oO 
we 
1) 
i=) 


= dos F = 4(- = —2 and 


An 
ee ee pe 
y sin ( 


coordinates (—2, —27/3) : 


2 
y 2sin = =-2 ( ) = —1/2 give us the Cartesian 


coordinates (./2, — J2 y 


= 3.cos( z)= 3(5) =—gan 


y= 3sin( =) = 3( ) = ns give us the Cartesian 


, 3 
coordinates (-3 


J (—4)? + 42 = 4V2 and tand = 4, =-1 [6 =—% +nz]. Since (—4, 4) is in the 


second quadrant, the polar coordinates are (i) (4v/2, 2) and (ii) (—4,/2, 4). 


3 4 (8/3) = VOFR = Gand tend = V3 = V3 [0 =F +nz]. 


3 
Since (3, 3V3) is in the first quadrant, the polar coordinates are (i) (6, 5) and (ii) (—6, at). 
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6 (a)a=V3andy=-1 > r= (v8)" + (-1)? = 2and tand = [0 = —2 + nz]. Since (/3, —1) is in the 


fourth quadrant, the polar coordinates are (i) (2; i=) and (ii) (-2, Sr). 


(b) « = —6andy =0 r= ,/(—6)? + 0? = 6 and tand = a =0 [0 = nr]. Since (—6, 0) is on the negative 
x-axis, the polar coordinates are (i) (6, 7) and (ii) (—6, 0). 
7. 1<r <3. The curves r = 1 andr = 3 represent circles centered at O with 


radius 1 and 3, respectively. So 1 < r < 3 represents the region outside the 


radius 1 circle and on or inside the radius 3 circle. Note that 0 can take on 


any value. 


8. r > 2, 0 <0< 7T. This is the region on or outside the circle r = 2 in the 


first and second quadrants. 


9.0<r<1, —1/2 <0 < 7/2. This is the region on or inside the circle 


r = 1 in the first and fourth quadrants. 


10. 3<r<5, 27/3 <0< 47/3 


NW.2<7r<4,37/4<0< 71/4 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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r >0, m <0 < 57/2. This is the region in the third, fourth, and first aku 
quadrants including the origin and points on the negative x-axis and positive 


y-axis. 


Converting the polar coordinates (4, +) and (6, 57) to Cartesian coordinates gives us (4 cos 4, 4sin =) = (—2, —2/3) 


and (6 cos 3, 6 sin 52) = (3, -3V/3). Now use the distance formula 


d= Ja — mi) + ( — my? = [8 - (-2))? + [-3v3 - (-2V3)]’ 
= 5? + (-v3)° = V5 43 = V28 = 27 


The points (71,61) and (r2, 62) in Cartesian coordinates are (r1 cos 01,11 sin #1) and (rz cos 02, r2 sin 02), respectively. 
The square of the distance between them is 
(r2 cos 02 — r1 cos 01)” + (r2 sin 2 — 11 sin 01)” 
= (r3 cos?62 — 2r1r2 cos 61 cos 62 +r? cos*6;) + (r3 sin’. — 2rir2 sin 6; sin 02 +r? sin?0,) 


=r? (sin?41 + cos”) +r (sin?0. + cos”) — 2rir2(cos 01 cos 62 + sin 41 sin 62) 


=r? — 2rire cos(01 — 02) + re, 


so the distance between them is \/r? — 2rir2cos(@1 — 2) + r3. 
r=5 & aw? +y? =5,acircle of radius V5 centered at the origin. 


r=4sec0 & 


r : : 
=4 Ss rcosd=4 & «x =4,a vertical line. 
sec 0 


r=5cos0 > r?=5rceos0 © w+y?=5r © a —5e+ By? = 8 (a 5)? py? = 35, 


a circle of radius 3 centered at (3, 0). The first two equations are actually equivalent since r? = 5rcos@ => 


r(r—5cos0) =0 r =Oorr = 5cos9@. But r = 5cos@ gives the point r = 0 (the pole) when 6 = 0. Thus, the 


equation r = 5 cos @ is equivalent to the compound condition (r = 0 or r = 5cos@). 


d= 5 => tanéd=tan _ V3 y = V3, a line through the origin. 


r?cos20=1 © r?(cos?9—sin?@)=1 © (rcos@)? —(rsing)? =1 a? — y? = 1, a hyperbola centered at 


the origin with foci on the x-axis. 


r?sin20=1 © r?(2sin@cos#)=1 © 2(rcosé)(rsin@) = 1 2cy=1 zy = 5, a hyperbola 


centered at the origin with foci on the line y = z. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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e+y=7 => (rcosé)?+(rsind)? =7 > r?(cos?@+sin?0) =7 r=7 r=vV7. 


Note that r = — 1/7 produces the same curve as r = V7. 


1 
z=-1l1 => rcosd=-1 — = — sec 0 
cos 
y a ee : 
y=v3a = V3 [«€40]) => tand=V3 d= Zz 3 [either incudes the pole] 
y=—22? => rsind =—2(rcosé)? => rsin@+2r?cos’°@=0 => r(sind+2rcos’0)=0 > 
sind 1 _ . 1 ; 
r=Oorr=-— = —=tan@sec9. r =Ois included inr = —=tan@sec0 when 6 = 0, so the curve is 
2.cos?6 2 2 
represented by the single equation r = — 5 tan 0 sec 0. 
rt+y=4y > r?=4rsind > r?—4rsind =0 r(r —4sin@) =0 r=Oorr =4siné. 


r = Ois included in r = 4sin 6 when 0 = 0, so the curve is represented by the single equation r = 4sin 0. 

e—y=4 © (rcosé)? —(rsind)? =4 © r*cos?0—r’sin?6=4 & r*(cos’?6—sin?@)=4 © 

r? cos 20 = 4 

(a) The description leads immediately to the polar equation @ = %, and the Cartesian equation y = tan(Z) v= iS 
slightly more difficult to derive. 

(b) The easier description here is the Cartesian equation 7 = 3. 

(a) Because its center is not at the origin, it is more easily described by its Cartesian equation, (« — 2)? + (y — 3)? = 5°. 


(b) This circle is more easily given in polar coordinates: r = 4. The Cartesian equation is also simple: z? + y* = 16. 


For 6 = 0, z, and 27, r has its minimum value of about 0.5. For 0 = 7 and an r attains its maximum value of 2. We see that 


the graph has a similar shape for 0 < 6 < manda < 0 < 2z. 


rh 
a4 
Ue 
+++ +> ——> 
0 7 2a 8 1 


For 6 = 0, 7, and 27, r has its maximum value of 2. For @ = 5 and ar r has its minimum value of about —0.7. 


am 2a An 


Also, r = 0 for what appears to be 0 = 4, 3, =, 


and oz , so the curve passes through the pole at these angles. r is negative 


and [s, 5] , So the curve will lie on the opposite side of the pole. The graph has a similar shape for 


in the intervals E 27 


:3)?'3.. 
0<0< manda <0< 2r. 


3 
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31. r has a maximum value of approximately 1 slightly before 6 = 7 and slightly after @ = a, r has a minimum value of —2 
when @ = 7. The graph touches the pole (r = 0) when 6 = 0, 5, an and 27. Since r is positive in the 0-intervals (0, 5) and 


a 3a 


(=, 2r) , and negative in the interval (5, =) , the graph lies entirely in the first and fourth quadrants. 


1+ 
> > 
0 oO 2 


32. r increases from 0 to 1 (local max) in the interval (0, Z| . It then decreases slightly, after which r increases to a maximum of 2 


at 9 = a. The graph is symmetric about 6 = 7, so the polar curve is symmetric about the polar axis. 


33. r = —2sin0 ie 
at 
O 
> 
> 
0 T 2a 0 
7A (2, 32/2) 
34. r = 1 —cos0 i 
2 
(2, 77) 
‘Ls > 
oO 
+ > 
0 2a 8 
35. r = 2(1+ cos @) 
Th 
4 
(4, 0) 
> 
+-—> 
7 2a 0 
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36. r =1+2cos0 


rh -20 
a 3) 
i : 
F 
6 f 
“de 
an 3 


37. r=0, 0>0 


(27, 277) 
> 


38. r= 07, -20n <O< 27 


39. r = 3.c0s30 

rh 
40. r = —sin 50 
M4. r =2cos40 rh 
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42. r = 2sin60 


43. r=1+3cos0é 


44.r=1+4+5sin0d 


SD 
NIA 
Soe 


c 
0 
45. r? = 9sin 20 Py 
3+ 
(3, 77/4) 
+ > oO > 
0 7 27 8 
—37 
46. r? = cos 40 2 
a \ 
| l l | 
0 ne 
-ly 
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47. r=2+4+sin30 


(3, 77/6) 


4.7r°9=1 = r=+1/V0 ford >0 


r 


oy 


49. r = sin(0/2) 


50. r = cos(6/3) 


Nos (ea 
7 3a 0 


51. « = rcos@ = (4+ 2sec0) cos6 = 4cos@ + 2. Now,r > co => 


(4+ 2sec0) > 00 0 — (£) or @ — (32)* [since we need only 
consider 0 < @ < 2z7],so lim x= lim (4cos@ +4 2) = 2. Also, 
T— oo O17 /2- 
r—+-—co => (4+2sec0@) — —co 0 > ()* or > (32), so 
lm «= ay Fe cos@ +2) = 2. Therefore, lim x=2 => w= 2isa vertical asymptote. 
Tr —0o 01/2 See 
52. y=rsind = (2—csc6)- sin? = 2sin0—-1. roo (2 — csc 0) > co csc 9 — —oo 03 nt 
[since we need only consider 0 < 0 < 27] andso lim y = lim, 2sind-1=-—-1.Alsor—-co => 
Toco —s7 
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(2 — csc 0) — —oo csc 8 — 00 0 1 
andso lim x= lim 2sinO—1=-—1. Therefore 
Tr —oo 010 
lim y=—-1l => y=-—1isa horizontal 
asymptote. 


53. To show that z = 1 is an asymptote, we must prove lim x= 1. 


T—r0o 


x = (r)cos@ = (sin@ tan 8) cos@ = sin?0. Now,r + 0co => sin? tan0—oco => 


0-5 (3). so lim «= lim sin?@=1.Also,r—>—oo = sin@tanO—>-—oo = 
r—00 01/27 

0-5 (z)", so lim x= lim sin?9=1. Therefore, lim c=1 > x=1is 
r—>—oo On /2t r— 00° 


a vertical asymptote. Also notice that x = sin?@ > 0 for all 0, and « = sin?@ < 1 forall @. And x ¥ 1, since the curve is not 


defined at odd multiples of >. Therefore, the curve lies entirely within the vertical strip 0 <x < 1. 


54, The equation is (x? + y”)* = 4x?y”, but using polar coordinates we know that (aya) 


x? +y*? =r? and =rcos@ andy =rsin#. Substituting into the given 


equation: r° = 4r? cos*@r? sin?@. => r? =4cos?6 sin?@ => 


r = +2cos0@ sind = +sin 20. r = +sin 20 is sketched at right. 


55. (a) We see that the curve r = 1+ csin@ crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 


negative r-values,) so we solve the equation of the limagon forr =0 << csind0 1 sin 0 1/c. Now if 


|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < —1, then on the interval (0, 27r) 
the equation has the two solutions @ = sin~'(—1/c) and 9 = 7 — sin~*(—1/c), and if c > 1, the solutions are 
9 =7+sin~'(1/c) and 0 = 2x — sin~1(1/c). In each case, r < 0 for 6 between the two solutions, indicating a loop. 


(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 0 = ar So we 


: d’y . ; : tf Soun tae ; 
determine for what c-values a is negative at 0 = . since by the Second Derivative Test this indicates a maximum: 


2 
y=rsind =sind+csin?@ > AY = cos + 2esin# cos = cos + sin 20 > Cy = —sin0 + 2ecos26, 


At @ = 32, this is equal to —(—1) + 2c(—1) = 1 — 2c, which is negative only for c > 4. A similar argument shows that 
for —1 < c < 0, y only has a local minimum at 6 = $ (indicating a dimple) for c < —%. 
56. (a) The graph of r = cos 30 is a three-leaved rose, which is graph II. 


(b) r=In0d, 1<6< 6. r increases as 0 increases and there are almost three full revolutions. The graph must be either 


III or VI. As 6 increases, r grows slowly in VI and quickly in III. Since r = In @ grows slowly, its graph must be VI. 
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(c) r = cos(@/2). For 0 = 0, r = 1, and as @ increases to 7, r decreases to 0. Only graph V satisfies those values. 

(d) r = cos(0/3). For 6 = 0, r = 1 and as @ increases to 32/2, 0/3 — 1/2, and r decreases to 0. Only graph IX satisfies 
those values. 

(e) r = sec(6/3). The secant function is never equal to zero, so this graph never intersects the pole. As 6 > 37/2, 

0/3 — 2/2, and r — oo. Only graph VII has these properties. 

(f)r=secO => rcos@=1 => « =1. This is the graph ofa vertical line, so it must be graph VIII. 

(g) r = 07, 0 < 0 < 8m. See part (b). This is graph III. 

(h) Since —1 < cos30 < 1,1 <2+.c0s36 < 3,so r = 2 + cos 36 is never 0; that is, the curve never intersects the pole. The 
graph must be I or IV. For 0 < 0 < 2z7, the graph assumes its minimum r-value of 1 three times, at 0 = 3> 7, and a, so it 
must be graph IV. 

(i) r = 2+ cos(36/2). As in part (h), this graph never intersects the pole, so it must be graph I. 


57.r=asin0+bcos6 > r*=arsinO+brcosd > 2? 4+y?=ay+br = 


x? — br 4 (40) by? — ay 4 (4a) = (40) (4a) (a 1p) (y tay = +(a’ +b”), and this is a circle 
with center (3), 3a) and radius $/a? + 6?. 


58. These curves are circles which intersect at the origin and at (= a, =) . At the origin, the first circle has a horizontal 


tangent and the second a vertical one, so the tangents are perpendicular here. For the first circle [r = asin 6], 


dy/d@ = acos@ sin@ + asin@ cos@ = asin 20 = aat @ = % and dx/d0 = acos”0 — asin?0 = acos20 = 0 


at 9 = 4, so the tangent here is vertical. Similarly, for the second circle [r = acos 6], dy/d0 = acos 20 = 0 and 


dx /d? = —asin 20 = —aat 0 = 4, so the tangent is horizontal, and again the tangents are perpendicular. 
59. r = 1+ 2sin(0/2). The parameter interval is [0, 47]. 60. r = \/1 — 0.8sin? 6. The parameter interval is [0, 27]. 
2.6 06 


—3.4 1.8 


WD 


—2.6 
ne 2cos(46). 3.5 


The parameter interval is [0, 27]. 


—2.5 
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62. r = |tand|'°°'°!, The parameter interval [0, a] produces the heart-shaped valentine curve shown in the first window. 


a) 1.5 
The complete curve, including the reflected heart, 
is produced by the parameter interval [0, 27], but 
perhaps you’ ll agree that the first curve is more 1.5 1.5 1.5 1.5 
appropriate. 
/ Sa 
lS: =15 
63. r = 1 + cos®?? 6. The parameter interval is [0, 27]. 64. r = 2 + cos(96/4). The parameter interval is [0, 871]. 
1.1 3.1 
~ 
= 2 
3.1 3.1 
ral el 
y 
—3.1 
65. It appears that the graph of r = 1+ sin(0 - z) is the same shape as 2.1 
the graph of r = 1 + sin @, but rotated counterclockwise about the : ph Sing 
: r=1+sin(o-2) 
origin by %. Similarly, the graph of r = 1 + sin(0 - z) is rotated by \ ; = 
r=1+ sin(6 -2) 
%- In general, the graph of r = f(@ — a) is the same shape as that of =A id 
r = f (6), but rotated counterclockwise through a about the origin. 
That is, for any point (7,00) on the curve r = f(0), the point —09 


(ro, 00 + @) is on the curve r = f(6 — a), since ro = f (00) = f((A0 + a) — a). 


66. 0.8 From the graph, the highest points seem to have y ~ 0.77. To find the exact 
value, we solve dy/d@ = 0. y=rsin@ =sin@ sin20 => 


dy/d0 = 2sin@ cos 20 + cos @ sin 20 


5 0.8 
= = 2sin @ (2cos”0 — 1) + cos (2sin@ cos 6) 
= 2sin 0 (3cos?@ — 1) 
se 1 . 2 
ae In the first quadrant, this is 0 when cos 0 a sind 7 


y = 2sin?6 cos 6 = 2- 3 : a — gv3 0.77. 


67. Consider curves with polar equation r = 1 + ccos9, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 << c < 1, 


the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c > 0, the 
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rightmost point on the curve is (1 + c,0). For c < 0, the curves are reflections through the vertical axis of the curves 


with c > 0. 
15 1.5 15 2 
(—S =.= 
1 2 1 2: 1 2 1 
a J 
-1.5 -1.5 -1.5 2 
c= 0.25 c=0.75 C= 1 c=2 


68. Consider the polar curves r = 1 + cos”6, where n is a positive integer. First, let 


1.3 
n=2 
n be an even positive integer. The first figure shows that the curve has a peanut Bawa SN 


shape for n = 2, but as n increases, the ends are squeezed. As n becomes large, 2 


Rak ie, ; 
the curves look more and more like the unit circle, but with spikes to the points eke ee 


(2,0) and (2,77). 


The second figure shows r as a function of @ in Cartesian coordinates for the same 2 
values of n. We can see that for large n, the graph is similar to the graph of y = 1, \ AK] 


but with spikes to y = 2 for x = 0, 7, and 27. (Note that when 0 < cos@ < 1, n= 1000 


1.3 


cos! @ is very small.) 


0 20 


Next, let n be an odd positive integer. The third figure shows that the curve is a 


cardioid for n = 1, but as n increases, the heart shape becomes more pronounced. 


As n becomes large, the curves again look more like the unit circle, but with an 


outward spike to (2,0) and an inward spike to (0, 7). 


The fourth figure shows r as a function of 6 in Cartesian coordinates for the same 


values of n. We can see that for large n, the graph is similar to the graph of y = 1, 


but spikes to y = 2 for x = O and z, and to y = 0 forx = 7. 
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DISCOVERY PROJECT Families of Polar Curves 


1. (a) r =sinné. 


OS SP GS 


From the graphs, it seems that when n is even, the number of loops in the curve (called a rose) is 2n, and when n is odd, 
the number of loops is simply n. This is because in the case of n odd, every point on the graph is traversed twice, due to 


the fact that 


sin nd if nis even 
r(0+7) =sin[n(@ + 7)|] = sinné cosnm + cosné sinnz = 
—sinné if nis odd 


(b) The graph of r = |sin n6| has 2n loops whether n is odd or even, since r(@ + 7) = r( 


KR KR 


2. r= 1+ csinné. We vary n while keeping c constant at 2. As n changes, the curves change in the same way as those in 
Exercise 1: the number of loops increases. Note that if n is even, the smaller loops are outside the larger ones; if n is odd, they 


are inside. 


OWN GK 


n=2 n=3 n=A4 n=5d 
Now we vary c while keeping n = 3. As c increases toward 0, the entire graph gets smaller (the graphs below are not to scale) 
and the smaller loops shrink in relation to the large ones. At c = —1, the small loops disappear entirely, and for —1 < c < 1, 
the graph is a simple, closed curve (at c = 0 it is a circle). As c continues to increase, the same changes are seen, but in reverse 


order, since 1 + (—c) sinn@ = 14+ csinn(6 + 7), so the graph for c = co is the same as that for c = —co, with a rotation 
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through 7. As c — oo, the smaller loops get relatively closer in size to the large ones. Note that the distance between the 
outermost points of corresponding inner and outer loops is always 2. Maple’s animate command (or Mathematica’s 


Animate) is very useful for seeing the changes that occur as c varies. 


n=3 


By & OD 
QO tT 


_ 1—acosé 


3. r = ——————.. 
: 1+acos0 


We start with a = 0, since in this case the curve is simply the circle r = 1. 


As a increases, the graph moves to the left, and its right side becomes flattened. As a increases through about 0.4, the right 
side seems to grow a dimple, which upon closer investigation (with narrower 6-ranges) seems to appear at a * 0.42 [the 
actual value is \/2 — 1]. As a — 1, this dimple becomes more pronounced, and the curve begins to stretch out horizontally, 


until at a = 1 the denominator vanishes at 6 = 7, and the dimple becomes an actual cusp. For a > 1 we must choose our 


parameter interval carefully, since r — oo as1+acos@—0 < 6-—++cos~'(—1/a). As a increases from 1, the curve 


splits into two parts. The left part has a loop, which grows larger as a increases, and the right part grows broader vertically, 


and its left tip develops a dimple when a ~ 2.42 [actually, \/2 + 1]. As a increases, the dimple grows more and more 
pronounced. If a < 0, we get the same graph as we do for the corresponding positive a-value, but with a rotation through 7 


about the pole, as happened when c was replaced with —c in Exercise 2. 


1.5 


1.1 
a 0.25 
-11 a 11 2 1 0.413 + + + 0.419 
KEY —0.25 
-11 


a=0 a=0.3 a = 0.41, |6| < 0.5 


[continued] 
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0.405 0.409 


—0.2 


a = 0.42,/6| < 0.5 
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0.05 0.00025 
; —— a 7 
—0.05 —0.00025 
a=0.9,|6| < 0.5 a=1,|6|<0.1 


a = 2.42, |9— | < 0.2 


4. Most graphing devices cannot plot implicit polar equations, so we must first find an explicit expression (or expressions) for r 


in terms of 0, a, and c. We note that the given equation, r* — 2c? r? cos 20 + c* — a* =0,isa quadratic in r?, so we use the 


quadratic formula and find that 


ae 2c? cos 20 J 


at — c4 sin? 26 


= c* cos20+ 


r 


sor=2 


,/4c* cos? 20 — 4(c* — a*) 
2 


t \/a4 — c4 sin? 20. So for each graph, we must plot four curves to be sure of plotting all the points 


which satisfy the given equation. Note that all four functions have period 7. 


We start with the case a = c = 1, and the resulting curve resembles the symbol for infinity. If we let a decrease, the curve 


splits into two symmetric parts, and as a decreases further, the parts become smaller, further apart, and rounder. If instead we 


let a increase from 1, the two lobes of the curve join together, and as a increases further they continue to merge, until at 


a ® 1.4, the graph no longer has dimples, and has an oval shape. As a — ov, the oval becomes larger and rounder, since the 


c? and c* terms lose their significance. Note that the shape of the graph seems to depend only on the ratio c/a, while the size 


of the graph varies as c and a jointly increase. 


0.75 


(a,c) = (0.99, 1) 


[continued] 
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0.75 0.75 3 


-15 O O 15-15 15 ~6 6 


—0.75 —0.75 <3 
(a,c) = (0.6, 1) (a,c) = (1.01, 1) (a,c) = (4.04, 4) 


3 3 J 


10.4 Calculus in Polar Coordinates 


1. r= V20, 0<0< 7/2. 


io m/2 4 2 an /2 Lele lyr? oe] 
A= rao = | 5(v20) ao = | ao = | 56" =;(5) =4 


2r=e°, 307/4<0 < 30/2. 


37/2 37/2 30/2 30/2 
A= i dy? dé = / 2(€°)? d@ = / 1,7 dd = 4 [5e7"| = 1(e%" Sen Fy 
3n/4 30/4 


i) 


3. r=sin@+cosé, 0<0<7. 


Tw 


A= | sreao = | A ing 4ecab)? do = 5 (sin®9 + 2sind cosd + cos*6) do = f 5(1-+ sin 26) do 
0 0 0 


= 3[0— $ cos20]” = 3[(n-4) - (0-H) =3 
4.7r=1/0, 7/2<0< 2n. 
Qr Qn 2 27 Qn 
= [pare fala) @= [2 = 3 Cal 
A dé dé 0° do 
Le n/2 2\0 n/2 2 21 9) ,/2 
Bae Pe) =o eae) ae 


5. r? =sin20, 0<0< 2/2. 


n/2 4 am /2 1/2 
A= | $r a= [ psin 20.d0 = |—3 cos 26] ” = —4(cosm — cos0) = —F4(-1-1) = 


NI 


6. r=2+4+c0s0, 7/2<0< 7. 


anf pdm f He teosoado= J" 34 +4080 +e0s"0)d0= | $14 +Acos0 + $(1 + e082) a0 


=[ (2 + 2cos6 + 4 cos 26) dd = [29+2sind + gsin29]” | = (92 +0+0) (= 2+0) = %_9 
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7r=4+3sin0, —$ <0< §. 


n/2 m/2 
A=f 4(4+3sin0)? do = af (16 + 24sin@ + 9sin70) do 
—n/2 —1/2 


m/2 
=3 / (16+9sin?0)d0 [by Theorem 5.5.7] 
—1/2 


dle 


n/2 
=i af [16+9-45(1—cos20)|d0 — [by Theorem 5.5.7] 
0 


n/2 
i (42 — 2.cos28) do = [420 — 2 sin 26]7/? = (4 0) - (0-0) = 2 
0 


8 r=vVind, 1 <0 < 2z. 
20 2 Qr Qn Qn 7 
= 1 = 1 25.) = 1 u=In0, dv = 4d0 
a= | + (vind) ao = [ }In6do = [30nd] / 1 a9 eae amet 
Qn 
= [rIn(2m) — 0] — [39] =nln(2n)— 4+ 
1 


2 


9. The area is bounded by r = 4cos@ for 0 = 0 to 0 = 7. (2/2, 7/4) 


r=4cosé 


A= iy? ao = [ $(40080)"d0 = [ 8cos6 dé 
: 3 (0, 7/2) (4, 0) 
-3f $(1 + cos 20) dé = 4[0 + 3 sin 20]" = 4r ia 
0 
Also, note that this is a circle with radius 2, so its area is 7(2)? = 47. 
(—2y/2, 37/4) 
20 20 
10. A= f 47° d0 = f 1(2 4 2cos6)2d0 27s 2 ease 
o (2, 7/2) 
20 e 
= [ 4(4 + 8cos6 + 4cos*@) dO (0, 7) (4, 0) 
20 
=| 3 [4+ 8cosé + 4- $(1+ cos 26)| dd 
0 (2, 37/2) 
20 
=| (3 + 4cos 0 + cos 20) dd = [30 + 4sind + 4sin20]>" = 6x 
0 
20 2a 
11. A= f sr? db =| 4(3 — 2sin0)7d0 (1, 7/2) 
0 0 
Qn (3, 7) (3, 0) 
7 a (9 — 12sin6 + 4sin20) dd 
0 
20 
-3/ [9 — 12sin@ + 4- $(1 — cos 26)] do 
0 
an . ‘: : Qqr (5, 377/2) r=3-2sin0 
=3/ (11 — 12sind — 2cos 20) d0 = $[110 + 12c0s0 — sin 26] : 
0 0 


= 1((22m + 12) — 12] = 110 
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12. The area is bounded by r = 2sin 36 for? = 0to@=T7. 


A= 
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/ iy? ao = [ 4(2sin36)*d0 = [ 2sin? 30 dO 
0 0 


0 


i 2-$(1—cos60) dé = [0 — g sin 60] > =7 
0 


(—2, 7/2) 


Qn 27 Qn 
| tr? dO =| 4(2+ sin 40)? dd = if (4+ 4sin 40 + sin? 40) do 
0 0 0 


27 
if [4+ 4sin 40 + $(1 — cos80)| dé ; i 
0 
Q7 
if (3 + 4sin 40 — 5 cos 80) dé = 3 (30 cos 40 az sin 86] 
0 
9 


14. A= 


20 20 
16. a= | Pao = f 3(1+5sin 60)? do 


~ 


20 20 20 
/ iy? ao = [ 4(3 — 2cos46)” dé = sf (9 — 12 cos 40 + 4 cos” 46) do 
0 0 i) 


20 
ah [9 — 12 cos 40 + 4- 3(1 + cos86)| do 

git 5 5 
:[ (11 — 12.cos 46 + 2cos86) dd = $[110 — 3sin 40 + 1 sin 86]5” 


4 (22m) = 110 


2 


3 
-3 
5 
5 
Qr Qn 
if ir? d9 = f + (V1 + cos? 50 ) dé 1.4 
0 0 
4 
6 
—6 


NIB 


20 20 
2 =i 1 
i (1 + cos* 50) dd = 5 [ [1 + $(1 + cos 100)] do a4 4 
1/394 2 sin 106]5” = 4(3m) = 3a Ce 


1 


Qn 
i i (1 + 10sin 60 + 25 sin? 60) do 
0 
Qn —6 6 
3 i [1 + 10sin 60 + 25 - $(1 — cos 126)] do 
0 
4 [= + 10sin 66 — 2 cos 126] dd = 3 (40 _ 3 cos 60 - eo sin 120] .. 
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17. 


18. 


19. 


20. 


21. 


SECTION 10.4 


The curve passes through the pole whenr =0 = 4cos30=0 =  cos30 
6 = | + 3n. The part of the shaded loop above the polar axis is traced out for 


6 = 0 to 6 = 7/6, so we’ll use —7/6 and 7/6 as our limits of integration. 


7/6 n/6 
A= |, Bacoss0y? aa = 2 f +(16 cos? 30) dd 


n/6 
= 16 f 1(1 + cos60) dd = 8 [6 + 4sin60]"/° =8 (2) = 4x 
0 


The curve given by r? = 4 cos 20 passes through the pole whenr =0 = 4cos20=0 => 


20=F+7 6 = = + En. The part of the shaded loop above the polar axis is traced out for @ = 0 to 0 = 7/4, 


so we’ll use —7/4 to 7/4 as our limits of integration. 


n/4 m/4 n/4 
A= | $(400820) d9 =2 | 2cos 26 do = 2|sin 26] 
—7/4 0 0 


2sin 5 = 2(1) =2 


n/4 n/4 n/4 
A= f +(sin 40)? d0 = if sin” 40 do = a 3 (1 — cos 80) d0 
0 0 ) 


a n/4 a 
= 7|@—qsin80]," = 4(4) =a" 
r=0 => 2sin50=0 = sin5dé=0 50 =7Nn 06= En. 


m/5 n/d 
A= f 4(2sin 50)? do = + Asin? 50 dd 
0 (0) 


n/5 
=2/ 1(1— cos 100) do = [0 — sin 100]"/° = = 


ol 


r=1+2sin0 


r=1+2sin 6 (rect.) 


CALCULUS IN POLAR COORDINATES 


out between 0 = 4 


r=4cos 30 


cos20=0 => 


1° =4 cos 20 


r=sin 40 


r 


=2 sin 56 


(G3 
6 


solving r = O]. 


30/2 3n/2 30/2 
A=2f $(1+2sin6)? d9 = [ (1+ 4sino +4sin%9) do = [ 
7/6 77/6 7/6 
37/2 v3 v3 
= [0 — 400s + 26 — sin 26] CE) (B+2v3-8) =7- 98 
77/6 


1a 
and 6 


This is a limacon, with inner loop traced 


[found by 


[1+4sin@ + 4- $(1—cos26)| dd 
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22. To determine when the strophoid r = 2 cos — sec @ passes through the pole, we solve 
r=0 => 2cos— — = 0 => 2cos*@-1=0 = cos = 5 => 
cos = te => 0=Fford= 3 for0 <0 < xwithO# om 
AS (2cos 6 — sec 0)? dO = /4 (4 cos’ — 4+ sec?6) do 


= (7/414. 4(1 +cos20) —4+sec?6| dd = [7/4(—2 + 2.cos 20 + sec?6) dO 
0 3 0 


= [-20 + sin 26 +tan6]7/* = (-2 +1+1)-0=2-2 


23. 4sin@ = 2 sin 0 4 0 Z or 52 => +=Asin 0 
SP sl 4((4sin 0)? — 27] d0 = 2 frie 4( 16 sin?0 — 4) do 
= [7/5 [16 - $(1 — cos 26) — 4] do = [7/2 (4 — 8.c08 28) ad (2, 52) (2,2) 
n/2 z 
= [49 —4sin26]" = (2r -0) - (3 —2V3) = 8 4.2V3 
7/6 
/ r=2 
24. 1—sind=1 sind = 0 0=O0orn7 
20 
A= fe" $((1 — sin 6)? — 1] dd = if (sin?@ — 2sin 0) dO (7) SCAT. 
= 1 /?"(1 —cos 20 — 4sin@) do = 5 [0- 1 sin 20 + 4cos6]*" 
=jr+2 r=1—sin6 


25. To find the area inside the leminiscate r? = 8 cos 20 and outside the circle r = 2, 


we first note that the two curves intersect when r? = 8 cos 20 and r = 2, 


that is, when cos 20 = 3. For —7 <0 < 7, cos20 = 4 20 = +1/3 


or +57/3 <= 6 =-+7/6 or +57/6. The figure shows that the desired area 


is 4 times the area between the curves from 0 to 7/6. Thus, 


A= ape [3( 8cos 20) — 4(2 )?] do =e i ( (2 cos 20 — 1) dé 


=8 [sin 20 2 0] 7 = 8(/3/2— x/6) =4V3 — 4n/3 
0 


26. 1+cos9=2—cos9@ => 2cos@=1 cos @ 4 r=2-cos6 
aT. 5a 
pe 


r=1+cosé 
A= 25’? [(1 + cosd)? — (2—cos)?]d0 [by symmetry] 


= /3(1 + 2cos6 + cos?0 — 4 + 4cos6 — cos”0) dd 2 
_ pr/3 =lpe ais v3 a 

=fo (6cos 0 — 3) do = [6sind 30] =6(4) 3(=) 

= 3/3—7 
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27. 3cos@ = 1+ cos0 cos 6 4 6= F0r—F. 0=% 
A=2 fr’ 21 [(3 cos)? — (1 + cos 6)?] dO p= + eee : 
= 7/8 (8 cos”6 2cos@ —1)d0 = "/7[4(1 + cos 20) — 2cos6 — 1] d0 (/ 3 
= f7/9(3 + 40s 20 — 2cos 0) dO = [30 + 2sin 20 — 2sin6]7/* IN 
=7+V3-V3=7 r=3cos 0 
28. 3sind=2-—sin0d => 4sin@=2 sin 0 4 0 or =. 
A=2f7ls HI 4[(3sin 0)* — (2 — sin)?] do 
=a (9sin?@ — 4 + 4sin0 — sin?6] dO 
=e (8sin?0 + 4sin 6 — 4) dO 
ae aR [2- $(1 — cos 20) + sind — 1] do 
n/2 = = -_ es dT m/2 
= 4 frie (sin @ — cos 20) d0 = 4[—cos 0 3 sin 26] ", 
-sfo-0- (-F-8)] =4(28) 008 
29. 3sin@ = 3cos0 send 1 tand = 1 6=F r=3 sino 
3cos 0 
n/4 n/4 n/4 7) 
A=2f 4(3sin0)? do = [ gsin*oaa = [ 9- 4(1— cos 26) do 
0 ) 0 
6 9 9 de 9 9 ° 
=[ (3 — $.c0s 26) dé = [24 — $ sin 24)" = (# - 9) - (0-0) P=3-c688 


_9n_ 9 
8 4 
ara m/274 2 
30. A=4 f° — cos 6)? dO = 2 fy" (1 — 2cos@ + cos*6) dO Baa eae Joes 
Soi [1 — 2cos@ + $(1 + cos 26)] do (\) 
= 2 f7/? (3 — 2cos@ + $ cos 20) dé = Big 4cos@ + cos 20) dé » 
= [30 - 4sind + 4 sin26]*/? = an _ 4 v 


31. sin 20 = cos 20 =1 


6=F => 


1/8 n/8 
A=8.2f ssn? 2040 =8 | $(1 — cos 40) do 
0 0 


: n/8 = zs 
=4]0—}sin49] ” A(z 4-1 =§ 1 
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32. 3+2cosd =3 + 2sind cos @ = sind 6=Zor, 


eva ia. £(3 + 2cos 6) do Prt 9+ 12cos 6 + 4cos?6) dO 


= 771" [9 + 12cos6 + 4- $(1 + cos 26)] dé 


Sf (11 + 12cos 6 + 2cos 26) dé = [110 + 12sin@ + sin 26] °"/"* 


(33% —6 241) — (42 4+6V241) =1lr- 122 


33. From the figure, we see that the shaded region is 4 times the shaded region 


from @=Otod=7/4. r? =2sin20andr=1 > 


2sin20=1° = sin20=4 20 = 3 0= 5. 
A= 4 pre? 2 1 (2sin 20) do +4 fr" $(1)? 

m/12 n/4 

= Jo! ? 4 sin 20 do + [71% 2.0 = = a + [26] ; 

0 m/12 
= (-v8+2)+(5-H)=-vE+243 

34. asin0d = bcos? => ese => noe 2 teksten te): 

cosd a a 


Then 
A= [* }(asin0)? do + [”/? 3(bcos6)? do 


= ta” [9 — 5 sin 26] 5 + +40 [0 + 4 sin26]*/ 
= fa(a? — b*) + nb? — F(a? + b7)(sina cosa) 
= F(a’ — b) tan™*(b/a) + grb? — Fab 


r=3+2sin0 


r=asin0d 


35. The darker shaded region (from 0 = 0 to 0 = 27/3) represents 4 of the desired area plus 4 of the area of the inner loop. 


From this area, we’ ll subtract 3 of the area of the inner loop (the lighter shaded region from 6 = 27/3 to 0 = 7), and then 


double that difference to obtain the desired area. 
A= 2/5 anys (5 +cos6)” dé — Toays 3(5 +cos@)” do] 


_ 27/3 (2 +cos6 + cos”6) do — ie (| +cos@ + cos”6) dé 


0 4 
= cae [F +cos@ + $(1+ cos 20)| do 
- Jona La + 6089 + (1 + cos 28)] do 
= E eas sae E Pee age sna" 
4 ae ale 4 oa, iv led 
=($+-+5-4)-(44+5)+($+44+9-¥%) 
6°23 8 aT 3 67 2 137 8 


1 
r= +cos6 
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36. 


37. 


38. 


39. 


SECTION 10.4 CALCULUS IN POLAR COORDINATES 


r=0 => 142cos30=0 = cos 30 = —4 


30 = a7 [for g=% 


0<30<2r] > 0= =, = . The darker shaded region (from @ = 0 to 
0 = 27/9) represents 4 of the desired area plus 4 3 Of the area of the inner 


loop. From this area, we’ll subtract 4 of the area of the inner loop (the lighter 


shaded region from 0 = 27/9 to 6 = 7/3), and then double that difference to C1, a) 


obtain the desired area. 


A= 2| 2n/? 1(1 + 2cos36)? d 0 fren I 1 +2cos36)? do] 
Now r? = (1+ 2cos30)? = 1+ 4cos 36 + 4cos* 30 = 1+ 4c0s30 + 4- $(1 + cos60) 


= 1+ 4co0s30 + 2+ 2cos60 = 3+ 4c0s30 + 2cos 60 


and f r7d0 = 30+ $ sin 30 + + sin 60 + C, so 


n/3 
27/9 


(rm +040) - (2 +$-43. =) 


A= [30 +3 4 sin 30 + 2 3 sin 66]; eat? — [36 + $ sin 30 + 3 sin 66] 
=|(t sa) 


y 
= 44 4V3- 43-0 =F V3 


The pole is a point of intersection. sin? =1—sind => 2sind=1 > += ane 


sinf = 4 0 = | or E . So the other points of intersection are 


r=1—sin0 
The pole is a point of intersection. 1+ cos? =1—sin0d => r=1+cos@ 
: cos @ ss 
cos? =-—sind => —— 1 cot é 1 6= 
sin 6 


or , So the other points of intersection are (1- 4/2, at) and 


a 2, @). 


r=1-sin@ 


: _ ‘ aye —_ am Sa 137 17a =] 
2sin20=1 > sin2@=5 => 20=%, 4, =, or. I 
By symmetry, the eight points of intersection are given by 


(1,0), where 0 = 4, a ir and im, and 


ioe’ — Tm lla 197 237 
(—1, 0), where 0 = 3, <3, =F, and =F. 


[There are many ways to describe these points.] 
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995 


996 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


40. The pole is a point of intersection. cos @ = sin20 = 2sin@cos9 => 


cos #(1 — 2sin@) =0 cos =Oorsnd=4 => 


> GB oF oz, so the two remaining intersection points are 


0 
(>, g) and (43, #). 


4. r=landr? =2cos20 => 12=2cos20 => cos 20 = 4 > r=1 
20 = 5; - e or = 0= as or a, Thus, the four r’=2 cos 20 


points of intersection are (1, z), (1, ot), (1, =), and (& 1). 


42. Clearly the pole is a point of intersection. sin20 = cos20 => r2 = sin 26 
tan 20 = 1 20 = $+ 2nz [since sin 20 and cos 26 must be 
positive in the equations] 6=F+nn1 6 = For om Ce) > 
: 1 us 1 on = 
So the curves also intersect at (+ z) and (+: az). r? = cos 20 


43. The shaded region lies outside the rose r = sin 26 and inside the limagon r = 3 + 2cos{@, so its area is given by 
Qr : Qn 
A= / 4 [(3 + 2cos 6) — (sin 20)”| do = 4 / (9 + 12cosé + 4 cos” — sin” 20) do 
0 ‘ ) 
2m 
=3/ [9 + 12cosé + 4- $(1 + cos 20) — $(1— cos 40)] dO 


27 
=3/ [3 + 12.cos 6 + 2cos 20 + 4 cos 46] dé 
an 


= $[246 4 12sin@ + sin 20 + sin 46]°" = 4(21m) = 2 


44. r = V/2cos@ andr? = /3sin20 => (V2cos0) = V3sin 20 => 2cos?6=2V3sinOcos? => 


2cos?0 — 2V/3sin@cos9=0 = 2cos 0 (cos@ — V3sin0) = 0 => cosd=O0orvV3sind=cosd => 


1 ected : : 
tand=—= => 0= or for0 <0 < 4. The shaded region is comprised of the area swept out by the lemniscate 


V3 


r? = V/3sin 20 in the interval 0 < 6 < a/6 and the portion of the circle r = /2cos@ in the interval t/6 <0 < 1/2. Thus, 


n/6 2 n/6 n/2 
A= | 5 (V3sin 20) ao+ f 5 (V2cos8) d) = v3 = cagA +f cos”6 do 
0 2 wT 2 2 TT 


/6 2 0 /6 


a/2 n/2 
--B(}-1)+/ (1+ cos20) a0 = 3 + [24 + sin20] -24[$-(5+8)]-2 


/6 n/6 


n/2 
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46. 


47. 


SECTION 10.4 CALCULUS IN POLAR COORDINATES 997 


1+cos9?=3cos9 => 1=2cos0 cos 0 3 0 3%. The area swept out by r = 1+ cos@, 7/3 <0 < 7, 


contains the shaded region plus the portion of the circle r = 3cos 0, 7/3 < 6 < 1/2. Thus, the area of the shaded region is 


given by 


wT m/2 wT n/2 
A= fo 3teosayao— 4(3cos 0)” dO = Bf (1 +2c080 + c0s%0) a0 — ef cos”6 dé 


w am /2 
=3/ [1+ 2cos@ + 3 (1+ cos 26)] a— 3 f 4 (1+ cos 20) dO 
n/3 n/3 


us m/2 
=3/ ($+ 2c050 + $ 00526) d9~ 3 [ (1 + cos 26) do 


/3 /3 
= (30+ 2sind + 4 sin26]",, — 2[0 + 3 sin 20] 77% 
Sale eae ee es) ale (Se) ss) alee aoe Ss 
The pole is reached when r = 1 — 2sin0 = 0 sin 0 4 0 ae on , or 13" The curve’s inner loop is traced 


from 0 = 7/6 to 0 = 57/6 (corresponding to negative r-values), while the outer loop is traced from 0 = 57/6 to 0 = 137/6. 
From the figure, we see that the area of the outer loop minus the area of the inner loop gives the area of the shaded region. 


Thus, 


NI 


1317/6 5x /6 
A= (1—2sine)? do — f 4(1—2sin6)? db 
5 7/6 


NIB 


137 /6 5/6 
=| (1 —4sine + 4sin®9) a9 — [ +(1 —4sin6 + 4sin76) dé 
5 n/6 


137 /6 5/6 
=| [5 —2sin0+2- 3(1 — cos 26)| ao f [5 —2sin0+2- 3(1 — cos 26)| do 
5 T 


1370/6 51/6 


_ [$9 + 2cos0 +0 — } sin 26] 


51/6 


Lis 1 2¥8) 2( a78) + (4+ 2¥8) =7+3V3 


n/6 


3.4 3 y= 2x 
=20 ( : 
2 y=1+sinx 
3 3 
r=1+sin0é 
1.4 1.4 
—0.3 —3 


From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 6-values 
of the intersection points to be a & 0.88786 ~ 0.89 and 7 — a & 2.25. (The first of these values may be more easily 


estimated by plotting y = 1+ sinz and y = 2a in rectangular coordinates; see the second graph.) By symmetry, the total 
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area contained is twice the area contained in the first quadrant, that is, 
a m/2 a n/2 
A= 2/ (20)? do + 2 f 4(1+sin)? dO = if 46° do +f [1+ 2sin@ + $(1 —cos20)]| do 
0 a ie) a 


= [367] ¢ + [a - 2cos 6 + (5 0 — 1 sin 20)|*/? = $a° + [(F + z) _ (a- 2cosa@ + 5a — ; sin 2a)| x 3.4645 


We need to find the shaded area A in the figure. The horizontal line 
representing the front of the stage has equationy=4 <= 


rsin@=4 = r=4/sin0. This line intersects the curve 


4 eBay Sneha Bea 
Ss 


r™ sin 0 in 0 
microphone r= 8+8sin0 8sind+8sin?@-—4 => 2sin?@+2sind—1—0 
audience 
sin@ = =a eae a = — [the other value is less than—1] = 0 =sin™! (= *). 


This angle is about 21.5° and is denoted by a in the figure. 


A= ae 4(8 + 8sin 0) do — ries 4(4csc 0)? dO = 64 [7/7 (1 +2sin@ + sin?6) do — 16 7” esc?6 dO 


Mr 


= 64 [7 (1 (1+ 2sin0 + 4 — 4cos20) do +16 [*’*(—csc6) dd = 64[20 — 2cosd 2 sin 20|"/ * + 16[cot 6] 7°”? 


4 


= 16 [60 — 8cos@ sin 20 + cot 6]"/* = 16[(3m 0-—0+0) — (6a — 8cosa — sin 2a + cot a)] 


= 487 — 96a + 128 cosa + 16sin 2a — 16 cota 


From the figure, x? 4 (v3 1) =?? v=A4 (3 2/3 { 1) 2 
3-1 
x? =2/3 = V12,s02 = V2V3 = W12. Using the trigonometric relationships a 
= Iz 4/45 
for a right triangle and the identity sin 2a = 2sina cosa, we continue: te NARA 
4 4 4/ 
A= 48m — 960+ 128- 1? 4 16.2. yee aa Ieee wear 
2 2 2 V3-1 V3+1 
-1 
= 487 — 960 + 64 7/12 + 8 12 (V3 — 1) — 8 712 (V3 + 1) = 48m + 48 12 — 96 sin™ (4 ) 


® 204.16 m? 
b 7 
49. L= if Jr? + (dr/d0)? do = j \/ (2cos 6)? + (—2 sin 0)? dé 
a 0 
— if ,/4(cos20 + sin?0) d0 = / V4d6 = [26] >, = 
0 0 


As a check, note that the curve is a circle of radius 1, so its circumference is 27(1) = 27. 
nm /2 n/2 5 m/2 
50. i= [ Jr? + (dr/do)? a= f 4/ (e9/2)? + (569/2) ao = [ 4/ (e8/2)2 (i+ z) dé 
0 ty) 
n/2 
= vet” | \e"”?| Ji ape 8/2 do = se [20/2] = 5 (6/4 =1) 
0 0 
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b 27 27 
51. L =| Jr? + (dr/d0)? do =f ,/(07)2 + (20)? dO -| V0" + 46? do 
a ie} 0 
27 Q7 
=| Ve +4)a0= f 0V0? +4d0 
0 0 


Now let wu = 6? +4, so that du = 20 d0 [0 dd = 3 du] and 


Qn 4n? 44 A(n2-41) 
i ove 4d0 = | b Vudu = $+ 2[u9/?] = 2143/2 (q? 4 1)9/? — 45/7] = 8i(n? + 1)9/? = J] 
4 4 


0 


b 20 
52. L= [ vr + (arfaay ao = | J/[2( + cos 6)]? + (—2sin 6)? do = ey eer ee er do 
Qn 
=| V8 + 8cosé w= f" V1+cos0 w=v3 f" 4/2 mere 
0 
20 
= v8 [ 4/2cos? = 4 ao = v8v2 


=s[2sing] = 8(2) = 16 


cos 3| a =4-2 {- cos dé [by symmetry] 
0 


53. The blue section of the curve r = 3 + 3sin@ is traced from 0 = —1/2 to 0 = 7. 


r? + (dr/d0)? = (3 + 3sin 6)? + (3 cos a =9+18sin0 + 9sin?6 + 9cos?@ = 18 + 18sin0 


b= [ V18 + 18sin 0 dd = V/18 Vi+sindd0 = V18 as (1=sin@) 1 
—1/2 _n/2 


_n/2 1— sind 


— sin?0 cos as |cos 6| 
= 718 {ae dd = V18 4|——— dé = 18 ————— do 
—1/2 1— sind —n/2 1—sin —n/2 /1— sind 


ne yee [, at 
“an a) = (0-0, 20-004) 
= V18 (2V2 +2) = 12+ 6V2 


= 7 l-wu 


54. The blue section of the curve r = 0 + 2 is traced from 0 = 0 to 0 = 37. 


r? + (dr/d0)? = (0+2)? + (1)? = (042)? +1 


37 
i= [ J@ +22 4140 
0 
tan—!(37+2) 642=t I I 
=| /tan2x + 1sec?z dx | 
t 


V1 + 3a + 2/7 3r+2 V5 2 


ane 1D dé = sec*x dx 
tan—1(37+2) tan~1(37+2) 

= Jsecte aoe? = 2 
— sec2x sec’ x dx = |sec z| sec* x dx 

tan—12 tan ho 

1(37+42) - i tan! (37+42) 

= / sec’ada = 5 [seca tanz + In|seca + tanz| [by Example 7.2.8] 

tan—-12 tan—! 2 


al T+ (80 +2) (30 +2) +In( T+ Gn +2)? +30 +2)| — 3[V5(2) + n(V5 +2)] [= 64.12] 
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55. The curve r = cos*(0/4) is completely traced with 0 < @ < 4m. | 
r? + (dr/d0)? = [cos*(6/4)]? + [4cos*(0/4) - (— sin(@/4)) - 4]? > 
= cos*(9/4) + cos® (6/4) sin?(0/4) ~0.75 1.25 
= cos®(9/4)[cos? (9/4) + sin? (6/4)] = cos® (0/4) | 


= ie \/cos® (0/4) dO = A |cos*(0/4)| dO 


= a a cos*(0/4)d0 [since cos*(9/4) > O0forO<0<2r] = on cos*udu [u= $6] 


= 8 f"/?(1—sin?u) cosudu = 8 [)( (1 — a?) dx pa 


dx = cosudu 
=8(2- 52°], =8-3) =F 


56. The curve r = cos?(0/2) is completely traced with 0 < 0 < 27. sl 
r? + (dr/d)? = [cos?(0/2)]? + [2 cos(8/2) - (— sin(#/2)) - 4° 
s*(0/2) + cos?(6/2) sin?(0/2) —0.15 1.02 
= cos?(0/2)[cos?(0/2) + sin?(0/2)] 
s*(6/2) 067 


= Ag /cos?(0/2) d0 = a |cos(6/2)| dO = 2 [5° cos(/2) dé [since cos(0/2) > 0 for0 <0 < 7] 


mw/2 = 
r/? 411-0) =4 


= afer cosudu [u= 36] =4{sinu] 
57. The graph is symmetric about the polar axis and touches the pole when r = cos(@/5) = 0, that is, when 6/5 = 7/2 


or 0 = 57/2. |r| is a maximum when @ = 0, so the top half of the red section of the curve is traced starting from the polar 


axis 0 = 0 to 0 = z. Half of the blue section of the curve is then traced from 6 = 7 to 0 = 57/2 (the pole), and, by symmetry, 


the entire blue section is traced from 0 = 7 to 0 = 52/2 + (50/2 — 7) = 4n. 
re 8 oe cos ¢ oh —Fsing jae: @ ei g 
do) 7 Bp 25 5 
An An 
Thus, LD = Vr? + (dr/d6)? dd = | cos 35 sin” ) a, 


sin@ . om ris : : : 
58. r= 7 is positive and decreasing in the 0-interval (0, 7), so a portion of the red curve is traced out between 6 = 0 and 


0 = 1/2, followed by the blue section of the curve from 0 = 7/2 to 0 = 37/2. 


7 dr \? sin 0 \* @-cos@—sin@-1\ — sin?@ — (@cos@ — sin@)? 
a2 aa Ce ae a 


3/2 3/2 
Thus, L = ‘ips = 


(0 cos@ — sin)? 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


SECTION 10.4 CALCULUS IN POLAR COORDINATES 


One loop of the curve r = cos 20 is traced with —1/4 < 0 < 7/4. 


2 
r? + (S) = cos” 20 + (—2sin 20)? = cos? 20 + 4sin? 20 =1+3sin?20 > 


m/4 
L= } V1+3sin? 20 d0 ~ 2.4221. 


—7/4 


2 n/3 
re (5) = tan? + (sec?0)?> > L= / V/ tan?0 + sec46 dé ~ 1.2789 
n/6 


dé 


The curve r = sin(6 sin @) is completely traced withO<@0< 7. r=sin(6sin0) => 


2 
c = cos(6sin 0) - 6 cos 0, so r? + ($) = sin?(6sin 0) + 36 cos6 cos?(6sin0) => 


L= / sin?(6sin 0) + 36 cos26 cos?(6sin 0) dO ~ 8.0091. 
) 


The curve r = sin(6/4) is completely traced withO <0 < 8m. r=sin(0/4) => S = 7 08(4/4), sO 


2 81 
ref (F) = sin?(0/4) + 4 cos*(0/4) > L= i) \/sin?(6/4) + x cos?(0/4) dO © 17.1568. 
0 


r=2cosd > x=rcosé =2cos’6,y =rsiné = 2sin@ cosé =sin20 > 


dy — dy/d0 _ 2cos 26 _ cos20 eet 
dx  dx/d0  2-2cos@(—sin@) —sin20 — 


When 0 = a) dy =-—cot (2 : =) =cot i = : . [Another method: Use Equation 3.] 


dx 3 3 


r=2+sin30 => x=rcosé=(2+4+sin30)cosé, y =rsiné = (24+sin30)sind => 


dy _ dy/d@ _—_ (2+ sin 30) cos@ + sin @(3 cos 38) 
dx da/d@ (2+sin36)(—sin@) + cos 0(3cos 36) 


seo dy _ (2+ sin 24) cos = + sin 3 (3cos 37) - (2+ 2)-24+ 4 .3(-2) 
i ee at eee mer 2) ( 2) + 2 .3( 2) 


2 
ae ee) = 
— Aa = ae or, equivalently, 2 — = v2. 


v2-4-2 -V2 


r=1/0 xz =rcos@ = (cos@)/0,y =rsind = (sind)/0 => 


dy _ dy/d0 _ sin@(—1/07) + (1/0) cos 6? _ —sin@ + 0 cos 
dx  dx/d0 ~~ cos@(—1/0?) — (1/0)sind 6? + —cos@—@sin@ 


_ dy —O0+7(-1) _ =7_ 
When 6 = x, ds. 1) 20) 7 T. 


r=sin0+2cos9 = x =rcos@ =sin@cos6 +2cos76, y =rsind = sin?0+2sin@coso6 => 


dy _ dy/d0 _ 2sin@cos@ — 2sin76 + 2cos”0 


dx  dax/d0 — sin? + cos? — 4sin 6 cos @ 
_ mw dy — 2(1)(0)—2(1)+2(0) — -2 | 
Ne oh de = SeOaOy< 1 
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67. r=cos20 => x =rcosé =cos20 cosé, y=rsind =cos20 sind => 


dy _dy/d@ __—cos20 cos@ + sin @ (—2sin 26) 

dx dx/d0  cos20(—sin@) + cos 6 (—2sin 20) 
m dy _ 0(v2/2) + (V2/2)(-2) _ -v2 _ 
A’ dx — 0(—V2/2) + (v2/2)(-2)  —v2 


When 6 = 


1. 


68. r=1+2cos? > x=rcos# = (1+2cos@)cosé,y =rsind =(1+2cos@)sind => 


dy _dy/d@ _— (1+ 2cos@)cos@ +sin@ (—2sin @) 


dx dz/d0  (1+2cos@)(—sin@) + cos6 (—2sin@) 


when = © ay — 2(3) + (V3/2)(-v3) 2 _ 2-3  -1 V3 
3’ dx 2(-V3/2)+ $(-v3) 2 -2V3-v3 -3V3 97 
69. r = sind x =rcosé = sin6cos6, y = rsiné = sin’ oy 2sin@cos#@ =sin20=0 => 
20=O0orn 6=0ors horizontal tangent at (0,0), and (1, 3). 
4¢ = —sin?0 + cos”0 cos 20 = 0 20 Zor > 06=for% => vertical tangent at (=:3) 
1 32 
and (=. «) 
70. 7 =1-— sind x =rcosé =cos@(1—siné), y=rsind =sin@(1—sin0) => 


4 = sin 0 (—cos@) + (1—sin8) cos@ = cosO(1—2sin0)=0 = cos@=Oorsnd=4 => 


6=%.>> on or ae horizontal tangent at (5, ¥)s (5, ==), and (2, ). 


42 = cos (— cos@) + (1 — sin@)(—sin@) = — cos” 6 — sin + sin?@ = 2sin70 — sin# — 1 


= (2sin0+1)(sind-1)=0 = 


sin? = dor = 2,44 oF => vertical tangent at (3, 4) , (3, 4), and (0, 4). 


Note that the tangent is vertical, not horizontal, when 0 = $, since 


dy/d0 : cos 6 (1 — 2sin@) : dy/d0 
im —_—= lm 2W~— =oand lim —_= 
6—3(x/2)- dx/d0 = 9 (r/2)- (2sin@ + 1)(sin é — 1) 6—(x/2)+ dx / dO 


71. r=1+cos9@ => x=rcosé=cosé(1+cosé), y=rsind =sin#(1+cos#) => 


# = (1+ cos6) cos6 — sin? 0 = 2cos” 0 + cos 0 — 1 = (2.cos@ — 1)(cos@ + 1) = 0 cos@ = 4 or —1 
0 = 3,7, or 4 = horizontal tangent at (3, $), (0, 7), and (3, Sr). 
& = —(1+cos@) sin6 — cos@sin@ = —sinO(1+2cos0)=0 = sind=Oorcos?=—-4 > 
0=0,7, =, or = = vertical tangent at (2, 0), (5, 2), and (5, =). 

é : . : . dy/dd 
Note that the tangent is horizontal, not vertical when @ = 7, since lim = 

0-0 da /d0 
72. r=e° x =rcos@ =e’ cosé, y=rsind=e’sind > 

4 = e® sin + e* cosé = e*(siné + cos0) = 0 sin 0 = — cos@ tan 6 1 
0= —in +n [nany integer] = horizontal tangents at (eer al - 3). 


[continued] 
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dz — e® cos0 — e’ sind = e° (cos sin#) =0 sin 6 = cos0 tand=1 => 


d= ti +n [n any integer] = vertical tangents at cence), n(n + 1). 


dy dy/d0 
_ — —tand — tand 
73. tany = tan(¢ — 0) = eer == dy ie sa 
1+ —tand 
sae an Meyda 
dy dx ar 0 6) —tand dr §—rsin@ sin? 
7 77 ap ene | (Fain +rcos an 76 °° rsin 7 rcs +r: 
dx dy dr dr dr dr sin” 
—+—“tand pally = i — si meee ee 
qo* de an (¢ cos @ rsind) +an0($ sind + ros) 70 cos @ Wb cos 
_ rcos?6 + rsin?6 <a t 
~ dr dr, ~ dr/do 
eis 29 4 2 
70 cos?@ 70 sin“0 


74. (avr=e® => dr/dé = e®, so by Exercise 73, tan = r/eo =1s 
wy =arctanl = 7. 
(b) The Cartesian equation of the tangent line at (1,0) is y = x — 1, and that of 

the tangent line at (0, e"/”) is y = e*/? — a. 


(c) Let a be the tangent of the angle between the tangent and radial lines, that 


r ax dr _ 1. a 
dr /d0 dda 


is, a = tan w. Then, by Exercise 73, a = 
r = Ce®/* (by Theorem 9.4.2). 


75. (a) From (10.2.9), 


S =f) 2y/(de [ao + (dy [dB 46 
= fib Qryr/r? + (dr/d6)? do [from the derivation of Equation 10.4.6] 


= fi Qnr sin 0/7? + (dr/d0)? dO 


(b) The curve r? = cos 20 goes through the pole when cos20=0 => 


(0 oe r’=cos20 
20=5 => 6= F. We'll rotate the curve from 6 = 0 to 6 = 4 and double 
(1,0) 
this value to obtain the total surface area generated. Oo - 
dr dr\?— sin?20 sin? 20 
?—cos20 > Ir—=-2sin2da => (—) =—— =——. 
. - do ae dé r2 cos 26 


n/A m/4 2 7 2 
s=2f 2 Ve0526 sind /os 20 + (sin® 26) (cos 20 d0 = 4n [ Veos 2 sing y) 9 72 Fin 28 ag 
) 0 


n/4 1 n/4 
— : Ne = . = o n/4 V2 
= anf Vv cos 26 sin 0 Teasae af sin 0 dé An | cos 6] 4n( 5 1) Qn (2 v2) 


76. (a) Rotation around 6 = $ is the same as rotation around the y-axis, that is, S = [ i 27x ds where 


ds = ,/(dx/dt)? + (dy/dt)? dt for a parametric equation, and for the special case of a polar equation, « = r cos @ and 
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ds = \/(da/d0)? + (dy/d0)? dO = ,/r? + (dr/d@)? d6 [see the derivation of Equation 10.4.6]. Therefore, for a polar 


equation rotated around @ = 5, S = is 2rr cos O\/r? + (dr/d0)? dd. 


(b) As in the solution for Exercise 75(b), we can double the surface area generated by rotating the curve from 6 = 0 to @ = 


to obtain the total surface area. 


n/4 
S= 2f 27 V'cos 20 cos 6 \/cos 20 + (sin? 20)/cos 20 dé 
0 
n/A 2 a) 
=4n f Veeco cont) ee ee 
0 cos 20 


n/4 m/4 
=4n f Ve0836 cos 0 ——— ab = arf cos 6 d0 
0 0 


cos 2 


0 


= 4n[sing]*/* =in(2 -0) =2V20 


10.5 Conic Sections 


1. 2? = 8y and x? = 4py 4p = 8 p = 2. The vertex is “al 
4.5 
(0,0), the focus is (0, 2), and the directrix is y = —2. 
+ (0, 2) 
0 Ere 
y=-2 


2. 9c =y*,s0o4p=9 <= p= 4. The vertex is (0,0), the focus is 
(3, 0) , and the directrix is x = —%. 
3. 5a +3y7=0 6 y? = —32, so 4p 3 Pp a: 


The vertex is (0, 0), the focus is (-3 0), and the directrix is x = 3. 


12? 
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2 


4. x? +12y =0 = «x =—12y,so4p = —-12 p= —s3. yf 


The vertex is (0,0), the focus is (0, —3), and the directrix is y = 3. 


5. (y +1)? = 16(@—3),so4p=16 < p=4. The vertex is (3, —1), al 
the focus is (3 + 4,1) = (7, —1), and the directrix is lig 
a=3-4=-1. . 
0 (7, -1) x 
x=-l1 
6. (x — 3)? =8(y+1),so4p=8 & p=2. The vertex is (3, —1), 4 
(3,1) 
the focus is (3, -1+ 2) = (3,1), and the directrix is i ks 
0 7 x 
y= —-1-2=-3. 
y=-3 


Zytb6y+2e4+1=0 6 y+b6y=-227-1 © 


ey 


y?t+6y+9=-227+8 & (y+3)? =—-2(¢—4),so4p=—-2 © 


p= —3. The vertex is (4, —3), the focus is (Z, —3), and the directrix is 


8 
| 
No 


8. 2x? — 16x — By + 38 =0 2a? — 16x = 3y — 38 


(x? — 8x + 16) = 3y — 38 + 32 (ax — 4)? = 3y —6 
(c — 4)? = 3(y—2),so4p=2 << p= 2. The vertex is (4, 2), the 
3 


focus is (4, ), and the directrix is y = 2. 


9, The equation has the form y? = 4px, where p < 0. Since the parabola passes through (—1, 1), we have 17 = 4p(—1), so 


4p = —1 and an equation is y? = —a orx = —y?. 4p=—1,sop= + and the focus is (—%, 0) while the directrix 
isx= t 


10. The vertex is (2, —2), so the equation is of the form (a — 2)” = 4p(y + 2), where p > 0. The point (0, 0) is on the parabola, 
so4=4p(2) = 4p = 2. Thus, an equation is (x — 2)? = 2(y+2). 4p=2,sop= 3 and the focus is (2, —3) while 


the directrix is y = —3. 
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ay 
ee ee V2 b= Vi6=4 
16 + 25 : a= G=4 


c= Va? — @ = /25— 16 = V9 =3. The ellipse is centered at (0, 0) 


with vertices (0, +5). The foci are (0, +3). 


estes ee Penny a va ee 


c= Va? —-b=V/4 = V1 = 1. The ellipse is centered at (0,0) with 
vertices (+2, 0). The foci are (+1, 0). 


13. 22 + 3y? =9 eel a=V9=3 b= V3, 


c= Va? —-b=V/9 = V6. The ellipse is centered at (0, 0) with 


vertices (+3, 0). The foci are (+6, 0). 


14. 2? =4—2y? a2 4+2y?=4 aera aes 


a=V4=2,b=V2,c=Ve—-P=V4 = \/2. The ellipse is 


centered at (0,0) with vertices (42,0). The foci are (+2, 0). 


15. 4x? + 25y” — 50y = 75 Aa? + 25(y? — 2y+1)=754+25 6 


ae 6 1)? 
25 4 


4x? + 25(y — 1)? = 100 


1 a=V25=5, 


b= V4=2,c= 25 = V21. The ellipse is centered at (0, 1) with 


vertices (-£5, 1). The foci are (+/21, 1). 
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16. 9x? — 5dr + y?+2y+46=0 © A) 
O(a? —6a +9) +y?+2y+1=-464+81+41 | 
(e234 wets. & Ey OTD a = 5, 
4 36 “1+ x 
a= V36 = 6,b = V4 = 2,c = 36 —4 = V32 = 4 V2. The ellipse is 
centered at (3, —1) with vertices (3,5) and (3, —7). The foci are re 
(3, -14 4/2). 
17. The center is (0,0), a = 3, and b = 2, so an equation is a ae =1.c= Va? — b? = V5, so the foci are (0, +5). 


_ 9)? _ 1)? 
18. The ellipse is centered at (2,1), with a = 3 and b = 2. An equation is ee) + Cee l.c=Va?— = V5, s0 


the foci are (2 + V5, 1). 


2 
19, 5 1 = 5, b=SheSee ee = Poa SS 


center (0, 0), vertices (0, £5), foci (0, +34), asymptotes y = 3c. 


Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of 


the hyperbola. The asymptotes are the extended diagonals of the rectangle. 


2 2 


{re eg a=6,b=8,c=V@+P = /30+04=10 => ah. pad 


36 «64 


oops 
8 


center (0, 0), vertices (+6, 0), foci (+10, 0), asymptotes y = +3x =+ 


2 2 


2 2 v y 
2 —- —=1 a=b=10. 
a y oe 100 100 ; 


c= V100+ 100 = 10/2 = center (0,0), vertices (+10, 0), 


foci (+10 V2, 0), asymptotes y = tie = Ee 


yore, 
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23. 


24. 


25. 


26. 


27. 
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y? — 1622 = 16 eee | (ad Fa, 


c=V164+1=vV17 = _ center (0,0), vertices (0, +4), 


foci (0, +V 17); asymptotes y = +42 = +47 


center (0, 1), vertices (1, 1), foci (+V2, 1), 


asymptotes y — 1 = tte =—-+r. 


Qy? — 4a? — 36y — 84 = 4 


O(y? — 4y + 4) —4(a? + 22 +1) =4436-4 © SS (L, a 

en)? 1)? 7! 
9(y — 2)? — 4(@ + 1)? = 36 (sara aa 

4 9 
a=2,b=3,c=V44+9=V13 center (—1, 2), vertices a 7 

C1, 0) 
(—1,2+ 2), foci (—1,2+ V13), asymptotes y — 2 = +2(a + 1). & Ae 
(-1,2-V13) |y-2 Sir+1) 


2 2 


The hyperbola has vertices (+3, 0), which lie on the x-axis, so the equation has the form = - a = 1 with a = 3. The point 
52 A? 25 16 16 16 - 
(5,4) is on the hyperbola, so RPT 1 oR 1 > -R be =9 b = 3. Thus, an 
2 2 
equation is 7 _ 7 = 1. Now, C=a?+0?=94+9=18 c=Vv18 3V2, so the foci are (+372, 0), while the 
a 3 
asymptotes are y = H-X = HoT = Ire. 
b 3 
yr x? 
The hyperbola has vertices (0, +2), which lie on the y-axis, so the equation has the form Pea lo 1 with a = 2. The point 
Koh ‘ 6 8? 64 64 9 b = 2/2. Th 
(8, 6) is on the yperbola, so 55 pol 9 Bp 1 8 BR 8 2/2. Thus, an 
ye a 
equation is me = 1. Now, C=a? +h? =44+8=12 c=vi12 2/3, so the foci are (0, +23), while the 
as totes are =toe=4 z L=x : x 
ee " b W242 
a? 
4a? = y? +4 do? —y? =4 mn 1. This is an equation of a hyperbola with vertices (+1, 0). 


The foci are at (+V 1+4, 0) = (+V5, 0). 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 
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4x? =yt+4 — «x? = F(y +4). This is an equation of a parabola with 4p = 5, so p = 7q- The vertex is (0, —4) and the 


focus is (0, 4+ iz) = (Opt 


2 _4)2 

5 + wi = 1. This is an equation of an ellipse with vertices at (ey/2, Dy. The foci are at (+V2 —1, 1) = (41,41): 
5 —1) ss 

y? —-2=2% —Ww y? — a2? +424 =2 y? — (a? —2e4+1)=2-1 ze ae eee ere 


equation of a hyperbola with vertices (1, +1). The foci are at (4, tV1+4+1 ) a (1, +/2 i 


3x? — 6x —2y =1 3x? — 6a = 2y+1 3(a@? — 2a +1) = 2y+14+3 3(a@—1)? =2y+4 


(2 —1)? = Z(y + 2). This is an equation of a parabola with 4p = 2, sop = z. The vertex is (1, —2) and the focus is 


(1,-2+ 3) = (1-9). 


x? — 2x + 2y? —8y+7=0 (x? —2@ 41) +2(y?-4y+4)=-741+8 & (#-1)?+2(y—-2)? =2 © 


(lO le eg 


(1+ /2—1,2) = (1+1,2). 


= 1. This is an equation of an ellipse with vertices at (1 + V2, 2). The foci are at 


The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p = 1, so its equation is y” = 4px, or y* = 4a. 
The parabola with focus (0,0) and directrix y = 6 has vertex (0, 3) and opens downward, so p = —3 and its equation is 

(a — 0)? = 4p(y — 3), or 2? = —12(y — 3). 

The distance from the focus (—4, 0) to the directrix « = 2 is 2 — (—4) = 6, so the distance from the focus to the vertex is 
4(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is y* = 4p(a+1) => 
y? = —12(@ + 1). 

The parabola with vertex (2,3) and focus (2, —1) opens downward and has p = —1 — 3 = —4, so its equation is 


(x — 2)? = 4p(y — 3), or (w — 2)? = —16(y — 3). 


The parabola with vertex (3, —1) having a horizontal axis has equation [y — (—1)]? = 4p(a — 3). Since it passes through 


(—15, 2), (2+ 1)? = 4p(—15 — 3) 9 = 4p(—18) 4p = —4. An equation is (y + 1)? = —3(x — 3). 


The parabola with vertical axis and passing through (0, 4) has equation y = ax? + bx + 4. It also passes through (1,3) and 


3=a+b+4 —-l=a+b —-l=a+b 
> => 
—6 = 4a— 2b+4 —10= 4a — 26 —5=2a—b 


Adding the last two equations gives us 3a = —6, or a = —2. Since a + b = —1, we have b = 1, and an equation is 


(—2, —6), so 


y= 2a? +444, 
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39. The ellipse with foci (+2, 0) and vertices (+5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 


2 2 


c? = 25 —4 = 21. Anequation is — + 4 


2 Al 
25 21 


sob? =a 


40. The ellipse with foci (0, t+V2) and vertices (0, +2) has center (0, 0) and a vertical major axis, with a = 2 and c = V2, 


2 2 
sob? =a®?—c? =4 2 = 2, An equation is — + 4 = 1. 


41. Since the vertices are (0,0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2) and (0, 6) 


z-0)?  y- 4? _, 


are 2 units from the center, so c = 2 and b = Va? — c? = 42 — 2? = V/12. An equation is ( B 5 
a 


=> 


2 _ 42 
we, y-4 1 
12 16 


42. Since the foci are (0, —1) and (8, —1), the ellipse has center (4, —1) with a horizontal axis and c = 4. 
The vertex (9, —1) is 5 units from the center, soa = 5 and b = Va? — c2 = \/5? — & = V/9. An equation is 
_ 4)2 2 _ 42 2 
Cee Ce (2— 4)", YF _y 


a BP : 25 9 
1 2 —4 2 ; : 
43. An equation of an ellipse with center (—1, 4) and vertex (—1, 0) is G 5 + y BE ee 1. The focus (—1, 6) is 2 units 
1)? — 4)? 
from the center, so c = 2. Thus, b? + 22 = 4? = 6? = 12, and the equation is ry + wy =1. 
ey? 
44. Foci F(—4,0) and F2(4,0) = c= 4and an equation is a + po 1. The ellipse passes through P(—4, 1.8), so 
2a=|PFil|+|PFRh| > 2a=184./8+(18)? 2a = 1.84 8.2 a=5. 
ey? 
b? = a? — c? = 25 — 16 = 9 and the equation is 35 + me dl, 
a? y? 
45. An equation of a hyperbola with vertices (+3, 0) is gp 1. Foci (+5,0) => c=5and3?+b?=5? = 
ey? 
b? = 25-9 = 16, so th tion is — —— = 1 
5-9 so the equation is 9 16 
yw 
46. An equation of a hyperbola with vertices (0, +2) is ao 1. Foci (0,+5) => c=5and2?+4+b?=5? = 
2 2 
b? = 25 — 4 = 21, so the equation is 4 — — = 1. 
5 , So the equation is Z m1 


47. The center of a hyperbola with vertices (—3, —4) and (—3, 6) is (—3, 1), so a = 5 and an equation is 
(y-1)? _ (+3)? 


a 2 = 1. Foci (—3, —7) and (—3, 9) c= 8,805? +b? = 8? b? = 64 — 25 = 39 and the 
._ (y—1) A 
equation is wy = ery a & 


(x 3)? (y 2) 
42 b? 
Foci (2, 2) and (8, 2) > c= 5, SO 4? + b? = 5? b? = 25 16 = 9 and the equation is 


(x= 3? _(y-2? _ | 


16 9 


48. The center of a hyperbola with vertices (—1, 2) and (7, 2) is (3, 2), so a = 4 and an equation is 
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2 2 
The center of a hyperbola with vertices (+3, 0) is (0,0), so a = 3 and an equation is = - a =1. 

a et 
Asymptotes y = +2x 2 b = 2(3) = 6 and the equation is — — =~ = 1. 

a 9 36 

a chic Pe as) ee (eet 

The center of a hyperbola with foci (2, 0) and (2, 8) is (2, 4), so c = 4 and an equation is os ep 1. 
The asymptote y = 3 + 4a has slope 4, so ; = ; => b=2aanda? +b? =? a? + (2a)? = 4? 


=1. 


(y-4)? _ (e@- 2)? 
1 


5a? = 16 Paes 16 and so b? = 16 — 48 = s Thus, an equation is 6/5 64/5 


In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 
a — c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 
(a—c)+(a+c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and (a + c) — (a —c) = 2c = 314 — 110, 
qe 2 


y = 
3,763,600 a 3,753,196 : 


orc = 102. Thus, b? = a? — c? = 3,753,196, and the equation is 


(a) Choose V to be the origin, with x-axis through V and F’. Then F is (p, 0), A is (p, 5), so substituting A into the 
equation y? = 4px gives 25 = 4p” so p = 3 and y? = 10z. 

b)c=11 => y= 110 = |CD|=2,/110 

(a) Set up the coordinate system so that A is (—200, 0) and B is (200, 0). 


|PA| — |PB| = (1200)(980) = 1,176,000 ft = 2° mi=2a => a= 2, andc = 200s0 


1 T+? 


2 2 2 3,339,375 1212? 121y? 
OP Sit ig a Se er 
121 1,500,625 3,339,375 
(121)(200)? 121y? 133,575 
b) Due north of B = 200 =1 ~ = 248 
(by Doemonn’ i 1,500,625 3,339,375 ¥ = 539 se 


|PF,| — |PF2| = +2a J/(a+c)? +y? — /(a@—c)? + y? = +24 


Jeter ty= ((«-c2F +yPt2a & (xtc? +y=(x-0c)? +y? +40 t4a/(a—cP?+y? = 


dea — 4a? = +4a.,/(2@— 0)? Fy? & Ca? —2a%cx +04 = a? (a? —2cex +e? +y?) 6 
ay? 

(2 a’)x? ary? = a?(e a”) bx? — a?y? = ab? [where b? = c? — a?] ae ae 1 
a 


The function whose graph is the upper branch of this hyperbola is concave upward. The function is 


2 


y= f(x) =a 1+ 55 = + VP Fa, 80 - 5 0(0? + 0?) and 


y= - G a)? — 9 (6? + on) = ab(b? + x?)~3/? > 0 for all x, and so f is concave upward. 


We can follow exactly the same sequence of steps as in the derivation of Formula 4, except we use the points (1, 1) and 


(—1, —1) in the distance formula (first equation of that derivation) so \/(a — 1)? + (y— 1)? + /(@# +1)? + (y+ 1)? = 
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will lead (after moving the second term to the right, squaring, and simplifying) to 2 ,/(a +1)? + (y+1)}? =ax+y+4, 


which, after squaring and simplifying again, leads to 3a? — 2xy + 3y? = 8. 


2 2 


(a) Ifk > 16, then k — 16 > 0, and — + =a = 1is an ellipse since it is the sum of two squares on the left side. 
ae? y? 
(b) If0 < k < 16, then & — 16 < 0, and e + <_is 1 is a hyperbola since it is the difference of two squares on the 


left side. 


(c) Ifk < 0, then & — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1. 


(d) In case (a), a? = k, b? = k — 16, and c? = a? — b? = 16, so the foci are at (+4,0). Incase (b), k — 16 < 0,s0 a” =k, 


b? = 16 — k, and c? = a? + b? = 16, and so again the foci are at (+4, 0). 


2 eRe 
(a) y* = 4px 2yy’ = 4p y! =P so the tangent line is 
y 
2p 2 
Uw (x — x0) Yyyo — Yo = 2p(x — xo) 
yyo — 4pxo = 2px — 2pxo yyo = 2p(x + xo). 
(b) The x-intercept is —zxo. 
2 1 ! v : : XG x0 od 
x” = Apy 2x = Apy y’ = —,s0 the tangent line at (xo, yo) is y - — = — (a — Xo). This line passes 
2p 4p 2p 
2 
through the point (a, —p) on the directrix, so —p — a = ee (a — Zo) 4p? — x2 = 2axo — 222 
‘P ‘p 
xe — 2aay — 4p? = 0 x —2axy +a? =a? +4p? © *t 


(xo — a)? =a? + 4p? & 2a =a+t fa? + 4p?. The slopes of the tangent 


+./q244p2 
lines atx = at \/a? + 4p? are res Sa so the product of the two 


2p 


slopes is 


(4,—p) VP 
a+Va?+4p? a- a? + 4p? a? — (a + 4p”) ie 
2p 2p 7 —" 


Ap? Ap? 


showing that the tangent lines are perpendicular. 


Without a loss of generality, let the ellipse, hyperbola, and foci be as shown in the figure. 


The curves intersect (eliminate y?) => 


2 2 2 2 
af x y 2{ 2% yY_ \_ pe 2 
#(S-4)+ (G+4)-8 +b => 


2,2 2,2 2 2 
Bats Bt ey) = o(F+5)-e +" => 
a 


A2 A? ° a? 
oi B?+b?  _ A?a?(B? +07) 
~ a? B? 407A? a? B24 b2A2 * 
Aa? 


Bw (a? font A’) 


Similarly, y? = ——{,—>-- 
prerrraee b?A? + a? B? [continued] 
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2 2 / ! 
2 2 
Next we find the slopes of the tangent lines of the curves: — 4 ie =1 = a 0 5 
x x 2 Qr Dy’ : x a 
Yn Bi and mG 5 1 7 a 0 7 ve Yn roe . The product of the slopes 
2B A’a?(B? +?) 
b2 B22 a2 B2 + b2A2 B? +b? 
t TY a aac a rnc eee pe EL 2_}? = and A? + B? =’, 
at (%0, Yo) iS Yn YX a Arye 7 BP (ae — A’) 2 Az” Since a c* an + Cc 
b2A2 + a2B? 
we have a? — b? = A? + B? a? — A? = b? + B?, so the product of the slopes is —1, and hence, the tangent lines at 
each point of intersection are perpendicular. 
ay? 
9a? + Ay? = 36 rs a 1. We use the parametrization x = 2 cost, y = 3sint, 0 < t < 27. The circumference 
is given by 
bi" J (dx/dt)? + (dy/dt)? dt = fee /(—2sint)? + (3cost)? dt 
aie Asin? t + 9cos? t 2" /E +5 cos? t dt 
: ; : 2r—-0O 7 
Now use Simpson’s Rule with n = 8, At = 5 and f(t) = V4+ 5cos? t to get 


Lx Sg = 74 [f(0) + 4f (2) + 2f(F) + 4f (22) + 2f(m) + 4f (82) + 2f (2) +4f() + f(2m)] & 15.9. 


The length of the major axis is 2a, so a = (1.18 x 10'°) = 5.9 x 10°. The length of the minor axis is 2b, so 


ed 2 


b= 4(1. 14 x 10'°) = = 5.7 x 10°. An equation of the ellipse is — sok a= 1, or converting into parametric equations, 


x = acos@ and y = bsin@. So 


Afar? (dx/d0)? + (dy/d6)? dg =4 7/7 Va? sin? 6 + b? cos? 6 d0 


Using Simpson’s Rule with n = 10, A@ a ioe 3p» and f (0 = Va? sin? 6 + b? cos? 0, we get 


2 4-Si9p =4- 545 [f(0) +4f(5) + 2f(33) +--+ 2f(S) +.4F(S) + f(F)] & 3.64 x 10°? km 


2 2 2 29 
= a 1 v aia pete x? — a? 
a2. b2 a? a 
c 2 c 
A=2f ove a dx & 2) 2 Jar a? Set Vee || 
b 
= cleve — a — a’ Inle+ Ve? — a? | + a” In|al 


Since a? + b? = c?,c? — a? = b?, and Ve? — a? = b. 


[eb a” In(e +b) +a? Ina] = * [cb + o2(Ina~ n(b +0) 


= b?c/a+abln[a/(b+c)], where c? = a? + b?. 
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x y = y _a 2% are 
Oo@) ata 4 > p D > yo 


a b 2 b2 a 
V= n( a? #) da = 20 f (a? — x?) dx i, ty 
-—a a a (0) 7 


yA 
@— Ee. y 


2 2 2 2 2 b 
a 


a? 0 a? 3 3 x y? 
2 2 2 2 2 
x y x bt -—y a yA 
b =l > 3== > = t— \/b? — y?. 
ee @ re een: u pie 
b 2 2 pb 
V= n(¢ P—y) dy =2n = | (b? —y*) dy 
, \b b 
0 x 
_ 2na? G 1°] Qa? (267 \ 4 ay 
b? 3” Jo b? 3 3 ey 
2 2 
65. 927 + 4y? = 36 © > + “ 1 a = 3, b= 2. By symmetry, 7 = 0. By Example 2 in Section 7.3, the area of the 


top half of the ellipse is 3 (mab) = 3r. Solve 9x? + 4y? = 36 for y to get an equation for the top half of the ellipse: 


9x? + 4y? = 36 Ay” = 36 — 9x? ye = 34 x”) y = 3/4 2. Now 
se ga! J th Jp ene : Bathe 3 

g=—/ = dr=— |] =(2V/4—22) dxe=—]| (4-27)d 

p-4f sl@ran- ef 5(gvime) a= Ff u-ayas 


so the centroid is (0, 4/77). 


2 2 


66. (a) Consider the ellipse 5 + _ = 1 with a > 6, so that the major axis is the x-axis. Let the ellipse be parametrized by 


x =acost, y = bsint, 0 < t < 27. Then 


de\”  (dy\” 
() +(#) =a’ sin? t + b? cos” t = a?(1 — cos” t) +b? cos” t = a? + (b? — a”) cos? t = a? — c* cos* t, 


where c” = a? — b®. Using symmetry and rotating the ellipse about the major axis gives us surface area 


m/2 0 = 
s= f anyds=2 [ 27(bsint) a Feo tat = arb | Va? — u2 (-54u) Baie 
0 c 


du = —csintdt 
Cc 2 : 
-=/ (eam == <a? —w + < sin (+) = le a — 2 +a’ sin (£)] 
Cc Jo c 2 2 a7 \o c “ 
a 2nb [bc + a? sin (<)| 
Cc a 


(b) As in part (a), 


2 2 
() + (¢) =a’ sin? t+ b? cos? t = a? sin? ¢ + b?(1 — sin? t) = b? + (a? — b?) sin? t = b? +c? sin? t. 
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Rotating about the minor axis gives us 


n/2 c gh aul 
S= f 2xeds=2 f 27 (acost) PE esint tat = ara | / b? + u? (Z au) eal 
21 4nalu ? “Ona 2 2 
= g VP Fw t+ > In(ut VP +0?) = —[cVPFE2+0? In(c+ V2 +e) — 0? Ind] 
c ‘ c 


= ana Jac+ 0 in(**)] 
Cc b 


2 2 y 2 
2 2 b 
67. Differentiating implicitly, = + a =1 = ie 0 y’ Aa [y 4 0]. Thus, the slope of the tangent 
bay _ yl yl 
line at P is -—,—. The slope of FP is and of FoP is . By the formula in Problem 21 in Problems Plus 
ary a+e t1—C 
following Chapter 3, we have 
OE fp bai 
ing Ee ay aytt+bai(aite) — ab? +b er using 672} + a7 yj = a7b?, 
7 Bayi @y(a1te)—Paiy = Caiy + a2cy and a2 — 62 = c? 
a?yi(x1 +c) 
b? (cx + a) b? 
cy1(cx1 + a?) cy 
bx Y1 
and, Agape =a? yf —Par(ai—e) _ -@ bP +Ber, _ V(r —-a") oP 
” bay a?yi (a1 —c) — Bay. = Caxryi—arcy. cyi(cevi—a?) cy 
a?yi(x1 — c) 
Thus, a = £3. 


68. The slopes of the line segments Ff P and F2P are Bid = 


, where P is (#1, y1). Differentiating implicitly, 


+c 1—C 
Qe Qyy’ b? Mee 
a vy 0 y! ees the slope of the tangent at P is = , So by the formula in Problem 21 in 
a b a*y aryi 
Problems Plus following Chapter 3, 
bx Y1 
paetese: ay, ate — Wai(tite)—a’yi — (cai +a’) using x} /a? — y?/b? =1,] _ or 
Pays a?yi (a1 +c) + Bayi cy1 (cx + a?) and a2 + b? = c? cy 
a?yi (x1 +c) 
~~ bay a Y1 
and iape ay, a—c — —b’ai(ai1—c)t+a’yp — W(ca1—a?) _ a 
1 bay a?yi (a1 —c) + b2a1y1 = cyi(ct#1 — a?) cy 


a?yi (a1 — c) 


Soa= 6. 


69. Let C be the center of a circle (gray) with radius r that is tangent to both black circles (see the figure). We wish to show that 


AC + BC is constant for all values of r, that is, for any circle drawn tangent to both black circles. The smaller black circle has 
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radius 3, so AC = 3 +r, and the larger black circle has radius 5, yh 
so BC =5-—r. Hence, AC + BC =3+r+5-—r=8, which 
is a constant. Since the sum of the distances from C' to (—1, 0) 


and (1,0) is constant, the centers of all the circles lie on an 


ellipse with foci (+1, 0) [c = 1]. The sum of the distances from 


ay 


the foci to any point on the ellipse is 2a,so2a=8 => a=4. 


Now, c? =a? — 0? = 4-3 b? = 15. Thus, 
the ellipse has equation x + y =1 
c : 1615 


10.6 Conic Sections in Polar Coordinates 


. The directrix x = 2 is to the right of the focus at the origin, so we use the form with “+e cos 6” in the denominator. 


a 
l+ecos@ 1+1cos@? 1+cos@ 


(See Theorem 6 and Figure 2.) e = 1 for a parabola, so an equation is r = 


. The directrix y = 6 is above the focus at the origin, so we use the form with “+e sin 0” in the denominator. An equation of the 


ed 37-6 6 


flipssiyds SE es at ee 
a a 1+esin0 1+ 4sin0 3+sin0 


. The directrix y = —4 is below the focus at the origin, so we use the form with “—e sin 6” in the denominator. An equation of 
ed 2-4 8 
the h laisr = = = . 
CPo Ae aren ene eee 
. The directrix 7 = —3 is to the left of the focus at the origin, so we use the form with ““—e cos 9” in the denominator. An 
ed 3.3 15 


ti f the h bola is r = ———— = = ; 
Pear ap te eee fee gore er cael 1—2cos@ 2—5cosé 


. The vertex (2, 77) is to the left of the focus at the origin, so we use the form with “—e cos 6” in the denominator. An equation 


ed 


: a 2. 
i= eons Using eccentricity e = 3 with @ = 7 and r = 2, we get 2 = 


of the ellipse is r = => 


wiry] Oly 


d 
Psi) 


3(5) 10 


ee = d=5,so we have r = —~;~—— = ——-—_.. 
5 1-— 3 cosO 3 —2cos@ 


. The directrix r = 4 csc @ (equivalent to r sin = 4 or y = 4) is above the focus at the origin, so we will use the form with 


“4-e sin @” in the denominator. The distance from the focus to the directrix is d = 4, so an equation of the ellipse is 


12 
54+3sin0 


ed __(0.6)(4) 


5 
C=" pes). 1-0.6sind. 5. 
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7. The vertex (3, 5) is 3 units above the focus at the origin, so the directrix is 6 units above the focus (d = 6), and we use the 
: : : ee: d 1(6 6 
form “+e sin 6” in the denominator. e = 1 for a parabola, so an equation is r = Tm = a = aad: 

8. The directrix r = —2 sec @ (equivalent to r cos @ = —2 or x = —2) is left of the focus at the origin, so we will use the form 
with ““—e cos 6” in the denominator. The distance from the focus to the directrix is d = 2, so an equation of the hyperbola 
: ed 2(2) 4 
isr = — = : 

: 1—ecosO 1—2cos0 1-—2cos0 

Se — where e = 1, so the conic is a parabola. If sin @ appears in the denominator, use 0 and z for 0. If cos @ appears 
— sin 

in the denominator, use > and an for 0. Thus, when @ = 0 or z, r = 3. Hence, the equation is matched with graph VI. 

9 les ee 
10. r= 17 Dees0" where e = 2 > 1, so the conic is a hyperbola. When @ = § or an r = 9. Hence, the equation is matched 
cos 

with graph III. 
12 1/8 3/2 7 bok : 

"U1. r= a Teske. ie = i oa where e = 3 < 1, so the conic is an ellipse. When 6 = $ or an e— 2. Hence, the 
equation is matched with graph II. 

12 1/4 3 3 —. ; 

12, r= . = h =-— <1,so th llipse. When 6 = =H th 
ie a43sin0 1/4 1+ 2aing’™ ere € a , So the conic is an ellipse en O or 7, r = =. Hence, the 
equation is matched with graph V. 

5 1/2 5/2 3 ee 

3.r= Ip 30nd is = Seo where e = 5 > 1, so the conic is a hyperbola. When 6 = 0 or 7, r = 3. Hence, the 

equation is matched with graph IV. 
1/2 2 ae : 
4.r= = —_ : 5 i) ae where e = 1, so the conic is a parabola. When @ = 5 or an r= 3. Hence, the equation 
is matched with graph I. 
4 1/5 4/5 4 ri yA 
15. r= 54nd” 1/5 Gee a ganded== => d=1. (4, 7/2) 
(a) Eccentricity = e = 4 
(b) Since e = 2 < 1, the conic is an ellipse. 
(c) Since “— esin 8” appears in the denominator, the directrix is below the focus (4, a) (4, 0) 
> 
at the origin, d = |F'l| = 1, so an equation of the directrixisy=—-1. Lite we A Gere ‘ 
4 30 = sj 
; wT 7 (5. 2; ) Y 
(d) The vertices are (4, $=) and (4, az). 
1 1/2 1/2 1 1 Yt 
16. r= ef here e = d= d=1. ue} 
"= dyed 1/2 Te dsing MEH gM et pF ereeteenetneperneentcen 
ssid 1 
(a) Eccentricity = e = = (4, Z) 
; (37) (3.0) 
: 1 2 : git 2? 
(b) Since e = 3 < 1, the conic is an ellipse. > 
x 


(c) Since “-++e sin 6” appears in the denominator, the directrix is above the focus at 


the origin, d = |F'l| = 1, so an equation of the directrix is y = 1. 


3m) 
(d) The vertices are (5, z=) and (L t), ‘ $ ) 
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2/3 __2/3 
34+3sin@é 1/3 1+4+1sin6’ 


(a) Eccentricity = e = 1 


TWr= where e = 1 and ed = 3 > d= 3. 


(b) Since e = 1, the conic is a parabola. 


(c) Since “+ esin 0” appears in the denominator, the directrix is above the focus 


at the origin. d = |F'l| = 2, so an equation of the directrix is y = 2. 


(d) The vertex is at (5, 3), midway between the focus and directrix. 


B. fyl2 -s 25/2 


18. 7 = ——_ =" 
" 2— 4e080 1/2 1-—2cos0 


siisteeeomecde. => Ge: 
2 4 
(a) Eccentricity = e = 2 


(b) Since e = 2 > 1, the conic is a hyperbola. 


(c) Since ““—e cos 6” appears in the denominator, the directrix is to the left the 


focus at the origin. d = | F'l| = 3, so an equation of the directrix is x = —§. 


(d) The vertices are (- 3, 0) and (2, T), so the center is midway between them, 
that is, (3, T). 


9 1/6 3/2 


9. r= . 
"64 2c080 1/6 1+ 4cosé 


,wheree = zanded=3 > d= 2. 


(a) Eccentricity = e = 3 

(b) Since e = z < 1, the conic is an ellipse. 

(c) Since “+e cos 0” appears in the denominator, the directrix is to the right 
of the focus at the origin. d = | F'l| = 3, so an equation of the directrix 
isc = 2. 


(d) The vertices are (2, 0) and (3, T) , so the center is midway between them, 


that is, (3.7). 


i igder.2 - af8 


Ogee ee 
"338d 1/3  1—I1sind’ 


1 1 
h =1 d d = — d =-, 
where e and e F 3 
(a) Eccentricity = e = 1 
(b) Since e = 1, the conic is a parabola. 


(c) Since “—e sin 6” appears in the denominator, the directrix is below the focus 


at the origin, d = |F'l| = , so an equation of the directrix is y = —4. 


(d) The vertex is at (z an) , midway between the focus and the directrix. 
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3 1/4 3/4 


1. eS) ES 
" 4—8c0s 1/4. 1-—2cosé 


, where e = 2 and ed = 3 => d= 3. 
(a) Eccentricity = e = 2 


(b) Since e = 2 > 1, the conic is a hyperbola. 


(c) Since “—e cos 9” appears in the denominator, the directrix is to the left of 


the focus at the origin. d = |Fl| = 3, so an equation of the directrix is 


——) 
L=-§. 


(d) The vertices are (- 3 0) and (4, T) , So the center is midway between them, 


that is, (5,7). 


4 1/2 2 3 ; 
22, r= ——__.. 1" ___“ ___ where e = = and ed = 2 d= =. 
soap 1 iesese = ‘ 


(a) Eccentricity = e = . 


: 3 se 
(b) Since e = 5 > 1, the conic is a hyperbola. 


(c) Since “-++e cos 6” appears in the denominator, the directrix is to the right of 


the focus at the origin. d = | Fl| = $, so an equation of the directrix is 


Hi: 


ol 


(d) The vertices are (2, 0) and (—4, 7), so the center is midway between them, 


that is, (2,0). 


23. (a) r= ,wheree=2anded=1 > d= 3. The eccentricity 


1 
1 — 2sin0 
e = 2 > 1,s0 the conic is a hyperbola. Since “—e sin 0” appears in the 
1 


denominator, the directrix is below the focus at the origin. d = |F'l| = 5 


so an equation of the directrix is y = —3. The vertices are (-1, z=) and 
(=, =), so the center is midway between them, that is, (3, 3). 


(b) By the discussion that precedes Example 4, the equation 2 
isr = : 
1 — 2sin(0 — 32)" 
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4 4/5 
24. r = ——___. = —_+—__, =8anded=4s d=2. 
ms 5 + 6cosdé 1+ $cosd ieee oes 5 3 
An equation of the directrix isa = 2 => rcos@= 2 r= ez 
2 : 3cos@" 


If the hyperbola is rotated about its focus (the origin) through an angle 7/3, 


its equation is the same as that of the original, with @ replaced by 0 — 3 


4 
see Example 4), so r = : 
( mee) 5+ 6cos(0 — £) 
2, r= ——“ _. Fore < 1 the curve is an ellipse. It is nearly circular when e is 
1—ecosé 


close to 0. As e increases, the graph is stretched out to the right, and grows 


larger (that is, its right-hand focus moves to the right while its left-hand focus 
remains at the origin.) At e = 1, the curve becomes a parabola with focus at the 
origin. 


ed 


26. = 
ae 1+esin0 


. The value of d does not seem to affect the shape of the 


conic (a parabola) at all, just its size, position, and orientation (for d < 0 it 


opens upward, for d > 0 it opens downward). 


(b) We consider only positive values of e. When 0 < e < 1, the conic is an 
ellipse. As e — 0°, the graph approaches perfect roundness and zero size. 
As e increases, the ellipse becomes more elongated, until at e = 1 it turns 


into a parabola. For e > 1, the conic is a hyperbola, which moves 


downward and gets broader as e continues to increase. 


0.5 1 


~2.5 2.5 
—0.8 0.8 
-12 -10 
e=0.5 e=0.9 
20 15 
46 i -10 10 
—10 —10 
e=1.1 e=1.5 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 10.6 CONIC SECTIONS IN POLAR COORDINATES 


r =el(d—rcos(m — @)]} =e(d+rcos0) => 
ed 
1- 0) =ed — 
r(l1—ecos#)=ed > r Tecan 


1021 
27. |PF| = e|Pl| 


x 
28. |PF| = e|Pl| r=eld—rsiné] => r(l+esin0)=ed = 1 yA ei 
a ed 
~ I+esin0 
x 
29. |PF| = e|Pl| r=eld—rsin(@—7)|=e(d+rsiné) => yA 
ed 
1 in 0 d > 
r(1—esin@) =e gd SETA * 
1 yard 
: : c d c-—d c+d 
i = d= : 
30. The parabolas intersect at the two points where PimeasG. oe cos eat r 5 
For the first parabola, a = sane = Xe) 
dO (1 + cos) 
dy _ (dr/d0)sin0+rcos@ __—_csin?@+ccos(1+cos#) _ 1+ cosé 
dz  (dr/d0)cos@—rsinO csin@cos@ — csin6(1 + cos@) —sind 
a dy  1-—cos0 sind : : z 
and similarly for the second, = - = . Since the product of these slopes is —1, the parabolas intersect 
d. sind 1+ cos0 
at right angles. 
31. We are given e = 0.093 and a = 2.28 x 10°. By (7), we have 
cas a(l—e?) _ 2.28 x 108[1 — (0.093)?] 2.26 x 108 
~ 1+ecosd 1 + 0.093 cos 0 ~ 1+ 0.093 cos 0 


32. We are given e = 0.048 and 2a = 1.56 x 10° 


=> a=7.8 x 10°. By (7), we have 


— a(l—e?) _ 7.8 x 10°[1—(0.048)?] 7.78 x 108 
~ 1L+ecosé — 1+ 0.048 cos 0 ~ 1+ 0.048 cos 0 


33. Here 2a = length of major axis = 36.18 AU = a= 18.09 AU and e = 0.97. By (7), the equation of the orbit is 
_ 18.09[1 — (0.97)7] _ 1.07 


——~— » — —_—_—__..B th 1 ist fi th t to th i 
1+0.97 cos 1410.97 cosd 'y (8), the maximum distance from the comet to the sun is 
18.09(1 + 0.97) & 35.64 AU or about 3.314 billion miles. 
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34. Here 2a = length of major axis = 356.5 AU = a= 178.25 AU and e = 0.9951. By (7), the equation of the orbit 


35. 


_ 178.25[1 — (0.9951)7] 1.7426 


—] . By (8), the minimum distance from the comet to the sun is 
1+ 0.9951 cos 0 1+.0.9951 cos @ 


178.25(1 — 0.9951) = 0.8734 AU or about 81 million miles. 


The minimum distance is at perihelion, where 4.6 x 10° = r = a(1— e) = a(1 — 0.206) = a(0.794) => 
a = 4.6 x 10°/0.794. So the maximum distance, which is at aphelion, is 


r= a(1+e) = (4.6 x 107/0.794) (1.206) = 7.0 x 10” km. 


36. At perihelion, r = a(1 — e) = 4.43 x 109, and at aphelion, r = a(1 + e) = 7.37 x 10°. Adding, we get 2a = 11.80 x 10°, 


37. 


10 


1. 


2. 


3. 


so a = 5.90 x 10° km. Therefore 1 + e = a(1+e)/a = £3 ~ 1.249 and e © 0.249. 


From Exercise 35, we have e = 0.206 and a(1 — e) = 4.6 x 10” km. Thus, a = 4.6 x 10°/0.794. From (7), we can write the 


1-eé 
ti f M ’s orbit = a———.. So si 
equation of Mercury's orbit as r =a. So since 
dr a(1—e’)esin@ 
do (1 + ecos 6)? 


(1 + 2ecos6 + e”) 


Pen dr \* _ a’(1—e?)? a*(1—e?)?e?sin?@ — a*(1—e?)? 
dé (1 + ecos6)? (1 + ecos6)4 (1 + ecos6)4 


the length of the orbit is 


Qn Qn J/1+ e2 + 2ec080 
=f SPE Be oe aa = 8) | MAES E2008 iy 9g 10" en 
0 


oi (1 + ecos 6) 
This seems reasonable, since Mercury’s orbit is nearly circular, and the circumference of a circle of radius a 


is 27a © 3.6 x 10° km. 


Review 
TRUE-FALSE QUIZ 


False. Consider the curve defined by x = f(t) = (t — 1)? and y = g(t) = (t — 1)”. Then g’(t) = 2(¢ — 1), so g'(1) = 0, 


but its graph has a vertical tangent whent = 1. Note: The statement is true if f’(1) 4 0 when g’(1) = 0. 


False. Ifa = f(t) and y = g(t) are twice differentiable, then 


d { dy 

d?y  d (dy 5 (2) 

dx? da () = dx 
‘dt 


False. For example, if f(t) = cost and g(t) = sint for 0 < t < 47, then the curve is a circle of radius 1, hence its length 


is 27, but fea Vif) + [g' OH]? dt = a /(—sint)? + (cost)? dt = ci 1 dt = 4r, since as t increases 


from 0 to 47, the circle is traversed twice. 
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4. False. 


5. False. 


6. True. 


7. True. 


8. False. 


9. True. 


10. True. 


11. True. 


1.0=04+4t,y=2-t,-4<t<1. 

Since y = 2—tand—4<t<1,wehavel <y<6. t=2-—vy,s0 
a= (2-y)?+4(2-y) =4-4y+y74+8-4y=y? -—8y412 © 
e+4=y? —8y +16 = (y—4)?. This is part of a parabola with vertex 


(—4, 4), opening to the right. 


CHAPTER 10 REVIEW 1023 


The speed of the particle with parametric equations « = 3t + 1, y = 2t? + Lis 


\/ (du /dt)? + (dy/dt)? = \/3? + (4t)?. When t = 3, the speed = \/9 + 16(3)? = W153. However, 
4-3 


dy _ dy/dt — At dy 44 153 


dx  dx/dt 3° dx 3 


If (7,0) = (1,7), then (a, y) = (—1, 0), so tan~*(y/x) = tan7' 0 = 0 ¥ 9. The statement is true for points in 


quadrants J and IV. 


The curve r = 1 — sin 20 is unchanged if we rotate it through 180° about O because 


1—sin2(6 + 7) = 1-—sin(26 + 27) = 1 — sin 20. So it’s unchanged if we replace r by —r. (See the discussion 


after Example 8 in Section 10.3.) In other words, it’s the same curve as r = —(1 — sin 20) = sin 26 — 1. 


The polar equation r = 2, the Cartesian equation x” + y” = 4, and the parametric equations + = 2 sin 3¢, 


y = 2cos3t [0 <t < 27] all describe the circle of radius 2 centered at the origin. 


The first pair of equations, x — ¢? and y = t*, gives the portion of the parabola y = x? with « > 0, whereas the 


second pair of equations, « = t? and y = t°, traces out the whole parabola y = «:”. 


y? = 2y + 3a (y—1)? =3ae+1= 3(a + 3) = 4(3) (a + z)s which is the equation of a parabola with 


vertex (— z, 1) and focus (- 5 + 3 1) , opening to the right. 


By rotating and translating the parabola, we can assume it has an equation of the form y = cx”, where c > 0. 


The tangent at the point (a, ca”) is the line y — ca? = 2ca(x — a); i.e., y = 2cax — ca”. This tangent meets 


the parabola at the points (a, ce") where cx? = 2cax — ca. This equation is equivalent to x? = 2ax — a? 


[since c > 0]. But 2? = 2ax — a? x? — 2axz +a? =0 (2 —a)? =0 L=a 


(x, cx) = (a, ca”), This shows that each tangent meets the parabola at exactly one point. 


: . os : ; ee ed 
Consider a hyperbola with focus at the origin, oriented so that its polar equation is r = Toscesst where e > 1. 
€ cos 


1+ecos0 


1+ecos0 re 


dcos0 0 
The directrix is x = d, but along the hyperbola we have 7 = r cos 9 = sei d ( sa ) d. 


EXERCISES 


av 
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2. 


.c=Intt>0 > t=e?’. 


. © = 2cos0,y =1+sin8, cos?@+sin?@=1 => yA 


—2 
.%©=2+4cosat, y=—-3+4sinat => cosat= — , sinat = 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


z=lt+e",y=e’. 


ge=lte"=14(e)?=14+y,y>0. 


y= id = (e”)? = e2”, 


xr\2 2 x? 2 aan ; 
(5) +(y-1)°=1 = a (y — 1)° = 1. This is an ellipse, 


centered at (0, 1), with semimajor axis of length 2 and semiminor axis of 


length 1. 


y = sec = ! = gins 6S 0-2 SS and aa 
cos¢ x 


This is part of the hyperbola y = 1/2. 


(1,1), 0=0 


y+3 


. cos? mt + sin? rt = 1 


2 2 
(: a *) + (4) = 1, so the motion of the particle takes place on the circle centered at (2, —3) with radius 4. As t 


goes from 0 to 4, the particle starts at (6, —3) and moves counterclockwise along the circle (x — 2)? + (y +3)” = 16, tracing 


the circle twice. 


. Three different sets of parametric equations for the curve y = Vx are 


@a=t y=vet 
(ii) c=t*, y="? 
(iii) ¢ = tan?t, y=tant, O<t<7/2 


There are many other sets of equations that also give this curve. 
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8. 


10. 


11. 


12. 


CHAPTER 10 REVIEW 1025 


Fort < —1, x > Oand y < 0 with x decreasing and y increasing. When 
t = —1, (x,y) = (0,0). When —1 < t < 0, we have —1 < x < Oand 


0<y< 1/2. Whent = 0, (x,y) = (—1,0). When0 <t <1, 


—1<2x<0Oand—} <y <0. Whent = 1, (x,y) = (0,0) again. 


When ¢ > 1, both x and y are positive and increasing. 


. (a) (4,22) The Cartesian coordinates are x = 4.cos on = 4(-$) = —2and 
Kd y =4sin = 4() = 2 V3, that is, the point (—2,2 V3). 
3 
O > 


(b) Given x = —3 and y = 3, we have r = \/(—3)? +3? = V18 =3 v2. Also, tand = 4 => tand= and since 


(—3, 3) is in the second quadrant, 9 = 32. Thus, one set of polar coordinates for (—3, 3) is (3 V2, 2), and two others are 


(3 V3, 42) and (-2 V3, 7). 


5 
1<r<23<0<% 


r =1+sin@. This cardioid is os 

oh (2.5) 
symmetric about the 6 = 7/2 
axis. 27 

0 7 2a 6 (1, 77) (1,0) 


r = sin 40. This is an 


eight-leaved rose. 


(1.3) 


2Syv 
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13. 


14. 


15. 


16. 


17. 


18. 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


r = cos 30. This isa 
three-leaved rose. The curve is 


traced twice. 


r = 3+08s 30. The curve is 
symmetric about the horizontal 


axis. 


r = 1+ 0s 20. The curve is 
symmetric about the pole and 


both the horizontal and vertical 


axes. 


r = 2cos(0/2). The curve is 
symmetric about the pole and 


both the horizontal and vertical 
axes. 


3 


ep Dain 


=> e=2>1,so the conicisahyperbola.de=3 => 


d= 3 and the form “+2 sin 0” imply that the directrix is above the focus at 


the origin and has equation y = 3. The vertices are (1, $=) and (-3, 3t), 


CS 3 U2 ss. oe: e = 1, so the conic is a 
2—2cosO 1/2 1-—1cosé : 

parabola. de = 3 => d= 3 and the form ““—2 cos 8” imply that the 

directrix is to the left of the focus at the origin and has equation 7 = —2. 


The vertex is (3, T). 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


CHAPTER 10 REVIEW 1027 


2 
=2 6 0 ind=2 <= 6+sin@) =2 a 
uty rcos#+rsin r(cos @ + sin 0) ap cia 
g+y? =2 —) r = V2. [r = —V2 gives the same curve.] 
r = (sin0)/0. As @ > too, r > 0. 
As 6 > 0, r — 1. In the first figure, 
there are an infinite number of 
x-intercepts at x = 7n, n a nonzero 
integer. These correspond to pole 
points in the second figure. 
—0.25 
—0.75 
r = 2 when 6 = O and when @ = 27. r has a maximum value of ; 
approximately 2.6 at about 6 = 7 and a minimum value of approximately 
—2.6 at about 0 = ar The graph touches the pole (r = 0) when 06 = 5 and 
3m Since r is positive in the 0-intervals (0, 5) and (=, 2r) and negative O © 
in the interval (3, =), the graph lies entirely in the first and fourth 
quadrants. 
dy dx 1 dy dy/dt — 2t 2 
=Int,y=14+0;t=1. = = 2tand — = =,so ~= = —— = — = 
cia eta dt dt f° dx ~—sddxjdt—sd1jt 


When t = 1, (x,y) = (0,2) and dy/dx = 2. 


dy — dy/dt 2—2t dy 4 
_ 43 2. ss _ - 
e=t+6t4+1, y= 2t-t3t 1. ee dela 32 46° Whent= 1, (a, y) = (-6, 3) and = 9° 
r=e? y =rsin@ = e°sin6 and x = rcos6 =e °cos9 => 
dy _dy/d0 4 sin0+rcos@ _ —e~® sin@+e~*cos6_ —e° _ sind — cos0 
dx dz/d0 “cos@—rsind —e~%cos@—e-*sind —e? — cos#+sin” 
OS Dh 
When 6 = x, oe 140 a 1. 
vis agacse dy _ dy/d9 — sin9+rcos@ — —3sin30sin6 + (3 + cos 30) cos 0 
> dx dxa/d? &%cos@—rsiné ~ —3sin 3@cos@ — (3 + cos 30) sind" 
When Oo: OY SO Oe op 
dx — (—3)(—1)(0)— (8+0)-1 —3 
= ; dy  dy/dt  1+sint 
Breen mete EOS dx dx/dt 1+ cost 
d (dy (1+ cost) cost — (1+ sint)(— sint) 
d’y _ dt \da (1 + cost)? _ cost+cos*t+sint+sin?t 1+cost+sint 
dx? da/dt- 1+ cost = (1+ cost) (1+ cost)3 
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28. 


29. 


30. 


31. 


32. 


dy dx dy  dy/dt 1-30 = 

=14+,y=t—-t. = =1- 307 and — = 2t, 50 4 = = =i 1_ 3 
Somers oe dt ee at ° daz dx /dt 2 2 2 

2 Ay? _ 3 2 
d-y _ d(dy/dx)/dt _ —3 5 re ee 1 Gee ee +1 
dx? dx /dt 2t ¢ 4 4t3 4t3 
We graph the curve x = t? — 3t,y =t? +¢+1 for -2.2<t< 1.2. 4 
By zooming in or using a cursor, we find that the lowest point is about 
(1.4, 0.75). To find the exact values, we find the ¢-value at which 
dy/dt = 2t+1=0 t 3 (x,y) = (#, 2). 

4 2.2 
0 

We estimate the coordinates of the point of intersection to be (—2, 3). In fact this is exact, since both t = —2 andt = 1 give 


the point (—2, 3). So the area enclosed by the loop is 


wt ya = fi, (t? +t+1)(8¢? — 3) dt = f2, (3t4 + 30 — 3t — 3) de 


= [ge + ge — $0? — ae] = (8+ 9-3-3) -[-$+12-6-(-8] = 5 


x= 2acost—acos2t > 7 2esint + 2asin 2t = asin t(2cost — 1) = 0 = 
sint = Oorcost 4 t 0, $, 7, or 3. 
d 
y = 2asint—asin2t => H = 2acost — 2acos 2 = 2a(1 + cost — 2cos*t) = 2a(1 — cos#)(1 + 2cost) = 0 => 


t=0, 4, or =. 


Thus the graph has vertical tangents where t = 3, 7 and Sr, and horizontal tangents where t = 2s and =. To determine 


dy/dt . : 
what the slope is where t = 0, we use |’Hospital’s Rule to evaluate lim he how 0, so there is a horizontal tangent there. 
0 dx 
yA 
(-3a, 0) (a, 0) 


From Exercise 31, x = 2acost — acos 2t, y = 2asint—asin2t => 


A=2 Je (2asint — asin 2t)(—2asint + 2asin 2t) dt = 4a? [¥ (2sin?t + sin? 2t — 3sintsin 2t) dt 


= 4a? { [(1 — cos 2t) + $(1 — cos 4t) — 6 sin*t cost] dt = 4a?|t — 5 sin2t + $t — } sin 4t — 2sin*t] > 


= 4a? (3) = 67a? 
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33. The curve r? = 9cos 56 has 10 “petals.” For instance, for — <9 there are two petals, one with r > 0 and one 


aL 
10? 


with r < 0. 


x/10 x/10 a/10 /10 
A=10 f 4? d9=5 | 9oos50do = 5-9-2 f cos 50 dO = 18[ sin 56] >’ = 18 
—7/10 —7/10 0 


34. r =1—3sin@. The inner loop is traced out as 0 goes from a = sin™+ (3) to 7 — a, so 
A= {i 1p? do = p71 — 3sin0)? dd = (eet — 6sin@ + 3(1 — cos 20)] dd 


= [0 + 6cos0 — 2 sin26]*/” = Ba — 4 sin7 (4) -3 v2 


35. The curves intersect when 4.cos 6 = 2 cos 0 4 


D> 
H 
ool 


r=2 r=4cos 6 


for —a < 0 < 1m. The points of intersection are (2, z) and (2, —%). 


36. The two curves clearly both contain the pole. For other points of intersection, cot 9 = 2.cos(@ + 2n7r) or 


—2cos(@ + 7 + 2nz), both of which reduce to cot? = 2cos? <= cos6=2sin@cos@ <= cosO(1—2sin0)=0 => 


cos@ = Oorsin@ = 4 0= 5 > “E or 3a intersection points are (0, 5), (V3, t), and (V3, ut). 


37. The curves intersect where 2sin@ = sinO+cos9 => 


sin@ = cos0 6 = 4, and also at the origin (at which 0 = 4 


on the second curve). 


ae ua 2sin 6) 2 do + forl* 3 1 (sin 0 + cos 0)? dé 


=e aa (1 — cos 20) dO + $ cbecea (1+ sin 26) da 


=2sin0 r=sin 6+ cos 6 
3r/4 1 Is 
= 3(7—- 1) 


BAD 


= [9 — 5 sin 26]? + [$ 0 — 7.008 26] 7, 


38. A =2f7/", £[(2 +.cos 26)? — (2 + sind)*] do (1.2) razesin 
= ee [4 cos 20 + cos” 20 — 4sin@ — sin?6] dé 


= [2 sin 20 + sO+% sin 40 + 4cos 0 — 40+ isin 26], 


— 51 
~ 16 3 


Saad 8 


39. x = 307, y = 2¢°. 
L= f° /(da/dt)? + (dy/dt)? dt = f° \/(6t)? + (62)? dt = f° 368? + 36t dt = f° V36t? VIF dt 
=e ey eis 6s? ews [u=140,du = 2¢d¢] 
=6-4.2[u?]" = 265% 1) =2(5 V5—-1) 
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40.2 =24+3t, y=cosh3t = (dx/dt)? + (dy/dt)? = 3? + (3sinh3t)? = 9(1 + sinh? 3t) = 9 cosh? 3t, so 


= V9 cosh? 3t dt = fo |3 cosh 3t| dt = A 3.cosh 3t dt = [sinh 3t], = sinh3 — sinhO = sinh3. 


Qr 2 
aM. L = [?" Jr? + (dr dO)? do = [?" (0/0)? + (1/67)? do = Vw 


wT 


I's 


[FE n(e vow) = 


a 


Vr2+1 van? +1 4 Qn + V4r2 + 
TT 21 T+ ret 


— Wn? + aE in 24 at | 


an r+Vn2+1 


42, L =f" \/7? + (dr/d0)? do = J y/ sin? (40) |? + [sin? (20) cos(40) |? a0 
= [@ «/sin® (30) + sin* ($6) cos* ($6) a9 
= * \/sin*(46) [sin? (40) + cos?(40)] dd = J" sin? (40) do 
= fo 3[1 — cos(30)] 40 = [5 (9 — 3 sin(39))]) =a7- 3 V3 
43, (a) c = $(t? +3), y=5— 40°. dx/dt = t and dy/dt = —t?, so the speed at time ¢ is the function 


u(t) = s'(t) = \/? + (—#?)?. At the point (6, —4), y = 5 — 44° 4 9= 24° = 27 t= 3. 


Thus, the speed of the particle at the point (6, —4) is v(3) = V3? + 34 = V90 = 9.49 m/s. 


(b) To find the average speed of the particle for 0 < t < 8, we find the total distance L traveled in this time, and divide it by 


the length of the interval. By Theorem 10.2.5, 


8 
area = fs 14 t? dt 
) 


=1 (Vudu [w=140?,du=2¢d¢] 


65 
= 3[2u°/?] © = 4(65°/? -1) 


1 
_ LL 1 
Thus, the average speed is ray (65/65 — 1) © 21.79 m/s. 
44. (a) We see from the figure in the text that the blue section of the curve r = 2 cos”(0/2) is traced from @ = 7/2 to 0 = 7. 
Thus, its length is given by 


i= [ : Vix (ar]aOy do = [ / Boos O/R + [-Bsin( 6/2) coslO/2)) a 


n/2 


= oe 4 cost (0/2) + 4sin? (0/2) cos2(0/2) dO = i |2 cos(0/2)| (cos? (0/2) + sin2(0/2) d0 


=4—2,/2 


= ie 2.cos(0/2) -1d0 = [4sin(0/2)] - = ee 1 
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(b) A= sr ao = | 5 [2e0s*(6/2)/* d0 = 5 f (1 + cos)? do = ;/ (1 + 2c0s6 + cos*6) 40 
/2 


n/2 n/2 


Tw 


-5/ [1+ 20084+ (1 + cos28)| do = 50+ 2sin0 +5 (0+ $sin20)| 
m/2 


1 1 Tw lya 1/37 30 
5 [r+04 5er+0) ~—2 3(F+0)| (4 2) = 1 


n/2 


S = [4 2ny/(de]dty? + (dy/dtp? dt = f' a(t + £4?) «/(2/Vt)? + (B —t-9)2 at 


= On fE (E+ Le) PFE at = Oe ft (H+ E+ Le) at = eke + Be Lf = Maas 


.2=24+3t, y=cosh3t => (dx/dt)* + (dy/dt)? = 3? + (3sinh3t)? = 9(1+4 sinh? 3t) = 9 cosh? 3t, so 


S= Ae: ny ds = ie 27 cosh 3tV 9 cosh? 3t dt = fe 2n cosh 3t |3 cosh 3t| dt = ies 2n cosh 3t - 3 cosh 3t dt 


= 6n fo cosh? 3t dt = 6m fo 4( (1 + cosh 6t) dt = an|t+t sinh6t| = 3n(1+ z sinh 6) = 37+ Fsinh6 
0 


. For all c except —1, the curve is asymptotic 


to the line x = 1. For c < —1, the curve bulges to the right near y = 0. 


As c increases, the bulge becomes smaller, until at c = —1 the curve is the 


straight line x = 1. As c continues to increase, the curve bulges to the left, 
until at c = 0 there is a cusp at the origin. For c > 0, there is a loop to the 


left of the origin, whose size and roundness increase as c increases. Note 


that the x-intercept of the curve is always —c. 


. For a close to 0, the graph of r* = |sin 26| consists of four thin petals. As a increases, the petals get wider, until as a — oo, 


each petal occupies almost its entire quarter-circle. 


XA EK 
cB 


a= 0.01 


cE 
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49. 


51. 


53. 


55. 


56. 


oy? oy? 
as + ra 1 is an ellipse with center (0, 0). 50. 4a” — y? = 16 ag = 1 is a hyperbola 
a=3,b=2V2,c=1 with center (0,0), vertices (+2,0),a = 2,b=4, 
foci (+1, 0), vertices (+3, 0). c= V16+4 =2 V5, foci (+2 V5, 0) and 
asymptotes y = E22. 
6y? +2 —36y+55=0 © 52. 25x? + 4y? +502 — 16y=59 © 
6(y? —6y+9)=-(#4+1) © 25(2 +: 1)? + 4(y— 2)? =100 © 
(y — 3)? = —2(x + 1), a parabola with vertex (—1, 3), +(@ +1)? + &(y — 2)” = Lis an ellipse centered at 
opening to the left, p=—+ = focus (- ae 3) and (—1, 2) with foci on the line x = —1, vertices (—1, 7) 
directrix « = — 33. and (—1,—3);a =5,b=2 c= V21 
yA foci (—1,2 + V21). 
yA 
ie as 
. (1,2) 
0 x 
x 
The ellipse with foci (+4, 0) and vertices (+5, 0) has center (0,0) and a horizontal major axis, with a = 5 and c = 4, 


2 2 
so b? = a? — c? = 5? — 4? = 9, An equation is — + 4 =1. 
25 9 
. The distance from the focus (2, 1) to the directrix « = —4 is 2 — (—4) = 6, so the distance from the focus to the vertex 


is $(6) = 3 and the vertex is (—1, 1). Since the focus is to the right of the vertex, p = 3. An equation is 


(y—1)? =4- 3[x@ — (—1)], or (y — 1)? = 12(@ +1). 


2 2 
The center of a hyperbola with foci (0, +4) is (0,0), so c = 4 and an equation is a - a =, 
The asymptote y = 3 has slope 3, so ; = => a=3banda?+W?=c? > (30)? +0?=4 > 
2 2 2 2 
10? =16 = B= 3 and so a? = 16 — 3 = 2. Thus, an equation is IE _ aE = l,or a - ~ = 1. 
The ellipse with foci (3, +2) has center (3,0). a= 8 =4,c=2 b=Vai—- = S427 —- 2? = 12 an 
: a) eee = 
equation of the ellipse is 7) + 16 1 
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57. 2? + y = 100 x? = —(y — 100) has its vertex at (0, 100), so one of the vertices of the ellipse is (0, 100). Another 
form of the equation of a parabola is 2” = 4p(y — 100) so 4p(y — 100) = —(y — 100) Ap 1 p i 
Therefore the shared focus is found at (0, 22%) so 2c = #% — 0 c = 22° and the center of the ellipse is (0, 382). So 
4012 — 2 ree: _ 399)2 
a= 100 — 3% = and 0? =a? - 2? = een = 25. So the equation of the ellipse is - + wee a 
BE gd UE Sern 3 ep eet CUE OND) 
25 (Cee 160,801 
8 
gy? 2x 2y dy dy b? x dy b? x = ‘ 
58. a 1 2 ® de 0 ae 2a Therefore ae t eater oa, Combining this 
ss pet lg? a?m 
condition with 2 + in 1, we find that x = Serra oe In other words, the two points on the ellipse where the 
a’m b? 
tangent has slope m are Cee + | . The tangent lines at these points have the equations 
JVaem2 +2) | Va2m? +b2 
b? a’m a?m? b? 
ae a ory = mz F + = max F Va?m? + b?. 
Vem +o ( Famer) : Vem te | Jam te 
ed 4 
59. Directri 4 d=4 4 = 
irectrix x ,S0E= 5 TPpeesd > Soeosd 
”: 1/2 
60. r = ——_._ = — 2 =3 d= 2.Th tion of 2.1 
r Fasc T=" oa86 e = 5 and 5 e equation 0 
the directrix is « = —2 r = —2/(3cos6). To obtain the equation 
of the rotated ellipse, we replace @ in the original equation with 0 — ar, 
2 1.75 “ao 21 
and get r = , : 
F 4-3 cos ( a 22) N 
=) 
ed? 
61. See the end of the proof of Theorem 10.6.1. Ife > 1, then 1 — e? < 0 and Equations 10.6.4 become a? = @-p and 
ead? ba b b ; 
= S@oT so — = e° — 1. The asymptotes y = +—z have slopes +— = tye? — 1, so the angles they make with the 
e? — a a a 


polar axis are + tan7*| eS cos”! (+1/e). 


62. (a) If (a, b) lies on the curve, then there is some parameter value ¢ such that 


1+¢ 


3t? 


1+t 


3t 


53 = aand 
1 


3 
1 


b. Ift; = 0, 


1 
the point is (0,0), which lies on the line y = x. If t; 4 0, then the point corresponding to t = a is given by 
1 


3(1/t1) 3t? 3(1/t1)? 3ty 


*“T+0/ne 841 9% 14+0/h &+1 


this is to do part (e) first; the result is immediate.] The curve intersects the line y = x when 


t=t? = t=0orl,so the points are (0,0) and (3, 3). 


3t 


=a. So (b,a) also lies on the curve. [Another way to see 


30? 


+8 


1+¢ 
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3 9427942 _ gd 
(0) FE = Cn = aa HO when 6t 3t4 = 3t(2—t?) =0 t= Oort = ¥2, so there are 


horizontal tangents at (0, 0) and (72, V4 bE Using the symmetry from part (a), we see that there are vertical tangents at 


(0,0) and (W/4, V2). 


(c) Notice that as t + —1*, we have x — —oo and y — oo. As t > —17, we have 2 — 00 and y > —oo. Also 


3t+ 37? +(14+0° t+1)% t+1)7 
y—(-@-1)=yt+ae41= + +A+e") _ 41" _ (t+) 


>Oast > —-1. Soy=—a—- lisa 


14+ 1+8 ~ 2-t+1 
slant asymptote. 
dx — (1+#°)(3) — 3t(3t?) — 3-688 dy _ 6t—3t* dy — dy/dt _ t(2—t°) 
= = fi t hi = é = = 
OD a (+8) eye PINE ONG = ange da dad Oe 
d (4 
dy — dt\dx PG I ora ie 1 
Also —S = —~—4 = ——__ 50 © t<—. 
80 ae? de/dt— 3(1—- 2B PB ~ < 


So the curve is concave upward there and has a minimum point at (0, 0) 


and a maximum point at (v2, V4). Using this together with the 


information from parts (a), (b), and (c), we sketch the curve. 


@2+y=(— > (3? \P _ are +a7e® — a7e(te8) ae y=—x-1 
y 1443 "\ 7423 (1+ t3)8 (1 + 43)3 (+8) 
3t 3t 27t8 a she 
and 3xy (Ss) (se) Cae +y? = 3ay. 


(f) We start with the equation from part (e) and substitute = rcos@, y =rsin@. Thenz?+y? =32y => 


3cos@ sind 
cos? + sin?” 


r? cos?@ +r? sin?@ = 3r? cos@ sin@. For r # 0, this gives r = Dividing numerator and denominator 


3( 1 = 

cos@} cos? _ 3sec@ tand 
sin?6 = 14+ tan®6 * 
cos?0 


by cos®6, we obtain r = 


(g) The loop corresponds to 6 € (0, 5), so its area is 


m/2 2 m/2 2 n/2 2. 2 oo 2 
A= = d9=5 | SESSA w= 5 sec aa w= 5 ur du ez cone 
5 2 2 Jo 1+ tan°6 2Jo (1+ tan*6)? 2Jo (1+)? 
= jim 9/21 +. a8) 1]? = 


0 2 


(h) By symmetry, the area between the folium and the line y = —x — 1 is equal to the enclosed area in the third quadrant, 


plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is 3, andsincey=—x-1 => 
d 1 : : 
rsin@ = —rcosé— 1 r - , the area in the fourth quadrant is 
sin @ + cos@ 


Lf 1 ; 3sec@ tand \” cas 1 ong 1 3 
ae |(-axotazs) _ C8 dd = 3° Therefore, the total area is 3 +2(3) = 5. 
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1. See the figure. The circle with center (—1, 0) and radius \/2 has equation * 
(a +1)? + y? = 2 and describes the circular arc from (0, —1) to (0, 1). B ey («t1P+y?=2 
Converting the equation to polar coordinates gives us 6) 
(rcos8 +1)? +(rsiné)?=2 => (-1, 0) x 
r? cos?6 + 2rcos@ +14 7r?sin?@=2 => 
r?(cos?6 + sin?@) + 2rcos9@=1 => r?+2rcos@ = 1. Using the re 


quadratic formula to solve for r gives us 


—2 O4+¥V 2 
r= ale VASO TS = cos + VOR OFT for r > 0. 


n/4 n/4 
The darkest shaded region is 3 of the entire shaded region A, so zA = / iy? dd = yp (1-—2rcos0)dé => 

0 i) 

n/4 m/4 

1a= / [1 — 2080 (— cos + Vcos?8 +1) | ao = [ (1 + 2cos*# — 200s \/cos?0 +1 ) dé 
0 0 
n/4 
-| 1 +2-2(1 +cos20) — 2cos6,/(1 — sin?) + i| do 
0 


n/4 m/4 
=| (2 + cos 20) a —2[ cos 01/2 — sin?6 dé 
0 i) 


= [20 + }sin26]*/* —2 Hie 2—u2du bear 
5 uu = cos 
= (G + 5) —(0+0)-2 v= + sin™ =| = pea 
rta*(yg Wate) - Pts a- 5-543 
Thus, A=4(F + 5 v3) a +2 2V/3. 


2. (a) The curve x«* + y* = 2? + y? is symmetric about both axes and about the line y = x (since interchanging x 
and y does not change the equation) so we need only consider y > x > 0 to begin with. Implicit differentiation gives 


,  &(1— 227) 


4x? + 4y?y! = 2x + 2yy’ = ———— = y =0whens = hen z = +-%. If x = 0, th 
x” + 4y’y aw + Qyy y y(2y2 — 1) y = 0Owhen x = 0 and when x va Ifa 0, then 
yi=y’ y?(y? — 1) =0 y = Oor +1. The point (0,0) can’t be a highest or lowest point because it is 


isolated. [If —1 <a <land—1<y<1,thena* <a? andy*<y? > «t+y* <«2?+4+y’, except for (0,0).] 


Ifz = Jz, thena? =3,2*=j,s0¢+yt=5+y 4y* — dy? -1=0 y? = 444 1 
But y” > 0,so y? = 4 +v2 yor $(1 + a2) Near the point (0, 1), the denominator of y’ is positive and the 


numerator changes from negative to positive as x increases through 0, so (0, 1) is a local minimum point. At 
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( 1 y/ 142 ) , y’ changes from positive to negative, so that point gives a maximum. By symmetry, the highest points 


V2 ’ 
on the curve are Ga : + v2 ) and the lowest points are (435 —4/ itv ) : 
(b) We use the information from part (a), together with symmetry with respect to the a y f, 
axes and the lines y = +2, to sketch the curve. 


c) In polar coordinates, x* + y4 = x? + y? becomes r* cos*6 + r4 sin*@ = r? or 
p y y 


1 : 
r= —7—1,: By the symmetry shown in part (b), the area enclosed by 
cos*@ + sin*@ 


m/4 n/4 
the curveis A= 8 [ sr dg =a f __ d0____cas a 
0 ty) 


cos*6 + sin*6 


3. In terms of x and y, we have = rcos@ = (1+ csin@) cos@ = cos@ + csin# cos@ = cos@ + Scsin 26 and 


y =rsin@ = (1+csin@) sin@ = sind + csin?0. Now —1 < sin <1 => -1<siné+csin?0 <1+c< 2,s0 


—l<y< 2. Furthermore, y = 2 when c = 1 and 0 = $, while y = —1 forc = 0 and 0 = 3a Therefore, we need a viewing 
rectangle with -1 < y < 2. 

To find the x-values, look at the equation x = cos @ + te sin 20 and use the fact that sin 20 > 0 for0 < 6 < 5 and 
sin 20 < 0 for —5 < @ < 0. [Because r = 1 + csin 6 is symmetric about the y-axis, we only need to consider 


—% << §.] So for —F < 0 < 0, x has a maximum value when c = 0 and then x = cos @ has a maximum value 


of 1 at 9 = 0. Thus, the maximum value of x must occur on (0, $| with c = 1. Then x = cos@ + 4 sin20 > 


& = —sin@ + cos 20 = —sin@ + 1 — 2sin76 4¢ = —(2sin@ — 1)(sin@ + 1) = 0 when sin@ = —1 or 3 


[but sin? A —1 for0 < 0 < $]. Ifsind = 3, then 0 = = and 
x= cos% + 3 sin 5 = 3/3. Thus, the maximum value of x is 3/3, and, 


by symmetry, the minimum value is -3 /3. Therefore, the smallest 


viewing rectangle that contains every member of the family of polar curves 


r =1+csin8@, where 0 <c <1, is [-2 V3, 2 3 | x [-1, 2]. 


4. (a) Let us find the polar equation of the path of the bug that starts in the upper 
right corner of the square. Ifthe polar coordinates of this bug, at a 
particular moment, are (7, 0), then the polar coordinates of the bug that it is 
crawling toward must be (r, O+ z). (The next bug must be the same 


distance from the origin and the angle between the lines joining the bugs to 


the pole must be 5.) The Cartesian coordinates of the first bug are 


(r cos 6, r sin @) and for the second bug we have 


x = 1 cos (0 + z) =-—rsiné, y =rsin (0 + z) = rcos8@. So the slope of the line joining the bugs is 
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0—rsind inO—cosé _.. : 
ee = oe This must be equal to the slope of the tangent line at (r, 0), so by 
—rsinO—rcos@  sin@+cos@ 


(dr/d@)sin@6+rcos@ _ sin@—cos@ 


Solving for a we get 
(dr/d0)cos@—rsin@  sin@ +cos@" Brendes 


Equation 10.4.7 we have 


or sin? 0+ & sin# cos +rsinOcos6 + r-cos*0 = & sin6 cos “ cos? 6 — rsin?6+rsin@cos@ > 


dr 


il (sin? 6 + cos? 0) + r(cos*0 + sin? 0) =0 => ao Solving this differential equation as a separable equation 


(as in Section 9.3), or using Theorem 9.4.2 with k = —1, we get r = Ce~°. To determine C we use the fact that, at its 


starting position, 0 = 4 and r = Fas so yaa =Ce/* +s C= ae". Therefore, a polar equation of the bug’s 


al 


path is r = syae™te~8 orr = sya? 


(b) The distance traveled by this bug is L = Jed \/r? + (dr/d6)?d0, where at = e™/4(—e~°) and so 


r? + (dr/d0)? = 1 gret/2e—20 + 1 gre™/2e—20 = a%e"/*e-?9, Thus 


t 


= tan ae™/4e~9 dé - ae™/* Jim, Foo e 9 d@ = ae™/4 jim, [-e~9] n/4 


=ae™/* lim bent _ es] = ae™/4e-7/4 =a 


t—oo 


2 2 


5. Without loss of generality, assume the hyperbola has equation = - iz = 1. Use implicit differentiation to get 
a 
/ 2 2 
aap 0, so y’ g 7. The tangent line at the point (c, d) on the hyperbola has equation y — d = we (a —c). 
a? b? a?y a’d 
ee b b bc 272 2 2.2 
The tangent line intersects the asymptote y = —x when —z —d= a(t c) abdz — a*d° = b*cx — b°c 
a a a 
2972 72,2 
abdx — b? cx = ad? — b?? a=" Goes a Be and the y-value is BGA Be sds. ue 
b(ad — bc) b ab a 
Similarly, the tangent line intersects y = — a at (= 7" ag cil *) . The midpoint of these intersection points is 
a 


( 


2 


b b )’2\ a a a we 


(— + aa 3(— Be + ae ~)) = (5 ave =a) = (c, d), the point of tangency. 


Note: If y = 0, then at (+a, 0), the tangent line is « = +a, and the points of intersection are clearly equidistant from the point 


of tangency. 


6. (a) Since the smaller circle rolls without slipping around C’, the amount of arc yA 


traversed on C' (2r0 in the figure) must equal the amount of arc of the smaller fe 
circle that has been in contact with C’. Since the smaller circle has radius r, aay 


it must have turned through an angle of 2r6/r = 20. In addition to turning f) 


through an angle 26, the little circle has rolled through an angle 6 against C. 


Thus, P has turned through an angle of 3@ as shown in the figure. (If the little C 


circle had turned through an angle of 26 with its center pinned to the x-axis, 
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(b) 
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then P would have turned only 20 instead of 30. The movement of the little circle around C' adds @ to the angle.) From the 
figure, we see that the center of the small circle has coordinates (3r cos 0, 3r sin @). Thus, P has coordinates (x, y), where 


x = bcos30 + 3rcos@ and y = bsin36 + 3rsin 0. 


f sl i aa 


LY 
an 
ay 


a 
<u 


(c) The diagram gives an alternate description of yh 
point P on the epitrochoid. Q moves around 5 3r 
a circle of radius b, and P rotates one-third as S 
fast with respect to Q at a distance of 3r. 
Place an equilateral triangle with sides of 


length 3\/3r so that its centroid is at Q and 


one vertex is at P. (The distance from the centroid to a vertex is A times the length of a side of the equilateral triangle.) 


As @ increases by =r, the point Q travels once around the circle of radius b, returning to its original position. At the 
same time, P (and the rest of the triangle) rotate through an angle of an about Q, so P’s position is occupied by another 
vertex. In this way, we see that the epitrochoid traced out by P is simultaneously traced out by the other two vertices as 
well. The whole equilateral triangle sits inside the epitrochoid (touching it only with its vertices) and each vertex traces out 


the curve once while the centroid moves around the circle three times. 


(d) We view the epitrochoid as being traced out in the same way as in part (c), by a rotor for which the distance from its center 


to each vertex is 3r, so it has radius 6r. To show that the rotor fits inside the epitrochoid, it suffices to show that for any 


position of the tracing point P, there are no points on the opposite side of the rotor which are outside the epitrochoid. But 


the most likely case of intersection is when P is on the y-axis, so as long as the diameter of the rotor (which is3./3r ) is 


less than the distance between the y-intercepts, the rotor will fit. The y-intercepts occur when 0 = $ or 0 = 3a 


y = —b + 3r or y = b — 3r, so the distance between the intercepts is (—b + 3r) — (b — 3r) = 6r — 20, and the rotor will 


fitif3V3r<6r—2b <= 2b<6r—3V8r @& b< 3(2-—V3)r. 
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12.1 Three-Dimensional Coordinate Systems 


1. We start at the origin, which has coordinates (0, 0, 0). First we 2. oh (-3,0, 2) 
move 4 units along the positive x-axis, affecting only the 
x-coordinate, bringing us to the point (4, 0,0). We then move 
3 units straight downward, in the negative z-direction. Thus 


only the z-coordinate is affected, and we arrive at (4,0, —3). 


* (0,2, -3) 


3. The distance from a point to the yz-plane is the absolute value of the x-coordinate of the point. C(2, 4, 6) has the x-coordinate 
with the smallest absolute value, so C’ is the point closest to the yz-plane. A(—4, 0, —1) must lie in the xz-plane since the 


distance from A to the z-plane, given by the y-coordinate of A, is 0. 


4, The projection of (2, 3,5) onto the xy-plane is (2, 3, 0); 


onto the yz-plane, (0, 3,5); onto the xz-plane, (2, 0,5). 


The length of the diagonal of the box is the distance between 


the origin and (2, 3,5), given by 


5 — 0)? = V38 = 6.16 


5, In R’, the equation x = 4 represents a line parallel to a 
the y-axis and 4 units to the right of it. In R®, the 
equation x = 4 represents the set {(x, y, z) | x = 4}, 
0 


the set of all points whose x-coordinate is 4. This is the 


vertical plane that is parallel to the yz-plane and 4 units 


in front of it. 


6. In R®, the equation y = 3 represents a vertical plane that is parallel to the xz-plane and 3 units to the right of it. The equation 
z = 5 represents a horizontal plane parallel to the xy-plane and 5 units above it. The pair of equations y = 3, z = 5 represents 
the set of points that are simultaneously on both planes, or in other words, the line of intersection of the planes y = 3, z = 5. 


[continued] 
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This line can also be described as the set {(x, 3,5) |  € R}, 
which is the set of all points in R® whose «-coordinate may 
vary but whose y- and z-coordinates are fixed at 3 and 5, 
respectively. Thus the line is parallel to the x-axis and 


intersects the yz-plane in the point (0, 3, 5). 


7. The equation x + y = 2 represents the set of all points in ——_ 
Hy a Y 2-x 


IR° whose «- and y-coordinates have a sum of 2, or 
equivalently where y = 2 — x. This is the set y=2-x,z=0 


{(«,2 — «a, z) | « € R, z € R} which is a vertical plane 


that intersects the xy-plane in the line y = 2— 2, z= 0. 


8. The equation x? + z* = 9 has no restrictions on y, and the x- and ZA 
z-coordinates satisfy the equation for a circle of radius 3 with center the 
origin. Thus the surface x? + z” = 9 in R® consists of all possible vertical 
circles (parallel to the xz-plane) x? + z* = 9, y = k, and is therefore a 


circular cylinder with radius 3 whose axis is the y-axis. 


9. The distance between the points P; (3,5, —2) and P2(—1, 1, —4) is 


|P, P2| = ./(-1— 3)? + (1-5)? + [-4— (-2)]? =/16+16+4 =6 


10. The distance between the points P; (—6, —3, 0) and P2(2, 4, 5) is 


|P, P2| = ./[2 — (—6)]? + [4— (—3)]? + (© — 0)? =V64+4 49 + 25 = V138 


11. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 


|PQ| = /(7— 3)? + [0- (-2)/? + [1— (-3)2 = V16 +4 + 16 = V36 =6 
|QR| = /1— 7)? + @— 0)? + (1 — 1? = V36+4 40 = V40 = 2/10 
|RP| = ./(3— 1)? + (2-2)? + (-3— 1)? = 4+ 16+ 16 = 36 =6 


The longest side is QR, but the Pythagorean Theorem is not satisfied: |PQ|? + |RP|? 4 |QR|. Thus PQR is not a right 


triangle. PQR is isosceles, as two sides have the same length. 
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Compute the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 
PQ| = VE= FF CDP FU 0F = VIFTFI = vO=3 
IQR| = /(4- 4)? + (-5 -— 2? + (4-1)? = V0 F364 9 = V45 = 3 5 
IRP| = /@—42 + 1-52 + 0-4)? = VIF 16 F 16 = 36 =6 


Since the Pythagorean Theorem is satisfied by |PQ|? + |RP|? = |QR|*, PQRis a right triangle. PQR is not isosceles, as 


no two sides have the same length. 


(a) First we find the distances between points: 


|AB| = /— 2)? + (7-4)? + (—2 — 2)? = V26 
|BC| = /(.— 3)? + (3-7)? + [3 — (-2)P = v45 
|AC| = /(- 2)? + (3-4)? + 3-2)? = v3 


In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest distance. 
Since /26 + V3 x V/45, the three points do not lie on a straight line. 
(b) First we find the distances between points: 
|DE| = /A—-0P +[-2- (PF + 4-5) = VE 
|EF| = /@—1P +4- (DP + 0-4? = VE =2VT 
|DF| = /(3— 0)? + [4— (-5)P + (2-5)? = V99 = 3 V11 


Since V11 + 2V11 = 3 V11, the three points lie on a straight line. 


(a) The distance from a point to the xy-plane is the absolute value of the z-coordinate of the point. Thus, the distance from 


(4, —2, 6) to the xy-plane is |6| = 6. 

(b) Similarly, the distance to the yz-plane is the absolute value of the x-coordinate of the point: |4| = 4. 

(c) The distance to the x z-plane is the absolute value of the y-coordinate of the point: |—2| = 2. 

(d) The point on the x-axis closest to (4, —2, 6) is the point (4, 0,0). (Approach the x-axis perpendicularly.) 
The distance from (4, —2, 6) to the x-axis is the distance between these two points: 


J4—4? + (-2— 0)? + (6 — 0)? = 40 = 2/10 = 6.32. 


(e) The point on the y-axis closest to (4, —2,6) is (0, —2,0). The distance between these points is 
= 752 = 2V/13 & 7.21. 
(f) The point on the z-axis closest to (4, —2,6) is (0,0, 6). The distance between these points is 


6 — 6)? = V20 = 2V5 & 4.47. 


An equation of the sphere with center (—3, 2, 5) and radius 4 is [a — (—3)]? + (y — 2)? + (2 — 5)? = 4?, or 


(a + 3)? + (y — 2)? + (2 — 5)? = 16. The intersection of this sphere with the yz-plane is the set of points on the sphere 


whose x-coordinate is 0. Putting a = 0 into the equation, we have 9 + (y — 2)? + (z — 5)? = 16, = Oor 


(y — 2)? + (z — 5)? = 7, x = 0, which represents a circle in the yz-plane with center (0, 2,5) and radius /7. 
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An equation of the sphere with center (2, —6, 4) and radius 5 is (a — 2)” + [y — (—6)]? + (z — 4)” =5?, or 

(a — 2)? + (y+ 6)? + (2 — 4)” = 25. The intersection of this sphere with the 2y-plane is the set of points on the sphere 
whose z-coordinate is 0. Putting z = 0 into the equation, we have (a — 2)” + (y + 6)? = 9, z = 0 which represents a circle 
in the xy-plane with center (2, —6, 0) and radius 3. To find the intersection with the xz-plane, we set y = 0: 


(x — 2)? +(z- 4)? = —11. Since no points satisfy this equation, the sphere does not intersect the xz-plane. (Also note that 


the distance from the center of the sphere to the z-plane is greater than the radius of the sphere.) To find the intersection with 


the yz-plane, we set « = 0: (y +6)” + (z — 4)? = 21, a = 0, acircle in the yz-plane with center (0, —6, 4) and radius 21. 


The radius of the sphere is the distance between (4, 3, —1) and (3,8, 1): r = \/(3 — 4)? + (8 — 3)? + [1 — (-D/? = V0. 


Thus, an equation of the sphere is (x — 3)? + (y 8)? + (z 1)? = 30. 


If the sphere passes through the origin, the radius of the sphere must be the distance from the origin to the point (1, 2, 3): 


3 — 0)? = V14. Then an equation of the sphere is (a — 1)? + (y — 2)? + (2 —3)? = 14. 


Completing squares in the equation x” + y? + z? + 8x — 2z = 8 gives 


(2? + 84 +16) + y? + (2? -— 2241) =84164+1 5S (+4)? +y?+ (2-1)? = 25, which we recognize as an 


equation of a sphere with center (—4, 0, 1) and radius 25 = 5. 


Completing squares in the equation x” — 6a + y? + 4y + 2? + 10z = 0 gives 


(a? — 6a +9) + (y? + 4y +4) + (2? +102 + 25) =9 44425 (a — 3)? + (y+ 2)? + (2 +5)? = 38, which we 


recognize as an equation of a sphere with center (3, —2, —5) and radius 38. 


Completing squares in the equation 2x” — 2a + 2y? + 4y + 2z? = —1 gives 


2(x? —w@ +2) 42(y? +2y4+1) 4222 =-14+442 2(2—- 47 +2(yt+1)?+227=38 = 


(« - a: +(y+1?4+2 = 3. which we recognize as an equation of a sphere with center (3, =1, 0) and radius V3 = a 


Completing the squares in the equation 42” — 16x + 4y? + 6y + 42” = —12 gives 
A(x? — 4a + 4) + 4(y? + 8y + 2%) +42? =-1241642 3 42-2)? +4(yt 8) 447-28 = 


(2 — 2)? + (y + =. gt 2, which we recognize as the equation of a sphere with center (2 - 3 0) and radius a = 3. 


If the midpoint of the line segment from P; (x1, y1, 21) to Pe(x2, ye, 22) isQ = (= Ft2 yi tye 24 22 " 


2? Dra %, 732 
then the distances | P;Q| and |@P2| are equal, and each is half of | P; P2|. We verify that this is the case: 


|P1P2| = \/ (a2 — 21)? + (yo —y1)? + (22 — a)” 


[continued] 
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(yx +y2) — yi]? + [2(za + 22) — a]? 
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|QP2| = [x2 — 3(a1 + 22)]” + [yo — 3 (ys + y2)]” + [22 — Ber + 22)]? 
=) (G22 — 321)” + (ye — gun)” + (322 — gat)” = y/ (3) [(@2 — 21)" + (ye — 1)? + (2 - a)? 


= $4 (@2 — 21)? + (yo — 1)? + (22 — 21)? = § | Pi Pal 


So Q is indeed the midpoint of P; P2. 


By Exercise 23(a), the midpoint of the diameter that has endpoints (5, 4, 3) and (1, 6, —9) (and thus the center of the 


sphere) is ( + i , Z 5 es 3 i) = (3,5, —3). The radius is half the diameter, so 


r= 4/(—5)? + (6 — 4)? + (-9 — 3)? = $164 = V41. Therefore, an equation of the sphere is 


v2) 


(x — 3)? + (y—5)? + (2 +3)? =41. 

(a) Since the sphere touches the xy-plane, its radius is the distance from its center, (—1, 4, 5), to the xy-plane, which is 5. 
Therefore, an equation is (a + 1)? + (y- 4)? +(z- 5)? = 25. 

(b) Since the sphere touches the yz-plane, its radius is the distance from its center, (—1, 4, 5), to the yz-plane, which is 1. 
Therefore, an equation is (a + 1)? +(y- 4)? +(z- 5)? =i 


(c) Since the sphere touches the xz-plane, its radius is the distance from its center, (—1, 4, 5), to the xz-plane, which is 4. 


Therefore, an equation is (a + 1)? + (y— 4)? + (2-5)? = 16. 


The shortest distance from the center, (7, 3, 8), to any of the three coordinate planes is 3, which is the distance to the xz-plane. 


Therefore, an equation of the sphere is (x — 7)? + (y — 3)? + (z-— 8)? =9. 

The equation z = —2 represents a plane, parallel to the xy-plane and 2 units below it. 

The equation x = 3 represents a plane, parallel to the yz-plane and 3 units in front of it. 

The inequality y > 1 represents a half-space consisting of all the points on or to the right of the plane y = 1. 
The inequality x < 4 represents a half-space consisting of all the points behind the plane x = 4. 

The inequality —1 < x < 2 represents all points on or between the vertical planes x = —1 and x = 2. 


The equation z = y represents a plane, perpendicular to the yz-plane, and intersecting the yz-plane in the line z = y, x = 0. 


Because z = —1, all points in the region must lie in the horizontal plane z = —1. In addition, x? + y* = 4, so the region 


consists of all points that lie on a circle with radius 2 and center on the z-axis that is contained in the plane z = —1. 
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Here x? + y” = 4 with no restrictions on z, so a point in the region must lie on a circle of radius 2, center on the z-axis, but it 
y p g 


could be in any horizontal plane z = k (parallel to the xy-plane). Thus the region consists of all possible circles x? + y? = 4, 


z = k and is therefore a circular cylinder with radius 2 whose axis is the z-axis. 


The inequality y? + 2? < 25 is equivalent to \/y? + 2? < 5, which describes the set of all points in R? whose distance from 
the x-axis is at most 5. Thus, the inequality represents the region consisting of all points on or inside a circular cylinder of 


radius 5 with axis the x-axis. 


The inequality x? + z? < 25 is equivalent to x? + 2? < 5, which describes the set of all points in R® whose distance from 
the y-axis is at most 5. Further, 0 < y < 2 consists of the points on or between the planes y = 0 and y = 2. Thus, the 
inequalities represent the region consisting of all points on or inside a circular cylinder of radius 5 with axis the y-axis from 


y=Otoy=2. 


The equation x” + y? + z? = 4 is equivalent to \/x? + y? + z? = 2, so the region consists of those points whose distance 


from the origin is 2. This is the set of all points on a sphere with radius 2 and center (0, 0, 0). 


. The inequality 2? + y? + z? < 4 is equivalent to ,/x? + y? + z? < 2, so the region consists of those points whose distance 
q' y y q' y g Pi 


from the origin is at most 2. This is the set of all points on or inside a sphere with radius 2 and center (0, 0, 0). 


The inequalities 1 < x? + y* + 2? <5 are equivalent to 1 < \/x? + y? + 22 < V5, so the region consists of those points 
whose distance from the origin is at least 1 and at most 5. This is the set of all points on or between spheres with radii 1 and 


5 and centers (0, 0, 0). 


. The inequalities 1 < x? + y? < 5 are equivalent to 1 < \/x? + y? < /5, which represents the set of all points in R? whose 
q' y q' 


distance is at least 1 and at most /5 from the z-axis. Thus, the region consists of all points on or between a circular cylinder of 


radius 1 and a circular cylinder of radius V5 with axis the z-axis. 


The inequalities 0 < « < 3,0 < y < 3,0 < z < 3 represent the set of all points in R® that lie on or between the planes x = 3, 


y = 3, z = 3 in the first octant. Thus, the region is a cube with dimensions 3 x 3 x 3. 


The inequality x? +y? +27 >2z = 2? +y?+(z—1)? > Lis equivalent to \/x? + y? + (z — 1)? > 1, so the region 
consists of those points whose distance from the point (0,0, 1) is greater than 1. This is the set of all points outside the sphere 


with radius 1 and center (0, 0, 1). 


. This describes all points whose x-coordinate is between 0 and 5, that is,0 < x < 5. 


. For any point on or above the disk in the xy-plane with center the origin and radius 2 we have x? + y* < 4. Also each point 


lies on or between the planes z = 0 and z = 8, so the region is described by x? + y? <4, 0<z<8. 


. This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. So 


inequalities describing the region are r < \/a? + y? + 2? < Rorr? <a? +y?4+2? < R?. 
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46. The solid sphere itself is represented by far + y? + 2? < 2. Since we want only the upper hemisphere, we restrict the 
z-coordinate to nonnegative values. Then inequalities describing the region are Jar +y? + 22 < 2, z > 0, or 
ey? +2? <4,2z>0. 

47. (a) To find the x- and y-coordinates of the point P, we project it onto Lz 
and project the resulting point Q onto the x- and y-axes. To find the 
z-coordinate, we project P onto either the ~z-plane or the yz-plane 
(using our knowledge of its x- or y-coordinate) and then project the 
resulting point onto the z-axis. (Or, we could draw a line parallel to 
QO from P to the z-axis.) The coordinates of P are (2,1, 4). 

(b) A is the intersection of Li and Le, B is directly below the 


y-intercept of D2, and C is directly above the x-intercept of Do. 


48. Let P = (a,y,z). Then2|PB| =|PA| © 4|PB|? =|PA)? 


A[(w — 6)” + (y— 2)? + (2 +2)"] = (@ 41)? + y-5)* +(@-3) © 


A(a? — 122 + 36) — 2? — 2a + 4(y? — 4y + 4) —y? + 10y + 4 (27 4+ 424 4) — 274+ 62 = 35 


3a? — 50x + 3y? — 6y + 32” + 222 = 35 — 144— 16 — 16 o—Brt+y-west+B2ea-. 


2 es a 
25) (y 1)? | (2+ 2) = 429 +625 $9 +12 _ 3 


By completing the square three times we get (a 3 


+) and radius v2 


25 11 
Ls 


equation of a sphere with center (2, 


49. We need to find a set of points { P(z, y, 2) | |AP| =|BP|}. 


(a + 1)? + (y— 5)? + (2 — 3)? = (x — 6)? + (y— 2)? +(e +2)? = 


(x +1)? + (y—5)? + (z-3)? = (w@ — 6)? + (y—2)? + (z +:2)? 


1197 


hi , which is an 


ae? +2e+1+y? —l0y+254+ 2? -6249=27 —1274+36+y? —4y +4427 +4244 142 — 6y — 10z = 9. 


Thus, the set of points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 


perpendicular bisector of the line segment AB). 


50. Completing the square three times in the first equation gives (a + 2)? + (y — 1)? + (z + 2)? = 2?, a sphere with center 


(—2, 1, —2) and radius 2. The second equation is that of a sphere with center (0, 0,0) and radius 2. The distance between the 


centers of the spheres is \/(—2 — 0)? + (1 — 0)? + (—2 — 0)? = V4 41+ 4 = 3. Since the spheres have the same radius, 


the volume inside both spheres is symmetrical about the plane containing the circle of intersection of the spheres. The 
distance from this plane to the center of the circles is 3. So the region inside both 
spheres consists of two caps of spheres of height h = 2— 2 = 4. From 


Exercise 6.2.61, the volume of a cap of a sphere is 


V = ah? (r zh) — (4)? (2 — 3 . 3) = un So the total volume is 2 - un = Uz 
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51. The sphere x” + y? + z? = 4 has center (0, 0,0) and radius 2. Completing squares in x? — 4a + y? — 4y+ 227 —4z =-11 
gives (x? — 4x + 4) + (y® — 4y +4) + (2? —4¢4+-4)=-1144444+4 => (x—2)?+(y—2)?4 (2-2)? =1, 
so this is the sphere with center (2, 2,2) and radius 1. The (shortest) distance between the spheres is measured along 
the line segment connecting their centers. The distance between (0,0, 0) and (2, 2, 2) is 

— 0)? + (2— 0)? = 12 = 2 V3, and subtracting the radius of each circle, the distance between the 
spheres is 2./3 — 2—1=2V3-—3. 

52. There are many different solids that fit the given description. However, any possible solid must have a circular horizontal 
cross-section at its top or at its base. Here we illustrate a solid with a circular base in the xy-plane. (A circular cross-section at 


the top results in an inverted version of the solid described below.) The vertical 


cross-section through the center of the base that is parallel to the xz-plane must be a 
square, and the vertical cross-section parallel to the yz-plane (perpendicular to the 
square) through the center of the base must be a triangle with two vertices on the circle 


and the third vertex at the center of the top side of the square. (See the figure.) 


The solid can include any additional points that do not extend beyond these 
three "silhouettes" when viewed from directions parallel to the coordinate 
axes. One possibility shown here is to draw the circular base and the vertical 
square first. Then draw a surface formed by line segments parallel to the 


yz-plane that connect the top of the square to the circle. 


Problem 8 in the Problems Plus section at the end of the chapter illustrates another possible solid. 


12.2 Vectors 


1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 


(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any given 


location. 


(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, because it has both 


magnitude (distance) and direction. 


(d) The population of the world is a scalar, because it has only magnitude. 
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2. If the initial point of the vector (4,7) is placed at the origin, then (4,7) 


(4, 7) is the position vector of the point (4, 7). 


(4,7) 


3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry of the 


2 > > > - > > > 
parallelogram as a guide, we see that AB = DC, DA= CB, DE = EB, and EA=CE. 


— —, — —" 
4. (a) The initial point of BC is positioned at the terminal point of AB, so by the Triangle Law the sum AB + BC is the vector 


— 
with initial point A and terminal point C, namely AC. 


— — — 
(b) By the Triangle Law, CD + DB is the vector with initial point C and terminal point B, namely CB. 


> > > > —" = 
(c) First we consider DB — ABas DB + (AB). Then since —AB has the same length as AB but points in the opposite 


> > > > > > > 
direction, we have -AB = BAandso DB— AB= DB+BA=DA. 


> > > > > > > > > 
(d) We use the Triangle Law twice: DC + CA+ AB = (Dc 4 cA) 4+ AB=DA+AB=DB. 


5. (a) b (b) c m bte (c) c 
a \} , ate 
a 
(d) 4 (e) c (f) ob 
a —c 
btacte a 
a—c a a—b-—c 
b 
6 (a) oy ‘als: v (b) (c) 
ut+v be ae 
(d) Fe (e) u (f) v 
piece 3u 
—5V v- zu 
3u+v —2u 


— 
7. Because the tail of d is the midpoint of QR we have QR = 2d, and by the Triangle Law,a+2d=b => 


2d=b-—a d = 4(b—a) = $b — fa. Again by the Triangle Law, we have c + d = b so 


c=b—d=b-— ($b-— $a) = a+ $b. 
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8. We are 
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given u+v+w = 0,so w = (—u) + (—v). (See the figure.) 


Vectors —u, —v, and w form a right triangle, so from the Pythagorean Theorem 


we have |—u|? + |—v|? = |w|?. But |—u| = |u| = 1 and |—v| = |v| = 1, so [w| = 4/|—ul? + |-v|? = v2. 


MN. a= (2 


(a =(o3= Cs) Se (D) 242,4) 
y 
B(-3, 3) 
> 0 x 
A(-5, -1) 
3,3 ( 1)) =( 1,4) 12.a=(1 3,0 2% 2, 2) 


(6, —2) 


(-1, 4) 
(5,2) 


(-1, 5) 


BY 


(3, -1) 
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(3,0, 1) + (0, 8,0) = (3+0,0+8,1+0) 48. (1,3, —2) + (0,0,6) = (1+0,3+0,-2+6) 
= (3,8, 1) = (1,3, 4) 
ZA 
-atb= (—3,4) + (9,—-1) = (-3+9,44 (-1)) = (6,3) 
4at+2b=4(-3,4) +2(9,-1) = (12, 16) + (18, —2) = (6, 14) 
jal = (32 +2 = V5 =5 
|a — b| = |(—3 — 9, 4 — (—1))| = |(-12, 5)| = /(—12)? + 5? = V169 = 13 
.a+b= (5i+3j) + (-i- 2j) =4i+j 
4a+2b=4(5i+3j) +2(-i—2j) = 2014 12j—2i—4j = 18148; 
jal = /52 +32 = 34 
ja— b| = |(5i+3j) — (-i—2j)| =|6i+5j| = V@ +5 = Vol 
.a+b=(4i-3j+2k)+(2i-4k) =6i—3j—2k 
4a+2b=4(4i—3j+2k) +2(2i—4k) = 16i— 12) +8k+4i-8k=20i- 12} 
lal = \/4? + (—3)? + 2? = V29 
ja —b| = |(4i-3j + 2k) — (2i—4k)| =|2i-3j + 6k| = (2+ (32 +0 =VO=7 
. a+b =(8,1,—4) + (5,—2,1) = (8 +5,1+ (—2), -4+ 1) = (13, -1, -3) 
4a+2b=4(8,1,—4) +2 (5, —2,1) = (32,4, —16) + (10, —4, 2) = (42,0, -14) 
jal = \/82 + 124+ (—4)? = V81=9 
|ja — b| = |(8 — 5, 1 — (—2), —4 — 1)| = |(3, 3, —5)| = \/3? + 3? + (—5)? = V4 
. The vector (6, —2) has length |(6, —2)| = \/6? + = V40 = 2vV10, so by Equation 4 the unit vector with the same 


The vector —5i+3j — k has length |—5i+3j—k| = \/(—5)? + 3? + (—1)? = V35, so by Equation 4 the unit vector 


with the same direction is (—5i+3j—k) i+ j 


V35 


the same direction is $(8i—j+4k) = $i-3$j+¢k 
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26. |(6, 2, —3)| = \/6? + 2? + (—3)? = V49 = 7, so a unit vector in the direction of (6, 2, —3) is u = = (6, 2, —3). 


A vector in the same direction but with length 4 is 4u = 4- z (6,2, —3) = (3 3 —#2). 


7) 7 
27. From the figure, we see that tan 0 “ V3 0 = 60°. 

x 
28. From the figure, we see that tan@ = 8 — 3, so @ = tan} (3) = 36.9°. 


29. From the figure, we see that the ~-component of v is 


v1 = |v| cos(57/6) = 4( 4) = —2,/3 and the y-component is 


v2 = |v| sin(57/6) = 4($) = 2. Thus, v = (—2,/3, 2). 


30. From the figure, we see that the horizontal component of the 
force F is |F| cos 38° = 50 cos 38° = 39.4 N, and the E 
vertical component is |F| sin 38° = 50 sin 38° ~ 30.8 N. 38° d 


31. The velocity vector v makes an angle of 40° with the horizontal and 
has magnitude equal to the speed at which the football was thrown. 


From the figure, we see that the horizontal component of v is 


|v| cos 40° = 60 cos 40° = 45.96 ft/s and the vertical component 


is |v| sin 40° = 60sin 40° & 38.57 ft/s. 


32. The given force vectors can be expressed in terms of their horizontal and vertical components as 
20cos 45° i+ 20sin 45° j = 10 V2i+ 10 V2j and 16 cos 30° i — 16sin 30° j = 8 V3i— 8j. The resultant force F 
is the sum of these two vectors: F = (10/2 + 8/3) i+ (10 V2 — 8) j © 28.001 + 6.14j. Then we have 
|F| ~ ./(28.00)? + (6.14)? & 28.7 lb and, letting 6 be the angle F makes with the positive x-axis, 


10 /2-—8 _1f 10V2-8 6 
6 =tan ——_——_ ]} 2 124°. 
10/2+8V3 10/2+ 8/3 


tan? = 
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The given force vectors can be expressed in terms of their horizontal and vertical components as —300i and 

200 cos 60° i + 200 sin 60° j = 200(4) i+ 200 (42) j = 100i + 100 V3j. The resultant force F is the sum of 
these two vectors: F = (—300 + 100) i+ (0 + 100 V3) j = —200i + 100\/3j. Then we have 

|F| & 4/(—200)2 + (100: V3)* = /70,000 = 100 7 = 264.6 N. Let 6 be the angle F makes with the 


100V3 v3 
—200 2 


positive x-axis. Then tané = and the terminal point of F lies in the second quadrant, so 


6 =tan! (-2) + 180° =~ —40.9° + 180° = 139.1°. 


Let T; and T2 be the tension vectors corresponding to the support cables as 


shown in the figure. In terms of vertical and horizontal components, 


1 
Ty = |Ti|cos60° + |Ti|sin60°j = 5 |Ta| i+ af ITs j TN T 
60° 60° 
1 
T = —|Ta| cos60% + |To| sin 60°j = — 5 |Ta i4 V3 ial j 
The resultant of these tensions, T; + T2, counterbalances the weight 
w = —500j. So T: + T2 =-—w=500j => ¥ 
1 V3 1 V3 
<|T,/i+ V2 dy 5 —=|T,| i+ 2 |v, 5) = 500). 
(Sita + 2 pray 8) + (—g lal + tal 8) = 500; 
Equating x-components gives 4 |T1| i— 4 |T2| i = 0, so |'T1| = |T2| (as we would expect from the symmetry of the 
500 
problem). Equating y-components, we have ue |Ti| j+ “a |T2| j = V3|Ti| j = 500j |T:| ae Thus the 
: ate 500 : 
magnitude of each tension is |Ti| = |T2| = a = 288.68 lb. The tension vectors are 
1 V3 250 250 
T,==/Ti/ i Ti/j= i+ 250j + 144.341 + 250j Te = ——=i14 250j » —144.34i + 250). 
1 5! ijit 5 |T| j ia. 50j 341+ 250j and T2 res j i+ j 


Call the two tension vectors T2 and T3, corresponding to the ropes of length 2 m and 3 m. In terms of vertical and horizontal 
components, 

Te. = —|T2|cos50°1+ |T2|sin50°j (1) and T3 = |T3| cos38°i + |T3| sin38°j (2) 
The resultant of these forces, 'T2 + T3, counterbalances the weight of the hoist (which is —350j), so T2 + T3 = 350j => 
(— |T2| cos 50° 4 |'T's| cos 38°) i+ (|T2| sin 50° + |T3| sin 38°) j = 350j. Equating components, we have 


cos 38° 
cos 50° 


—|T2| cos 50° + |T3|cos38° =0 = |T2| =|T3| and |'T2| sin 50° + |T3| sin 38° = 350. Substituting the first 


equation into the second gives |T's| os sin 50° + |T3|sin38° = 350 = |'Ts| (cos 38° tan 50° + sin 38°) = 350, so 


50 


se me 225.11 N and |T2| = |Ts| 22° ~ 275.97 N, 


the magnitudes of the tensions are |T3| = fodho tanHO® a Ge aeOe 


Finally, from (1) and (2), the tension vectors are Tz + —177.39i+ 211.41j and Ts ~ 177.391 + 138.59 j. 
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36. We can consider the weight of the chain to be concentrated at its midpoint. The 
forces acting on the chain then are the tension vectors T1, T2 in each end of the 
chain and the weight w, as shown in the figure. We know |Ti| = |T2| = 25 N 


so, in terms of vertical and horizontal components, we have 


Ti = —25cos37°i + 25 sin 37°j Ts = 25cos37°i + 25sin 37°j 


The resultant vector T; + T2 of the tensions counterbalances the weight w, giving T; + T2 = —w. Since w = — |w|j, 
we have (—25 cos 37°i + 25 sin 37°j) + (25 cos 37°i + 25sin 37°j) =|w|j = 50sin37°9j=|w|j = 
30.1 


|w| = 50sin 37° ~ 30.1. So the weight is 30.1 N, and since w = mg, the mass is >> ~ 3.07 kg. 


37. Let vi, v2, and vz be the force vectors where |vi| = 25, |v2| = 12, and |v3| = 4. Set up coordinate axes so that the object is 
at the origin and vi, v2 lie in the xy-plane. We can position the vectors so that v1 = 25i, v2 = 12cos 100° i+ 12sin 100° j, 
and v3 = 4k. The magnitude of a force that counterbalances the three given forces must match the magnitude of the resultant 


force. We have vi + v2 + v3 = (25 + 12c0s100°)i+ 12sin 100° j + 4k, so the counterbalancing force must have 


magnitude |v, + v2 + vs| = \/(25 + 12cos 100°)? + (12sin 100°)? + 4? = 26.1N. 


38. (a) Set up coordinate axes so that the rower is at the origin, the channel is al 
current 
bordered by the y-axis and the line x = 1400, and the current flows in the coor 
arection 
: ; ; ; of steering (1400, 800) 
negative y direction. The rower wants to reach the point (1400, 800). Let 6 | 
| 
be the angle between the positive y-axis in the direction she should steer. a | 
ul 
| 
(See the figure.) sous | 
| > 
0} rower 1400 Xx 


In still water, the rower has velocity v, = (7 sin 0, 7 cos @) and the velocity of the current is v- = (0, —3), so the true 
course of the rower is determined by the velocity vector v = v, + v- = (7sin@, 7cos@ — 3). Let t be the time in seconds 
after the rower departs. Then the position of the rower is given by tv and the rower crosses the channel when 
tv =t (7sin0, 7cos@ — 3) = (1400,800) = Ttsin@d=1400 and (7 cos @ — 3)t = 800 

1400 — 200 


Then t = — = —— and substituting gives 
7sind ~~ sin@ 
200 ; 
(7cos@ — 3) | — = 800 7cos0 —3 = 4sind (dD 
sind 


Squaring both sides, we have 
49 cos” 6 — 42cos 9 + 9 = 16 sin? 6 = 16(1 — cos? 6) 
65 cos? 6 — 42 cos@ — 7 = 0 


The quadratic formula gives 


+ ,/(—42)? — 4(65)(— + /3584 
2(65) 130 


[continued] 
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The acute value for @ is approximately cos” + (0.78359) = 38.4°. Thus, the rower should steer in the direction that is 
38.4° from the bank, toward upstream. 
Alternate solution: We could solve (1) graphically by plotting y1 = 7 cos @ — 3 and y2 = 4sin@ on a graphing device and 


finding the approximate intersection point (0.6704, 4.9702). Thus, 0 + 0.6704 radians, or equivalently, 38.4°. 


200 


(b) From part (a) we know the trip is completed when t = and’ As 0 = 38.4°, the time required is approximately 
200 ; 
sm C& 321.9 seconds or 5.4 minutes. 
sin(38.4°) 
Set up the coordinate axes so that north is the positive y direction and west a 
Vwin 
is the negative x direction. With respect to the still air, the velocity of the “sise 


Vplane 


plane can be written as Vplane = (—180 sin 45°, 180 cos 45°) and the 


velocity of the wind is given by Vwing = (35 sin 30°, —35 cos 30°). 


(See the figure.) 0 x 
Then the velocity vector of the plane relative to the ground is 
V = Vplane + Vwind = (—180sin 45°, 180 cos 45°) + (35 sin 30°, —35 cos 30°) 


= (-90V2 + 35/2, 90V2 — 35V/3/2) = (—109.8, 97.0) 


The ground speed is |v| © \/(—109.8)? + (97.0)? = 146.5 mi/h. The angle the velocity vector makes with the z-axis is 


97.0 
—109.8 


about tan~+ ( ) = —41.5° and —41.5° + 180° = 138.5°. Therefore, the course of the plane is about 


N (138.5 — 90)° W or N 48.5° W. 


With respect to the water’s surface, the dog’s velocity is the sum of the velocity of the ship with respect to the water and the 


velocity of the dog with respect to the ship. If we let north be the positive y direction and west be the negative x direction, we 


have v = (—32,0) + (0,4) = (—32, 4). Then, the speed of the dog is |v| = \/(—32)? + 4? = 32.2 km/h. The vector v 
makes an angle of tan! (=) = —7.1° and —7.1° + 180° = 172.9°. Therefore, the dog’s direction is 
N (172.9 — 90)° W or N 82.9° W. 


The slope of the tangent line to the graph of y = x? at the point (2, 4) is 


dy 


= 2 
dx 7 


=A4 


xr=2 x=2 


Thus, a parallel vector is i+ 4 j, which has length |i + 4j] = 12 + 42 = V17, and so unit vectors parallel to the tangent line 


are = (i+ 4j). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1206 CHAPTER 12. VECTORS AND THE GEOMETRY OF SPACE 


42. (a) The slope of the tangent line to the graph of y = 2sin at the point (7/6, 1) is 


Thus, a parallel vector is i + /3j, which has length |i + v3j| =,/1?4 (V3) = /4 = 2, and so unit vectors parallel 


to the tangent line are +4 (i + V3 j). 


(b) The slope of the tangent line is /3, so the slope of a line (c) 


perpendicular to the tangent line is — A and a vector in this direction 


is V3i—j. Since | V/3i— jj = (v3) + (—1)? = 2, unit vectors 


perpendicular to the tangent line are +4 (V3i a j). 


> d > > > > > > = > > > 
43. By the Triangle Law, AB + BC = AC. Then AB+ BC+ CA = AC+CA, but AC + CA = AC 4 ( AC) =0. 


— — — 
SoAB+ BC+CA=0O. 


> > > > > > —- =: > > > > 
44, AC = AB and BC = $BA.c=OA+ AC =a+3AB AB =3c-—3a.c=OB+BC=OB+3BA => 
— —? — 
BA=3c—3b. BA=—AB,s03c¢ 2b=3a 3c c+2c=2a+b Ss c=2a+Gb. 
45. (a), (b) (c) From the sketch, we estimate that s + 1.3 andt & 1.6. 


(d)c=sa+tb 7 = 3s + 2tand 1 = 2s —t. 


: ‘ : _ 9 _ il 
Solving these equations gives s = = andt = =. 


BY 


46. Draw a, b, and c emanating from the origin. Extend a and b to form lines A 
and B, and draw lines A’ and B’ parallel to these two lines through the terminal 


point of c. Since a and b are not parallel, A and B’ must meet (at P), and A’ 


—> 
and B must also meet (at Q). Now we see that OP + OQ = ¢c, so if 


ie 


(or its negative, if a points in the direction opposite OP) andt = 


then c = sa + tb, as required. 


Argument using components: Since a, b, and c all lie in the same plane, we can consider them to be vectors in two 
dimensions. Let a = (a1, a2), b = (b1, b2), and c = (ci, c2). We need say + tb, = cy and sag + the = cg. Multiplying 


: : - ae beci1 — b 
the first equation by a2 and the second by a; and subtracting, we get t = pica RE Similarly s = a fe a 


bea, — bi a2 boa — by a2" 


Since a 4 O and b ¥ O and ais not a scalar multiple of b, the denominator is not zero. 
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|r — ro| is the distance between the points (x, y, z) and (xo, yo, 20), so the set of points is a sphere with radius 1 and 


center (Xo, Yo, Zo). 


Alternate method: |y — ro| = 1 (© — x0)? +(y— yo)? +(z-z)? =1 © 
(a — 20)? + (y — yo)? + (z — 20)? = 1, which is the equation of a sphere with radius 1 and center (x0, yo, 20). 
Let P; and P be the points with position vectors r; and r2 respectively. Then |r — ri| + |r — ra| is the sum of the distances 


from (x,y) to P; and P. Since this sum is constant, the set of points (x, y) represents an ellipse with foci P, and P2. The 


condition k > |r1 — re| assures us that the ellipse is not degenerate. 


a+ (b+c) = (a1, a2) + ((b1, b2) + (e1, €2)) = (a1, a2) + (b1 + 1, b2 + €2) 
= (a1 + b1 +1, a2 + b2 + c2) = ((a1 + 61) + C1, (G2 + b2) + c2) 
= (a1 + b1, a2 + be) + (e1,€2) = ((a1, a2) + (b1, b2)) + (1, €2) 
=(a+b)+c 

Algebraically: c(a+ b) = c((a1, a2, a3) + (b1, b2, b3)) = c(ar + b1, a2 + b2, a3 + bs) 


= (c(a1 + b1) ,c (a2 + b2) ,c (a3 + b3)) = (car + cb1, ca2 + cb2, cag + cbs) 


= (ca1, Ca2, cag) + (chi, cbe,cb3) =ca+cb 
Geometrically: 
— —s 
According to the Triangle Law, if a = PQ and b = QR, then 
— — 
a+b = PR. Construct triangle PST as shown so that PS = ca and 


— 
ST = cb. (We have drawn the case where c > 1.) By the Triangle Law, 


— 
PT =ca+cb. But triangle PQR and triangle PST are similar triangles 


— — > 
because cb is parallel to b. Therefore, PR and PT are parallel and, in fact, ca 


— —> 
PT =cPR. Thus, ca+cb=c(a+b). 


= — — 
Consider triangle ABC, where D and F are the midpoints of AB and BC’. We know that AB+ BC = AC (1) and 


— — — > > > > aA prapea 
DB+BE=DE (2). However, DB = 3 AB, and BE = 4BC. Substituting these expressions for DB and BE into 
— — — — — —_ —- 
(2) gives AB + +BC = DE. Comparing this with (1) gives DE = 5 AC. Therefore AC and DE are parallel and 
— — 
|pe| = 3|Acl. 
The question states that the light ray strikes all three mirrors, so it is not parallel to any of them and a1 4 0, a2 4 0 and 


a3 # 0. Let b = (61, ba, b3), as in the diagram. We can let |b| = |al, since only its direction is important. Then 


|bs| 
|b| 


sin 0 as] |b2| = |a2|. 
[al 


[continued] 
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From the diagram b2 j and a2 j point in opposite directions, 

so bz = —az. |AB| = |BC|, so 

|bs3| = sind |BC| = sing |AB| = |as|, and 

|b1| = cos ¢ |BC| = cos¢ |AB| = |ai|. 

bs k and az k have the same direction, as do b; i and aj i, so 

b = (a1, —a@2, a3). When the ray hits the other mirrors, similar 
arguments show that these reflections will reverse the signs of 


the other two coordinates, so the final reflected ray will be 


(—a1, —a2, —a3) = —a, which is parallel to a. 


COVERY PROJECT The Shape of a Hanging Chain 


As s(x) is the length of the chain with uniform density p, the mass of the chain is given by ps(x). Then the downward 
gravitational force is given by w = (0, —gps(x)). Also, To = (|To| cos 180°, |To| sin 180°) = (—|To|, 0). As the system is 


in equilibrium, we have 
To+T+w=0 


T=-To-w 
= — (—|To, 0) — (0, —gps(x)) 
= (|To|, 9ps(2)) 


. Note that the vector T is parallel to the tangent line to the curve at the point (x, y). Thus, the slope of the tangent line can be 


written as 


dy _ gps(a)_ (a) __ se) Il 


dx — |To| — |Tol/(ge) a gp 


x 2 
. By Equation 8.1.6, s’(x) = / 1+ (#) , So differentiating both sides of the equation from Problem 2 gives 
0 


dy 1 dy\’ mee d de <A d d 
== 14+ ($2) . Making the substitution 2 =54, we have $= = 2 l+22 => wer 


From Table 3.11.6 we know that an antiderivative of 1/.\/1 + z? is sinh™' , so integrating both sides of the preceding 


equation gives sinh~! z = = + C. We are given that y'(0) = 0 z(0) = 0 C =0,so sinh! z = = => 
z=sinh =. 
a 


[continued] 
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As z dy dy 


a oon = dy = sinh = dx > [dy = f sinh = dx > y = acosh ~ + C. From the initial 
dx dz a a a a 


condition y(0) = 0, we have0 =acoshO0+C => O=a+C = -a=C. Therefore, the equation of the curve is 


x 
y = acosh — — a. 
a 


F x : = 
4. As the value of a increases, the graph of y = acosh — — ais stretched 20 -4a=1/2 
a 


horizontally. 


-10 10 


12.3 The Dot Product 


1. (a) a- bis ascalar, and the dot product is defined only for vectors, so (a- b) - c has no meaning. 
(b) (a- b) c is a scalar multiple of a vector, so it does have meaning. 
(c) Both |a| and b- c are scalars, so |a| (b - c) is an ordinary product of real numbers, and has meaning. 
(d) Both a and b + care vectors, so the dot product a - (b + c) has meaning. 
(e) a- bis a scalar, but c is a vector, and so the two quantities cannot be added and a - b + c has no meaning. 


(f) |a| is a scalar, and the dot product is defined only for vectors, so |a| - (b + c) has no meaning. 


2. a-b = (5,—2) - (3,4) = (5)(3) + (-2)(4) = 15-8 =7 


3. a- b = (1.5, 0.4) - (—4,6) = (1.5)(—4) + (0.4)(6) = -6 + 2.4 = -3.6 


4. a- b = (6, —2,3) - (2,5, —1) = (6)(2) + (—2) (5) + (3)(—1) = 12-—10-3=-1 


5. a-b = (4,1, +) - (6, —3, 8) = (4)(6) + (1)(—3) + ($) (-8) =19 


AIK 


6. a- b = (p, —p, 2p) - (2¢, ¢, —@) = (p)(2¢@) + (—p)(@) + (2p)(—@) = 2pq — pq — 2pq = — pq 
arb = (2949) G=j4O= O00) +004 O0)<i 


8. a-b = (3i+2j—k)- (4i+5k) = (3)(4) + (2)(0) + (-1)(5) =7 


9. By Theorem 3, a- b = |a| |b] cos@ = (7)(4) cos30° = 28(2) =14V3. 


10. By Theorem 3, a- b = |a||b| cos@ = (80) (50) cos 34 = 4000 ( 2) = —2000V2. 


11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60° and 


u-v = |u||v|cos60° = (1)(1)($) = 5. If w is moved so it has the same initial point as u, we can see that the angle 


between them is 120° and we have u- w = |u||w| cos 120° = (1)(1)(—4) = —. 
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u is a unit vector, so w is also a unit vector, and |v| can be determined by examining the right triangle formed by u and v. 


Since the angle between u and v is 45°, we have |v| = |u| cos 45° = ae Then u- v = |u| |v| cos 45° = (1)(2) wl, 


Since u and w are orthogonal, u- w = 0. 


(a) i- j = (1,0, 0) - (0,1,0) = (1)(0) + (0)(1) + (0)(0) = O. Similarly, j -k = (0)(0) + (1)(0) + (0)(1) = O and 
ki = (0)(1) + (0)(0) + (1)(0) =0. 
Another method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product (see Theorem 3) 


iscos 5 =0. 


(b) By Property 1 of the dot product, i- i = |i]? = 1? = 1 since iis a unit vector. Similarly, j - j = |j|? = 1 and 
k-k = |k|? =1. 
The dot product A - P is 
(a, b,c) - (4, 2.5, 1) = a(4) + 6(2.5) + c(1) 
= (number of hamburgers sold) (price per hamburger) 


+ (number of hot dogs sold) (price per hot dog) 


+ (number of bottles sold) (price per bottle) 
so it is equal to the vendor’s total revenue for that day. 


u = (5, 1), v = (3, 2) jul = /5? + 1? = V26, |v| = V3? + 2? = V/13, and u- v = 5(3) + 1(2) = 17. From 
u-v 17 17 


Corollary 6, we have cos 6 = and the angle between u and v is 9 = cos~* (5) e 22°. 


uly] V26V13.—13V2 13V2 
a=i-3j,b=-31+4j => fal =./1?+(-3) = V10, |b| = (3)? + =5, and 
a- b= 1(-—3) + (—3)(4) 15. From Corollary 6, we have cos 6 aa = = and the angle between 
| lallbl ~ V0 V0 : 

aand bis 6 = cos * (=) ~~ 162° 

V10 , 
a= (1,—4,1), b = (0,2, —2) lal = /1?2 + (-4)2 + 2? = V18 = 3v2, |b] = /0? + 2? + (—2)? = V8 = 2vV2, 

a-b —10 10 5 


and a- b = (1)(0) + (—4)(2) + (1)(—2) = —10. From Corollary 6, we have cos 8 = fal [b| = 35.273 rr 1G 


and the angle between a and b is @ = cos" (- 2) = 146°. 


a=(-1,3,4),b = (5,2,1) => Jal = /(-1?+22+# = V2, |b| = V5? +2? + [2 = V30, and 


a-b _ 5 B68 
laj|b] 26-30 V780~—so2/195 


a-b = (—1)(5) + (3)(2) + (4)(1) = 5. From Corollary 6, we have cos 0 = and 


the angle between a and b is 0 = cos! ( 


5 
~ 80°. 
2V =) 
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u=i-4j+kv=-3i+j+5k = |ul)=/1?4+(-4)?+P = v18 = 3v2, |v| = /(-3)? +P 4+5? = 


u-v —2 


= 
lullv| 3/2/35 3/70 


and u- v = 1(—3) + (—4)(1) + 1(5) = —2. From Corollary 6, we have cos 6 = and the angle 


—2 
between u and v is 6 = cos~! (=) 95°. 
3/70 


a=8i-j+4kb=4j+2k => |a|=./8?+(-1?4+# = v81=9, |b] = VP? + 2 +2 = 20 = 2V5, and 


a-b 2 4 i 2 
lal|b] 9-2/5 95 


a-b = (8)(0) + (—1)(4) + (4)(2) = 4. From Corollary 6, we have cos 6 = 


and the angle 


between a and b is 0 = cos~! (<5) we 84°. 


9V5 
Let p, qg, and r be the angles at vertices P, Q, and R respectively. Q 
— — 
Then p is the angle between vectors PQ and PR, q is the angle OP OR 
— — 

between vectors QP and QR, and r is the angle between vectors 
> — P r 
RP and RQ. P R 

PQ: PR (=2,3) (1,4) 

PQ-PR —2,3)- (1,4 —2412 10 a 10 ) Pee 
Thus cos p = = = = and p = cos —— ] ®& 48°. Similarly, 

. Jiprl VR +2VP2+2 ViBVI7 221 - J221 7 


QP-QR _ (2~-3)-(3,1) _ 6-3 
ar] ar) VIF 9VIFT VIBVIO 130 


cosq = 


r 180° — (48°+ 75°) =57°. 


Alternate solution: Apply the Law of Cosines three times as follows: 


2 


R 


cos p = cos g = oS cosr = 


rea 2|Pa| jan| 2|Pa| [an 


Let a, b, and c be the angles at vertices A, B, and C’. Then a is the angle 


= L> 


— —, — 
between vectors AB and AC, b is the angle between vectors BA and BC, BA BC 
CA and CB 
and c is the angle between vectors and C'B. 
WAN [6 
— 
Thus cosa = pokes = pee ee oe le la pee and a = cos~*(—4) 98° 
AB] |Ac| 2? + (-2)? + 1? V0? +37 +2 3-5 15 
BA-BC _ { )(£2,5,3) 
ahs, BA-B —2,2,—-1) - (—2,5,3 4+10-3 11 a 11 ) . 
Similarly, cos b = = = = so b = cos x 54° and 
> |Ba| |Ec| V44+441/4+4 2549 3-38 3/38 3/38 
c & 180° — (98°+ 54°) = 28°. 
[continued] 
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23. 


24. 


25. 


26. 


27. 


28. 
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Alternate solution: Apply the Law of Cosines three times as follows: 


2 2 2 


> 
AB 


cos c = 


>)2 >)2 > 
AC| —|AB| —|BC 


apamyac] Tall fa 


>)2 >)2 > 2 >)2 > 
|Bc| -|AB —~|AC -|Ac -|BC 


cosa = 


a 


(a) a- b = (9)(—2) + (3)(6) = 0, so a and b are orthogonal (and not parallel). 


(b) a- b = (4)(3) + (5)(—1) + (—2)(5) = —3 £ 0, so a and b are not orthogonal. Also, since a is not a scalar multiple 


of b, a and b are not parallel. 


(c) a- b = (—8)(6) + (12)(—9) + (4)(—3) = —168 4 0, so a and b are not orthogonal. Because a = —$ b, a and b are 


parallel. 


(d) a- b = (3)(5) + (—1)(9) + (3)(—2) = 0, so a and b are orthogonal (and not parallel). 


(a) u- v = (—5)(3) + (4)(4) + (—2)(—1) = 3 £0, so u and v are not orthogonal. Also, u is not a scalar multiple of v, 
so uand v are not parallel. 
(b) u- v =(9)(—6) + (—6)(4) + (3)(—2) = —84 4 0, so uand v are not orthogonal. Because u = —3 v, u and v are 


parallel. 


(c) u- v =(c)(c) + (c)(0) + (c)(—c) = c? + 0 — c? = 0, so wand v are orthogonal (and not parallel). (Note that if ¢ = 0 
then u = v = O, and the zero vector is considered orthogonal to all vectors. Although in this case u and v are identical, 


they are not considered parallel, as only nonzero vectors can be parallel.) 
— _— —_— — — 
QP = (-1,-3, 2), QR = (4,-2, -1),andQP-QR = —4+6-2=0. Thus QP and QR are orthogonal, so the angle of 
the triangle at vertex Q is a right angle. 


By Theorem 3, vectors (2,1, —1) and (1, 7,0) meet at an angle of 45° when 


(2,1,-1)-(1,a,0) = JAF 141 V1+ 22 +0 cos45° or2+2-0=V6V1i+a?- 2 Q4+a = V3V14 2?. 


Squaring both sides gives 4 + 4x + 2? = 3+ 3a? 2x” — 4 — 1 = 0. By the quadratic formula, 
—(—4)+ —4)2 — 4(2)(-1 4+v 4+2 
oS (=4) oD Oe) = 26 vé Sit ve (You can verify that both values are valid.) 
2(2) 4 4 2 
Let a = a1 i+ a2j+ az k bea vector orthogonal to bothi+ jandi+k. Thena-(i+j)=0 <= ai+a2=0Oand 
a-(i+k)=0 © a,:+a3 =0,s0 a1 = —az = —az3. Furthermore ais to be a unit vector, so 1 = a? + a3 + a3 = 3a? 
implies a1 = ee Thus a A i—~3j—<gkanda mit +ei4 wa k are two such unit vectors. 


Let u = (a,b) be a unit vector. By Theorem 3 we need u- v = |u| |v|cos60° <= 3a+4+4b=(1)(5)4 & 


2 
b = 2 — 3a. Since u is a unit vector, |ul = Va? FR =1 & a@+P=1 & a?+(Z-3a) =1 © 
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2 2 _ : 
a ia ee 1 100a~ — 60a — 39 = 0. By the quadratic formula, 
— —(—60) + \/(—60)? — 4(100)(—39) 60+ V19,200 344 V3 ees 4V3 oe 

7 2(100) = 200 emer) | eae (0) 

5 3/34+4V3\_ 4-3¥V3 . _ 3-4Vv3 5 3/3-4V3\  44+3¥V3 

b 3 i( 10 ) 10 , and ifa 10 then b ga 10 10 . Thus the two 

F 4 4- -4 4 
unit vectors are gated. pane (0.9928, —0.1196) and cy BBB 3 (—0.3928, 0.9196). 

10 10 10 10 

The line y = 4 — 3a y = —32 + 4has slope —3, so a vector parallel to the line is a = (1, —3). The line y = 32 + 2 


has slope 3, so a vector parallel to the line is b = (1,3). The angle between the lines is the same as the angle 0 between the 


vectors. Here we have a- b = 1(1) + 3(—3) = —8, |al = \/12 + (—3)? = v'110, and |b] = 12 + 3? = V/10. Then 


aaa = . and @ = cos! ( 3) = 143.1°. Therefore, the acute angle between the two lines is 


jab] 10/105 
approximately 180° — 143.1° = 36.9°. 


cos 6 = 


The line 5a — y = 8 y = 5x — 8 has slope 5, so a vector parallel to the line is a = (1,5). The line 


e+3y=15 S&S y= —5r + 5has slope -%, so a vector parallel to the line is b = (3, —1). The angle between the lines 


is the same as the angle 0 between the vectors. Here we have a- b = 1(3) + 5(—1) = —2, |a| = V1? + 52 = 26, and 


|b] = \/3? + (—1)? = V10. Then cos # = ecb ad Ss and 6 = cos~* (-=) = 97.1°. Therefore, 


jallb] 26/10 V5 V65 


the acute angle between the two lines is approximately 180° — 97.1° = 82.9°. 


3 


The curves y = x” and y = 2° meet when 2? = 2? x? — 2? =0 x*(a—1)=0 x =0, x = 1. We have 


d d 
ae = 2x and —zx* = 32”, so the tangent lines of both curves have slope 0 at « = 0. Thus the angle between the curves is 
° . d 4 d 3 : : 
0° at the point (0,0). For « = 1, ae x = 2 and re x = 350 the tangent lines at the point (1, 1) have slopes 2 
x=1 c=1 


and 3. Vectors parallel to the tangent lines are (1, 2) and (1, 3), and the angle 0 between them is given by 


sean (1,2)-(1,38) _ 146 — 7 
[(1,2)|1(1,3)]  VBVI0 52 
Thus 0 = cos~* (<5) = 8.1° 
5/2 _ 
The curves y = sin and y = cosx meet when sinx = cos x tanz=1 x= 7/4 [0 <x < 1/2]. Thus the 
point of intersection is («/4, 2/2). We have on: sin x = cosx = ae: and 
dx z=7/4 c=n/4 2 
a cos x = —sing =— ae so the tangent lines at that point have slopes ab and — a Vectors parallel to 
c= /4 z=7/4 
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36. 


37. 


38. 


39. 


. fal = V1? 4+ 42 = V'17. The scalar projection of b onto a is comp, b = 


CHAPTER 12. VECTORS AND THE GEOMETRY OF SPACE 


the tangent lines are (1, 2) and (, - 2), and the angle 6 between them is given by 


(1, V2/2) - (1, -V2/2) 1-} 1/2 1 


cos @ = = 


LVI GA fez 823 


Thus 0 = cos~! (3) = 70.5°. 


| (4, 1,8) | = V4? + 1? + 8? = V81 = 9. Using Equations 8 and 9, we have cosa = 4, cos 8 = 3, and cosy = 8. 


The direction angles are given by a = cos Sule ) © 63.6°, 8 = cos* (4)  83.6°, and y = cos? (3) = 27.3°. 


| (—6, 2,9) | = \/(—6)? + 2? + 92 = 121 = 11. Using Equations 8 and 9, we have cosa = — 4, cos8 = 4, and 


cosy = 2. The direction angles are given by a = cos~*(—4) = 123.1°, 8 = cos” '(2) = 79.5°, and 


3 1 
3i — j — 2k| = ,/32 + (—1)? + (-2)? = V14. Using Equations 8 and 9, we have cosa = , cos 3 = — , and 
jai — j —2k| = V3 IP + HOF = VTE Using Bg Fg. 005 8 = - 
cosy = ae The direction angles are given by a = cos~* (=) e 36.7°, 8 = cos-4 (-=) = 105.5°, and 
Y AA g g yy avi wy 7A Oo, 


2 

-1 ° 
7 = cos (-z & 122.3°. 
=) 


| — 0.71 + 1.2j — 0.8k| = ,/(—0.7)? + (1.2)? + (—0.8)? = 2.57. Using Equations 8 and 9, we have cosa = = 

1.2 0.8 0.7 
cos 8B = as cosy = ——===. The direction angles are given by a = cos” (-5) ~ 115.9°, 

a V2.5 ot V2.57 . F 4 V2.57 
0.8 
= cos” ey 41.5°, and y = cos”? (-=) = 119.9°. 
(Ga) = mo 
1 
l(c,c,c)| =$VEFFEFE = V3c? = cV3. Using Equations 8 and 9, we have cos a = cos 3 = cosy ees 
evs. /3 
The direction angles are given by a = 6 = y = cos~' (=) = 54.7°. 
V3 
: i 2 2 

Since cos” a + cos” 8 + cos” y = 1, cos? y = 1 — cos” a — cos? 8 = 1 cos’ (2) cos’ (=) 1 (2) (5) =a 

= hha a = 25 
Thus cosy = +5 andy = f ory = +. 
Ja] = ,/(—5)? + 12? = V169 = 13. The scalar projection of b onto a is comp, b = 7. ae me Ee 4 and the 
vector projection of b onto a is proj, b = HES ae 4. 4+(—5,12) = ( ae #). 

a lal _/ Jal 13 13° 13 


and the vector 


14 
lal Vit ~ Viz 


aoe . : a-b\ a 
projection of b onto a is proj, b = (427) jal - =. (14) = (#3 58). 
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. jal = 1 +449 = vV14s0 the scalar projection of b onto a is comp, b = 
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lal = \/4? + 7? + (—4)? = V81 = 9 so the scalar projection of b onto a is 


-b_ (4 —1)+(-4)(1) _ 1 $4, 
compab = al = BOs OCUs CNY) at The vector projection of b onto a is 
: a-b\ a 
projab = ($22) © =3.34.7,-8) = (47.8) = (dA) 
ja] = /1+ 16+ 64 = V81 = 9 so the scalar projection of b onto a is comp, b = =z = 3(—12 +4+416) = § while 


se das , ; -b 
the vector projection of b onto a is proj, b = (47) lal = 3 : é (1, 4, 8) & (-1,4,8) = ( s, ce $Y. 


a-b_6-12-1_ 7 while the vector 
lal V19 v19 


7 a 3 ‘ . 3 : é 
V/19 |al ae: ag (3i 3j+k) = —7(3i- 3j+k) iit 55 is k. 


jal = /9+9+1 = V19so the scalar projection of b onto a is comp, b = 


projection of b onto a is proj, b 


a-b  5+0-3 2 
lal V14 VJ14 


2 a : : : : : : 
= Sagal = VE vee F429 43k) = A+ 2) 43k) = it Fit 7k 


while the vector 


projection of b onto a is proj, b 


-b -b 
(orth, b) a= (b— proj, b) -a=b-a— (proj, b)-a=b-a~—pa-a=b-a—— ' lal? =b-a—a-b=0. 
a 


[al 


So they are orthogonal by (7). 
Using the formula in Exercise 45 and the result of Exercise 40, we have 


orth, b = b — proj, b = (2,3) — (#, 3%) = (2,-3). 


comp, b arb 2 a-b= 2|a| = 2/10. If b = (b1, ba, bs), then we need 3b; + 0b2 — 1b3 = 2/10. 


la 


One possible solution is obtained by taking b; = 0, bs = 0, bs = —2 10. In general, b = (s,t,3s — 2/10), s,t ER. 


1 
lal BI app rer re ee esa cS 


(a) comp, b = comp, a 


That is, if a and b are orthogonal or if they have the same length. 


a-b b-a a b 
b) proj, b=proj,a & —zva=—>zb S&S a-b=0 o —5=—,5. 
Sear eee ar TBP la bP 
b b teeta ae : . : 
But aE be = o? |a| = |b]. Substituting this into the previous equation gives a = b. 


So proj, b = proj,a <<  aand bare orthogonal, or they are equal. 
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49. The displacement vector is D = (6 — 0) i+ (12 — 10)j + (20 — 8) k = 6i4+ 2j + 12k so, by Equation 12, the work done is 


W =F-D=(8i—6j+9k)-(6i+2j+12k) = 48 — 12 + 108 = 144 joules. 
50. Here |D| = 1000 m, |F| = 1500N, and 0 = 30°. Thus 


W =F-D =|F||D|cos0 = (1500)(1000)( 2) = 750,000 V3 joules. 


51. Here |D| = 80 ft, |F| = 30 lb, and 6 = 40°. Thus 


W =F.-D =|F||D|cos@ = (30)(80) cos 40° = 2400 cos 40° & 1839 ft-lb. 


52. W =F .- D = |F||D| cos @ = (400)(120) cos 36° & 38,833 ft-Ib N 


36° 


53. First note that n = (a, b) is perpendicular to the line, because if Qi = (a1, b1) and Q2 = (az, b2) lie on the line, then 


—— 
n- QiQe2 = aaz — aa; + bbz — bb; = 0, since aaz + bbe = —c = aa; + bb; from the equation of the line. 


Let Pz = (x2, yz) lie on the line. Then the distance from P, to the line is the absolute value of the scalar projection 


—_ at % — = a — 
of P,P, onton. comp, (Pi. ) eg Se ee ee 


in| Vere Jaa 
since ax2 + byz = —c. The required distance is WSN =2) ate) Ae = a 
3? + (—4)? 5 


54. (r — a) - (r — b) = 0 implies that the vectors r — a and r — b are orthogonal. 
From the diagram (in which A, B and R are the terminal points of the vectors), 
we see that this implies that R lies on a sphere whose diameter is the line from 
Ato B. The center of this circle is the midpoint of AB, that is, B 
$(at+b) = ($(a1 + b1), $(a2 + be), $(a3 + b3)), and its radius is kar / 
3 |a— bl = § (a1 — bi)? + (a2 — be)? + (a3 — b3)?. 


Or: Expand the given equation, substitute r - r = x? + y® + z® and complete the squares. 


55. For convenience, consider the unit cube positioned so that its back left corner is at the origin, and its edges lie along the 
coordinate axes. The diagonal of the cube that begins at the origin and ends at (1, 1, 1) has vector representation (1, 1, 1). 


The angle @ between this vector and the vector of the edge which also begins at the origin and runs along the x-axis [that is, 


ae (1, 1,1) - (1,0, 0) 1 -1f1 3 
1 §@= 2 hn d= ss) © 54.7°. 
(1,0, 0)] is given by cos (L111. 0,0)) > V3 > cos (=) 54.7 
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Consider a cube with sides of unit length, wholly within the first octant and with edges along each of the three coordinate axes. 


i+j+kandi-+ jare vector representations of a diagonal of the cube and a diagonal of one of its faces. If ™ is the angle 


G4+j+k)-G+)) 2 141 2 6 = cos"? /2 ~ 35.3°. 


between these diagonals, then cos @ = ~—~ a = 
: f+it+kiti vave V3 


Consider the H—C—H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1,0, 0) and 


(0, 1,0) (or any H—C—H combination, for that matter). Vector representations of the line segments emanating from the 


carbon atom and extending to these two hydrogen atoms are (1 3, 0 i, 0 3) = (3, i, 3) and 

(0 i, 1 z, 0 3) = (-3, i, —4). The bond angle, 0, is therefore given by 

gs ae ae ee 

RY ONE 3 
4\4 


Let a be the angle between a and c and £ be the angle between c and b. We need to show that a = 8. Now 


0 cos” * ( 3) ~ 109.5°. 


NIH ole 
nae 
ere, 


i 
2 
ES 
2 


NIK} ple 


arc _ a-|ajb+a-|bla = jaja- b + |al? |b| te. abe lel Srilacly 


cosa = 
lal |c| lal |c| lal |e| lc| 


b-c _ |al|b|+b-a 
|b] |c| Ic| 


. Thus cosa = cos 8. However 0° < a < 180° and 0° < 6 < 180°, so a = G and 
c bisects the angle between a and b. 


Let a = (a1, a2, a3) and b = (b1, ba, bs). 
Property 2: a-b = (aj, G2, a3) - (b1, b2, b3) = a1b1 + ab + abs 


= bia1 + bea2 + b3a3 = (b1, be, b3) - (a1, a2,a3) =b-a 


Property 4: (ca)-b = (ca1, ca2, cag) - (b1, b2, 3) = (ca1)bi + (caz)b2 + (caz)b3 
= c(aib1 + a2b2 + a3b3) = c(a- b) = ai(cbi) + a2(cb2) + a3(cb3) 


= (a1, 42, a3) - (cbi, cb2,cb3) = a- (cb) 


Property 5: O-a= (0,0,0) - (a1, a2,a3) = (0)(a1) + (0)(a@2) + (0)(a3) = 0 


2 3 a > > 
Let the figure be called quadrilateral ABC'D. The diagonals can be represented by AC and BD. AC = AB + BC and 


> > > > > > > 
BD=BC+CD= BC — DC = BC — AB (Since opposite sides of the object are of the same length and parallel, 


—? —? 
AB = DC.) Thus 


AC. BD = (4B + BC) ; (BC — 4B) = AB. (BC — 4B) +BC: (BC - 4B) 


2 


> > >)2 >)2 > > >) 2 > 
= AB-BC-|AB| +|BC| — 4B. BC=|BC| -|4B 


— 2 — 2 he 
But |AB = |BC because all sides of the quadrilateral are equal in length. Therefore AC’. BD = 0, and since both of 


these vectors are nonzero this tells us that the diagonals of the quadrilateral are perpendicular. 
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61. |a- bj = | |a| |b] cos | = |a| |b] |cos 6]. Since |cos 6| < 1, |a- b| = |a| |b] |cos 6| < |a| |b]. 


Note: We have equality in the case of cos 9 = +1, so 0 = 0 or 0 = 7, thus equality when a and b are parallel. 


62. (a) The Triangle Inequality states that the length of the longest side of 
a triangle is less than or equal to the sum of the lengths of the two 


shortest sides. 


(b) ja+ bl? = (a+ b)- (a+b) = (a-a) + 2(a- b) + (b- b) = Jal” + 2(a- b) + |bl? 


< |al? + 2|a| |b] + |b]? [by the Cauchy-Schwartz Inequality] 


= (lal +|b])” 


Thus, taking the square root of both sides, ja + b| < |a| + |b]. 
63. (a) The Parallelogram Law states that the sum of the squares of the 
-b i lengths of the diagonals of a parallelogram equals the sum of the 
<. squares of its (four) sides. 


a 


(b) |a+ bl? = (a+b) - (a+b) = |al? + 2(a- b) + |b|” and Ja — b|? = (a— b)- (a—b) = Jal” — 2(a- b) + |b)”. 
Adding these two equations gives |a + b|? + |a — b|” = 2|a|? + 2|b|?. 
64. If the vectors u + v and u — vare orthogonal, then (u+ v) - (u— v) = 0. But 
(u+v)-(u-—v)=(u+v)-u—(u+v)-v by Property 3 of the dot product 


=u-u+v-u-—-u:v-v-v by Property 3 


= jul? ru:v—u-v [v|? by Properties 1 and 2 


= |ul? — |v|? 


Thus jul? lv|? 0 jul? lv|? |u| = |v| [since |ul, |v| > 0]. 


-b b- -b b.- 
65. proj, b- proj, a= ar? Ee = at : ne (a-b) by Property 4 of the dot product 
a 


_ (a:b) a-b)= cB Ges roper 
ree = (perp) oP) Pry? 


= (cos@)” (a:b) = (a: b) cos? 4 by Corollary 6 
66. (a) Suppose that u and v are nonzero orthogonal vectors. Then 
ju+vl? =(u+v):(u+v) 
=u-u+u:v+v-u+v:-v 
=u? +0+0+ |v)? = |ul? + |v)? 
(b) Suppose that |u + v|? = Jul? + |v|?. From part (a), we know that Ju + v|? = |u|? + 2(u- v) + |v|. Thus, 


2(u-v) = 0, which implies that u and v are orthogonal. 
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12.4 The Cross Product 


ij k 
3 0 2 0 2 3 
1.axb=/2 3 O0J= — j k 
0 5 15 1 0 
10 5 


= (15 — 0)i— (10-0) j + (0— 3)k = 15i- 10j —3k 


Now (a x b)- a = (15, —10, —3) - (2,3,0) = 30 — 30+ 0 = Oand 


(a x b)- b = (15, —10, —3) - (1,0,5) = 15+ 0-15 =0, soa x b is orthogonal to both a and b. 


ij k 
3-2 4 -2 4 3 
2axb=/4 3 —-2/= — j k 
-1 1 2 1 2 -1 
2-1 1 


= (3—2)i-—[4—(—4)]j+ (-4-6)k =i-8j—10k 


Now (a x b)- a = (1, —8, —10) - (4,3, -2) = 4 — 24+ 20 = 0 and 


(a x b)- b = (1, —8, —10) - (2,—1,1) = 2+ 8-10 =0, soa x bis orthogonal to both a and b. 


ij k 
2 -4 0 -4 0 2 
3. axb=| 0 2 -4/= i — jt+ k 
3. 2«2 -1 1 -1 3 
-13 1 


= [2—(-12)]i— (0—4)j + [0— (—2)]k = 1414 4j+2k 


Since (a x b)-a = (141+ 4j+2k)- (2j-4k) =04+ 8-8 =0,a x bis orthogonal to a. 


Since (a x b)- b = (1414+ 4j+2k)-(—i+3j+k) = —-144+12+2=0,ax bis orthogonal to b. 


ij k 
3-3 3-3 3.3 
4 axb=|]3 3 -3/= i— jt+ k 
—-3 3 3. 3 3-38 
3-3 3 


= (9 — 9)i— [9 — (-9)]j + (-9 — 9) k = -18j — 18k 


Since (a x b)- a = (—18j — 18k) - (31+ 3j —3k) =0—-54+4 54 =0,a x bis orthogonal to a. 


Since (a x b)- b = (—18j — 18k) - (3i-— 3j+3k) =0+54—-54=0,a x bis orthogonal to b. 


ij k 
i ol i ol iol 
5B axba-—l/i t pi esol Fes Spee. Chie ae ee ie 
oe ya 1 -3 Te 
1 2 -3 
1 31 1), 7 2 
=(-tes)i(-o ait akosi ewes 
Since (a x b)-a = (—3i1+4j+2k)- ($i +ejt+Fzkj= 8454 + = 0,a x bis orthogonal to a. 


Since (a x b)-b = (—3i+ 4j+2k)- (i+ 2j—3k) =—3+4-2=0,a x bis orthogonal to b. 
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ij k 


t sint t cost 


6B. axb=(|t cost sint| = i- 


1 cost 1 —sint 


cost sint 
—sint cost 


1 -—sint cost 


= [cos t — (— sin? t)] i— (t cost — sint) j + (-tsint — cost) k = i+ (sint — tcost) j + (—tsint — cost) k 


Since (a x b)- a= [i-+ (sint — tcost) j + (—tsint — cost) k] - (i+ costj+sintk) 


=t-+sintcost —tcos?t —tsin’t — sintcost 


=t—t(cos*t + sin’ t) =0 
a X bis orthogonal to a. 


Since (a x b)- b= [i+ (sint — tcost) j + (—tsint — cost) k] - (i— sintj + costk) 


= 1-—sin?t+tsintcost — tsintcost — cos” t 


=1 (sin? t { cos’ t) =0 


a X bis orthogonal to b. 


ij 
i? tt io 4 4? 
Zaxb=| # tl= - j k 
2t 3t t 3¢t t 2 
t 2t 3¢t 
= (3¢3 — 2t?)i — (3t* — #7)j + (2t* — t*)k 
Since (a x b)- a= (3t° — 247, t? — 3t*, 2¢4 — £°) - (43, 07, £) 


= 3t° — at + 44 — 346 + 22° —t4 =0 


a X bis orthogonal to a. 


Since (ax b)- b= (3t? — 2¢?, 1? — 3t*, 2¢* — 4°) - (t, 2t, 3t) 


= 3t* — 2¢° + 24° — 6° + 6t° — 3t4 =0 


a X bis orthogonal to b. 


8 axb=]1 0 —2 


9. According to the discussion following Example 4, i x j = k, so (ix j)x k=kxk=0 [by Example 2]. 
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k x (i— 2j) =kxi+k x (—2j) by Property 3 of the cross product 


=kxi+ (-2) (kx j) by Property 2 


=j+(—2)(-i) =2i+j by the discussion following Example 4 


. (j-—k) x (k-i) = (j—k) x k+ (j—k) x (-i) by Property 3 of the cross product 


=jxk+(-k) x k+j x (-i) + (-k) x (-i) by Property 4 


= (jx k) + (-1)(k x k) + (-1)(j x i) + (-1)?(k x i) _ by Property 2 


=i+(—1)0+4 (-1)(-—k) +j=i+j+k by Example 2 and 
the discussion following Example 4 
(i+j) x G@-Jj) = (i+ j) x i+ G@4+J5) x (-35) by Property 3 of the cross product 
=ixi+jxi+ix (-j)+jx (-j) by Property 4 
= (ix i) + Gx) +(-NEX H+ (YG XI) dy Property 2 


= 0+ (-k) + (-1)k+ (-1)0 =—-2k by Example 2 and 
the discussion following Example 4 


(a) Since b x c is a vector, the dot product a - (b x c) is meaningful and is a scalar. 

(b) b- cisa scalar, soa x (b-c) is meaningless, as the cross product is defined only for two vectors. 

(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 

(d) b- cisa scalar, so the dot product a - (b - c) is meaningless, as the dot product is defined only for two vectors. 

(e) Since (a- b) and (c - d) are both scalars, the cross product (a- b) x (c- d) is meaningless. 

(f) a x band c x d are both vectors, so the dot product (a x b) - (c x d) is meaningful and is a scalar. 

Using Theorem 9, we have |u x v| = |ul||v|sin@ = (10)(8) sin 60° = 80- wes = 40V3. By the right-hand rule, u x v is 
directed into the page. 


lu|=4 jul =4 
30° 


If we sketch u and v starting from the same initial 


; . 150° 
point, we see that the angle between them is 30°. 


lv[|=3 
Using Theorem 9, we have |u x v| = |ul|v|sin@ = (4)(3)sin 30° = 12- 4 = 6. By the right-hand rule, u x v is directed 
into the page. 
(a) |a x b| = |a| |b|sin@é = 3-2-sin$ =6 
(b) a x bis orthogonal to k, so it lies in the xy-plane, and its z-coordinate is 0. 
By the right-hand rule, its y-component is negative and its x-component 


is positive. 
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ijk 
17 b 2 - ses le Beall (—1-—6) i-(2—12)j+[4-(-4)]k 7i+10j+8k 
-axb= = = b= + = (-1-6)1-(2- + |4—(— =—71+ + 
21 4 1 ’ 4 2 4 ’ 
4 21 
i jk 
b 4 21 ane as 4 = 6-(-D]i— (12-2) j + (4-4) k = Ti-10j 8k 
xa= = 1— + = 1 t =71 
-1 3 2 3 q 2 -1 j : 
2 -1 8 
Notice a x b = —b x ahere, as we know is always true by Property 1 of the cross product. 
ii 
? 1 -1 2 -1 2° al 
18. bxc=]2 1 -1l}= i- j+ k= 4i—6j+2kso0 
1 8 0 8 0 
01 38 
i k 
’ 01 1 1 1 
ax(bxc)=/|1 0 = - jt k= 614+ 2j-—6k. 
—6 2 4 2 4 — 
4 -6 2 
ij k 
0 il 1 1 1 0 
axb=/10 1l/= - j k=—i+3j+kso 
1 -1 2 -1 21 
21 -1 
i k 
3 1 -11 —1 
(ax b)xc=]-1 3 = - jt k= 8i+3j—k. 
1 3 0 3 0 
01 3 
Thus a x (b x c) # (aX b) xe. 
19. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 
ij k 
(3,2,1) x (—1,1,0) 3.2 #1 anes ae aaa 5k 
24) x (—1,4, = = = j + =-i-jt+ 2 
1 0 —1 ol? -1 : 
-1 1 0 
: ‘ (-1, -1,5) (+1, -1,5) : 1 1 5 
So two unit vectors orthogonal to both given vectors are +————————. = 4 , that is, (—sby, -s4q. 55) 
JI+14+25 373 3V3’ 3V3? BV3 
1 1 5 
and (sg, shg1—358): 
20. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 
i 
(j-k 0 ‘eee a: ele k 
j x (i+j)= i— jt =i-j-— 
j—k) x Gi+J) i # i Ge laa J 
11 0 
Thus two unit vectors orthogonal to both given vectors are + q(i- j — k), that is, Ai- A j- vq k and 
Diet oD? ip Ad 
alte | toe kK 
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21. Let a = (a1, a2, a3). Then 


ij k 
0 O 0 O 0 O 
Oxa=/0 0 OJ= i —- j t+ k=0, 
a2 a3 ai a3 ai a2 
a1 a2 a3 
ij k 
a2 a3 a, a3 a, a2 
ax0O= a, a2 a3] = _ j k= 
0 0 0 O 0 O 
0 0 0 
22. Let a = (a1, a2, a3) and b = (by, be, b3). 
a2 a3 a1 a3 ai a2 a2 a3 ai a3 a1 a2 
(ax b)- b= - ; » (bi, b2, b3) = = 3 
bz b3} |b1 b3] | b1 be bz bg 1 bg by be 


=> (a2b3b1 = agzb2b1) = (aib3b2 _ a3zb1b2) + (aib2b3 a a2b1bs3) = 0 


23.axb= (a2b3 — agzbe, a3b1 = a b3, a,b = a2b1) 
= ((—1)(b2a3 — bsaz) , (—1)(b3a1 — biaz) , (—1)(b1a2 — b2a1)) 


_ (b2a3 = b3a2, bsa1 = biaz, bia2 2 b2a1) =-bxa 


24. ca = (cai, ca2, ca3), SO 
(ca) x b = (cazbs — cagbe, cagb1 — caib3, caib2 — cazb1) 
= c(a2b3 — a3b2,a3b1 — aib3, a1b2 — a2b1) = c(a x b) 
= (caz2b3 — cazb2, ca3b1 — caib3, caib2 — cazb1) 
= (a2(cb3) — a3(cb2) , a3(cb1) — ai(cb3) , a1(cb2) — a2(cb1)) 
=a x (cb) 


25. ax (b+ c) =ax (bi + c1, b2 + C2, b3 + cs) 


a2(b3 + ¢3) — a3(be + c2), a3(b1 + c1) — ai(b3 + 3), a1(b2 + c2) — a2(b1 + €1)) 


a2b3 + a2c3 — a3b2 — a3C2, a3b1 + a3ci — a1b3 — a1¢3, a1b2 + a1c2 — a2b1 — a2c1) 


a2b3 — a3b2,a3b1 — a1b3, a1b2 — a2b1) + (a2c3 — a3c2,a3C1 — 4103, a1C2 — a2C1) 


ax b)+ (ax c) 


26. (a+b) x c =—cx (a+b) by Property | of the cross product 
—(cxa+cxb) by Property 3 
= —(-a x c+(—bxc)) by Property 1 
=axc+bxe by Property 2 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


= 
= 
= ((a2b3 — agb2) + (a2cg — agc2), (asb1 — a1bs) + (ager — arcs), (a1b2 — a2bi) + (aic2 — a2cr)) 
= 
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27. By plotting the vertices, we can see that the parallelogram is determined 


— — 
by the vectors AB = (2,3) and AD = (6, —1). We know that the area 
of the parallelogram determined by two vectors is equal to the length of 


the cross product of these vectors. In order to compute the cross product, 


— 
we consider the vector AB as the three-dimensional vector (2, 3, 0) 


— 
(and similarly for AD), and then the area of parallelogram ABC'D is 


ABx AD} =||2 3  0|| =|(0—0)i—(0—0)j+ (—2 —18)k| = |-20k| = 20 


6 -1 
28. By plotting the vertices, we can see that the parallelogram is determined by ah 
zs R(LS,8) (5,2, 7) 
the vectors PQ = (2,3,1) and PS' = (4, 2,5). Thus the area of <a 
parallelogram PQRS is Ne 
aon te ij k x20, 3,9) Fr 9 2) 
|PQx PS =|f2 3 1||=|(15—2)i—(10—4)j + (4—12)k é 
4 2 5 
= |13i—6j — 8k| = V169 + 36 + 64 = V269 = 16.40 y 


29. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to these vectors (such as 
— sy 
their cross product) is also orthogonal to the plane. PQ = (2, 1,3) and PR = (5,4, 2), so 
— — 
PQ x PR = ((1)(2) — (3)(A), (3)(5) — (2)(2), (2)(4) — (1)(5)) = (-10, 11, 3) 
Therefore, (—10, 11, 3) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 


(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


|PQ x PR| = |(-10, 11,3)| = (10)? +1 + 3? = V230 


So the area of triangle PQ R is dV 230. 


30. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to these vectors (such as 


— = 
their cross product) is also orthogonal to the plane. PQ = (3,3, —6) and PR = (2,3,1), so 


PQ x PR = ((3)(1) — (—6)(3), (-6)(2) — (3)(1), (3)(3) — (3)(2)) = (21, -15, 3) 


Therefore, (21, —15, 3) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 
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(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


|PQ x PR| = |(21,-15, 3)| = \/212 + (—15)? + 32 = V67 = 15/3 


So the area of triangle PQR is L 3. 


(a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to these vectors (such as 


r : cages wate 
their cross product) is also orthogonal to the plane. PQ = (—4, 3,3) and PR = (—3, —2, 2), so 


—= — 
PQ x PR = ((3)(2) — (3)(—2), (3)(—3) — (-4)(2), (4) (—2) — (8)(-3)) = (12, -1, 17) 
Therefore, (12, —1, 17) (or any nonzero scalar multiple) is orthogonal to the plane through P, Q, and R. 


(b) The area of the triangle determined by P, Q, and R is equal to half the area of the parallelogram determined by the three 


points. Using part (a), the area of the parallelogram is 


|PQ x PR| =|(12,-1,17)| = ,/122 + (-1? + 17 = V4a4 
So the area of triangle PQR is $V 434. 


— — 
(a) PQ = (—3,1, —2) and PR = (1,4, —7), so a vector orthogonal to the plane through P, Q, and R is 


PQ x PR = ((1)( 7) — (—2)(4), (—2)(1) — (—3)(—7), (—3)(4) — (1)(1)) = (1, —23, —13) (or any nonzero scalar 


multiple). 


— — 
(b) The area of the parallelogram determined by PQ and PR is 


—>  — 
|PQ x PR| = |(1, -23, -13)| = /1 +529 + 169 = V699, so the area of triangle PQR is 4 V699. 


By Equation 14, the volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product, 


he me) 
2 Sa =e | 
whichisa-(bxe)=/—-1 1 2}=1] || - a alt 3 5 1 [a t4-2)- 2-4-4) 43-1 -2) =9. 
214 


Thus the volume of the parallelepiped is 9 cubic units. 


110 
1 0 1 1 
a-(bxc)=/0 1 1]/=1 lo ag ia =0+1+0=1. 
a a 


So the volume of the parallelepiped determined by a, b, and c is 1 cubic unit. 


— — — 
a= PQ = (4,2,2),b = PR = (3,3, —1), andc = PS = (5,5, 1). 


Aro. 3S 
ee | 421 3 3 

a-(bxc)=/3 3 -1/=4 ae) 452 = 32-—16+0=16, 
Eee oa 5 1 5 1 5 5 


so the volume of the parallelepiped is 16 cubic units. 
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— — — 
36. a = PQ = (-4,2,4), b = PR = (2,1, —-2) andc = PS = (-3,4,1). 


-4 2 4 
1-2 2-2 21 
a (bes | i So Se = 4 =-36+8+44=16, 
1 -3 1 -3 4 
-3 4 #1 
so the volume of the parallelepiped is 16 cubic units. 
1 5 -2 
=1 0 3 0 Soa 
37,.u-(vx w)=|3 -1 O/;=1 +(- = 4+ 60 — 64 = 0, which says that the volume 
ee an 9 —4 5 —4 i) 


of the parallelepiped determined by u, v and w is 0, and thus these three vectors are coplanar. 


— — — 
38. u= AB = (2,—4,4), v = AC = (4, -1, —2) and w = AD = (2,3, —-6). 


2-4 4 
—1 -2 4 —2 4-1 
u-(vxw)=|4 -l1 —2|]=2 eel —4) o 4 ; = 24 — 80+ 56 = 0, so the volume of the 
2 3 -6 


parallelepiped determined by u, v and w is 0, which says these vectors lie in the same plane. Therefore, their initial and 


terminal points A, B, Cand D also lie in the same plane. 


39. Using the notation of the text, |r| = 0.18 m, |F| = 60 N, and the angle between r and F is 9 = 70° + 10° = 80°. 
(Move F so that both vectors start from the same point.) Then the magnitude of the torque is 


|7| = |r x F| = |r| |F| sin @ = (0.18)(60) sin 80° = 10.8sin 80° ~ 10.6 N-m. 


40. (a) The position vector from the point P to the handle is r = (1, 2) and has magnitude |r| = /1? + 2? = V5 ft. Since the 
force vector F is parallel to the x-axis, the angle between r and F is @ = tan! (2) = 63.43° and the magnitude of the 
torque is |r| = |r x F| = |r| |F|sin@ ~ i. 5 ) (20) sin 63.43° ~ 40.0 ft-lb. (Alternatively, we can observe that 


sind = <, so |r| |F| sind = V5 - 20- += = 40.) 


— 
(b) In this case r = PQ = (0.6, 0.6), so |r| = ,/(0.6)? + (0.6)? = 0.72 and 0 = 45°. The magnitude of the torque is 
|7| = |r| |F| sin @ = (V0.72) (20) sin 45° = (0.72) (20). ¥2 = 101.44 = 12 ft-lb. 


41. Using the notation of the text, r = (0, 0.3, 0) (measuring in meters) and F has direction (0,3, —4). The angle 0 between them 


(0,0.3,0) « (0,3, —4) 0.9 
can be determined by cos 9 = —7~—~—___ > ___ = cos = cos 6 = 0.6 
9 = cos-1(0.6) & 53.1°. Then |r| =|r||Flsind = 100~0.3|F|sin53.1° => |[F]|~ —~2 _ wai7n, 
0.3 sin 53.1° 
42. Since |u x v| = |u| |v|sin 8, 0 < @ < 7, |u x v| achieves its maximum value forsind =1 = 6 = $, in which case 
ju x v| =|ul||v| = 3|5j| = 15. The minimum value is zero, which occurs when sin 8 = 0 0 = Oor7, so when u, v 


are parallel. Thus, when u points in the same direction as v, so u = 3j, |u x v| = 0. As u rotates counterclockwise, 
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u x v is directed in the negative z-direction (by the right-hand rule) and the length increases until 6 = 5, in which case 


u = —3iand |u x v| = |u| |v| = |—3 i] |5j] = 15. As u rotates to the negative y-axis, u x v remains pointed in the negative 
z-direction and the length of u x v decreases to 0, after which the direction of u x v reverses to point in the positive 
z-direction and |u x v| increases. When u = 3i (so @ = 4), |u x v| again reaches its maximum of 15, after which |u x v| 


decreases to 0 as u rotates to the positive y-axis. 


43. From Theorem 9 we have |a x b| = |a| |b] sin 0, where 0 is the angle between a and b, and from Theorem 12.3.3 we have 


a-b=|al||b|cos9 = |a||b| = ere Substituting the second equation into the first gives |a x b| = a°® sin 0, so 
cos 8 cos @ 
ax Pl _ tand. Here ja x b| = |(1, 2, 2)| = VI +444 = 3, so tand = la aa = V3 0 = 60°. 
. a: 


44. (a) Let v = (v1, v2,03). Then 


ij k 
1 1 1 1 
(1,2,1)xv=/1 2 1J= i jt k = (2u3 — v2) i— (v3 — v1) j + (v2 — 201) k. 
U2 U3 U1 U3 U1 v2 

U1 U2 U3 
If (1,2,1) x v = (3,1, —5) then (2v3 — ve, v1 — v3, V2 — 2v1) = (3,1, —5) 2u3 — ve = 3 (1), vi — v3 = 1 (2), 
and v2 — 2v1 = —5 (3). From (3) we have v2 = 2v; — 5 and from (2) we have v3 = v1 — 1; substitution into (1) gives 
2(v1 — 1) — (2u1 — 5) =3 3 = 3, so this is a dependent system. If we let v1 = a then v2 = 2a — 5 and 


v3 = a— 1, so vis any vector of the form (a, 2a — 5,a — 1). 


(b) If (1, 2,1) x v = (3,1, 5) then 2v3 — ve = 3 (1), v1 — v3 = 1 (2), and ve — 2u1 = 5 (3). From (3) we have 
ve = 2v1 + 5 and from (2) we have v3 = v1 — 1; substitution into (1) gives 2(v1 — 1) — (201 +5) =3 => —-7=3, 
so this is an inconsistent system and has no solution. 
Alternatively, if we use matrices to solve the system we could show that the determinant is 0 (and hence the system has no 
solution). 

45. (a) *P The distance between a point and a line is the length of the perpendicular 


— 
from the point to the line, here Ps | = d. But referring to triangle PQS, 


— — — 
d= |Ps| = |aP| sin @ = |b| sin @. But 0 is the angle between QP = b 


QR é |ja x b| 
a and QR = a. Thus by Theorem 9, sin? = rab 
a 
side bana Ph eB), 
fal [b] al 


(b) a = QR = (-1, —-2,—-1) and b = QP = (1, —5, —7). Then 


a x b= ((—2)(—7) — (-1)(-5), (-1)() — (-1)(-7); (-1)(-5) — (-2)(1)) = (9, -8, 7). 


jaxbl 


Thus the distance is d = ——— = ye V81 + 64 + 49 = J = a 


|a| 
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46. (a) The distance between a point and a plane is the length of the perpendicular from bXa 


— — 
the point to the plane, here |r? = d. But TP is parallel to b x a (because 6 c 


— 
b x ais perpendicular to b and a) and d = zp | = the absolute value of the 
scalar projection of c along b x a, which is |c| |cos 6]. (Notice that this is the same 


setup as the development of the volume of a parallelepiped with h = |c| |cos 6|). Thus d = |c| |cos6| =h=V/A 


V _ fa: (bx c)| 
A jax bl — 


where A = |a x bj, the area of the base. So finally d = 


(6) A= OR = 12159 0). b = OS = 11,03) and e = OP Ss a Then 


-120 
0 3 -13 
a-(bxc)=|]-1 0 3) =(-1) - +0=17 
14 14 
114 
ijk 
2 0 -10 -12 
and Aes ae = = jt k=6i+3j+2k 
03 —-13 —10 
-1 0 3 
Thus d= ja-(bxc)| _ 17 ig bt 
ja x bl 36+9+4 7 
47. From Theorem 9 we have |a x b| = |a| |b] sin @ so 


la x bl? = |a|” |b] sin? 6 = Jal? |b]? (1 — cos? @) 
= |al? |b|* — ({aj |b cos)” = |al? |b|? — (a b)” 


by Theorem 12.3.3. 


48. Ifa+b+c =O then b = —(a+c), so 


ax b=ax [—(a+c)] =—[ax (a+c)] by Property 2 of the cross product (with c = —1) 
=-—[(ax a)+(axc)] by Property 3 
=-(0+(axc)]=-axc by Example 2 
=cxXa by Property 1 


Similarly, a = — (b+) so 


cxa=cx [—(b+c)] =—[c x (b+ c)] 
= = [(e x b) + (ex &)] == [(e x b) +0] 


=-cxb=bxc 


Thusax¥ b=bxc=cxa. 
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49. (a—b) x (a+ b) = (a—b) xa+(a—b)xb by Property 3 of the cross product 
=axa+(—-b)xa+axb+(-b)xb by Property 4 


= (ax a) — (bx a) + (ax b) — (bx b) by Property 2 (with c = —1) 


=0-(bxa)+(axb)-—0 by Example 2 
= (ax b) + (ax b) by Property 1 
= 2(a x b) 


50. Let a = (a1, a2, a3), b = (b1, b2, bg) and c = (c1, c2,¢3), 80 b x ¢ = (bec3 — b3c2, b3c1 — b1c3, bice — b2c1) and 


a xX (b x c) = (a2(bice — b2c1) — a3(b3c1 — b1¢3), a3(b2c3 — bsc2) — ai(bice — beer), 
a1(b3c1 — b1c3) — a2(becg — b3c2)) 
= (agbic2 — azbeci — a3b3c1 + a3b1c3, a3b2c3 — a3b3c2 — aibice + aibeci, 
aibgc1 — aibic3 — a2bec3 + a2b3c2) 
= ((a2c2 + agc3)b1 — (a2b2 + a3b3)c1, (aici + a3c3)b2 — (a1b1 + a3b3)c2, 


(a1c1 + a2c2)b3 — (a1b1 + a2b2)c3) 


(x) = ((a2c2 + agc3)b1 — (a2b2 + a3b3)c1 + aibici — aibici, 


(aici + agcz)b2 — (ab + a3b3)c2 + agbece — agbece, 
(aici + a2c2)b3 — (a1b1 + a2b2)c3 + a3b3c3 — a3b3c3) 
= ((a1c1 + ace + agc3)b1 — (a1b1 + a2b2 + agb3)cr, 
(a1c1 + a2ce + a3c3)b2 — (a1b1 + a2b2 + a3b3)ce, 
(a1c1 + a2ce + agc3)b3 — (a1b1 + a2b2 + a3b3)c3) 
= (aici + a2ce + a3cs) (b1, b2, 63) — (a1b1 + a2b2 + agzb3) (c1, C2, ¢3) 
= (a-c)b—(a-b)c 


1229 


(x) Here we look ahead to see what terms are still needed to arrive at the desired equation. By adding and subtracting the 


same terms, we don’t change the value of the component. 


51. ax (bx c) + bx (cx a) +c x (ax b) 
= |(a-c)b— (a- b)c] + [(b- a)c — (b- c)a] + [(c- b)a— (c-a)b] by Exercise 50 
= (a-c)b—(a- b)c+ (a: b)c— (b- c)a+(b-c)a— (a-c)b=0 


§2. Let c x d = v. Then 
(ax b)- (ce x d) = (ax b)- v=a- (bx v) by Property 5 of the cross product 


=a- [bx (c x d)] =a- [(b- d)c— (b-c)d] by Exercise 50 


(b- d)(a-c) — (b-c)(a-d) by Properties 3 and 4 of the dot product 


a-c b-c 


a-d b-d 
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53. (a) No. Ifa- b =a-c, thena- (b—c) = 0, so a is perpendicular to b — ec, which can happen if b # c. For example, 
let a = (1,1,1), b = (1,0, 0) and c = (0,1,0). 


(b) No. Ifa x b =a x c then a x (b — c) = 0, which implies that a is parallel to b — c, which of course can happen 


ifb fc. 
(c) Yes. Since a- c = a- b, ais perpendicular to b — c, by part (a). From part (b), a is also parallel to b — c. Thus since 


a # 0 but is both parallel and perpendicular to b — c, we have b— c = 0, sob =c. 


54. (a) k; is perpendicular to v; if i 4 7 by the definition of k; and Theorem 8. 


(OV ieee V2 X V3 sR) 2g 
vi - (v2 X v3) vi - (v2 X v3) 
x : x x : 
ko-vo = ee “Vo = Yael VaiX¥3) = (aot Vs) s Vi =] [by Property 5 of the cross product] 
vi - (v2 X v3) Vi-(v2Xv3) vi: (V2 X v3) 


(v1 X V2) + V3 vi- (v2 X v3) 
kz - =. eS SS eS by P. rty 5 
3S -(v2 X v3) -v1- (v2 X v3) py Exopenty >| 


v3 XVI V1 X V2 ki 
(c) ku (ke - ks) mee (= . (ve x v3) . Vi- (v2 x 5) > [vi : (v2 x v3)|" , livs . o ‘ “4 ‘i sd 


= ; _ wok - ([(v3 X v1) + v2] vi — [(v3 X v1) + v1] v2) [by Exercise 50] 
1° 2 3 


But (v3 X vi) -vi = 0 since v3 x vi is orthogonal to vi, and 


(v3 x v1) "V2 =Vv2° (v3 x v1) = (v2 x v3) “Vi=Vi1-° (va x V3). Thus 


ki ki “V1 1 
k; - (ko x k3) = -[vi- (v2 X v3)| vi = — 
weeks) [vi - (v2 x v3)]? Ra Wee va) i vi-(v2Xv3) vi: (v2 X v3) 


[by part (b)] 


DISCOVERY PROJECT The Geometry of a Tetrahedron 


1. Set up a coordinate system so that vertex S is at the origin, R = (0, y1,0), Q = (x2, y2,0), P = (x3, ys, 23). 


— — — —> — 
Then SR = (0, 41,0), SQ = (x2, y2, 0), SP= (£3, Y3, 23), QR = (—#2,y1 — y2, 0), and QP = (x3 — 42, Y3 — Y2, 23). 
Let 


— — 
vs = QR x QP = (y123 — yo%3) i+ voz3j + (—xoy3 — 341 + V3y2 + Gay) k 


Then vg is an outward normal to the face opposite vertex S. Similarly, 
— — — — 

vr = SQ Xx SP = yoz3i-— ©2235 + (xoy3 — 13y2)k, va = SP x SR = —yiz3i1+ x3y1 k, and 
— — 

vp =SRxSQ=-r2y1k => vst+tvrt+vet+ve = 0. Now 


— — 
|v.s| = area of the parallelogram determined by QR and QP 


= 2 (area of triangle RQP) = 2|vi| 


So vg = 2vj1, and similarly vz = 2ve, Va = 2v3, Vp = 2va4. Thus v1 + v2 + v3 + v4 = 0. 
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2. (a) Let S = (xo, yo, 20), R = (21, y1, 21), Q = (2, yo, 22), P = (#3, yz, 23) be the four vertices. Then 


Volume = 3 (distance from $ to plane RQP) x (area of triangle RQP) 


eae aL 


i 1|RQ x RP 


— —s 
where N is a vector which is normal to the face RQP. Thus N = RQ x RP. Therefore 


Lo- XL Yo-Yyi %- 41 
—> — 1 
V= (RO x RP) : SRI = 2-41 Yeo-Yr 22-21 


%3—-2%1 Y3—-Y1l %3—- 21 


fade «to ies 
1 1 
(b) Using the formula from part (a),V= = |J1-1 1-2 2-8 =5|20 2)| = 
ee ee ee 


3. We define a vector vi to have length equal to the area of the face opposite vertex P, so we can say |v1| = A, and direction 
perpendicular to the face and pointing outward, as in Problem 1. Similarly, we define v2, v3, and va so that |v2| = B 
|v3| = C, and |v4| = D and with the analogous directions. From Problem 1, we know vi + v2+v3+va=0 => 
va =—(vi+ve+v3) => |val = |—(vi t+ ve+v3)| =|vi t+vetv3} > |val? = |vi + ve + vs3|? => 
va- va = (vi + ve + v3): (vi + ve + v3) 
=Vi-Vi t+ V1-V2+ V1 + V3 + V2°V1 + V2° V2 + V2° V3 + V3 + V1 + V3° V2 + V3 + V3 
Since the vertex S is trirectangular, we know the three faces meeting at S are mutually perpendicular, so the vectors 


V1, V2, V3 are also mutually perpendicular. Therefore, v;-v; = 0 fori #4 j andi, 7 € {1, 2,3}. Thus we have 


V4a-V4 =Vi-Vitve-va+v3-v3) => |val? =|vil? +|vel? + |vsl? D? = A? 4+ B?+C”. 
Another method: We introduce a coordinate system, as shown. Recall that 
the area of the parallelogram spanned by two vectors is equal to the length 


of their cross product, so since 


uxv= (-q@r, 0) x (—q, 0, p) = (pr, Pq, qr); we have 


Ju x v| = \/(pr)? + (pq)? + (gr), and therefore 


D? = (3|ux vl)” = aller)? + (pa) + Car)” 
= (er) + (gpq)” + (ar)? = A? +B? +0? 
A third method: We draw a line from S perpendicular to QR, as shown. 
Now D= ich, so D? = th’. Substituting h? = p? + k?, we get 
D? = 4? (p? +k?) = ¢c?p? + 407k”. But C = ick, so 


D? = te p’ + C?. Now substituting c? = q? + r? gives 


D? =e +4? +C? =A? + B?+C?. 
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12.5 Equations of Lines and Planes 


1. (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these vectors are 
each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar multiples of each 


other, so these vectors, and hence the two lines, are parallel. 
(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 


(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these two normal 


vectors are parallel to each other and the planes are parallel. 
(d) False; for example, the xy- and yz-planes are not parallel, yet they are both perpendicular to the xz-plane. 
(e) False; the x- and y-axes are not parallel, yet they are both parallel to the plane z = 1. 


(f) True; if each line is perpendicular to a plane, then the lines’ direction vectors are both parallel to a normal vector for the 


plane. Thus, the direction vectors are parallel to each other and the lines are parallel. 
(g) False; the planes y = 1 and z = 1 are not parallel, yet they are both parallel to the x-axis. 


(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction vector for the 


line. Thus, the normal vectors are parallel to each other and the planes are parallel. 
(i) True; see Figure 9 and the accompanying discussion. 
(j) False; they can be skew, as in Example 3. 


(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is perpendicular 
to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 0, 0° < 6 < 90°, and the 


line will intersect the plane at an angle 90° — 0. 


2. For this line, we have rp = 4i + 2j — 3k and v = 2i — j + 6k, so a vector equation is 


r=ro+tv = (41+ 2j — 3k) + t(2i —j + 6k) = (44+ 2t)i+ (2—t)j+ (—3+4 6t) k, and parametric equations are 


~1=442t,y=2-t,z=-3+4 66. 

3. For this line, we have ro = —i+ 8j + 7k and v = 4i + 3j + tk, so a vector equation is 
r=ro+tv = (—i+ 8j+7k) +t($i + 3J + +k) a (-1 + zt) i+ (8 + zt) j + (7 + zt) k, and parametric equations are 
e=—-1+$sty=8+5t,2=7+ Gt. 

4. The direction vector for this line is the same as the given line, v = —3i+ 4j + 5k. Here ro = 6i — 2k, so a vector equation is 


r=ro+tv = (6i—2k)+t(—3i14+ 4j + 5k) = (6 — 3t)i+4tj + (—2 + 5t) k, and parametric equations are x = 6 — 3¢, 
y = 4t, z = —2+4+ dt. 


5. A line perpendicular to the given plane has the same direction as a normal vector to the plane, such as n = (3, —2, 2). So 


Yo = 5i+ 7j + k and we can take v = 3i — 2j + 2k. Then a vector equation is 
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r=ro+tv = (5i+7j+k)+t(8i-2j+2k) = (54+ 3t)i+ (7 — 2t)j + (1+ 2t) k, and parametric equations are 


~©=54+3t,y=7-2t,2=1+4 2t. 


. The vector v = (1 — (—5),6 — 2, —2 — 5) = (6,4, —7) is parallel to the line. Letting Po = (—5, 2,5), parametric equations 


arex = —54+ 64, y = 2+ 4t, z = 5 — 7t and symmetric equations are ad = z = ue mae >. 


. The vector v = (8 — 0, —1 — 0,3 — 0) = (8, —1, 3) is parallel to the line. Letting Po = (0,0, 0), parametric equations are 


y z z 


x 
-1 3 #8 


x = 8t, y = —t, z = 3t and symmetric equations are = 


. The vector v = (1.3 — 0.4, 0.8 — (—0.2), —2.3 — 1.1) = (0.9, 1, —3.4) is parallel to the line. Letting Po = (0.4, —0.2, 1.1), 


parametric equations are x = 0.4+ 0.9%, y = —0.2+ t, z = 1.1 — 3.4¢ and symmetric equations are 


a-04 yt+02 z-11 «£-04 z-1.1 
= = = j= 
0.9 I 234 go. es! =3.4 


. The vector v = (—7 — 12,9 — 9,11 — (—13)) = (—19, 0, 24) is parallel to the line. Letting Py = (12,9, —13), parametric 


x-12  z2+13 


equations are x = 12 — 19t, y = 9, z = —13 4 24¢ and symmetric equations are , y = 9. Notice here that 


—19 24 

the direction number b = 0, so rather than writing y 7 z in the symmetric equation, we must write y = 9 separately. 

ij k 
v = (i+j) x (j +k) =|1 1 0|]=i—j+k is the direction of the line perpendicular to both i + j and j + k. 

011 

. : : ; . -1 
With Po = (2,1, 0), parametric equations are x = 2+ t, y= 1-—t, z =t and symmetric equations are x — 2 = 1 =z 
orx—2=1-y=z. 
‘ . £& y 2+ ae : : : 

The given line a | has direction v = (2,3, 1). Taking (—6, 2,3) as Po, parametric equations are 1 = —6 + 2t, 


—2 
eee ab a2-3 


y =2+4 3t, z = 3+ ¢ and symmetric equations are 


Setting z = 0 we see that (1, 0, 0) satisfies the equations of both planes, so they do in fact have a line of intersection. 
The line is perpendicular to the normal vectors of both planes, so a direction vector for the line is 


vV =n, X np = (1,2,3) x (1,—-1,1) = (5, 2, —3). Taking the point (1,0, 0) as Po, parametric equations are x = 1 + 5t, 


: : -—1 
y = 2t, z = —3t, and symmetric equations are 2 5 eae 


2 0 -3° 


Direction vectors of the lines are vi = (—2 — (—4),0 — (—6), -3 — 1) = (2,6, —4) and 


v2 = (5 — 10,3 — 18, 14 — 4) = (—5, —15, 10). Since v2 = —3vi, the direction vectors, and thus the lines, are parallel. 


Direction vectors of the lines are vi = (1 — (—2),1—4,1-— 0) = (3, —3, 1) and 


vo = (38 — 2,-1 — 3, -8 — 4) = (1, —4, -12). Since v1 - v2 = 3+ 12 — 12 ¥ 0, the direction vectors, and thus the lines, 


are not perpendicular. 
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15. (a) The line passes through the point (1, —5, 6) and a direction vector for the line is (—1, 2, —3), so symmetric equations for 


—-1l _ yt5_ 2-6 


x 
the li : 
e line ae 5 3 


-—1 — -—1 
(b) The line intersects the xy-plane when z = 0, so we need — <2 + oe —* or — =2 e=—1, 


=—=2 => y=-1. Thus the point of intersection with the xy-plane is (—1, —1, 0). Similarly for the yz-plane, 
yt5 2-6 
2 —3 


a-1 
—1 


we need x = 0 1 


y = —3, z = 3. Thus the line intersects the yz-plane at (0, —3, 3). For 


the xz-plane, we needy =0 => 


5 ne 
=5 = r= 3, LS 3. So the line intersects the xz-plane 


16. (a) A vector normal to the plane x — y + 3z = 7isn = (1, —1,3), and since the line is to be perpendicular to the plane, n is 


also a direction vector for the line. Thus parametric equations of the line arex = 2+t,y=4-—t,z=6+4 3¢. 


(b) On the xy-plane, z = 0. Soz =6+43t=0 t 2 in the parametric equations of the line, and therefore « = 0 


and y = 6, giving the point of intersection (0, 6,0). For the yz-plane, x = 0 so we get the same point of interesection: 


(0,6, 0). For the xz-plane, y = 0 which implies t = 4, so x = 6 and z = 18 and the point of intersection is (6, 0, 18). 


17. From Equation 4, the line segment from ro = 6i—j+9ktor; = 71+ 6j has vector equation 


r(t) = (1—t)ro + tri = (1—t)(6i-j + 9k) +#(71+6)) 


= (6i—-j+9k) —t(6i-j+9k) +¢(71+6)) 


= (6i-j+9k)+t(i+7j-9k), 0<t<1. 


18. From Equation 4, the line segment from ro = —2i1+ 18j+31ktor,; = 11i—4j-+ 48k has vector equation 
r(t) =(1—t)ro + tri = (1—t)(—2i1+ 18j + 31k) +¢(11i-—4j+48k) 
= (—214+ 18j4+ 31k) +¢(13i-22j+17k), 0<t<1. 


The corresponding parametric equations are x = —2 + 13t, y = 18 — 22t, z= 314 17t,0<t<1. 


19. Since the direction vectors (2, —1, 3) and (4, —2, 5) are not scalar multiples of each other, the lines aren’t parallel. For the 
lines to intersect, we must be able to find one value of t and one value of s that produce the same point from the respective 
parametric equations. Thus we need to satisfy the following three equations: 3 + 2 = 1+ 4s,4—t=3-— 2s, 
1+ 3t = 4+ 5s. Solving the last two equations we get t = 1, s = 0 and checking, we see that these values don’t satisfy the 


first equation. Thus the lines aren’t parallel and don’t intersect, so they must be skew lines. 
20. Since the direction vectors are v1 = (—12, 9, —3) and v2 = (8, —6, 2), we have vi = — 3vo so the lines are parallel. 


21. Since the direction vectors (1, —2, —3) and (1,3, —7) aren’t scalar multiples of each other, the lines aren’t parallel. Parametric 


equations of the lines are 21: 7 = 2+t, y = 3—-2t,z=1- 3tand lo: 4 =3+8, y = —4+4+ 3s, z = 2 —7s. Thus, for the 
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lines to intersect, the three equations 2+ ¢ = 3+ s,3— 2t = —4+ 3s, and 1 — 3t = 2 — 7s must be satisfied simultaneously. 
Solving the first two equations gives t = 2, s = 1 and checking, we see that these values do satisfy the third equation, so the 


lines intersect when t = 2 and s = 1, that is, at the point (4, —1, —5). 


The direction vectors (1, —1, 3) and (2, —2, 7) are not parallel, so neither are the lines. Parametric equations for the lines are 


In:x=t,y=1-t,z=2+4 3tand Lo: x =2+4 2s, y = 3 — 2s, z = 7s. Thus, for the lines to interesect, the three 
equations t = 2+ 2s, 1 —t = 3 — 2s, and 2 + 3t = 7s must be satisfied simultaneously. Solving the last two equations gives 
¢t = —10, s = —4 and checking, we see that these values don’t satisfy the first equation. Thus the lines aren’t parallel and 


don’t intersect, so they must be skew. 


5i + 4j + 6k is a normal vector to the plane. (3, 2,1) is a point on the plane. Setting a = 5, b = 4, c = 6 and xo = 3, yo = 2, 


zo = 1 in Equation 7 gives 5(a — 3) + 4(y — 2) + 6(z — 1) = 0, or 5a + 4y + 6z = 29, as an equation of the plane. 


(6, 1, —1) is a normal vector to the plane. (—3, 4, 2) is a point on the plane. Setting a = 6, b = 1,c = —1and ap = —3, 


yo = 4, 20 = 2 in Equation 7 gives 6(a + 3) + 1(y — 4) — (2 — 2) = 0, or 62 + y — z = —16, as an equation of the plane. 


Since the plane is perpendicular to the vector —i + 2j + 3k, we can take (—1, 2,3) as a normal vector to the plane. 


(5, —2, 4) is a point on the plane. Setting a = —1, b = 2,c = 3 and xo = 5, yo 2, 20 = 4 in Equation 7 gives 


—(@ — 5) + 2(y + 2) + 3(z — 4) = 0, or —ax + 2y + 3z = 3, as an equation of the plane. 


Since the line is perpendicular to the plane, its direction vector, (—8, —7, 2), is a normal vector to the plane. 


(0, 0, 0) is a point on the plane. Setting a 8, b 7,c = 2 and xo = 0, yo = 0, Zo = 0 in Equation 7 gives 


8(x — 0) — 7(y — 0) + 2(z — 0) = 0, or —8x — Ty + 2z = 0, as an equation of the plane. 


Since the line is perpendicular to the plane, its direction vector, (4, —1, 5), is a normal vector to the plane. 


(1, 3, —1) is a point on the plane. Setting a = 4, b = —1, c = 5 and xo = 1, yo = 3, 2 = —1 in Equation 7 gives 


4(a — 1) — 1(y — 3) + 5(z +1) = 0, or 4a — y +: 5z = —4, as an equation of the plane. 


Since the two planes are parallel, they will have the same normal vectors. The plane is z = 2” — 3y 2x2 — 3y—z=0, 


so we can take n = (2, —3, —1), and an equation of the plane is 2(a — 9) — 3(y + 4) — 1(z2 +5) =O, or 2a — 3y — z = 35. 


Since the two planes are parallel, they will have the same normal vectors. The plane is 2a — y + 3z = 1, so we can take 
n = (2,—1,3), and an equation of the plane is 2(a — 2.1) — 1(y — 1.7) + 3(z + 0.9) = 0, or 2a — y + 3z = —0.2, or 
10z — 5y + 15z = —-1. 


First, a normal vector for the plane 52 + 2y + z = lis n = (5,2,1). A direction vector for the line is v = (1, —1, —3), and 
since n - v = 0 we know the line is perpendicular to n and hence parallel to the plane. Thus, there is a parallel plane which 
contains the line. By putting t = 0, we know that the point (1, 2, 4) is on the line and hence the new plane. We can use the 


same normal vector n = (5, 2, 1), so an equation of the plane is 5(a — 1) + 2(y — 2) + 1(z —4) =Oor5¢+2y4+2=13. 


The vector from (0, 1,1) to (1,0, 1), namely a = (1 — 0,0 — 1,1 —1) = (1, —1,0), and the vector from (0, 1, 1) to (1, 1, 0), 


b = (1—0,1-—1,0—-1) = (1,0, —1), both lie in the plane, so a x b is a normal vector to the plane. Thus, we can take 
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n=ax b= ((-1)((—1) — (0)(0), (0)(1) — (1)(—1), (1)(0) — (—1)(1)) = (1, 1, 1). If Po is the point (0,1, 1), an 


equation of the plane is 1(a —0)+1(y—1)+1(2-1) =Oora+y4+z2z=2., 


Here the vectors a = (3, —2,1) and b = (1,1, 1) lie in the plane, so 


n=ax b= ((—2)(1) — (1)(1), (1)(1) — (8) (4), (3)(1) — (—2)(1)) = (—3, —2, 5) is a normal vector to the plane. We can 


take the origin as Po, so an equation of the plane is —3(a — 0) — 2(y — 0) + 5(z — 0) = 0 or —3a — 2y + 5z = Oor 
3x + 2y —5z =0. 


Here the vectors a = (3 — 2, -8 — 1,6 — 2) = (1, —9, 4) and b = (—2 — 2,3 — 1,1 — 2) = (—4, —4, —1) lie in the 


plane, so a normal vector to the plane isn = a x b = (9+ 16, —-16 + 1, —4 — 36) = (25, —15, —40) and an equation of the 


plane is 25(a — 2) — 15(y — 1) — 40(z — 2) = O or 25a — 15y — 40z = —45 or 5a — 3y — 8z = 9. 


. The vectors a = (—2 — 3, —2 — 0,3 — (—1)) = (—5, —2, 4) and b = (7 — 3,1 — 0, —4 — (—1)) = (4,1, —3) lie in the 


plane, so a normal vector to the plane isn = a x b = (6 — 4,16 — 15, —-5 + 8) = (2, 1,3) and an equation of the plane is 


2(@ — 3) + 1(y — 0) +. 3[z — (—1)] = Oor 2a 4+ y+3z =3. 


If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (—1, 2, —3) is one vector in the plane. We can verify that the given point 
(3, 5, —1) does not lie on this line, so to find another nonparallel vector b which lies in the plane, we can pick any point on the 


line and find a vector connecting the points. If we put t = 0, we see that (4, —1, 0) is on the line, so 


b = (4-3, -1—5,0- (—1)) = (1,-6, 1) andn =a x b = (2 — 18, -3+ 1,6 — 2) = (—16, —2, 4). Thus, an equation 


of the plane is —16(a — 3) — 2(y — 5) + 4[z — (—1)] = 0 or —16a — 2y + 4z = —62 or 8a + y — 2z = 31. 


Since the line 5 = 7 = lies in the plane, its direction vector a = (3, 1, 2) is parallel to the plane. The point (0, —4, 0) 


is on the line (put t = 0 in the corresponding parametric equations), and we can verify that the given point (6, —1, 3) in the 


plane is not on the line. The vector connecting these two points, b = (6, 3, 3), is therefore parallel to the plane, but not parallel 


toa. Thena x b = (3 — 6,12 — 9,9 — 6) = (—3, 3, 3) is a normal vector to the plane, and an equation of the plane is 


—3(x — 0) + 3[y — (—4)] + 3(z — 0) = 0 or —3a 4+ 8y + 8z = —1l2 orw—y-—z=4. 


Normal vectors for the given planes are nj = (1, 2,3) and nz = (2, —1, 1). A direction vector, then, for the line of 


intersection isa = nj X ng = (2+ 3,6 — 1, —1 — 4) = (5,5, —5), and a is parallel to the desired plane. Another vector 
parallel to the plane is the vector connecting any point on the line of intersection to the given point (3, 1, 4) in the plane. 


Setting z = 0, the equations of the planes reduce to x + 2y = 1 and 2a — y = —3 with simultaneous solution x = —1 and 


y = 1. Soa point on the line is (—1, 1, 0) and another vector parallel to the plane is b = (3 — (—1),1— 1,4 — 0) = (4,0, 4). 


Then a normal vector to the plane is n = a x b = (20 — 0, —20 — 20, 0 — 20) = (20, —40, —20). Equivalently, we can take 


(1, —2, —1) as anormal vector, and an equation of the plane is 1(a — 3) — 2(y — 1) — 1(z —4) =Oora — 2y—z=-3. 
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The points (0, —2, 5) and (—1, 3, 1) lie in the desired plane, so the vector vi = (—1,5, —4) connecting them is parallel to 
the plane. The desired plane is perpendicular to the plane 2z = 5a + 4y or 5a + 4y — 2z = 0 and for perpendicular planes, 


a normal vector for one plane is parallel to the other plane, so v2 = (5, 4, —2) is also parallel to the desired plane. 


A normal vector to the desired plane is n = vi X v2 = (—10 + 16, —20 — 2, —4 — 25) = (6, —22, —29). 
Taking (20, yo, 20) = (0, —2, 5), the equation we are looking for is 6(a — 0) — 22(y + 2) — 29(z — 5) = Oor 
6x — 22y — 29z = —101. 


Ifa plane is perpendicular to two other planes, its normal vector is perpendicular to the normal vectors of the other two planes. 


Thus (2,1, —2) x (1,0,3) = (3 — 0, -—2 — 6,0 — 1) = (3, —8, —1) is a normal vector to the desired plane. The point 


(1, 5, 1) lies on the plane, so an equation is 3(@ — 1) — 8(y — 5) — (2 — 1) = Oor 3a — 8y — z = —38. 


n; = (1,0,—1) and nz = (0,1, 2). Setting z = 0, it is easy to see that (1, 3,0) is a point on the line of intersection of 


“x — z=1and y + 2z = 3. The direction of this line is vi = ni X ng = (1, —2,1). A second vector parallel to the desired 
plane is v2 = (1,1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, a normal of the plane in question is 


n=vi X v2 = (4—1,14+ 2,14 2) = (3,3,3), or we can use (1,1, 1). Taking (xo, yo, 20) = (1,3, 0), the equation we are 


looking foris (a —1)+(y-—3)+2=0 S&S e+y4+2=4 


To find the x-intercept we set y = z = 0 in the equation 2x + 5y + z = 10 
and obtain 22 = 10 = « =5so0 the x-intercept is (5,0,0). When 
x=z=Oweget5y=10 => y= 2,s0 the y-intercept is (0, 2,0). 
Setting « = y = 0 gives z = 10, so the z-intercept is (0, 0, 10) and we 


graph the portion of the plane that lies in the first octant. 


To find the x-intercept we set y = z = 0 in the equation 3x + y+ 2z =6 
and obtain 32 =6 = «x =2s0 the x-intercept is (2,0,0). When 

x= z= 0 we get y = 6 so the y-intercept is (0, 6,0). Setting « = y = 0 
gives2z=6 = z=83,s0 the z-intercept is (0, 0,3). The figure shows 


the portion of the plane that lies in the first octant. 


Setting y = z = 0 in the equation 62 — 3y+ 4z =6 gives6a@=6 => 


x = 1, when x = z = 0 we have —3y = 6 y=—2,andx =y=0 
implies 4z =6 = z = 3, so the intercepts are (1, 0,0), (0, —2, 0), and 
(0,0, 3). The figure shows the portion of the plane cut off by the coordinate 


planes. 
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Setting y = z = 0 in the equation 6x + 5y — 3z = 1l5 gives6a# = 15 => 


a= 3,whenx«=2=OwehaveSy=15 > y=3,andex=y=0 


implies —3z = 15 z = —5, so the intercepts are (3,0, 0), (0, 3,0), 
and (0,0, —5). The figure shows the portion of the plane cut off by the 


coordinate planes. 


. Substitute the parametric equations of the line into the equation of the plane: 7+ 2y—z=7 => 


(2—2t)+2(3t)-(1+t)=7 => 3t+1=7 = t=2. Therefore, the point of intersection of the line and the plane is 


given by x = 2 — 2(2) = —2, y = 3(2) = 6, and z = 1+4 2 =3, that is, the point (—2, 6, 3). 


. Substitute the parametric equations of the line into the equation of the plane: 3(t — 1) — (14+ 2t)4+2(3-t)=5 => 


t+2=5 ¢t = —3. Therefore, the point of intersection of the line and the plane is given by x = —3 —1 = —4, 


y = 1+ 2(—3) = —5, and z = 3 — (—3) = 6, that is, the point (—4, —5, 6). 


Parametric equations for the line are 7 = +t, y = 2t, z = t — 2 and substitution into the equation of the plane gives 


10(¢t) — 7(2t) + 3(t- 2) + 24=0 9t +18 =0 t = 2. Thus x = 3(2) = 3, y = 2(2) =4,z =2-2=0 


and the point of intersection is (2, 4, 0). 


. A direction vector for the line through (—3, 1, 0) and (—1, 5,6) is v = (2, 4, 6) and, taking Po = (—3, 1,0), parametric 


equations for the line are x = —3 + 2t, y = 1+ 4t, z = 6¢. Substitution of the parametric equations into the equation of the 


plane gives 2(—3 + 2t) + (1 + 4t) — (6t) = —2 2%—-5=-2 t = 3. Thenz = -3+ 2(3) =0, 


y =1+4(3) =7, and z = 6 (3) = 9, and the point of intersection is (0, 7, 9). 


. Setting x = 0, we see that (0, 1, 0) satisfies the equations of both planes, so that they do in fact have a line of intersection. 


Vv = ny X ne = (1,1,1) x (1,0,1) = (1,0, —1) is the direction of this line. Therefore, direction numbers of the intersecting 
line are 1, 0, —1. 
The angle between the two planes is the same as the angle between their normal vectors. The normal vectors of the 


two planes are (1, 1,1) and (1, 2,3). The cosine of the angle 0 between these two planes is 


OR eee ae 14243 _ 6 _ £6 
[(1,1,1)]|(1,2,3)]) JYI+1+1V1+44+9 V4 7 


cos @ = 


Normal vectors for the planes are ni = (1,4, —3) and no = (—3,6, 7). The normals aren’t parallel (they are not scalar 
multiples of each other), so neither are the planes. But nj - nz = —3 + 24 — 21 = 0, so the normals, and thus the planes, are 


perpendicular. 


Normal vectors for the planes are ni = (9, —3,6) and nz = (6, —2, 4) (the plane’s equation is 6a — 2y + 4z = 0). Since 


n= 3no, the normals, and thus the planes, are parallel. 
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Normal vectors for the planes are n; = (1, 2,—1) and nz = (2, —2,1). The normals are not parallel (they are not scalar 


multiples of each other), so neither are the planes. Furthermore, nj - ng = 2—4-—1 3 4 0, so the planes aren’t 


perpendicular. The angle between the planes is the same as the angle between the normals, given by 


ni:-Nno —3 1 = 1 ) ° 
cos 9 = 0 = cos ey 114.1°. 
[mi] |n2] ¥6 V9 v6 V6 


Normal vectors for the planes are nj = (1, —1,3) and nz = (3, 1, —1). The normals are not parallel, so neither are the planes. 


Since nj - nz = 3— 1-3 = —1 £0, the planes aren’t perpendicular. The angle between the planes is given by 


ni -no —1 1 


Ini} [no] Yllvll od 


cos 6 = 0 = cos~*(—4) = 95.2°. 
The planes are 2a — 3y — z = O and 4x — 6y — 2z = 3 with normal vectors ni = (2, —3, —1) and ng = (4, —6, —2). Since 


ne = 2nj, the normals, and thus the planes, are parallel. 


The normals are nj = (5, 2,3) and nz = (4, —1, —6) which are not scalar multiples of each other, so the planes aren’t 


parallel. Since ni - nz = 20 — 2 — 18 = 0, the normals, and thus the planes, are perpendicular. 


(a) To find a point on the line of intersection, set one of the variables equal to a constant, say z = 0. (This will fail if the line of 
intersection does not cross the xy-plane; in that case, try setting x or y equal to 0.) The equations of the two planes reduce 
tox +y = land x + 2y = 1. Solving these two equations gives x = 1, y = 0. Thus a point on the line is (1, 0, 0). 


A vector v in the direction of this intersecting line is perpendicular to the normal vectors of both planes, so we can take 


v =m X np = (1,1,1) x (1,2,2) = (2-— 2,1 — 2,2 —1) = (0, —1, 1). By Equations 2, parametric equations for the 


line arex =1l,y=-—t,z=t. 


ni-Nno 14242 _ 5 


|n1| |n2| V3BV9  3V3 


(b) The angle between the planes satisfies cos 0 = Therefore 9 = cos~! (23) = 15.8°. 


(a) If we set z = 0 then the equations of the planes reduce to 3a — 2y = 1 and 2x + y = 3 and solving these two equations 
gives x = 1, y = 1. Thus a point on the line of intersection is (1, 1,0). A vector v in the direction of this intersecting line 
is perpendicular to the normal vectors of both planes, so let v = ni X nz = (3, —2,1) x (2,1, —3) = (5, 11,7). By 
Equations 2, parametric equations for the line are x = 1+ 5t, y= 1+ 11t, z = 7t. 


ni:ne 6-2-3 © 1 


b) cos@ = ———— = —— = 
2 meal aia 


> = cos~* (4) = 85.9°. 


Setting z = 0, the equations of the two planes become 5a — 2y = 1 and 4x + y = 6. Solving these two equations gives 
x = 1, y = 2soa point on the line of intersection is (1, 2,0). A vector v in the direction of this intersecting line is 


perpendicular to the normal vectors of both planes. So we can use v = ni X Nez = (5, —2, —2) x (4,1, 1) = (0, —13, 13) or 


; : . —2 
equivalently we can take v = (0, —1, 1), and symmetric equations for the line are x = 1, yo I - orz=ly-—2=-z, 
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If we set z = O then the equations of the planes reduce to 2x — y — 5 = 0 and 4x + 3y — 5 = 0 and solving these two 
equations gives x = 2, y = —1. Thus a point on the line of intersection is (2, —1, 0). A vector v in the 

direction of this intersecting line is perpendicular to the normal vectors of both planes, so take 

Vv =n X ng = (2,—1,-1) x (4,3, —1) = (4, —2, 10) or equivalently we can take v = (2, —1,5). Symmetric equations for 


‘ a-2 yt+l =z 
the 1 =2—=-, 
eding are — a 5 


The distance from a point (x, y, z) to (1,0, —2) is dy = \/(a — 1)? + y? + (z + 2)? and the distance from (x, y, z) to 


(3, 4,0) is dz = \/(a — 3)? + (y — 4)? + 2?. The plane consists of all points (x, y, z) where di = dz d? = d3 


(e@-1)? +y? +(z+2)? =(@-37? +(y-4)? +27 © 


ae —Qeat+y+22744245=a7—6rt+y? —8y4+274+25 6 4x +8y + 4z = 20so an equation for the plane is 


4a + 8y + 4z = 20 or equivalently x + 2y+z=5. 
Alternatively, you can argue that the segment joining points (1,0, —2) and (3, 4, 0) is perpendicular to the plane and the plane 


includes the midpoint of the segment. 


The distance from a point (2, y, z) to (2,5, 5) is dy = ./(x — 2)? + (y — 5)? + (z — 5)? and the distance from (x, y, 2) 


to (—6, 3, 1) is dz = \/(a + 6)? + (y — 3)? + (z — 1)?. The plane consists of all points (x,y, ) where d} =d,2 => 


dj=dz @ (#2)? + (y—5)? + (2-5)? = («+ 6)? + (y— 3)? + (2-1)? 


x? — dae + y*? —10y+ 2? — 102 4+54= 474 12e4 y? —6y+27-224+46 © 16x + 4y +82 = 8 so an equation 


for the plane is 16x + 4y + 8z = 8 or equivalently 4a + y + 2z = 2. 


The plane contains the points (a, 0,0), (0, b, 0) and (0, 0, c). Thus the vectors a = (—a, b,0) and b = (—a, 0, c) lie in the 
plane, and n = a x b = (bc — 0,04 ac,0+4+ ab) = (bc, ac, ab) is a normal vector to the plane. The equation of the plane is 


therefore bcx + acy + abz = abc +0+ 0 or bex + acy + abz = abc. Notice that if a 4 0, b 4 0 and c ¥ 0 then we can 


rewrite the equation as — + ; + — = 1. This is a good equation to remember! 
a Cc 


. (a) For the lines to intersect, we must be able to find one value of ¢ and one value of s satisfying the three equations 


14+¢=2-—s,1—t=s and 2t = 2. From the third we get t = 1, and putting this in the second gives s = 0. These values 
of s and t do satisfy the first equation, so the lines intersect at the point Pp = (1+ 1,1 —1,2(1)) = (2,0, 2). 
(b) The direction vectors of the lines are (1, —1,2) and (—1, 1,0), so a normal vector for the plane is 


(—1,1,0) x (1, —1, 2) = (2, 2,0) and it contains the point (2,0, 2). Then an equation of the plane is 


2(a@ — 2) + 2(y — 0) + 0(z — 2) =0 rty=2. 


Two vectors which are perpendicular to the required line are the normal of the given plane, (1,1, 1), and a direction vector for 


the given line, (1, —1, 2). So a direction vector for the required line is (1,1,1) x (1, —-1,2) = (3, —1, —2). Thus L is given 


by (a, y, z) = (0,1, 2) + ¢(3, —1, —2), or in parametric form, x = 3t, y= 1-—t, z =2— 2t. 
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Let L be the given line. Then (1, 1,0) is the point on L corresponding to t = 0. L is in the direction of a = (1, —1, 2) 
and b = (—1,0, 2) is the vector joining (1, 1,0) and (0, 1,2). Then 


(1, -1, 2) - (-1, 0, 2) 
12 + (-1)? + 92 


b — proj, b = (—1,0, 2) (1, -1, 2) = (1,0, 2) 3(1, 1,2) = ( 3 3,1) is a direction vector 


for the required line. Thus 2(— 3, i, 1) = (—3, 1, 2) is also a direction vector, and the line has parametric equations x = —3t, 


y=1+t, z= 2+ 2t. (Notice that this is the same line as in Exercise 65.) 


Let P; have normal vector n;. Then n; = (3,6, —3), ne = (4, -12,8), ns = (3, —9,6), na = (1,2,—-1). Now ni = 3n4, 


4 


33. However, ni 


so n, and nz are parallel, and hence P; and P, are parallel; similarly P2 and P3 are parallel because ng = 
and ng are not parallel (so not all four planes are parallel). Notice that the point (2, 0, 0) lies on both P; and P,, so these two 


planes are identical. The point (3, 0, 0) lies on P2 but not on P3, so these are different planes. 


—1 —1 1 
Let L; have direction vector v;. Rewrite the symmetric equations for D3 as = y Ss ; then vi = (6, —3, 12), 


1/2 —1/4 I 
v2 = (2,1,4), v3 = (3, —t, 1), and v4 = (4, 2,8). vi = 12v3, so Ly and Lz are parallel. v4 = 2ve2, so Lz and La are 
parallel. (Note that L; and Lz are not parallel.) L contains the point (1, 1,5), but this point does not lie on L3, so they’re not 


identical. (3, 1,5) lies on Ly and also on Lz (for t = 1), so Lz and Lg are the same line. 


Let Q = (1,3,4) and R = (2,1, 1), points on the line corresponding to t = 0 and t = 1. Let 


—_— — 
P = (4,1, —2). Thena = QR = (1, —2, —3), b = QP = (3, —2, —6). The distance is 


qa laxbl _ |, -2,-3) x 3,-2,-6) _ 1(6,-3,.4)| __ Ve +C3P +? _ vel _ [61 


lal |(1, —2, —3)| |(1, —2, —3)| Ji + (—2)2 + (—3)? V14 14° 


Let Q = (0,6,3) and R = (2,4, 4), points on the line corresponding to t = 0 and t = 1. Let 


— — 
P = (0,1,3). Then a = QR = (2, —2,1) and b = QP = (0,—5,0). The distance is 


qa 2X bl _ 12, -2,1) x (0,-5,0)| _ |(5,0,-10)| _ 5 +0? + (=10)? _ V125 _ 5V5 


By Equation 9, the distance is D = Heo ro ane no a Pa 


Vaz +b? +c? 32 + 2? + 6 J49 7 
|1(—6) 3) —4(5)—8| _ |-40| 40 


By Equation 9, the distance is D = 


2( ( 
12 + (—2)? + (—4/? V21 21 
Put y = z = 0 in the equation of the first plane to get the point (2, 0,0) on the plane. Because the planes are parallel, the 
distance D between them is the distance from (2,0, 0) to the second plane. By Equation 9, 


|4(2) — 6(0) + 2(0) — 3} 5 5 514 


Frit vee 2d 2 


D= 
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Put x = y = 0 in the equation of the first plane to get the point (0, 0,0) on the plane. Because the planes are parallel the 
distance D between them is the distance from (0,0, 0) to the second plane 3a — 6y + 9z — 1 = 0. By Equation 9, 
_ |3(0) —6(0)+9(0)—1] ss 1 1 


/3? + (—6)2 + 92 VI26 3/14 


The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plane. 


Let Po = (20, yo, Zo) be a point on the plane given by ax + by + cz + di = 0. Then azo + byo + cz + di = 0 and the 
distance between Po and the plane given by az + by + cz + dz = O is, from Equation 9, 


_ jaro + byo+czo+d2| |-dit+de| — — |di —d2| 


D , 
Jaz + b2 + c? Vaz +b? + 2 Vaz + b? + c2 


The planes must have parallel normal vectors, so if ax + by + cz + d = 0 is such a plane, then for some t 0, 


(a,b,c) = t(1, 2, —2) = (t, 2t, —2t). So this plane is given by the equation x + 2y — 2z + k = 0, where k = d/t. By 


: 1-k 

Exercise 75, the distance between the planes is 2 = | | 6=|1-hk| k = 7 or —5. So the 
12 + 22 + (—2)? 

desired planes have equations x + 2y — 2z = 7and x + 2y — 2z = —5. 

Iyn:t=y=2z x=y (Ql). Le xtl=y/2=2/3 x+1=y/2 (2). The solution of (1) and (2) is 

x = y = —2. However, when x 2.082 z 2,buta+1= 2/3 z = —3,a contradiction. Hence the 


lines do not intersect. For £1, vi = (1, 1,1), and for Lz, v2 = (1, 2,3), so the lines are not parallel. Thus the lines are skew 
lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines 
would be the same as the distance between these parallel planes. The common normal vector to the planes must be 


perpendicular to both (1, 1, 1) and (1, 2, 3), the direction vectors of the two lines. So set 


n= (1,1,1) x (1, 2,3) = (3 — 2,-3+ 1,2 — 1) = (1, —2,1). From above, we know that (—2, —2, —2) and (—2, —2, —3) 


are points of Li and L2 respectively. So in the notation of Equation 8, 1(—2) — 2(—2) + 1(—2) + di = 0 d, = Oand 


1(—2) — 2(—2) + 1(-3) + d2 =0 dy = 1. 


jo-1j 1 
V1+44+1 V6 


Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is 


By Exercise 75, the distance between these two skew lines is D = 


n = (1,1,1) x (1,2,3) = (1, —2, 1). Pick any point on each of the lines, say (—2, —2, —2) and (—2, —2, —3), and form the 
vector b = (0,0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar 


In-b] |1-0—2-041-1] 1 
|n| J1+4+1 J6 


projection of b along n, that is, D = 


First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew 
lines would be the same as the distance between these parallel planes. The common normal vector to the planes must be 


perpendicular to both vi = (1,6, 2) and v2 = (2, 15,6), the direction vectors of the two lines, respectively. Thus set 
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n= Vi X v2 = (36 — 30, 4 — 6,15 — 12) = (6, —2, 3). Setting t = 0 and s = 0 gives the points (1, 1,0) and (1,5, —2). 


So in the notation of Equation 8, 6 — 2+0+d,; =0 d, = —4and6—-10—6+d2=0 dz = 10. 


|-4—10| _ 14 
J36+44+9 7 


Alternate solution (without reference to planes): We already know that the direction vectors of the two lines are 


= 22: 


Then by Exercise 75, the distance between the two skew lines is given by D = 


vi = (1,6, 2) and v2 = (2, 15,6). Thenn = vi X v2 = (6, —2, 3) is perpendicular to both lines. Pick any point on 
each of the lines, say (1, 1,0) and (1,5, —2), and form the vector b = (0, 4, —2) connecting the two points. Then the 


distance between the two skew lines is the absolute value of the scalar projection of b along n, that is, 


\In-b| 1 14 
D=— = —————- (0-8 - 6} = — = 2. 
|n| Taras S| | 7 


A direction vector for Li is vi = (2,0, —1) and a direction vector for L2 is v2 = (3, 2, 2). These vectors are not parallel so 
neither are the lines. Parametric equations for the lines are Li: x = 2t, y = 0, z = —t, and Le: x =1+4 3s, y = —14 2s, 
z = 1+ 2s. No values of ¢ and s satisfy these equations simultaneously, so the lines don’t intersect and hence are skew. We 
can view the lines as lying in two parallel planes; a common normal vector to the planes isn = v1 X v2 = (2, —7,4). Line 
Ly passes through the origin, so (0,0, 0) lies on one of the planes, and (1, —1, 1) is a point on Le and therefore on the other 
plane. Equations of the planes then are 2x — 7y + 4z = Oand 2x — 7y + 4z — 13 = 0, and by Exercise 75, the distance 


between the two skew lines is D = |0=(-13)|_ a ates 


V4+49+16 69 
Alternate solution (without reference to planes): Direction vectors of the two lines are vi = (2,0, —1) and v2 = (3, 2, 2). 
Then n = vi X v2 = (2, —7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0,0, 0) and (1, —1, 1), 
and form the vector b = (1, —1, 1) connecting the two points. Then the distance between the two skew lines is the absolute 


In-bl |2+74+4) _ 13 


value of the scalar projection of b along n, that is, D = = = —. 
Proj 8 Inf = 4449416 69 


A direction vector for the line L; is v1 = (1,2, 2). A normal vector for the plane P; is m1 = (1, —1, 2). The vector from the 
point (0, 0, 1) to (3,2, —1), (3, 2, —2), is parallel to the plane P2, as is the vector from (0, 0, 1) to (1, 2, 1), namely (1, 2,0). 
Thus a normal vector for P2 is (3,2, —2) x (1,2,0) = (4, —2, 4), or we can use no = (2, —1, 2), and a direction vector for 
the line Lz of intersection of these planes is v2 = ni X ne = (1, —1,2) x (2,—1,2) = (0, 2,1). Notice that the point 

(3, 2, —1) lies on both planes, so it also lies on Lz. The lines are skew, so we can view them as lying in two parallel planes; a 
common normal vector to the planes isn = vi X v2 = (—2,—1, 2). Line Li passes through the point (1, 2, 6), so (1, 2, 6) 


lies on one of the planes, and (3, 2, —1) is a point on Lz and therefore on the other plane. Equations of the planes then are 


2x —y+2z—8 = Oand —22 — y+ 2z + 10 = 0, and by Exercise 75, the distance between the lines is 


_ [-8-10| _ 18 


= 6. 
V44+1+4 3 


[continued] 
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Alternatively, direction vectors for the lines are v1 = (1, 2,2) and v2 = (0,2, 1), son = vi X ve = (—2,—1, 2) is 
perpendicular to both lines. Pick any point on each of the lines, say (1, 2,6) and (3, 2, —1), and form the vector 
b = (2,0, —7) connecting the two points. Then the distance between the two skew lines is the absolute value of the scalar 


In-b| _ |-4+ 0-14] _ 18 


=6. 
|n| J44+1+4 3 


projection of b along n, that is, D = 


(a) A direction vector from tank A to tank B is (765 — 325, 675 — 810,599 — 561) = (440, —135, 38). Taking tank A’s 


position (325, 810, 561) as the initial point, parametric equations for the line of sight are x = 325 + 440t, 


y = 810 — 135t, z = 561 4+ 38t forO <t <1. 


(b) We divide the line of sight into 5 equal segments, corresponding to At = 0.2, and compute the elevation from the 


z-component of the parametric equations in part (a): 


t z = 561+ 38¢ | terrain elevation 
0 561.0 

0.2 568.6 549 

0.4 576.2 566 

0.6 583.8 586 

0.8 591.4 589 

1.0 599.0 


Since the terrain is higher than the line of sight when t = 0.6, the tanks can’t see each other. 
(a) The planes x + y + z = chave normal vector (1, 1, 1), so they are all 

parallel. Their x-, y-, and z-intercepts are all c. When c > 0 their 

intersection with the first octant is an equilateral triangle and when c < 0 


their intersection with the octant diagonally opposite the first is an 


equilateral triangle. 


(b) The planes x + y + cz = 1 have x-intercept 1, y-intercept 1, and z-intercept 1/c. The plane with c = 0 is parallel to the 
z-axis. As c gets larger, the planes get closer to the xy-plane. 

(c) The planes y cos @ + zsin @ = 1 have normal vectors (0, cos 0, sin 0), which are perpendicular to the x-axis, and so the 
planes are parallel to the x-axis. We look at their intersection with the yz-plane. These are lines that are perpendicular to 
(cos 0, sin @) and pass through (cos 0, sin 9), since cos” 9 + sin? 6 = 1. So these are the tangent lines to the unit circle. 


Thus the family consists of all planes tangent to the circular cylinder with radius 1 and axis the x-axis. 


Ifa £ 0, then ax + by+cz+d=0 a(x + d/a) + b(y — 0) + c(z — 0) = 0 which by (7) is the scalar equation of the 
plane through the point (—d/a,0, 0) with normal vector (a, b, c). Similarly, if b 4 0 (or if c 4 0) the equation of the plane can 
be rewritten as a(x — 0) + b(y + d/b) + c(z — 0) = 0 [or as a(x — 0) + b(y — 0) + c(z + d/c) = 0] which by (7) is the 


scalar equation of a plane through the point (0, —d/b, 0) [or the point (0,0, —d/c)] with normal vector (a, b,c). 
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1. If we view the screen from the camera’s location, the vertical clipping plane on the left passes through the points 
(1000, 0,0), (0, —400, 0), and (0, —400, 600). A vector from the first point to the second is vi = (—1000, —400, 0) 
and a vector from the first point to the third is v2 = (—1000, —400, 600). A normal vector for the clipping plane is 
vi X v2 = —240,000 i + 600,000 j or —2i+ 5j, and an equation for the plane is 


—2(x — 1000) + 5(y — 0) + O0(z — 0) =0 2x — 5y = 2000. By symmetry, the vertical clipping plane on the right is 
given by 2” + 5y = 2000. The lower clipping plane is z = 0. The upper clipping plane passes through the points (1000, 0, 0), 
(0, —400, 600), and (0, 400, 600). Vectors from the first point to the second and third points are vi = (—1000, —400, 600) 
and v2 = (—1000, 400, 600), and a normal vector for the plane is v1 x v2 = —480,000i — 800,000k or 31+ 5k. An 
equation for the plane is 3(a — 1000) + O(y—0)+5(z-0)=0 = 32+5z = 3000. 

A direction vector for the line L is v = (630, 390, 162) and taking Py = (230, —285, 102), parametric equations 
are x = 230 + 630t, y = —285 + 390t, z = 102 + 162t. L intersects the left clipping plane when 


2(230 + 630t) — 5(—285 + 390t) = 2000 t = —4. The corresponding point is (125, —350, 75). L intersects 
the right clipping plane when 2(230 + 630¢) + 5(—285 + 390¢) = 2000 t = 353. The corresponding point is 


approximately (811.9, 75.2, 251.6), but this point is not contained within the viewing volume. L intersects the upper clipping 
plane when 3(230 + 630t) + 5(102 + 162t) = 3000 = t= 2, corresponding to the point (650, —25, 210), and L 


intersects the lower clipping plane whenz =O = 102+ 162t=0 t it. The corresponding point is 


approximately (— 166.7, —530.6, 0), which is not contained within the viewing volume. Thus L should be clipped at the 
points (125, —350, 75) and (650, —25, 210). 


2. A sight line from the camera at (1000, 0, 0) to the left endpoint (125, —350, 75) of the clipped line has direction 


v = (—875, —350, 75). Parametric equations are x = 1000 — 875t, y = —350t, z = 75t. This line intersects the screen 


when x = 0 1000 — 875t = 0 t= 3, corresponding to the point (0, —400, S00). Similarly, a sight line from 


the camera to the right endpoint (650, —25, 210) of the clipped line has direction (—350, —25, 210) and parametric equations 


are x = 1000 — 3500, y = —25t, z = 210%. x =0 1000 — 350% = 0 t= 20. corresponding to the point 
(0, — 22, 600). Thus the projection of the clipped line is the line segment between the points (0, —400, 9°) and 


(0, — 222, 600). 


3. From Equation 12.5.4, equations for the four sides of the screen 7h 
are r1(t) = (1 — t)(0, —400, 0) + ¢ (0, —400, 600), 
ro(t) = (1 — t)(0, —400, 600) + ¢ (0, 400, 600), 
r3(t) = (1 — t)(0, 400, 0) + ¢ (0, 400, 600), and 


y 
r4(t) = (1 — t)(0, —400, 0) + ¢ (0, 400, 0). The clipped line 


“Se (650, —25, 210) 


segment connects the points (125, —350, 75) and (0,-400, mn & 
(650, —25, 210), so an equation for the segment is 
rs(t) = (1 — t)(125, —350, 75) + ¢ (650, —25, 210). a 
The projection of the clipped segment connects the points 
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(0,400, 92) and (0, — 222, 600), so an equation is re(t) = (1 — t)(0,—400, £82) + ¢ (0, — 22%, 600). 


The sight line on the left connects the points (1000, 0,0) and (0, —400, S00), so an equation is 
r7(t) = (1 — t)(1000, 0,0) + (0, —400, ©). The other sight line connects (1000, 0,0) to (0, — 22°, 600), so an equation 


is rg(t) = (1 — t)(1000, 0, 0) + ¢ (0, — 22%, 600). 


. The vector from (621, —147, 206) to (563, 31, 242), vi = (—58, 178, 36), lies in the plane of the rectangle, as does the 


vector from (621, —147, 206) to (657, —111, 86), v2 = (36, 36, —120). A normal vector for the plane is 


Vi X V2 = (—1888, —142, —708) or (8, 2, 3), and an equation of the plane is 87 + 2y + 3z = 5292. The line L intersects 


this plane when 8(230 + 630¢) + 2(—285 + 390¢t) + 3(102 + 162t) = 5292 t = $88 ~ 0.589. The corresponding 
point is approximately (601.25, —55.18, 197.46). Starting at this point, a portion of the line is hidden behind the rectangle. 
The line becomes visible again at the left edge of the rectangle, specifically the edge between the points (621, —147, 206) and 
(657, —111, 86). (This is most easily determined by graphing the rectangle and the line.) A plane through these two points 


and the camera’s location, (1000, 0, 0), will clip the line at the point it becomes visible. Two vectors in this plane are 


vi = (—379, —147, 206) and v2 = (—343, —111, 86). A normal vector for the plane is 


Vi X V2 = (10224, —38064, —8352) and an equation of the plane is 2132 — 793y — 174z = 213,000. L intersects this plane 


when 213(230 + 630t) — 793(—285 + 390t) — 174(102 + 162t) = 213,000 => t= 3e85% ~ 0.2177. The 


corresponding point is approximately (367.14, —200.11, 137.26). Thus the portion of L that should be removed is the 


segment between the points (601.25, —55.18, 197.46) and (367.14, —200.11, 137.26). 


12.6 Cylinders and Quadric Surfaces 


1. 


(a) In R?, the equation y = x? represents a parabola. 


(b) In R?, the equation y = a? doesn’t involve z, so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = «*. Thus, the surface is a 
parabolic cylinder, made up of infinitely many shifted 
copies of the same parabola. The rulings are parallel to 


the z-axis. 
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(c) In R®, the equation z = x? also represents a parabolic 
cylinder. Since x doesn’t appear, the graph is formed by 
moving the parabola z = y? in the direction of the x-axis. 


Thus, the rulings of the cylinder are parallel to the x-axis. 


2. (a) yt (b) Since the equation y = e” doesn’t (c) The equation z = e” doesn’t involve x, 
involve z, horizontal traces are so vertical traces in x = k (parallel to the 
y=e copies of the curve y = e”. The yz-plane) are copies of the curve z = e’. 
rulings are parallel to the z-axis. The rulings are parallel to the x-axis. 


3. Since y is missing from the equation, the vertical traces x? + 2? = 4, 
y = kare copies of the same circle in the plane y = k. Thus, the 
surface 2? + z* = 4isa circular cylinder of radius 2 with rulings 


parallel to the y-axis. 


4. Since x is missing from the equation, the vertical traces 
y? + 92? = 9, x = kare copies of the same ellipse in the plane 


x = k. Thus, the surface y* + 9z? = 9 is an elliptic cylinder with 


rulings parallel to the x-axis. 


5. Since z is missing from the equation, the horizontal traces 


x +y+1=0 y = —x” — 1, z = kare copies of the same 


parabola in the plane z = k. Thus, the surface x? + y+1=Oisa 


parabolic cylinder with rulings parallel to the z-axis. 
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6. Since y is missing from the equation, the vertical traces 
z= —/2, y = kare copies of the curve z = —,/x 


with rulings parallel to the y-axis. 


7. Since z is missing, each horizontal trace xy = 1, 
z =k, is acopy of the same hyperbola in the plane 
z =k. Thus the surface xy = 1 is a hyperbolic 


cylinder with rulings parallel to the z-axis. 


8. Since x is missing, each vertical trace z = sin y, 
x =k, isacopy ofa sine curve in the plane x = k. 
Thus the surface z = sin y is a cylindrical surface with 


rulings parallel to the z-axis. 


9. The trace in the xz-plane appears to be z = cos. The traces in the planes on the positive y-axis and negative y-axis are 


copies of the same graph. Therefore, an equation of the graph could be z = cosa. 


10. The trace in the yz-plane appears to be z = y®. The traces in the planes on the positive x-axis and negative x-axis are copies 


of the same graph. Therefore, an equation of the graph could be z = y. 


11. (a) The traces of x? + y? — z? =1ina = kare y? — 2? = 1— k?, a family of hyperbolas. (Note that the hyperbolas are 
oriented differently for —1 < k < 1 than fork < —1 ork > 1.) The traces in y = k are x? — z? = 1 — k?, a similar 
family of hyperbolas. The traces in z = k are x + y® = 1+k?,a family of circles. For k = 0, the trace in the 
xy-plane, the circle is of radius 1. As |k| increases, so does the radius of the circle. This behavior, combined with the 


hyperbolic vertical traces, gives the graph of the hyperboloid of one sheet in Table 1. 
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(b) If we change the equation x? + y? — 2? =1ltoa? —y? +2? =1, 


the shape of the surface is unchanged, but the hyperboloid is 


rotated so that its axis is the y-axis. Traces in y = k are circles, 


while traces in x = k and z = k are hyperbolas. 


(c) Completing the square in y for 2” + y? + 2y — z? = 0 gives 


x? +(y +1)? — z? = 1. The surface is a hyperboloid identical to 


the one in part (a) but shifted one unit in the negative y-direction. 


12. (a) The traces of —x? — y? + 27 = lina =kare 


y? + 22 =1+k?,a family of hyperbolas, as are the traces in y = k, 


—a? +22 =1+k?. The traces in z = kare x® + y® = k? — 1, a family of circles for |k| > 1. As |k| increases, the radii 


of the circles increase; the traces are empty for |k| < 1. This behavior, combined with the vertical traces, gives the graph of 


the hyperboloid of two sheets in Table 1. 


(b) If the equation in part (a) is changed to x? — y* — z* = 1, the graph 


has the same shape as the hyperboloid in part (a) but is rotated so that 


its axis is the x-axis. Traces in x = k, |k| > 1, are circles, while 


traces in y = k and z = k are hyperbolas. 


13. For x = y” + 42”, the traces in « = k are y® + 4z? =k. Whenk > 0 


we have a family of ellipses. When k = 0 we have just a point at the 


origin, and the trace is empty for k < 0. The traces in y = k are 


x = 4z? +k’, a family of parabolas opening in the positive «x-direction. 


Similarly, the traces in z = k are x = y” + 4k, a family of parabolas 


opening in the positive x-direction. We recognize the graph as an 


elliptic paraboloid with axis the x-axis and vertex the origin. 


14, 4x? + 9y? + 92? = 36. The traces in 2 = k are 9y” + 92” = 36 — 4k? 


yit227=4- ak, a family of circles for |k| < 3. (The traces are a single 
point for |k| = 3 and are empty for |k| > 3.) The traces in y = k are 


Ag? + 92? = 36 — 9k”, a family of ellipses for |k| < 2. Similarly, the traces 


in z = kare the ellipses 4a? + 9y? = 36 — 9k”, |k 


< 2. The graph is an 


ellipsoid centered at the origin with intercepts x 


3, Y 


2, z 


r2. 
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x? = 4y? + 2*. The traces in = kare the ellipses 4y” + z? = k®. The ZA 
traces in y = k are 2? — z = 4k?, hyperbolas for k 4 0 and two 
intersecting lines if k = 0. Similarly, the traces in z = k are 

x” — 4y? = k*, hyperbolas for k 4 0 and two intersecting lines if k = 0. 
We recognize the graph as an elliptic cone with axis the x-axis and vertex 


the origin. 


2? — da? — y? = 4. The traces in x = k are the hyperbolas 

2? —y? = 4+ 4k’, and the traces in y = k are the hyperbolas 

2? —4Ax? =4+k?. The traces in z = kare 42” +y? =k? —4,a 

family of ellipses for |k| > 2. (The traces are a single point for |k| = 2 and 
are empty for |k| < 2.) The surface is a hyperboloid of two sheets with 


axis the z-axis. 


9y? + 42? = a? + 36. The traces in 2 = k are 9y? + 422 = k? + 36, a zh 


family of ellipses. The traces in y = k are 4z” — x* — 9(4 — k?), a family 


of hyperbolas for |k| 4 2 and two intersecting lines when |k| = 2. (Note ro a 
that the hyperbolas are oriented differently for |k| < 2 than for |k| > 2.) 7 . 
x y 


The traces in z = k are 9y” — x? = 4(9 — k?), a family of hyperbolas 


when |k| 4 3 (oriented differently for |k| < 3 than for |k| > 3) and two 
intersecting lines when |k| = 3. We recognize the graph as a hyperboloid of 


one sheet with axis the x-axis. 


3a? + y +32? = 0. The traces in x = k are the parabolas y = —3z? — 3k? ZA 
which open to the left (in the negative y-direction). Traces in y = k are 
307 +327=-k © 2? 427?= -f, a family of circles for k < 0. 


(Traces are empty for k > 0 and a single point for k = 0.) Traces in z = k 
are the parabolas y = —3x” — 3k? which open in the negative y-direction. 


The graph is a circular paraboloid with axis the y-axis, opening in the 


negative y-direction, and vertex the origin. 
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2 2 2 2 2 2 


19. Stet pH) The traces inc = kare 4 + = =1—~* a family zh 


of ellipses for |k| < 3. (The traces are a single point for |k| = 3 and are 


empty for |k| > 3.) The traces in y = k are the ellipses 


Pe. }2 
> + a 1- 3B” |k| < 5, and the traces in z = k are the ellipses 
ey? ke 
> + 5 1- T |k| < 2. The surface is an ellipsoid centered at the 
origin with intercepts x 3,y 5, z 2. 
20. 3x? — y? + 32” = 0. The traces in x = k are y* — 3z” = 3k?, a family of ZA 


hyperbolas for k ¢ 0 and two intersecting lines if k = 0. Traces in y = k 
are the circles 3a? + 3227 =k? 6 a2? 42?= tk?. The traces in z = k 


are y* — 3x” = 3k, hyperbolas for k 4 0 and two intersecting lines if 


k = 0. We recognize the surface as a circular cone with axis the y-axis and 


vertex the origin. 


21. y = z* — x. The traces in x = kare the parabolas y = z? — k?, opening 


in the positive y-direction. The traces in y = k are k = z? — x”, two 
intersecting lines when k = 0 and a family of hyperbolas for k 4 0 (note 


that the hyperbolas are oriented differently for k > 0 than for k < 0). The 


traces in z = k are the parabolas y = k? — x® which open in the negative 


y-direction. Thus the surface is a hyperbolic paraboloid centered at (0, 0,0). 


22. x = y? — 2”. The traces in x = k are y? — z” = k, two intersecting lines _N 
when k = 0 and a family of hyperbolas for & 4 0 (oriented differently for 


k > Othan for k < 0). The traces in y = k are the parabolas 
x = —z* +k’, opening in the negative x-direction, and the traces in z = k y 
are the parabolas x = y® — k? which open in the positive x-direction. The 


graph is a hyperbolic paraboloid centered at (0, 0,0). 


2 2 


23. This is the equation of an ellipsoid: x? + 4y? + 927 = a? + z a+ si x = 1, with x-intercepts +1, y-intercepts +4 
(1/2)" (1/3) 
and z-intercepts +i. So the major axis is the z-axis and the only possible graph is VII. 
2.8 . fats 2 2 2 x? y 2 . : tos 1 
24. This is the equation of an ellipsoid: 9x + 4y° + 2° = (1/3 + Gj»? + 2° = 1, with x-intercepts +3, y-intercepts +5 


and z-intercepts +1. So the major axis is the z-axis and the only possible graph is IV. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


x? — y* + z* = 1is the equation of a hyperboloid of one sheet, with a = b = c = 1. Since the coefficient of y? is negative, 


the axis of the hyperboloid is the y-axis. Hence, the correct graph is II. 


—x? + y? — z? = 1is the equation of a hyperboloid of two sheets, with a = b = c = 1. This surface does not intersect the 


xz-plane at all, so the axis of the hyperboloid is the y-axis. Hence, the correct graph is III. 


There are no real values of x and z that satisfy this equation, y = 21” + z?, for y < 0, so this surface does not extend to the 
left of the xz-plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that y occurs to the first power whereas 


x and z occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI. 
y” = x” + 22? is the equation of a cone with axis the y-axis. Its graph is I. 


x” + 2z? = 1is the equation of a cylinder because the variable y is missing from the equation. The intersection of the surface 


and the «z-plane is an ellipse. Its graph is VIII. 


y = x? — z? is the equation of a hyperbolic paraboloid. The trace in the ay-plane is the parabola y = x”. So the correct graph 


is V. 

Vertical traces parallel to the xz-plane are circles centered at the origin whose radii increase as y decreases. (The trace in 
y = 1 is just a single point and the graph suggests that traces in y = k are empty for k > 1.) The traces in vertical planes 
parallel to the yz-plane are parabolas opening to the left that shift to the left as |a| increases. One surface that fits this 
description is a circular paraboloid, opening to the left, with vertex (0, 1, 0). 


ZA 


The vertical traces parallel to the yz-plane are ellipses that are smallest in ZA 
the yz-plane and increase in size as || increases. One surface that fits this 
description is a hyperboloid of one sheet with axis the x-axis. The 
horizontal traces in z = k (hyperbolas and intersecting lines) also fit this 


surface, as shown in the figure. 
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2 2412 2 2 2 ae 2 2 s me y 2 = 
33. yy =a + 52 ory =x + <7 Tepresents an elliptic 34. da“ — y+ 2z eee ea ay 


cone with vertex (0, 0,0) and axis the y-axis. represents an elliptic paraboloid with vertex (0, 0,0) and 


ZA 


axis the y-axis. 


2 


2 
2 2 
represents a hyperbolic paraboloid with center (0, 0, 0). oP 5 ag 
4 4 


sheets with axis the y-axis. 


35. x? + Qy — 227 =O or 2y = 22? — 2? ory = 2” 36. y? =a? +42? +. 4 or —a? + 5? — 42? = 4 or 


2 — | represents a hyperboloid of two 


37. Completing squares in x and y gives 
(a? — 22 +1) + (y?-6y+9)-z=0 © 


(a — 1)? + (y—3)? —z =0orz = (a — 1)? + (y— 3)’, a circular 


paraboloid opening upward with vertex (1, 3, 0) and axis the vertical line 


c=ly=3. 


38. Completing squares in x and z gives 
(a? — 4a + 4) -y- (z? + 22 +1) +3=04+4-1 96 
(aw — 2)? —y? — (z +1)? = Oor (e — 2)? = y? + (2 +1)’, acircular 


cone with vertex (2,0, —1) and axis the horizontal line y = 0, z = —1. 
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39. Completing squares in x and z gives Zh 


(a? — 40 + 4) —y? + (2? -2z24+1) =04+44+1 6 


_ V2 2 42 
(w— 2)? -y +(z 1? =5 or C2 —*) -£,e — =la 


hyperboloid of one sheet with center (2, 0, 1) and axis the horizontal line 


p= 2.21, 


40. Completing squares in all three variables gives 


A(x? — 6x +9) + (y? — 8y + 16) + (27 +424+4) =—-554+3641644 © 


4 (a — 3)? + (y—4)? + (24+ 2)? =10r 


center (3,4, —2). 


41. Solving the equation for z we get z = +,/1-+ 42? + y?, so we plot separately z = \/1+ 4a? + y? and 
z= —/1+4e? + y?. 


LZZ 
LOL LEE LOPAA, 
LLLP 


LZ 
LLTPZZ 
QLLIFLID? 
KI LLISFPLL 
LLL LL ERIE 
LZ LLY 
= ee 


To restrict the z-range as in the second graph, we can use the option view=-4. .4 in Maple’s plot 3d command, or 


PlotRange-> {-4, 4} in Mathematica’s Plot 3D command. 


42. We plot the surface z = x? — y”. 
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SECTION 12.6 CYLINDERS AND QUADRIC SURFACES 
Solving the equation for z we get z = +,/4x? + y?, so we plot separately z = \/4x? + y? and z = —,/4a? + y?. 


WN 
expt . Ni ASN 
a 


2S 


00, 


SW, 

WZ 

BEB 
LLLP ES 


The curve y = \/Z is equivalent to x = y”, y > 0. Rotating the curve about ZA 
the x-axis creates a circular paraboloid with vertex at the origin, axis the 


x-axis, opening in the positive x-direction. The trace in the xy-plane is 


x = y", z = 0, and the trace in the xz-plane is a parabola of the same x 
parabola 
x=y? 


shape: « = z”, y = 0. An equation for the surface is a = y? + z?. 


Rotating the line z = 2y about the z-axis creates a (right) circular cone with ZA 


vertex at the origin and axis the z-axis. Traces in z = k (k # 0) are circles 
the line 
= 


with center (0,0, ) and radius y = z/2 = k/2, so an equation for the trace z=2y 


is a? + y? = (k/2)*, z = k. Thus an equation for the surface is 


a? +? = (2/2)? or 40? + 4y? = 2?. 
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49. 


50. 


51. 
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Let P = (a, y, z) be an arbitrary point equidistant from (—1, 0, 0) and the plane x = 1. Then the distance from P to 


(—1, 0, 0) is /(@ + 1)? + y? + 2 and the distance from P to the plane « = 1 is |x — 1| A/1? = |x — 1| 


(by Equation 12.5.9). So ja — 1] = /(@+1)?+y?+2 (g—1) = (@+1)? +77 +2? < 
xe —Qe+1=a?4+2e414+y+22 & —4¢ = y* +2. Thus the collection of all such points P is a circular 


paraboloid with vertex at the origin, axis the x-axis, which opens in the negative x-direction. 


Let P = (a, y, z) be an arbitrary point whose distance from the x-axis is twice its distance from the yz-plane. The distance 


from P to the z-axis is \/(x — x)? + y? + 2? = \/y? + 2? and the distance from P to the yz-plane (x = 0) is |x| /1 = |a|. 
Thus //y2 +22 =2|a| @ y?+22?=4a? <& 2? = (y?/2?) + (2?/2”). So the surface is a right circular cone with 


vertex the origin and axis the x-axis. 


2 2 2 
(a) An equation for an ellipsoid centered at the origin with intercepts x = +a, y = +b, and z = +c is = + a + 3 =1. 
Here the poles of the model intersect the z-axis at z = +6356.523 and the equator intersects the x- and y-axes at 
x = £+6378.137, y = +6378.137, so an equation is 
2? y? 2 
76978 19712) (a7aan?  (eaeanae 
(6378.137) (6378.137) (6356.523) 
2 2 ke 
(b) Traces in z = k are the circles . A 


1 
(6378.137)2 | (6378.137)2 (6356.523)2 


6378.137\? 
2 ee Dt. 2 
x? + y? = (6378.137) ea 


(c) To identify the traces in y = maz we substitute y = mz into the equation of the ellipsoid: 


x (ma)? 22 


ga ey 
(6378.137)2 | (6378.137)2 | (6356.523)2 
(1+ m?)a? L 32 = 
(6378.137)2 | (6356.523)2 


x 3 


of. =1 
(6378.137)2/(1 + m2) | (6356.523)2 


As expected, this is a family of ellipses. 


If we position the hyperboloid on coordinate axes so that it is centered at the origin with axis the z-axis then its equation is 


2 2 2 2 2 2 


given by =~ + ¥ _ = _ 1 Horizontal traces in z = k are + Lae + —, a family of ellipses, but we know that the 
a be? a2 C? 

: : as ye 2 2 2 : oe 

traces are circles so we must have a = b. The traceinz = O0is > +=, =1 @ 2° +y° =a’ and since the minimum 
a a 
radius of 100 m occurs there, we must have a = 100. The base of the tower is the trace in z = —500 given by 
2 2 2 
—500 : 1 : : 

— + x =1+ ( 2 ) but a = 100 so the trace is 7? + y? = 1007 + 50,000. We know the base is a circle of 
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50,0007 781,250 


radius 140, so we must have 1007 + 50,0007 =140?7 = ¢ and an equation for the 


~ [402-1002 ~~ 3 
a2 y? 2 a? y? 372 
tower i | aa = 1, 500 < z < 500. 
ower'S 7992 + Too? ~ (781,250)/3  ” 10,000’ 10,000 781,250 ‘ 


If (a, b,c) satisfies z = y® — 2, thence = b? —a?. Li: =a+t,y=b+t,z=c4+ 2(b—at, 


[Ig:c4=at+t,y=b-t,z=c— 2(b+a)t. Substitute the parametric equations of L; into the equation of the hyperbolic 


2 


paraboloid in order to find the points of intersection: z = y? — 2” > 

c+2(b—a)t = (b+ t)? — (a +t)? = 0? — a? + 2(b—-a)t c = b? — a”. As this is true for all values of t, 

I, lies on z = y” — x”. Performing similar operations with L2 gives: z = y?7 — 2? => 

c—2(b+a)t = (b—t)? —(a +t)? =? —a? —2(b+a)t c = b? — a. This tells us that all of Lz also lies on 


z=y’— 2. 


Any point on the curve of intersection must satisfy both 2x” + 4y” — 227 + 6a = 2 and 2a? + 4y? — 2z? — 5y = 0. 
Subtracting, we get 62 + 5y = 2, which is linear and therefore the equation of a plane. Thus the curve of intersection lies in 


this plane. 


The curve of intersection looks like a bent ellipse. The projection 


of this curve onto the xy-plane is the set of points (x, y, 0) which 


KL 
SO 
< SERS 
WRTEEERSRRKL ghee 
<> 


SSN : 
27 LESSEE zy satisfy x? +y? =1—-y? © 24%%y?=1 6 
SSSSASSSESS 
z1 SSS Zp 
SSS SSSSS 2 
0 SPER 2 y aoe : : 
SAN xu* + ———, = I. This is an equation of an ellipse. 
“1 SSP (1/v2) 


Review 
TRUE-FALSE QUIZ 


. This is false, as the dot product of two vectors is a scalar, not a vector. 
. False. For example, if u = i and v = —i then |u + v| = |O| = 0 but |u| + |v] =1+1=2. 


. False. For example, if u = i and v = j then |u- v| = |0| = 0 but |u| |v| = 1-1 = 1. In fact, by Theorem 12.3.3, 


ju-v| = ||u| |v| cos 6]. 


. False. For example, |i x i] = |O| = 0 (see Example 12.4.2) but |i] |i] = 1-1 = 1. In fact, by Theorem 12.4.9, 


ju x v| = |u| |v| sind. 


. True, by Theorem 12.3.2, property 2. 


. False. Property 1 of Theorem 12.4.11 says that u x v = —v X u. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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True. If 6 is the angle between u and v, then by Theorem 12.4.9, |u x v| = |u| |v|sin@ = |v| |u| sind = |v x ul. 


(Or, by Theorem 12.4.11, Ju x v| = |—v x uj = |—1||v x ul = |v x ul.) 


. This is true by Theorem 12.3.2, property 4. 


. Theorem 12.4.11, property 2 tells us that this is true. 


. This is true by Theorem 12.4.11, property 4. 


. This is true by Theorem 12.4.11, property 5. 


In general, this assertion is false; a counterexample is i x (i x j) 4 (i x i) x j. (See the paragraph preceding 


Theorem 12.4.11.) 


This is true because u x v is orthogonal to u (see Theorem 12.4.8), and the dot product of two orthogonal vectors is 0. 


(u+v)Xv=uxvivxv [by Theorem 12.4.11, property 4] 


=uxv+0 [by Example 12.4.2] 


=u X v, so this is true. 


This is false. A normal vector to the plane is n = (6, —2, 4). Because (3, —1, 2) = in, the vector is parallel to n and hence 
perpendicular to the plane. 
This is false, because according to Equation 12.5.8, aw + by + cz + d = Ois the general equation of a plane. 


This is false. In R?, x? + y? = 1 represents a circle, but { (x,y, z) | x? + y? = 1} represents a three-dimensional surface, 
y P: 


namely, a circular cylinder with axis the z-axis. 


This is false. In R® the graph of y = x? is a parabolic cylinder (see Example 12.6.1). A paraboloid has an equation such as 


z=a?+y’. 


False. For example, i- j = 0 but i # O andj £0. 


This is false. By Corollary 12.4.10, u x v = O for any nonzero parallel vectors u, v. For instance, i x i= 0. 


This is true. If u and v are both nonzero, then by (7) in Section 12.3, u- v = 0 implies that u and v are orthogonal. But 
u X v = O implies that u and v are parallel (see Corollary 12.4.10). Two nonzero vectors can’t be both parallel and 


orthogonal, so at least one of u, v must be 0. 


This is true. We know u- v = |u| |v| cos where |u| > 0, |v| > 0, and |cos 6| < 1, so |u- v| = |u| |v| |cos@| < |ul |v]. 
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EXERCISES 


1. (a) The radius of the sphere is the distance between the points (—1, 2, 1) and (6, —2,3), namely, 


J/[6— (D2 + 2 — 2)2 + (8 — 1)? = V69. By the formula for an equation of a sphere (following Example 12.1.4), 


an equation of the sphere with center (—1, 2, 1) and radius /69 is (a + 1)? + (y — 2)? + (2-1)? = 69. 
(b) The intersection of this sphere with the yz-plane is the set of points on the sphere whose x-coordinate is 0. Putting « = 0 
into the equation, we have (y — 2)? + (z — 1)? = 68, « = 0 which represents a circle in the yz-plane with center (0, 2, 1) 


and radius 68. 


(c) Completing squares gives (x — 4)? + (y+ 1)? + (z +3)? = —1+16+1-+9 = 25. Thus the sphere is centered at 


(4, —1, —3) and has radius 5. 


2. (a) ack (b) 


(c) (d) 


ts 
I 
re 


3. u-v = |u| |v| cos 45° = (2)(3)2 =3V2. |ux v| =|ul|v|sin45° = (2)(3) 


By the right-hand rule, u x v is directed out of the page. 

4. (a) 2a+3b= 214 2j-4k+9i-6j4+3k=11i-—4j—k 
(b) |b] = 94 441=V14 
(c) a-b = (1)(3) + (1)(—2) + (-2)(1) = 1 


ij k 

(djaxb=/1 1 —-2}/=(1-4)i-(14+6)j+(-2-3)k=-3i-7j—5k 
3-2 1 
ij k 

(e)bxc=/3 —2 1/=9i14+15j+3k, |bxcl=3V94+254+1=3V35 
0 1-5 
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1 1-2 
—2 JI 3.1 3-2 
(f)a-(bxc)=]3 -2 lLl= — -— 2 =9+15-6=18 
1-5 0 —5 0 1 
0 1-5 
(g) cx c= 0 for any c. 
(h) From part (e), 
ij k 
ax (bx c) =ax (914+ 15j3+3k)=]1 1 —-2 
9 15 3 


= (3+ 30)i— (3 +18) j+ (15—9)k = 33i- 21j+6k 


(i) The scalar projection is comp, b = |b| cos@ = a- b/ |a| = —-. 


V6 
: ee . 1 3 
(j) The vector projection is proj, b = 6 (=) a —#(i +j—2k) 
a-b —l —l —1 
k) cos@ = = ——— = —— and 6 = cos™!( —— ) & 96°. 
lal|b] V6V14  2V21 (sa) 


5. For the two vectors to be orthogonal, we need (3, 2,2) - (27,4,z) =0 <=  (3)(2x) + (2)(4) + (x)(x) =0 


e+6r+8=0 6 (@+2)(4+4) =0 x=-2orx=—4, 


6. We know that the cross product of two vectors is orthogonal to both given vectors. So we calculate 


(j+2k) x (i- 23 +3k) = [3 — (—4)]i- (0-2)f + 0-1 k =7i+ 2j—k. 


Then two unit vectors orthogonal to both given vectors are jg = reais (7i+ 2j—k), 
4/7? + 22 + (—1)? 3V6 
ae 20; 1 7s 20; 1 
that is, 7g 4 3ved ave K and 3v6 | sveit zyek- 


7. (a) (ux v)-w=u-(vxw)=2 
(b) u- (w x v) =u- [—(v x w)] = —u-: (v x w) = -2 
(c) v- (ux w) =(v xX u)-w=-(uxv)-w=-2 
(d) (ux v)-v=u-(vxv)=u-0=0 
8. (a x b)- [(b x c) x (c x a)] = (a x b) - ([(b x c)- alc — [(b x c)- c]a) 
[by Property 6 of the cross product] 
= (ax b)-[(bx c)- alc = [a- (bx c)|(ax b)-c 
=a: (b x ©)][a- (b x ©)] = [a (b x e)]? 
9. For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals 


joining the points (0, 0,0) to (1, 1,1) and (1, 0,0) to (0, 1,1) are (1,1, 1) and (—1, 1,1). Let 6 be the angle between these 


two vectors. (1,1,1)-(-1,1,1) =-1+1+1=1=|(1,1,1)||(-1,1,1)|cos@ =3cos8 > cos#=4 => 
0 =cos~'(4) © 71°. 
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— — — 
AB = (1,3,-1), AC = (—2,1,3) and AD = (—1,3,1). By Equation 12.4.13, 


1 3-1 

— (ae sas 1 3 —2 3 —2 1 

AB (AC x AD) = reg Sy Bhs = 2 ae ae ee ee 
ca cele hees af 4", Let 


—? — — 
The volume is |AB . (4c x AD) | = 6 cubic units. 


— — 
AB = (1,0, —1), AC = (0,4, 3), so 


— 


— 
(a) a vector perpendicular to the plane is AB x AC = (0+ 4,—(3 + 0), 4 — 0) = (4, —3, 4). 


b) 1|ABx AC| =1/1679416 = WZ 
(b) 5 x 2 ! ! 2% 


D = (5— 1)i+ (3—0)j+ (8—2)k =4i14+3j+6k. 
W =F-D = (3i+5j+10k)-(4i+3j+6k) = (3)(4) + (5)(3) + (10)(6) = 12 + 15 + 60 = 874 


Let F be the magnitude of the force directed 20° away from the direction of shore, and let F2 be the magnitude of the other 
force. Separating these forces into components parallel to the direction of the resultant force and perpendicular to it gives 


F,cos20° + F)cos30° = 255 (1), and F, sin20°— Fhsin30°°=0 => F=f — (2). Substituting (2) 


into (1) gives F2(sin 30° cot 20° + cos30°) = 255 = F2 = 114N. Substituting this into (2) gives Fi ~ 166N. 
|r| = |r| |F| sin @ = (0.40)(50) sin(90° — 30°) + 17.3 N-m. 

The line has direction v = (—3, 2,3). Letting Po = (4, —1, 2), parametric equations are 

a=4-3t, y= —-14+ 24, 2=2+ 38. 


=4 2 
The line $(x —4)=fy=2+2,0r x — y = + , has direction vector v = (3, 2, 1) (ora nonzero scalar multiple). 


So parametric equations for the line through (1,0,—1) arex = 1+4 3t, y = 2t, z=—1+t. 


A direction vector for the line is a normal vector for the plane, n = (2, —1,5), and parametric equations for the line are 


e©=—242t, y=2-t, 2=44+ 50. 


Since the two planes are parallel, they will have the same normal vectors. Then we can take n = (1, 4, —3) and an equation of 


the plane is 1(a — 2) + 4(y — 1) — 3(z —0) =Oora + 4y —3z = 6. 


Here the vectors a = (4 — 3,0 — (—1) ,2— 1) = (1,1,1) and b = (6 — 3,3 — (—1),1— 1) = (3,4, 0) lie in the plane, 
son = a X b = (—4,3, 1) is a normal vector to the plane and an equation of the plane is 


—4(x — 3) + 3(y — (-1)) + 1(z — 1) = Oor —42 + 8y4+- 2 = -14. 


If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (2, —1, 3) is one vector in the plane. We can verify that the given point (1, 2, —2) 


does not lie on this line. The point (0, 3, 1) is on the line (obtained by putting t = 0) and hence in the plane, so the vector 


b = (0 — 1,3 — 2,1 — (—2)) = (—1, 1, 3) lies in the plane, and a normal vector isn = a x b = (—6, —9, 1). Thus an 


equation of the plane is —6(x — 1) — 9(y — 2) + (7 + 2) = Oor6x + 9y — z = 26. 
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21. Substitution of the parametric equations into the equation of the plane gives 2a — y+ z = 2(2—t)-(14+3t)+4t=2 => 


t+3=2 t = 1. When ¢ = 1, the parametric equations giver = 2—1=1,y=1+3=A4and z = 4. Therefore, 


the point of intersection is (1, 4, 4). 


22. Use the formula proven in Exercise 12.4.45(a). In the notation used in that exercise, a is just the direction of the line; that is, 


a = (1,—1, 2). A point on the line is (1, 2, —1) (setting ¢ = 0), and therefore b = (1 — 0,2 — 0, -—1—0) = (1,2,—1). 


Hence d = Ja x b| = |(1, —1, 2) x (1,2, —1)| aa |(—3, 3, 3)| fats 27 ~ 3 
la! Vir v6 Mag > Qi 


23. Since the direction vectors (2, 3,4) and (6, —1, 2) aren’t parallel, neither are the lines. For the lines to intersect, the three 


equations 1 + 2¢ = —1+6s,2+ 3t = 3—s,3+4t = —5 + 2s must be satisfied simultaneously. Solving the first two 
equations gives t = 2, s= 2 and checking we see these values don’t satisfy the third equation. Thus the lines aren’t parallel 


and they don’t intersect, so they must be skew. 


24. (a) The normal vectors are (1, 1, —1) and (2, —3, 4). Since these vectors aren’t parallel, neither are the planes parallel. 


Also (1,1, —1) - (2,-3,4) = 2 — 3 —4 = —5 4 0s0 the normal vectors, and thus the planes, are not perpendicular. 


(b) cos @ = Gale eae at and 0 = cos! (— 7 ) = 122° [or we can say = 58°]. 


V3 29 V87 vat 


25. ni = (1,0,—1) and nz = (0,1, 2). Setting z = 0, it is easy to see that (1,3, 0) is a point on the line of intersection of 
x — z= 1andy + 2z = 3. The direction of this line is vi = ni X ne = (1, —2,1). A second vector parallel to the desired 
plane is v2 = (1,1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, the normal of the plane in question is 


n=vi X ve = (4—1,14+2,1+2) =3(1,1,1). Taking (xo, yo, zo) = (1,3, 0), the equation we are looking for is 


(c-1)+(y-3)+2=0 etytz=4. 


— = 
26. (a) The vectors AB = (—1— 2,—1-— 1,10 — 1) = (—3, —2,9) and AC = (1 — 2,3 — 1, —-4 — 1) = (—1, 2, —5) lie in the 


plane, son = AB x AC = (—3, —2,9) x (-1,2,—-5) = (—8, —24, —8) or equivalently (1, 3,1) is a normal vector to 
the plane. The point A(2, 1,1) lies on the plane so an equation of the plane is 1(a — 2) + 3(y —1) + 1(z2 — 1) = 0or 


e+ 3y+72=6. 


(b) The line is perpendicular to the plane so it is parallel to a normal vector for the plane, namely (1, 3, 1). If the line passes 


through B(—1, —1, 10) then symmetric equations are ecu = pot) aie —_ ore +1= a =z-10. 


(c) Normal vectors for the two planes are ni = (1,3, 1) and ne = (2, —4, —3). The angle 6 between the planes is given by 


ig 2 eM (alee foi re eee ee 2-12-3183 
jmi| [m2] 4/12? +3? + 1? \/2? + (—4)? + (-3)? = V11 V29 V319 
Thus 0 = cos! (-5) = 137° or 180° — 137° = 43°. 
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(d) From part (c), the point (2, 0, 4) lies on the second plane, but notice that the point also satisfies the equation of the first 


plane, so the point lies on the line of intersection of the planes. A vector v in the direction of this intersecting line is 


perpendicular to the normal vectors of both planes, so take v = ni X ng = (1,3, 1) x (2,4, —3) = (—5, 5, —10) or 


equivalently we can take v = (1, —1, 2). Parametric equations for the line are x = 2+1t, y = —-t,z =4+4 2t. 


j=2 (2a) a 


Je +12+(-42 26 


27. By Exercise 12.5.75, D = 


28. The equation x = 3 represents a plane parallel to the 29. The equation x = z represents a plane perpendicular to 
yz-plane and 3 units in front of it. the xz-plane and intersecting the xz-plane in the line 


r=z,y=0. 


IN 
. 
. 
. 
. 
. 
Hetty 
ties 
1 Ye 
' N. 
% 


30. The equation y = z? represents a parabolic cylinder 31. The equation x? = y* + 4z? represents a (right elliptical) 
whose trace in the xz-plane is the x-axis and which opens cone with vertex at the origin and axis the x-axis. 
to the right. 


2 


32. 4a — y + 2z = 4isa plane with intercepts 33. An equivalent equation is —a? + oa —2 Sa 


(1,0, 0), (0, —4, 0), and (0, 0, 2). hyperboloid of two sheets with axis the y-axis. For 


|y| > 2, traces parallel to the xz-plane are circles. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTER 12. VECTORS AND THE GEOMETRY OF SPACE 


1264 


34. An equivalent equation is —a? + y? + 2? = 1, 


a hyperboloid of one sheet with axis the x-axis. 


35. Completing the square in y gives 


36. Completing the square for 2 = y* + 2” —2y—4z+5 


2 : : 2 2 : : 
=(y-1 —2 hich 
i LAG SIP Ee Short yay Ae Se: in y and z gives x = (y — 1)* + (z — 2)°, which isa 
4 circular paraboloid with vertex (0,1, 2) and axis the 
an ellipsoid centered at (0, 1,0). houvontal lines 
Zz 
x y 
a2? a? y? 2 
7. 4c? +y?=16 © EE + 16 = 1. The equation of the ellipsoid is i + 16 + — = 1 since the horizontal trace in the 
c 


plane z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained 


by rotation about the x-axis. Therefore, c? = 16 and the equation of the ellipsoid is 5 


An? + y? +27 = 16. 


2 2 2 


38. The distance from a point P(x, y, z) to the plane y = 1 is |y — 1], so the given condition becomes 


ly -—1| = 2./(@ - 0)? + (y+ 1)? + (2-0) ly 


1] =2/2? +4 


1j?+22 > 


(y—1)? = 4a? + 4(y4- 1)? +422 & -3 = 4a? + (8y? + 10y) +42? 


24 


16 — Ap? 4+.3(y + 5)? +42? 3a 
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1. Since three-dimensional situations are often difficult to visualize and work with, let (4 
us first try to find an analogous problem in two dimensions. The analogue of a cube Ji) 
is a square and the analogue of a sphere is a circle. Thus a similar problem in two pay 
dimensions is the following: if five circles with the same radius r are contained in a G4 
square of side 1 m so that the circles touch each other and four of the circles touch Ve 


two sides of the square, find r. 


The diagonal of the square is \/2. The diagonal is also 4r + 2a. But x is the diagonal of a smaller square of side r. Therefore 


= = re 2) 
c= V2r J2 4r + 20 = 4r+2V2r = (44+2V2)r => C= ay aoe 


Let’s use these ideas to solve the original three-dimensional problem. The diagonal of the cube is 1? + 1? + 1? = V3. 


The diagonal of the cube is also 4r + 2x where x is the diagonal of a smaller cube with edge r. Therefore 


veVrt+r+r=V3r J3 4r + 20 = 4r + 2V3r = (4+2V3)r. Thus r = 
The radius of each ball is (V3 _ 3) m. 


2. Try an analogous problem in two dimensions. Consider a rectangle with 
length L and width W and find the area of S in terms of L and W. Since S 


contains B, it has area 


A(S) = LW + the area of two L x 1 rectangles 


+ the area of two 1 x W rectangles 
+ the area of four quarter-circles of radius 1 
as seen in the diagram. So A(S) = LW4+2L+2W47-1?. 
Now in three dimensions, the volume of S is 
IWH+2(LxWx1)+2(1xW x H)+2(Lx1x #H) 
+ the volume of 4 quarter-cylinders with radius 1 and height W 
+ the volume of 4 quarter-cylinders with radius 1 and height L 
+ the volume of 4 quarter-cylinders with radius 1 and height H 


+ the volume of 8 eighths of a sphere of radius 1 


So 
V(S)=LWH+2LW+2WH+2LH4+0-1-W+er-V-L+n-V-H+4n-1° 


=LWH+2(LW+WH+LH)+7(L+W+H)+ 4r. 
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3. (a) We find the line of intersection L as in Example 12.5.7(b). Observe that the point (—1, c, c) lies on both planes. Now since 


L lies in both planes, it is perpendicular to both of the normal vectors n, and ng, and thus parallel to their cross product 


i j k 

nixXxne=|/c 1 1 (26; +1, ro 1) 
1 -c c¢ 
r+1 y—ec z-—c 


So symmetric equations of L can be written as = = 
aa 4 —2c c—1 ce+i1 


, provided that c 4 0, +1. 


If c = 0, then the two planes are given by y + z = 0 and x = —1, so symmetric equations of L arex = —1, y = —z. 


If c = —1, then the two planes are given by —x + y+ z= —lLandx+y+ z= -—1, and they intersect in the line x = 0, 


y = —z—1.Ifc=1, then the two planes are given by x + y+ z = land x — y+ z = 1, and they intersect in the line 


y=0,7=1-2z. 


t —c)(—2 
b) If we set z = t in the symmetric equations and solve for x and y separately, we get x + 1 = cheesey 
y. e+1 
t—c)(?-1 —2ct+(e—-1 Bi WEIS: 2, ioe 
y-c= gen ae Sepe ne, = (cae Eliminating c from these equations, we 


have x? + y? = t? + 1. So the curve traced out by L in the plane z = t is a circle with center at (0, 0, ¢) and 


radius /t? + 1. 


(c) The area of a horizontal cross-section of the solid is A(z) = 7(z” + 1), so V = ie A(z)dz = [$27 + zl =<. 


4. (a) We consider velocity vectors for the plane and the wind. Let v; be the initial, intended 
velocity for the plane and v,, the actual velocity relative to the ground. If w is the velocity 
of the wind, v, is the resultant, that is, the vector sum v; + w as shown in the figure. We 
know v; = 180j, and since the plane actually flew 80 km in 3 hour, |v,| = 160. Thus 
Vg = (160 cos 85°) i + (160sin 85°) j = 13.914 159.4j. Finally, v; + w = vg, so 


W = Vy — Vi © 13.91 — 20.6j. Thus, the wind velocity is about 13.9 i — 20.6 j, and the 


wind speed is |w| = \/(13.9)? + (—20.6)? & 24.9 km/h. 


(b) Let v be the velocity the pilot should have taken. The pilot would need to head a little west of north to compensate 
for the wind, so let 6 be the angle v makes with the north direction. Then we can write 
v = (180cos(6 + 90°), 180 sin(@ + 90°)). With the effect of the wind, the actual velocity (with respect to the ground) 
will be v + w, which we want to be due north. Equating horizontal components of the vectors, we must have 


180 cos( + 90°) + 160cos85° =0 =  cos( + 90°) = —+8 cos85° ~ —0.0775, so 


= cos +(—0.0775) — 90° ~ 4.4°. Thus the pilot should have headed about 4.4° west of north. 
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V3 =pf0jy,ve = 2 Pv = (sew apse 
. V3 =Pprojy, V2 me 1= 59 V1 31 = 55 lvl = o> 
V4 =Ppl0jv, V3 = eee yes aN e (vi- V2) V2 = is v |va| = : |v2| = = 
4 =PpTOjv2 V3 Ivar? 2 Ivo 2 = 92,92 (V1 V2) V2 = 5399 V2 4 92.32 |V2 22.3” 
2 
NO ECORI ESL (Ce STA Oe 
5 =Projv3 V4 = var 3= (7 gz *t 94.32 ti 82) NL Sa a2 "1 
5S Bee eae i 5 Bn? n=2 
|vs| = 3.32 |vil = B32 Similarly, |v6| = 543° |v7| = 3B ga? and in general, |Vn| = er = 3(2) : 
Thus 
co ©° n—2 ea n 
D2 WWal = lval +lval + 2 3(g)"" = 243+ D0 3(§) 
ee , 5 
=5+ >> 8(8)" =54+ ; 2 [sum of a geometric series] = 5+ 15 = 20 
n=1 ~~ 6 


. Completing squares in the inequality x? + y? + 2? < 136 + 2(a + 2y + 32) 
gives (a — 1)? + (y — 2) + (z — 3)? < 150 which describes the set of all Q(-1, 1, 4) 
points (x, y, z) whose distance from the point P (1, 2, 3) is less than 


150 = 5 V6. The distance from P to Q (—1, 1,4) is /4+14+1= V6, 


so the largest possible sphere that passes through @ and satisfies the stated 


conditions extends 5 \/6 units in the opposite direction, giving a diameter of 
6 V6. (See the figure.) 


Thus the radius of the desired sphere is 3 6, and its center is 3/6 units from Q in the direction of P. A unit vector in this 


direction is u = A (2,1, —1), so starting at Q(—1, 1, 4) and following the vector 3/6 u = (6, 3, —3) we arrive at the center 


of the sphere, (5, 4, 1). An equation of the sphere then is (x — 5)? + (y— 4)? + (z-1)? = (3V6)° 


or (2 — 5)? + (y — 4)? + (2-1)? = 54. 


. (a) When 6 = 0s, the block is not moving, so the sum of the forces on the block 
must be 0, thus N + F + W = 0. This relationship is illustrated 
geometrically in the figure. Since the vectors form a right triangle, we have 


_IFI _ wan _ 
“INN on Me 


tan(05) 


(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional horizontal force 
H, with initial points at the origin. We then rotate this system so that F lies along the positive x-axis and the inclined plane 


is parallel to the x-axis. (See the following figure.) 
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|F| is maximal, so |F| = 4,n for 0 > 0;. Then the vectors, in terms of components parallel and perpendicular to the 


inclined plane, are 


N=nj F = (u,n)i 
W = (—mgsin@)i+ (—mgcos9@) j H = (hmin cos 0) i+ (—hmin sin 8) j 
Equating components, we have 
L.n—mgsind+hmincos@=0 = hmincos@+u,n=mgsind (i) 
n—mgcos?—hminsind=0 => hminsin?d+ mgcosé=n (2) 


(c) Since (2) is solved for n, we substitute into (1): 
hmin cos @ + 14,(hmin Sin 6 + mgcos@)=mgsind => 


Amin CoS O + Amin, Sind = mgsind —mgyu,cos0 => 


sin 6 — yw, cos0 tan — ps, 
Amin = mg | ——— =mg| ——— 

cos@ + 1, sind 1+ yp, tand 
tan @ — tané, 
1+ tan, tand 


From part (a) we know yw, = tan @s, so this becomes Amin = ma( ) and using a trigonometric identity, 


this is mg tan(@ — 6.) as desired. 

Note for 8 = 65, hmin = mg tan0 = 0, which makes sense since the block is at rest for 6,, thus no additional force H 
is necessary to prevent it from moving. As @ increases, the factor tan(@ — 0,), and hence the value of Ain, increases 
slowly for small values of 9 — 0; but much more rapidly as 0 — 0, becomes significant. This seems reasonable, as the 
steeper the inclined plane, the less the horizontal components of the various forces affect the movement of the block, so we 
would need a much larger magnitude of horizontal force to keep the block motionless. If we allow 9 — 90°, corresponding 
to the inclined plane being placed vertically, the value of hmin is quite large; this is to be expected, as it takes a great 


amount of horizontal force to keep an object from moving vertically. In fact, without friction (so 6; = 0), we would have 


0 — 90° hmin — 00, and it would be impossible to keep the block from slipping. 


(d) Since hmax is the largest value of h that keeps the block from slipping, the force of friction is keeping the block from 
moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in part (b), then, 


except that we have F = —(y,7n) i. (Note that |F'| is again maximal.) Following our procedure in parts (b) and (c), we 
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equate components: 


—p,n— mgsind+hmaxcos?@=0 = hmaxcosd— un = mgsin# 
n—mgcos0 —hmaxsin9d=0 = hmaxsind+mgcoséd=n 


Then substituting, 
hmax CoS 0 — U,(Rmax Sin@ + mgcos@) = mgsind => 


max COS O — Amaxl, Sin? = mgsinO+ mgp,cosd => 


sin# + w, cos0 tan@ + pu, 
max = MO > re OES eet oc er 
cos @ — yw, sin0 1— yp, tand 


( tan@ + tan0; 


1—tand, ne) = mgtan(0 + Os) 


We would expect hmax to increase as @ increases, with similar behavior as we established for hmin, but with hmax values 
always larger than hmin. We can see that this is the case if we graph hmax as a function of 0, as the curve is the graph of 
hmin translated 20, to the left, so the equation does seem reasonable. Notice that the equation predicts hmax — 00 as 

6 — (90° — 6). In fact, as hmax increases, the normal force increases as well. When (90° — @;) < 0 < 90°, the 
horizontal force is completely counteracted by the sum of the normal and frictional forces, so no part of the horizontal 


force contributes to moving the block up the plane no matter how large its magnitude. 


8. (a) The largest possible solid is achieved by starting with a circular cylinder of diameter 1 with axis the z-axis and with a 


height of 1. This is the largest solid that creates a square shadow with side length | in the y-direction and a circular disk 


shadow in the z-direction. For convenience, we place the base of the 


NI 


cylinder on the xy-plane so that it intersects the x- and y-axes at 4 


We then remove as little as possible from the solid that leaves an 
isosceles triangle shadow in the x-direction. This is achieved by 


cutting the solid with planes parallel to the x-axis that intersect the 


z-axis at 1 and the y-axis at +4 (see the figure). 


To compute the volume of this solid, we take vertical slices parallel to the xz-plane. The equation of the base of the solid 
isa? +y? = i, so a cross-section y units to the right of the origin is a rectangle with base 2 , / + —y?. For0<y< i, 
the solid is cut off on top by the plane z = 1 — 2y, so the height of the rectangular cross-section is 1 — 2y and the 


cross-sectional area is A(y) = 2/4 — y? (1 — 2y). The volume of the right half of the solid is 


1/2 1/2 1/2 
2 $y (1 2y)dy=2f (iva af y/z—y? dy 
0 
1/2 
=2 + area of a circle of radius 5| = 4[-3(3 = yy 


Thus the volume of the solid is 2(2 — 4) = 7 — 
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(b) There is not a smallest volume. We can remove portions of the solid from 
part (a) to create smaller and smaller volumes as long as we leave the 
“skeleton” shown in the figure intact (which has no volume at all and is not a 


solid). Thus we can create solids with arbitrarily small volume. 
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13.1 Vector Functions and Space Curves 


1. The component functions In(¢ + 1), eS, and 2° are all defined whent+1>0 => t>-land9-#>0 => 


V9—?t? 


—3 < t < 3,so the domain of r is (—1, 3). 


; 1 F : 
2. The component functions cost, Int, and pg ate all defined when ¢ > 0 and t ¥ 2, so the domain of r is (0,2) U (2, 00). 
r 1 1 1 1 
3. lime =e° = 1, lim —, = lim —,— = —> = z= =1, 
t0 t>0sin°t +t-0 sin*t _ sin*t sint ie 
lim lim —— 
t? t30 «2 t0 ¢ 


and lim cos 2t = cosO = 1. Thus 


2 2 
lim G i+ a j+ cos 2t k) = [lim eo] i+ [i 5 j+ [lim cos 24] k=i+j+k. 
t0 sin* t t—0 t0 sin* t t—0 
oe HES TL ; _ sinat |, mcosnt , at 
4. lim fF lim ‘i lim ¢ 1, lim vt+8=3, lim ag lim ii —a [by l’Hospital’s Rule]. 


Thus the given limit equals i+ 3j — 7k. 


_ 1+? 4 (1/t?)4+1_ 041 _ apy eg atte ere 0 oe 
See aay 0 ee a es 
; 14+? Hig lose 7 
fim (775 ota t, : = (-1, §,0) 
: Pst ns he ae : pe i ae Pee) L407 
6 jim, te = im E = im a =0_ [by l’Hospital’s Rule], jim, a3] = jm T= apa) (1/7) = co 
1 —1/t? 1 
and jim, tsin i jim, mt a jim, ne We jim cos 5 = cos0 = 1 [again by l’Hospital’s Rule]. 


1 
: ah ’ 1 
Thus jim, (te 1a 7 esin +) = (0, 5,1). 


7. The corresponding parametric equations for this curve are x = — cost, 4? 
y =t. We can make a table of values or we can eliminate the parameter: 
t=y => «=-—cosy, with y € R. By comparing different values of t, a 
———— 


we find the direction in which ¢ increases as indicated in the graph. 


x 
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8. The corresponding parametric equations for this curve are z = t? — 1, y = t. We “i 
can make a table of values, or we can eliminate the parameter: 
t=y x = y” — 1, with y € R. Thus the curve is a parabola with vertex (1,0) 0 x 
(—1, 0) that opens to the right. By comparing different values of t, we find the 


direction in which ¢ increases as indicated in the graph. 


9. The corresponding parametric equations for this curve are x = 3sint, y = 2.cost. We can make a table of values, or we can 


eliminate the parameter: x = 3sint, y = 2cost 5 sint, cost ‘ 

a? y? 2 

7 + os = sin?t + cos?t = 1, which we recognize as the equation of an 

ellipse with x € [—3, 3] and y € [—2, 2]. By comparing different values of 3 3 
t, we find the direction in which ¢ increases as indicated in the graph. 3 


10. The corresponding parametric equations for this curve are x = e’, y =e *. yt 


We can make a table of values, or we can eliminate the parameter: 
y =e? =1/e' = 1/2 with x, y > 0. By comparing different values of t, 


we find the direction in which ¢ increases as indicated in the graph. 


Zh 


11. The corresponding parametric equations arex = t, y= 2—t, z = 2t, which are 
parametric equations of a line through the point (0, 2,0) and with direction vector 


(i 13, 


12. The corresponding parametric equations are x = sinat, y=t, z= cosmt. 


Note that x? + z? = sin? rt + cos? xt = 1, so the curve lies on the circular 


cylinder x? + z? = 1. A point (x,y, z) on the curve lies directly to the left or 


right of the point (x, 0, z) which moves clockwise (when viewed from the left) 


along the circle 2? + z? = 1 in the xz-plane as t increases. Since y = t, the 


curve is a helix that spirals toward the right around the cylinder. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 13.1 


13. The corresponding parametric equations are = 3, y=t, z =2—t?. 


14. 


15. 


16. 


17. 


18. 


Eliminating the parameter in y and z gives z = 2 — y”. Because x = 3, the 


curve is a parabola in the vertical plane x = 3 with vertex (3, 0, 2). 


The corresponding parametric equations are x = 2cost, y = 2sint, 


z = 1. Eliminating the parameter in x and y gives 


x? +y? = 4cos*t+4sin? t = 4(cos*t + sin? t) = 4. Since z = 1, the 


curve is a circle of radius 2 centered at (0, 0, 1) in the horizontal plane 


21) 


The parametric equations are + = t”, y = t*, z = t®. These are positive 


for t £ 0 and 0 when t = 0. So the curve lies entirely in the first octant. 


The projection of the graph onto the zy-plane is y = x”, y > 0, a half parabola. 
y y Pi 


The projection onto the xz-plane is z = x®, z > 0, a half cubic, and the 


projection onto the yz-plane is y? = z”. 


2 


Ifx~ = cost, y= —cost, z= sint, then x? + 2? = land y’ +27=1, 


so the curve is contained in the intersection of circular cylinders along the 


x- and y-axes. Furthermore, y = —z, so the curve is an ellipse in the 


plane y = —z, centered at the origin. 


The projection of the curve defined by the vector function 


r(t) = est ae onto the yz-plane is given by r(t) = (0, t?, ee 


[we use 0 for the z-component], whose graph is the curve z = 1/y, x = 0, 


since z = t° = 1/2°. 


The projection of the curve defined by the vector function 


v(t) = (t 
v(t) = (t 


+ 1, 3¢4 


+ 1, cos(t/2)) onto the xy-plane is given by 


4180-4 


1,0) [we use 0 for the z-component], whose graph is 


the curve y = 3a — 2, z = 0, since y = 3t + 1 = 3(a —1) 4+ 1=32-2. 
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19. The projection of the curve onto the xy-plane is given by r(t) = (t,sint,0) [we use 0 for the z-component] whose graph 
is the curve y = sinx, z = 0. Similarly, the projection onto the xz-plane is r(t) = (t,0, 2 cost), whose graph is the cosine 


wave z = 2cosx, y = 0, and the projection onto the yz-plane is r(t) = (0, sint, 2 cost) whose graph is the ellipse 


+37 =12=0, 


ZA 2 


2. 


xy-plane xz-plane yz-plane 


From the projection onto the yz-plane we see that the curve lies on an elliptical 
cylinder with axis the x-axis. The other two projections show that the curve 
oscillates both vertically and horizontally as we move in the x-direction, 


suggesting that the curve is an elliptical helix that spirals along the cylinder. 


20. The projection of the curve onto the xy-plane is given by r(t) = (t,t, 0) whose graph is the line y = x, z = 0. 
The projection onto the xz-plane is r(t) = it, 0, t?) whose graph is the parabola z = x”, y = 0. 
The projection onto the yz-plane is r(t) = (0, t; ae whose graph is the parabola z = y”, x = 0. 


YA 


RY 


xy-plane xz-plane yz-plane 


From the projection onto the zy-plane we see that the curve lies on the vertical 
plane y = x. The other two projections show that the curve is a parabola contained 


in this plane. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 
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We take ro = (—2,1,0) andr = (5, 2, —3). Then, by Equation 12.5.4 we have a vector equation for the line segment: 


r(t) = (1—t) (—2,1,0) +t (5,2, —3) r(t) = (-2+7t,1+t,-3t), 0<t<1 


with corresponding parametric equations x = —2+ 7t,y=1+4+t,z=-3t,0<t<1. 


We take ro = (0,0,0) andri = (—7, 4,6). Then, by Equation 12.5.4 we have a vector equation for the line segment: 


r(t) = (1 — t) (0,0,0) +¢(—7, 4,6) r(t) = (—7t,4t,6t), O0<t<1 


with corresponding parametric equations x Tt,y = 4t,z =6t,0<t<1. 


We take ro = (3.5, —1.4, 2.1) and ri = (1.8, 0.3, 2.1). Then, by Equation 12.5.4 we have a vector equation for the line 
segment: 


r(t) = (1 —t) (3.5, 1.4, 2.1) + ¢ (1.8, 0.3, 2.1) r(t) = (3.5—1.7t,-1.441.7t,2.1), 0<t<1 


with corresponding parametric equations x = 3.5 — 1.7t, y= -1.4+4+1.7t,2=2.1,0<t<1. 


We take ro = (a,b,c) andri = (u,v, w). Then, by Equation 12.5.4 we have a vector equation for the line segment: 
r(t) = (l—t)ro +tri = (1-1) (a,b,c) +t (u,v, w) 


> r(t) = (a+ (u—a)t,b+ (v— b)t,c+(w—c)t), O<t<1 


with corresponding parametric equations x = a+ (u—a)t, y=b+(v—b)t, z=c+(w—o)t, O<t<1. 

x —tcost, y=t, z=tsint, t>0. Atany point (x,y, z) on the curve, 2? + z? = t? cos?t +t? sin? t = t? = y’ so the 
curve lies on the circular cone x? + z* = y? with axis the y-axis. Also notice that y > 0; the graph is II. 

x =cost, y=sint, z=1/(1+t?). Atany point on the curve we have x” + y? = cos” t + sin” t = 1, so the curve lies 


on the circular cylinder x? + y? = 1 with axis the z-axis. Notice that 0 < z < land z = 1 only fort = 0. A point (z, y, z 
y. y 


on the curve lies directly above the point (2, y, 0), which moves counterclockwise around the unit circle in the xy-plane as t 


increases, and z — 0. as t — too. The graph must be VI. 


x=t, y=1/(1+?t*), z=t?. Atany point on the curve we have z = x”, so the curve lies on a parabolic cylinder parallel 


to the y-axis. Notice that 0 < y < land z > 0. Also the curve passes through (0, 1,0) when t = 0 and y — 0, z > coas 


t — +00, so the graph must be V. 


x =cost, y=sint, z=cos2t. 2? +y* =cos*t+sin?t = 1, so the curve lies on a circular cylinder with axis the 
z-axis. A point (x, y, z) on the curve lies directly above or below (x, y, 0), which moves around the unit circle in the xy-plane 
with period 27. At the same time, the z-value of the point (x, y, z) oscillates with a period of 7. So the curve repeats itself and 


the graph is I. 


x = cos8t, y=sin8t, z=e°*!, t>0. x? + y? = cos? 8t + sin? 8t = 1, so the curve lies on a circular cylinder with 


axis the z-axis. A point (x, y, z) on the curve lies directly above the point (a, y, 0), which moves counterclockwise around the 
unit circle in the xy-plane as t increases. The curve starts at (1,0, 1), when t = 0, and z — oo (at an increasing rate) as 


t — ow, so the graph is IV. 
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30. 


31. 


32. 


33. 


35. 


36. 


37. 


38. 


39. 
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x =cos’t, y=sin?t, z=t. x+y —=cos*t+sin? t= 1, so the curve lies in the vertical plane « + y = 1. 


x and y are periodic, both with period z, and z increases as ¢ increases, so the graph is III. 
As y = 4 in the vector equation r(t) = (t, 4, =), the curve z = x? lies in the plane y = 4. 


r(t) = (t, t, t). Consider the projection of the curve in the xz-plane, r(t) = (t,0,t). This is the line z = x, y = 0. Thus, the 


curve is contained in the plane z = z. 


r(t) = (sint, cost, — cost). Consider the projection of the curve in the yz-plane, r(¢) = (0, cost, — cost). This is the line 


z= —y, x = 0. Thus, the curve is contained in the plane z = —y. 


. v(t) = (2t, sint,t + 1). Consider the projection in the xz-plane, r(t) = (2t,0,t + 1). This is the line with parametric 


equations x = 2t,z =t+ly=0 x = 2t = 2(z-— 1) = 2z — 2,y = 0. Thus, the curve is contained in the plane 
x=2z-2. 


If~=tcost, y=tsint, z=t, then «7 +y? =t’?cos*t+ ¢? sin? t =? = 27, 


so the curve lies on the cone z* = a? + y. Since z = t, the curve is a spiral on 


this cone. 


If x = sint, y = cost, z sin? t, then x? = sin? t = z and 
x? +y? = sin? t+ cos? t = 1, so the curve is contained in the 
intersection of the parabolic cylinder z = x? with the circular 


cylinder x? + y? = 1. We get the complete intersection for 


O0<t<2z. 
Here x = 2t, y=e', z =e’. Thent = 2/2 y =e’ = e*/?, so the curve lies on the cylinder y = e*/. Also 
z =e?! = e”, so the curve lies on the cylinder z = e”. Since z = e?! = (et)? = y”, the curve also lies on the parabolic 


cylinder z = y”. 


Here x = t?, y=Int, z = 1/t. The domain of r is (0, 00), soz = t? t= fx y = In a. Thus one surface 


containing the curve is the cylinder y = In /z or y = Ina!/? = 4 Ing. Also z = 1/t = 1/,/@, so the curve also lies on the 


cylinder z = 1/,/z or = 1/27, z > 0. Finally z = 1/t t=1/z y = In(1/z), so the curve also lies on the 
cylinder y = In(1/z) or y = Inz~+ = —Inz. Note that the surface y = In(xz) also contains the curve, since 


In(xz) = In(t? - 1/t) = Int = y. 


Parametric equations for the curve are z = t, y= 0, z = 2t — t?. Substituting into the equation of the paraboloid 


gives 2t — t? = ¢? 2t = 2t? t = 0, 1. Since r(0) = O and r(1) =i+k, the points of intersection 


are (0,0,0) and (1,0, 1). 
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40. Parametric equations for the helix are x = sint, y = cost, z = t. Substituting into the equation of the sphere gives 


sin?t+cos*t+?=5 > 14+0=5 > t=+H2. Since r(2) = (sin2,cos2, 2) and 


r(—2) = (sin(—2), cos(—2), —2), the points of intersection are (sin 2, cos 2,2) ~ (0.909, —0.416, 2) and 
(sin(—2), cos(—2), —2) = (—0.909, —0.416, —2). 


41. r(t) = (cost sin 2t, sint sin 2t, cos 2t). 
We include both a regular plot and a plot 


showing a tube of radius 0.08 around the 


2 
z O 
—2 
10 0 
yo 995078 


curve. 


44. r(t) = (cos(8 cost) sint, sin(8 cost) sin t, cos t) 45. r(t) = (cos 2t, cos 3t, cos 4t) 
1 
1 
z 0 z 0 
=| : 4 
at 1 PO 0 -1 
. ri x BS 
Y Ly 0 -1 


46. x = sint, y = sin 2t, z = cos 4t. 


[continued] 
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We graph the projections onto the coordinate planes. 


1 1 


=I 0 —l 0 1 


x x 
xy-plane xz-plane yz-plane 


From the projection onto the xy-plane we see that from above the curve appears to be shaped like a “figure eight.” 
The curve can be visualized as this shape wrapped around an almost parabolic cylindrical surface, the profile of 


which is visible in the projection onto the yz-plane. 


x = (1+ cos 16t) cost, y = (1 + cos 16t) sint, z = 1+ cos 16¢. At any 


point on the graph, 
e+ y" = (1+cos 16t)? cos? t + (1 + cos 16t)? sin? t 
= (1+ cos 16t)? = z?, so the graph lies on the cone x? + y” = z?. 
( grap y 


From the graph at left, we see that this curve looks like the projection of a 


leaved two-dimensional curve onto a cone. 
x = V1-—0.25 cos? 10tcost, y = V1 — 0.25 cos? 10¢t sin t, 
z =0.5cos 10¢. At any point on the graph, 
x? +y? + 2? = (1 — 0.25 cos? 10t) cos? ¢ 
+(1 — 0.25 cos? 10t) sin? t + 0.25 cos? ¢ 


= 1 — 0.25 cos” 10¢ + 0.25 cos? 10¢ = 1, 


so the graph lies on the sphere z? + y” + z* = 1, and since z = 0.5 cos 10¢ the graph resembles a trigonometric curve with 


ten peaks projected onto the sphere. We get the complete graph for 0 < t < 27. 


49. Ift = —1, thenz = 1, y =4, z = 0, so the curve passes through the point (1, 4,0). Ift = 3, thenz = 9, y= —8, z = 28, 


so the curve passes through the point (9, —8, 28). For the point (4, 7, —6) to be on the curve, we requirey=1-—3t=7 > 


t = —2. But then z = 1 + (—2)? = —7 6, so (4, 7, —6) is not on the curve. 


50. The projection of the curve C of intersection onto the xy-plane is the circle x? + y? = 4, z = 0. 
Then we can write x = 2cost, y = 2sint, 0 < t < 27. Since C also lies on the surface z = xy, we have 
z= xy = (2cost)(2sint) = 4costsint, or 2sin(2t). Then parametric equations for C are x = 2cost, y = 2sint, 


z = 2sin(2t), 0 < t < 2m, and the corresponding vector function is r(t) = 2costi+ 2sintj + 2sin(2t)k,0 <t < 2a. 
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53. 


54. 


55. 


56. 
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Both equations are solved for z, so we can substitute to eliminate z: \/z? +y2 =1l+ty > 2?+y?=14+2y+y? = 
e=1l+2y > y= 4 (2? — 1). We can form parametric equations for the curve C of intersection by choosing a 
parameter x = t, then y = $(t? —1)andz=1+y=1+ 4(t? —1) = 4(¢ +1). Thusa vector function representing C 
isr(t) =ti+3(? -—NHj+sP+k 

The projection of the curve C' of intersection onto the ay-plane is the parabola y = x”, z = 0. Then we can choose the 


parameterx=t => y =t?. Since C also lies on the surface z = 4x? + y, we have z = 4a? + y? = 4t? + (t?)?. 


Then parametric equations for C are x = t, y = t?, z = 4t? + t4, and the corresponding vector function 
isr(t) =tit+e?j+(4?+t4)k. 


The projection of the curve C of intersection onto the xy-plane is the circle x? + y* = 1, z = 0, so we can write x = cost, 


y =sint, 0 <t < 2m. Since C also lies on the surface z = ge y’, we have z = x” y’ = cos’ t — sin’ ¢ or cos 2t. 


Thus parametric equations for C' are x = cost, y = sint, z = cos 2t, 0 < t < 27, and the corresponding vector function 


is r(t) = costi+ sintj+cos2tk,0 <t < 2r. 


The projection of the curve C' of intersection onto the az-plane is the circle x? + z? = 1, y = 0, so we can write « = cost, 


z=sint, 0 < t < 2z. C also lies on the surface x? + y? + 42” = 4, and since y > 0 we can write 
y = V4— 2? — 42 = V/4 — cos? t — Asin? t = \/4 — cos? t — 4(1 — cos? t) = V3cos? t = V3| cost | 


Thus parametric equations for C are x = cost, y = V3 | cost |, z = sint, 0 < t < 2z, and the corresponding vector function 


is r(t) = costit+ V3|cost| jt+sintk,0<t< 2zr. 


a The projection of the curve C of intersection onto the 
xy-plane is the circle x” + y? = 4, z = 0. Then we can write 
4 s 
TRH x =2cost, y= 2sint, 0 <t < 2m. Since C also lies on 
vA Cc + 
. the surface z = x”, we have z = x? = (2 cost)? = 4cos*t. 
o 4 zs Then parametric equations for C are x = 2cost, y = 2sint, 
=2, .; - 
oS 2 ey z=Acos*t, O<t<2n. 
y. 
. zl 
St y=? 42? = 16 — «2? —4y? = 16-?? 


Note that z is positive because the intersection is with the top half of the ellipsoid. Hence the curve is given 


byr=t, y=t?, z=,/4 +1? tas 
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57. For the particles to collide, we require r1(t) =re(t) = ce 7t — 12, i) = (4t — 3,17, 5t — 6). Equating components 


gives t? = 4t 


3, Tt 


12 = t?, and t? = 5t¢ — 6. From the first equation, ¢? 


4t+3=0 (t-—3)(t-1) =Osot=1 


or t = 3. t = 1 does not satisfy the other two equations, but t = 3 does. The particles collide when t = 3, at the 


point (9,9, 9). 


58. 


The particles collide provided ri(¢) =re(t) <= (t, v, > = (1+ 2t,1+ 6t, 1+ 14¢). Equating components gives 


t=1+2t,t? = 1+ 6t, and t? = 1+ 14¢. The first equation gives t = —1, but this does not satisfy the other equations, so 


the particles do not collide. For the paths to intersect, we need to find a value for ¢ and a value for s where ri(t) = ra(s) 


= 


a i) = (1+ 2s,1+6s,1+ 14s), Equating components, t = 1 + 2s, t? = 1+ 6s, and ¢® = 1+ 14s. Substituting the 


first equation into the second gives (1 + 2s)? =1+6s 
From the first equation, s = 0 t 


third equation. Thus the paths intersect twice, at the point (1, 1,1) when s = 0 and t = 1, and at (2, 4,8) when s = 5 


1 


1 


As? 


land s 


t 


andt = 2. 


2 


2s =0 Oors= 35. 


28(2s 7 


1)=0 8 


2. Checking, we see that both pairs of values satisfy the 


1 
2 


59. (a) We plot the parametric equations for 0 < ¢ < 27 in the first figure. We get a better idea of the shape of the curve if we plot 


it simultaneously with the hyperboloid of one sheet from part (b), as shown in the second figure. 


(b) Here x = at sin 8t — = sin 18t, y= -# cos 8t + + cos 18t, z= 


For any point on the curve, 


144 |: 
gp sin 5t. 


ee +y? (= sin 8t — & sin 18t)” + (—2f cos 8t + = cos 18¢) 


= 20 sin? 8t — 2- 278 sin 8¢sin 18t + 4 sin? 18 

+i, cos? 8t — 2- a cos 8t cos 18¢ + s cos? 18t 
> a (sin? 8t + cos? 8t) + xs (sin? 18¢t + cos? 18t) — a (sin 8t sin 18¢ + cos 8t cos 18¢) 
= a See 72 cos (18t — 8t) = ati ae 32. cos 10¢ 


using the trigonometric identities sin? 9 + cos? 9 = 1 and cos (x — y) = cosxcosy + sinxsiny. Also 


or 


144? 


= =r sin? 5t, and the identity sin? 2 = 


1—cos2x 


gives z? = 14a? - 3 [1 — cos(2- 5t)] = sa - aa cos 10¢. 
[continued] 
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144(a? + y”) — 252? = 


27? 64 72 144? 144? 
144 262 1 392 169 cos 10t) — 25 (#5 — 3.652 cos 10t 
27? 64 25-144 72 25-144 
= 144| S62 + 392 — Zest — ie9 C8 10t + 234 cos 10t) 


Thus the curve lies on the surface 144 (x? 


sheet with axis the z-axis. 


= cos 10¢ + = cos 101) = 144 (3) = 100 


+y?) — 2527 = 100 or 1442? + 144y? — 25z? = 100, a hyperboloid of one 


60. The projection of the curve onto the xy-plane is given by the parametric equations x = (2 + cos 1.5t) cost, 


y = (2+ cos 1.5t) sint. If we convert to polar coordinates, we have 


r? =o? +y? = [(2 + cos 1.5t) cost]? + [(2 + cos 1.5t) sin ¢]” 


= (2+ cos 1.5t)?(cos? ¢ + sin? t) = (2 + cos 1.5t)? 


(2 + cos 1.5¢) sint 


y 
eee x (2+ cos1.5t) cost 


Thus the polar equation of the curve is r = 2+ cos 1.50. At 6 = 0, we have 
r = 3, and r decreases to 1 as increases to 2*. For 2" <0 < 


increases to 3; r decreases to 1 again at 9 = 27, increases to 3 at 0 = 


7 


decreases to 1 at @ = 42, and completes the closed curve by increasing 


3 


to 3 at 9 = 47. We sketch an approximate graph as shown in the figure. 


=> r=2+cosl.5t 


=tant => @=t. 


An 
3°07 


8a 
3 > 


We can determine how the curve passes over itself by investigating the maximum and minimum values of z for 0 < t < 4n. 


5m on 


Since z = sin 1.5t, z is maximized where sinl.5t=1 => 1.5t= a rs => 

t=%, Sn, or 37. z is minimized where sin1.5¢=-—-1 => yh 

1.5¢ = 3x a, or iz => $= 7; a, or =. Note that these are 

precisely the values for which cos1.5t =0 = r= 2, and on the graph 

of the projection, these six points appear to be at the three self-intersections 0 x 


we see. Comparing the maximum and minimum values of z at these 


intersections, we can determine where the curve passes over itself, as 


indicated in the figure. 


[continued] 
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We show a computer-drawn graph of the curve from above, as well as views from the front and from the right side. 


+-3 3+ 
2+ 27 
i+ 
zor z On 
-l1+ 
—2+4 9) te 
“3 t + t 


3-2 -l1 0 1 2 3 392 1 0 4 -2 -3 
y x 
Top view Front view Side view 


The top view graph shows a more accurate representation of the projection of the trefoil knot onto the xy-plane (the axes are 
rotated 90°). Notice the indentations the graph exhibits at the points corresponding to r = 1. Finally, we graph several 


additional viewpoints of the trefoil knot, along with two plots showing a tube of radius 0.2 around the curve. 


3+ 

Q+ 

1+ 

+ ORD 

it 

—2+ 

—3+ 

S210 1 95 990 0-02? 

y 
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61. Let u(t) = (ui(t), wa(t), ua(t)) and v(t) = (v1(t), ve(t), v3(t)). In each part of this problem the basic procedure is to use 
Equation | and then analyze the individual component functions using the limit properties we have already developed for 


real-valued functions. 


(a) lim u(t) + lim v(t) = (iim ur(t), lim ua(t), lim us (t)) + (im v1 (t), Tim v(t), lim U3 (t)) and the limits of these 


—a 
component functions must each exist since the vector functions both possess limits as t — a. Then adding the two vectors 


and using the addition property of limits for real-valued functions, we have that 


lim u(t) + lim v(t) = (im ui(t) + lim v1 (t), lim u2(t) + lim ve(t), lim u3(t) + lim U3 (i) 


ta ta —a 


= (lim [us (t) + v1 (t)], Jim [ua(t) + v2(6)] lim [us(t) + va(#)]) 


ta 


= lim (ui (t) + v1 (€), w2(t) + ve(t), u3(t) + v3(#)) [using (1) backward] 


= lim [u(t) + v(6)] 


ta 


—a 


(b) lim cu(t) = lim (cur(t), cua(t), cug(t)) = (iim cur(t), lim cua(t), lim cua(t) 


= (clim ur(t),c lim ua(t), clim us(t)) =C (iim ur(t), lim ua(t), lim ua(t)) 
= c lim (ui (t), u2(t), us(t)) = c lim u(t) 


(c) lim u(t) - lim v(t) = (iim u(t), Jim uo(t), Tim us(t)) ( lim v1 (), lim vo(t), lim va(t)) 


—a ta ta 


= [tim un (0)| [Jim v1 (0)| 4: [Jim ua(t)| [Jim v(t)| Es [Jim us ()| [Jim va(t)| 


—a —a —a ta 


= Tim ur (t)v1(t) + lim u2(t)ve(t) + lim u3(t)vu3(t) 


= lim [ui (t)v1(¢) + wa(t)ve(t) + ua(t)v3(t)] = lim [u(t) - v(t)] 


ta —a 


(d) lim u(t) x im v(t) = (iim u(t), Jim ua(t), lim ug (t)) x ( lim v: (1), Jim vo(t), Jima va(t)) 


ta 


= (sat) [tei eat) = [esis [in oe) 
[tim us()] [Jim C0] — [Hm vs(0] [im vs] 
eae) [eee] = Peet] [ere 
= (im [ua(t)v(t) — us(t)v2(¢)] Him [us (tei (t) — wa(Bvs(E)] 
lim [us (t)v2(t) — ua(t)er(0)]}) 
= lim (u2(t)vs(t) — us(t)v2(t), us (t) v1 (t) — ua (t)os (é), ua (t)va(t) — ua(t)or(t)) 


= lim [u(¢) x v(t)] 


ta 


62. Let r(t) = (f (t), 9 (t), A (t)) and b = (bi, ba, bs). If lim r(t) = b, then lim r(t) exists, so by (1), 


—a 


b= Tim r(t) = (iim f(t), lim g(t), lim n(t)). By the definition of equal vectors we have lim f(t) =b1, lim g(t) = be 
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and lim h(t) = 63. But these are limits of real-valued functions, so by the definition of limits, for every « > 0 there exists 


ta 
61 > 0, 62 > 0, 63 > Oso that if 0 < |t — a] < 61 then | f(t) — b1| < €/3, if 0 < |t — a] < 62 then |g(t) — be| < €/3, and 
if 0 < |t — a| < 63 then |A(t) — b3| < /3. Letting 6 = minimum of {61, 62, 63}, then if 0 < |t — a] < 6 we have 


| f(t) — ba] + |g(t) — bel + |A(t) — bs| < e/3 + e/3 +e/3 =e. But 


|r(t) — b] = |(F(t) — b1, g(t) — ba, h(t) — bs)| = V/(F() — b1)? + (g(t) — 62)? + (ACE) = b3)? 
< VFO — bP? + Vig) — 2)? + VIR] — bs}? = | F(t) — b1| + 1g(d) — ba| + [h(E) — bs| 
Thus for every ¢ > 0 there exists 6 > 0 such that if 0 < |t— a] < 6 then 
[r(t) — b] < | F(t) — bi] + |g(t) — be] + h(t) — bs] <e. 
Conversely, suppose for every ¢ > 0, there exists 6 > 0 such that if 0 < |f—a| < d then |r(t)-—bl<e <= 
\(F(t) — bs, 9(8) — be, A(t) — bs) <e & VFO=hP+ EO -oP+ RO bP <e o 
[f(t) — bi]? + [g(t) — be]? + [h(t) — bs]? < €?. But each term on the left side of the last inequality is positive, so if 
0 < |t —al| < 6, then [f(t) — bi]? < 7, [g(t) — be]? < e? and [h(t) — bs]? < e? or, taking the square root of both sides in 


each of the above, | f(t) — bi] < e, |g(t) — b2| < € and |h(t) — b3| < e. And by definition of limits of real-valued functions 


we have lim f(t) =b1, Tim g(t) = be, and lim h(t) = b3. But by (1), lim r(t) = (im f(t), lim g(t), lim h(t)), 


so lim r(t) = (61, b2, 63) = b. 


ta 


13.2 Derivatives and Integrals of Vector Functions 


1. (a) yt 


ea) = 2[r(4.5) — r(4)], so we draw a vector in the same 


direction but with twice the length of the vector r(4.5) — r(4). 
r(4.2) — r(4) 
0.2 
direction but with 5 times the length of the vector r(4.2) — r(4). 


= 5[r(4.2) — r(4)], so we draw a vector in the same 


ition 1, r'(4) = lim T4+ 4) = 4) 
(c) By Definition 1, r'(4) = lim h |e’ (4)] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 13.2 DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS 1285 


(d) T(4) is a unit vector in the same direction as r’ (4), that is, parallel to the 


tangent line to the curve at r(4) with length 1. 


2. (a) The curve can be represented by the parametric equations x = t?, y = t, 0 < t < 2. Eliminating the parameter, we have 


x= y’,0<y < 2,a portion of which we graph here, along with the vectors r(1), r(1.1), and r(1.1) — r(1). 


yA 


(b) Since r(t) = (Ost), we differentiate components, giving r’(t) = (2t, 1), so r’(1) = (2,1). 


r(1.1)—r(1) — (1.21,1.1) — (1,1) 7 
ST = 10 (0.21, 0.1) = (2-1, 1). 


1 2 3 4* 


As we can see from the graph, these vectors are very close in length and direction. r’(1) is defined to be 
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iim — and we recognize repr) as the expression after the limit sign with h = 0.1. Since h is 
1.1)-r(1 
close to 0, we would expect repr) to be a vector close to r’(1). 

3. r(t) = (t— 2,17 +1), (a), (c) ay (b) r’(t) = (1,24), 
r(—1) = (—8, 2). r’(—1) = (1, —2) 
Since (a2 + 2)? qe y-1 => (-3, 2) 

2 P rl) 
y = («+ 2)* + 1, the curve is a r(-l) 
parabola. o) x 

Ar pake oe he FLSA 1,1), (a), (c) (b) r’(t) = (2t, 3t7), 
Since x = t? = (£8)?/8 = y?/3, r’(1) = (2,3) 
the curve is the graph of « = y?/3, 

5. r(t) = e*i+e’j, r(0) =it+j. (a),(c)  ** (b) r’(t) = 2e* i+ e'j, 
Since x = e”* = (e*)? = y’, the r’(0) =2i+j 
curve is part of a parabola. Note 
that here x > 0, y > 0. 

6. r(t) =e’ i+ 2tj, r(0) =i. (a), (c) yt (b) r’(t) =e? i+ 2j, 


Sineex =e’ <& t=Inz and r’(0) =i+2j 
y = 2t = 21nz, the curve is the 


graph of y = 2Ing. 


7. r(t) = 4sinti—2costj, r(37/4) = 4(/2/2) i — 2(—V2/2) j = 2V2i4 V2j. 


Here (2/4)? + (y/2)? = sin? t + cos? t = 1, so the curve is the ellipse a + a =1, 


(b) r’(t) = 4costi+ 2sintj, 
r’ (30/4) = —2V/2i+ V2j. 


(a), (c) 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 
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_ v(t) = (cost + 1)i+ (sint — 1) j, r(—1/3) = (4+ 1)i+( v3 1) j= 3i+ ( Wi 1) j= 151-187). 


Here (x — 1)? + (y +1)? = cost + sin” t = 1, so the curve is a circle of radius 1 with center (1, —1). 
(a), (c) ay (b) r’(t) = —sinti+costj, 
0 x r/(—1/3) = Bi+2j~0.8714+0.5j 
r(—7/3) 
3 _v3 
Gras ) 


r(t) = (4 [vi-2], 4 3), 4 (1/4) ) = (4(¢-2)-¥/2,0,-28-) = (eS a) 
r(t) = (e~*,t — #3, Int) r’(¢) = (—e"*, 1 — 3t?,1/¢) 


r(t) =t?i+cos(t?) j+sin°tk > 


r’(t) = 2ti+ [- sin(t?) - 2t] j+ (2sint- cost) k = 2ti— 2t sin(t?) j + 2sintcostk 


Bie ae cae 

a eee ee ec er 

ay 90-10), , (1 +t)-1-t0),  (1+é)-2%-P0), 1 =, 1, t?42¢ 
MO Gage! @age 2° Gage Gage are an 


r(t) =tsinti+e’costj]+sintcostk => 


r’(t) = [t- cost + (sint) - 1] i+ [e’(—sint) + (cost)e"] j + [(sint)(— sint) + (cost)(cost)] k 


= (tcost +sint)i+e' (cost —sint)j+ (cos? t—sin? t)k 


r(t) =sin* ati+ te" j+cos*ctk => 
r’(t) = [2(sin at) - (cosat)(a)]it+ [t- e°*(b) +e” - 1] j + [2(cosct) - (—sinct)(c)]k 


= 2asin at cos ati-+ e” (bt + 1) j — 2csinct cosctk 


r(t)=a+tb+t'c r’(t) =0+b+2tc = b +4 2tc by Formulas | and 3 of Theorem 3. 
To find r’(¢), by Formula 5 of Theorem 3, we first expand r(t) = ta x (b + tc) = t(a x b) + t?(a x c), so 
r’(t)=axb+2t(axc). 


r(t) = (t? — 2t,14+3t,40 +4327) => r’(t)=(2t-2,3,7 +t) = r’(2) = (2,3,6). 


So |r’(2)| = 2? + 3? + 6? = 49 = 7 and T(2) = ao = 7(2,3,6) = (2,3, 8). 


r(t) = (tan7* t, 2c", 8te") > r(th= (1/(1 + t?), de", 8te’ + 8e") => r(0)=(1,4,8). 


(0 
So |r’(0)| = VIZ + 42 + 8 = VBI = 9 and T(0) = ae = 1(1,4,8) = (1,4, 8). 
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19. 


20. 
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22. 


23. 
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r(t) =costi+3tj+2sin2tk => r’(t)=—sinti+3j+4cos2tk = r’(0)=3j+4k. So 


|r’(0)| = 0? + 37 + 2 = /25 = 5 and T(0) = ro) = 1(3j+4k) =2j+4k 


S 
— 

j=) 
wr 


r(t) =sin? ti+cos*tj+tan?tk = r’(t) =2sintcosti— 2costsintj]+2tantsec*tk => 


r’(%)=2. 2. 2j_9. 2. 85 40.1.(72)?k =i-j+4k. So |r'(4)| =VP FP +H = V8 = 32 


"(a 
cl re WA a eas we ait A . 
The point (2, —2, 4) corresponds to t = 1 [note that 4/¢ = 4]. Then 
r(t) = (t? +1, 3t — 5,4/t) r’(t) = (307, 3, —4/t?) r’(1) = (3,3, —4) 
Be [r’(1)| = 87 +3? + (—4? = V34 
' 
and TQ) = BY = 5 6.3,-4) = (a) 


The point (0, 0, 1) corresponds to t = 0 [note that 5¢ = 0]. Then 


r(t)=sinti+5tjt+costk => r’(t)=costi+5j—sintk = r’(0)=i4+5j 


So |r’(0)| = V12 +5? + 0? = 26 
a Oe ee ee 
- TO = For yaa +) = Tag! * Foes 


r(t) = (t*,t,?) => r’(t) = (4t°, 1, 2t). Then r’(1) = (4, 1, 2), |r’(1)| = V4? + 1? + 2? = V21, and 


r’(¢) = (122°, 0,2), so 


i j 
Mae tise at Bt 1 2t 4t3 2¢| | 402 1 ie 
r xr = = — Jt 
. 0 2 12t7 2 12t? 0 
12t7 0 2 


v(t) = (4e",9e~**,0) => = r(0) = (4,9, 0). Then 


= (0—9)i— (0 — 4)j + [18 — (—12)]k = (—9, 4, 30) 
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The vector equation for the curve is r(t) = (e +1,4vi, aaa so r’(t) = (2t, 2//t, (2t — Ve), The point (2, 4, 1) 


corresponds to t = 1, so the tangent vector there is r’(1) = (2,2, 1). Thus, the tangent line goes through the point (2, 4, 1) 


and is parallel to the vector (2, 2,1). Parametric equations are x = 2+ 2t, y= 4+ 2t,z2=1+t. 


The vector equation for the curve is r(t) = (In(t + 1), tcos 2t, 2°), so r’(t) = (1/(t + 1), cos 2t — 2¢ sin 2t, 2° In 2). The 


point (0,0, 1) corresponds to ¢ = 0, so the tangent vector there is r’(0) = (1, 1,1n 2). Thus, the tangent line goes through the 


point (0, 0, 1) and is parallel to the vector (1, 1, ln 2). Parametric equations are x =0+1-t=t,y=0+1-t=t, 


z=1+(In2)t. 


The vector equation for the curve is r(t) = (e ‘cost,e ‘ sint, e oP so 


r’(t) = (e~*(—sint) + (cost)(—e~*), e~’ cost + (sint)(—e~*), (—e~*)) 


(—e~*(cost + sint),e~* (cost — sint), —e~*) 


The point (1,0, 1) corresponds to t = 0, so the tangent vector there is 


r’(0) = (—e°(cos 0 + sin 0), e°(cos 0 — sin 0), —e°) = (—1,1,—1). Thus, the tangent line is parallel to the vector 


(—1, 1, —1) and parametric equations are x = 14 (-1)t =1-t,y=04+1-t=¢,2=1+(-lt=1-t. 


The vector equation for the curve is r(t) = (/# + 3, n(t? + 3),t), so r’(t) = (t/V/# + 3, 2t/(t? + 3), 1). At (2,In4, 1), 


t=1andr’(1)= (3, i, 1). Thus, parametric equations of the tangent line are x = 2 + +t, y= In4+ zt, z=1+t. 


First we parametrize the curve C of intersection. The projection of C onto the xy-plane is contained in the circle 


x? + y? = 25, z = 0, so we can write x = 5cost, y = 5sint. C also lies on the cylinder y? + z? = 20, and z > 0 


near the point (3, 4, 2), so we can write z = ,/20 — y? = 1/20 — 25sin? t. A vector equation then for C is 

r(t) = (5 cost, 5sint, \/20 — 25 sin? t) > r(tj= (-5 sint, 5cost, (20 — 25 sin? aides Casale) sint cos t)). 
The point (3, 4, 2) corresponds to t = cos’! (2), so the tangent vector there is 

)(8))) = (-4,3,-6). 


The tangent line is parallel to this vector and passes through (3, 4, 2), so a vector equation for the line 


4 
~ 
— 
ie) 
ie) 
n 
= 
— 
cule 
wa 
wa 
——™ 
oN 
— 
op 
a 
ot 
— 
ow 
ee 
bole 
4a 
bo 
j=) 
iw) 
OU 
— 
os 
WV 
iS) 
YY 
a 
= 
— 
— 
oe 


is r(t) = (3 — 4t)i+ (44+ 3t)j + (2 — 6t)k. 


r(t) = (2cost,2sint,e") = r’(t) = (—2sint,2cost,e"). The tangent line to the curve is parallel to the plane when the 


curve’s tangent vector is orthogonal to the plane’s normal vector. Thus we require (-2 sint, 2 cost, e*) . (v3, 1, 0) =O) oS 


—2/3sint + 2cost +0 0 tant 


a t= @% [sinceO<t<a]. 


r(§) = (v3, 1, ee), so the point is (/3, 1, e7/°). 
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31. r(t) = (t,e7*, 2¢ — 7) r’(¢) = (1,-e7*, 2 — 2t). At (0, 1,0), 
t = Oand r’(0) = (1, —1, 2). Thus, parametric equations of the tangent i 
line arex =t,y =1—-t, z = 2t. z0 
=D) 
Pog eae as 
32. r(t) = (2cost,2sint, 4 cos 2t), 5st 
r’(t) = (—2sint, 2cost, —8sin 2t). At (V3, 1,2), t = % and 
z Or 
r’(Z) = (-1, V3, —4y/3). Thus, parametric equations of the 
tangent line are x = /3 —t,y=1+ V3t,z=2-4V3t. 54 
20 
= 2 0 =2 


33. r(t) = (tcost,t,tsint) r’(t) = (cost — tsint, 1,tcost + sint). 


At (—7, 7,0), ¢ = mand r’(7) = (—1,1,—7:). Thus, parametric equations 


of the tangent line arex = —7 —t,y=a+t, z= -—ant. 


34. (a) The tangent line to the curve r(¢) = (sin rt, 2sin zt, cos mt) at t = 0 is the line through the point with position 


vector r(0) = (sin 0, 2sin0,cos0) = (0,0, 1), and in the direction of the tangent vector, 


r’(0) = (mcos0, 27 cos0, —7 sin 0) = (7, 27,0). So an equation of the line is 


(x,y,z) =xr(0) + ur’ (0) = (0+ ru, 0+ 27u, 1) = (ru, 27u, 1). 


r(3) = (sin Z,2sin $,cos $) = (1,2,0), (b) 

r’ (4) = (mcos $, 2m cos Z,—msin $) = (0,0,—7). 2 

So the equation of the second line is a: 

(x,y,z) = r(3) + vr’ (3) = (1,2,0) + v (0,0, —7) = (1,2, —7v). = 

The lines intersect where (vu, 27u, 1) = (1, 2, —7v), so the point = 
of intersection is (1, 2, 1). = ae 1° 


35. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 
intersection. Since rj (t) = (1, 2t, 3t) and t = 0 at (0, 0,0), ri (0) = (1, 0, 0) is a tangent vector to r; at (0, 0,0). Similarly, 
r5(t) = (cost, 2.cos 2t, 1) and since r2(0) = (0,0, 0), ry (0) = (1, 2, 1) is a tangent vector to re at (0,0, 0). If 6 is the angle 

1 


between these two tangent vectors, then cos 9 = VE (1,0, 0) - (1,2, 1) = a and @ = cos-+ (=) = 66°. 
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36. To find the point of intersection, we must find the values of t and s which satisfy the following three equations simultaneously: 


t=3-—s,1-t=s—2,3+4+t? =s8”. Solving the last two equations gives t = 1, s = 2 (check these in the first equation). 
Thus the point of intersection is (1,0, 4). To find the angle 6 of intersection, we proceed as in Exercise 35. The tangent 


vectors to the respective curves at (1,0, 4) are r{(1) = (1, —1, 2) and r4(2) = (—1, 1,4). So 


cos @ = 


1-1+8)=— Jz and @ = cos! (5) Fe 55°. 


1 
Teva ( 6V3 3 V3 


Note: In Exercise 35, the curves intersect when the value of both parameters is zero. However, as seen in this exercise, it is not 


necessary for the parameters to be of equal value at the point of intersection. 
37. Jz (ti—t°j + 305) dt = (ff tat) i— (JP tat) j+ (J? 3t8 at) k 


= [2 ]o i- [4¢4], 4+ [24], & 


= 14(4—0)i— 4(16 — 0)j + 4(64-0)k = 2i-4j 432k 


4 4 
445/2]° +, [245/2 , 243/2 
4 J, i+ [¢ +2t ),* 


38. ue Cages (t+ 1)vik) Hee Gs 943/2 at) ee [p (3/2 +0/)ai ‘ 
| 


II 
ous 
—~ 
ws 
ol 
s,. 
iw} 
= 
Se 
a 
+ 
SOS. 
Ino 
—~ 
iS 
Nusy 
ou 
ban 
Oo 
+ 
wl 
—~ 
ww 
Su 
w 
ee, 
iw} 
| 
oun 
| 
wl 
ee 
nr 


va, | i k) a =(f Lat)i+([ : arir(f t at\k 
oof. Nie = hang ee gee 7 Ade. tea ee ea oan © ee 


= [In|t+ 1]]p it [tan-1 ¢]5 5+ [2 n(e? +], k 


= (In2—Inl)i+ (4 —0)j+ 4(m2—Inl)k=m2i+4j+4In2k 


40. [7/4 secttanti-+tcos2tj + sin? 2t cos 2tk) dt 
0 J 


= ( o/* sect tant dt) i+ ( o* teos 2t dt) j + ( lA sin? 2t cos 2t dt) k 
= [sect] a. i+ ([Jesin 24] we — 4 } sin 2tdt) j+ [4 sin? 2¢] a k 


[For the y-component, integrate by parts with u = t, dv = cos 2t dt.] 


= (sec | — secO)i+ (Zsing —0- [—4 cos 24]°/* 


7 ) i+ § (sin? $ — sin’ 0) k 


= (V¥2—1)i+ (4+ 400s 4 — tcos0)j+4(1-0)k=(V2—-1)i+(Z-—4)j+2k 


AA. | (paris ee? i+-vax) dt = (f cpaat)it (fre? ar) s+ (f via) 


= tan! ti+ de” 5+ 209/?k+C 


where C is a vector constant of integration. 
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42. | (tcostti+ Fit sec?) dt = (| teost* ar) i+ (/ ca) i+ (| sect eat) k 


= $sint?i+In|t|j+tantk+C 


where C is a vector constant of integration. 


43. r’(t) = 2t1+30?j+Vtk rt) =Pi+ejt+ 243/ k+C, where C is a constant vector. 


Buti+j—=r(1) =i+j+2k+C. Thus C = —2kand r(t) =Pi+ 25+ (30? —2)k, 


4. r'(t)=tite'jtteék => r(t)=stite’jt (te —e’) k+C. Butit+j+k=r(0)=j—k+C. 


Thus C = i+ 2kandr(t) = (50? + 1) it+e’jt (te —e' +2)k. 


For Exercises 45—48, let u(t) = (wi(t), w(t), w3(t)) and v(t) = (v1 (t), ve(t), v3(t)). In each of these exercises, the procedure is to apply 


Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 


45. [u() + v(0)] = F (uO + LO), walt) + va(0),ualt) + val0)) 


= f'(t) (u(t), wo), ua(t)) + FO (ui (t), we), us) = fH) ult) + FO a’ 


4 = © (ur(t)us(t) — us(t)v2(t), us (Een (t) ~ un (B)us(), 1 (8)v2(6) — ua(t)e(®)) 
= (uyug(t) + ua(t)v4(t) — us(t)v2(t) — us (t)o4(2), 
uy(t)0 (t) +-us(t)v4 (t) — wi (t)us(t) — wa (E04 (2), 
ul (t)va(t) + ua (t)o4(t) — uh(t)ur(t) — walt)! (6) 
= (uh (t)va(t) — us(t)ve (t) ,ug(t)ei(t) — uj (t)ua(t), wi (t)ua(t) — ub(t)er(t)) 
+ (ua(t)vb(t) — ua(t)vb(t), wa (t)o' (C) — ur(t)v4(t), ur (t)v5(t) — ua (to4 (6) 
=u'(t) x v(t) + u(t) x v’(t) 


Alternate solution: Let r(t) = u(t) x v(t). Then 


r(¢+h)—r(t) = [u(é+h) x v(t+h)] — [u(t) x v()] 
= [u(¢+h) x v(¢+h)] — [u(t) x v()] + [u(ét+ Ah) x v()] — [u(ét+ h) x v(e)] 
=u(t+h) x [v(¢+h) — v(t)] + [u(t + h) — u(t)] x v(t) 


[continued] 
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(Be careful of the order of the cross product.) Dividing through by h and taking the limit as h — 0 we have 


[u(t + h) — u(t)] x v(t) 


r'(0) = lim nee Wee vO! + Jim MESH WO) VO _ ay xvi) tu) xv) 


by Exercise 13.1.61(a) and Definition 1. 


49. — [u(t) - v(t)] = u’(¢) - v(t) + u(t) - v‘(t) [by Formula 4 of Theorem 3] 
= (cost, —sint, 1) - (t, cost, sint) + (sint, cost, t) - (1, — sint, cost) 
=tcost — cost sint + sint + sint — cost sint + tcost 


= 2tcost + 2sint — 2cost sint 


50. < fu(t) x v(t)] = u(t) x v(t) + u(t) x v’(t) [by Formula 5 of Theorem 3] 


= (cost, —sint, 1) x (t, cost, sint) + (sint,cost,t) x (1, —sint, cost) 


= ( sin? t — cost, t — cost sin t, cos” t + tsint) 


+ (cos? t+tsint,t — cost sint, — sin? t — cos t) 


= (cos? t sin? t — cost + tsint, 2t — 2cost sint, cos t — sin? t — cost + tsint) 
51. By Formula 4 of Theorem 3, f’(t) = u’(t) - v(t) + u(t) - v’(t), and v(t) = (1, 2t, 3t7), so 
f'(2) = u'(2)- v(2) + u(2) - w’(2) = (3, 0, 4) + (2,4, 8) + (1, 2, -1) - (1,4,12) =6+04324+1+4+8-12=35. 
52. By Formula 5 of Theorem 3, r’(t) = u’(t) x v(t) + u(t) x v’(t), so 
r’(2) = u’(2) x v(2) + u(2) x v’(2) = (3, 0,4) x (2,4,8) + (1, 2,-1) x (1, 4, 12) 
= (16, —16, 12) + (28, —13, 2) = (12, —29, 14) 
53. r(t) =acosuwt+bsinwt =>  r’(t) = —awsinwt + bwcoswt by Formulas | and 3 of Theorem 3. Then 


r(t) x r’(t) = (acoswt + bsinwt) x (-awsinwt + bw coswt) 


= (acoswt + bsinwt) x (-awsinwt) + (acoswt + bsinwt) x (bw coswt) 
[by Property 3 of Theorem 12.4.11] 

=acoswt x (-awsinwt) + bsinwt x (-awsinwt) + acoswt x bwcoswt + bsinwt x bw coswt 
[by Property 4] 

= (coswt) (—w sinwt) (a x a) + (sinwt) (—wsinwt) (b x a) + (coswt) (wcoswt) (a x b) 


+ (sinwt) (wcoswt) (b x b) [by Property 2] 


=0+ (wv sin? wt) (ax b) + (w cos” wt) (ax b) +0 [by Property | and Example 12.4.2] 


=wW (sin? wt + cos” wt) (ax b) =w(ax b) =waxb [by Property 2] 
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54. From Exercise 53, r/(t) = —awsinwt + bweoswt = r”(t) = —aw* coswt — bw? sinwt. Then 
v(t) +w°r(t) = (—aw? coswt — bw* sinwt) + w* (acoswt + bsinwt) 
= —aw’ coswt — bw” sinwt + aw” coswt + bw? sinwt = 0 
55. < [r(t) x r’(t)] =r'(t) x r’(t) + r(t) x v(t) by Formula 5 of Theorem 3. But r’(t) x r’(t) = 0 (by Example 12.4.2). 
Thus, < r(t) x r’(t)] =r(t) x P(t) 
56. © (u(t) fv (t) x (= u'(t)- [v(t) x w(t)] + ue) - 4 [w(t x wd] 
dt dt 
=u'(t)- [v(t) x w(t)] + u(t) - [v’(¢) x w(t) + v(t) x w'(d)] 
= u'(t) - [v(t) x w(¢)] + u(t) [v'(t) x w(t)] + ul) - [v(t) x w'(é)] 
=u'(t) - [v(t) x w(t)] — v(t) - [u(t) x w(t)] + w'(t) - [t) x v(t)] 
d d 1/7241 1/2 / eos tal 1 
7. = rl = SF @) -r)] ? = Sir(t)-r@)]-? [ar(t) -r’@)] ro? r'(t) 


58. 


59. 


60. 


Since r(t) - r(t) = 0, by Formula 4 of Theorem 3 we have 
< [r(t) - r(t)] = r’(t) - r(t) + r(t) - r/(t) = 2 (x(t) - r’(t)] = 0. This is true for all t, thus |r(t)|?, and so |r(t)| 
is a constant, and hence the curve lies on a sphere with center the origin. 
Since u(t) = r(t)- [r’(t) x r(t)], 
w(t) =r'(t)- [r’(@) xr" (é)] +r) - < [r’(t) x r'(t)] 
=0+r(t)-[e’(t) x v(t) +4r/(t) x r"(8)] [since r’(t) L r’(t) x r’(t)] 
= x(t) [r’(t) x r”(t)] [since r”(t) x r”(t) = 0] 


r(t+h) —r(t) 


™ . Here we assume that this limit exists and r’(¢) 4 0; then we know 


The tangent vector r’(t) is defined as lim 
that this vector lies on the tangent line to the curve. As in Figure 1, let points P and Q have position vectors r(¢) and r(t + h). 
The vector r(t + h) — r(t) points from P to Q, sor(t +h) —r(t) = PO. Ifh > Othent <t+h, so Q lies “ahead” 


== 
of P on the curve. If h is sufficiently small (we can take h to be as small as we like since h — 0) then PQ approximates 
the curve from P to Q and hence points approximately in the direction of the curve as t increases. Since h is positive, 


r(t+h) —r(t) 


h points in the same direction. If h < 0, then t > t + h so Q lies “behind” P on the curve. For h 


156 
7,7 @ 


— 
sufficiently small, PQ approximates the curve but points in the direction of decreasing t. However, h is negative, so 


l= r(t+h)-r(t) ... Se bia eett Naa oe . . : 

h PQ= 3 points in the opposite direction, that is, in the direction of increasing t. In both cases, the difference 
cent ree th) —rt) i aficiacte ; TERE ERE Tee ; 

quotient —— points in the direction of increasing t. The tangent vector r’(t) is the limit of this difference quotient, 


so it must also point in the direction of increasing t. 
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13.3. Arc Length and Curvature 


1. @) r(t) = (FH), 9(0), A) = (B—1,26,4t-+ 1) > et) = (FO), 9'(),H() = (1, 2,4). Then 
L= ff? JCP +22 4+ # dt = fP V21dt = [va] = 3/21 — /21 = 2/21 


(b) r(1) = (2,2,5) = P, =(2,2,5); r(3) = (0,6,13) = P2 =(0,6,13). Then 


|P2P,| = \/(0 — 2)? + (6 — 2)? + (13 — 5)? = V84 = 221 


2. (a) r(t) = f()i+ g(t)jt+h(t)k = (t+ 2)i—-tj+ (8t—5)k r’(t) =i—j+3k. Then 


2 
b= f?, (PCP seat = f?, vide = [tv] = avi + vil =3vil 
24, 


(b) r(—1) =i+j—8k P, = (1,1,-8); r(2)=4i-2j+k = P)=(4,—2,1). Then 
|PoP,| = /(4— 1)? + (-2— 1)? + [1 — (8)? = V99 = 38V11 
3. r(t) = (t,3cost,3sint) = r’(t) = (1,—-3sint,3cost) => 


|r’(t)| = 12 + (—3sint)? + (3cost)? = \/1 + 9(sin? t+ cos? t) = 


Then using Formula 3, we have L = ale (t)| dt = a V10dt = V/10¢| ie = 10V10. 


dort) S260, 30) = 2) 32,250) = 
‘(t)| = /2? + (20)? + (P)? = 44-4 4 = /(2 42)? = 24 #? for 0 < t < 1. Then using Formula 3, we have 


L= fp r'(@ldt = fo (2+t?) dt = 264 38]5 = 3. 


5. r(t)=V2tit-ejtetk = r(t)=V2it+ej-etk = 


|r’(t)| = (V2)° + (et)? + (-e-#)? = /2+ 6% +e? = /(e’ +e-*)2 =e' +e' [since e' +e’ > O]. 


Then L = i |r’ (t)| dt = fo (e ot =:e e]h =e-e!, 


—sint 
cost 


6. r(t) =costi+sintj+Incostk => r’(t)=—sinti+costj+ k = —sinti+costj—tantk, 


(—sint)? + cos?¢ + (— tant)? = V1+4 tan? t = vsec? t = |sect|. Since sect > 0 for 0 < t < 7/4, here we 
can say |r’(t)| = sect. Then 


n/4 
f= ee sect dt = [In jsect + tan ¢| | = In|sec 4 + tan In |sec 0 + tan 0| 
0 


ae 


= In|V¥2 + 1] —1In|140| = In(v2 + 1) 


7. r(t) =i+¢?j+ek r(t)=2tj7+3t?k = |r'(t)| = V4t? + 9H =tV44 9t? [since t > 0]. 


1 
Then L = fy |r'(t)| dt = fo tV44+9P dt = 4- 3(4 + 907)9/?] = £(13°/? — 49/2) = £(13°/? — 8). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1296 


8. 


10. 


11. 


12. 


13. 


14. 
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r(t) = ¢7i+9tj+409/?k => r’(t) = 2ti+9j+6Vik = 

|r’ (t)| = V4t? + 814 36¢ = \/(2t+ 9)? = |2t+9| = 2t+9 [since 2+9 > 0 for1 <t < 4]. Then 
4 
1 


L= fi |r| dt = fe(2t+9)dt = [? re or] =52—10= 42, 


Har sey = 8 HS Ohara) = |= (2? + (3t2)2 + (4t3)? = \/4t? + 9t4 + I6E5, so 


L= fe |r'(t)| dt = f° Vi? + 9 F 166 dt ~ 18.6833. 


re) =the te) r’(t) = (1,-e*,(1-t)e*) = 


Ir’(t)| = fl? +(e")? + [dd — Hep = /I te + — te = \/1+ (2-2 + Pe, 0 


L= J? |r'(t)| dt = f? /1+ (2+ 2t + ye dt ~ 2.0454, 


r(t) = (cos rt, 2t, sin 27t) r’(t) = (—msin zt, 2, 27 cos 27t) |r’(t)| = V7? sin? rt + 4 + 4x? cos? Qrt. 


The point (1, 0,0) corresponds to t = 0 and (1, 4,0) corresponds to t = 2, so the length is 


L= fF |r| dt = fo Vn? sin? at + 4 + 427? cos? Int dt ~ 10.3311. 


We plot two different views of the curve with parametric equations x = sint, y = sin 2t, z = sin 3¢. To help visualize the 


curve, we also include a plot showing a tube of radius 0.07 around the curve. 


y 14 0 -1 
x 


The complete curve is given by the parameter interval [0, 277] and we have r’(t) = (cost, 2cos2t,3cos3t) => 


|r’ (t)| = Vcos? t + 4cos? 2t + 9 cos? 3#, so L = f |r'(t)| dt = f°" cos? t+ Icos? 2t + 9 cos? 3t dt ~ 16.0264. 


The projection of the curve C’ onto the xy-plane is the curve x” = 2y or y = 4a”, z = 0. Then we can choose the parameter 


z=t => y= 4t’. Since C also lies on the surface 3z = xy, we have z = sry = +(t)(4t7) = 24°. Then parametric 


equations for C are x = t, y = 0, z= 24° and the corresponding vector equation is r(t) = (t, +t, +t°). The origin 


corresponds to t = 0 and the point (6, 18, 36) corresponds to t = 6, so 


L= fF |r'()| dt = fo |(1,t, $4?)| a= 6 /P+e+ (hey ane fives 144 dt 
= fo yf (A+ gt)? dt = JOA + 92?) dt = [e+ §t°]) = 6 +36 = 42 


Let C be the curve of intersection. The projection of C’ onto the xy-plane is the ellipse 4a? + y? = 4 or 2? + y?/4 = 1, 


z = 0. Then we can write x = cost, y = 2sint, 0 < t < 2m. Since C also lies on the plane x + y + z = 2, we have 
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z=2-—a“-—y=2-cost— 2sint. Then parametric equations for C are x = cost, y = 2sint, z = 2 — cost — 2sint, 
0 <t < 27, and the corresponding vector equation is r(¢) = (cost, 2sint,2 — cost — 2sint). Differentiating gives 


r’(t) = (—sint,2cost,sint—2cost) => 


|r’(t)| = /(— sint)? + (2 cost)? + (sint — 2cost)? = V/2sin?t + 8 cos? t — 4sint cost. The length of C is 
=i (t)| dt = me /2sin? t + 8cos?t — 4sint cost dt © 13.5191. 


15. (a) r(t) = (5 —t)i+ (4¢— 3)j+3tk r’(t) = —i+4j+3kand & = |r'(t)| = VI +16 +9 = V26. The point 


P (4, 1,3) corresponds to t = 1, so the arc length function from P is 


=f |r’ (u u)|du= fi V26 du = V6 ul, = 26 (t — 1). Since s = V26 (t — 1), we have t = +1. 


ale 
a 


Substituting for ¢ in the original equation, the reparametrization of the curve with respect to arc length is 
r(t(s)) = [s- (= +1)| i+ (+1) -3| j+3(e41)k 
V 26 Vv 26 4 V 26 
8 4s 38 
= (4——— i+ ( = 4+1)j+(| 4+3)k 
( aa) (= )i (= ) 
(b) The point 4 units along the curve from P has position vector 
4 \, 4(4) ) 5 (3 ) ae ( 4 16 12 ) 
r(t(4)) = | 4-— —=]i+ +1 +3] k, so the point is ( 4 ; +1, +3). 
«) ( fa) G a \ 26 . 26/26"? 9/26 


16. (a) r(t) =e’sintit+e’costj+V2ek = r’(t) =e! (cost +sint)i+e’ (cost —sint)j+/2e’kand 


ds 


aa |r’ (t)| = ./e?#(cost + sint)? + e24(cost — sin t)? + 2e2* 


= Nie [2(cos? t + sin? t) + 2costsint — 2costsint + 2] = V4e7t = 2ce¢ 
The point P (0, 1,V2 ) corresponds to t = 0, so the arc length function from P is 
= |r’ (u u)|du = fy 2e" du = 2e"|, = 2(e" — 1). Since s = 2(e" — 1), we have ef = = +1 ° 
t=I1n ($s + dL) Substituting for ¢ in the original equation, the reparametrization of the curve with respect to arc length is 
r(t(s)) = ($s +1) sin(In ($s +1))i+ ($s +1) cos(In($s+1))j+ (4s - v2) k 
(b) The point 4 units along the curve from P has position vector 
r(t(4)) = ($(4) + 1) sin(In ($(4) + 1)) i+ ($(4) + 1) cos(In ($(4) +. 1)) 5+ (404) + v2) k, so the point is 


(3sin(In 3), 3 cos(In 3), 3/2) : 


17. Here r(t) = (3sint, 4t, 3cost), so r’(t) = (3 cost, 4, —3sint) and |r’(t)| = \/9 cos? t + 16 + 9sin? t = 25 = 5. 


The point (0, 0, 3) corresponds to t = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive 


direction is given by s(t aly |r’(u)| du = So 5du=5t. s(t) =5 5t =5 t = 1, thus your location after 


moving 5 units along the curve is (3 sin 1, 4, 3cos 1). 
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2 2t —4t —207 +2 
18. r(t) = | —-—— -1Ji+ ———j = r()=—— i+ — SS) 
ry) (5 )it as vA) (@+ip'* @+?? 
ier at)? [-2? 427? fattest [42 +1)? | : re 
dt (2 +1)?} * | (241)? (t? + 1)4 (t? + 1)4 (241)? 241 
Since the initial point (1,0) corresponds to t = 0, the arc length function is 


s(t) =f wolau= f g 


5 du = 2arctant. Then arctant=+s = t=tan#is. Substituting, we have 
u2+1 2 2 


> 2 . 2tan($s) —_ 1 — tan? (4s) : 2tan($s) . 
r(t(s)) Pees 1)+ oe i+tan?(4s) t 


1- tan? (4s 


2 $8) 
sec ($s 


) i+ 2tan($s) cos” (4s) j a [cos? (4s) — sin? ($s) i+ 2sin($s) cos($s) j =cossi+sinsj 
With this parametrization, we recognize the function as representing the unit circle. Note here that the curve approaches, but 


does not include, the point (—1, 0), since cos s = —1 for s = 7 + 2kz (k an integer) but then t = tan($s) is undefined. 
19. (a) r(t) = is sint —tcost,cost+tsint) => 


r’(t) = (2t, cost + tsint — cost, 


sint +tcost+sint) = (2t,tsint,tcost) => 


|r’ (t)| = /4#? + ¢? sin? t + #2 cos? t = \/4t? + #2(cos? t + sin? t) = V/5t? = V5¢t [since t > 0]. Then 


= r'(t) — cia sin cost) = 
T(t) = (8) = Bt (2t,tsint,t t) = 


Ss (2,sint,cost). T’(t) = V7 (0,cost,—sint) > 
|T’(t)| = FV 0+ cost + sin*t = 


it Tt) _ 1/v5 

- Thus, N(t) = = 0, cost, —sint) = 0, cost, — sing): 

vi O= rer avi | )=( ) 
/ 

(b) By Formula 9, the curvature is «(t) = T'(¢)| 


(| bt Bt 


r’(t) 1 ? i 1 , 
Then T(t) = = —‘(5cost,1,—5sint). T'(t) = —= (—5sint,0,—5cost) => 
= Oat sa! . TO=TE ) 
1 5 

T’(t)| = —2v25sin7t + 0? + 25cos?t = ——. Thus, 

ee) 26 V26 
T(t) V26 «1 

N(t) = = — -—(-5dsint,0,—5 cost) = (—sint,0,—cost). 

@=mar= 5 oe = ) 


21. (a) r(t) =(t,t?,4) => r'(t) 


‘(t) 1 
= (1,2t,0) => |r’()| = V1 + 42 4+ 0. Then T(t) = BAO & 2 1, 2t, 0). 
( ) Ir’(t)| (t) r(O) ae ( ) 
T'(t)= —F (0, 2,0) — res ue (1, 2¢, 0) [by Formula 3 of Theorem 13.2.3] 
1 1 
= GyaEP [(1 + 4t?) (0, 2,0) — 4¢ (1, 2¢,0)] = 


(1 + 4¢2)3/2 (Fae) 


[continued] 
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J — 1 i] rs 2 
|T’(t)| = a aye V 18 +4= Tp ae’ Thus, 
T(t) 1440 1 1 
N(t) = = 2 ——— (AD = ——___ (-- 94.1 
(¢) |T’(t)| 2 ae | »2,0) Trae | oY) 
|T’(t)|  2/(1 + 4t?) 2 


(b) By Formula 9, the curvature is «(t) = = = 


PO! vitae (+47? 


22. (a) r(t) = (t,t,50) > r(t)=(11t) > [r’()|=VI+F14F? = V24e. 


r’(t) 1 
Then T(t) = = 1,1,t). 
=TO = Pel yarn he 
1 t 
T(t)= (0,0, 1) - ——,,,, (1, 1,4) [by Formula 3 of Theorem 13.2.3] 
V2+E (2+ )372 
pz 1 2 = 1 
(2+ 2)3/2 [(2+¢ ) (0,0, 1) —#(1,1,¢)] Qa | t, —t, 2) 
1 V3 
|T’()| = pee vat 2H — TEE" Thus, 
T(t) 2+ 1 1 
AGS = + es (6-62) = a (H+, - 4, 2). 
O= Tre] va Grape 8) = Tea 7) 
_IT@)_ v2/2+?)_ v2 
(b) By Formula 9, the curvature is «(t) = rae a - OEE 


23. (a) r(t) = (t,50,.07) => v(t) =(1,t,2t) > [re (|= VIF P+ = VIF 50. 


r’(t) 1 
Then T(t) = = ———— (1,3, 21). 
© = Bal > yreee hh) 
CC: ES (0,1,2) [by Formula 3 of Theorem 13.2.3] 
~ (1+ 50?)3/2 face y Formula 3 of Theore: 2 
— 1 2 2 \ 2 f 2 _ 1 
apnea ((—5t —5t", —10e") + (0,1 + 54", 2+ LOE") = Gr seyaya (Bt 1,2) 
1 1 V5 VBE +1 V5 
T’(t)| = 25t? +1+4= 25? +5 = —— = 
oa (T+ sears VO TETAS aaa V8 FO aa T48P 
T(t) 1450? 1 1 
Thus, N(t) = = 5t, 1,2) = —————. (_5t, 1,2). 
O= Tr Ol ye Gaseee © Oh =e pone  8h 


|T'(é)| _ v5/G. + 5t*) v5 


Ie"()| V+ 5 (1 5¢?)3/?" 


(b) By Formula 9, the curvature is K(t) = 


1299 


24, (a) r(t) = (V2t,e",e°) = r’(t)=(v2,e,-e°) = |r’) =V2+e* +e %= SMe +e*P? =e +e. 


1 t 2t a et 
= ara (V2e ,e€ ,—1) after multiplying by a" 
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22 
T(t) = ay V2 2e7".0 Dak ER ce —1) [by Formula 3 of Theorem 13.2.3] 
1 2 2 2 2t 2 2t 
= (@r+iy [(e** + 1) (v2e%, 2e%, 0) — 26% (V2e!, 6%, —1)] = Czar: (v2e! (1—e*) , 26%, 26%) 
|'T’(t)| = 7 o/ 2e7#(1 — 2e2¢ + e4#) + 4e4t + 4ett = arpa VOT BT) 
e 
= iF 5 VV 2e7* ( 1+ et)? _ v2e (1+) = v2et 
(e2* + 1 (e2t + 1)? e2t +] 
Th Nae Oe 1 JV2e(1 2¢ e2t Ie2t 
. O= rey ~ oer ae Ae 20 20") 
= 1 t 2t 2t 52, it 2t t t 
= Fagan toe ), 2e*", 2e Sea F Qe’, /2e") 


(b) By Formula 9, the curvature is 


iz |T’(é)| V2e 1 = J2e' = V/2 e7* _ VJ2 €** 
|r’ (t)| e2t +] et t+e-t e3t + Qet + et e4t + Qe2t 4.1 (e2# + 1)?” 


25. r(t) =P j+tek v(t) = 3t?j+2tk, r”(t)=6tj+2k, |r’ (t)| = 0? + (3t?)? + (2t)? = Jot + 4, 


, " 2 2 
r'(t) x r"(t) = —612 i, |r'(t) x r"(t)| = 642. Then x(t) = FW) * i ar 
|r’ (t)| (, /9t4 + At? ) (9t4 + 4¢ )3/ 


2%. r(t) =—ti+?j+etk r’(t)=i+2tj+e’k, r’(t) =2j+e'k, 
1? + (2t)? + (ef)? = V1 4+ 4 + e?#, r’(t) x v(t) = (2t— 2)e'i—-e'j+2k, 
|r’(t) x vr’ (t)| = \/[(2t — 2)e"]? + (—et)? + 22 = \/(2t — 2)e2 + e2# +4 = \/(44? — 8t + 5)e2# +4 


then x(t) = OX 2"(0] _ VERSA NTA (UPTH TT 
[r’(e)]° (VI+ 42 +e)" (1 + 4t? + e2¢ )3/? 


27. r(t) = V6t?i+2j+22k = r’(t) =2V6ti+2j+6t?k, rv’ (t) = 2V6i+12tk, 
|r’(t)| = 24 +4 + 36t7 = \/4(9t4 + 6t? + 1) = \/4(3t? + 1)? = 2(3t? + 1), 
r’(t) x v(t) = 24ti — 12,6 t? j — 46k, 
|r"(t) x rv (t)| = V576t + 864t? + 96 = \/96(9t4 + Gt? + 1) = \/96(3t? + 1)? = 4V6 (32? + 1). 


_ ir’ @xr"@l _ 4v6(3? +1) _ v6 
Then «(t) = — ror = GPF)? = ETE Ee 


28. r(t) = (t?,Int,tInt) = r‘(t) = (2t,1/t,1+Int), v(t) = (2,—-1/t?,1/t). The point (1,0, 0) corresponds 


tot = 1,andr’(1) = (2,1,1), |r’(1)| = V2? 422+ 12? = V6, rv’(1) = (2,-1,1),  r’(1) x r”(1) = (2,0, -4), 


ir/(1) x v"(1)| = 2? FO? + (—4)? = 20 = 2 V5. Then (1) = Ste = ae =O vat. 
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29. v(t) = (t,t?,t?) = r’(t) = (1, 2t,3t7). The point (1,1, 1) corresponds to t = 1, and r’(1) = (1,2,3) => 


lr’(1)| = VI 444-9=V14. rv’(t) = (0,2,6t) = r’(1) = (0,2,6). r/(1) x r”(1) = (6, —6, 2), so 


Hs cecldatec : _r@ xe" _ v7 _1 [9 
jr’(1) x v”(1)| = 36+ 36 +4 = V6. Then «(1) r(De Ag 7 (2. 


30. Note that we get the complete curve for 0 < t < 27. 


r(t) = (cost, sint,sin5t) = r’(t) = (—sint, cost, 5cos5t), 


r’(t) = (—cost, —sint, —25sin5t). The point (1, 0, 0) 
corresponds to t = 0, and r’(0) = (0,1,5) => 


|r’(0)| = VO? +12 +52 = 26, r”(0) = (—1,0,0), 


|r’(0) x r’(0)| = \/02 + (—5)2 + 12 = V26._ The curvature at 


/ aM / 
the point (1, 0,0) is «(0) = [r'(0) xr") a5 SEOs Lh 


rOP — (v%6)* 26 


31. f(x) =a* = f(x) =4e2 = f(x) = 12x”. By Formula 11, the curvature is 


eee 2 ee 
[1+ (f"(@))?]9/2 [1+ (408)7]9/2 (1 + 162°8)3/2" 


1301 


32. f(x) =tane => f'(z)=sec?2 > f(x) =2seca-seca tanx = 2sec? x tan. By Formula 11, the curvature is 


| - |2sec” x tanz| _ 2sec? x |tan z| 
[1+ (f"(@))?]9/? [1 + (sec? w)?]8/? (1 + sect 2) 3/?” 


33. f(z) =xze” => f'(z) =aze*+e7 = f(x) = xe® + 2e”. By Formula 11, the curvature is 


|ve* + 2e”| e* |x + 2| 


= Zee = 
K(x) [l + (f’(2))2 3/72 a [1 + (we® + e*)?]8/2 ~ [1 + (we® + e*)?]8/2" 
/ 1 a 1 . 
34. y= Ing y = y = By Formula 11, the curvature is 
ly" (2)| =1 1 1 _ (a)*/? |x| © 
K(x) = ear |e nce = = [since x > O]. 
[1 a (y'(2))?] 3/2 a | (1+ 1/0237 22 (a2 +137) (a? +137 (a? +137 


To find the maximum curvature, we first find the critical numbers of «(x): 


(a? + 1)3/? — &(8)(@? +1)¥2(2e) — (e? 4.1)/2[(a? +1) — 322] 1 — 22? 


rn (Ce rn oe i ESL 

K(x) =0 1 — 2a? = 0, so the only critical number in the domain is 2 = a Since K(x) > 0 for0 <a < a 
and x(x) < 0 for x > aa «(a) attains its maximum at ¢ = os: Thus, the maximum curvature occurs at (=: In s5): 
Since lim ——~— = 0, «(a) approaches 0 as x — co. 


zoo (a2 + 1)3/2 
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35. 


36. 


37. 


38. 


39. 


CHAPTER 13. VECTOR FUNCTIONS 


x 


W 
ly" (x)| = e = e*(1 + €2%)-3/2, 


Since y = y’ = y” = e”, the curvature is K(x) = 
y=y y (x) (i + (y'(2))2°” (1 + €2*)3/2 


To find the maximum curvature, we first find the critical numbers of «(): 


ott +e? —3e?® 1 — 2e”* 


(1+ eyez ~ © (4 e22)5/2" 


K' (a) = e(lipe*) 3 + e"(—3)(1 + €?”)~5/?(2e7*) = 


«/ (x) = 0 when 1 — 2e”* = 0, so e** = 4 or x = —4 In2. And since 1 — 2e** > 0 for x < —4 In2 and 1 — 2e7* <0 


for x > —5 In 2, the maximum curvature is attained at the point (-3 In 2, e— Hava) = (-3 In 2, 43): 


Since lim e*(1 + e?”)~*/? = 0, «(x) approaches 0 as x — ov. 


xL—0o 


We can take the parabola as having its vertex at the origin and opening upward, so the equation is f(x) = ax*,a > 0. Then by 


7 Lf" (a)| 2 |2a| es 2a ess a 
Formula 11, «(x) + (Pa) 257 ~ [e+ (anys? ~ Ct 4a2a ys?” thus «(0) = 2a. We want «(0) = 4, so 


a = 2and the equation is y = 22. 
(a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater at P. 


(b) First we sketch approximate osculating circles at P and Q. Using the 


axes scale as a guide, we measure the radius of the osculating circle 


. ‘ 1 
at P to be approximately 0.8 units, thus p= — => 
K 


k= é i] 08 ~ 1.3. Similarly, we estimate the radius of the 
p : 
A da . 1 1 
osculating circle at Q to be 1.4 units, so K = rs x Ta = 0.7. 
y = «4 — 22? y! = 4a? — 4a yl” = 122? — 4. 10 
2 y= k(x) 
Iy"| [1207 — 4| 
K(x) = a The graph of the 
[1 + (y’)*] [1 + (423 — 4a)"] ep gha ae 
curvature here is what we would expect. The graph of y = «4 — 2x? > | ) 2 
appears to be bending most sharply at the origin and near « = +1. ~2 
you? y = -2a73 y = 6a~* 4 
ly”| |62:~*| 6 y=x? 
= 28/2 323/72 4(] 4-6 3/2° y=k(x) 
[1 + (y’)*] [1 + (—2a )*] x4 (1+ 42-8) XK 
The appearance of the two humps in this graph is perhaps a little surprising, but it is 4 NY 4 


explained by the fact that y = x~? increases asymptotically at the origin from both -1 


directions, and so its graph has very little bend there. [Note that «(0) is undefined.] 
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40. r(t) = (t — sint, 1 — cost, 4cos(t/2)) 


4. 
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=> r’(t) = (1—cost,sint,—2sin(t/2)) => 


r’(t) = (sint, cost, — cos(t/2)). Using a CAS, r’(t) x v(t) = (—2sin°(t/2), —sin(t/2) sint, cost — 1), 


|r’(t) x vr’ (t)| = /3— 4cost + cos 2t or 2\/2sin?(t/2), and |r’(t)| = 2/1 — cost or 2V2|sin(t/2)|. 
(To compute cross products in Maple, use the VectorCalculus or LinearAlgebra package and the 


CrossProduct (a,b) command. Here loading the Real Domain package will give simpler results. In Mathematica, use 


_ |r’(t) x v(t)| — V3 — 4cost + cos 2t oo 1 ss 1 
jr’(t)|° 8 (1 — cost)?” 4/2—2eost 8 |sin(t/2)| 


Cross[a,b].) Then x(t) 


. We plot the 


space curve and its curvature function for 0 < t < 87 below. 


K(2) 
4 
0.57] 
z 0 
=4 0 
1 4a + t + > 
y 2 8a x 0 2a 4a 67 t 


The asymptotes in the graph of «(t) correspond to the sharp cusps we see in the graph of r(¢). The space curve bends most 
sharply as it approaches these cusps (mostly in the x-direction) and bends most gradually between these, near its intersections 
with the xy-plane, where t = 7 + 2nz (nan integer). (The bending we see in the z-direction on the curve near these points is 


deceiving; most of the curvature occurs in the x-direction.) The curvature graph has local minima at these values of t. 


nf) Stee" 4/2) = r= (E+ Dee 2) Ss 2" E) SCE Dee" 0): 


Then r’(t) x r(¢) = (—V2e~*, V2(E + 2)e’,2¢+3), [x’(t) x v(t) = «/2e7-7# + BE + 2)2e* + (2t + 3)?, 


|r’(t)| = VAG + 1)%e?# + e-24 42, and «(t) = In'(t) xr") en ge Sd 2 UEaine eee EE a 


lor [(t + 1)2e! + e- 2 + 2°? 


We plot the space curve and its curvature function for —5 < t < 5 below. 


5 
z 0 
“5 0 
250 
035 500° x 


From the graph of «(t) we see that curvature is maximized for t = 0, so the curve bends most sharply at the point (0, 1, 0). 
The curve bends more gradually as we move away from this point, becoming almost linear. This is reflected in the curvature 


graph, where «(t) becomes nearly 0 as |t| increases. 
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42. Notice that the curve a is highest for the same x-values at which curve b is turning more sharply, and a is 0 or near 0 where 6 is 


nearly straight. So, a must be the graph of y = «(x), and b is the graph of y = f(r). 


43. Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to 
be 0 or nearly 0 at these values, but the curve a isn’t near 0 there. Thus, a must be the graph of y = f(a) rather than the graph 
of curvature, and 0 is the graph of y = K(x). 
44. (a) The complete curve for r(¢) = (sin 3¢, sin 2t, sin 3t) is 
given by 0 < ¢ < 27. Curvature appears to have a 
local (or absolute) maximum at 6 points. (Look at 


points where the curve appears to turn more sharply.) 


(b) Using a CAS, we find (after simplifying) 


3/2 ./(5sint + sin 5t)? 


)) = SS ee 
K(t) (9 cos 6t + 2cos 4t + 11)3/2 


(To compute cross 


products in Maple, use the VectorCalculus or 
LinearAlgebra package and the 


CrossProduct (a,b) command; in Mathematica, use 


7 3a 2a t 


Cross [a,b].) The graph shows 6 local (or absolute) ae 


via 


maximum points for 0 < t < 27, as observed in part (a). 


45. r(t) = (t — 3sint,1— 3 cost, t). Using a CAS, we find (after simplifying) «(t) = SS 
(To compute cross products in Maple, use the k(t) A 
VectorCalculusor LinearAlgebra package and the 
CrossProduct (a,b) command; in Mathematica, use 


Cross[a,b].) Curvature is largest at integer multiples of 27. 


0 i ae eee 
46. Here r(t) = (f(t), 9(®), r'@) = (F/O), 9), (= (F"(), 9"), 
rl? = [VF OPO MP] = (0)? + O')? = @ +97), and 
Ir’ (t) x v”(t)| = |(0, 0, f/() 9"(t) — £8) 9'(O)| = [9 — #y)?]'”? = [aH — ye. Thus, by Theorem 10, 
= agen 
a. 2c=0t? & = 2t #¢=-2, y=8 y = 30? y = 6t. 
Then x(t) = ley — y2| | (2t) (6t) — (3t?)(2)| _ |12t? — 6¢?| _ 6t2 


[a? + y?]8/2 = [(2t)? + (3t?)?]8/2 (4t? + 9¢4)3/2 ~ (4t2 + 9t4)3/2° 
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48.2 =acoswt > &¢=-—awsinwt > #% = —aw" cosuwt, 


49. 


50. 


51. 


52. 


y=bsinwt > y=bwcoswt > ij = —bw* sinwt. Then 


as Jey — ye] |(—aw sin wt)(—bw sin wt) — (bw coswt)(—aw? cos wt)| 
K(t) [x2 + y2]3/2 [(—aw sin wt)? + (bw cos wt)?]3/2 
|abw® sin? wt + abw* cos” wt | |abw*| 


(a2w? sin? wt + b2w? cos? wt)3/2 (aw? sin? wt + b2w? cos? wt)3/2 


x=e'cost => &=e'(cost—sint) & = e'(—sint — cost) + e'(cost — sint) = —2e' sint, 


y=e'sint > y=e'(cost+sint) > y=e'(—sint+ cost) + e'(cost+sint) = 2e' cost. Then 


(t) |cy — yd| |e* (cost — sin t)(2e* cos t) — e* (cost + sin t)(—2e" sin t)| 
(2? + y?]9/? (fet (cost — sin t)]? + [e*(cost + sin t)2)°/? 
|2e?* (cos? t—sintcost + sintcost + sin? t)| |2e?*(1)| 2e7¢ 1 


[e?*(cos? t — 2cost sint + sin? t + cos? t + 2costsint + sin” t)] a [e(1 +. 1))°”?  €3#(2)3/2  W/2Det 


f(a) =e, f'(x) = ce, f(x) = ce. Using Formula 11 we have 
Lf" (x)| |c*er*| cre? 
= + (F(a)? R72 = [i + (ce)? 872 => (1+ ere) 3/2 so the curvature at x = 0 is 


2 2 
c . c 
«(0) = Gta To determine the maximum value for «(0), let f(c) = + 2p Then 


N(o-= Qe (1+ ¢7)3/? — ¢*. 3(1+ c”)1/2(2c) (+ eye [2c(1 + ce?) — ac] (2c — e) 


We have a critical 


[(G + e2)3/2)2 (1+)3 = (1+ c)5/2" 

number when 2c — c? = 0 c(2— 0?) =0 c=O0orc=+v2.__ f'(c) is positive for ec < —V/2,0<c< V2 
and negative elsewhere, so f achieves its maximum value when c = 2 or —\/2. In either case, «(0) = — so the members 
of the family with the largest value of «(0) are f(a) = eY?* and f(x) = e~V?". 
r(t) = (ie, 2t3,t). (1, 2 3 1) corresponds to t = 1. 

r’(t 2t, 27,1 2, 27,1 
10 = OO = ee = ST) ww 0) = (94) 

|r’ (#)| 4t? + 4t4 +1 2t? +1 
T’(t) = —4t(2t? + 1)~? (2t, 2t?, 1) + (2t7 +1)7* (2,4#,0) [by Formula 3 of Theorem 13.2.3] 

= (2¢? + 1)~? (—8t? + 4¢? + 2, —8t° + 8¢9 + 4t, —4t) = 2(2t? + 1)~? (1 — 247, 2t, —2¢) 
Tt) _ 228? 4:1)? (1 — 287, 2,2) — _ (1 2t?,2t,—2t) (1 — 2¢?, 24, —2¢) 


N(t) = = 
@) Ir@l 2(2t2 + 1)-2,/(1 — 287)? + (2t)? + ( ~ V4 4 4 + 8 1420 


N(1) = (3, 3, —3) and B(1) = T(1) x N(1) = (~§ : (—3 +5)+3 +5) = (3.393). 


(1, 0,0) corresponds tot = 0. r(t) = (cost, sint, Incost), and in Exercise 6 we found that r’(t) = (— sint, cost, — tant) 
and |r’ (t)| = |sect|. Here we can assume —$ <t< Fandthensect >0 = |r’(t)| =sect. 


[continued] 
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_ (=sint, cost, — tant) 
|r’ (t)| sect 


= (—sintcost,cos’t,—sint) and T(0) = (0,1,0). 


T’(t) = (—[(sint)(— sint) + (cost) (cos t)], 2(cost)(— sint), — cost) = (sin? t cos’ t, 2sint cost, — cost), so 


T(0) _ (-L0=1) 1 ot 
TO ~ PE POTT ~ eho YD = (-F9.0,-Fe). 


N(0) = 


Finally, B(0) = T(0) x N(0) = (0,1,0) x ( 0; ss) ( 45,0, 3). 


53. r(t) = (sin 2t,—cos2t,4t) => r’(t) = (2cos2t,2sin 2t, 4). The point (0, 1, 27) corresponds to t = 7/2, and the 
normal plane there has normal vector r’ (7/2) = (—2,0,4). An equation for the normal plane is 


—2(a — 0) + O(y — 1) + 4(z — 207) = 0 or —2u 4+ 4z = 8a or © — 22 = —4r. 


; F 
T(t) = aa = Pices eset) = (2.cos 2t, 2sin 2t, 4) = a (cos 2t, sin 2t,2) => 
Ir’(t)|  \/4cos? 2t + 4sin22t+16 2V5 V5 
T= zx (—2sin 2t,2cos2t,0) => |T’(®)| = eV 4sin? 2t + 4cos? 2t = Sand 
/ 
N(t) = mi = (—sin 2t, cos 2t,0). Then T(2/2) = x (—1,0, 2), N(a/2) = (0, —1, 0), and 


B(7/2) = T(a/2) x N(a/2) = zx (2,0, 1). Since B(7/2) is normal to the osculating plane, so is (2,0, 1), and an 


equation of the plane is 2(@ — 0) + O(y — 1) + 1(z — 27) = 0 or 24+ 2 = 27. 

54. v(t) = (Int, 2t, t?) => r’(t) = (1/t, 2, 2t). The point (0, 2, 1) corresponds to t = 1, and the normal plane there has 
normal vector r’(1) = (1, 2,2). An equation for the normal plane is 1(a — 0) + 2(y — 2) + 2(z —1) =0 or 
x+2y+2z=6. 


|r’(t)| = \/1/t? +44 4? = ./[(1/t) + 2t]? = (1/t) +2t [since t > 0] and then 


r’(t) _ (1/t,2, 2t) 1 ‘ ae t 
T(t) = = daa a 1, Dt, 2t ft Itipl -|. By Formula 3 of Th 13.2.3, 
(t) (i) ~ G/)42t ~ 1428 (1,2¢,2¢?) | after multiplying by y Formula 3 of Theorem 
T’'(t)= by eens (1, 2t, 2t7) + ———~ (0, 2, 4t) 
(lap apy2 *.* hepa 
1 1 
= ——____ (—-4t, — 81? 2) —8t3 + 4t(1 + 2t?)) = ———__. (—-4t, 2 — 4t?, 4t 
Top aese (Ah 84? + (1 + 247), BE? + 4e(1 + 247) = oon (At At) 
Then 
i 1 
T@)|<— 24 (2— 47)? + 1602 = ——__/16#? + 4 + 16#4 
|T’ (t)| (e=DE 16¢? + ( )? + 16 G+ a2 6t? +4+ 16 
1 2 
= ——_._. . 2, /(1 + 2¢?)? = 
(poe PV + 20) = oe 
T’() 1 2 2 
= ey er ee Sy OY 
and NW) = "Tray A wy | a aoe oY 1 2t) 


(1, 2,2), N(1) = $ (—2,—1, 2), and B(1) = T(1) x N(1) = (6, —6, 3) is normal to the osculating plane. 


[continued] 
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55. 


56. 


57. 


58. 
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We can take the parallel vector (2, —2, 1) as a normal vector for the plane, so an equation is 
2(a — 0) — A(y— 2) +1(z2-1) =0 or 2a —- 2y4+- 2 =-3. 
Note: Since r’(1) is parallel to T(1) and T’(1) is parallel to N(1), we could have taken r’(1) x T’(1) as a normal vector for 


the plane. 


The ellipse is given by the parametric equations x = 2cost, y = 3sint, so using the result from Exercise 46, 


Oe zy —Zy| _ |(—2sint)(—3sint) — (8cost)(—2cost)| _ 6 
[a2 + y2)8/2 (4sin? t + 9 cos? t)3/2 ~ (4sin? t + 9 cos? t)3/2° 
At (2,0), t = 0. Now «(0) = = 2, so the radius of the osculating circle is 2 
1/«(0) = 3 and its center is (—3, 0). Its equation is therefore (a + By ty. ap 
At (0, 3),t = %, and «(Z) = $ = 8. So the radius of the osculating circle is $ and 75 2.5 
its center is (0, 2). Hence its equation is x? + (y — a a 
=o 
: 1 ; 
y=sx? => y' =xandy" =1,s0 Formula 11 gives K(x) = aaa p So the curvature at (0,0) is «(0) = 1 and 


the osculating circle has radius 1 and center (0, 1), and hence equation x? + (y — 1)? = 1. The curvature at (1, $) 


1 


: 1 . 
is K(1) = a+ = VE The tangent line to the parabola at (1, 3) : 
has slope 1, so the normal line has slope —1. Thus the center of the 
osculating circle lies in the direction of the unit vector (- a: = »: 
The circle has radius 2 \/2, so its center has position vector ap 
4 4 P 3 


(1, 3) +2 V2 (—Ss, ss) — (-1, 3). So the equation of the circle 
is (x +1)? + (y - 5). =8. 
Here r(t) = car 3t, ey, and r’(t) = (Si, 3, At?) is normal to the normal plane for any t. The given plane has normal vector 


(6,6, —8), and the planes are parallel when their normal vectors are parallel. Thus we need to find a value for t where 


(3t?, 3, 4t?) = k (6,6, —8) for some k: 4 0. From the y-component we see that k = 4, and 


(3 3, 4t?) = 4 (6,6, —8) = (3,3, —4) for t = —1. Thus the planes are parallel at the point (—1, —3, 1). 


To find the osculating plane, we first calculate the unit tangent and normal vectors. 
In Maple, we use the VectorCalculus package and set r:=<t*3,3*t,t*4>;. After differentiating, the 
Normalize command converts the tangent vector to the unit tangent vector: T: =Normalize (diff (r,t) ) ;. After 


(3t?, 3, 4t?) 


simplifying, we find that T(t) = Vig® LOPS 


. We use a similar procedure to compute the unit normal vector, 
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59. 


60. 


(—t(8t® — 9), —3t°(3 + 827), 6t?(¢* + 3)) 


. Then 
/t2 (48 + 36¢2 + 9)(16¢ + 9¢4 + 9) 


N:=Normalize (diff(T,t) ) ;. After simplifying, we have N(t) = 


(6t?, —2¢*, —3t) 
\/t2(4t6 + 36t? + 9) 


In Mathematica, we define the vector function r={t ~3,3*t, t~* 4} and use the command Dt to differentiate. We find 


we use the command B:=CrossProduct (T,N) ;. After simplification, we find that B(t) = 


T(t) by dividing the result by its magnitude, computed using the Norm command. (You may wish to include the option 


Element [t, Reals] to obtain simpler expressions.) N(¢) is found similarly, and we use Cross [T,N] to find B(t). 
Now B() is parallel to (67, —2¢*, —3t), so if B(¢) is parallel to (1,1, 1) for some t 4 0 [since B(0) = OJ, then 
(6t?, —2t, —3¢) =k (1,1,1) for some value of k. But then 6t? = —2t* = —3t which has no solution for t 4 0. So there is 


no such osculating plane. 


First we parametrize the curve of intersection. We can choose y = t; then x = y” = t? and z = x” = t’, and the curve is 
given by r(t) = (t?,t,t*). r’(t) = (2t, 1, 4°) and the point (1, 1, 1) corresponds to t = 1, so r’(1) = (2, 1,4) is a normal 
vector for the normal plane. Thus an equation of the normal plane is 


(t 1 


T’(t) = —4(4t? + 1+ 16¢°)~°/?(8t + 96¢°) (2¢, 1, 4t°) + (4t? + 1 + 16¢°)~*/? (2, 0, 124). A normal vector for 
the osculating plane is B(1) = T(1) x N(1), but r’(1) = (2, 1, 4) is parallel to T(1) and 


T’(1) = —$(21)~9/? (104) (2, 1, 4) + (21)~1/?(2, 0,12) = SSEYESE (—31, —26, 22) is parallel to N(1) as is (—31, —26, 22), 


so (2,1, 4) x (—31, —26, 22) = (126, —168, —21) is normal to the osculating plane. Thus an equation for the osculating 


plane is 126(a — 1) — 168(y—1)—21(z-1)=0 or 6x-—8y-—z=-3. 


r(t) = (¢+2,1-t,47) = r/(t)=(1,-1,0), T() = SD = ae (Lt, 


T’(t) = —4(2 + #?)-9/2 (28) (1, -1, t) + (2+ 7)-1/? (0,0, 1) 


—1 


=-(24+0)3/” [#(1, -1,t) — (2+ #7) (0,0, 1)] = GR (t, 


—t, —2) 

A normal vector for the osculating plane is B(t) = T(t) x N(t), but r’(t) = (1, —1, t) is parallel to T(t) and (t, —t, —2) 
is parallel to 'T’(t) and hence parallel to N(¢), so (1,—1, #) x (t, -t, -2) = (e +2, +2, 0) is normal to the 
osculating plane for any t. All such vectors are parallel to (1, 1,0), so at any point (t +2,1-8, st?) on the curve, an 


equation for the osculating plane is 1[a~ — (t + 2)] + 1[y— (1—t)] + O(z - zt’) = O0orz+y =3. Because the osculating 
plane at every point on the curve is the same, we can conclude that the curve itself lies in that same plane. In fact, we can 


easily verify that the parametric equations of the curve satisfy x + y = 3. 
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61. r(t) = (e’ cost,e’sint,e") =  r’(t) = (e'(cost — sint),e*(cost +sint),e*) so 
|r’ (t)| = \/e24(cost — sint)? + e2*(cost + sint)? + e?# 


= ,/et [2(cos? t+ sin? t) — 2costsint + 2costsint + 1] = V3e* = VBe! 


r’(t) 1 t . t : t 1 F : 

and T(t) = ——~ = —— (e' (cost — sint), e’(cost + sint), e’) = —= (cost — sint, cost + sint, 1). The vector 
= Bip = vee (el Jet )et) = Ze ( ) 

k = (0,0, 1) is parallel to the z-axis, so for any t, the angle a between T(t) and the z-axis is given by 
T(t)-k A (cost — sint, cost + sin t, 1) - (0,0, 1) 


1 
|T(t)| |k| A (cost — sint)? + (cost + sint)? +1 Al 7 \/2(cos? t + sin? t)+1 7 


is constant; specifically, « = cos~1(1//3) & 54.7°. 


cosa = Thus the angle 


a 
Fe 


Noy = 2 = GAS) ( sint — cost, = sint + cost,0) _ 1 


(—sint — cost, — sint + cost, 0), and the angle 6 


‘(t)| 1/V3),/2 (sin? t + cos? t v2 
|T 
: eee N(t)-k 
made with the z-axis is given by cos 6 = = 0,so 8 = 90°. 
IN(é)| |k| 
B(t) = T(t) x N(t) = a (sint — cost, — sint — cost, 2) and the angle made with the z-axis is given by 
B(t)-k w (sint — cost, — sint — cost, 2) - (0,0, 1) D) 


= oO = — or equivalently v6 Again the angle is 
|B(t)| |k| a (sint — cost)? + (—sint—cost)?+4/1 V6 3° 


constant; specifically, y = cos~*(2//6) ~ 35.3°. 
62. If vectors T and B lie in the rectifying plane then N is a normal vector for the plane, as it is orthogonal to both T and B. The 
point (V2/2, J2/2, 1) corresponds to t = 1/4, so we can take T’ (77/4) as a normal vector for the plane [since it is parallel to 


N(7/4)]. x(t) =sintit+costj+tantk = r‘(t) = costi—sintj+sec?tk and 


'(t 1 
|r’ (t)| = V/cos? t + sin? t + sect t = 1 + sec? t. Then T(t) = ay = geet (costi —sintj + sec* tk). 


By Formula 3 of Theorem 13.2.3, 


2sec* ttant 


( 1 
(1 + sec t)3/2 


V1+sectt 


; a(/2)*(1)_ (v2. V2, eae 1 Woe 2c 2 
T’(x/4) TENOPSOUE ( ae j+(v2) k) =a ae j+2(V2) (1)k) 


T(t) =—- costi—sintj+ sec” tk) + (—sinti—costj + 2sec? ttantk) and 


— —-—_ 1+ —— 
OVS 105° 55 


We can take the parallel vector —13\/2i + 3\/2j + 8k as anormal for the plane, so an equation for the plane is 


—13V2 (2 - 2) + 3v2(y- 2) +8(2 1) =0 or —13V22 + 3V2y + 82 = —2 or 132 — 3y —4V2z = V2. 


aT | dT 
dT| _|dT/dt| _ |dT/dt| dT /dt dt| dt dT /dt aT 
eS li = OO and N = SE go pN = LOL LS _ © py the Chain Rule. 
“Vas ae rE Ree jdt at)’ °° * ~ by the Chain Rule 


dT| ds ds/dt 
dt | dt 
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64. For a plane curve, T = |T|cos¢i+|T|sin¢gj = cos¢i+ sin gj. Then 


dv (dE\(dd\_, (do 7 re _|db| _ de 
As (3) (4) ( sin di +0505) ($2) ana | = | sin di + cos || ar . Hence for a plane 
curve, the curvature is k = |dd/ds|. 
d dB dB 
6. (@)|B|=1 > B-B=1 > +(B-B)=0 2. B=0 = LB. 


This shows that dB/ds is perpendicular to B. Alternatively, note that this is a direct result of Theorem 13.2.4. 


(b)B=TxN => 


dB d d 1 d 1 
ae ae (Tx N) = oF (T x N) dsj ters (T x N) rl [by Formula 7] 
= [(T’ x N)+(T x N’)| FG] [by Formula 5 of Theorem 13.2.3] 
=) 1 
=|(T’ x —])+(TxN’ 
(2 ey) +89 ety 
_ . 1  TxN = 
= (0+(TxN’)] r®l > Ol [a x ca=0] 
2 “ LT [by Theorem 12.4.8] 


()B=TxN => BLTandBLN. Since T LN, B, T, and N form an orthogonal set of vectors in the three- 


dimensional space R*. From parts (a) and (b), dB/ds is perpendicular to both B and T, so dB/ds is parallel to N. 


66. We need to find T(t), N(t), and B(¢) in terms of t. r(t) = (sint,3t,cost) => r’(t) = (cost,3,—sint) => 


‘(t) 1 

r’(t)| = V/cos?t + 3? + sin? t = /10. Then T(t) = EA = —— (cost,3,-—sint) > 
r'®l=V VID, Then T(t) = EEE = a ( ) 
T(t) : (—sint, 0, —cost), and |T’(t)| = ae re 0? + cos? t = =— 

V10 = ; V10 V10 

T(t) V10 
N(t) = = : sint,0,—cost) = (—sint,0,— cost). 

O= may = a )=( ) 

Then 


ij k 


cost 3 —sint 


B(t) = T(t) x N(t) = = 


—sint 0 —cost 


1 ° 2 A er ‘ 1 : 
= —/-3costi cos* t — sin“ t)j+3sintk) = — = (—3cost,1,3sint 
70 | # I= 7g 
1 i 
B’(t) = —= (3sint,0,3cost) = B’(r/2) = —= (3,0,0) and N(m/2) = (—1,0,0 
(t) a ) (1/2) 7G | ) (7/2) = ( ) 
ba ee B' (1/2) - N(a/2) —3/V/10 3 
Thus, the torsion is 7(t) = ——-~-4“{>—_+ + * = —-—+_— = —. 
ae ir’ (7/2)| Vio ‘10 
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67. We need to find T(t), N(¢), and B(t) in terms of ¢. r(¢) = (4t?, 2t, t) => r’(t)=(t,2,1) => 
(| — VPP PE = JESS. Then Te) = 2 ~ 1 _ 91) 5 
Ir’'(t)| +5 
T(t) = eth 0 Glia ee 2 heed eee [(t? +5) (1,0, 0) — ¢ (t, 2, 1)] 
7) 5 9 Ay (t2 + 5)3/2 1a) (t2 + 5)3/2 aa sh) 
1 
- (EEE (5, —2t, —t), and 

i v5 
T’(t)| = —— v2 f2 — . 
Ir! (i +5)3/4 ae +5 

T(t) #45 1 1 
N(t) = = 5, —2t, -t 5, —2t, t 
O- Wo Vs +5 | Paes 
ij k 
Then B(t) = T(t) x N(t) = — le 1 
VP+5 VeVR+5 
5 —2t —t 
ea [(—2t + 2¢)i — (—t? — 5)j + (—2¢? — 10)k] = (0-3) 

V5(t? + 5) V5 V5 
: : oe B’(1)-N(1) 0 
Since B(t) is constant, B’(t) = 0, and B’(1) - N(1) = 0. Thus, the torsion is 7(1 =— = 0. 

(t) () (1) -N@) (=a =o 
Goel at ee Sed oe Oe oe 105.0) 2), 
lye pl). pl! t?, —2t,1) - (0,0,2 
rxr’= (t?, —2t, 1). By Theorem 15, the torsion is 7 = oe = Ae =D 
xr (Verrcurey eae tt 


69. 


70. 


The torsion at t = 0 is T(0) = 2 = 2. 


Beate e bo at Se eA) Sr See Dy. een Sen ee 


rxr’= (-e7*, e, 2). By Theorem 15, the torsion is 


(a xrt)er” — (-e7',e',2)-(e’,-e*,0) = -1-14+0 _ —2 
eee? ( (—e-*)? + (et)? + 2? y Bones od © se eee oe 
=2 1 
The torsion att = Ois T(0) = qq = 73- 
r = (cost,sint,sint) = r’ = (—sint,cost,cost) r” = (—cost, —sint, — sint) 


Uy 


r’” = (sint, —cost,—cost). r’ x r” = (0,—1, 1). By Theorem 15, the torsion is 


— (r xr”)-r’”’ — (0,—1,1)- (sint, —cost,—cost) _0+cost—cost _ 


(Vercrery UTE 


lr’ x r!"|? 


The torsion at t = 0, or any value of t, is 0. 
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1.N=BxT => 


dN d dB dT 

ig = qs (Bx T)= aia: T+Bx Ws [by Formula 5 of Theorem 13.2.3] 
=-™NxT+Bx «kN [by Formulas 3 and 1] 
=-7T(NxT)+«(BxN) [by Property 2 of Theorem 12.4.11 ] 


ButBxN=Bx (Bx T)=(B-T)B-(B-B)T [by Property 6 of Theorem 12.4.11 ] 


0-T T 


dN/ds = 7(T x N) —KkT =—KT+4+7B. 


2 a@ar=s'T S r”=s"T+8'T=8"TH+58' Ss = s"T +£(s’)? N by the first Frenet-Serret formula. 
(b) Using part (a), we have 
r’ xr’ =(s'T) x [s” T+ «(s’)? N] 
= [(s’ T) x (s” T)] + [(s’T) x («(s’)? N)] [by Property 3 of Theorem 12.4.11 ] 
= (s's")(T x T) + «(s’)3(T x N) = 04+ «(s')? B= k(s')?B 
(c) Using part (a), we have 
rv” = [s"T+x(s')? NJ = 8’ T 4 8"T! + 4/(s')? N + 2K8's” N + K(s’)? N’ 
dN 


= 8" T+s5"— s+ x/(s')? N + 2K8's"” N + K(s')? ae 3 


=s"T+s"s'KN+k/(s’)? N 4 2x8's"” N + «(s’)3(—K T + 7B) [by Formulas | and 2] 


= [s'” — K?(s')9] T 4 [BK8's” + «/(s’)?]N 4 «7(s’)? B 
(d) Using parts (b) and (c) and the facts that B- T = 0, B- N = 0, and B- B = 1, we get 


(r’xr")er” — K(s')? B- {[s” — 4?(s")?] T + [3K8's” + «/(s')?] N+ 7(s')?B} x (s')Per(s’)? 
Nee a ee a a a a Ee ee a ee ee oN 
je? xr"? J«(s’)? BI? [«(s’)3]? 

73. First we find the quantities required to compute &: 

r’(t) = (—asint,acost,b) = r”(t) =(—acost,—asint,0) = r’”(t) = (asint, —acost,0) 

|r’(t)| = ,/(—asint)? + (acost)? + b? = Va? + b? 
i jk 
r’(t) x r”(t)=|—asint acost b | =absinti—abcostj+a’k 


—acost —asint 0 


|r’(t) x rv” (t)| = /(absint)? + (—abcost)? + (a2)? = Va2b? + at = avVa? + b? 
(r'(t) x r’(t)) -r’”(t) = (absint)(asint) + (—abcost)(—acost) + (a?)(0) = a?b 


[continued] 
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|r’(t) x vr’ (t)| avVa? +b? a 


By Theorem 10, «(t) = = = which is a constant. 


Ir’(e)] (Vaz + oF)? a? +B?’ 


By Theorem 15, the torsion is 


xr’) (absint, —abcost, a”) - (asint, —acost, 0) 7 ab 7 b aes 
T= ir’ x r’|? = (fe pat = a2(a? +b) = grep ich 1s also a constant. 


74. r = (sinht,cosht,t) = r’ = (cosht,sinht, 1), r” = (sinht,cosht, 0), r’” = (cosht,sinht,0) => 


r’ x x" = (—cosht, sinht, cosh? ¢ — sinh? t) = (—cosht,sinht,1) => 


xr” | |(— cosh t, sinh t, 1)| /cosh? t + sinh? t + 1 1 1 


_it a = a = 

In|? |(cosht, sinh t,1)|* (cosh? ¢ + sinh? t + 1)°/? ~ cosh?t+sinh?t+1  2cosh?t’ 
_ (@’ xr")-r” — (—cosht,sinht,1) - (cosht,sinht,0) | —cosh?t+sinh?7t = —1 

lr’ x rv”? cosh? ¢ + sinh? ¢ +1 2 cosh? t 2 cosh? t 


So at the point (0, 1,0), ¢ = 0, and « = 4 andr = — 


NI 


75. (a) At any point P on C where «(t) # 0, the circle of curvature of C' at P has center a distance 1/«(t) from P in the direction 


of the unit normal vector N(¢). The position vector of P is r(t), so we get a position vector for the center of curvature by 


adding + Ne) to r(t): re(t) =r(t) + —N(t), K(t) 4 0. 


K(t) (t) 
(b) r(t) = costi+sintj+tk r’(t) =—sinti+costj +k = |r’(t)| = Vsin?t+cos?t+ 12 = V2. 
r’(t) sint. cost 1 cost, sint 1 
Then T(¢ i+ j+ k T(t i j T’(t)| = —. 
(t) r'() 5 Jzit ZA (t) Jai |T"(¢)| 5; 
T’(t) ‘ IT’(t)| — 1/v2 1 
N(t) = =— ti- tj t)h= = = —. Th 
So N(t) ITO) cost i— sintj and «(t) rZOl 5 5° Thus, 
r-(t) =r(t) + aDNO = costi+sintj+tk+ 2(—costi—sintj) = —costi—sintj+tk. 
K 
(c) The parabola y = x” can be parameterized x = t, y = t”, which gives the corresponding vector equation 
U 
r(t)=(t?) > r(t)=(1,2t) > [e'@®|=VIFa Then T(t) = 2 = 1 _aw = 


Ir’(t)| «1 + 40? 


T(t) = aE (0,2) — Tew auE (1,2t) = new aue [(1 + 4#2) (0, 2) — 4¢ (1, 2¢)] 
= OPED TE (apoy. & 
IT Ol= gegen VP FE = 
So N(t) = —_ = ae ; rewaue (—4t,2) = <= (—2t, 1) and 
w(t) = AO 2A) Ts, 
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” 1 ayia £ ea © od 
re(t) arr al) (t,t?) + 5 Tae 2t, 1) 


= (t,t?) + (1 + 4t?) (-t, 3) = (—4¢?, 4 + 317) 


To obtain a function form of the answer, note that « = —4t? t = (—2/4)1/8, so 


Ye = $+ 30? = 44 3(—2/4)/97? = 3 4 3(@/4)?”. 


76. (a) If C is planar, then it lies in a plane that we can express in the form ax + by + cz = d, where a, b, c, and d are not all zero. 
(See Equation 12.5.8.) For any t, the point (x(t), y(t), z(t)) lies on the curve and hence on the plane, so the equation 
ax(t) + by(t) + cz(t) = d must be satisfied. 

Conversely, if there exist scalars a, b, c, and d, not all zero, such that ax(¢) + by(t) + cz(t) = d for all t, then each 
point (x(t), y(t), z(t)) on C satisfies the equation ax + by + cz = d. By Exercise 12.5.83, this equation represents a 


plane, and hence C is planar. 


(b) By part (a) there exist scalars a, b, c, and d, not all zero, such that for all ¢, ax(t) + by(t) +. cz(t)=d > 
(a, b,c) -r(t) = d. In addition, for all t, ax’ (t) + by’(t) +.cz'(t) =0 => (a,b,c)-r'(t)=0 = r’ is perpendicular 


/ 
soe t) . 5 
to the normal vector n = (a,b, c) of the plane containing C T(t) = aa is also perpendicular to n. 


Similarly, (a,b,c) -r"(t) =0 = r’” is perpendicularton => 


ti sacs ES ENION, cn SEM 6 5 pT OV = aNen a 2 0 an 
=) a (wr) F(O) alma)" Pe =p et ey 


hence N is perpendicular to n. So, since n = (a, b,c) is perpendicular to both T and N, it follows that B = T x N is 


parallel to n and hence is normal to the plane containing C. 


i = 1, : ; 
(c) By part (b), B is normal to the plane containing C' and so B(t) = ae for all ¢, that is, B is a constant vector. 
va c 


SBOUNO 0 tas 
PO) FC) maaan 


Therefore, B’(t) = O and 7(t) = 


(d) The projection of the curve r(t) = (t, 2; t?) in the xy-plane is the curve r(t) = (¢, 2t, 0), which is the line with 
corresponding parametric equations x = t, y = 2t, z = 0. Therefore, the equation of the plane containing r(t) is y = 22, 


or 2x — y = 0, with normal vector n = (2, —1,0). By part (b), B = 4 (2,—1,0). 


77. For one helix, the vector equation is r(¢) = (10 cost, 10 sint, 34t/(27)) (measuring in angstroms), because the radius of each 


helix is 10 angstroms, and z increases by 34 angstroms for each increase of 27 in t. Using the arc length formula, letting t go 


from 0 to 2.9 x 10° x 27, we find the approximate length of each helix to be 


2.9108 x27 


8 8 
L= jen te 2m |! ()| dt = an x2 /(_10 sin t)2 + (10 cost)? + (# y dt = 4/100 + (# ie t 
0 


= 2.9 x 10° x 274/100 + (2y = 2.07 x 10'° A — more than two meters! 
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0 ifc<0 
78. (a) For the function F(x) = ¢ P(x) if 0<a<1 tobe continuous, we must have P(0) = 0 and P(1) = 1. 
1 ifa>1 


For F” to be continuous, we must have P’(0) = P’(1) = 0. The curvature of the curve y = F(x) at the point (x, F(x)) 


IP") 
(1+ [F'(2))?)°” 


Write P(x) = ax? + ba* + ca® + da® + ex + f. Then P’(x) = 5aa* + 4ba? + 3ca? + 2dx + e and 


is K(x) = For «(a) to be continuous, we must have P’’(0) = P” (1) = 0. 


P" (a) = 20ax? + 12ba? + 6ca + 2d. Our six conditions are: 


P0)=0 => f=0 Q) P(l)=1 > atb+e+d+e+f=1 
P'(0)=0 > e=0 (3) P'(1)=0 => 5a+4b+3c+2d+e=0 (A) 
P"(0)=0 => d=0 P"(1)=0 => 20a+12b+6c+2d=0 © 


From (1), (3), and (5), we have d = e = f = 0. Thus (2), (4) and (6) become (7) a+ b+ c= 1, (8) 5a+ 4b+ 3c =0, 
and (9) 10a + 6b + 3c = 0. Subtracting (8) from (9) gives (10) 5a + 2b = 0. Multiplying (7) by 3 and subtracting from 
(8) gives (11) 2a + b = —3. Multiplying (11) by 2 and subtracting from (10) gives a = 6. By (10), b = —15. 

By (7), c = 10. Thus, P(x) = 6x° — 152* + 102°. 


1.1 


(b) 


-0.5 EH 15 


-0.1 


13.4 Motion in Space: Velocity and Acceleration 


1. (a) Ifr(¢) = x(t)i+ y(t) j + z(t) kis the position vector of the particle at time ¢, then the average velocity over the time 
interval (0, 1] is 


r(1) = r(0) _ (4.51 +6.0j+3.0k) — (2.714+985+3.7h) _ 1 5: 383 07k 


oS 
1-0 1 
Similarly, over the other intervals we have 


r(1) = r(0.5) _ (4.54 + 6.0j +3.0k) ~ (8.51+725 +336) 95; 94; 6k 


Oba ee 
ates. {05 0.5 

ede 20) 7 ESE a) SEO SDE) See aiy 
ewe ce) (5.914 6.4) soci odaaa! Bel) Le Bins 
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(b) We can estimate the velocity at t = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5]: 


v(1) = $[(2i— 2.4j — 0.6k) + (2.814 0.8j — 0.4k)] = 2.4i — 0.8j — 0.5k. Then the speed is 


|v(1)| © \/ (2.4)? + (—0.8)2 + (—0.5)? © 2.58. 


2. (a) The average velocity over 2 < t < 2.4 is 


r(2.4) — r(2) 


aoa = 2.5 [r(2.4) — r(2)], so we sketch a vector in the same 


direction but 2.5 times the length of [r(2.4) — r(2)]. 


(b) The average velocity over 1.5 < t < 2is 

r(2) — r(1.5) 
2-—1.5 

same direction but twice the length of [r(2) — r(1.5)]. 


= 2[r(2) — r(1.5)], so we sketch a vector in the 


(c) Using Equation 2 we have v(2) = lim EGE) EX). 


(d) v(2) is tangent to the curve at r(2) and points in the direction of 
increasing t. Its length is the speed of the particle at t = 2. We can 
estimate the speed by averaging the lengths of the vectors found in 
parts (a) and (b) which represent the average speed over 2 < t < 2.4 and 
1.5 < t < 2 respectively. Using the axes scale as a guide, we estimate the 


vectors to have lengths 2.8 and 2.7. Thus, we estimate the speed at t = 2 


to be |v(2)| & (2.8 + 2.7) = 2.75 and we draw the velocity vector v(2) 


with this length. 


YA 
3. r(t)=(-5t?,t) = Att =2: a (-2, 2) 
v(t) =r'(t) = (t,1) v(2) = (-2,1) 
a(t) = r"(t) = (1,0) a(2) = (1,0) a 
Iv(t)| = V1 


Notice that ¢ = — sy’, so the path is a parabola. 
ArHSe we). = Att=1: 

v(t) =r’ (t) = (2t, -2/t°) v(1) = (2,—2) 

a(t) =r (t) = (2,6/t*) a(1) = (2,6) 


|v (t)| = \/4t? + 4/t6 = 2,/0? + 1/¢8 


Notice that y = 1/x and x > 0, so the path is part of the 


hyperbola y = 1/z. 
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5. r(t) =3costi+2sint] => Att = 7/3: 
v(t) = —3sinti+2costj v(t) =—-38i4j 
a(t) = —3costi—2sintj a(=) = -3i-V3j 


|v(t)| = V/9sin? t + 4cos?t = \/5sin? t + 4sin? t + 4 cos? t 


= /4+5sin?t 


Notice that x? /9 + y?/4 = sin? t + cos” t = 1, so the path is an ellipse. 


6 r(t)=eite*j = Att = 0: 7 
v(t) =e'i+2e"j v(0) =i4+2j 
a(t) = e¢ i+ 4e?*j a(0) =i+4j a(0) 
|v (t)| = Ve2* + 4e4# = e*/1 + 4et v(0) 
2 2 2 (1,1) 
Notice that y = e7* = (e*) = x”, so the particle travels along a parabola, _ 
0 x 
but cz =e’, sox > 0. 


7. r(t) =ti+?j+2k Att=1: 
v(t) =i+ 2tj v(1) =i4+ 2j 
a(t) = 2j a(1) = 2j 


Iv(t)| = V1 +42 


Here x = t, y= t? y = x° and z = 2, so the path of the particle is a 


parabola in the plane z = 2. 


Zh 
8. r(t) =ti+2costj+sintk => Att = 0: 
v(t) = i—2sintj+costk v(0) =i+k 
a(t) = —2costj—sintk a(0) = —2j 


|v(t)| = V/1+ 4sin? t+ cos?t = /2 + 3sin?t 


Since y?/4 + 2 = 1, # = t, the path of the particle is an elliptical helix 


about the x-axis. 


9. r(t) = (t? +t,t? - t,t?) v(t) =r'(t) = (2t+1,2t— 1,327), a(t) = v'(t) = (2,2, 64), 


Qt+1)? + Qt— 1)? + BP)? = VO +8 +2. 


10. r(t) = (2 cost, 3t, 2 sin t) v(t) =r'(t) = (—2sint,3,2cost), a(t) = v/(t) = (—2cost,0, —2sint), 


|v(t)| = V/4sin? t+ 94 4cos?t = V13. 
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14. 


15. 
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r(t) = /2tit+e’jt+e*k v(t) =r'(t) =V2i+ej—e*k, a(t)=v(t)=—ej+e‘'k, 
|v(t)| = V2+ e# +e? = (eh +e*2 =e’ +e. 

r(t) =t?i+2tj+Imntk v(t) =r'(t) = 2414+. 2j+(1/t)k, a(t) =v'(t) = 2i-(1/#)k, 
|v(e)| = «/40? +44 (1/0?) = [2+ /O)? = |2¢ + (1/0). 

r(t) =e'(costi+ sintj+tk) =e'costi+e‘sintj+te’k => 


v(t) = r’(t) = [e’(—sint) + (cost)e"]i+t [e’ cost + (sint)e"] j + (te’ + e’)k 


= e'[(cost — sint)i+ (sint + cost)j+(t+1)k] 


a(t) = v’(t) = [e'(— sint — cost) + (cost — sint)e’]i+ [e'(cost — sint) + (sint + cost)e‘]j 


+ feb-14 (t+ De]k 
= e'[-2sinti+2costj+ (t+ 2)k] 


|v(t)| = /e?* (cost — sin t)? + e2#(sint + cost)? + e#(¢ + 1)? 
= Ve?t,/cos? t + sin? t — 2costsint + sin? t + cos? t + 2sintcost + t? + 2t+1 


=e Jf? +2643 


r(t) = (t?, sint — tcost, cost + tsint) => 


v(t) = r'(t) = (2t, cost — (—tsint + cost), —sint +tcost+sint) = (2t,tsint,tcost), 


a(t) = v'(t) = (2,tcost +sint, —tsint + cost), 


|v(t)| = V/4t? + #2 sin? t + 2 cos?t = V4 + = V5? = V5t_ [since t > 0]. 


a(t)=2i+2tk = v(t) = fa(t)dt = [(2i+ 2tk) dt = 2ti+t?k+C. Then v(0) = C but we were given that 


v(0) = 3i—j,so C = 3i—jand v(t) = 2ti+-?k + 3i—-j = (2t+3)i-j+e¢k. 
r(t) = f v(t) dt = f [(2t+3)i-j+tk] dt =( + 3t)i—tj+ 4#°k+D. Here r(0) = D and we were given that 


r(0) =j+k,soD =j+kandr(t) = (t? + 3t)i+ (1—t)j+ ($0 4+1)k. 


a(t) =sinti+2costj+6tk = v(t) =f a(t)dt = [(sinti+2costj+6tk) dt = —costi+2sintj+3t?k+C. 


Then v(0) = —i+ C but we were given that v(0) = —k, so -i+ C = —k C=i-k 


and v(t) = (1 — cost)i + 2sintj + (34? — 1)k. 


r(t) = f v(t) dt = f [(1 — cost) i+ 2sintj + (31? — 1)k] dt = (t — sint) i — 2costj + (t? —t)k + D. Here 
r(0) = —2j + D and we were given that r(0) = j — 4k, so D = 3j — 4k and 


r(t) = (t —sint)i+ (3 —2cost)j+(¢® —t—4)k. 
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17. (a) a(t) = 2ti+sintj+cos2tk => (b) 


v(t) = f (2ti+sintj+cos2tk) dt =t?i-costj+ 5sin2tk+C 


andi = v(0) = -j + C,soC =i+j 


0.6 
and v(t) = (#? + 1)i+ (1 —cost)j+ 4sin2¢tk. z ie 
0 
r(t) = f[(# +1) i+ (1 —cost)j+ 4 sin 2tk|dt ; oat 
200 
0 y 
= (44° +1) i+ (t—sint)j—+cos2#k+D ee S209 0 


Butj =r (0) =-4+k+D,soD=j+4kandr(t) = (40° + t)i+ ((-sint+1)j+ (| — F cos 2t) k. 


18. (a) a(t) =tit+eéjte‘k (b) 
v(t) =f (tite’j+e*k) dt=5Pi+ej—-etk+C 
andk = v(0) =j—k+C,soC =—-j+2k 
and v(t) = $¢7i+ (e’ -—1) j+ (2-e") k. 


r(t) = f [407 it (e' —1)j+(2-e"')k] dt 


= gUi+ (e’ —t)j+(e*+2)k+D 


But j+k=r(0) =j+k+D,s0D = Oand r(t) = 4#°i+ (e' — t) jt (e* + 2t)k. 


19. v(t) = (¢?, 5t, ? — 16t) v(t) = (2t, 5, 2t — 16), |v(t)| = V/4t? + 25 + 4t? — 64t + 256 = /8t? — 64t + 281 


and. < |v(t)| = 4(8¢? — 64t + 281)~1/2(16¢ — 64). This is zero if and only if the numerator is zero, that is, 


1 
a 2 

; d d Ss : : 
16t — 64 = Oort = 4. Since oF |v(t)| < O fort < 4 and ai |v(t)| > O fort > 4, the minimum speed of /153 is attained 


at t = 4 units of time. 


20. Since r(t) = #2 i+7?j+#°k, a(t) = r’(t) = 6ti+ 2j + 6tk. By Newton’s Second Law, 


F(t) = ma(t) = 6mti+ 2mj + 6mtk is the required force. 


21. |F(t)| = 20 N in the direction of the positive z-axis, so F(t) = 20k. Also m = 4 kg, r(0) = O and v(0) = i—j. 


Since 20k = F(t) = 4 a(t), a(t) = 5k. Then v(t) = 5tk + c; where c; =i—jso v(t) = i—j+ 5tk and the 


speed is |v(t)| = /1 + 1+ 25t? = 250? + 2. Also r(t) = ti-tj+ 3t?k+c2 and0 =r(0), soc2 =0 
and r(t) = ti-tj+ 2t?k. 
22. The argument here is the same as that in the proof of Theorem 13.2.4 with r(¢) replaced by v(t) and r’(t) replaced by a(t). 
23. |v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is 
(cos 60°)i + (sin 60°)j = 4i+ ¥8 j. Thus v(0) = 200( $i + $j) = 100i + 100 /3j and if we set up the axes so that the 
projectile starts at the origin, then r(0) = O. Ignoring air resistance, the only force is that due to gravity, so 


F(t) = ma(t) = —mgj where g © 9.8 m/s”. Thus a(t) = —9.8j and, integrating, we have v(t) = —9.8tj + C. But 
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100i + 100 ./3j = v(0) = C, so v(t) = 100i+ (100 V3 — 9.8t) j and then (integrating again) 


r(t) = 100¢i+ (100 J/3t— 4.9¢?) j + D where 0 = r(0) = D. Thus the position function of the projectile is 


r(t) = 100¢i+ (100 V3t — 4.927) j. 


(a) Parametric equations for the projectile are x(t) = 100, y(t) = 100 ./3t — 4.9t. The projectile reaches the ground when 


y(t) =O(andt>0) = 100V3t— 4.91? = t(100 V3 — 4.9t) =0 t 1008 ~~ 35.3 s. So the range is 


v(x ie 100 (42p¥8 ) = 3535 m. 


(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component 


of velocity is 0): y/(t) =0 => 100V3—9.8t=0 t= 1903 ~ 17.7 s. Thus the maximum height is 
y( 29¥2) = 100 v3 (49¥2) — 4. 9 ( sy)" ~ 1531 m. 


100v3 


(c) From part (a), impact occurs at t = s. Thus, the velocity at impact is 


v(49¥8) = 100i + [100 v3 - 9,8(42¥2)] j = 100 — 100 V3j and the speed is 
|v (292) | = v10,000 + 30,000 = 200 m/s. 


24. As in Exercise 23, v(t) = 100i + (100 V3 — 9.8t) j and r(t) = 100ti + (100 V3t — 4.9t7) j+D. 


But r(0) = 100j, so D = 100j and r(t) = 100¢i + (100 + 100 V3t — 4.987) j. 


(a)y=0 => 100+100V3t—4.9t? =0 or 4.9t? — 100./3t— 100 = 0. From the quadratic formula we have 


49) a 8 . Taking the positive t-value gives 


t= 100V8 + 31.900 31.960 ~ 35.9 s. Thus the range is x = 100- 100V3 + 31.900 = 3592 m. 


(b) The maximum height is attained when cu =0 => 100V/3-—9.8t=0 t = 1003 ~ 17.7 5 and the 


maximum height is 100 + 100 V3 (49P¥8) — 4.9(100¥8 if ~ 1631 m. 


Alternate solution: Because the projectile is fired in the same direction and with the same velocity as in Exercise 23, 
but from a point 100 m higher, the maximum height reached is 100 m higher than that found in Exercise 23, that is, 


1531 m + 100m = 1631 m. 


LOOV3 100V3 + ¥31,960 96 


(c) From part (a), impact occurs at t = s. Thus the velocity at impact is 


v (es ana ie = 1001+ [100 v3 9,8 (eva atm \]i = 100i — 31,960 j and the speed is 


|v| = 10,000 + 31,960 = \/41,960 ~ 205 m/s. 
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As in Example 5, r(t) = (vo cos 45°)t i+ [(vo sin 45° )t — 4gt?| j= [voV2ti + (voV2t — gt?) j]. The ball lands when 


2 
vov2 s. Now since it lands 90 m away, 90 = x = $v V2 mv 
g 


y=O(andt>0) => t= or vg = 90g and the initial 


velocity is vo = /90g © 30 m/s. 


Let a be the angle of elevation. Here vp = 400 m/s and from Example 5, the horizontal distance traveled by the projectile is 


2 2% 
vo sin 200 We want 400° sin2a _ 3000 Bnet! 3000g 


As 
g g 400? 


0.1838 = 2a ~% sin~!(0.1838) ~ 10.6° or 


2a ~ 180° — 10.6° = 169.4°. Thus two angles of elevation are a % 5.3° and a & 84.7°. 


As in Example 5, r(t) = (vo cos 36°)ti + [(vo sin 36°)t — sgt?| j and then 


v(t) =r’(t) = (vo cos36°) i+ [(vo sin 36°) — gt] j. The shell reaches its maximum height when the vertical component 


of velocity is zero, so (vo sin 36°) — gt = 0 t= Sonee The vertical height of the shell at that time is 1600 ft, so 
g 

eee » BAgN 2 a2 apo 2 ain2 apo 

(v9 sin 36°) (<— )- (2 ) 1600 = (sin 36 )-3( 36 ) apn? <3 
g g g 2 g 

é sin? 36° 1 2 of 3200(32 
BaSnEe 21600 (oa WORD rey ea LCL ree 
2g sin’ 36° sin* 36° sin 36° 


Here vp = 115 ft/s, the angle of elevation is a = 50°, and if we place the origin at home plate, then r(0) = 3j. 
As in Example 5, we have r (t) = —igt?j +tvo + D where D = r(0) = 3j and vo = vo cosai+ vo sinaj, 
so r(t) = (vo cosa)ti+ [(vosina)t — $ g? + 3] j. Thus, parametric equations for the trajectory of the ball are 


x = (vocosa)t, y = (vo sina)t — $gt? +3. The ball reaches the fence when z = 400 => 


400 400 


(vo cos a)t = 400 t= Uo COS @ ~ 715 cos 50° 


~ 5.41 s. At this time, the height of the ball is 
y = (vosina)t — $gt? + 3 © (115sin 50°)(5.41) — 4(32)(5.41)? + 3 = 11.2 ft. Since the fence is 10 ft high, the ball 
clears the fence. 


Place the catapult at the origin and assume the catapult is 100 meters from the city, so the city lies between (100, 0) 
and (600, 0). The initial speed is vo = 80 m/s and let 6 be the angle the catapult is set at. As in Example 5, the trajectory of 


the catapulted rock is given by r (t) = (80 cos @)ti+ [(80sin 0)t — 4.97] j. The top of the near city wall is at (100, 15), 


which the rock will hit when (80cos#)t=100 => t= — and (80sin@)t — 4.917 =15 => 
cos 


2 
80siné - s 4.9 z =15 100 tan @ — 7.65625 sec” 9 = 15. Replacing sec” 6 with tan? 6 + 1 gives 
4cos0 4cosé 


7.65625 tan” @ — 100 tan @ + 22.65625 = 0. Using the quadratic formula, we have tan @ © 0.230635, 12.8306 => 


0 = 13.0°, 85.5°. So for 13.0° < @ < 85.5°, the rock will land beyond the near city wall. The base of the far wall is 


1 
located at (600, 0) which the rock hits if (80 cos 6)t = 600 t= 5 ~ 7 and (80sin@)t — 4.917 =0 => 
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15 
ind - ——— — 4. 
80 sin aT o( 


15 
2cos 6 


2 
) =0 = 600tan0@ — 275.625sec?9=0 => 


275.625 tan’ 6 — 600 tan 0 + 275.625 = 0. Solutions are tan 6 ~ 0.658678, 1.51819 = 6 33.4°,56.6°. Thus the 
rock lands beyond the enclosed city ground for 33.4° < 6 < 56.6°, and the angles that allow the rock to land on city ground 
are 13.0° < 0 < 33.4°, 56.6° < 0 < 85.5°. If you consider that the rock can hit the far wall and bounce back into the city, we 


— 15 Pn 
2cos60 


calculate the angles that cause the rock to hit the top of the wall at (600, 15): (80 cos @)t = 600 d 


(80sin0)t — 4.917 =15 => 600tand — 275.625sec?9=15 = 275.625tan? 6 — 600tan@ + 290.625 = 0. 
Solutions are tan 0 © 0.727506, 1.44936 = 0% 36.0°, 55.4°, so the catapult should be set with angle 6 where 


13.0° < @ < 36.0°, 55.4° < 0 < 85.5°. 


If we place the projectile at the origin then, as in Example 5, r(t) = (vo cosa)ti+ [(vo sina)t — $gt?| j and 
v(t) = (vo cosa) i + [(vo sina) — gt] j. The maximum height is reached when the vertical component of velocity is zero, so 


(vo sina) — gt = 0 ea , and the corresponding height is the vertical component of the position function: 
g 


: : 2 
: : Vo Sin a 1 Vo Sin a | eae, 
(vo sina)t — 4gt? = (vo sina) (2=*) — 3g ( ) = —vo sin* a 
a g : g 2g 


_ y Vo Sina 
Half that time is t = ~ 


, when the height of the projectile is 


: ; 2 
. 1,2 P vo sina 1. [/vosina 
(vo sina)t — 5gt” = (vo sina) ( 3g ) —39 ( 3g ) 


1 ; 
= —vg sin” 


2g 2g 


1 1 
a- ag sin? a = st sin? a = (G08 sin? a) 
or three-quarters of the maximum height. 


Here a(t) = —4j — 32kso v(t) = —4tj — 32tk + vo = —4tj — 32tk + 501+ 80k = 50i — 4tj + (80 — 32t) k and 


r(t) = 50¢i— 2t? j + (80¢ — 16t?) k (note that ro = 0). The ball lands when the z-component of r(t) is zero 


and t > 0: 80¢ — 164? = 16¢(5 — t) = 0 t = 5. The position of the ball then is 


r(5) = 50(5)i — 2(5)?j + [80(5) — 16(5)?] k = 250i — 50] or equivalently the point (250, —50, 0). This is a distance of 
1/250? + (—50)? + 0? = /65,000 ~ 255 ft from the origin at an angle of tan~ (3%) © 11.3° from the eastern direction 


toward the south. The speed of the ball is |v(5)| = |50i — 20j — 80k| = \/50? + (—20)? + (—80)? = 9300 = 96.4 ft/s. 


Place the ball at the origin and consider j to be pointing in the northward direction with i pointing east and k pointing 
upward. Force = mass x acceleration => acceleration = force/mass, so the wind applies a constant acceleration of 
4N/0.8kg = 5 m/ s? in the easterly direction. Combined with the acceleration due to gravity, the acceleration acting on the 
ball is a(t) = 5i — 9.8k. Then v(t) = f a(t) dt = 5¢i — 9.8tk + C where C is a constant vector. 


We know v(0) = C = —30cos30° j + 30sin30°k = -15V3j+15k => C=-—15/3j+15kand 
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v(t) = 5ti— 15 V3j+ (15—9.8t)k. v(t) = f v(t) dt = 2.5t7i— 15V3tj+ (15t — 4.9t7) k+ D but r(0) = D=0 


so r(t) = 2.5t7i— 15 /3tj + (15¢ — 4.9¢?) k. The ball lands when 15¢ — 4.9t? = 0 t=0,t = 15/4.9 = 3.06125, 
so the ball lands at approximately r(3.0612) + 23.431 — 79.53j which is 82.9 m away in the direction S 16.4°E. Its speed is 


approximately |v(3.0612)| © |15.306i— 15 /3j — 15k| © 33.68 m/s. 


33. (a) After t seconds, the boat will be 5¢ meters west of point A. The velocity 20 


of the water at that location is <4, (5t)(40 — 5t) j. The velocity of the 


boat in still water is 5i, so the resultant velocity of the boat is 


v(t) = 5i+ 335(5t)(40 — 5t) j = i+ (3t — 41°) j. Integrating, we obtain F an 


r(t) = 5ti4 (30 x t)j + C. If we place the origin at A (and consider j 4 
to coincide with the northern direction) then r(0) =0 = C= Oand we have r(t) = 5ti+ (#¢? — 42°) j. 
The boat reaches the east bank when 5¢ = 40, that is, when t = 8 s, and it is located at 


r(8) = 5(8)i + (2(8)? — 4(8)*) j = 40i + 16j. Thus the boat is 16 m downstream. 


(b) Let a be the angle north of east that the boat heads. Then the velocity of the boat in still water is given by 


5(cos a) i+ 5(sina) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 


of the water is ;2,[5(cos a)t][40 — 5(cos a)t] j. The resultant velocity of the boat is given by 


v(t) = 5(cosa)i+ [5sina + 3, (5tcosa)(40 — 5tcosa)] j = (5cosa)i+ (5sina + 3tcosa — 30 cos” q) j. 


Integrating, r(t) = (5t cosa) i+ (5t sina + 3? cosa — at cos” a) j (where we have again placed 


the origin at A). The boat will reach the east bank when 5tcosa=40 => t= = = ee 
5cosa@ cosa 


In order to land at point B(40, 0) we need 5¢ sina + 34? cos @ — qe co’ a=0 > 


BN ef BVP tS a a ee 1 ; 
5 sina +4 cosa — 7g cossa=0 > (40sina + 48—32)=0 > 
Cos a: cos a cosa cos a 


40sina + 16=0 sina = —2. Thus a = sin7! (—2) = —23.6°, so the boat should head 23.6° south of 
east (upstream). The path does seem realistic. The boat initially heads 12 

upstream to counteract the effect of the current. Near the center of the river, 

the current is stronger and the boat is pushed downstream. When the boat 0 40 
nears the eastern bank, the current is slower and the boat is able to progress 

upstream to arrive at point B. -12 


34. As in Exercise 33(b), let a be the angle north of east that the boat heads, so the velocity of the boat in still water is given 
by 5(cos a) i+ 5(sin a) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 


of the water is 3 sin(wa/40) j = 3sin[m - 5(cosa)t/40] j = 3sin(Zt cos a) j. The resultant velocity of the boat 
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then is given by v(t) = 5(cosa) i+ [5 sina +3 sin(Zt cos a) | j. Integrating, 


r (t) = (5tcosa)i+ [stsina ae 
7 COS 


cos( Zt.os) jt+C. 


24 
j+C=0 = C= 


7T COS @ T COS@ 


If we place the origin at Athenr(0) =O => — j and 


24 
cos a 


cos(Ztcos a) + 5B 


r(t) = (5¢cosa)i+ [se sina — ae 
7 COS 


j. The boat will reach the east bank when 


. In order to land at point B(40, 0) we need 


5tcosa=40 => t= : 
cos @ 


2 24 
5tsina cos(Ztcos a) =0 
7 COS a 7 COS @ 
5( : ) sina af cos] = ( ) cosa| } ae =0 z (40sina - 4 cos + =) =0 
cos @ 7 COS @ 8 \ cosa 7 COS @ cos a@ 7 T 
. 48 F 6 ree 6 . % 
40sina+ — =0 sina = ba Thus a = sin 5 = —22.5°, so the boat should head 22.5° south of east. 
Tv vis TT 


35. Ifr’(t) = c x r(t), then r’(¢) is perpendicular to both c and r(t). Remember that r’(t) points in the direction of motion, so if 
r’(t) is always perpendicular to c, the path of the particle must lie in a plane perpendicular to c. But r’(t) is also perpendicular 
to the position vector r(t) which confines the path to a sphere centered at the origin. Considering both restrictions, the path 
must be contained in a circle that lies in a plane perpendicular to c, and the circle is centered on a line through the origin in the 


direction of c. 


36. (a) From Equation 7 we have a = v'T + Kv?N. Ifa particle moves along a straight line, then « — 0 [see Section 13.3], so the 
acceleration vector becomes a = v’T. Because the acceleration vector is a scalar multiple of the unit tangent vector, it is 


parallel to the tangent vector. 


(b) If the speed of the particle is constant, then v’ = 0 and Equation 7 gives a = Kv”. Thus the acceleration vector is 
parallel to the unit normal vector (which is perpendicular to the tangent vector and points in the direction that the curve is 


turning). 
37. r(t) =(P?+1)i+ej = r’(t) = 21+ 3¢7j, 


[r’(t)| = /(2t)? + (3#?)2 = V4? +9 =tV/44 9H [sincet > 0], rv’(t)=2i+6tj, r’(t) x r’(t) = 6t?k. 


’ Ly! 2 3 a 2 
cera diokouedise (t)-r(t) _ (2t)(2) + (31?) (Gt) _ at +1803 — 44188 


Ir’) t/4+9R tV4+9R V4+9R 
é d x 
or by Equation 8, ar =v’ = er; [tV/4 + 917] =t- 5 (44 987) = (18t) + (4+ gr)" “1 


= (4+490?)~7/? (91 +44 987) = (4 + 182?) / V4 9P 


, " 2 
and Equation 10 gives an = EOE EY = oe ee 


r@®!  t¥4t02 V4r9R 
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38. r(t) = 2074+ (2t° — 2t)j r’(t) = 4ti+ (2t? — 2)j, 


|r’ (t)| = \/16t? + (20? — 2)? = /4t? + 842 $4 = 4/4 (2? +1)? = 2(¢7 +1), 


v(t) = 414+ 4tj, r’(t) x r’(t) = (8t? +8)k. Then Equation 9 gives 


r(t)-r"(t) _ (4#)(4) + (2? — 2)(4t) — 8¢(t? +1) d 
ee Se ee Equation 8, ar = v' = — [2(t? + 1)] = 4¢t 
ar r'() M2 +1) a2 +1) or by Equation 8, ar = v ai [2(¢? + 1] 

: ; lr’(t) x r”(t)| _ 8(t? +1) 
and Equation 10 gives an = TO) = E+) = 4, 


39. r(t) =costi+sintj+tk r’(t) = —sinti+costj+k, |r’(t)| = Vsin?t+ cos?t+1= V2, 


r’(t) = —costi—sintj, r’(t) x r(t) =sinti—costj +k. 


1 pl! . so , ” \/sin? t + cos? t + 1 
Then Perey a) r (t) _ sint cost sint cost _ 9 aq pre \r'(t) x vr’ (€)| _ Vsin*t + cos bd V2 oy 
Ir’(t)| v2 Ir’(t)| v2 v2 


40. r(t)=tit+2e'j+e*%k = r’(t) =i+2e*j4+2c%k, |r’(t)| = V1 4 4c?! + 4e® = \/(1 + 2e74)? = 14 2c", 


r’(t) = 2e°j +4e7*k, r’(t) x rv’ (t) = 4e**i — 4e?"j + 2e'k, 


|r’(t) x vr” (t)| = V/16e8 + 16e% + 4e?! = ,/de?! (2c?! + 1)? = 2e"(2e* +1). Then 


fone r(t)-r(t)  4e** + 8e% — 4e*(1 + 2€7") | oe art eee [r’(t) x v"(é)| _ 2e*(2Qe* +1) _ Boe 
\r’(t)| 1+ 2e?# 1+ 2e?* |r’ (t)| 1+ 2e?* : 


M. r(t)=Intit+ (#+3t)j+4/tk = r’(t)=(1/i+ (2t4+3)j4+ 2/Vt)k = 


r’(t) = (—1/t?)i + 2j — (1/t9/?)k. The point (0, 4, 4) corresponds to t = 1, where 


r’(1) =i+5j+2k, r”(1)=-i+2j—k, and r’(1)xr’(1)=—-9i—j+7k. Thusat the point (0,4, 4), 


r(1)-r’(1)  -1+10-2 7 lr’) x r"()| — V8IFT+49 (131 
ar = = = and ayn = = — ; 
|r’(1)| V1+25+4 30 Ir’(1)| V30 30 
42. r(t) =t ti+¢?jtt?k r/(t)=—t-?7i-2t-°j—3t*k = rv’ (t) = 2t7-7i4+6t-4j+12t-°k. The 


point (1, 1,1) corresponds to t = 1, where r’(1) = -i-2j-—3k, r”’(1)=2i+6j+12k, and 


/ uw 9 —_ 
r’(1) x r’(1) = —6i+6j—2k. Thusatthe point (1,1,1), ar = BUS) 2 ee and 


r’()) VI+4+9 V4 
_r(xr'()| _ V343014 _ [76 _ (38 
w= Pa aaa Na Vor 


43. The tangential component of a is the length of the projection of a onto T, so we sketch 
the scalar projection of a in the tangential direction to the curve and estimate its length to 
be 4.5 (using the fact that a has length 10 as a guide). Similarly, the normal component of 


a is the length of the projection of a onto N, so we sketch the scalar projection of a in the 


ay 


normal direction to the curve and estimate its length to be 9.0. Thus ar = 4.5 cm/s” and 


an © 9.0 cm/s”. 
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44. L(t) =mr(t) x v(t) => 
L(t) = m[r’(t) x v(t) +r (t) x v’(0)] [by Formula 5 of Theorem 13.2.3] 
= mlv(t) x v(t) + r(t) x v'()] = mio + r(t) x a(t] = 7) 
So if the torque is always 0, then L’(t) = 0 for all t, and so L(£) is constant. 


45. If the engines are turned off at time t, then the spacecraft will continue to travel in the direction of v(t), so we need a t such 


Ass 8t 
that for some scalar s > 0, r(t) + sv(t) = (6,4,9). v(t) =r'(t) =i+ pit +02 k 
Opava eet eos 7 3+t+s=6 > s=3-t 
= Ss n = =3- 
reer t' B4+1" (+0)? ; 
4 8(3 — t)t 24t — 12t? — 4 Fi 2 
7 = =2 t* + 8t° — 12t+3=0. 
SO eh Gass (2 +12 = 3 
-1 : ; é 
It is easily seen that t = 1 is a root of this polynomial. Also 2 + In1 + ¢ = 4, so t = 1 is the desired solution. 
46. (a) m Ge = ain Ve © a = ES am ve. Integrating both sides of this equation with respect to t gives 
dt dt dt m dt 


t t v(t) m(t) 
i oy du = Ve i; 220 du => if dv = Ve / ain [Substitution Rule] => 
0 du o m du v(0) (0) m 


v(t) — v(0) =veln A v(t) =v(0)—veln at 

(b) |v(t)| = 2|ve|, and |v(0)| = 0. Therefore, by part (a), 2|ve| = | n( 2) Ve 
2\vel = n( 23) |vel. Note: m(0) > m(t) so that n( 2) > o => m(t) =e7?m(0). 
Thus ot = 1—e** is the fraction of the initial mass that is burned as fuel. 


APPLIED PROJECT Kepler's Laws 


1. With r = (rcos@)i+ (rsin@) j and h = ak where a > 0, 


(a) h=rxr’ = [(rcosé)i+(rsin6) jj x | (r’coso — rsind =) i+ (v’sind + roo =) i 


do do do 
_ , : 2...2 al . 2 2 aaey 
= Irr’ cos@sin@ + r* cos ers rr cos@sin@ + r* sin 9k r a 
(b) Since h = ak, a > 0, a = |hl. But by part (a), a = |h| = r? (dO/dt). 


(c) A(t) = 4 i. lr|? do = 4 f, 7 r? (d0/dt) dt in polar coordinates. Thus, by the Fundamental Theorem of Calculus, 


2 2 Jt 
dA _ 1? dO 
dt 2 dt 
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2 
(d) a = > a = : = constant since h is a constant vector and h = |h|. 


2. (a) Since dA/dt = $h, a constant, A(t) = $ht + ci. But A(0) = 0, so A(t) = $ht. But A(T’) = area of the ellipse = wab 
and A(T’) = $hT, so T = 2rab/h. 
(b) h?/(GM) = ed where e is the eccentricity of the ellipse. But a = ed/(1 — e”) or ed = a(1 — e?) and 1 — e? = b?/a?. 


Hence h?/(GM) = ed = b?/a. 


Ara?b? a Ar? 
T2 = =4 2 22 = 3 
©) he 74° GMe GM® 
2 
3. From Problem 2, T? = ao. T ~ 365.25 days x 24- 602 scones ~ 3.1558 x 107 seconds. Therefore 
ay 


Be GMT? _ (6.67 x 107**)(1.99 x 10°°)(3.1558 x 10)? 


Ge ee ~ 3.348 x 10° m? = a 1.496 x 10!! m. Thus, the 
TT Tv 


length of the major axis of the earth’s orbit (that is, 2a) is approximately 2.99 x 10't m = 2.99 x 108 km. 


Ar? 
4. W dapt th tion T? = 
e can a ap e equat 10n GM 


a? from Problem 2(c) with the earth at the center of the system, so T is the period of the 


satellite’s orbit about the earth, 1/ is the mass of the earth, and a is the length of the semimajor axis of the satellite’s orbit 
(measured from the earth’s center). Since we want the satellite to remain fixed above a particular point on the earth’s equator, 
T must coincide with the period of the earth’s own rotation, so 7’ = 24h = 86,400 s. The mass of the earth is 


1/3 
~ 4.23 x 10’ m. If we 


2 1/3 2 =a 24 

M = 5.98 x 10% kg, soa = T GM es (86,400) (6.67 x 107 °")(5.98 x 10**) 
Ar2 An? 

assume a circular orbit, the radius of the orbit is a, and since the radius of the earth is 6.37 x 10° m, the required altitude 


above the earth’s surface for the satellite is 4.23 x 107 — 6.37 x 10° = 3.59 x 10” m, or 35,900 km. 


13 Review 
TRUE-FALSE QUIZ 


1. True. If we reparametrize the curve by replacing u = t?, we have r(u) = wi + 2uj + 3uk, which is a line through the origin 


with direction vector i+ 2j+3k. 


2. True. Parametric equations for the curve are = 0, y = t”, z = 4t, and since t = z/4 we have y = t? = (z/4)? or 


y= 2, x = 0. This is an equation of a parabola in the yz-plane. 


3. False. The vector function r(t) = (2t, 3 — t,0) represents a line, but the line does not pass through the origin; the 
x-component is 0 only for t = 0, which corresponds to the point (0, 3, 0), not (0, 0, 0). 
4. True. See Theorem 13.2.2. 


5. False. By Formula 5 of Theorem 13.2.3, < [u(t) x v(t)] = u’(t) x v(t) + u(t) x v‘(t). 
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6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. (a) The corresponding parametric equations for the curve are x = t, 


CHAPTER 13. VECTOR FUNCTIONS 


False. For example, let r(t) = (cost, sint). Then |r(t)| = /cos?t+sin?t#=1 => a r(t)| = 0, but 


|r’(t)| = |(— sint, cost)| = ,/(—sint)? + cos? t = 1. 


. False. « is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with respect to t. 
. False. The binormal vector, by the definition given in Section 13.3, is B(t) = T(t) x N(t) = — [N(t) x T(2)]. 


. True. At an inflection point where f is twice continuously differentiable we must have f(x) = 0, and by Equation 13.3.11, 


the curvature is 0 there. 

True. From Equation 13.3.9, «(t)=0 = |T’(t)) =0 <= T’(t) = 0 forall t. But then T(¢) = C, a constant vector, 
which is true only for a straight line. 

False. If r(t) is the position of a moving particle at time ¢ and |r(t)| = 1 then the particle lies on the unit circle or the unit 
sphere, but this does not mean that the speed |r’ (t)| must be constant. As a counterexample, let r(t) = (t, 1 — #), then 
r’(t) = (1, -t/V/1 — #?) and |r(t)| = Ve? + 1 — ¢ = 1 but |r’(t)| = 14+ 27/0 — #) = 1/V1 — # which is not 
constant. 

True. See Theorem 13.2.4. 

True. See the discussion preceding Example 8 in Section 13.3. 

False. For example, r;(t) = (t,t) and ro(t) = (2t, 2¢) both represent the same plane curve (the line y = x), but the tangent 
vector rj (t) = (1,1) for all t, while ro(t) = (2, 2). In fact, different parametrizations give parallel tangent vectors at a point, 
but their magnitudes may differ. 

True. The projection in the xz-plane is given by r(t) = (cos 2t, 0, sin 2t). Since x” + z? = (cos 2t)? + (sin 2t)? = 1, the 
projection onto the xz-plane is a circle with radius 1. 

True. Note that the direction vector for both lines is d = (1, 2, 1), so the lines are parallel. Further, the point (0, 0, 1) is 


contained on both lines for t = 0 and t = 1, respectively. The lines are parallel and have a point in common; therefore, they 


are the same line. 


EXERCISES 


y = cos mt, z = sin nt. Since y*® + z* = 1, the curve is contained ina 


circular cylinder with axis the x-axis. Since x = t, the curve is a helix. 


(b) r(t) =ti+cosatj+sinatk = 


r’(t) =i-—7sin rtj+7cos ttk 


r“(t) = —n’ cos mtj — 1? sin atk 
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. (a) The expressions \/2 — f, (e’ — 1)/t, and In(t + 1) are all defined when2-t>0 => t<2,t40, 


andt+1>0 = t> -—1. Thus the domain of r is (—1,0) U (0, 2]. 


; ! ie A ot ince 
(b) lim r(¢) = (sim V2— é, lim —— lim Int + 1)) = (v2 0, lim i ,n(0+ 1)) 


= (v2, 1, 0) {using l’Hospital’s Rule in the y-component] 


iit & pS eH 1, 1 te’—e'+1 1 
(c) r’(t) (4 2 t, dt t a Int t 1) 2 fy — +’ 2 E41 


. The projection of the curve C' of intersection onto the xy-plane is the circle 2” + y? = 16, z = 0. So we can write 


x =A4cost, y= 4sint, 0 < t < 27. From the equation of the plane, we have z = 5 — x = 5 — 4cost, so parametric 


equations for C are x = 4cost, y= 4sint, z = 5 —4cost, 0 < t < 2z, and the corresponding vector function is 


r(t) = 4costi+ 4sintj + (5 — 4cost)k,0 <t < 2r. 


. The curve is given by r(t) = (2sint, 2 sin 2t, 2 sin 3t), so 4 
r’(t) = (2 cost, 4cos 2t, 6 cos 3t). The point (1, V3, 2) corresponds to t = 2 
(or | + 2kr, k an integer), so the tangent vector there is r'(z) = (v3, 2, 0). z O+ 


Then the tangent line has direction vector (v3, 2, 0) and includes the point 


(1, V3, 2y, so parametric equations are « = 1+ /3t, y = V3 + 2t, z = 2. se 4 


. fo #2 i+tcos mtj+sin atk) dt = (Jo # at) i+ (Jo tcos mtdt) j + (us sin mtdt) k 
= [443], i+ (sin nt], — fo sin mtdt)j+ [—+ cos nt], k 
1 


=4it[Zrcos afl) + 2k=4i- Sj+2k 


where we integrated by parts in the y-component. 


. (a) C intersects the xz-plane where y = 0 2t—1=0 eS 3, so the point 


is (2 - (4)’,0,In 3) = (48,0,—In2). 


1329 


(b) The curve is given by r(t) = (2 — t°, 2t— 1, Int), so r’(t) = (—3t?, 2, 1/t). The point (1, 1,0) corresponds to t = 1, so 


the tangent vector there is r’(1) = (—3, 2, 1). Then the tangent line has direction vector (—3, 2, 1) and includes the point 


(1, 1,0), so parametric equations are x = 1 — 3t, y= 14 2t,z =t. 


(c) The normal plane has normal vector r’(1) = (—3, 2, 1) and equation —3(a — 1) + 2(y—1) + 2 = O or 3a — 2y 


L= ihe r’(t)| dt = fo V/4t? + 9¢4 + 16¢® dt. Using Simpson’s Rule with f(t) = V4t? + 9t4 + 16¢6 and n = 6 we 
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have At = 28 = + and 
Le & [f(0) +4f(4) + 2f(1) + 4f(3) + 2f(2) + 4f(8) + £()] 
=7|V0+0+0+4- aay +9(4)*+16(4)° +2- 4M)? +90)? + 1671) 


+4-4/4(3) + 9(3)* + 16(3)° + 2- 42)? + 9(2)7 + 162) 


+4. /4(8) +9(8)* + 16(8)° + (ABP 9B)! + 168)" 


~ 86.631 


8. r(t) = (2t°/?, cos 2t, sin 2t) r’(t) = (si/4, 2sin 2t, 2.cos 2t) > 


[r’(t)| = /9t + 4(sin? 2¢ + cos? 2) = /9t+4. 
13 


Thus, L = fj JOEFAdt = f{° sul’? du = 3[3u9?| © = 2 (13%? — 8). 


9. ri(t) = costi+sintj +tkandro(t) = (1+t)i+¢?j+t%k. The angle 6 of intersection of the two curves is the angle 


between their respective tangents at the point of intersection. For both curves, the point (1, 0,0) corresponds to t = 0. 


ri(t) =—sintitcost] +k = r{(0)=j+k,andr}(t) = i+ 2tj+3t?k r9(0) =i. 


ri (0) -r(0) = (j§+k)-i=0. Therefore, the curves intersect in a right angle, that is, 9 = 90°. 


10. r(t) = e'i+e‘ sintj + e' costk. The parametric value corresponding to the point (1,0, 1) ist = 0. 


r’(t) =e'it+e'(cost+sint)j+e'(cost—sint)k = |r’(t)| =e',/1? + (cost +sint)? + (cost — sint)? = V3e" 


and s(t) = fo e"V3 du = V3(e' — 1) 1+ we=e t=In(1 + S38). 


Therefore, r(¢(s)) = (1 + a) i+ (1 + 38) sin In(1 + sa8) i+ (1 + S35) cosIn(1 + 435) k. 
11. (a) r(t) = (sin? t,cos® t, sin? t) => r(t)=@ sin? t cost, —3 cos” tsint, 2 sint cos i) 
|r’(t)| = V9 sin* tcos? t + 9cos4 tsin? t + 4 sin? t cos? t 
= ,/sin? tcos? t (9sin? t + 9cos? t+ 4) =vV18sintcost [sinceeO<t<7/2 = _ sint,cost >0] 


r’(t) 1 


Then T(t) = — 
(6) |r’ (t)| V13 sint cost 


(3 sin? t cost, —3 cos’ tsint, 2sin t cost) = aa (3sint, —3 cost, 2). 


(b) T’(t) = Fq (3cost, 3sint, 0), |T’(t)| = Hz V9cos? t + sin? t + 0 = 4, and 


13 VIB 
T’(t) 1 : : 
N(t) = TO) 3 (3cost, 3sint,0) = (cost, sint, 0). 


(c) B(t) = T(t) x N(t) = a (3sint, —3 cost, 2) x (cost, sint, 0) = - (—2sint, 2 cost, 3) 


a 
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IT] _ __3/v73 3 
a= = 3 csctsect 
(d) K( ) |r’ (t)| o/s sink cost 13 sintcost or T3 csc t sec 
(e) r(t) B’(t) - N(t) a (—2 cost, —2sint, 0) - (cost, sin t, 0) ~2.cos? t — 2sin?t +0 
|r’ (t)| V13 sintcost 13 sint cost 
2 2 
= Tere or csct sect 


See the instructions for Exercises 13.3.46—49. x = 3cost, y=4sint => &=-—3sint, y=4cost => 


“&=-—-—3cost, y = —Asint. 
fee ley — ye _ |(—8sint)( omy) (4cost)(—3cost)| _ 12 
[a2 + y?]8/2 (9sin? t + 16 cos? t)3/2 (9sin? t + 16 cos? t)3/2 

At (3, 0), ¢ = Oand « (0) = 12/(16)*/? = # = &. At (0,4), t = 3 andw(Z) = 12/9? = B= 4. 

4 of 3 0" 2 ly"| |120°| 12 
y=a, y =4a°, y" = 120", and K(x) = [ESC DUE = (T+ T6n8ya72” 8° *(2) = Trap" 
y=at—a?, y! = 40° — 2a, y” = 122? — 2, and 0.55 

i 12x? — 2 

M0)= ERE RGSS 7 Om? im ie 
So the osculating circle has radius 4 and center (0, —3). 
Thus, its equation is 2? + (y + a = i. AD 


r(t) = (sin 2t,t,cos2t) = r’(t) = (2cos2t,1,—-2sin2t) => T(t)= zw (2cos 2t,1,-2sin2t) => 


T (Hj) = zx (—4sin 2t,0,—4cos2t) = N(t) = (—sin2t,0,—cos2t). SoN = N(z) = (0,0,—1) and 


B=TxN= = (—1, 2,0). So a normal to the osculating plane is (—1, 2,0) and an equation is 


l(a — 0) + 2(y— 7) + O(z — 1) = Dora — 2y4 20 =0. 


(a) The average velocity over [3, 3.2] is given by 


r(3.2) — r(3) 


32-3 5[r(3.2) — r(3)], so we draw a 


average 
velocity 
vector with the same direction but 5 times the length 


of the vector [r(3.2) — r(3)]. 


0 x 
_ yay — en, FB EA) — 23) 
(b) v(3) = r'(3) = jim h 
r’(3) ‘a3 si 
(c) T(3) = r(3))° a unit vector in the same direction as 


r’ (3), that is, parallel to the tangent line to the curve at 
r(3), pointing in the direction corresponding to 


increasing t, and with length 1. 
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20. 
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CHAPTER 13. VECTOR FUNCTIONS 


r(t) =tntit+tj+e‘k, v(t)=r'(t)=(1+Int)i+j—e‘k, 


(1 + Int)? + 1? 4+ (-e-*)? = \/24 2Int+ (Int)? + e-?, 


r(t) = (20? — 3)i+ 2¢j v(t) =r'(t) = 4ti + 23, 


speed = |v(t)| = V16t? + 4 = 2\/4t? + 1, and a(t) = v'(t) =r" (t) = 41. 


At t = 1 we have r(1) i+ 2j, v(1) =4i4+ 2j, a(1) = 4i. 


1 


Notice thaty/2=t => a = 2(y/2)” — 3 = 4y? — 3, so the path is a 


parabola. 


3t?k +C, but i 


v(t) = f a(t) dt = f(6ti+ 12¢? j — 6tk) dt = 3t7 i+ 407 j j+3k=v(0)=0+C, 
soC =i—Jj+3kand v(t) = (3¢? + 1)i+ (4¢° — 1)j4+ (3 — 3¢?)k. 
r(t) 


But r(0) = 0, so D = Oand r(t) = (#2 + t)i+ (t* —t)j4 (3t-#)k. 


J v(t)dt = (#@ + t)it (4 —t)j+ (38t-0)k+D. 


We set up the axes so that the shot leaves the athlete’s hand 7 ft above the origin. Then we are given r(0) = 7j, 
|v(0)| = 43 ft/s, and v(0) has direction given by a 45° angle of elevation. Then a unit vector in the direction of v(0) is 
a (i+j) => v(0)= a (i+ j). Assuming air resistance is negligible, the only external force is due to gravity, so as in 


Example 13.4.5 we have a = —gj where here g ~ 32 ft/s”. Since v’(t) = a(t), we integrate, giving v(t) = —gtj + C 


where C = v(0) = *2(i+j) 


v(t) = 4s i+ (4 - gt) j. Since r’(t) = v(t) we integrate again, so 


V2 
r(t) = 48¢i+ (4:- $9”) +D. But D =r(0) =7j r(t) = 4¢ei+ (4 gi? 4 7) 5 
(a) At 2 seconds, the shot is at r(2) = +5 (2) i+ (4402) — 49(2)? + 7) 3 = 60.81 + 3.8], so the shot is about 3.8 ft above 


the ground, at a horizontal distance of 60.8 ft from the athlete. 


(b) The shot reaches its maximum height when the vertical component of velocity is 0: = —-gt=0 = 
43 3 : ; bates . 
t= Jig = 0.95 s. Then r(0.95) = 28.91 + 21.4j, so the maximum height is approximately 21.4 ft. 
g 
(c) The shot hits the ground when the vertical component of r(t) is 0, so St - 4 g?+7=0 => 


—16?7+ St+7=0 = t2.1l1s. 


3 r(2.11) = 64.2i — 0.08 j, thus the shot lands approximately 64.2 ft from the 


athlete. 


Example 13.4.5 showed that the maximum horizontal range is achieved with an angle of elevation of 45 °. In this case, 
however, the projectile would hit the top of the tunnel using that angle. The horizontal range will be maximized with the 


largest angle of elevation that keeps the projectile within a height of 30 m. From Example 13.4.5 we know that the position 


function of the projectile is r(t) = (vo cosa)ti+ [(vosina)t — $gt?] j and the velocity is 
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v(t) =r'(t) = (vo cosa)i+t [(vo sina) — gt] j. The projectile achieves its maximum height when the vertical component of 


velocity is zero, so (vo sina) — gt = 0 t= OSC We want the vertical height of the projectile at that time to be 
g 


is . 2 
30m: (vo sina) (22) — 49 ( 2) 300 es 
g 


(a=) me (a2) ae ve sin? a a ee 30(29) _ 60(9.8) 03675 = 
g 2 g 


sina = V0.3675. Thus the desired angle of elevation is a = sin~' 0.3675 ~ 37.3°. 


vosin2a _ 40? sin(74.6°) 


~ 157.4 m. 
9.8 oo 


From the same example, the horizontal distance traveled is d = 


22. r(t) =ti+2tj+t?k, r’/(t)=i+2j+2tk, r”(t)=2k, |r’'(t)| = V1 +4442 = J4? +5. 


Then ap = POO ng gy — PO el _ i251 _ V5 
|r’(t)| Vv At? +5 |r’(t)| V/4t? +5 /Ap2 + 5 


23. (a) Instead of proceeding directly, we use Formula 3 of Theorem 13.2.3: r(t) =¢tR(t) => 
ver (t)=R(t)+tR'(t) =coswti+sinutj+tva. 
(b) Using the same method as in part (a) and starting with v = R(t) +t R’(t), we have 
a=v =R'(t)+R’'(t)+tR"(t) =2R'(t) +t R(t) =2vat+tag. 
(c) Here we have r(t) = e~' coswti+ e~' sinwtj = e~' R(t). So, as in parts (a) and (b), 
ver(t)=e'R(t)-—e'R(t)=e [R(t -RO] = 


a=v' =e~'[R"(t) —R/(t)] —e*[R'(t) — R(t)] =e" [R"(t) — 2R'(t) + R(O)] 


=e b'a,—2e ‘vate 'R 


Thus, the Coriolis acceleration (the sum of the “extra” terms not involving aq) is —2e 'vate 'R. 


: irae 0 0 if «<0 
fle. a wae 
ina BUStem «Peed oayie ores AS 
' 21 
v2-2 ife2 ae ife>t 
0 if «<0 
F"(e) = ¢-1(l—2?)?? if0<e< 4 
. 1 
0 ife> a 


since <[-#(1 = 97) = (1g?) 1? — 97 — 2?) 3 = (1 2)? 


Now lm /Il—a?=1=F(0)and lim Vil-a=+= F(+); so F is continuous. Also, since 
2—0t a—(1/V2)~ 
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lim F’(z)=0= lim F’(x)and lim F’(x%)=-1= _ lim _ F(z), F’ is continuous. But 
x0 r—>0- a—(1/V2)~ aw (1/v2)t 

lim F"’(2)=—-140= lim F(z), so F” is not continuous at x = 0. (The same is true at x = Zz) 
x—0T 207 


So F' does not have continuous curvature. 


(b) Set P(x) = ax? + ba* + cx* + dx? + ex + f. The continuity conditions on P are P(0) = 0, P(1) = 1, P’(0) = 0 and 


P’(1) = 1. Also the curvature must be continuous. For x < 0 and x > 1, K(x) = 0; elsewhere 


e(e) = IP" 
CF P@Py” 


so we need P”’(0) = 0 and P” (1) = 0. 


The conditions P(0) = P’(0) = P’’(0) = 0 imply that d= e = f = 0. 


The other conditions imply thata +b+c=1,5a+ 4b+ 3c = 1, and 


10a + 6b + 3c = O. From these, we find that a = 3, b = —8, and c = 6. 
Therefore P(x) = 32° — 82* + 62°. Since there was no solution with Fos = ie 


a = 0, this could not have been done with a polynomial of degree 4. 
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1. (a) r(t) = Reoswti+ Rsinwtj v=r'(t) = —wRsinwtit+ wReoswtj, sor = R(coswti+ sinwtj) and 
v =wR(—sinwti+coswtj). v-r =wR?(—coswtsinwt + sinwt coswt) = 0,so v L r. Since r points along a 


radius of the circle, and v  r, v is tangent to the circle. Because it is a velocity vector, v points in the direction of motion. 


(b) In (a), we wrote v in the form wR u, where u is the unit vector — sinwt i+ coswtj. Clearly |v] =wR|u| = wR. At 


; : : Sag 27R 2 
speed wR, the particle completes one revolution, a distance 27 R, in time T = ~ =. 
7) 7) 
dv 2 : 2 : : 2 . . : 2 A : : 
(c)a= wo Reoswti- w* Rsinwtj = —w* R(coswti+ sinwt j), so a = —w*r. This shows that a is proportional 


to r and points in the opposite direction (toward the origin). Also, jal = w? |r| = w? R. 


m (wR)? _m |v|? 


R R 


(d) By Newton’s Second Law (see Section 13.4), F = ma, so |F| = m|a| = mRw? 


UR 


2 
ae by the equation |F| cos @ = mg, we obtain tan @? = Re? ° vn = Rgtand. 
g 


2. (a) Dividing the equation |F| sin? = 


(b) R = 400 ft and @ = 12°, sovr = /Rgtand ~ V/400 - 32 - tan 12° © 52.16 ft/s & 36 mi/h. 
(c) We want to choose a new radius Ri for which the new rated speed is 3 of the old one: /Rig tan 12° = 2./Rg tan 12°. 


Squaring, we get Rigtan12° = 2Rg tan 12°, so Ry = 2R = 2(400) = 900 ft. 


d d 
= adr [(vo sina)t — i gt? = vo sina — gt; that is, when 


3. (a) The projectile reaches maximum height when 0 


t= Posi and y = (oosina) ( 
g 


, : 2 2g 2 
vo sin a 1 /vosina ug sin® a oe : : : 
2 ) - ( z ) = —*——. This is the maximum height attained when 


g g 29 
the projectile is fired with an angle of elevation a. This maximum height is largest when a = 90°. In that case, sina = 1 


2 
; si leteU 
and the maximum height is af 


: : : 1 
(b) Let R= ve / g. We are asked to consider the parabola x? + 2Ry — R? = 0 which can be rewritten as y = oR ge? 4 =. 


: a : ; -1 R Bee pi 
The points on or inside this parabola are those for which -R < a < RandO<y< oR x? + 3" When the projectile is 


fired at angle of elevation a, the points (x, y) along its path satisfy the relations x = (vp cosa) t and 


y = (vo sina)t — it”, where 0 < t < (2vo sina)/g (as in Example 13.4.5). Thus 


(= sna 
vo cosa | —————. ] ] = 
g 


2 2 
|x| < 70 sin 2a < ih |R|. This shows that -R<a< R. 


: : ‘ 2v0 si 
For ¢ in the specified range, we also have y = t(vo sin a — $ gt) = 4 at( alicia t) > Oand 
g 
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2 
: x g x g 2 1 2 
= = 52 = (t a ae t . Th 
y= (nokia) vocosa 2 (= =| Kane) 2vz cos? oy 2Rcos? a Fe 3) eae ps ing 
-1, R -1 2, 1» R 
— t ee 
e (FR +3) mova’ Tone es 
x 1 R_ 2x?(1—sec? a) + 2R (tana) « — R? 
= —(|1- —— t = 
sal a} Panes 2 2R 
_ —(tan?a)x2?+2R(tana)x¢—R? — —([(tana)x— R)? <0 
7 2R 7 2R = 
: ila wt 1 ,. R 
We have shown that every target that can be hit by the projectile lies on or inside the parabola y = — oR xe + a 
; ust 1, R 1, R 
Now let (a, 0) be any point on or inside the parabola y = —3R w+ >" Then—R<a< RandO<b< — oR an + 3 


We seek an angle a such that (a, b) lies in the path of the projectile; that is, we wish to find an angle a such that 


1 


b= —~_—__—_ 
2R cos? a 


—1 
a” + (tana) a or equivalently b = oR (tan? a + 1)a? + (tana) a. Rearranging this equation we get 


2 2 
a tan? a — atana+ & + s) = Oora?(tana)? — 2aR(tana) + (a? + 2bR) = 0 («). This quadratic equation 
for tan a has real solutions exactly when the discriminant is nonnegative. Now B?-4AC>0 © 


(—2aR)? — 4a7(a? + 2bR)>0 © 40?(R?—a?—-2bR)>0 & -c?-20R+R?>0 6 


b< =a (R?-a?) 6 d< = a? + >. This condition is satisfied since (a, b) is on or inside the parabola 
1. R bac a a, it : : 
y= oR Lob 3" It follows that (a, b) lies in the path of the projectile when tan a satisfies (x), that is, when 
2aR+ 2(R? — a? — + /R? — 2bR — a? 
eee aR + \/4a?(R? — a? — 2bR) _ R R? —2bR—-a 
2a? a 
(c) If the gun is pointed at a target with height h at a distance D downrange, then 
tan a = h/D. When the projectile reaches a distance D downrange (remember 
h 
we are assuming that it doesn’t hit the ground first), we have D = x = (vp cosa)t, 
D D ; 142 gD? 
sot= area and y = (vo sina)t — 5gt° = Dtana — prcosa’ 


Meanwhile, the target, whose x-coordinate is also D, has fallen from height h to height 


gD? 


eae Thus the projectile hits the target. 
0 


h- sgt? = Dtana — 


4. (a) As in Problem 3, r(t) = (vo cosa)ti+ [(vo sina)t — sgt? | j, so x = (vo cosa)t and y = (vo sina)t — 4gt?. The 


difference here is that the projectile travels until it reaches a point where x > 0 and y = —(tan@)a. (Here0 < @ < 4.) 
; ; : (vo sin a) gx? gx? 
From the parametric equations, we obtain t = and y = —————_ — ~~ ____ = (tana)x — >>. 
Uo COS Uo COS a 2v6 COS? a 2v@ cos? a 
ge” 
Thus the projectile hits the inclined plane at the point where (tan a)x — Sosa —(tan 0). Since 
U9 COS? aL 
ge” get 
= (tana + tan@)x and x > 0, we must have —.~—.— = tana + tan@. It follows that 


2v2 cos? a 2u2 cos? a 
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2v6 cos” 2 ; 
Beas elles (tana + tan 6) and t = ie ee (tana + tan @). This means that the parametric 
g U0 COS a 
2 
ae (tana + tan@)|. 


equations are defined for ¢ in the interval |0, 


(b) The downhill range (that is, the distance to the projectile’s landing point as 


measured along the inclined plane) is R(a) = x sec 0, where x is the 


coordinate of the landing point calculated in part (a). Thus 


R(a) = 2vé6 cos? a ead bitten Oyacdoe 2v6 (=2 cosa. cos” ad 
g cos @ cos? 0 
2v6 2u6 0 
2 MOE (ina oda Leosecin 0) = Oe EO) 
g cos? 0 g cos? 0 


R(q) is maximized when 


2 
0= R(a)= aug [— sina sin(a + 0) + cosa cos(a + 8)| 


g cos? 6 
Que 2ug cos(2a + 0) 
= 0 a5 SEO ROR EE IY? 
gcos? 0 eset ee re g cos? 0 
This condition implies that cos(2a+0)=0 => 2a+0=4 a= 35(% 9). 


(c) The solution is similar to the solutions to parts (a) and (b). This time the projectile travels until it reaches a point where 


x > Oand y = (tan 6)zx. Since tan @ = — tan(—8), we obtain the solution from the previous one by replacing 0 with —0. 


The desired angle is a = $(3 +0). 
(d) As observed in part (c), firing the projectile up an inclined plane with angle of inclination 6 involves the same equations as 
in parts (a) and (b) but with 6 replaced by —@. So if R is the distance up an inclined plane, we know from part (b) that 


Qué cos asin(a — 0 Rg cos” 6 ee amelie . 
==? ( ) v= 7 . . ve is minimized (and hence vo is minimized) with 
2cosasin(a — 6) 


Be g cos?(—0) 


respect to ~ when 


o= da ene Rg cos? 0 _ = (cos acos (a — 8) — sinasin (a — @)) 
a 2 [cos a sin(a — @)|? 
_ —Rgcos’ 6 _ cosla+(a—8)) _ —Rg cos” 0 ___cos(2a — 0) 
7 2 [cosasin(a — 6)]2 | 2 [cos a sin(a — 0)|? 


a= (4 + 0). Thus the initial speed, and 


Since 0 < a < §, this implies cos(2a — 6) = 0 2a—-0=F 


hence the energy required, is minimized for « = 4 (5 +6). 


Ss =s) +2ti- gg? j=3.5j+2ti-4gt?j = 


§. (a)a=—gj vV=vo—-gtj = 2i-gtj 
s = 2ti+ (3.5 - sgt) j. Therefore y = 0 when t = ,/7/g seconds. At that instant, the ball is 2 \/7/g = 0.94 ft to the 


right of the table top. Its coordinates (relative to an origin on the floor directly under the table’s edge) are (0.94, 0). Ai 


impact, the velocity is v = 2i — \/7gj, so the speed is |v| = ./4+ 7g © 15 ft/s. 
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. a dy/dt —gt —g/7 —/ Jt 
(b) The slope of the curve when t = re cues au aavilg = =v"! Thus cot é = a 


and 6 + 7.6°. 
(c) From (a), |v| = ./4-4 7g. So the ball rebounds with speed 0.8 \/4 + 7g % 12.08 ft/s at angle of inclination 


2: 
90° — 6 & 82.3886°. By Example 13.4.5, the horizontal distance traveled between bounces is d = Yosmloer where 
g 


vo & 12.08 ft/s and a ~ 82.3886°. Therefore, d + 1.197 ft. So the ball strikes the floor at about 


2\/7/g + 1.197 = 2.13 ft to the right of the table’s edge. 


6. By the Fundamental Theorem of Calculus, r’(t) = (sin($7t?) ,cos($7t?)), |r‘(¢)| = 1 and so T(t) = r’(t). 


Thus T’(t) = mt (cos(47t?) , — sin(47t?)) and the curvature is « = |'T’(t)| = /(wt)?(2) = 2 |Ul. 


7. The trajectory of the projectile is given by r(t) = (ucosa)ti+ [wv sina)t — sgt? | j, so 


v(t) =r'(t) = vcosai+ (vsina — gt) j and 


2 2 
(vcosa)? + (vsina — gt)? = ,/v? — (Qugsina) t + g2t? = i (e - z (sina)t+ =) 


t= a sin a, so the distance traveled by the projectile is 


(2v/g) sina (2v/g) sina v 2 v2 
L(a) = [ |v(t)| dt = i g (« -_ “ sina’) + ze cos? a dt 
; 2 2 
=g t— (v/g)sina (« “ sina) | (2 cosa) 
2 g g 
2 2 2 
+ [(v/g) cos a] In| t " sina + t— sina + Y cosa 
2 g g g 


{using Formula 21 in the Table of Integrals] 


5] samay (Gana) + (Ferea) + (area) nf Fainar f (sina) + (Feosa) 
==]-sina —sina} +{-—cosa]) +{(-—cosa]) In| —sina+ —sina] + {|-—cosa 
2\9 g g g g g g 
2 2 2 2 2 
Vv, Uv. Vv Vv U~.. Vv. Vv 
+ -—sina (sina) a (Zcosa) — (cosa) Inj —— sina + (: sina) -+ (Zcos0) 
g 1c g g g g g 


(2v/g) sina 


2 


g\|v.. vv 2 v., 7) Di vv? 2 Vv. Vv 
= sing: — + 7 COS aln{| —sina + + -sina: y COS aln| ——sina + — 
2\9 g9 9g g g g g9 g g g 
2 2 : 2 2 F 
= weet, | eee a _fu/g) sina + v/g_ = ae ye aera eed ai! 
g 2 —(v/g) sina +v/g 2g 1—sina 


We want to maximize L(a) for0 < a < 7/2. 
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2 2 : * 
1- 2 1 
(a) =~ cosa t+ > Os Ga = ese sina In =e 
1l+sing (1 — sina) 1—sina 


v v? 2 2 . 1+sina 
= —cosa+ —|cos* a: — 2cosa sina In| ———— 
g 2 cos @ 1—sina 


wv v \ 1+sina v A 1+sina 
= — cosa + — cosa ]1-—sina Inj ———— = — cosa |2 — sina In{ ————_ 
g g 1—sina g 1—sina 


1 + sina 


L(q) has critical points for0 < a < 7/2 when L'(a)=0 => 2- sinan( $ a 


) = 0 [since cosa # 0]. 
Solving by graphing (or using a CAS) gives a % 0.9855. Compare values at the critical point and the endpoints: 

L(0) = 0, L(r/2) = v?/g, and L(0.9855) = 1.20v?/g. Thus the distance traveled by the projectile is maximized 
for a © 0.9855 or & 56°. 


. As the cable is wrapped around the spool, think of the top or bottom of the 
cable forming a helix of radius R + r. Let h be the vertical distance 
between coils. Then, from similar triangles, 
2r _ 2n(r+ R) 
h2 —4r2 h 
2ar(r + R) 
m(r +R)? —1r? 


=> Wr =W(r+R)(h? —4r?) = 


If we parametrize the helix by x(t) = (R+ r) cost, y(t) = (R+1r)sint, then we must have z(t) = [h/(27)|t. 


The length of one complete cycle is 


l= ” Ne (t)]? + [y’(t)]? + [z’ ®]? dt = [ye@rn+( J aia an [Rr 
0 


*(R+r) r? 2(R+r)? 
z=2 1 
RIT? et) A m(R+r)? pe a ape 


The number of complete cycles is [L/£], and so the shortest length along the spool is 
h Ly) Qnr(R+1r) Ly/n?(R +r)? — 1? 
ei T(R+r)2—r2 I@n(R+1r)? 


. We can write the vector equation as r(t) = at? + bt + ¢ where a = (a1, a2, a3), b = (b1, bz, b3), and ¢ = (c1, c2, ¢3). 


Then r’(t) = 2ta + b which says that each tangent vector is the sum of a scalar multiple of a and the vector b. Thus the 
tangent vectors are all parallel to the plane determined by a and b so the curve must be parallel to this plane. [Here we assume 
that a and b are nonparallel. Otherwise the tangent vectors are all parallel and the curve lies along a single line.] A normal 
vector for the plane is a x b = (a2b3 — agb2,a3b1 — aib3,a1b2 — a2b1). The point (c1, c2, c3) lies on the plane (when 

t = 0), so an equation of the plane is 


(a2b3 = agbe)(x — C1) + (a3b1 — a1b3)(y a C2) + (arb _ azb1)(z —_ C3) = 0 


or 


(a2b3 — agb2)x + (a3b1 — aibs)y + (a1b2 — a2b1)z = azbsc1 — agbeci + a3b1c2 — a1b3ce + aibec3 — azbic3 
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17.1 


1. 


10. 


11. 


12. 


. The auxiliary equation is r? +2=0 > 


. The auxiliary equation is r? + r 


. The auxiliary equation is 9r? + 4 


r 


3,7 2. Then by (8) the general solution 


Second-Order Linear Equations 
The auxiliary equation is r? — r — 6 = 0 é 
isy = ce?” +c2e7?". 
. The auxiliary equation is r? — 6r + 9 = 0 (r 


y = ce” + cone®®. 


r = 3. Then by (10), the general solution is 


r 


y= eo (c1 cos (/22) + co sin (V22)) =c1 Co 


t1/2%. Then by (11) the general solution is 


s(V22) + c2 sin (V/2 y 


12=0 


solution is y = ce” + c9e7*”, 


. The auxiliary equation is 4r? + 4r+1=0 => 


—x/2 x/2 


y=cie + core 


0 r 


0 r 


(r — 3)(r +4) 3,7 4. Then by (8) the general 


Qr+1)?=0 > r= —%. Then by (10), the general solution is 


| 2 


r a 


é 32, so the general solution is 


© 2016 Cengage Learning. All Rights Reserved. May not be 


y= e° [er cos (22) +c2 sin (22) | = C1 COS (22) +c2sin (22). 
. The auxiliary equation is 3r? —4r = r(3r — 4) =0 r=0O0,r 5, so y ce?” 4 egett/3 =at+ cget?/3, 
. The auxiliary equation is r? — 1 = (r —1)(r +1) =0 r=1,r 1. Then the general solution is 
y=ce” +ce ”. 
. The auxiliary equation is r? —4r +13 =0 > r= = vos = 2+ 31, so y = e?”(c1 cos 3a + co sin 32). 
The auxiliary equation is 3r? + 4r — 3 = 0 PS 2 2 = a so 
y= cpe(—2+V93)2/3 4 eg e(—2-V13) 2/3, 
The auxiliary equation is 2r? +2r -1=0 => r= ee — oe ,soy= cre(“1+-V3)t/2 4 eg e(-1-V3)t/2, 
The auxiliary equation is r+6r+34=0 5S r= bani A08 =-32+5i,soR= e (ea cos 5t + ce sin 5t). 
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—4+ /—20 


The auxiliary equation is 3r? + 4r + 3 = 0 r r a —3 + vB i, so 
V =e 2/3 [ex cos (2) +c2sin (22) ]. 
The auxiliary equation is 4r? — 4r + 1 = (2r — 1)? =0 r = 4,80 
g 
the general solution is y = c1 e*/? + coxe*/?. We graph the basic solutions si 
f(x) = e*/?, g(a) = xe’? as well as y = 2e*/? + 3xe*/?, 10 4 
y = —e*/? — 3ae*/?, and y = 4e*/? — 2xe*/?. The graphs are all 
asymptotic to the x-axis as x — —oo, and as x — oo the solutions “8 
approach oo. 
The auxiliary equation is r? + 2r+2=0 > oY 
g 
—2+/-4 eae: 

r= —— 7 = —1 +1, so the general solution is ¢ 

5 1 
y =e * (c1 cosz + co sin). We graph the basic solutions 
f(x) =e * cosa, g(x) =e * sin as well as ZE0 


y =e *(—cosax —2sinz) andy =e” (2cosx + 3sinz). All the solutions oscillate with amplitudes that become 


arbitrarily large as « —> —oo and the solutions are asymptotic to the x-axis as x — oo. 


The auxiliary equation is 2r? +r —1 = (2r—1)(r+1)=0 = 8 

r= 3, r = —1,s0 the general solution is y = c1e"/? + coe~*. We graph g f 

the basic solutions f(«) = e*/, g(a) = e~* as well as y = 2e*/? + e~®, =? : 
y = —e*/? — 2e-*, and y = e*/? — e~*. Each solution consists of a single 

continuous curve that approaches either 0 or too as x — +00. 8 


r?4+3=0 > r= +vV3i and the general solution is 


y= ee [cr cos (V3 2) + eco sin (V32)| = ¢c1 Cos (V3 2) +c2sin (V32). Then y(0) =1 = ci =1 and, since 


y =—-vV3c1sin (V3.2) + /3.c2 cos (V32), y(0)=3 => VBa=3 c2 + 4/3, so the solution to the 


initial-value problem is y = cos(V/3 x) + V3 sin(/3 yi 


r? — 2r —3 = (r —3)(r +1) = 0,80 r = 3, r = —1 and the general solution is y = cre?” + cge~*. Then 


y’ = 3ce8” — ce~*, soy(0) =2 > C1 +c. = 2andy’(0) =2 3c1 — co = 2, giving c; = 1 and cz = 1. Thus 


x 


the solution to the initial-value problem is y = e®® + e~*. 


9r? + 12r +4=(3r+2)?=0 => r= —3 and the general solution is y = c1e~?"/3 + cove~?*/*. Then y(0) =1 > 


cy = Land, since y! = —2c1e~?"/9 + eg (1 — 3x) e?*/3, y'(0) =0 3c1 + C2 = 0, 80 co = § and the solution to 


the initial-value problem is y = e~?*/3 + sae oP/s, 
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3r? — 2r —1 = (8r +1)(r—1) =0 r 3,7 = Land the general solution is y = cie*/3 + cge®. Then 


y’ = —toe*/8 


+ ce", so y(0) =0 = cite, =Oandy'(0)=—-4 > —$e1+c2 = —4, giving ci = 3 and 
c2 = —3. Thus the solution to the initial-value problem is y = 3e—*/3 — 3e, 


a 


r? —6r+10=0 r = 3+7and the general solution is y = e°"(c1 cos x + c2 sin). Then 2 = y(0) = ci and 


3=y'(0) =co+3c1 = ce =—3and the solution to the initial-value problem is y = e2”(2cos a — 3sin 2). 


4r? — 20r + 25 = (2r —5)? =0 r = 3 and the general solution is y = cye°*/? + coxe®*/?, Then 2 = y(0) = c: and 


-3=y'(0) = 3c1 +c. => c2=~—8. The solution to the initial-value problem is y = 2e5*/2 _ BxreP2/?. 


r?—r—12=(r—4)(r+3) =0 r=4r 3 and the general solution is y = cie*” + c2e~3”. Then 


0=y(1) = c1e* +c9e7° and 1 = y'(1) = 4cie* — 3c2e7? soc) = te™*, oo —te® and the solution to the initial-value 


—4 do Lee é 


problem is y = ze e oS reo 


a 
7 


4r? + 4r +3 =0 PS 4 ae ij and the general solution is y = e~*/? (a cos way + cg sin Ber). Then 


0 = y(0) = cy and1 = y’ (0) = Boy SC1 C= J2 and the solution to the initial-value problem is 


y= et/2 (0 + J/2 sin Gr) = J2e7*/? sin Be, 


re+16=0 => r=+4iand the general solution is y = ci cos 4x + c2 sin 4x. Then —3 = y(0) = ci and 


2 = y(7/8) = ce, so the solution of the boundary-value problem is y = —3cos 4a + 2sin 4x. 


r? +6r=r(r +6) =0 r=0,r 6 and the general solution is y = c1 + coe~®”. Then 1 = y(0) = c1 + c2 
6 1 e® : ‘ 
and 0 = y(1) =c1 +@e-° soc, = fee a The solution of the boundary-value problem is 
—e —e 
1 a fe 1 6-62 
y = —— - ——e ey 
1-e& 1-66 1—e® 1-68 


r?+4r+4=(r+2)?=0 = r=-—2and the general solution is y = cie~?* + cove~**. Then 2 = y(0) = cy and 


0 = y(1) = c1e~? + c2e~* so cg = —2, and the solution of the boundary-value problem is y = 2e~°” — 2ae7?*. 


r?—8r+17=0 = r=4+iand the general solution is y = e*” (ci cos + co sina). But 3 = y(0) = c1 and 


2=y(m) = —c1e*™ c, = —2/e4”, so there is no solution. 
rors r(r—1)=0 r = 0, r = 1 and the general solution is y = ci + coe”. Then 1 = y(0) = ci + c2 
e-—2 1 ; . e—2 e 
and 2 = y(1) =c1 + c2e soc) = , C2 = ——. The solution of the boundary-value problem is y = —— + ’ 
e—1 e-1 é-l ée-1 
4r? — 4p +1 = (2r — 1)? =0 r = 4 and the general solution is y = cie"/? + coxe®/*. Then 4 = y(0) = ci and 
0 = y(2) = ce + 2c2e C2 = —2. The solution of the boundary-value problem is y = 4e*/? — 2re”/?. 
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r?4+4r+20=0 = r= —2+ 4i and the general solution is y = e~?” (ci cos 4” + c2 sin 4a). But 1 = y(0) = ci and 


20 


2=y(m) =cie~ => c1 = 2e?”, so there is no solution. 


r?+4r+20=0 = r=-—2+ 4i and the general solution is y = e~?” (ci cos 4x + c2 sin 4a). But 1 = y(0) = ci and 


—2 


ee?" = y(n) = cae~** 


= ci = 1,80 c2 can vary and the solution of the boundary-value problem is 


y =e "(cos 4a + csin 4x), where c is any constant. 

(a) Case 1 (A= 0): y’ +Ay=0 = y” =0 which has an auxiliary equation r? = 0 r=0 y= tcox 
where y(0) = O and y(L) = 0. Thus, 0 = y(0) = ci and 0 = y(L) = cob C1 = C2 = 0. Thus y = 0. 
Case 2(\ <0): y” + Ay = 0 has auxiliary equation r? = —A r = +/—A [distinct and real since \< 0] => 


y = c1eV >” + coe~¥—** where y(0) = 0 and y(L) = 0. Thus 0 = y(0) = c1 + c2 (*) and 
0=y(L) = Biel" Se VO (T). 
Multiplying (*) by e¥—*” and subtracting (t) gives cz (oe - eas, =0 => ce =Oand thus c; = 0 from (*). 


Thus y = 0 for the cases \ = 0 and A < 0. 


(b) y” + Ay = Ohas an auxiliary equationr? +A’=0 S r=tiVA S y=cicosVAx4+c2sin VAx where 
y(0) = Oand y(L) = 0. Thus, 0 = y(0) = ci and 0 = y(L) = casin VAL since c; = 0. Since we cannot have a trivial 
solution, cp # O and thus sinVAL=0 => VAL =n wherenisaninteger => = n?n?/L? and 


y = c2sin(nax/L) where n is an integer. 


. The auxiliary equation is ar? + br +c=0. Ifb? — 4ac > O, then any solution is of the form y(x) = cie"!* + ce?” where 


—b—Vb?—4 a . 
dr2= 5) a But a, b, and c are all positive so both r; and r2 are negative and 
a 


_ —b+ Vb? — 4ac a 
2a 


rT. 


limy—+oo y(x) = 0. If b? — 4ac = 0, then any solution is of the form y(2) = c1e”” + caxe”™" where r = —b/ (2a) < 0 
since a, b are positive. Hence limo y(x) = 0. Finally if b? — 4ac < 0, then any solution is of the form 


y(x) = e**" (c1 cos Bx + cg sin Bx) where a = —b/(2a) < O since a and bare positive. Thus lim... y(x) = 0. 


(a) r? —2r+2=0 r = 1+%and the general solution is y = e” (c1 cosa + co sin x). If y(a) = cand y(b) = d then 
e* (c1cosa+cesina)=c => cicosa+c2sina = ce “ and e? (c1cosb+c2sinb)=d > 


c1 cosb + cz sinb = de~”. This gives a linear system in c; and cz which has a unique solution if the lines are not parallel. 


If the lines are not vertical or horizontal, we have parallel lines if cosa = k cos b and sina = k sin b for some nonzero 


cos a sina sina sin b : 
constant / or =k=-— => = => tana=tanb b—a=nz, nany integer. (Note that 
cos b sin b cosa cosb 
none of cos a, cos b, sin a, sin b are zero.) If the lines are both horizontal then cosa = cos b = 0 b—a=nar, and 
similarly vertical lines means sina = sinb = 0 b— a= nz. Thus the system has a unique solution if b— a 4 nz. 
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(b) The linear system has no solution if the lines are parallel but not identical. From part (a) the lines are parallel if 


b — a =n. If the lines are not horizontal, they are identical if ce~* = kde?" > ee 
de-? cos b 
“ ae ea : (If d = 0 then c = 0 also.) If they are horizontal then cos b = 0, but k = —- also (and sin b £ 0) so 
cos 
we require = Fo el Thus the system has no solution if b — a = nz and = # eo 84 ntess cos b = O, in 
d sin b d os b 


which case “ xe 


when b — a = nz and —_ Pi poe unless cos b = 0, in which case eca err. 
d os b d sin b 
17.2 Nonhomogeneous Linear Equations 
1. The auxiliary equation is r? + 2r — 8 = (r — 2)(r + 4) =0 = 27 4, so the complementary solution is 


Yc(x) = c1e?” + ce~**. We try the particular solution y,(x) = Ax? + Bx + C,so y}, = 2Ax + Band yi! = 2A. 
Substituting into the differential equation, we have (2A) + 2(2Aa + B) — 8(Aa? + Br + C) = 1-22? or 


—8Aa? + (4A — 8B)a + (24 + 2B — 8C) = —2x? + 1. Comparing coefficients gives -8A = -2 => 


A=}, 4A-8B=0 B= %, and 2A+2B-8C =1 C 35> So the general solution is 


y() = yel@) + yp(w) = cre® + exe + 10? +10 d. 


2. The auxiliary equation is r? — 3r = r(r — 3) =0 r = 0, r = 3, so the complementary solution 


is ye(a) = ci + coe3”. We try the particular solution yp(2) = Acos 2x + Bsin 22, so 
Yp = —2Asin 2a + 2B cos 2x and yy = —4A cos 2x — 4B sin 2x. Substitution into the differential 


equation gives (—4A cos 2x — 4B sin 27) — 3(—2Asin2a + 2Bcos2x) =sin2e => 


(—4A — 6B) cos 2x + (6A — 4B) sin 2x = sin 2x. Then —4A — 6B = Oand6A—4B=1 A= Zan B=—-%. 
Thus the general solution is y(a) = ye(x) + yp(x) = c1 + coe?” + 2, cos 2a — + sin 2x. 
3. The auxiliary equation is 9r? + 1 = 0 with roots r = +4i, so the complementary solution is 


Yc(x) = c1 cos(a/3) + C2 sin(a/3). Try the particular solution y,(x) = Ae?”, so yj, = 2Ae?” and y/) = 4Ae?”. 


Substitution into the differential equation gives 9(4Ae?*) + (Ae?*) = e** or 37Ae”* = c?*. Thus37A=1 > A= 4 


and the general solution is y(x) = ye(x) + Yp(x) = c1 cos(x%/3) + ce sin(x/3) + ae 


4. The auxiliary equation is r? — 2r + 2 = 0 with roots r = 1 + i, so the complementary solution is 


Ye(x) = e*(c1 cos x + cz sin x). Try the particular solution yp(x) = Ax + B+ Ce”, so y), = A+ Ce® and y, = Ce”. 


Substitution into the differential equation gives (Ce”) — 2(A + Ce”) + 2(Ax+B+4+Ce*)=x+e” => 
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2Au + (—2A + 2B) + Ce® = x + e”. Comparing coefficients, we have 2A = 1 A=4,-2A4+2B=0 => 


B = },and C = 1, so the general solution is y(x) = ye(x) + yp(x) = e"(c1 cosx + c2sinz) + 4a +4 +e”. 


. The auxiliary equation is r? — 4r + 5 = 0 with roots r = 2 + i, so the complementary solution is 


yc(x) = e?*(c1 cosx + co sin x). Try yp (x) = Ae~”, so y, = —Ae~* and y// = Ae~*. Substitution gives 


Ae~* — 4(—Ae~*) + 5(Ae~*) =e"* => 10Ae™* =e™* = A= XZ. Thus the general solution is 


y(a) = e?” (c1 cos x + co sina) + me” 


. The auxiliary equation is r? — 4r + 4 = (r — 2)? =0 r = 2, so the complementary solution is 
ry eq 


Ye(x) = ce?” + cone”. For y” — 4y’ + 4y = x try yp; (v) = Av + B. Then yj, = Aand y!, = 0, and substitution into 


the differential equation gives 0-— 4A + 4(Az + B) = xor4Ar+(4B—4A)=2,804A=1 => Az=4and 


4B—4A=0 B = 5. Thus yp, (x) = 4a + 4. For y” — 4y’ + 4y = — sina try yp. (x) = Acosx + Bsinz. 
Then y,. = —Asina + Bcosx and yy, = —Acosx — Bsin«. Substituting, we have 
(—Acosa — Bsinaz) — 4(—Asina + Bcosx)+4(Acosx+ Bsinxg)=—-sing => 


(3A — 4B) cosa + (44+ 3B)sinx = —sinaz. Thus 3A — 4B = Oand 4A 4 3B = —-1, 


rae 4 =, 8 ae! 3g oe 
giving A 35 and B = — 5, 80 Ypo(x) = —5g cos x — se sin. The general solution is 


y(&) = yo() + yp, () + Ypo (x) = cre?” + coxe® +4044 —- sw cosx — X sinax. 


. The auxiliary equation is r? — 2r +5 = 0 with roots r = 1+ 27, so the complementary solution is 
ry eq ip ry 


Yc(x) = e* (cy cos 2a + cy sin 2x). Try the particular solution y,(z) = Acosx + Bsina, so y, = —Asina + Bcos« 
and Up = —Acosz — Bsin«z. Substituting, we have 


(—Acosxz — Bsinx) — 2(-Asinz + Bcosx) + 5(Acosx+ Bsinz)=sing => 


(4A — 2B) cosx + (2A+4B)sinz = sinx. Then 4A —- 2B =0,2A+4B=1 A= +, B = + and the general 


solution is y(z) = ye(x) + yp(x) = e* (c1 cos 2x + cg sin 2x) + 75 cosx+ sine. Butl = y(0)=a+% a=% 


and 1 = y' (0) =2c2 +e, + 2 > @Q= —H- Thus the solution to the initial-value problem is 


y(x) =e” (3 cos2a — 4 sin2x) + 4 cosa + ¢ sina. 


. The auxiliary equation is r? — 1 = 0 with roots r = +1, so the complementary solution is y.(x) = cie” + ce”. Try the 
ry eq 


articular solution y»(2) = (Aa + B)e?”, so yl, = (2Aa + A + 2B)e?* and y!! = (4Axr + 4A + 4B)e?*. Substituting, we 
Pp Yp Pp P 


have (4Aa + 4A + 4B)e?” — (Ax + B)e?® = xe?” (3Ax + 4A + 3B)e?” = xe”. Then3A=1 > A= 3 and 
4A+3B=0 B = —, and the general solution is y(x) = ye(2) + yp(x) = cie” + ce” + ($a — ee But 
0= y(0) =ci +e 4 and 1 = y'(0) =c1 -—c2— 3 c1 = 1, c2 = —3. Thus the solution to the initial-value 


problem is y(x) = e* — 2e°* + (Sa — aye", 
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The auxiliary equation is r? — r = 0 with roots r = 0, r = 1 so the complementary solution is y.(x) = c1 + c2e”. 
Try yp(x) = «(Ax + B)e” so that no term in y, is a solution of the complementary equation. Then 


Yp = (Ax? + (24+ B)a + B)e® and y)) = (Ax? + (4A + B)x + (2A + 2B))e”. Substitution into the differential equation 


gives (Ax? + (444+ B)x + (2A +2B))e” — (Az? + (24+ B)a+ Bye? =ae7 => (2Ar+(2A+B))e? =a? > 


a 


4, B =—1. Thus yp(x) = (3a? — x)e® and the general solution is y(a) = c1 + c2e” + (327 —x)e*. But 


2= y(0) = ci +: cg and 1 = y’(0) = co — 1, so cp = 2 and c; = 0. The solution to the initial-value problem is 


y(a) = 2e” + (fa? — x)e” = e* (ga? —2 +2). 


yc(x) = cre” + ce?” For y” + y! — 2y = x try yp, (2) = Ax + B. Then y},, = A, yp, = 0, and substitution gives 


04+A-2(Ar4+ B) =x A +,B 4,80 Yp, (x) = —ka — §. For y” + y' — 2y = sin 2c try 
Yp2(x) = Acos 2x + Bsin 2x. Then yj,, = —2Asin 2x + 2B cos 2x, y,, = —4A cos 2x — 4B sin 22, and substitution 


gives (—4A cos 2x — 4B sin 2x) + (—2Asin 2x + 2B cos 2x) — 2(Acos2x+ Bsin2x) =sin2e => A=—-+ 


20° 
B= -s. Thus yp. (x) = -3 cos 2% + — oa sin 2x and the general solution is 
y(x) = cie” +e2e°°* —da—F a0 cos 2x a sin 2z. But 1 = y(0) = c1 +e2 — 5 — an and 
0=y'(0) =c1 — 2c2 4 3 a= z and cz = z. Thus the solution to the initial-value problem is 
y(a) = the” + e7-™ — ga — 4 — gp cos 2a — 3 sin 2x. 


2x 


The auxiliary equation is r? + 3r + 2 = (r +-1)(r +2) =0,sor lr 2 and ye(x) = c1e~” + c2e7 


Try yy = Acost+Bsing => y), =—Asinx+ Bcosz, y, = —Acosx— Bsinz. Substituting into the differential 


equation gives (—Acosx — Bsinz) + 3(—Asina + Bcosx) + 2(Acosz + Bsinx) = cos x or 


(A+ 3B) cosx + (—3A + B)sinx = cosa. Then solving the equations 3 
A+3B=1,-3A+ B=Ogives A= a B= 3 and the general 

solution is y(a) = cre~® + c2e7?* + a cos x + 3 sin x. The graph 3 8 
shows y, and several other solutions. Notice that all solutions are +p 


asymptotic to yp as © — oo. Except for yp, all solutions approach either oo 


or —oo as XY > —O. 


The auxiliary equation isr? +4=0 = r—=+2i,s0 yc(x) = c1 cos2a + co sin2x. Try yy = Ae” => 


Yp = —Ae~*, y, = Ae~*. Substituting into the differential equation gives Ae~” + 4Me~* =e"* => 


5SA=1 > A= z, SO Yp = ze* and the general solution is 2 
y(x) = c1 cos 2x + c2 sin 2a + Bens We graph y, along with several 
other solutions. All of the solutions except y, oscillate around y, = ze”, F 
-5|—* 5 
and all solutions approach oo as x — —oo. 
=5 
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13. Here y-(x) = cre?” + coe~*, and a trial solution is yp(a) = (Av + B)e” cosa + (Ca + D)e® sina. 


14. Here y.(x) = c1 cos 2x 4 co sin 2x. For y” + 4y = cos 4z try yp, (x) = Acos 4x + Bsin 4z and for y” + 4y = cos 22 try 
Ypo(@) = x (C cos 2x + Dsin 2z) (so that no term of yp, is a solution of the complementary equation). Thus a trial solution 


is Yp(@) = Yp, (@) + Ypo(x) = Acos 4a + Bsin 4a + Cx cos 2x + Da sin 2a. 


15. Here y.(x) = cre?” + cae”. For y” — 3y' + 2y = e” try yp, (2) = Axe” (since y = Ae” is a solution of the complementary 
equation) and for y” — 3y' + 2y = sinz try yp,(x) = Bcosx + C'sinz. Thus a trial solution is 


Yp(@) = Yp, (@) + Ypo (x) = Ave” + Bcosx + Csina. 


16. Since ye(x) = cie” + c2e *” try yp(x) = x(Ax® + Ba? + Cx + D)e” so that no term of yp(z) satisfies the complementary 


equation. 


17. Since y.(a) = e~” (ci cos 3a + cg sin 3x) we try Yp(x) = 2(Ax? + Ba + C)e~* cos 3a + 2(Da? + Ex + F)e~* sin 3x 


(so that no term of y, is a solution of the complementary equation). 


18. Here y.(x) = c1 cos 2x + co sin 2x. For y” + 4y = e®* try yp, (x) = Ae®® and for y” + 4y = xsin 2x try 


Ypo(@) = «(Ba + C) cos 2x + «(Dz + E) sin 2z (so that no term of y,, is a solution of the complementary equation). 


Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives 


uh Gye ; and Ub = oe ee , 
a(yys — Y2V1) a(Yyi¥s — y2yt) 


We will use these equations rather than resolving the system in each of the remaining exercises in this section. 


19. (a) Here 4dr? +1=0 => r=+hiandy(z) =a cos($2) + c2 sin(}2). We try a particular solution of the form 
Yp(«) = Acosx + Bsinz Yp = —Asinaz + Bcosx andy; = —Acosx — Bsin«. Then the equation 


4y" + y = cosx becomes 4(—Acosx — Bsinx) + (Acosx + Bsinx) = cosz or 


—3Acosx — 3Bsinz = cosx A $3 B= 0. Thus, yp(x) = —$ cos x and the general solution is 


y(x) = ye(x) + yp(x) = 1 cos($2) + c2 sin($2) — Fcosz. 


(b) From (a) we know that y.() = ci cos § + cg sin §. Setting y: = cos $, ye = sin §, we have 


cos x sin 5 


yiys — yoy = $cos* 2 + Asin? $ = 4. Thus uj, = — Fe = —4cos(2- ¥) sin ¢ = —4(2cos”  — 1) sin 
2 
and uy = corse = 3 cos(2- z) cos 5 = s(1 —2sin? 9) cos 5. Then 
2 
ui(x) = f ($sing cos’ = sin 2) dx = — cos $ + 2 cos® 5 and 
u2(x) = f ($ cos $ — sin? 3 cos £) dx = sin $ — 2 sin® 5. Thus 
Yp(x) = (- cos $ + 2 cos® 9) cos $+ (sin $ 2 sin® $) sin $ (cos? £ — sin? 5) + 2 (cos* % — sin* 5) 
= — cos (2: z) + 2 (cos? > + sin? ) (cos? Cae sin? z) =-—cosz+4 2 cos « 3 COs 
and the general solution is y(x) = ye(a) + yp(a) = c1 cos $ + co sin  — 4 cosa. 
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20. (a) Here r? — 2r —3 = (r —3)(r +1) =0 f= 3.7 1 and the complementary solution is 


Yc(a) = cre?” + coe. A particular solution is of the form yp(z) = Ar + B => yl, =A,y) =0, and 


(-2A—3B) =2r+2, 


substituting into the differential equation gives 0 — 2A — 3(Ax+ B) = x+2o0r—3Ax 


so A = —4 and-2A—3B=2 B= —4. Thus y,(x) = —$2 — 3 and the general solution is 


y(x) = yo(2) + Yp(x) = cre** + c2e-* — 3a — §. 


(b) In (a), ye(x) = c1e®* + c2e~”, so set yi: = €?”, yo = e~®. Then yrys — yoy, = —e2”e~* — 3e2"e7* = —4e?* so 


—4e2x 
and uy = ( 2 =—F(wt+2)e7 > ua(x) =—4F f(x + 2)e” dx = —4[(a + 2)e” — e”] [by parts] 
Hence yp(x) = +((-$a - z) e**| ee? — a[(x +1)e"Je" = —ha - é and 


21. (a) r? —2r+1=(r—1)? =0 r = 1, so the complementary solution is ye(x) = cie” + coxe*. A particular solution 


is of the form yp(a) = Ae?”. Thus 4Ae?” — 4Ae?* + Ae?® =e? = Ae?* = €?” A=1 Yp(x) =e 


So a general solution is y(x) = ye(a) + yp(a) = ce” + cone” + €?*. 


(b) From (a), ye(x) = cre” + care”, so set y1 = €”, yo = xe”. Then, yrys — yoy, = e?” (14+ x) — xe?” = ce?” and so 
uy =—re® => u(x) =— fave” dx = —(x — 1)e” [by parts] anduy =e” => u2(x) = fe” dx =e”. Hence 


Yp (a) = (1 — 2)e?* + we?” = e?* and the general solution is y(x) = ye(a) + yp(a) = ce” + cane” + €?*. 


22. (a) Here r? — r =r(r—1) =0 r = 0, 1 and y-(a#) = c1 + cze” and so we try a particular solution of the form 


Yp(x) = Axe”. Thus, after calculating the necessary derivatives, we get y” — y’ =e* > 


Ae* (2+ a2) — Ae?(1+ 2) =e” A = 1. Thus y,(x) = xe” and the general solution is y(x) = ci + coe” + xe”. 


(b) From (a) we know that ye(x) = c1 + c2e”, so setting yi = 1, ye = e”, then yiys — yoy, = e” — 0 = e*. Thus 


uh = —e?" /e” = —e” and uy = e”/e” = 1. Then u(x) = — f e*dx = —e” and u2(x) = x. Thus 
Yp(%) = —e” + xe” and the general solution is y(x) = c1 + cope” — e” + xe” = cy + c3e” + ze”. 
23. As in Example 5, y.(x) = ci sinx + ce cos 2, so set y1 = sin, y2 = cosx. Then yiys — yoy, = — sin? x — cos? # = —1, 
sec” # cos x 
so uh = sec x ui(x) = [seca dx = In (seca + tana) for0 < « < %, 
sec? # sina 
and us = Sp eee tanz => we2(x%) = —secx. Hence 


Yp(«) = In(sec x + tan x) - sina — secx- cosx = sin x In(sec x + tan x) — 1 and the general solution is 


y(x) = c1 sina + co cosa + sina In(secx + tanx) — 1. 
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24. As in Exercise 23, ye(%) = ci sina + c2 cos x, y1 = sin x, y2 = cos, and yy _ yoy = —1. Then 
3 Bae: 
: sec” £ COs x 2 , _ sec’ x sing 2 
Uy I =secc => uwu1(x) = tanzand uy = age Se etanxg => 
u2(x) = — f tana sec? «dx = —4 tan” x. Hence 


Yp(a) = tana sina — 4 tan? x cosx = tanz sinx — 3 tana sinx = 4 tan x sin x and the general solution 


is y(x) = ci sinz + cecosx + 3 tana sina. 


2x -—2 
=6 € 
25. y1 =e”, yo = e** and yy — yoy = 8”. Soul = (+e) ~The" and 
— | ——~— dx = In(1 ae 
u1(x) / 1+e-* aL n( +e ) U2 (1+ e7*)e3# e3e + e2% 80 


s "41 —Z -—z —z 
wa(a) = f ee de = mS ) e *° =In(l+e *)—e ”*. Hence 


Yp(x) = e In(1 + e~*) + e?*[In(1 + e~”) — e~*] and the general solution is 


y(x) = [cr + In(1 + e~*)Je” + [e2 — e~” + In(1 + e~*)]e?”. 


$ @\ ,—22 
26. yi =e”, yo =e” and yi ys — yoy, = —e 7°”. Sou, = — = e* sine” 
! (sin eer” 22 a: x Din x x 
and uy = pe ee. SUES, Hence w1 (x) = fe” sine*dxz = — cose” and 
u2(x) = f —e?* sine*dx = e” cose” — sine”. Then yp(x) = —e~* cose” — e **[sine” — e” cose”| 
and the general solution is y(a) = (c1 — cose” )e~* + [ez — sine” + e” cose”]e~?”. 
27.7? —2r+1= (r 1)? =0 r = 150 y-(x) = c1e” + coxe”. Thus y1 = e”, yo = xe” and 
a nee: Let — Tot — o2e / ve e* /( <2} => 
Y1y2 — yay = e” (x + 1)e” — ree” =e*”. Souj cle 1+ e 
x 1 an ,  e-e*/(14+27) 1 4 
wm =~ f PA yp de=—ZIn(1 40%), ug =) > Uu= jae = ax and 
Yp(«) = —4e” In(1 + x”) + xe” tan” | x. Hence the general solution is y(x) = e” [er + cow — $In(l+27)+atan! 
% ‘ ye —e 2" re 2a ‘ 
2. y1 =e", y2 = xe” and y1y2 — yoy, =e”. Then uy = —~—— = —— sowi(x) = 2“ and 
ba oe x 
—22 ,—22 2x 2x 2x 
1 1 sea 
Up = a = sy 80 U2 (x) = =o Thus yp(x) = ec = — - — and the general solution is 


y(x) =e?" [e, + cox + 1/(22)). 
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17.3 Applications of Second-Order Differential Equations 
1. By Hooke’s Law k(0.25) = 25 so k = 100 is the spring constant and the differential equation is 52” + 100x = 0. 
The auxiliary equation is 5r? + 100 = 0 with roots r = +2 /5i, so the general solution to the differential equation is 
a(t) = c1 cos(2 V5t) + c2 sin(2 V5t). We are given that x(0) =0.35 => c: =0.35and2'(0)=0 => 
2V/5c2=0 = c2=0,50 the position of the mass after ¢ seconds is x(t) = 0.35 cos (2 V5t). 
2. By Hooke’s Law k(0.4) = 32 so k = oS = 80 is the spring constant and the differential equation is 8x” + 80x = 0. 
The general solution is x(t) = c1 cos(/10t) + c2 sin(V/10t). But 0 = x(0) = ce, andl = 2'(0) = V10ce2 => 
C= Ao! so the position of the mass after t seconds is x(t) = Ta sin(V//101). 

3. k(0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 27” + 14x’ + 122 = 0, x(0) = 1, x’(0) = 0. 
The general solution is a(t) = cie~® + c2e~*. But 1 = 2(0) = ci + cg and 0 = 2'(0) = —6c1 — ce. Thus the position is 
given by x(t) = —te* + $e™%. 

4. (a) k(0.25) =13 = k=52,s0 the differential equation is (b) 0.07 


2x" + 8x" + 52x = 0 with general solution 


x(t) = e~*# [er cos(V/22 t) + c2 sin(/22¢)]. Then 0 = x(0) = ci 


and 0.5 = 2'(0) = V22c2. > c= aa so the position is ‘ : 
given by x(t) = sume sin(/22t). —0.03 
5. For critical damping we need c? — 4mk = 0 orm = c?/(4k) = 14?/(4- 12) = 2 kg. 
6. For critical damping we need C =4mk orc =2Vmk = 2 J2-52 =4 J/26. 
dx dx 


7. We are given m = 1, k = 100, «(0) = —0.1 and z’(0) = 0. From (3), the differential equation is — +c — + 100z =0 


dt? dt 


with auxiliary equation r? + cr + 100 = 0. 


If c = 10, we have two complex roots r = —5 + 5 V3i, so the motion is underdamped and the solution is 
c=e [er cos(5 v3t) + ce sin(5 V3t)]. Then —0.1 = x(0) = c; and0 = 2'(0) = 5 V3 c2 — 5c1 C2 Thee 
2 SE Lig 
sox =e [=0.1 c0s(5 V3 ¢) — tg sin(5 v31)]. 
If c = 15, we again have underdamping since the auxiliary equation has roots r = — 2 or 5WTj. The general solution is 
x =e 't/? [ex cos (2¥*1) + c2sin(£¥71)], so 0.1 = x (0) = ci and0 = 2’ (0) v7 oy 8 cy ca = —ap VF 


_ ,—15t/2 5V7 3 : 5V7 
Thus x = e7®*/ 0.1.cos( $1) wai sin( 7 t)]. 
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For c = 20, we have equal roots r; = r2 = —10, so the oscillation is critically damped and the solution is 
x = (ci + c2t)e~1™. Then —0.1 = x(0) = ci and 0 = 2(0) = —10c1 + c2 c2 = —1,soxr = (-0.1—t)e"™™. 
If c = 25 the auxiliary equation has roots r; = —5, re = —20, so we have overdamping and the solution is 
x=cie** + c2e~7*, Then —0.1 = 2(0) = c1 + cz and 0 = 2'(0) = —5ei — 20c2 C1 = —~ and. = H, 
son =—2e 7% 4 Le 


15 30 


If c = 30 we have roots r = —15 +5 V5, so the motion is 


overdamped and the solution is 2 = cye(“# +5 V5 )t 4 ege(— 15-5 V5 Dt, 


Then —0.1 = x(0) = ci + co and 
0=2'(0) = (-15+5V5)a+(-15-5V5)a => 


—54+3V5 


= =8=3V5 and cg = iY, 80 


100 


ii (=) e(-15+5Vv5)t 4 (=) e(-15-5 v5)e. 


Cy 


dx dx 


. We are given m = 1, c = 10, (0) = Oand 2’ (0) = 1. The differential equation is — + 10 — + ka = 0 with auxiliary 


dt? dt 


equation r? + 10r + k = 0. k = 10: the auxiliary equation has roots r = —5 + V/15 so we have overdamping and the 


(-5+vI5 )t + Bek = VIB )t Entering the initial conditions gives c; = —_ and co = -—, 80 


solution is x = cie fe CCeAE, 


1_(-5+vi5)t_ _ 4 (—5— VIB )t 


U= Vis 2Vi5© 
k = 20: r= —5 + V5 and the solution is 7 = cre +v5 )t + cpe(-5 — v5 )t so again the motion is overdamped. 
ve vs : 24 1 aes | —5+ V5 )t 1 —5— V5 )t 
The initial conditions give ci sae and ce 75 SU = 5 Lael jis sigel ) ; 
k = 25: we have equal roots r1 = r2 = —5, so the motion is critically damped and the solution is = (c1 + cat)e~**. 


The initial conditions give c: = 0 and cz = 1,s0 x = te~™”. 


k = 30: r = —5 + 57 so the motion is underdamped and the solution is x = et [er cos(V/5t) + C2 sin(V5t) | ; 
The initial conditions give c; = 0 and cp = x sor = B et sin(/5t). 0.1 


k = 40: r = —5 + 157 so we again have underdamping. 


The solution is x = e~® [er cos(/15t) + ce sin(/15t)| ; 


and the initial conditions give c; = 0 and cz = Fe: 
_ 1 4-5t 
Thus x = vie sin(V/15t). ool 


. The differential equation is mx” + kx = Fo coswot and wo 4 w = \/k/m. Here the auxiliary equation is mr? +k =0 


with roots +,/k/mi = +wi so x-(t) = ci coswt + c2 sinwt. Since wo F w, try vp(t) = Acoswot + Bsin wot. 
Then we need (m)(— 


wo) (Acoswot + Bsinwot) + k(Acoswot + Bsinwot) = Fo cos wot or A(k _ mw) = Fo and 
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Blk = muw6) = 0. Hence B = Oand A= ae — ae as since w? = La Thus the motion of the mass is given 
k-—mw6 mw? — we) m 


by x(t) = c, coswt + cg sinwt + Cos Wot. 


m(w? — wi) 


10. As in Exercise 9, x-(t) = c1 coswt + cz sinwt. But the natural frequency of the system equals the frequency of the 


11. 


12. 


13. 


14. 


external force, so try x»(t) = t(Acoswt + Bsinwt). Then we need 
m(2wB — w? At) coswt — m(2wA + w? Bt) sinwt + kAtcoswt + kBtsinwt = Fo coswt or 2mwB = Fo and 
—2mwA = 0 [noting —mw?A+kA = 0 and —mw?B+kB = 0 since w® = k/m]. Hence the general solution is 


x(t) = c, coswt + ce sinwt + [Fot/(2mw)] sin wt. 


From Equation 6, x(t) = f(t) + g(t) where f(t) = ci coswt + co sinwt and g(t) = sy COS Wot. Then f 


m(w? — we) 
is periodic, with period 2m and if w 4 wo, g is periodic with period ae If a is a rational number, then we can say 


2 = 4 a= bie where a and b are non-zero integers. Then 


u(t+a- 22) = f(t+a- 22) +g(t+a- 22) = f(t) tg(t+ @-22) =f) +9(t+d- 2) =f) +90 = 2) 


so x(t) is periodic. 


(a) The graph of x = cie”’ + cote” has a t-intercept when ae’ +cete’=0 3s e"* (cr toet)=0 © ci =—cat. 
Since t > 0, x has a t-intercept if and only if c; and c2 have opposite signs. 
(b) For t > 0, the graph of x crosses the t-axis when cre’ + ege™* =0 & coe™?? =-—cGe™® 3s 
emt 
=a; = —cye"1-"2)* Butry > rg => 11 —1re > Oand since t > 0, e(772* > 1. Thus 
e€ 
|co| = |er| e~"2)* > |e1|, and the graph of « can cross the t-axis only if |c2| > |c1|. 


Here the initial-value problem for the charge is Q” + 20Q’ + 500Q = 12, Q(0) = Q’(0) = 0. Then 


Q-(t) = e~*°*(c1 cos 20t + ca sin 20t) and try Qp(t)= A = 500A=120rA= ie. 


The general solution is Q(t) = e~*°*(c1 cos 20t + ca sin 20t) + 73. But 0 = Q(0) = c1 + <3; and 


Q'(t) = I(t) = e7"*[(—10e1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20#] but 0 = Q’(0) = —10c1 + 20c2. Thus the charge 
is Q(t) = —she (6 cos 20t + 3sin 20t) + ;3: and the current is I(t) = maa) sin 20t. 
(a) Here the initial-value problem for the charge is 2Q” + 24Q’ + 200Q = 12 with Q(0) = 0.001 and Q’(0) = 0. 

Then Q.(t) = e~ (ci cos 8t + co sin 8t) and try Q,(t) = A => A= =, and the general solution is 

Q(t) = e~ (cr cos 8t + cz sin 8t) + &. But 0.001 = Q(0) = c+ 3 soc, = —0.059. Also 

Q(t) = I(t) = e ™ [(—6e1 + 8¢2) cos 8t + (—6c2 — 8c1) sin 8¢] and 0 = Q’(0) = —6c1 + 8c2 so 

c2 = —0.04425. Hence the charge is Q(t) = —e~ °* (0.059 cos 8¢ + 0.04425 sin 8t) + +, and the current is 


I(t) = e~® (0.7375) sin 8t. 
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(b) 0.08 0.35 


0 1.5 


15 
0 -0.05 


charge, Q(t) current, /(t) = Q(t) 


15. As in Exercise 13, Q-(t) = e~ 1" (ci cos 20¢ + ca sin 20t) but E(t) = 12 sin 10t so try 
Q,(t) = Acos10¢ + Bsin 10t. Substituting into the differential equation gives 
(—100A + 200B + 500A) cos 10t + (—100B — 200A + 500B) sin 10¢ = 12sin10t¢ => 


400A + 200B = 0 and 400B — 200A = 12. Thus A = —335, B= is and the general solution is 


Q(t) = e7 (cr cos 20¢ + c2 sin 20t) — 53; cos 10¢ + 735 sin 10¢. But 0 = Q(0) = c1 — 335 soci = 535. 


Also Q'(t) = % sin 10¢ + $ cos 10t + e~'°[(—10e1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20] and 


0 = Q’'(0) = x — 10c1 + 20c2 so co = — 3. Hence the charge is given by 


3 . 
75s sin 10¢. 


Q(t) =e 1% [525 cos 20t — <4 sin 202] 


3 
_ 9 COS 10¢ 4 


25 

16. (a) As in Exercise 14, Q.(t) = e~°*(c1 cos 8t + cz sin 8t) but try Q,(t) = Acos 10t + Bsin 10t. Substituting into the 
differential equation gives (—200A + 240B + 200A) cos 10¢ + (—200B — 240A + 200B) sin 10¢ = 12 sin 10¢, 
so B = Oand A = —5. Hence, the general solution is Q(t) = e °* (cy cos 8t + c2 sin 8t) — 35 cos 10¢. But 
0.001 = Q(0) =a — %, Q(t) = e °"[(—6c1 + 8c2) cos 8t + (—6c2 — 8c1) sin 8] — 4 sin 10¢ and 


0 = Q'(0) = —6c1 + 8c2, so c1 = 0.051 and cz = 0.03825. Thus the charge is given by 


6 : 
Q(t) = e (0.051 cos 8¢ + 0.03825 sin 8t) — 35 cos 10t. 


(b) 0.06 
0 2 
—0.06 
17. x(t) = Acos(wt +6) <& x(t) = A[coswtcosd —sinwtsind] & x(t) = A(S cos wt + rt sinwt) where 
cos 6 = c1/A and sind = —c2/A a(t) = ci coswt + co sinwt. [Note that cos?6+sin?d=1 => G4+ca= A? ] 
: : : : : 2 do ia 
18. (a) We approximate sin @ by 6 and, with L = 1 and g = 9.8, the differential equation becomes qe + 9.80 = 0. The auxiliary 


equation isr? +9.8=0 => r=+V9.8i, so the general solution is 0(t) = c1 cos (Vv 9.8¢) + c2 sin(V 9.8¢ ie 
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Then 0.2 = 6(0) =ci and1 = (0) =V98e > G@= vid so the equation is 
A(t) = 0.2cos(V9.8t) + sq sin(V9.8t). 
(b) 6’(t) = —0.2 V9.8 sin(V9.8 t) + cos(V/9.8 i= = O0or tan(V9. 8t) = , So the critical numbers are 


t= ya tan~! (+5) + Vee Tm (n any integer). The maximum angle from the vertical is 


tan7+ ( = 0.377 radians (or about 21.7°). 


6( bg tan? (B5)) 


(c) From part (b), the critical numbers of 0(t) are spaced ee apart, and the time between successive maximum values 


is 2( Fa): Thus the period of the pendulum is ag = 2.007 seconds. 


(d) 0(t) =0 = 0.2cos(V9.8t) + segsin(V9.8t)=0 = tan(V9.8t)=—02V9.8 => 
t= sq [tan™ *(—0.2 V9.8) + 1] © 0.825 seconds. 


(e) 6’(0.825) = —1.180 rad/s. 


17.4 Series Solutions 
1. Let y(z) = So cnx”. Then y'(x) = ps n¢nx”* and the given equation, y’ — y = 0, becomes 
S> nenw™—* — S> ena” = 0. Replacing n by n+ 1 in the first sum gives S* (n + 1)en412" — S> env” = 0, so 
n=0 n=0 = 


SS [(n + Len+1 — cn]x” = 0. Equating coefficients gives (n + 1)cn+1 — Cn = 0, so the recursion relation is 


n=0 
Fy 1 1 1 1 1 
Cn+1 Se Then ci = Co, C2 ria = ¢3 3° 37 700 ar CA 73 = stand 
in general, cn = —. Thus, the solution is y(z) = S> cnx” = > or” =e > = coe” 
n=0 n=0 n! n=0 n! 
2. Let y(z) = S> cnx”. Then y’ = xy y' —azy=0 S> nenx”!—a@ SS cnx” = O0or 
n=0 n=1 n=0 


n=1 


co co 
S> nenx”—! — S> e,x"*! = 0. Replacing n with n + 1 in the first sum and n with n — 1 in the second 
n=0 


gives So (n+ 1)en4i12" — YS Cn-iz” =Oorer + SO (n4+1)eng4i2” — YS enix” = 0. Thus, 


n=0 n=1 na n=1 


cr t+ SS [(n + 1)en41 — Cn-1] e” = 0. Equating coefficients gives c; = 0 and (n + 1) cn41 — Cn—1 = 0. Thus, the 


n=1 


recursion relation is Cn41 = 77° n=1,2,.... Butc; = 0, so cz = 0 and cs = 0 and in general c2,41 = 0. Also, 
n 
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C2 me C4 > SS ee c= 7 = A > 5 = soa and in general con = ae Thus, the solution 
is y(x) = 22) Cnt” = >) Cont?” = > a x" = co S. ee = ce” /?, 
3. Assuming y(x) = es Cnz”, we have y’(x) = 23 Nene”) = din + 1)cen410” and 
—ax?y = — Dy Cnart? = — py Cn—2@". Hence, the equation y’ = x?y becomes yin + 1)en412" — = Cn—-22" =0 
orc, + 2cex + Ylo + 1)en41 — Cn—2]v” = 0. Equating coefficients gives c, = co = 0 and cn41 = a 
forn = 2,3,.... But ci = 0, so ca = 0 and c7 = 0 and in general c3,41 = 0. Similarly co = 0 s0 c3n+2 = 0. Finally 
c3 = c= 7 — 3 = ae Co = > = 7 > 3 = aT ... and c3n = 7 Thus, the solution 


4. Let y(a) = So ena” = y! (a) = YD nene™™ = SS (n+ 1)en412™. Then the differential equation becomes 


n=0 n=1 n=0 


(a — 3) SS (n+ Denyse” +2 So ene” =0 > Y(n+ lengia”*t —3 So (n+ Dengia” +2 YS az” =0 => 
n=0 n=0 


n=0 n=0 n=0 


YS nena” — YS 3(n4+ engi 2" + YS 2nez™ =O |S DY [(n4 en — 3(n + Yenqilx” =0 


n=1 n=0 n=0 n=0 
since So ncnz” = S> ncnx” |. Equating coefficients gives (n + 2)cn — 3(n + 1)cn+41 = 0, thus the recursion relation is 
n=1 n=0 
(n+ 2)en 2c0 3c1 3c0 Aco Aco 5c3 5co 
ay a A IO ge No Tens ey Se fe = eet ieee = 200 and 
we Seog nee Seen 2B) aa Ray gen ay eae 
1 ate? is 29 1 
in general, cn = anes Thus the solution is y(#) = D> cnx" = co D> “ x”. 
n=0 n=0 
co n+l 9co 
Note that —— "= fi 3. 
ote tha co dy an GaP or || < 


5. Lety (x) = Yo enw” => y! (x) = YD nena" andy” (x) = Y> (n+ 2)(n + 1)en42%”. The differential equation 
n=1 


n=0 


becomes din + 2)(n + 1)en4ou" + oy Nene”) + = Cnx£” = 0or Lln + 2)(n + 1)cnp2 + nen + cnx” =0 
since = NCn Lt” = x ncnx” |. Equating coefficients gives (n + 2)(n + 1)en+2 + (n+ 1)cn = 0, thus the recursion 

relation is Cn42 = ath = areat n=0,1,2,.... Then the even 

coefficients are given by c2 > on > = ve C6 = 5 2. 6? and in general, 
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—1)” : 
Con = 1" = Cy"e The odd coefficients are cz = - C5 = S — rae C7 = = = a ee 
—2)\" n! 
and in general, can41 = a a (a2 )T meer: The solution is 


ity eee Qn+1) (2n+1)! 


. Let y(z) = S> cna”. Then y"(a) = S> n(n —1)ena™~? = YD (n+ 2)(n + 1)en42x”. Hence, the equation y” = y 
n=0 n=2 n=0 


becomes S> (n+ 2)(n + 1)en42%" — YS ene” =Oor D> [(n+2)(n + 1)en42 — en]x” = 0. So the recursion relation 


n=0 n=0 0) 
: Cn : Co C2 Co C4 Co 
aoe 1=04.. 6 és, : sat 
IS Cn+2 (n+2)(n+1) n Iven Co and Cj, C2 2-1 C4 4-3 al C6 6-5 6! 

Co C1 c3 C1 C1 C5 C1 C1 : 
GO i aa en Eee Ee EO No) pg SY — hae thie slut 
AO) gels Bede ShAASaD Bl EG ee OR ee 

co fore} 3 fore} andi fo) 2” fo) gent 
is y(x) = Ge" = Conan” + Congia”** = co +c =... The solution can be written 
xX xX Ph Ph (2n)! xX (2n + 1)! 
as y(x) =cocosha+cisinhx |ory(x) =co —— +¢1 —— = one e7 + = ae 
. Let y (x) = Yo ene” => yl (@) = YS nent” = YD (n+ Venqia™ and y” (x) = YS (n+ 2)(n + l)eny2xu". Then 
n=0 n=1 n=0 n=0 
(2—1y"(2) = FS (n+2)(nt Vengo"? — F (n+2)(n+ Vengo” = Yo (nt enya" — 58 (nt2)(n-+ Vengo”. 
n=0 n=0 n=1 n=0 
Since $7 n(n + Lengiz™ = YO n(n+t 1)en412", the differential equation becomes 
n=1 n=0 
SO n(n + Len4i 2” — SO (n+ 2)(n4+ lenzou” + YO (n+ 1enqiz” =0 => 
n=0 n=0 n=0 


>" fan + Denga— (14+ 2)(0 + Dense + (+ Dengale™ =0 of 37 [+ 1)?enu — (n +2) (0+ lenya]e” = 0. 


n=0 n=0 
Equating coefficients gives (n + 1)?cn41 — (n + 2)(n + 1)en42 = 0 forn = 0,1,2,.... Then the recursion relation is 
(n +1)? n+l : 1 2 1 3 1 
c = ————-¢ = —Cn+1, 80 given Co and c1, we have c 5C1, C ec SC1, C =c =C1, and 
ne Gane) tS eee g 0 1 2 = 501, C3 = 3C2 = §C1, Ca = 903 = GCL 
, C1 96, % : 
in general c, = —,n = 1,2,3, .... Thus the solution is y(~) = co +1 > —. Note that the solution can be expressed as 
n n=1 1 


co — C1 n(1 — 2) for |x| < 1. 


8 Assuming y(z) = S> caw”, y" (a) = SY n(n —1)ene”~? = YT (n+ 2)(n4 Len+oa” and 


n=0 n=2 n=0 


—ay(x) = — SD cna™t* = — SY cn-1x™. The equation y” = xy becomes 


n=0 ik 
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SO (n+ 2)(n + Lenzoau” — SS cn-1e” =O or 2co+ YS [(n + 2)(n + 1)en42 — cn—1]x” = 0. Equating coefficients 


n=0 n= 1 n=1 
gives co = O and cn42 = Gasp forn = 1,2,.... Since co = 0, can42 = 0 forn = 0,1, 2,.... Given co, 
Cc 2 c= a = C3n = sa Given c1, ca = oe 
Beare’ 655 6654902) . Ba wH DnB) n= 4) are 665-392. re Ase 
C4 C1 C1 i is 
= = S .....,  1 = Or. The slut b tt 
wre TaReAag ht he? — ean l= 2) GW eae eG SMe co ee ae Mae 
_ & (8n—2)(38n—5) +++: (ar ae 8° (Bni—1)(Gin =) + soe BHD gay 
as y(x) co Dy (Gn)! er +e p> (Gn +i! x : 
. Let y(z) = S> cnx”. Then —2y'(x) = —2 SO on i YS nent” =— YS nenx”, 
n=0 n=1 n=1 n=0 


n=0 

So [(n + 2)(m + 1)en+2 — ncn — cn|x” = 0. Thus, the recursion relation is 
n=0 
il CE ay 2G for n = 0,1,2 One of the given conditions is y(0) = 1. But 
m4+2 = Tr +aynt+l) (m+2(n+l) n+2 See . oe cami 

(0) = 3° cn(0)” =e +0+0+4-++ =cp, 80 co = 1. Hence, co = © AG 2 : ce=t= : 
WO) = 2 Ge = co =o, 80 co = I. A= > Ch ge Ee eee 
Con Saat The other given condition is y’(0) = 0. But y/(0) = S> nen(0)""t =a. +0+04---=c1,s0c1 =0. 

u n=1 
By the recursion relation, cz = S =0,c5 = 0,..., Cong4i = 0 forn = 0, 1, 2, .... Thus, the solution to the initial-value 
co co fore) an co 2 n 
pobkenae > ora Sata Bea 
n=0 n=0 n=o 2™n! n=0 n! 


o9 oo 
Assuming that y(x) = S> cnx”, we have x?y = S> cna"+? and 
n=0 n=0 


y" (x) = y, n(n —1)cna™-? = 2a kp +4)(n 4+ 3)enpan"t? = 2co + Bega + OPA +4)(n + 3)enpant?. 


Thus, the equation y” + xy = 0 becomes 2co + 6c32 + Y* [(n+4)(n+3)en44a + en] a2”t? = 0. So ce = c3 = Oand 


n=0 
c 
the recursion relation is €n4 ~ »n=0,1,2,.... Bute "(0) = 0 = co = cg and by the recursion 
1 G+ Dn +3) po) Perera 
. 1 
relation, Can41 = C4an42 = Can43 = 0 forn = 0,1,2,.... Also, co = y(0) = 1,80 ca = pean ueer -—, 
4-3 4-3 
C4 (17 (—1)" eae 
= PCa . Thus, the solution to the initial-val 
C8 g.7 8-7-4 Inia =H Gee aan sy ssaes us, the solution to the initial-value 
) oo 4 es) gt” 
blem i = ae = rye ak —1)” : 
problemas He) = oe eo 2 Cink 12 OV an aD es 
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co co co co co 
11. Assuming that y(z) = >> cnx”, wehavesy=2 D> cat™ = >> cn2™*, ay!’ = a? YS nene™ 1 = DY nena”*, 
n=0 n=0 n=0 n=1 n=0 


y" (2) = SS n(n—1)enx”~? = » (n+ 3)(n + 2)en430"71 [replace n with n + 3] 


co 


= 2c2 + YS (n+3)(n + 2)en43x""1, 
n=0 


and the equation y” + xy’ + ay = 0 becomes 2c2 + D> [(n +3)(n + 2)en43 + nen + Cn] x"*! = 0. So co = 0 and the 


n=0 


—NCn — Cn (n+ 1)cen 
(n + 3)(n + 2) (n+ 3)(n +2)’ 


recursion relation is Cn43 = n=0,1,2,.... But co = y(0) = 0 = cz and by the 


recursion relation, c3n = C3n+2 = 0 for n = 0, 1, 2,.... Also, c1 = y’(0) = 1, 80 c4 = 4 = a 
cr = -24 = (1) — ao (—1)? aes shy Cn = cy Thus, the solution is 
y(x) = oy, Cre” =x+ pa (1p 2 ae ae —— 
12. (a) Let y(x) = > Cnx”. Then a2?y"(x) = nln — ens” = Lin + 2)(n + Lenpo2"*?, 
xy (x) = pe NCn x” = yn + Qenpout? =cqat+ din + Q)en42n""?, and the equation 


xy” + ay’ +a?y = 0 becomes cia + S> {[(n + 2)(n +1) + (n+ 2)leng2 +en}x"t? = 0. So cr = 0 and the 
n=0 


recursion relation is Cn+2 = “Gap” =0,1,2,.... Bute: = y’(0) = 00 cony1 = 0 forn = 0,1,2,.... 
1 c2 2 1 2 1 C4 3 1 
Also, co = y(0) = i Ee SO Co = 5” C4 = Bp = ( 1) Tepe) = (-1) 2 (22’ C6 Be = ( ) 35 (312 . 5 
owiehe eines ears | Cpe 
an = 3 (mle e solution is y > Dee 2 3" (nly 


(b) The Taylor polynomials To to T12 are shown in the graph. 
Because To and T12 are close together throughout the 


interval [—5, 5], it is reasonable to assume that T)2 is a good 


approximation to the Bessel function on that interval. 
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Review 
TRUE-FALSE QUIZ 


. True. See Theorem 17.1.3. 


. False. The differential equation is not homogeneous. 
. True. cosh x and sinh z are linearly independent solutions of this linear homogeneous equation. 


. False. y = Ae” is a solution of the complementary equation, so we have to take yp(x) = Axe”. 


EXERCISES 


i 


. The auxiliary equation is 4r?7 -1=0 => (2r+1)(2r—1)=0 r = +5. Then the general solution 


x /2 a /2 


isy=cie + ce 


. The auxiliary equation is r? — 2r +10 =0 => r=1+3i,s0 y = e"(c1 cos3a + c2sin3z2). 
. The auxiliary equation isr? +3—=0 = r—=+/3i. Then the general solution is y = c1 cos(V/3 x) + c2 sin(V/3 ie 


. The auxiliary equation is r? + 8r +16 =0 => (r+4)?=0 = r= ~—4,so the general solution is 


y= cie** + cone *. 


/ 


7? —ar+5=0 r =2+i4,s0 ye (x) =e?" (c1 cosx + cosine). Try yp (x) = Ae?® Yp = 2Ac?* 


andy, = 4 Ae?*, Substitution into the differential equation gives 44e?* — 8Ae?* + 5Ace?” =e?” = A=1and 


the general solution is y(«) = e?”(c1 cos a + cz sin x) + e?”. 


.r4+r—2=0 r=A,r 2 and ye(x) = c1e” + coe *”. Try yp(z) = Aw? + Br+C => yi =2Ar+B 
and y;, = 2A. Substitution gives 2A + 2Axr + B 2Ax” — 2Bxr —2C = x? A=B z, C 3 so the 
general solution is y(x) = ce” + c2e 7” — 42? — ga — 3. 

.r?—%&r+1=0 r =1and y-(x) = ce” + coe”. Try yp(x) = (Av + B)cosx+(Cr+D)sinzx => 


Yp = (C — Ax — B) sing + (A+ Cx+ D) cosa and y, = (2C — B— Ax) cosx + (—2A — D — Cx) sina. Substitution 


gives (—2C'x + 2C — 2A — 2D) cosa + (2Ax — 2A + 2B — 2C)sinx = xcosx A=0,B=C=D 3. 


The general solution is y(x) = ce” + cove” — 4 cos x — (x + 1)sinz. 


2 +4=0 3S r=+2iand yc(x) = ci cos 2x + c2 sin 2x. Try yp(x) = Ax cos 2x + Basin 2x so that no term 


of yp is a solution of the complementary equation. Then yj, = (A + 2Bz) cos 2x + (B — 2Az) sin 2x and 


Yp = (4B — 4Azx) cos 2x + (—4A — 4Bx) sin 2x. Substitution gives 4B cos 2x —4Asin2x =sin2a => 


A = — and B = 0. The general solution is y(a) = ci cos 2a + cz sin 2x — tacos 2a. 
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r?—r—6=0 r 2,r = 3and yc(x) = cre?” + coe”. For y” — y’ — 6y = 1, try yp, (x) = A. Then 


Yp, (@) = yp, (x) = 0 and substitution into the differential equation gives A = —4. For y"" — y' — 6y = e~** try 


Yp2(a) = Bxe~?* [since y = Be~*" satisfies the complementary equation]. Then y/,, = (B — 2Bx)e~°* and 


Vpn = (4Ba — 4B)e~?*, and substitution gives —5.Be~?” = e~?” B= z. The general solution then is 
y(x) = c1e~?* + coe** + yp, (2) + Ypy (x) = c1e™™™ + coe®* — 2 — Exe” 

Using variation of parameters, yc() = ci cosz + cg sinz, uj(z) = —cscasing =—-1 => wui(x) = —2, and 
ug(x) = = — = cot x u2(x) = In|sin | Yp = —xcosx + sina In|sin a]. The solution is 


y(a) = (c1 — x) cosa + (co + In|sina|) sina. 


The auxiliary equation is r? + 6r = 0 and the general solution is y(#) = ci: + c2e7®” = ky + koe), But 
3 = y(1) = ki + ke and 12 = y'(1) = —6k?. Thus ko = —2, ki: = 5 and the solution is y(x) = 5 — 2e~®*-)), 


The auxiliary equation is r? — 6r + 25 = 0 and the general solution is y(x) = e?” (ci cos 4a + cg sin 4x). But 


2 = y(0) = cr and 1 = y'(0) = 3c1 + 4ce. Thus the solution is y(2) = e** (2 cos 4a — 3 sin 4x). 


The auxiliary equation is r? — 5r + 4 = O and the general solution is y(x) = c1e” + c2e*”. But 0 = y(0) = a +c 


and 1 = y'(0) = c; + 4cz, so the solution is y(a) = 4(e** — e”). 


ye(x) = c1 cos(x/3) + cz sin(a/3). For 9y” + y = 32, try yp, (x) = Ax + B. Then yp, (x) = 3a. For 9y” +y=e°”, 


try p(x) = Ae”. Then 9Ae~* + Ae~* = €* oF Yp, (x) = FZe ”. Thus the general solution is 


y(«) = c1 cos(a/3) + cz sin(a/3) + 32 + Ge-*. But 1 = y(0) =e. + and 2 =y'(0) = 402 +3— 4, 80 


c1 = % and cp = — 2. Hence the solution is y(x) = [9 cos(x/3) — 27 sin(2/3)] + 3a + fe. 


r?+4r+29=0 = r=—2+5iand the general solution is y = e~?" (ci cos 5a + c sin 5x). But 1 = y(0) = ci and 


Qn 


—1=y(7) =—-cie~ => c, = e?", so there is no solution. 


r?+4r+29=0 = r=—2+5i and the general solution is y = e~?"(c1 cos 5a + co sin 5a). But 1 = y(0) = ci and 
e-?" = y(m) = —ce~?™ ==  c1 = 1, so ca can vary and the solution of the boundary-value problem is 
y =e "(cos 5a + csin 5x), where c is any constant. 


n(n — lena”? = So (n+ 2)(n + L)en+2a” and the differential equation 
0 n=0 


Ms 


Let y(z) = S> cnx”. Then y” (x) = 


n=0 n 


becomes > [(n + 2)(n + L)en42 + (n+ 1)en]x” = 0. Thus the recursion relation is Cn42 = —Cn/(n + 2) 


n=0 


al —1 
forn = 0,1,2,.... But co = y(0) = 0, s0 con = 0 forn = 0,1,2,.... Also ci = y’(0) = 1, so c3 37 ( 
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c= coe = a gexs Canad = sae for n = 0,1, 2,.... Thus the solution to the initial-value problem 
is y(x) = ba Cat” = > aes gee 
Let y(x) = >) Cnz”. Then y” (x) = = n(n—1)ena”-? = Lin + 2)(n + 1)en+42%” and the differential equation 
becomes py [(n + 2)(n + l)en42 — (n + 2)en|x” = 0. Thus the recursion relation is cn42 = — i for 
n = 0, 1, 2, .... Given co and c1, we have cz = =o — > a rei = = = =a > 
Co 2--1(n-1)! C1 c3 C1 
We aoe One Oi te a eS ORE 
c= os" 2 5 =. Bo Con4+1 = ST = ar Thus the general solution is 
He) = Fone” =o eo Se PR eS ar Bu Se we mee 


Here the initial-value problem is 2Q” + 40Q’ + 400Q = 12, Q (0) = 0.01, Q’(0) = 0. Then 
Q(t) = e~"°'(c1 cos 10¢ + cz sin 10t) and we try Q,(t) = A. Thus the general solution is 


Q(t) = e- 1% (e1 cos 10t + cg sin 10t) + —. But 0.01 = Q’(0) = c: + 0.03 and 0 = Q” (0) = —10c1 + 102, 
100 


so c1 = —0.02 = ca. Hence the charge is given by Q(t) = —0.02e7~*°' (cos 10 + sin 10t) + 0.03. 


By Hooke’s Law the spring constant is k = 64 and the initial-value problem is 2x” + 16x’ + 64x = 0, x(0) = 0, 
a'(0) = 2.4. Thus the general solution is x(t) = e~** (ci cos 4t + co sin 4t). But 0 = x(0) = ci and 
2.4=2'(0) = —4c1 +4c2 = ci =0, co = 0.6. Thus the position of the mass is given by x(t) = 0.6e~“¢ sin 4t. 


(a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as follows: 


massofearth MM 


7 . If V,. is the volume of the portion of the earth which lies within a distance r of the 
volume of earth 57 R3 


Mr? GM,m GMm 
Ba . Thus F;, qe se as r. 


center, then V,. = far? and M,. = pV, = 


(b) The particle is acted upon by a varying gravitational force during its motion. By Newton’s Second Law of Motion, 


a? GMm GM GMm 
m “ie =F,=- Ra Ye 80 y” (t) = —k?y (t) where k? = es At the surface, —-mg = Fr = — ax 80 
GM g 


g= om Therefore k? = R 
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(c) The differential equation y” + k?y = 0 has auxiliary equation r? + k? = 0. (This is the r of Section 17.1, 


not the r measuring distance from the earth’s center.) The roots of the auxiliary equation are +k, so by (11) in 

Section 17.1, the general solution of our differential equation for t is y(t) = cy cos kt + co sin kt. It follows that 

y(t) = —ciksin kt + cok cos kt. Now y (0) = Rand y'(0) = 0, soc: = Rand cok = 0. Thus y(t) = Roos kt and 
y(t) = —kRsin kt. This is simple harmonic motion (see Section 17.3) with amplitude R, frequency k, and phase angle 0. 
The period is T = 27/k. R ~ 3960 mi = 3960 - 5280 ft and g = 32 ft/s”, sok = \/g/R & 1.24 x 1073s! and 


T =2n/k © 5079s © 85 min. 


(d) y(t) =0 <= coskt=0 kt = 5 + an for some integer n y(t) =—kR sin($ +n) = +kR. Thus the 


particle passes through the center of the earth with speed kR ~ 4.899 mi/s ~ 17,600 mi/h. 
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ABBREVIATIONS 


CD 


CU 


concave downward 
concave upward 

the domain of f 

First Derivative Test 
horizontal asymptote(s) 
interval of convergence 
inflection point(s) 
radius of convergence 
vertical asymptote(s) 


indicates the use of a computer algebra system. 


indicates the use of the Product Rule. 

indicates the use of the Quotient Rule. 

indicates the use of the Chain Rule. 

indicates the use of |’ Hospital’s Rule. 

indicates the use of Formula j in the Table of Integrals on the back endpapers of the text. 
indicates the use of the substitution {u = sin x, du = cos x dx}. 


indicates the use of the substitution {u = cos x, du = —sin x dx}. 


is proportional to 
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L] DIAGNOSTIC TESTS 


Test A Algebra 


1. (a) (—3)* = (—3)(—3)(—3)(-3) = 81 (b) —3* = —(3)(3)(3)(3) = —81 
(c) 3-4 — i (d) 578 = 523-21 52 = 25 
3481 52l 
() (3) = (3) = ye a ee x = : 


2. (a) Note that /200 = 100-2 = 10 V2 and 32 = V16- 2 = 4/2. Thus 200 — /32 = 10 2-42 =6 v2. 


(b) (3a3b3)(4ab?)? = 3a°b?16a?b* = 48a°b" 


33/243 —2 g2y-i/2 2 a2y-1/? 2 aty-} x i 
© (S—) =(Ganc) = - 
c zy—1/2 ~ \ 3937243 ) — 


(83/243)? — Ox8y8 ~ OxFySy yt 


3. (a) 3(a + 6) + 4(2a — 5) = 382 4+ 184 84 — 20 = lla — 2 


(b) (a + 3)(4a — 5) = 4a? — 5a + 12a — 15 = 4? + Tx — 15 
(©) (Vat vb) (Va vb) = (Va) - Vavb + Vavb—(vb) =a-6 
Or: Use the formula for the difference of two squares to see that (va + vb) (va - vb) = (va): _ (vb i =a-—b. 


(d) (22 + 3)? = (2a + 3)(2a + 3) = 4a? + 6a + 62 +9 = 4a? + 1274 9. 
Note: A quicker way to expand this binomial is to use the formula (a + 6)? = a? + 2ab + b? with a = 2a and b = 3: 
(2a + 3)? = (2x)? + 2(2x)(3) + 3? = 4a? + 122 + 9 


(e) See Reference Page | for the binomial formula (a + b)3 =a? + 3a7b + 3ab +b. Using it, we get 
(a + 2)3 = x + 3x?(2) + 3a(27) + 23 = 23 + 62? 4+ 127 +8. 


4. (a) Using the difference of two squares formula, a? — b? = (a + b)(a — b), we have 


4a? — 25 = (2x)? — 5? = (22 + 5) (2a — 5). 


(b) Factoring by trial and error, we get 2x” + 5a — 12 = (2a — 3)(a +4). 


(c) Using factoring by grouping and the difference of two squares formula, we have 


x? — 30 — 44 + 12 = 2? (a — 3) — 4(a — 3) = (x? — 4) (a — 3) = (@ — 2)(a + 2) (x — 3). 


(d) v4 + 27a = a(a? + 27) = a(x + 3)(x? — 32 +9) 
This last expression was obtained using the sum of two cubes formula, a? + b® = (a + b)(a” — ab +b?) witha = x 
and b = 3. [See Reference Page 1 in the textbook.] 


(e) The smallest exponent on x is — 3, so we will factor out «~1/?. 


3a5/? — Go? 4 6g-M? = 3n-/2 (a? — 894+ 2) = Ba (@ — 1) (2 — 2) 


(f) xy — dry = xy(a? — 4) = xy(x — 2)(x + 2) 
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e+3a+2  («+1)\(x+2) «+2 


a) x?—xg-—2 (c+1)\(a—-2) «2-2 


Q2e7-x-1 +3  (2e+1)\(e-1) «+3  e-1 


Oo tea (e—3)(@+3) +1 2-3 
x e+1 x e+1 _ x e+1l “2-2 2x? —(x+1)(4—-2) 
) PLAa £4 > Ga Det) EES GaDe) Bo 2=2 (a — 2)(x + 2) 
_ @? —(@? ~x-2) x+2 =, al 
~ (+2)\(2—-2)  (#+2)(2-2) 2-2 
y Gf y & 
9 ey. ay Se Ge eyes) ye 
Viet ok a ga SG Se 
y © y & 
VIO -V10. V54+2-— V50+2V10  5V2+2V10 | 
Og Jaze eek (Epo Boa V2 +2V10 
oy) WEFR=2 _ VE R-2 VEE +2 4+h-4 © h _ 1 
h h V4E+h+2 h(V4+h+2) h(V4+h+2) V4+h4+2 


L@attetia(P4eth)ti- b= (44 r$ 


(b) 2x? — 12a + 11 = 2(x? — 6x) + 11 = 2(2? — 6x 49-9) +11 = 2(a? — 6x + 9) —18 +11 = 2(x — 3)? —7 


8. (a)a+5=14- he S a+ia=l4 5 3a 9 x 2-9 x=6 
2x 2x —1 
a Qn? = 2 972 4 _ 
(b) ane a xv" = (2a — 1)(a + 1) Qa* = 2a" +a-1 z=1 
(c) a? —x-12=0 (a + 3)(a — 4) =0 2+3=O0orr¢—4=0 x=-30rx%=4 


(d) By the quadratic formula, 277 + 4r+1=0 <= 


—44 ,/4? — 4(2)(1) -44+V8 -442V/2 2(-2 = V2) —2+ V2 1 
= —— ee Oe 1 V2. 
2(2) 4 4 4 2 2 
(ce) at — 327 +2=0 (a? — 1)(a? — 2) =0 x? —1=O0ore?-2=0 x? =lora? =2 
e=+lorrz=+v2 
0 10 10 2 22 
(f) 3a — 4| = 10 |e -—4| = 2 x—A 3 orx—-4=5 L=ZOL= FZ 


(g) Multiplying through 27(4 — x)~1/2 — 3. /4—a@ = 0 by (4— x)'/” gives 2 — 3(4— x) =0 


22 —12+32 =0 5a —12=0 5x = 12 r= 2. 


9. (a) -4<5-3¢@<17 & -9<-38¢4<12 S&S 3>2a>-40r -4<4<3. 


In interval notation, the answer is [—4, 3). 


(b) a? <274+8 & 2? —-2e-8<0 & (x+42)(x—4) <0. Now, (x + 2)(x — 4) will change sign at the critical 
values « = —2 and x = 4. Thus the possible intervals of solution are (—oo, —2), (—2, 4), and (4, 00). By choosing a 


single test value from each interval, we see that (—2, 4) is the only interval that satisfies the inequality. 
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(c) The inequality x(a — 1)(a + 2) > Ohas critical values of —2, 0, and 1. The corresponding possible intervals of solution 
are (—oo, —2), (—2, 0), (0, 1) and (1, co). By choosing a single test value from each interval, we see that both intervals 


(—2, 0) and (1, 00) satisfy the inequality. Thus, the solution is the union of these two intervals: (—2, 0) U (1, 00). 


(d) |e-4|<3 @& -3<a-4<3 < 1< «<7. Ininterval notation, the answer is (1,7). 


7 — = = a a = 
Oye Si 2x See 2z—-3 eee 2x—-—3-—2 Pie x 2 0: 
a+1 r+1 xr+1 z+i1 a+1 gz+1 
: —4 : wie Ses ; 
Now, the expression es I may change signs at the critical values x = —1 and x = 4, so the possible intervals of solution 


are (—oo, —1), (—1, 4], and [4, 00). By choosing a single test value from each interval, we see that (—1, 4] is the only 


interval that satisfies the inequality. 


10. (a) False. In order for the statement to be true, it must hold for all real numbers, so, to show that the statement is false, pick 
p = land q = 2 and observe that (1 + 2)? 4 17 + 2. In general, (p + q)? = p? + 2pq4 q’. 
(b) True as long as a and b are nonnegative real numbers. To see this, think in terms of the laws of exponents: 


Vab = (ab)!/? = a'/?1/? = Va Vo. 


(c) False. To see this, let p = 1 and q = 2, then V1? + 2? 4142. 


(d) False. To see this, let T = 1 and C = 2, then be) 141. 
: 1 1 1 
(e) False. To see this, let x = 2 and y = 3, then ca3 0s : 
: 1/x x 1 
f) T _—= — f 
(f) ESN: a= bis = aap as long as x # Oand a b#0 


TestB Analytic Geometry 


1. (a) Using the point (2, —5) and m = —3 in the point-slope equation of a line, y — y1 = m(x — 21), we get 


y — (—5) = —3(a — 2) y+5=-3¢+6 y= —3r2+1. 
(b) A line parallel to the x-axis must be horizontal and thus have a slope of 0. Since the line passes through the point (2, —5), 
the y-coordinate of every point on the line is —5, so the equation is y = —5. 


(c) A line parallel to the y-axis is vertical with undefined slope. So the x-coordinate of every point on the line is 2 and so the 


equation is x = 2. 


(d) Note that 27 — 4y = 3 4y=-24+3 > y= ha — 3 Thus the slope of the given line is m = 4. Hence, the 


slope of the line we’re looking for is also 4 (since the line we’re looking for is required to be parallel to the given line). 


So the equation of the line is y — (—5) = $(a — 2) yt5=3a-1 y = 42-6. 


2. First we’ll find the distance between the two given points in order to obtain the radius, r, of the circle: 


r= \/[3 — (-D]? + (-2— 4)? = \/42 + (—6)? = V52. Next use the standard equation of a circle, 


(a — h)? + (y—k)? =1r?, where (h, k) is the center, to get (a + 1)? + (y — 4)? = 52. 
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. We must rewrite the equation in standard form in order to identify the center and radius. Note that 
et+y?—6r+10y+9=0 => 2? —-6r+9+y? + 10y = 0. For the left-hand side of the latter equation, we 


factor the first three terms and complete the square on the last two terms as follows: x” — 6a +9+y?+10y=0 => 


(a — 3)? +y?+10y+25=25 = («#—3)?+(y+5)? = 25. Thus, the center of the circle is (3, —5) and the radius is 5. 


—12-4 —16 4 
. (a) A(—7, 4) and B(5,-12) => mas 5-(2) ) ar 


(b) y—4 $ |x (—7)] y-4= $a 2 3y — 12 = —4ax — 28 4x + 3y + 16 = 0. Putting y = 0, 


we get 4a + 16 = 0, so the x-intercept is —4, and substituting 0 for x results in a y-intercept of — 28. 


(c) The midpoint is obtained by averaging the corresponding coordinates of both points: (4. at) = (—1,—4). 


(d) d= \/[5 — (—7)]? + (—12 — 4)? = \/12? + (—16)? = 144 + 256 = V/400 = 20 


(e) The perpendicular bisector is the line that intersects the line segment AB at a right angle through its midpoint. Thus the 
perpendicular bisector passes through (—1, —4) and has slope 3 [the slope is obtained by taking the negative reciprocal of 


the answer from part (a)]. So the perpendicular bisector is given by y + 4 = 2 [x — (—1)] or 3a — 4y = 13. 


(f) The center of the required circle is the midpoint of AB, and the radius is half the length of AB, which is 10. Thus, the 


equation is (« + 1)? + (y+ 4)? = 100. 


. (a) Graph the corresponding horizontal lines (given by the equations y = —1 and yA 
y = 3) as solid lines. The inequality y > —1 describes the points (x, y) that lie : 
on or above the line y = —1. The inequality y < 3 describes the points (, y) —— nt 
that lie on or below the line y = 3. So the pair of inequalities -1 < y <3 
describes the points that lie on or between the lines y = —1 and y = 3. 

(b) Note that the given inequalities can be written as —4 < ~ < 4and—-2 < y < 2, yt 
respectively. So the region lies between the vertical lines x = —4 and x = 4 and — 2 , 
between the horizontal lines y = —2 and y = 2. As shown in the graph, the = 0 ax 
region common to both graphs is a rectangle (minus its edges) centered at the eee ; 
origin. 


(c) We first graph y = 1 — ha as a dotted line. Since y < 1 — $a, the points in the 


region lie be/ow this line. 
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(d) We first graph the parabola y = a” — 1 using a solid curve. Since y > x? — 1, 


the points in the region lie on or above the parabola. 


(e) We graph the circle x? + y? = 4 using a dotted curve. Since,/x? + y? < 2, the 
region consists of points whose distance from the origin is less than 2, that is, 


the points that lie inside the circle. 


(f) The equation 92? + 16y? = 144 is an ellipse centered at (0,0). We put it in 


2 2 
standard form by dividing by 144 and get = + ¥ _1. The x-intercepts are 


9 


located at a distance of /16 = 4 from the center while the y-intercepts are a 


distance of /9 = 3 from the center (see the graph). 


TestC Functions 


1. (a) Locate —1 on the x-axis and then go down to the point on the graph with an x-coordinate of —1. The corresponding 


y-coordinate is the value of the function at x = —1, which is —2. So, f(—1) = —2. 
(b) Using the same technique as in part (a), we get f(2) © 2.8. 


(c) Locate 2 on the y-axis and then go left and right to find all points on the graph with a y-coordinate of 2. The corresponding 


x-coordinates are the x-values we are searching for. Sow = —3 anda = 1. 

(d) Using the same technique as in part (c), we get x © —2.5 and x & 0.3. 

(e) The domain is all the x-values for which the graph exists, and the range is all the y-values for which the graph exists. 
Thus, the domain is [—3, 3], and the range is [—2, 3]. 


2. Note that f(2 +h) = (2+h)° and f(2) = 2? = 8. So the difference quotient becomes 


2 = = 2 


3. (a) Set the denominator equal to 0 and solve to find restrictions on the domain: «7 +2-2=0 => 


(a —1)(a+ 2) =0 x=lore 2. Thus, the domain is all real numbers except 1 or —2 or, in interval 


notation, (—oo, —2) U (—2, 1) U (1, 0). 

(b) Note that the denominator is always greater than or equal to 1, and the numerator is defined for all real numbers. Thus, the 
domain is (—oo, oo). 

(c) Note that the function h is the sum of two root functions. So h is defined on the intersection of the domains of these two 


root functions. The domain of a square root function is found by setting its radicand greater than or equal to 0. Now, 
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4-2>0 => «<Aand2?-1>0 (a@—1)\(e@+1)>0 => «x <-—lorz > 1. Thus, the domain of 


his (—oo, —1] U [1, 4]. 


4. (a) Reflect the graph of f about the x-axis. 
(b) Stretch the graph of f vertically by a factor of 2, then shift 1 unit downward. 


(c) Shift the graph of f right 3 units, then up 2 units. 


5. (a) Make a table and then connect the points with a smooth curve: ys 


(b) Shift the graph from part (a) left 1 unit. 


(c) Shift the graph from part (a) right 2 units and up 3 units. 


(d) First plot y = x”. Next, to get the graph of f(x) = 4— 2”, a 
reflect f about the x-axis and then shift it upward 4 units. 
O| 2 x 
(e) Make a table and then connect the points with a smooth curve: yh 
1 ae 
+» 
O| 4 x 
(f) Stretch the graph from part (e) vertically by a factor of two. yh 
2 + 
te a 
oO; 41 x 
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(g) First plot y = 2”. Next, get the graph of y = —2” by reflecting the graph of v4 
y = 2” about the x-axis. 
0 Lo! 
1 x 
—] 
(h) Note that y = 1+ 2~' = 1+1/z. So first plot y = 1/2 and then shift it YR 
upward Lumit, i 
= 
0} 1 x 
6. (a) f(—2) = 1— (—2)? = —3 and f(1) = 2(1) +1=3 
(b) For « < 0 plot f(x) = 1 — x? and, on the same plane, for x > 0 plot the graph y 


of f(x) = 2¢+1. 1 


7. (a) (f og)(x) = f(g(a)) = f(2e — 3) = (2a — 3)? + 2(22 — 3) —1 = 4a? — 122 + 94 4e — 6 —1 = 4a? — 8a 4 


(b) (go f)(x) = g(f(x)) = g(a? + 2x — 1) = 2(a? + 2a — 1) —3 = 22? +42 —-2-3= 22? + 42-5 


(c) (go g0g9)(2) = 9(9(9(@))) = g(g(2a — 3)) = g(2(2” — 3) — 3) = g(4a — 9) = 2(4a — 9) — 3 
= 8r — 18-3 = 82-21 


TestD Trigonometry 


T 3007 ba vis 187 7 
: oO _ ° a _ 1 O° — ° a _— 
1. (a) 300° = 300°(5F>) = SF = 3 (o) —18° = —18°( Tops) =~ gap =~ To 
2. (a) 5x Br (=) = 150° (b) 2= 2( 2) = (=) ee 114.6° 
6 6\ a vi ’ 


3. We will use the arc length formula, s = r0, where s is arc length, r is the radius of the circle, and 0 is the measure of the 


central angle in radians. First, note that 30° = 30° (=) = a So s = (12) (=) = 27 cm. 


4. (a) tan(7/3) = V3 [You can read the value from a right triangle with sides 1, 2, and v3. 


(b) Note that 77/6 can be thought of as an angle in the third quadrant with reference angle 7/6. Thus, sin(77/6) = —3, 


since the sine function is negative in the third quadrant. 


(c) Note that 57/3 can be thought of as an angle in the fourth quadrant with reference angle 7/3. Thus, 


1 1 


sec(57/3) = cos(57/3) ~ 1/2 


= 2, since the cosine function is positive in the fourth quadrant. 
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.sind=a/24 => a=24sin0 and cos@=b/24 => b= 24cosd 


2/2 
1 . 2 oot clef rae 4 ‘ 16 _ 3 
. sing = zandsin°x+cost=1 => cost= 4/l1—g= 3 . Also, cosy = = siny = ,/l-z =. 


So, using the sum identity for the sine, we have 


: . 14,272 3 4+6V2~ 1 
- oe PN =—(44+6V2 
sin(z + y) = sinx cosy + cosz siny 3 zt ae F ra + V2) 
. a: 2 2 
. (a) tand@ siné + cos? = oe sin# + cos@ = SU SOE Eh = sec 0 
cos 6 cos @ cos 0 cos @ 
2si F 
(b) PAST EOS) sp SUNe cos? « = 2sina cosx = sin 2a 
1+ tan? x sec? x cos & 


.sin2Qa=sine ©& 2sinxcost=sine ©& 2sinxcosx—sing=0 © sina(2cosr—1)=0 © 


sinz = 0 or cosz = 4 x= 0, F, m, 22, Qn. 


. We first graph y = sin 2x (by compressing the graph of sin x 
by a factor of 2) and then shift it upward 1 unit. 
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